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One of the fundamental traits of nature
seems to be that fundamental physic laws are described in terms of
mathematical theories of the utmost power and beauty, the compre-
hension of which demands a high level of mathematical knowledge.

We could wonder why nature is built in that
way. The only answer we can come up with is that our present
knowledge seems to show that nature is indeed buslt that way. We
simply have to accept this fact.

Perhaps the situation could be described by
asserting that God is a high-level mathematician, and that on cre-
ating the Universe he ulilised high-level mathematics. QOur feeble
attempts in the field of mathematics allow us to understand a tiny
bit of the Universe; the more complez mathematics we proceed to
develop, the better we must expect to understand the Universe ...

P. A. M. Dirac






PREFACE

An “International Conference on Shells” was held on July 14-18, 1997, at the Univer-
sity of Santiago de Compostela, Spain, as part of, and supported by, the Human Capital
and Mobility Programme: Shells, Mathematical Modelling, Analysis and Scientific Com-
puting of the Commission of the European Communities (Contract No. ERBCHRXCT
940536), in which nine European laboratories and universities were involved. Thirty-five
invited lectures by speakers from ten different countries were delivered in this Confer-
ence. They covered: asymptotic techniques, numerical methods, convergence analysis
for linear and nonlinear lower-dimensional models, eversion problems, junctions, con-
trol, and other mathematical and mechanical aspects for shells, plates and rods. These
communications are gathered in this Volume.

We express our sincere thanks to all invited speakers and participants in the poster
sessions, whose inspired communications made this Conference a success. The support
of the following contributing organizations is also deeply appreciated: Universidade de
Santiago de Compostela, Direccién General de Ensefianza Superior (M.E.C.), Sociedad
Espafiola de Matematica Aplicada, Caixa Galicia and the Laboratories participating in
the aforementioned Human Capital and Mobility Programme: Laboratoire d’Analyse
Numérique - Université Pierre et Marie Curie (Paris, France), Institut National de
Recherche en Informatique et Automatique-INRIA (Rocquencourt, France), Mathema-
tisches Institut A (Stuttgart, Germany), Institut fiir Statik und Dynamik (Bochum, Ger-
many), Istituto di Analisi Numerica - CNR (Pavia, Italy), Departamento de Matemética
- Facultade de Ciencias e Tecnologia (Coimbra, Portugal), Centro de Matematica e
Aplicagoes Fundamentais (Lisbon, Portugal), Departamento de Anélisis Matematico -
Facultad de Ciencias (M4laga, Spain), Departamento de Matematica Aplicada (Santiago
de Compostela, Spain).

Our warmest thanks are also due to Professor Vicente Moreno and to Professor
Elena Véazquez who made it possible to locate this Conference within the building of
School of Optics, and to the members of Local Organizing Committee: Professors J.A.
Alvarez—Dios7 J.A. Alvarez—Vézquez, M. Burguera, P. Mato and J.M. Rodriguez-Seijo.
They all took a very active share in the general organization and in the editing of the

manuscripts.
Santiago de Compostela, July 1997

Michel BERNADOU, Inst. Nat. de Recherche en Informatique et Automatique, France
Philippe G. CIARLET, Université Pierre et Marie Curie, France

Juan M. VIANO, Universidade de Santiago de Compostela, Spain
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ABSTRACT

Using asymptotic techniques on the re-scaled tridimensional linear elasticity problem for a
general planar curved rod in curvilinear coordinates, we prove that the solution of that problem
converges to the solution of a one-dimensional bending model generalising the usual Bernoulli-

Navier bending model for straight rods.

1. The three-dimensional linear elasticity problem for the curved rod
in Cartesian coordinates

We shall henceforth set the notations concerning the curved rod, mainly drawn from
Trabucho-Viafio[6], Ciarlet-Lods-Miara[4] and Alvarez-Dios—Viafio[1,2]. Einstenian indices
will be routinely used, Latin indices as %, j, k¥ taking the values 1, 2, 3 and Greek ones as
o, (3 the values 1, 2. We fix w C R? an open bounded connected set of constant area equal
to A (with no loss of generality we can suppose A = 1 as done in early works on asymptotic
straight rod studies), and Lipschitz-continuous boundary. We define

W =ew, OF =w® x (0,L) (1)

where L > 0 is of the order of the length of the rod, and € <1 is taken small when compared
to L, for instance in a ratio of 1 : 10 or smaller. Note that Q¢ is naturally the volume enclosed
by a general straight rod. We shall also set up the following related notations: —

N = 8wF, T5 = w® x {0}, IS = wf x {L}, I = w® x (0, L). (2)

A generic point in ¢ will be noted by x° = (x5, 25, z3). We shall represent the outward unit

normal vector to 8Q¢ by nf = (nf

dealing with functions of z3 only, and also 9j; = 0;85, etc. Superscripts £ will be dropped
when equal to one, so that I'y, = '}, O = Q! etc.

and the differential operators d/9z5 by 907, even when
i3 T

Obviously no generality is lost if we suppose that system Oz§z§ is principal of inertia

to the body F and therefore / xf dw® = / ziz5 dw® = 0. We also define the inertia
we

we



12 José A. Alvarez-Dios and Juan M. Viafio

moments by
ii= [ 2 (3)
We shall consider the following parametrised space curve:
C = {8(as) = (6:(w3)) = (01 (ws), Oz (), 35) € R : wq € [0, L]} (4)

where 0,(z3) are supposed to be differentiable functions of x3 of class C3 at least. It is a
known fact that we can define a local orthonormal basis formed by the tangent, normal and
binormal vectors constituting the Frenet trihedron to curve C. The curvature of C will be
denoted by k(z3) and the torsion by 7(z3). For simplicity we shall suppose that 7 = 0,
although this is not strictly necessary by any means. We also denote:

A= i830§2 = 030,030, + 1. (5)
Next, for each £ > 0, we shall define map ¢ : QF — ¢(Qf) C R? by the following expression
p(2%) = (01(z3), O2(x3), z3) + in(z3) + z5b(zs) (6)

We assume that the three vectors g¢ = 8f¢ are linearly independent at all points of QF,
thus constituting a local basis of R3 called the covariant basis. Consequently we define the
contravariant basis (¢°¢) in the usual manner:

95 - g% = &y (7)
The covariant and contravariant components of the metric tensor are then given by
95 =95 g5, g9 =g - 9" 8
We also define
g° = det(g5;) 9)

and we note by Fipf the Christoffel symbols measuring the curvature of the curvilinear coor-
dinate axes, given by
I%E = gt o2t (10)

The elastic body occupying volume {2}
as with 0, a generic point of {Q2°}~ will be denoted by ¢ = (Z£), also 85 will stand for the
differential operators 8/92¢, and we define

is called a curved rod of aris C. In a similar way

[* = (%), § = o(5) and I'y, = o(T'5). (11)

We shall endeavour to write down a weak formulation of the linear elasticity problem for the
solid {QE}“. Let therefore A* > 0, u* > 0 be the Lamé constants for the material the rod
is made of. We denote the displacement field in Q by @ = (af). The Green-Saint Venant
linear strain tensor then takes the form:

1fa e e
(@) = 5 (8ras + 8545 (12)
As boundary conditions we shall suppose both ends of the rod to be clamped (other conditions
could of course have been considered). Consequently the natural space for the displacement
field can be written as:

V(QE) = {i°=(¥)c [H ()P o =0onT50l%) (13)
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endowed with the usual norm, denoted by || ||, .. Supposing the rod is acted on by volume
forces f€ = (f£): Q0 — RS and surface forces h¢ = (hS) : '* — R?, we have the following

formulation for the tridimensional linear elasticity problem for the curved rod:
Find 4 € V() such that
[ e e (67) + 25 )ty 07 o =

fE”EdiE ﬂ/ heeg das, vor € V(). (14)
I":

2. Passing to curvilinear coordinates in the straight rod Q¢

A necessary step to the asymptotic study is to write a problem equivalent to (14) but
posed in the domain ) independent of € (see Ciarlet-Lods-Miaraf4], Trabucho-Viafol6],...).
Therefore we shall pose problem (14) in curvilinear coordinates on domain Q* as a previous
step. With this aim in mind, we express any field ¢ = (6f) € H*(Q¢) in the contravariant
basis ¢ = vig"¢ where v¢ € H'(¥¥) are called the contravariant components to ¢°. On the
contrary, applied forces fE, ke will be expressed by their covariant components f“¢, h%¢, and
we have

Fo@%) = 77 (2%)g5 (%), h7(8°) = R (2%) g5 (2°). (15)

We define the covariant derivative of a field v® = v ¢"* in the usual fashion:

v = O vl — Thvg (16)

1
The quantity ef,;(u) = §(U§HJ + u5);;) will be called the curvilinear strain tensor. Taking

stock of (16) and the symmetry of the Christoffel symbols we obtain

1]17

£ I3 1 E,,E &, £
ey () = 5 (8Fuf + 0fuf) — Liju a7)

We have the following identities relating the area and surface elements before and after the
change to curvilinear coordinates:

di* = /¢ dzf (18)
da® = /g*|g**ng| da® = §°da® on I (19)

We can state the following result:
Theorem 1 In the above conditions, we have that the contravariant components of the dis-
placement (u5) € V(QF) solve the following problem:

Find v® € V(QF) such that
/ Aijkl’eeffij(us)ei"l(vs)\/g?dzs = /Q FrEvi /g7 daf +/ hb<vSgedas,  (20)
Vot e V().

where
Aijkl,s — )\sgz] e kle +u ( ik, Egjl,s 4 gzl Egk] s) (21>
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Problem (20) possesses one and only one solution as a consequence of the following generalised
version of Korn’s inequality (Ciarlet-Lods-Miaral4]):
1/2
¥l <e(@) 8 + 0[5 e , Vot € HY(O) (22)

i.J

)],

where ¢(Q)¢) is a constant depending on Q¢ only.

3. The obtained model

We suppose the volume forces to be of order O(e?) and the surface forces of order O(g%).
Scaling the points of 0f so that they are defined over the fixed domain 2, we apply the
techniques in Ciarlet-Lods-Miara[4] to study the limit of the solution to problem (20). We
shall give an overview of the obtained results.

We introduce the following preliminary notations: for any v = (v;) € [H*(2)]? let func-
tions p,(v) € H71(), v3a(v) € L2(Q) be defined by:

21

P1 (’U) = 833’111 - 2A 83’111 =+ 83}‘6’113 =+ K’Ygg(U) (23)
O3 A
pz(U) = 833112 - -53-’163’112 (24)
O03.A
Y33(v) = Ozu3 — Akvy — —;71)3 (25)
and let space Vr (0, L) be defined by:

Ve(0,L) = {n=(m)e [H*0,L)]*: ~s3(v) =0, (26)

7:(0) = n;(L) = 031a(0) = dana(L) = 0}. (27)

Next we state our main result:
Theorem 2 For 0 < € < g, let us denote by u(e) = (u;(c)) € V() the solution of the scaled
variational problem (20). Then there ezists u = (u;) € V() such that

ule) —u in HY(Q) ase — 0 (28)

u is independent of planar variables z, (29)
1

= (i) = 1 / udw € Vp(0,L) (30)

and function @ solves the following one-dimensional variational problem:

L L
1 ,
El‘a/0 7z Pa(@)pa(n) doy :/0 Ftnidzs, Vn € Vp(0, L) (31)

where

ﬁ’i:/fiﬂdw+/gi\/2d'y. (32)
w Y

and axs o
B = MBAT2u) (33)
At p
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ABSTRACT

We present several limit models for genuinely clamped elastic beams obtained from linear three-
dimensional elasticity using an asymptotic method and we prove existence and uniqueness of

solution for these models. We also obtain the convergence to the usual clamped beam model.

1. The Three-Dimensional Problem

The principal aim of this paper is the obtention of models for the displacement of a
linearly elastic beam with non-classical boundary conditions. Usual beam models are obtained
for strongly or weakly clamped ends (a complete analysis of rod models with exhaustive
bibliographic references may be found in the extensive work of Trabucho-Viafio [5]), but
we introduce here, following the notation of Blanchard-Xiang [3] for plates, a more realistic
condition: the genuine clamping, where the beam is not only fixed at both extremities but
also at thin neighbourhoods in the lateral surface. Let € be a positive real parameter and let
w*® be an open bounded connected set of the plane 0z{z5 with boundary v* smooth enough

and with area A(w®) = £2. Given the constants L > 0, § > 0 we define:

QO =uw x(0,L), Ti=0wfx{0}, T%=uwsx{L}, (1)
5 =~ x (0,6, TIP=~"x[L~6L), TI¥=x(L~56). (2)

We consider the elastic beam of length L occupying the reference configuration Q5. We denote
the generic points of Qf by z° = (zf§,z§,z§), the partial derivatives 8/8z by 8; and, for
functions only depending on z§, the derivative by a prime. We use, as it is customary in
elasticity theory, the summation convention on repeated indices and we assume that Latin
indices range over {1, 2,3} and Greek ones over {1,2}. We also assume that Oz{z5zj is a
principal system of inertia.

We study here, in the linearized elasticity framework, the physical problem corresponding
to the mechanical behavior of an elastic beam, supposed to be genuinely clamped at both ends
(i.e., the beam is not only fixed at both extremities I'§ and I'§, but also at the neighbourhoods
T'5% and T'%° in the lateral surface of width §) and submitted to body forces of density f© = (ff)

55_:_( {-:6)

in ° and surface forces of density ¢ g:°) on I'¥¢. We assume the constitutive material
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of the beam to be an homogeneous isotropic elastic material of Saint Venant-Kirchhoff’s type
with Young’s modulus E and Poisson’s ratio v. Then, the displacement field u*® € V=3 (Q?)
and the Piola-Kirchhoff stress tensor o%¢ &€ %¢(Q¢) are the solution of the following mixed
variational problem:

1+v v o,
/55( = ff - —Eakiﬁij)T,fjdzE - /QE Vij (uEﬁ)TfjdzE =0, V71°eX(0), (3)
/ o yi; (vF)da® = / fividz® +/ gf%uida®, ¥ uf € VE(QF), (4)
Qs s

where 7;;(u®) = §(0;u5® + 6;u$%) denotes the linearized strain tensor, X5(Q°) = {r = (1;;) €
LX) : iy =
conditions. As it is well known (Ciarlet [4]), this problem has an unique solution.

In order to study the behaviour of (uf%,%%) as the area of the section goes to zero, we

follow the classical procedure ([2], [5]): change to a fixed domain independent of ¢, scaling of
the fields, assumptions on the applied forces and passing to the limit.

75} and V4(QF) is a subspace of [H'(Q¢)]® appropiate for clamping

1

So, we consider the domain w with unitary area given by w = 7w with boundary ~y

and the reference beam of section w occupying the volume €, where:

Q=wx(0,L), Iy = x {0}, ' =@ x{L}, (5)
If=vx(0,8, T{=yx[L-6L), T°=vx(6L-05). (6)

Thus, we can define the change of variable from Q¢ to the fixed domain :
7z = (31, Ty, T3) € Q — (D1, To, T3) = (671, €22, 13) = (25,25, 25) = 27 € (B (7

and we define the rescaled fields #°(¢) and ¢°(¢) by:

ug(e)(w) = eugf(2%), ui(e)(z) = u§’(z°), (8)

Top(€)(x) = e 200(a%), ohs(e)(w) = e 053(a%), 08s(e)(m) = 055 (z%). (9)
We also assume that the applied forces are such that:
fala®) =efulz), [5(2) = falz), 93°(2%) =£%g(a), ¢5°(s°) = eq5(2), (10)

where f; € L?(Q) and gf € L?(T"%) are independent on e.
Then, in a classical way, we obtain that (u®(g), 0%(¢)) is the unique solution of a rescaled
variational problem posed in Q (see {1]), equivalent to (3)-(4).

2. The One-Dimensional Models

The main result of this paper is the following theorem, whose proof is made in an anal-
ogous way to the case of classical beams ([5]), where we study the convergence as ¢ — 0:

Theorem 1.- We assume that f; € L%(Q) and g € L*(I'¥). We introduce the notations:

fa=/za2, Ff=/fi+/gf, Mizfzaf3+/wa§§, (11)

where §? is the extension by zero of g¢ to T'§ UT. Then:



Asymptotic modeling of genuinely clamped beams 19

(1) As £ goes to zero the sequences {u®(¢)} and {o%(e)} verify:

ub(e) — u® in HY(Q), (12)
053(5) — Ugg, 60g3(5) — 0, 52025(5) —0 in LQ(Q), (13)
(o) = [ otle) > d inH(O.L) (14
w
(4) The element u"® is a Bernoulli-Navier displacement, that is:
ud (x1, 20, 13) = €8 (23), € € HZ(0, L), (15)
ug (w1, 22, @3) = €5 (w3) — wa(€)) (z3), &5 € Hy(0,L). (16)
(#31) The stress component o98 € L2(Q) is given by o5 = E{(&)’ — z.(€5)"}.
(iv) The shear forces ¢0° € H~1(0, L) are given by ¢ = M’ — EI,(€)". O

The characterization of the components (£7) depends on the type of genuine clamping
condition. We introduce the following functional spaces:

H}0,L) = {ve BH}(0,L) : v=0 in[0,6]U[L -8 L]}, (1)

H20,L) = {v € H}0,L) : v=1'=0 in[0,6]U[L~6 L]}, (18)
6

W0, L) = {v e H(0,L) : v:/ v =0}, (19)
0 L-—é6

W2(0,L) = {v e HE(0,L) : v(§) =v(l —6) =

8 L rb rL
/ v o= / v = 0, / T3V = z3v = 0}. (20)
0 L—6 0 L—§

We considere now four different examples of genuine clamping:

Model 1: Strong clamping.- The beam is strongly genuinely clamped, that is:

uw(e) =0 onTuUTLUTSUTS. (21)
Then, (£§) € [H2(0, L)]? x H}(0, L) is the unique solution of the variational problem:
L-§ L6 L6
[oEngyi= [ R [ M, e elODE @)
5 5 5
L—s L—6
/ E(8Y v :/ Ffvs, Ywsc HNO,L). (23)
s s

Model 2: Weak clamping.- The beam is weakly genuinely clamped, that is:

/I‘DWS(E):/I“LU(S(E):/I‘gu%s):/piué(s)zo’ )

Auzxu6(6):/Fjlzxu‘s(s):/Fga:xu‘s(s):/rizxu‘s(s):o. (25)

Then, under a simple geometric hypothesis, (£f) € [W2(0,L)]> x W} (0, L) is the unique
solution of the variational problem:

/ EIL(5)"" / Févg / ME, Y (u) € W2(0, L)%, (26)

/E53 /F3v3, V vy € WAO, L), (27)
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Model 3: Mixed (strong-weak) clamping.- The beam is strongly genuinely clamped in
the directions z, and weakly in z3, that is:

ul(e)=0 onToUILUTSUTY, (28)

@

Agug(s):ALug(E):Aéug(s):/FE () = 0. 9)

0 L

Then, (£9) € [HZ(0,L)}* x W2(0,L) is the unique solution of the variational problem (22),

(27).

Model 4: Mixed (weak-strong) clamping.- The beam is weakly genuinely clamped in

the directions z, and strongly in z3, that is:

/FO ul(e) = /I’L ul(e) = /Fg ul (¢) :/F w () = 0, (30)

6
x

/FO (z1u3(e) — z2ui(e)) = / (z1uS(e) — z2ul (€))

Ty
= zluge—zzu‘fe = zluge~12‘1§5 = 0,
~/Fg< (6) - mpul (<)) /Fi( (6) — watd (€)) = 0 (31)

w(e) =0 onToUTLUTSUTS. (32)

Then, (€9) € [H2(0,L)]? x H}(0,1) is the unique solution of the variational problem (22),

i

(23), corresponding to model 1.

3. Conclusions

We have obtained, as the limit of the three-dimensional elasticity model and without any

a priort hipothesis, new one-dimensional models for the genuinely clamped beams. In order to
achieve a strongly genuinely clamped model for the linear beam it is indispensable to impose
a strong genuine clamping condition in direction zj3, not being necessary to impose it in the

other directions. The convergence of the genuinely clamped model to the classical clamped

model as 6 goes to zero is also obtained, as can be seen in [1], where we deal too with the

nonlinear case.
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ABSTRACT

This note describes the eversion of axisymmetric, nonlinearly elastic shells within a general,
geometrically exact theory in which the shell can suffer flexure, extension, and shear. We give
conditions on a thickness parameter € and on the data ensuring that there is an everted state
under zero applied load, and we show how to approximate it effectively with an asymptotic

series in € whose error we can estimate.

1. The Governing Equations

Let {i,j,k} be a fixed right-handed orthonormal basis for Euclidean 3-space. For each
angle ¢ we set

e1(¢) = cos@i+singj, ez(d) = —singi+cosgj, ez=k. (1)

The azisymmetric configuration of a shell that can suffer flexure, mid-surface extension, and
shear is determined by a pair of vector-valued functions r and b of s and ¢ of the form

r(s,¢) = r(s)ei(d) + z(s)k, b(s,¢) = —sin0(s)e;(4) + cosO(s)k. (2)

We define a(s, ¢) = ex(¢) x b(s, @) = cos(s)e1(¢) + sinf(s)k. The reference configuration
is defined by 6§ = —1 and r, = coste; — sin1k, where subscripted letters denote partial
derivatives. The latter equation is interpreted as defining undeformed material base surface
(e.g., a mid-surface) in a shell-like three-dimensional body. The variable s, which is the arc-
length parameter of each meridian of the base surface, lies in an interval of the form [0, 1], and
¢, which is the longitude for the base surface, lies in [0, 27]. The function r in (2) gives the
deformed image of the base surface, and the vector b(s, ¢) is interpreted as characterizing the
deformed configuration of the material fiber whose reference configuration is on the normal
to the base surface through the point with coordinates (s, ¢).

We assume that the axisymmetric surface r is simply-connected and smooth so that
r(0) = 0, 6(0) = 0. Let p be the value of r in the undeformed configuration. For the
particular problems we treat, we assume that p(s) > 0 for 0 < s < I.

Our asymptotic analysis is carried out in terms of a small positive dimensionless thickness
parameter g, with £? regarded as the ratio of a typical thickness to a typical length. The
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disposition of this parameter in both the kinematic relations and the constitutive equations
given below is inspired by three-dimensional interpretations of our problem, which we do not
pause to describe.

The strains for our problem are

o sind

, v=rg-a, n=r, b(s¢), w=e p= e, (3)
from which we derive
(pT)s = vcosh — nsinf. (4)

Let e2N(s)a(s, ¢) + e2H(s)b(s, ¢) and —?M(s)es(¢) denote the resultant contact force
and contact couple per unit reference length of the base circle of latitude s that are exerted
across this section at (s, ¢). Let e2T(s)ea(#) and e*2(s)a(s, ¢) denote the resultant contact
force and contact couple per unit reference length of the meridian ¢ that are exerted across
this section at (s, ¢). These representations are consistent with axisymmetry.

We assume that the shell is subjected to no applied force and no applied couple. Then
by summing forces and moments on a typical region we obtain the classical form of the
equilibrium equations:

[p(Ncosf — Hsinf)], -~ T =0, (5)
Nsinf + Hcosf =0, (6)
e2(pM), — e?Qcosd + p(vH — nN) = 0. (7

We introduce a family of nonlinearly elastic shells parametrized by €2 by assuming that
there are constitutive functions (7, v, n;w, 3 s, 8) — T(7, v, n; w, w; 8, 6), ete., such that

T(s) = T(1(s),v(s),n(s);e2p(s) "L sin O(s), £20,(s); 5,62), ete. (8)

We assume that the functions 7' etc., are O(1) in § as § — 0. The common domain
of definition of these functions corresponds to those strains that preserve orientation and to
nonnegative ¢’s. We assume that the reference configuration is natural (i.e., stress-free), so
that

T(1,1,0;—e2p~ sinep, —e24); 5,€%) = 0, ete,, (9)

for all £ > 0. We adopt a standard positive-definiteness assumption of linear elasticity for
shells: The matrix of partial derivatives of T, N, H, 0, N with respect to T,v,n,w, i at the
natural state (1,1,0; —2p™} sin v, —£%4),; 5,€%; 5, €2) is positive-definite for all € > 0.

We require that the response to shear be symmetric: Hisodd in 7, and T,N, f), M are
even in 7. We assume that the constitutive functions satisfy isotropy conditions at the north
pole s = 0, which we do not spell out.

We limit our attention here to edges s = [ that are completely free, so that

N()=0, H() =0, M({)=0. (10)

Our methods also handle hinged edges.

Our boundary-value problem for the basic unknowns 7, v, 7,6 is obtained by substituting
the constitutive equations (8) into the the equilibrium equations (5)-(7) and supplementing
the resulling equations with (4). This quasilinear system is subject to the boundary condition
(10) and to regularity conditions at the pole. See [1] for a detailed discussion of this shell
theory.
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2. Asymptotic Representation of the Solution

If we set € = 0 in (5)—(8), we obtain the reduced problem. Of its many solutions, we limit
our attention to 7 = 1 = v, n = 0, @ = 9, which represents the eversion of the reference
configuration of r for a membrane.

To study configurations close to that of this solution of the reduced problem, we now
obtain a simpler formulation of our boundary-value problem: We introduce the horizontal
component £2p~* P of the contact force Na + Hb by

e?p™*P=(Na+ Hb)-e; = Ncosfl — Hsin#, (11)
so that (5), (6) imply that
T=¢P,, N=¢> " 'Pcos, H=-c’p1Psing. (12)
These scalings with €2 do not come from the three-dimensional interpretation of our constitu-
tive functions, but rather from our wish to simplify the asymptotics of the specific problems
we treat.

For € sufficiently small, the positive-definiteness assumption allows us to replace our con-
stitutive equations with an equivalent set giving 7, v, n, 2, M as functions of T, N, H, w, i, s, 6:

T:Tﬁ(T,N,H;w,u;s,é), etc. (13)

We can therefore convert system (5)-(7), (4), (8) to the following equivalent system for (@, P):
(pM*); — 2% cos 6 — P(vFsinf + 7 cos §) = 0, (14)

(pr)s — v cos§ + ptsing = 0, (15)

where the arguments of the constitutive functions bearing sharp signs are
e? P, e2p  Pcosf, —2p Psinf; e2p~t sin 0, £20,; s, €2 (18)
The boundary conditions corresponding to (10) are
P(l)=0, M¥,m=0. (17)

We introduce the stretched variable ¢ = (s —1)/e. Assuming that the data have sufficient
smoothness, we seek solutions of (14)-(17) in which the unknown functions ¢, P have the form

n_ gk nogh n_ ok
0(s,e) = 0" (s,e)+o(e") = 1/)(5)-%2 Fﬂk(s)—b—z -I;“Gk(t)—kz —I;-'G,:(s)—o—o(s”), etc., (18)
k=1 k=1 k=1

where the 0} are given smooth functions equal to —0~k(~l/5) for s near 0, and equal to 0 for
s near [.

A straightforward but complicated analysis delivers explicit expressions for the lower-
order terms 6y, P of the regular expansion and 5k, P, of the boundary-layer expansion. For
the regular expansion, the first nontrivial terms occur for k = 2, the terms for k = 3 are
trivial, and the effects of nonlinear constitutive equations are manifested for k& = 4. For
the boundary-layer expansion, the first nontrivial terms occur for & = 1 and the effects of
nonlinear constitutive equations are manifested for k = 3.

The boundary-layer expansion shows the presence of a lip near the edge, just like the one
that appears on an everted hemispherical orange peel.
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3. Justification of the Expansion

We use a refinement by Srubshchik and Yudovich [4] of Kantorovich’s [3] operator-
theoretic version of Newton’s method to prove

Theorem. Let all the hypotheses described above hold. Let n be a given positive integer. Lel
all the data have enough smoothness for the expansions (18) up to order n+ 1 to make sense.
Then there is a positive number e such that if € < eq, then the boundary-value problem has a
nontrivial classical solution (8, P), which is approzimated by (8™, P"™) in the sense that there
18 a number C > 0, independent of e, for which

max |&(0 - 0™)| < Ce™I, max |BI(P - PM)| < Ce™TYI for §=0,1,2. (19
s€[0,]] s€[0,1] '

To set up the proof of this theorem, we define F[8, P;e] to consist of the left-hand sides
of (14), of (15), and of the second equation of (17). Clearly F' maps the Banach space

X ={(0,P):0,Pc C*0,l}, 6(0) =0, P(0) = 0, P(l) = 0} (20)
endowed with the usual norm, to the Banach space
Y={(f,9.:p7 f,p7 g €C0,1], x € R} (21)
endowed with the weighted norm

-1 ~1
+ o). 22
max |p™ f| + max |p™"g| + [a] (22)
The heart of the proof of our theorem is to get sharp estimates for the inverse of the
Fréchet derivative of F with respect to (8, P) at (8™(-,e), P™(-,&)). This involves a tricky
analysis requiring very sharp control of the polar singularity and negative powers of ¢.
The work reported here is based on Antman and Srubshchik [2].
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ABSTRACT

‘We consider the derivation and rigorous justification of models for thin linearly elastic plates

using mixed variational principles.

We consider an isotropic, homogeneous, linearly elastic plate occupying the region P, =
Q x (—/2,t/2), with Q a smoothly bounded domain in R? and ¢ € (0,1]. We denote the
union of the top and bottom surfaces of the plate by 8P = Q x {~t/2,¢/2} and the lateral
boundary by 0P} = 80 x (—t/2,t/2). We suppose that the plate is loaded by a surface force
density g : an — R3 and a volume force density f:h— R?, and is clamped along its
lateral boundary. The resulting stress o* : P, — R3%3 and displacement u* : P, — R? then
satisfy the boundary-value problem

Ag* =¢e(u"), —dive"=f inPF, o'n =g on dP7, u* =0ondP", (1)

where £(u*) denotes the infinitesimal strain tensor and A is the usual isotropic compliance
tensor. =

We discuss systematic procedures of dimensional reduction of the three-dimensional prob-
lem to two-dimensional plate models which proceed from variational formulations of the three-
dimensional problem (1). Besides the derivation of models, we also consider their rigorous
justification. Namely, we study the convergence to zero of the relative error in energy norm on
the three-dimensional plate domain P; of an approximation of the three-dimensional solution

*The second and third authors were supported by NSF grants DMS-9500672 and DMS-9403552, respectively.
The fourth author was supported by a fellowship from CNPqg-Brazil.
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determined from the solution of the dimensionally reduced model. For some of the models we
show that this error tends to zero, and establish the rate of convergence. A fuller development
of the ideas discussed here may be found in [1].

The variational approach to dimensional reduction is systematic and is tied naturally to
rigorous convergence theory. These characteristics are shared with another important ap-
proach to dimensional reduction of shells, the asymptotic approach developed, for example,
in the book [3] of Ciarlet. However the variational approach also differs from this asymp-
totic analysis in a number of significant ways. The asymptotic approach essentially identifies
one particular canonical plate model, the limiting solution of the three-dimensional elastic
problem. This is the Kirchhoff-Love model, the superposition of the generalized plane stess
model of plate stretching and the biharmonic model of plate bending. By contrast, the varia~
tional approach naturally generates a hierarchical family of plate models by using polynomial
approximations of increasing degree. In fact, we consider two different mixed variational prin-
ciples, and each leads to several different hierarchical families of models. It is interesting to
note that the simplest plate stretching model arising from a variational approach to dimen-
sional reduction is again generalized plane stress, but the biharmonic plate bending model
does not arise naturally from this approach. Instead, the simplest bending model arising is
(a form of) the Reissner-Mindlin model.

Before proceeding, we summarize some notational conventions. We write first-order ten-
sors (or 3-vectors} with one underbar, second-order tensors (or 3 x 3 matrices) with two
underbars, etc. For tensors in two variables we use undertildes in the same way. Any 3-vector
may be expressed in terms of a 2-vector giving its in-plane components and a scalar giving
its transverse component, and any 3 x 3 symmetric matrix may be expressed in terms of a
2 x 2 symmetric matrix, a 2-vector, and a scalar thus:

Y L
v={~ T = .
- vg) = T 743

The starting point for the variational approach to dimensional reduction is the Hellinger—
Reissner variational principle. We consider two variant forms of this principle. The first,
which we refer to as HR, characterizes (¢, u*) as the unique critical point (namely a saddle
point) of the HR. functional -

lanl

1
J(T,v):§ AT:Td:c—/ TIE(U)dl‘+/ f-vd:c+/ g-vdz
=" Jp= =" p- T~ Ja -

P == - pE”

over £° x V*:= L?(P,) x {ve€ H'(P,) : v=0on P} }. The second form of the Hellinger-
Reissner principle, HR' characterizes (¢*,u") as the unique critical point (again a saddle
point) of the HR' functional

1

J(r,v) =3 AT:le‘+/ div7~vdz+/ f-vdz
=7 P, o= T P, - =

== 2 Jp, ==

on £ x V*:={o € H(div, ;) [on =g on OPF } x L2(P).

Plate models may be derived by replacing 2*xV* in HR with subspaces which admit only
a specified polynomial dependence on z3. If the subspaces X and V are chosen carelessly, there
may not exist any such critical point or it may not be unique. We insure a unique solution by
insisting that (V) C X. In the simplest example, we seek a saddle-point of the HR functional
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over g € E with g linear in x3, o constant in z3, and o33 zero, and u € V° with u linear
and u3 constant in mg This leads to the lowest order model in the family we refer to as HR;.
This family of models and two other families are described in Table 1.

Table 1. The principle plate models based on the HR principle. The degree p is a positive integer.

model  degzg degzo degzoszz degzu degzus

HR+(p) P p—1 p-2 P p—1
HR2(p) P p—1 P p p-1
HR3(p) p p+1 P p p+1

The HR; (1) turns out to yield the classical generalized plane stress model for stretching
and a form of the Reissner-Mindlin model (with shear correction factor 1) for bending. It is
perhaps the simplest way to derive these models.

The model families HRy(p) and HR3(p) are minimum energy or energy projection models.
Namely, because they satisfy the condition A‘ ( V)c Z the three-dimensional constitutive
equation is satisfied exactly and u is determined as the minimizer in V of the potential energy.
In the literature there has been a great deal of attention paid to the minimum energy models
(cf., e.g., [2], [6], [7]), and much less to other models arising mixed variational principles.
However, the restriction to minimum energy principles eliminates many of the best features
of the variational approach.

A striking failure of the minimum energy approach occurs with the simplest minimum
energy model, HRo(1). It turns out that this is an incorrect plate model, one which is not
even consistent with the Kirchhoff-Love reduced problem in the limit of vanishing thickness.
More precisely, the HR3(1) model equations are of same form as generalized plane stress and
Reissner-Mindlin, but these equations contain spurious terms, causing divergence as t tends
to 0 (for both stretching and bending). This phenomenon is well-known and has been studied
in some generality recently in [6], where it is shown that for a minimum energy method to be
consistent in the ¢ = 0 limit, the polynomial spaces must be of higher degree. By contrast,
the HR4 (1) method, which uses spaces of lower degree than HR,(1), is a consistent method.

While the HR3(1) model is incorrect, for p > 3 it can be shown that the HRy(p) model
is convergent. (For p = 3, it can be shown to be identical to a method of Lo, Christensen,
and Wu [4].) The HR3(p) is also convergent for all p > 1. However, even in the simplest case

(p = 1), the models in this family are more complex (involve more dependent variables) than
HR4(1).

Table 2. The principle plate models based on the HR' principle. The degree p is a positive integer.

model degBZ deg; o degzoz; degzu degzus

HRi(p) p p—1 P P p—1
HR5(p) D p+1 D p p-1
HRj3(p) P p+1 P P p+1
HR}(p) p p+1  p+2 p p+1

Table 2 shows the principle model families for the HR’ principle. Here we wish to par-
ticularly emphasize the model HR/(1), which is the simplest complementary energy model.
Namely, o minimizes the complementary energy Ec(7) = (1/2) fp A7 :7dz overall 7 € &,

satisfying the equilibrium condition divr = —Py [ (Py is the L2—1;rojection onto V). This
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model agains gives rise to the classical generalized plane stress stretching equations, but with
the load constructed in a more sophisticated way from the three-dimensional loading. The
bending model is again Reissner—Mindlin, but with a shear correction factor of 5/6 and,
again, more complicated loads. As we discuss below, this method is not only consistent with
the Kirchhoff-Love solution in the limit of vanishing thickness, but, more importantly, it is
convergent in relative energy norm. This is a strong property not shared by all methods
which are consistent in the thin plate limit. In fact, the Kirchhoff-Love solution is itself
not convergent in relative energy norm. Morgenstern, in his pioneering work on the energy
convergence of the biharmonic plate model [5], showed that three-dimensional displacement
and stress fields could be constructed from the biharmonic solution which converge to the
full three-dimensional solution in relative energy norm. However the construction of these
fields is rather ad-hoc, and not suggested by the biharmonic model itself. By contrast, the
approximation delivered by the HR/ (1) model is, without any post-processing, convergent.
The key to the error analysis in {5] is the two energies principle or Prager-Synge theorem,
and we follow that approach. This approach requires a stress field which is in equilibrium
with the imposed volume and surface loads. Generally such a field is not trivial to construct
(especially if volume loading is present—this case was not treated in [5]). However the HR(1)
method, being a complementary energy method, automatically generates such a stress field.
Combining the two energies principle with careful a priori estimates of the plate model solu-
tions, we are able to obtain precise bounds on the energy error || £(u* — u)fjo,p, + {0 — cllo,r,
in terms of the thickness ¢ and various norms of the loading functions f and g. For example,
if the surface load is purely in-plane and is even in z3 and the volume load vanishes, we find
that |£(u* ~u)llo,p, +|[c* —allo,p, < const., while || £(u){lo,p, and [|o]jo,p, behave as o(t=4/2).

Thus .
[l e(u E)HO p. o —alop
&

e(u)o,r Hg“o,a

<t

so the HR/ (4) plate model converges with order ¢'/2 measured in relative energy norm in this
stretching situation. The same result holds for many other loading cases.
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ABSTRACT

The objective of this contribution is the development of multi-layer, multi-director finite shell
elements able to deal with finite rotations, large strains and applicable both to compressible and
incompressible materials the last case being relevant for rubber-like structures. Incompressible
materials are simulated by MOONEY~RIVLIN as well as OGDEN model. The principal stretches
appearing in the last model are evaluated by an incremental-iterative procedure starting from
the definition of the strain invariants. By using C®-displacement continuity condition on
all interfaces the multi-director shell kinematics is extended to multi-layer models capable to
predict arbitrarily complex through-thickness stress distributions at any desired accuracy level.
The ability of the finite elements concerning the prediction of finite rotations, large strains and

stress singularities are demonstrated by adequate examples.

1. Introduction

Multi-director shell kinematics is understood to be a formulation, where the displace-
ment fleld is described by a higher order polynomial in thickness coordinate, a quadratic
approximation in the present case. If the given shell structure is subdivided into a number
of sub-elements and if each of them is described by multi-director kinematics considering the
CP-continuity of the displacement field along all interfaces the resulting model is referred to as
malti-director, multi-layer shell model. This paper is devoted to the unified derivation of the
finite shell elements on the basis of this general applicable shell kinematics simulating large
elastic strains by various constitutive laws. The applicability of the adopted shell kinematics
to incompressible materials is accomplished simply by eliminating the stretching parameters
at the element level through 2D incompressibility constraints.

A large deal of works has been performed in the last decade to develop finite rotation
elements on the basis of classical single director kinematics ([2],{4],[6]). Finite shell elements
capable to deal with large strains of rubber-like structures are, however, still scarce in lit-
erature and mostly dedicated to the simulation of membrane deformations ([5],9]). Models
proposed for the general bending analysis are mainly connected with MOONEY~RIVLIN model
([31,[7]). Only in few contributions ([8]) attention is paid to the determination of principal

stretches in order to consider OGDEN material model.

2. Basic Concepts

Shell equations will be present in symbolic notation. Let x* = x*(§%) be the position
vector of any point of the deformed shell continuum, where ¢ are curvilinear coordinates.
The starting point of the present development is the approximation of the vector x* by a
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quadratic polynomial in thickness coordinate 6%
x*:x+03)\d+(03)2yd, d-d=1 (1)

with a director d supposed to be a unit vector. The multiplicative decomposition Ad used
in (1) provides the advantage that numerically sensitive stretching parameter A is decoupled
from the director d subjected to a pure rotation. The second order term y is of significance to
ensure numerical stability in the case of inclusion of transverse strains Fs3. It will be however,
suppressed, if incompressible materials are considered.

TFor the definition of 2D strains we transform the GREEN strain tensor E by means of the

shell shifter Z into the surface tensor E

s s . . - 1
E=7zTEz ' =2"T (EijA’ @A) 2, By = 5 (&8 — Gi- Gy) (2)

referring in contrast to E to the basis A*® A7 of the midsurface. By using (1) for x* and the
expression X* = X + ¢°N for its undeformed counterpart X* we obtain from (2) within the

accuracy level (1)

B=E+0°F + (6%)° E, (3)

where 2D sfrains ]% (n=1,2,3) are expressible in terms of the kinematic variables of the ap-

0
proximation (1), the corresponding relation being e.g. for the constant term E of the form

0 0 . .
E:EU Al ® AJ)

0

Eap= (3 =1). (4)

1 0 1 0 1
s(ag-apg~ Ay Ap), Eaz= EAd ‘8q, Faz= 3

2
1 2
Higher order strains E and E are described by similar kinematic equations given in [2].
When dealing with finite rotations an essential problem is a suitable parametrization of
the director d so that the constraint d-d = 1 is satisfied a priori during the incremental-
iterative procedure. This is achieved in the present study by two different approaches:

e the use of EULER angles ¥, determining the director d with respect to a fixed reference
frame [1],

o the up-dated formulation transferring the first two variations of d, d and 62d, into a
rotation vector w, which is to be used with two or three independent components accord-
ing to the requirements of the problem under consideration; three rotation parameters
are needed only in the case of compound shells (see {6]).

Now we shall show how the above kinematic model can be specialized for incompressible
materials. An essential problem in this case is a suitable implementation of the incompres-
sibility condition described by

I5(C) =1, I3(C) = detC = detC;* = (A A)s)” (5)

in terms of the third invariant I3 of the right CAucHY-GREEN tensor C = FTF = 2E + G,
F denoting the deformation gradient. In the present formulation the constraint (5) is first
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used to determinate the transversal strains F33 in the internal potential energy. But it also
considered as 2D constraint:

Vg/G=1 . A =VA/[aa, d] (6)

for the elimination of the stretching parameter A at the element level.
Rubber-like materials are simulated by two different procedures: by MOONEY-RIVLIN
model with the strain energy density (per unit volume of the undeformed state)

poe = Cy(I1 — 3)+ Cy(Iy — 3) (7)

depending on the first two invariants of C:
h(C) = wC=()"+ () + (A)°, (8)
L(C) - % [(trC)? — trC?] = Ay g + Ao + Ashy ()

and by OGDEN model where pge is expressed in terms of the principal stretches A; (i = 1,2, 3)

3
poe = % (A + (M) + (Ag)* — 3], (10)
n=1 "

C1, Cy and pn, a;, being the corresponding material constants. The first model expressed in
terms of C can be directly incorporated in the FE—model. On the contrary, the OGDEN model
requires the numerical evaluation of the principal stretches A; (i = 1,2, 3). This is achieved by
means of the relations (5),(8) and (9) forming a complete equation set for the determination
of ); in terms of C. To this, the cited relations are transformed into variational equations of
first and second order and then treated by an iterative solution technique. This procedure is
essentially the same as is employed for the treatment of nonlinear shel equations.

3. Numerical example and conclusion

The theoretical fundamentals presented above are transformed into isoparametric 4-node
shell elements where primary kinematic variables are approximated by bilinear interpolation
polynomials. In the following a single example, a conical shell with prescribed vertical dis-
placement A along upper edge (Fig.1-5), is presented demonstrating the capability of the
finite element concerning the prediction of large strains as well as finite rotations.
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Geometry:
R=20;r=10;H=1.0

OGDEN - material :
m = 6300 ;%=1.3
M= 0.012 ;82= 5.0
M=.0.100 ;33=-2.0

Bgundary conditions: |
X,=0: hinged edges :AX = 0
X =H:r=constant gedge movable
only in X -direction )
r = variable ( free edge )

Load:
prescribed vertical displacement A

Yavuz Basar, Ulrike Hanskotter and Mikhail Itskov
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Figure 1.: Conical shell turned inside out
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Figure 2: Conical shell: Load - displacement diagram
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ABSTRACT

‘We propose a finite element approximation of the vibration modes of a fluid-structure inter-
action problem in a 3D-domain. Displacement variables are used for both the fluid and the
solid. To avoid the typical spurious modes of this formulation we introduce a nonconforming
discretization, following the 2D case analyzed in [1]. Optimal error estimates for the approxi-
mation of eigenvalues and eigenfunctions are given and numerical results for a cylindrical vessel

filled with a fluid are shown.

1. Introduction

This paper deals with a typical problem of fluid-structure vibrations: the elastoacustics
one, i.e., the interaction between a compressible fluid and an elastic structure (see for instance
[7]). This is a very important problem with application in physics and engineering (e.g. for
treatment of noise in cars or planes).

Under the usual assumptions leading to linear problems, the motion is governed by a
linear second order in time equation. Its solution can be written in terms of the vibration
modes of the coupled system which are solutions of a linear eigenvalue problem.

Continuous piecewise linear and bilinear finite elements, for both the fluid and the salid,
have been used for the numerical solution of this problem in the two dimensional case, but
spurious modes arise (see [6] and [3]). To avoid this drawback a non conforming discretization
is introduced in [1] and analyzed for the 2D case. We adapt these results to the 3D case and
improve the estimates given there by following [8].

Numerical results for a test problem consisting of a cylindrical vessel containing a liquid
are presented.

2. Statement of the problem

We consider the problem of determining the small amplitude vibrations of a coupled
system consisting of an inviscid barotropic fluid contained in a linear elastic structure.

Let Qp and Qg be the domains occupied by the fluid and the solid, respectively. Let
us denote by I'; the interface between the solid and the fluid and v its unit normal vector
pointing outwards Q. Let us assume that the exterior boundary of the solid is the union of
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two parts I'p and 'y and that the structure is fixed on I'py and free on I'y.
The classical acoustic approximation for the small amplitude motions yields the following
eigenvalue problem for the vibration modes of the coupled system:

st — L(T) =0, inQg

Apri — czpFﬁ(div ) = 6, in Qp
G- U—7-7=0, inly

o(¥)0 — ppcP diviiv =0, inT;
=0 inlp

o(f)7=0, inTy

where A = w?, with w being the vibration frequency; # and ¥ are the amplitudes of the
displacements of the fluid and the solid, respectively; £(¥) = —(\g + ,u,s)ﬁ(div ¥) — usAT,
with A\g and pg being the Lamé’s coefficients for the solid; pr and pg are the densities of the
fluid and the solid, respectively, and c¢ is the acoustic speed in the fluid. ‘

The above problem is equivalent to the variational problem:

VP. Find A € R and (4,7) € V, (4,7) # (0,0), such that:

o (@9, 6,9) = ((@9,6.9), V69 eV,
where V) 1= {(a’, 7) € H(div, Q) x [H*(Q)]>: @ 7=7 Fon Ty, 5=0 on PD} is the space
of admissible displacements and

—,

o (@0.6.9) = [ pre(dva)dive) + /| o) (),
D@9, 6D) = [ prid [ pord

We use spectral theory together with a regularity hypothesis and an orthogonal decom-
position of V to characterize the eigenvalues of VP. We have the following:

Theorem 2.1 The specirum of VP consists of the eigenvalue X = 0 and a sequence of finite
multiplicity eigenvalues {\, : n € N} converging to co. Furthermore, the infinite-dimensional

subspace K := {(11', 0)eV: divi=0in QF} is the eigenspace of A = 0.

3. Discretization

Let {75} be a family of triangulations. To discretize the displacements in the fluid we
use the Raviart-Thomas finite element space given by Ry (QF) = {¢ € H(div,Qp) : @ |pr=
(a +dz,b+ dy,c + dz), VT € Tp, T C §Qtp}. The degrees of freedom in Rx(Qr) are the
(constant) values of the normal components of @ along the faces of the tetrahedra. In addition,
for each component of the displacements in the solid we use the space Ly(f2s) of classical
piecewise linear finite elements.

If we take a conforming approximation of V, only functions with constant normal com-
ponents along each face of I'; will be well approximated. Hence we use a weaker condition to
define the discrete spaces:

Vi = {(ﬂ:h,ﬁh) S Rh(QF) X [L},L(Qs)}3 : 77}1[1“1; = 6, /(ﬂ:h — 77}-,,) U= 0, vC C I-‘[} ¢ V.
c
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We consider Vj as a conforming discretization of the space H(div, {if) x [HI(QS)}B and
use the theory developed in [4] for non compact operators to prove the non existence of
spurious modes. Finally, by adapting the results in [8] to three dimensional domains we prove
that the eigenfunctions of VP are approximated with optimal order. This order ~ depends on
the strength of the singularities of the exact eigenfunctions (it would be 1 in absence of such
singularities). Actually v := min{c, 8} where « (resp. §) denotes the order of convergence of
the finite element methods given above for the uncoupled source problem in the fluid (resp. in
the solid). The order of convergence for the eigenvalues doubles that for the eigenfunctions.

More precisely, let A be an eigenvalue of VP of multiplicity m and E its associated
eigenspace. For h small enough there are exactly m eigenvalues of VPp, Ap1, ..., Apm, (not
necessarily different) converging to A. Let Ej, be the direct sum of their associated eigenspaces.
Then we have (see [2] and [8]):

Theorem 3.2 There ezist strictly positive constants C' and hg (both depending on )\) such
that if h < hy then

l) fO’I‘ each (ﬁh,ﬁh) (S Eh, dist ((ﬁh,l—fh),E) < Ch’YH(’Eh,’Uh)H,
it) for each (¢,7) € E, dist (4, 7), E,,) < ChY||(€, D)},
m) IIlELXlSiSm 1)\ - )\hi[ S Ch2’17

where dist denotes the distance in the norm of the space V.

4. Numerical results

In this section numerical results are given for a test case consisting of a thin steel cylin-
drical vessel (height 3.5m, inner diameter 2.0m, thickness 0.1 m) clamped at both ends and
filled with water. To take advantage of the simmetry we have considered just one eight of the
cylinder and the fluid inside. We have used three succesively refined meshes.

In the table below we show the lowest eigenfrequencies of the coupled problem computed
with each of these meshes. We denote w; a coupled mode which is a perturbation of the
solid in vacuo (resp., w! a perturbation of the fluid in a rigid cavity). The last column of the
table, labelled “Uncoupled”, shows, for the “solid” modes wiS , the corresponding frequency of
the solid in vacuo for the finest mesh, whereas for the “fluid” modes w! it shows the exact
frequency of the water in a rigid cavity, which is analytically known. Finally, Figures 1 and 2
below, show the deformed eight of cylinder and the pressure in the fluid for the first “solid”
eigenmode.

| Mode || Mesu1 | Mesu2 | Mesu3 || Uncoupled

wi 1701.500 | 1153.671 | 1009.377 | 1232.094
wi 1188.443 | 1166.649 | 1158.687 || 1283.565
wi 1311.843 | 1237.666 | 1219.264 || 1624.648
w§ || 4003.714 | 2291.144 | 1707.784 || 2001.229
wi |l 2348.552 | 2281.999 | 2255.354 || 2567.130
wi || 2948.532 | 2775.600 | 2695.288 || 2632.916

Numerical results show a quite poor convergence of the “solid” modes which makes nec-
cessary to use a shell model for the cylindrical vessel. This is being investigated now and
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some first results have been obtained in the case of the solid being a plate ([5]).

Figure 1: Mode w?: deformed structure. Figure 2: Mode w?: pressure in the fluid.
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1. Introduction

The construction of many recent large naval structures uses thin laminated shallow shells.
Thus there is a need for good numerical modelizations of such structures: they must be able
to give a good approximation of the state of local stresses in order to prevent damages.

The objective is to develop a two-dimensional modelization which gives a good account of
the distribution of three-dimensional displacement and stresses over a laminated thin shell. In
this way, we use the asymptotic development technique with the half-thickness of the laminate
as small parameter. Such a method has been used by several authors to obtain various thin
plate or thin shell models. We can cite 1) the pioneering classification by [13]; ii) for thin
shallow shells, the works by [7] and [12] which also include the proof of convergence between
the two-dimensional and three-dimensional models; iii) for anisotropic and nonhomogeneous
thin shells, the work by [8]. Besides these mathematical oriented works, we can cite some
computational oriented works on thin laminated shells: [2], {14] and [20].

The model we develop here has been motivated by Ifremer and has been initially studied
n [16]. It extends a model for plates by [17]. The main achievements of this study are

i) no a priori hypotheses are made on the variations of displacement and stresses through
the thickness;

if} the laminate is assumed to be made of several layers of homogeneous materials having
a monoclinic behaviour through the thickness;

iii} by the asymptotic development of the three-dimensional problem, the three-dimensio-
nal displacement and stress fields can be approximated by a series of solutions of two-
dimensional problems. These problems are recurrent: they are of thin shallow shell type
for homogeneous anisotropic materials and they only differ by the second hand members;

iv) some experimental and numerical tests give a first validation of such an approach (due
to lack of place, they will be included in [6]).
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2. The Three-dimensional Problem

2.1. The Geometry of the Laminated Shallow Shell
The thin shell is the “product” of its middle surface *w by its thickness 2¢ ([3], [4], [15]).

The middle surface of the thin shell

Let £% be the usual euclidean space referred to a fixed orthonormal reference system
(0,€1, €3, €3) and let w be a bounded open subset of the plane. Then, the middle surface cw
of the shallow shell is the image in £ of the set @ by the mapping

¢ : (z1,32) EWC £ sg(wl,wz) = (&1, Z2,e¢(x1, T2)),

where ¢ : (z1,23) € w — ¢(z1,z2) is a function independent of &. -
At any point of the middle surface, we define the surface covariant basis

I

fly Eq—b‘,a = €y + 5¢,a€37 a=12
563 = (53 — Eqb’lé*l i Eqb’gé‘g)/sd, Wlth Ed = {1 =+ 52(¢,1)2 —+- EZ(¢’2)2}1/2.

Then, we could define, as usual, first and second fundamental forms ®asg, bag, surface
contravariant basis %G, surface Christoffel symbols T 75 Here and subsequently, the greek
(resp. latin) exponents take their values in the set {1,2} (resp. {1,2,3}) and the summation
convention is applied for the upper and lower repeated indices.

The three-dimensional thin shell
The generic point and the volume covariant basis “g; of the three-dimensional thin shell
are obtained as follows :

Elf(sz) = (a1, 22) + T3 Ws(z1,22), VI =(21,72,73) € NV =u x [~¢,¢]. (1)

Go= o= To— T3y @, Go= D= Ga
The three-dimensional elasticity equations
Equation (1) gives the representation of the 3D thin shell by using curvilinear coordinates.

The 3D elasticity equations referred to the basis (%g;) can be found in [15, Chap. 2]

s+ =0 W, ® ~
‘ E_Q'_ij _ ggijkf Eéki in Efl, (3)
fu, = 0 on Ty = Buwy X [—&,€],
Gifi, = F* on Ty = 8w X [—&,e], (4)

B =+GL  on Ty =uwx {£e}.

These equations are written on the basis %g; and %; by using mapping E<I;, they are
expressed on the reference domain 4. Moreover, g%, %,,, ek denote the components of
the stress, strain and elasticity tensors. In particular, the assumption of multilayered shell
made of monoclinic homogeneous layers involves [15, p.155] 3*#7 = 333 = (,
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Finally, equations (4) mean that the shell is i) clamped along the part <f)(5F0) of its
lateral boundary; ii) loaded by volume forces whose density is <f = “B(=f) in “®(%2); iii)
loaded by a distribution of surface forces upon the upper and lower surfaces of the shell, i.e.
Gy = 5(13( () upon Ty = ch( T'4); iv) loaded by surface forces upon the complementary
part wy x [—¢, +¢] of its side boundary, where dw; = dw — duwy, Le., F = 5&5( F).

Furthermore, we assume that the different layers which constitute the composite thin shell
are perfectly sticked: the displacement and the normal stress components are continuous at
the interfaces between adjacent layers, i.e., [50] = 0 and [ - 7] = 0 at the layer interfaces,
where [-] denotes the jump at a possible discontinuity area.

3. The “Scaled” 3D Problem over a Domain Independent of ¢

3.1. The Unidirectional Zoom

We use the transformation 9 : % = (21, 22,°z3) € R® — 7 = (2, 72,73 = —i- z3) € R?
to formulate the problem over the reference domain Q = wx] — 1,1[. In particular

AN =T, ulUTl_; Ty =wx{1}; I'_ =wx{~1}; I'=080w x [~1,1].

3.2. Dependence of the Data on ¢

For the asymptotic study

i) it is convenient to rewrite equations (2) to (4) over the basis %; and “*; corresponding
components are noted %%, u;, ..., instead of ?7, Usyers

ii) we make the following basic assumptions:

sfi - Epifi : EFi - Etii : EG‘;: - E‘riGit (5)

where p;, ¢; and r; € IN. Likewise, we introduce the developments

N N
Ut of0 = ut(e) Z enut™ 561 ofh = ¥ (g) ~ Z engi (™) (6)
=P n=P
M
i o 5 = iR (&) o iR Z £2m gidke(2m) (7)
m==1

where P € Z and M, N € IN are integers. Relations (5) can be rewritten

N
TroB="f(e) = e f ™ with fI = 0if n £ p, (8)

n=pF

and we have similar relations for “F* and °G%. Finally, the geometrical parameters g,
Deg, Tzﬂ, mj, ..., can be developed in the same spirit. For instance

M M
- L2mpy(2m) ~ 21 (2m—1)
TZg— E £ Faﬂ y Fhapg E € bag . (9)
m==1 m=1
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3.3. Recurrent Relations
Substitution of relations (5) to (9) into relations (2) to (4) gives the recurrent relations

3a(n)+ aﬂﬂ(" 1 fa(n l)fxa(n 2) = }

0.’333(")+0. a(n—- l)+b(1> afB{(n— 2)+f.5(n 1) +X (n—2) = (10)

o8(n) :aaﬂ’yé(u’(y") b(l) (n 1))+aaﬂ33 ("+1)+6aﬁ(n~2)
aSa(n): a3ﬁ3( (”+1)+u3 b"(l) (” 1>>+03a(n 2) (11)
o33(n) :aazms( gﬂ b(l) (n 1))+ 3333 ("+1)+033(n 2)

(n+1y __ _(n41) __
Ugy = Ug =0 (12)
aaﬁ(n)nﬁ — Fa('n) : O.Sﬁ(n)nﬂ - FS(n) : O.aS('n) — iGi{") ; 0.33(-n) — iGi(”)

where ("2 and 8"~?) denote the recurrence terms of lower orders determined by previous
iterations. Then, solution of problem (10) to (12) amounts to solve a sequence of 2D problems.

4. The Associated Two-dimensional Problems

4.1. The Displacement Vector 7 as a Function of 3

Equations (10) to (12) show that the knowledge of vectors #®, 4 < n, involves the
knowledge of tensors o(i=1). Thus the dependence on z3 of displacement @3 is governed
by (S, si(") are given by previous iterations, D# = 383, D3 = 0, D33 = ¢3333)

g5 — gt i) = D" 4 i in Q
o) = Gﬁ") for z3 = +1, = G forgy=-1 [

Theorem 4.1.1: The displacement vector @™ can be written as

ul (31, 72, 73) = (I (21, 2) — wsCéTLa-l)(Il,wz) + IV (21, 22, 23) (13)
ué")(rl,wz,rs) = Cén)(fl,f2) + Ig(,n)(IhIZyIS) (14)
where I](")(zl, T2, X3) are recurrence terms entirely determined by previous iterations. ]

4.2. The Two-dimensional Problems

Relations (13) (14) lead to solve 2D problem on the middle surface of the shell.
Theorem 4.2.1: The displacement vector (CC(X"H),CBM) of the middle surface is solution of
the thin shallow shell problem

Xaﬁ(ﬂ+1) a(nt+l) 0
8 + F upon w (15)

Yoo ) xaste)) | F3D =0 upon w

(16)

Xaﬁ(n+1 Aaﬂ*y& (anl) Baﬁ’yé (n+1) upon w
Yaﬁ(n+1) . Baﬂfy& "H'l) Caﬁ'yé Z”H'l) upon w
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C§n+1) (n) - an) =0 upon Ouy
Xaﬁ(n-H) — gO‘("'H) upon Ouw, (17)
yednilng = palnt)  y Sl = g8t ypon Gy

where ‘P%H) = CA(,,"&H) - bil,s) Ry (nH C ;AP = S0 (210 — Zz)Q?Z[;w ; BP0 =
q0P33 336

1~ 2 2 56. 5 Gv6 . Hafvys . albys %o %
2 2= (24— Z’Z)Q‘(lé)w Coe = 3 Ez 1(Z£+1 Ze)Qa I Qo) 214)7 BEG

Filnt) | gint1) and b+ gre the associated loading and recurrence term resultants over
the middle surface, and, L = number of layers. . ]

Then, it is possible to give a variational formulation of problem (15) to (17) which has a

unique solution ( énH), (é")) in a suitable space when the data are sufficiently regular.

5. Return to the Three-dimensional problem

The sequence of two-dimensional solutions 5 (") and the recurrence process give the 3D
displacement vector and 3D stress stensor as follows:

Theorem 5.1.1: Let ny be the order of the first non-zero solution (g’((x""),(éno-l)). Then,
the three dimensional displacement of the reference domain Q is given by

_ .no,,(n no+1, {no+1 A _ _ng—1, {(no—1) no, {no)
uv—eﬂug“—#e” ug" )4 ;o ug =707 Uy +e0uy T+

(no—1)
3,7

(13) (14) while ( §"), é"nl)) solve equations (15)-(17) written at the appriopriate order. M

(no—1) _ ano—l)’ U»(yn[)) - C’s’m))

where u; — T3 and where the next terms are defined by

Theorem 5.2.1: Let ng be the order of the first non-zero solution ( a""),c "0-1)). Then,
the three dimensional siress components for the multilayered shell are given by

o_aB — Enoo_aﬁ(ng) N : o3 = 5n0+10_3a(ng+1) S : o33 — Eno+20,33(n0+2) Fo

where g®P(M) | g3a(ntl)  o33(n+2) gre colculated from the value of (Cﬂ(,"), C§"~1)). [}
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ABSTRACT

We consider a general strategy for building shell elements that avoid membrane locking for
Koiter shell formulation if the shell is bending dominated, but retain good approximation
properties in the membrane dominated case. A similar strategy could also be applied to
Naghdi shell models. So far, the strategy is vague, here and there, and the elements produced
by it are quite ugly. However, there is hope that the strategy could be improved in order to
provide more elegant and easy-to-use elements. Moreover it seems important, to start with
(see for instance [3}), to ascertain that elements capable of provably work in both bending and

membrane dominated cases do actually exist.

1. The continuous problems

In this Section we present the formulation and the assumptions on the continuous shell
problem. Discretization problems will be tackled in the next Section.

1.1. The Koiter model

In the following we are going, for the sake of simplicity, to deal with the following setting.
Q will be a convex polygone in R?; we assume that the equations of the midsurface of the
shell are given in Cartesian form z3 = g(z1, z2) so that, in particular, the second fundamental
form is given by

by = =08
D‘B_Bza&cﬁ

In this setting the problem can be formulated as follows. Let V C (H'(Q))? and W C H?*(Q)
be closed subspaces containing the boundary conditions to be imposed on the shell. We want

o, B=1,2 (1)

to find v € ¥V and w € W minimizing the potential energy

211, = ab(w, w) + (v, 7) - 2F(u, w) (2)

where: aﬁ(w,w) is a quadratic coercive form on W representing the bending energy in the

Koiter assumptions, a7*(7,7) is a quadratic coercive form on the space of symmetric tensors
¥ = (L?(Q));, representing the membrane energy when v = y(u,w) is given by

1
Yag = 5(7"&,5 +uga) — Pigua —bapw o, B=1,2, 3)

and finally F(u,w) represents the action of the external forces. In Eq. (3) I'? 5 are the usual
Christoffel symbols. There and in the following the summation convention of repeated indices
is employed. More generally, by default the notation of [1] is used.
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Taking into account the particular description of the shell in Cartesian form, it is easy to
check that

IS =bapx’ a,B=1,2 (4)

for a suitable choice of the (smooth) functions (x!, x?). Setting moreover, as usual,
1 -
Cap = E(ua,ﬁ tuga) o,B=1,2 (3)

the expression for v becomes
Yof = €ag — baﬁ(X6U5 +w) o,f=1,2 (6)

1.2. Bending dominated and membrane dominated shells

In order to study the locking phenomenon, it is convenient to renormalize the terms
appearing in the expression of the energy, considering a sequence of problems with variable
thickness ¢ and making explicit the dependence on ¢ of the various terms. Doing that we
reach the final form

AL, = ab(w,w) + t™2a™ (v, ) ~ 21°F (u, w) (7)
where 1, represents the scaled energy, and the exponent ¢ can change according to the

character of the shell (bending dominated or membrane dominated) in the following way.
We say that the shell is membrane dominated if the only solution of the system of equations

Yaplu,w) =0 uweV, weW, «o,F=12 (8)

is given by u = 0, w = 0. This will obviously depend on the goemetric nature of the shell (here
expressed by the mapping z3 = g(z1, z2)) and on the boundary conditions (here hidden in the
definition of the spaces V and W.) With the terminology of Sanchez Palencia a membrane
dominated shell is said to be well inhibited. In this case we shall make the further assumption
that

a™(7,7) 2 constant(|[ull + ||z () 9)
This might not always be the case, but we are not ready to face the shell teratology in the
full power of its complete generality. In the other case, that is, when Eq. (8) has nonzero
solutions, we say that the shell is bending dominated. In order to have a sequence of problems
where the solutions (for ¢ going to 0) stay bounded without converging to 0, we have to
scale the external forces differently in the two cases. More precisely, we take ¢ = 0 in the
bending dominated case and ¢ = —2 in the membrane dominated one. With this choice, the
limit problem for bending dominated shells amounts to minimize a®(w, w) — 2F (u,w) on the
subspace ¥(u,w) = 0, whereas the limit problem in the membrane dominated case amounts
to minimize a™ (v, ) — 2F(u, w) on the whole space V' x W.

2. Discretization

In this Section we consider the problems related to the finite element discretization of the
continuous problem. For this we assume that we are given a sequence 7y, of triangulations of (2,
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and, for each triangulation, finite dimensional subspaces Vj, and Wy, of V and W respectively,
made of functions that are piecewise polynomials in Q.

2.1. Discretized problems and reduction operators

Once the spaces V), and W), have been chosen, the simple minded approach would lead to
minimize II; on Vj, x W},. Since it is well known that this does not work in general (worse than
that, we do not know of any meaningful example in which this works) it is more convenient
to shift to a modified problem: minimize on V;, x W) the modified energy

2T = al(w, w) + 1™ (P(y), PA()) — 26 F(u, w) (10)

where P" is a suitable interpolation (or projection) operator that maps 3. (or a more regular
subset of it, containing at least y(V}, W})) into a piecewise polinomial subspace X5, of the space
3. In order to provide a method which is good in both bending dominated and membrane
dominated cases, the operator P* must satisfy the following conditions.

First of all, to deal properly with the bending dominated case, we should be able to find,
for every (smooth) pair (u,w) in the kernel of +, a corresponding pair (u!, w?) in Vj, x Wy,
close to (u,w) and such that

Ph(y(ud 1)) = 0. (11)

Then P" should also be a suitable approximation of the Identity operator: in particular we
require
(Phy —4,6) =0 V6 piecewise constant. (12)

Following [2] we can then prove that the minimizing argument of II}' converges to the mini-
mizing argument of II; in the bending dominated case.

On the other hand, if we want to have a method that also works in the membrane
dominated case, we have to require that a™(P"(v), P*(v)) is coercive in Vj, x Wj with the
norm of V x L?(2), at least when condition (9) holds. For this it is clearly quite convenient
that

Phe(u!) = e(w®)  wutev?h (13)

where e(u) is still defined as in Eq. (5). This, unfortunately, might not be sufficient, as the
control that we are going to have on w will be reduced, at best, to the L? norm of Ph(bw)
where b is the tensor with components given by (1). This might force us to introduce in (10)
an additional term, minimizing

fl? = Hf + 7]|bw — Ph(bw)HLZ(Q) (14)

were T is scaled as {|t“F|| (that is, it will mainly act only in the membrane dominated case.)
This is ugly, but I cannot do better for the moment. It is clear that (14) can be substituted
by several alternative terms, all of them with various degrees of ugliness.

2.2. Guidelines for the construction of the elements

It is clear that the main difficulty will be to satisfy Eq. (11). However, if we start
from a given space V}, (to fix the ideas, piecewise quadratics and continuous on a triangular
grid) we can first design a space X, (piecewise linear discontinuous symmetric tensors) and
an interpolation operator P* with range in % such that Eq. (13) holds. In the case of our
example, this could be obtained by assigning: the mean value of each component (3 conditions)
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and the moments of order < 1 (on each edge of each triangle) of the double tangential
component (3x2=6 conditions). It can be checked that these 9 conditions determine uniquely
a linear symmetric tensor, and that Eq. (13) holds true. Other possibilities are obviously
available. However, it is better to keep the three mean values in vue of Eq. (12). We also
notice that, for a given smooth vector u, if we define u! as the piecewise quadratic that agrees
with u at the vertices and is such that each component has the same mean value of u on each
edge of each triangle, we have that

Phle(u—ul)) =0 (15)

which, as we shall see, is remarkably useful. To check Eqg. (15), use first the mean value
of u — u! on edges to verify that the mean value of e(u — u!) on each triangle is zero; then
use the fact that u = u’ at vertices to verify that the integral of g4 (u — u’) (which is the
tangential derivative of the tangential component of u — u!), on each edge, is zero; finally,
use both conditions on u — u! to show that e (u — u’) is orthogonal, on each edge, to linear
functions. We are left with the construction of w! satisfying Eq. (11). Assume therefore that
we had a pair (u,w) of smooth functions satisfying Eq. (8). Using Eqgs. (6) and (15) we see
that Eq. (11) reduces to

Ph(b(x (us — u}) +w —w')) = 0. (16)
As we are dealing with a Koiter shell, w! will have to be a C* piecewise polynomial, and
there is no hope to use, for W, the same set of degrees of freedom that we are using for V;,.
Hence we have, in a sense, much more freedom. If the coefficients b,s are constant, Eq.(16)
will simply require that the quantity

x‘s(utg -—ué) +w—w! a7

has zero mean value on each triangle and zero moments of order < 1 on each edge. This
can be easily done whenever the degrees of freedom in W}, include, essentially, two degrees of
freedom for each edge and one degree of freedom internal to each triangle. If the b,g’s are
not constant, this will not affect the edge degrees of freedom (where only b;; counts), but will
require three internal nodes instead of one. As we see, the outcome is pretty ugly. However,
at least, condition (16) can be fulfilled even if some of the b,g’s vanishes here and there, since
they appear as multipliers of the whole equation. Still, it is clear that much work is needed
in order to have a satisfactory shell element by this strategy.
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ABSTRACT

In this paper, is given a generalisation of the usual Koiter's shell model to non symmetrical
shells, it couples stretching and bending effects. Then the deformation problems for these
models are put into an abstract formulation the limit of which is studied when the thickness
of the shell tends to zero. This paper gather the results presented in [2] and [3].

1. Coupled and Uncoupled Koiter's Shell Models

Koiter's model is a shell model involving the stretching effects of the shell surface and the
bending effects, it can be derived from 3D linear elasticity using heuristic assumptions. The elastic
energy of a displacement field v for the usual (or uncoupled) Koiter's model is (see for instance [1])

. 2 1
£ AP {mv) o) + £ ) pogt)] ds

N

1
2 E

aB(Y) and PapY) are the tensors characterising the changes of surface metric and of curvature in the
displacement v. S is the two-dimensionnal domain used to parametrise the shell, £ the thickness of
the shell.

When the shell is not symmetrical, stretching and bending are more intrically coupled. Indeed,
the elastic energy of the generalised (or coupled) Koiter's model derived for such shells from 3D
elasticity is :

;— el | AP 700 Yap) ds - | AP pkv) Yapv) ds
48 48
-& | A ) pagv)ds + €2 AFMY pulv) pagv) ds

E JS
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The usual Koiter's shell model is clearly a particular case of the generalised one.

Both models involve the thickness £ of the shell which is assumed to be small, then a deformation
problem for a Koiter's shell (coupled or not) can be seen as a perturbation problem. That is this
perturbation problem, which is singular in general, that is studied in this paper.

Deriving the limit problem for the Koiter's models as the thickness £ tends to zero is of interest
by its own but it is of first importance when studying the convergence process of a finite element
computation as locking phenomenz are most likely to occur.

2. Abstract Perturbation Problem

The weak formulation of a static deformation problem for a generalised Koiter's shell can be put
into the abstract formulation :

Findu®e Vs .t.
Vv eV, aduty) =F%)
(D

where V is a Hilbert space, /1 and I3 are linear continuous mappings from V to respectively two
Hilbert spaces £1 and £z, F¥is alinear form on V and @%1.V) is the following bilinear form :

@) =L a0 h) + L anli0.b09) + L (b 1)) + (i) (1)

1t is assumed that the norm on V' is :

My =lnof + JamB]?

and that the bilinear forms on Ea> EB % fulfill the coercivity condition :

Ja>0st YV (n,m) € EyXE,;
o DW!H% + an\]ﬂ < (a1 (M) + an(Mm) + a(NM) + &Nz + aa(12.72)

3
For Koiter's shell models, E) and E; are equal to (Lz(S)) and
L) = {Yug») 3 & B=12} 1 H(v) ={pegv); @ B=12}

Let G be the null space of /1 and GT be its orthogonal space, that 1s :

Gy ={ve Vs .t Ij(v) =0}
and Gf‘ ={veVs..Vwe G, (vwy=0}

i
The space V can be split inV =G = GI thatis:
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1
YveV ,v=v+vi: vieG,ve G

. . .l . L . . . . .
It is worth noticing that i = 1z11<‘>1l1 is a porm on Gi . This norm is prehilbertian but, in general,

. . ~L c ol L
Gi is not complete for it, let Gi be the closure of Gi~ for the norm M In the topology of G1, the
convergence of sequences is given by :

—1
{v, >vin G} o {() - L in E}

3. Convergence Results

" 3.1 General case
Proposition

—1
Let F be a linear continuous form on V and F1 a linear continuous form on G1 which means :

Vit e G, [Fivb) < K [novi)]

Fiv) =F(») + '15 FivD)

and set . Then, when £ tends to zero :

u®— u inVstrong , uy € G,

uft Pt
Z > uiin Gy strong
£

-1
. Ly, . . Lo .
with (#1.1;) being the unique solution in G1 X G1 of the equation :

Vv =y e G x -G-f_
ay (D) D) + aniu) b)) + a(bn) L) + anllau)da(v)) =Fy) + FL(v)

ubt

A
In the case when Fi] 0and moreover Gi = {0} or F] 0on G, then ut—=0 ¢ . In this

-l
case, the proposition gives more than that when F is continuous on G1 , indeed it shows that :

el —
u ~1 . L
“L. > wu, in G, strong

£ ~ ~
U yyinVstrong ,u; € Gy 3
£ and £

~ o~
(u1,11) being solution of the equation of proposition 1 with F(OT) as right hand side.

el
u
— h
If Fis not continuous on G1 | then the previous result does not give the way u®and € tends to
Zero.

A more precise result can be then established in the uncoupled case.
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3.2 Uncoupled case

It is classical to introduce A11 and A2 the linear and continuous mappings from V to V defined
by:

(A1) )y = an(400,0L(9) and (Ax(1) vy = apa(l(i0) L(v))

. . = . . . 1. L.
It is easy to verify that M = 15A11(") ”V define a prehilbertian norm on Gi, in general Gi is not
=1 =1

. 1. i -
complete for it, so let G1 be closure of Gi~ for the norm M2 1 the to ology of G1 | the convergence
p poiogy g
of sequences is given by :

=1
{v, =vin G}y {Aylv) 2 A (vinV}

Let consider the problem (1) in the uncoupled case and with Fiv) = F(v), that is :

Findu®e Vs 1.
VveV, Lay@®hom) + el b)) =Fv)
£

@)

The results of proposition 1 hold true and are here :

utt

; n G, stror
u® > urinVsmong ,ui € Giand ¢ = 0in G, strong

uy of G being the unique solution of the equation :

Vve G, aplbu)(v) =FQ©)

uft
. . s 2 ~L =l
Moreover, if (1) (") and F(V) are continuous on G1 ,then €° tends to ¥; in G, strong

with ¥ being the unique solution of the equation :

Vv e G a5 L)) = FOv) - anlb(i) (v))

When the only assumptions on F are linearity and continuity on V, it is possible to establish the
following convergence result.

Proposition 2

Let #° be the solution of (2) with F linear and continuous on V and let define f€ V by
(fv)y =F(v), then :
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ulgl =1

AL
B ) L —u, in G| strong
u®—uyin Vsmrong , 1y € Gy apd €>

I . . . .
with #i” being the unique solution of the equation :

~L
Ay(ug ) =f - Aplu)
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ABSTRACT

This is a general survey of questions arising in the optimization of the midsurface of a shell
using a descent algorithm which needs the gradient of the criterion which is minimized. It fits
in the general setting of distributed parameters controle problems.

1. Introduction

The results we present have been obtained by a group of several researchers in mathemat-
ics and in computer science [2][1][4][6][7][8]. The subject is the following:search the shape of
a shell working in linear elasticity conditions, having the best possible behaviour with respect
to a given criterion. This fits in the following setting:

& ¢ is a design variable, it is the unknown. For a given ¢ belonging to a proper space A,
u® € V is the unique solution of the following equation:

u? eV a(¢; u®,v) = l(¢;v) YveV (1)
where V' is a Hilbert space. It depends on the design parameter ¢.
e Min j(¢) = J(¢,u?) where J(¢,v) is a given functional defined on A x V.

In our purpose, ¢ is the shape of the shell (particularly its midsurface), and equation (1)
is the linear elastic response equation of the shell. For instance, one can be interested in
minimizing the elastic energy, the average displacement, the maximum displacement, stresses,
or eigenvalues.

We want to use a descent algorithm in order to give a numerical solution to this prob-
lem. The crux is the computation and discretization of the differential of J. We give some
differentiability results for the mapping ¢ — u® for a proper choice of the functional setting,
and we give an explicit expression of the differential of j in a given direction.

In order to get a numerical solution, one needs to discretize the problem. As usual, two
methods are possible: the control problem can be discretized first, then differentiated (discrete
gradient or DG method), or the differential of the continuous problem can be discretized
(DCG method). We briefly recall some mathematical results concerning the comparison of
both methods, then we discuss the software structures which go together.

Some numerical results have been obtained in the optimization of arches and cooling
towers. Some remarks will be done about numerical locking.

2. Optimal control setting

Let A be a Banach space, V a Hilbert space, and ® an open subset of A. We consider
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a:®xV xV — R which for each ¢ € ® is bilinear continuous, symmetric, coercive, and
1:® x V — R which is linear continuous on V. We denote by u# € V the unique solution of:

YoeV a(u?,v) = (¢, v).

For a given functional J : ® x V — R : ¢,v — J(¢,v) we consider j(¢) = J(¢,u®). If J is
C!, one can prove that j is ¢! and:

d
)

o.J o ol
i(9)4 = 55 (9 u) - gfgw; uh, %)%+ 5o (90%)0 2)

where p? is the unique solution of the following adjoint state equation:

pPev a(¢;p® w) = Z—j(qb;u"’).w Ywe V (3)

3. The case of shell equations [3]

We consider the Koiter model. The midsurface is the graph of a regular mapping ¢ : & C
RZ — R3: (&,6) — ¢(£,&). We take it as the design variable. The equilibrium equation
is of the form (1) with V = H*(®) x H* (&) x H*(&)+boundary conditions (simply supported
shell or clamped shell on a non-zero measure part of 2). The linear functional ! measures
the virtual work of the external forces in the virtual displacement v.

The design parameter ¢ interferes in a through the metric tensor, the curvature tensor
and its derivatives with respect to £, and the Christoffel symbols. In order to get g—;(qb; U, V).,
one needs to differentiate these quantities with respect to ¢, with values in L%°(&). All these
depend on ¢ and its three first derivatives with respect to £. If ¢ is chosen in W3 (&),
then a is well defined, and Frechet-differentiable with respect to ¢ in the space of bilinear
continuous functionals defined on V, equiped with its usual norm. Formula (2) gives an
explicit expression of % J{(@).¢ for any ¢ in A.

4. Discretizations

4.1. The discrete gradient method (DG method)

The discretization is done before the differentiation. Equation (1) is discretized for in-
stance with a finite element procedure, which deals with geometrical degrees of freedom (ap-
proximation of ¢) and kinematical degrees of freedom (approximation of ). The functional J
is approximated by J which depends on this finite number of degrees of freedom. Formula (2)
is used in finite dimensional spaces. It gives the ezact gradient of the approzimated functional.

4.2. The discretized continuous gradient method (DCG method)

Another way of handling formula (2) is the following.

First, the space A is approximated by a finite dimensional subspace A which is spanned
by functions {s;,% = 1,...k}. One has to approximate %j(d)).si for each 4. This requires an
approximation of u® and p?. This is got from any kind of approximation of the variational
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equation (1) , for instance a finite element procedure. It gives approximations uﬁ and pff.
One can set:

da

ol
_%(

. d . ) oJ
ia‘aj(qﬁ)-sﬁh =7 ¢ruf, py).si + 55(¢;Pi)-5i (4)

which a priori gives an approzimate value of the exzact differential of the exact functional.

(¢1 u;‘:)sz

5. Comparison between the DG and the DCG method

5.1. Mathematical point of vue

In both methods, if things are handled in a natural way, the discretized functional is the
" same.

It has been proved in [4] that both discretized gradients are mathematically the same
if V4, approximation of V in the finite element procedure, does not depend on the design
approximation. This is true in a wide class of problems.

If not, it may happen that DG # DCG. Examples will be shown, particularly the shape
optimization of an arch in which one has DG}, # DCG}, and |[|DGp — DCG]| — 0 when
h — 0.

5.2. Numerical aspects

Of course if DG = DCG both methods behave the same. If not, in the DG method,
optimization algorithms are expected to behave better because the gradient which is used is
the exact gradient of the approximated functional. This is not the case in the DCG method.
We have made numerical experiments in the arch case. As one has DG # DCG and
DGy — DCGR|] — 0 when h — 0, in order to see a difference, one needs to chose h big
enough. We found out that the difference could be seen for very rough finite elements. The
DG method gave significant results, when the DCG method did not reach convergence. So if
rough results are required, the DG method behaved better. (See [5]).

We have observed another phenomenon [8]. When the thickness of the arch was too small
the finite elements degenerated: there was a numerical locking in the finite element procedure
we used. The DCG method did not give satisfactory results which indicated the problem.
The DG method has no problem converging althoug the results are faulse.

5.3. Software aspects

This is one important interest of the DCG method [5], [6].

In the DG method, if one wants to change the discrete design variables or the finite
element procedure, the gradient software has to be rewritten (eventually automatically with
a differentiation procedure).

In the DCG method, the finite element package and the gradient package can be treated
separately. Each package can be used as a blakbox by the other one. If one wants to change
the discrete parameters, only values of input parameters have to be changed in the gradient
package.

Nevertheless the output files of the finite element package have to be settled in a proper
way to become input files for the gradient package. So an interface needs to be written. The
datas which are needed in the gradient package should be easy to get from the finite element
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packages: for instance, the nodes, the degrees of freedom, the integration scheme which have
been used, which must be the same in both packages. Usually, in industrial finite element
codes, they can be found in the input-output files or in the user manual. Another kind of
datas are less usual, namely derivatives of displacements at Gauss points. If the finite element
shape functions are not given in the user manual, these can be rebuilt from the stresses which
are usually given. Let us notice that the interface can be written by the ”finite element group”
who does not know optimal controle techniques. The ”gradient group” asks for appropriate
datas. For more details see [5][6] .

6. Numerical locking

Some remarks will be done about numerical locking in finite elements computing the
behaviour of an arch. When the thickness of the arch becomes too small, problems may
occur.

7. Acknowledgements

This work is part of the HCM program “Shells: Mathematical Modeling and Analy-
sis, Scientific Computing” of the Commission of the European Communities (contract ER-
BCHRXCT940536).

8. References

1. D. Chenais, Discrete gradient and discretized continuum gradient in shape optimiza-
tion of shells, Mechanics of Structures and Machines, 22 (1), (1994)

2. D.Chenais, B. Rousselet, R. Benedict, Design sensitivity for arch structures, Journal
of Optimization Theory and Applications, 58 (2), (1988), 225-239

3. D. Chenais, Optimal design of midsurface of shells: differentiability proof and sensi-
tivity computation, Applied Mathematics and Optimization, 16, (1987), 93-133

4. V.Lods, Gradient discret et gradient continu discrétisé en contréle optimal a
parameétres distribués, Thése de I'Université de NICE, France, (1992)

5. D.Chenais, C.Knopf-Lenoir, From design sensitivity analysis to code structure in
arch optimization, Proceedings First Int. Conf. on Computer Aided Optimal Design
of Structures, (Ed. Brebbia-Hernandez, Springer Verlag, (1989) 23-32

6. D.Chenais, A.Habbal, C.Knopf-Lenoir, Un logiciel d’optimisation de structures in-
terfagable avec des codes standards d’éléments finis, Actes du Collogue National en
Oplimisation de Structures GIENS, France (1993)

7. S.Moriano, Optimisation de forme de coques, Thése de I’Université de NICE, France,
{1988)

8. A.Habbal, Optimisation non differentiable de forme d’arche, Thése de I’Université de
NICE, France, (1990)




ASYMPTOTIC ANALYSIS OF ELASTIC SHELLS"*

Philippe G. CIARLET
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The asymptotic analysis of elastic shells is a relatively recent subject. After the land-
mark attempt of Goldenveizer [1963], a major step for linearly elastic shells was achieved by
Destuynder [1980] in his Doctoral Dissertation, where a convergence theorem for “membrane
shells” was “almost proved”; another major step was achieved by Sanchez-Palencia [1990],
who clearly delineated the kinds of geometries of the middle surface and boundary conditions
that yield either two-dimensional membrane, or two-dimensional flezural, equations when the
method of formal asymptotic expansions is applied to the variational equations of three-
dimensional linearized elasticity (see also Caillerie & Sanchez-Palencia [1995] and Miara &
Sanchez-Palencia [1996]).

Then Ciarlet & Lods [1996a, 1996b] and Ciarlet, Lods & Miara [1996] carried out an
asymptotic analysis of linearly elastic shells that covers all possible cases: Under three distinct
sets of assumptions on the geometry of the middle surface, the boundary conditions, and on
the order of magnitude of the applied forces, they established convergence theorems in H 1in
L2, or in ad hoc completion spaces, that justify either the linear two-dimensional equations of
a “membrane shell”, or those of a “generalized membrane shell”, or those of a “flexural shell”.

More specifically, consider a family of linearly elastic shells of thickness 2¢, all having the
same middle surface S = 8(w) C R®, where w C R? is a bounded and connected open set
with a Lipschitz-continuous boundary v, and 8 ¢ C3(w; Ra). The shells are clamped on a
portion of their lateral face, whose middle line is 8(yp), where 7 is a fized portion of y with
length vo > 0. Let

1
Yap(n) = 5(5a71ﬁ + dpna) — LosNo — bapma

denote the covariant components of the linearized change of metric tensor of S, where I'] 4 are
the Christoffel symbols of S, and b,g are the covariant components of the curvature tensor of
S. In Ciarlet, Lods and Miara [1996], a geometrical assumption is made on the middle surface
S and on the set 7y, which asserts that the space of ineztensional displacements (introduced
by Sanchez-Palencia [1989a])

Vew)={n=(m) € H(w) x H'(w) x H?(w);
= 61/7]3 =0 on vy, 'Yaﬁ(n) = 0in w}

contains non-zero functions. This assumptions is satisfied in particular if 5 is a portion of a
cylinder and 8(vp) is contained in a generatrix of 3, or if S is contained in a plane, i.e., the
shells are plates.

It was then showed that, if the applied body force density is O(1) with respect to &, the field
e?u(e) = (e?u;(e)), where u;(c) denote the three covariant components of the displacement of
the points of the shell given by the equations of three-dimensional elasticity, once appropriately
“scaled” so as to be defined over the fixed domain Q = wx] — 1, 1[, converges in H' ()
to a limit w™2, which is independent of the transverse variable. Furthermore, the average

¢ = %f_llu“zdzg, which belongs to the space V p(w), solves the (scaled) two dimensional

*Support from the Project “Shells: Mathematical Modelling and Analysis, Scientific Computing” of the
Human Capital and Mobility Programme of the Commission of the European Communities (Contract no.
ERBCHRXCT940536) is gratefully acknowledged.
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equations of a “flexural shell”, viz.,

1 3

. / a7 o, (C)pap(m)Va dy = / { / 11 fidag /o dy

for all n = (1;) € Vr(w), where

4X
= _(/\+gﬂ) aaﬂacm' 4 ZM(aaﬂaﬂT Jraaraﬂa)

afar

are the contravariant components of the elasticity tensor of the surface S,

Pap(M) = Bapfz — 00513 + b3(0ans — I'hynr)
+0%.(8a15 — T'h,1-) + B2/ 800 — Capns

are the covariant components of the linearized change of curvature tensor of S, bg are the
mixed components of the curvature tensor of S, v/ady is the area element along S, and f*
are the scaled contravariant components of the applied body force. If Vg(w) # {0}, the
two-dimensional equations of a “flezural shell” are therefore justified.

If V p(w) = {0}, the above convergence result still applies. However, the only information
it provides is that e2u(e) — 0 in H*(Q)as ¢ — 0. Hence a more refined asymptotic analysis
of the scaled field u(e) is needed in this case. A first instance of such a refinement was given
by Ciarlet and Lods [1996a], where it was assumed that vy = v and that the surface S is
regular and “elliptic” in the sense that its Gaussian curvature is > 0 everywhere. As shown
in Ciarlet and Lods [1996d] and Ciarlet and Sanchez-Palencia [1996], these two conditions,
together with ad hoc regularity assumptions, indeed imply that V g(w) = {0}.

It was then showed that, if the applied body force density is again O(1) with respect to
g, the field u(e) = (ui(e)) converges in HY(Q) x HY(Q) x L*(Q) as € — 0 to a limit u, which
is independent of the transverse variable. Furthermore, the average ¢ = %fil udzs, which
belongs to the space

Var(w) = Hy (@) x Hi(w) x L2(w),

solves the (scaled) two-dimensional equations of a “membrane shell”, viz.,

/wa"ﬂ”%f(c)”yaﬁ(n)x/ﬁdy = /w {/“11 fidrs}nm/ﬁdy

for all § = (1;) € Va(w) where the functions a®P°7 v,5(n), a, and f* have the same
meanings as above. If vy = v and S is elliptic, the two-dimensional equations of a “membrane
shell” are therefore justified.

Finally, Ciarlet and Lods [1996c] studied all the “remaining” cases where V p(w) = {0},
e.g., when S is elliptic but length vo < length 7, or when S is a portion of a hyperboloid of
revolution, etc. To give a flavor of their results, consider the important special case where the
space {n € H'(w); 1 = 0 on o, Yap(n) = 0 in w}, which contains V p(w), “already” reduces
to {0}, or, equivalently, when the semi-norm

| .

1/2
M= () — Il = {Z Iras ()22 M}
a8

becomes a norm over the space

V(w) = {n € H'(w); n =0 on y}.
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In this case, if the applied forces are “admissible” in a specific sense, and if the applied body
force density is again O(1) with respect to ¢, the average %f_ll u(e)dzs converges as £ — 0
in the space

V, (w) = completion of V (w) with respect to |- |M.
A convergence result also holds for the field u(e) itself, but it is too technical to be reproduced
here. Furthermore, the limit { € V&,I(w) solves a “limit” variational problem of the form

BL(C, n) = Ll‘}u(n) for allnj € Vﬁw(w),

where BY, is the unique extension to Viu(w) of the bilinear form By : V(w) x V(w) > R
found above for a “membrane shell”, and ng : V(w) — Risan ad hoclinear form, determined
by the behavior as ¢ — 0 of the admissible forces.

In the “last” case, where V p(w) = {0} but |- | is a “genuine” semi-norm over the space

V(w), a similar convergence result can be established, but only in the completion V;,,(w)
with respect of | - |M of the quotient space V p(w) = V(w)/Vo(w), where Vo(w) = {n €
V(w); Yap(n) = 0 in w}.

All these “remaining” cases where V p(w) = {0} correspond to “generalized mambrane
shells”, whose two-dimensional equations are therefore justified.

All the above convergence results rely in a crucial way on two Korn’s inegualities on
surfaces. The first one, valid on a general surface, is due to Bernadou & Ciarlet [1976]
(see also Bernadou, Ciarlet & Miara [1994]): It expresses that, for a “general” surface S,
the L*(w)-norm of the linearized change of metric tensor (vas(n)), plus the L?(w)-norm of
the linearized change of curvature tensor (p.s(7)), associated with displacement fields of S
vanishing together with their normal component along the same portion, with length > 0,
of the “boundary” of S, is equivalent to the H'(w) x H'(w) x H%(w)-norm of these fields,
expressed here in curvilinear coordinates (both tangential components are in H'(w) and the
normal component is in HZ(w)).

The second Korn inequality, due to Ciarlet & Lods [1996d] and Ciarlet & Sanchez-Palencia
[1996], is only valid for special surfaces and special boundary conditions. It expresses that, if
the surface S is “elliptic”, the L?(w)-norm of the linearized change of metric (Yas(n)) alone
is “already” equivalent to the H'(w) x H'(w) x L?(w)-norm of these fields. Note however that
in this case the H?(w)-norm of the normal component has to be replaced by its L%(w)-norm.

Combining these convergences with results of Destuynder [1985] and Sanchez-Palencia
[1989a, 1989b, 1992] (see also Sanchez-Hubert & Sanchez-Palencia [1997]), Ciarlet & Lods
[1996b, 1996¢] have also justified the well-known two-dimensional Koiter equations of a linearly
elastic shell (Koiter [1970]), again in all possible cases.

The formal asymptotic method has been successfully applied by Miara [1997] and Lods
& Miara [1997] to nonlinearly elastic shells. They showed through a series of delicate com-
putations (especially in the flexural case) that the leading term of the asymptotic expansion
of the scaled three-dimensional displacement, again in terms of the thickness as the “small”
parameter, can be identified with the solution of nonlinear two-dimensional membrane, or
flezural, shell equations, according to the geometry of the middle surface and the boundary
conditions as in the linear case.

The first convergence theorem for nonlinearly elastic shells has been obtained by Le
Dret & Raoult [1996]. They use in a clever I'-convergence theory for justifying a nonlinear
“membrane” shell model (which coincides with that obtained by Miara {1997] only for specific
classes of deformations).

We refer to Ciarlet [1998] for a detailed analysis of the asymptotic analysis of elastic shells
and for an extensive list of references (for lack of space, the appended list is far from being
exhaustive!).
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ABSTRACT

The marriage of work on the oriented (algebraic or signed) distance functions for shape and
geometric optimization and the tangential calculus has resulted in the recent development of
a simple intrinsic differential calculus on C*:* submanifolds of RN. In order to demonstrate
and develop the potential of this calculus and the associated intrinsic methods, a first attempt
was made in {5] (1992) to apply it to a very elementary model of thin shells. Independent
interest and motivation in developing more tractable methods to deal with issues in control
and design of thin shells further motivated the continuation of this work. The object of this
paper is to summarize some of the results to date. We consider the intrinsic linear P(1,1)
and P(2,1) models specified by a midsurface with Lipschizian boundary in a Y1 submanifold
of RY. The two models are similar, but present fundamentally different characteristics. In
order to validate and compare them with the generally accepted models in the literature, we
have done an asymptotic analysis. Under a simple assumption on the continuity constant of
the right-hand side of the equations as the thickness goes to zero, we show that their solu-
tions strongly converge in their naturally associated space or quotient space to the solutions
of asymptotic models consisting of two coupled variational equations. The asymptotic P(2,1)
model corresponds to models obtained by asymptotic analysis of the three-dimensional prob-
lem. The results are true for shells without boundary or shells with homogeneous Neumann

(quotient space) or partial Dirichlet boundary conditions.

1. Intrinsic geometry and differential calculus on submanifolds

The oriented (algebraic or signed) distance function provides a level sets description of
an arbitrary set in the Euclidean space and the zero level corresponds to the boundary of the
set. In the smooth case the boundary is a smooth submanifold of codimension one and all the
associated intrinsic geometrical objects can be obtained from the derivatives of the oriented
distance function in a small neighborhood of the boundary. In particular the gradient of
the oriented distance function coincides with the normal and the eigenvalues of its Hessian
matrix are the principal curvatures of the boundary plus zero (cf. for instance [14], [4]).

*The research of the first author has been supported by National Sciences and Engineering Research Council
of Canada research grant A-8730 and by a FCAR grant from the Ministére de I'Education du Québec.
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The terminology oriented underlines the fact that the oriented distance function specifies the
orientation of the normal to the boundary. Furthermore the projection of a point onto the
submanifold can also be explicitly expressed in term of the gradient of the distance function.
This topic has been investigated by many researchers for different purposes and in different
contexts (cf. for instance the wonderful work of H. Federer [13] in 1959 where he extended
the Steiner-Minkowski formula to sets with positive reach). In another direction distance
and oriented distance functions have been systematically investigated to define topologies on
equivalence classes of sets in order to characterize compact families of equivalence classes and
continuity of shape functionals (cf. [4]). In the nonsmooth case it is natural to consider sets
for which the matrix of second order derivatives is a matrix of bounded measures.

Another essential ingredient of the theory of thin shells is the differential calculus in the
underlying midsurface. This can be done by parameterizing the submanifold with local maps
and introducing covariant/contravariant coordinates and derivatives and Christoflel symbols.
Local maps can be avoided by going to the more abstract notion of tangential derivatives
defined through extensions of functions (or vector functions) on the submanifold to a small
neighborhood of the submanifold. For instance the tangential gradientis defined by orthogonal
projection onto the tangent plane to the submanifold of the gradient of the extension (cf. for
instance [7], [10], [6]). This projection is independent of the choice of the extension. The
tangential gradient is an intrinsic entity which is independent of the choice of local bases
in the submanifold and the ambient Euclidean space. The notion is fundamental but the
associated calculus can become quite heavy and delicate. The very nice idea which naturally
came up to make the tangential calculus fully operational was to choose among all extensions
the canonical one obtained by composition with the projection onto the submanifold ([7],
[10], [6]). All the computations are performed in the ambient Euclidean neighborhood of the
submanifold and the final expression is obtained by restriction to the submanifold. Doing
differential calculus on the submanifold becomes as easy as its counterpart in N-dimensional
Euclidean spaces. The effect of the curvature of the underlying submanifold in the final
expressions naturally comes through derivatives of the projection and hence of the gradient
of the associated oriented distance function.

2. Polynomial approximations of thin shells

‘We have considered P(k, £) models of linear thin shells of thickness 2k around a midsurface
w with Lipschizian boundary v which is contained in a C*! submanifold I' of RY. The
terminology P(k, £) means a k-th order polynomial approximation of the displacement vector
with respect to the variable z normal to I', and an #-th order approximation of the associated
linear strain tensor. Such models come from expressions obtained through infinite expansions
of the displacement vector and the linear strain tensor ([7], {10], [6]). They are somewhat
similar to the mixed approximations studied in [1] for plates. We concentrate on the P(1,1)
and P(2,1) models which both yield similar variational equations ([11], [12]). The difference
is in the nature of the function spaces involved. For the P(1,1)} model the two components
(v2,v}) in the expansion of the displacement vector belong to the space H'(w)® x H'(w)®
and the associated bilinear form generates an equivalent norm on that space. For the P(2,1)
model the three components (v, v}, v2) in the expansion of the displacement vector can be
chosen in the space H(w)® x H!(w)?® x L?(w)®. The bilinear form still generates a norm on
that space, but the space is not complete for the associated norm and we are naturally led to
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work in the completion of that space. This phenomenon is also encountered in higher orders
P(k,k) and P(k + 1, k) models (including the P(1,0) model).

3. Functional analysis on submanifolds

To complement this intrinsic differential calculus, it is essential to have an intrinsic the-
ory of Sobolev spaces, integration by part formulae, Korn's and Poincaré’s inequalities on a
submanifold I" which is the boundary of a C*! domain in RN. Even if a considerable amount
of material exists, it is usually not expressed in ready to use language and notation without
an important investment. This is probably one of the main reasons why the theory of thin
shells is still expressed through local mappings in the 2-dimensional plane where the stan-
dard functional analysis applies. Working directly in domains which live in the submanifold
raises challenging and fundamental issues. For instance how to define the smoothness of the
boundary 7 of a domain w in I" without reference to the two-dimensional plane.

A special effort has been done in [10] and [7] to put together a minimal amount of basic
material in a lecture notes style. Some results have been obtained through local maps, but
others such as the Korn’s inequalities have been proved by completely intrinsic methods. An
important amount of work still remains to be done to firmly anchor the fundamental material
which is required in the intrinsic framework.

4. Asymptotic P(1,1) and P(2,1) models

Several models have been considered in our first papers ([5], [6]) on linear thin shells, but
the emphasis was more on showing the potential of intrinsic methods than one the pertinence
of the models. Furthermore at that time there was no bridge to mathematically compare
our models with the ones generally accepted in the literature. Explicit relationships between
intrinsic tangential derivatives and covariant/contravariant derivatives came later in [7]. It
became possible to address the issue of the validity of the models and this prompted us to move
to the P(1,1) and more recently to the P(2,1) model which both only involve approximations
with respect to the normal variable to the midsurface. There is no explicit assumption on the
plane normal constraint.

One way to validate a model is to look at the resulting asymptotic model as the thickness
goes to zero and compare it with models currently available from an asymptotic analysis of
the three-dimensional model. We first looked at the asymptotic P(1,1) and P(2,1) models
under a natural assumption on the constant of continuity of the right-hand side of the vari-
ational equation as the thickness goes to zero ([11], [12]). Under that assumption we get
two asymptotic models which again have the same structure: a system of two coupled vari-
ational equations. For both models the first equation coincides with the asymptotic P(1,0)
model which yields the generally accepted membrane shell equation and the Love-Kirchhoff
condition. The second equation is a generalization of the equation obtained in the bending
dominated case, but with an additional coupling term which is zero in the case of the plate or
when the extended membrane energy is zero. To our knowledge this second equation is new
for shells and explicits the role of the mean and Gauss curvatures in the right-hand side of
the equation. But there are slight differences in the second asymptotic equation between the
two models. For the constitutive law o = 2ue+ Atrel, the P(2,1) model yields the generally
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accepted coefficients 2 and 2uA/(2u + A) (cf. for instance {3] [2]), while the P(1,1) model
yields 2u and A. Strong convergence is proved in a norm generated by the associated bilinear
forms. All this is true for shells without boundary or shells with a Lipschitzian boundary
~ and homogeneous Neumann {quotient space with respect to the rigid displacements) or
homogeneous Dirichlet boundary condition on a part v of or the whole boundary ~.
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EXPLICIT ERROR BOUNDS IN SHELL MODELLING
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ABSTRACT

From Prager-Synge inequality we derive an error bound between the three dimensional
solution of a linear elastic model and the one of several shell models. Mainly Kirchhoff-Love
and Koiter models. But the asymptotic behavior of this error bound with respect to the thickness
of the shell is necessary in order to prove the consistency of this method. Therefore we use the
results of the asymptotic analysis for shells. Finally the Prager-Synge equality is used is order to
obtain a lower-bound of the error.

1.The three dimensional model

Let us consider a smooth surface ® embedded into R®. Then we associate with @ a
three dimensional open set —say £ —by :

@' =fr= (.5 5) R 2om § N, meo <e]

N(m) being the unit normal to ® at the point m (one orientation is chosen). Then we

define the spaces :

o 1 {r=(rpije{l23}, 7, =7, L (Q)}
ve={v=(v).v, e H (Q°);v,=0 onT=dwx]-£.e[}.

In order to ensure that (F is equivalent to ® x]——e,e[7 it is necessary the formulate -

the following hypothesis :

emax(ﬁgﬂ, EI"J <

where R, are the two main radii of curvature of the surface ®. Let us now introduce two
bilinear forms which are respectively defined on ¥° x ¥ and X’ x V° by (E is the Young

modulus and v the Poisson coefficient):
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) vl at(r.e)= [ ST (e .;:)—%Tr(r])Tr(rz)
V(tv)e X XV, B (Tv) = - |, Tr('r.—é;}
L4

where Tr (e) denotes the trace of an endomorphism and is the derivative of v

(vector) with respect to X (coordinates). Finally the three dimensional linear elasticity model
can be formulated as follows

find (Ge,us) € XX V*®  such that
@ |Vrezt, A°(o°7)+B (1.uf)=0,
Vve Ve, B (0°v)=L(v).

The first equation is the constitutive relationship and the second one is the equilibrium

one. The right hand side £ (.) represents the external loadings applied to the shell. Existence

and uniqueness of a solution to (4) is very classical as soon as £ (.) is linear and continuous

on Vé(Duvaut-Lions [5]). The equations (4) are known as Hellinger-Reissner variational principle.

2. The shell models

The most convenient way to derive shell models from the three dimensional consists

in introducing closed subspaces of X° X V. The first idea due to Kirchhoff and Love is to set

(see Destuynder [1985]) :

k¥ ={rex®,7.N=0},

e [veve,y(v).N=0},

where ¥ (v) is the linearized strain operator defined by :

6) y(v)= % (% + ng—) (’(.) is the transposed) .

It is obviously possible to characterize precisely the previous restrictions on the
stress and the strain fields. From the mechanical point of view, they traduce that the transverse
shear strains and stresses are zero. These assumptions are motivated by a classical understanding
of the mechanical behavior of the shell. Then the Kirchhoff-Love (say K.L. to be short) model

is the following :
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find (O'KL ,uKL) e X xv&  such that
7 [Vrexf, A (o™ 1)+ B (v.u)=0
Vve V¥, B(o".v)=£ ().

Existence and uniqueness of a solution is not so obvious as far as we deal with a

mixed approximation. Hence a compatibility relationship is required between the spaces sKL

vKL . . . . . KL
and . But it can be easily checked because of the particular expression of X~ ~and

K N
v L, Unfortunately the K.LL. model is still complicated to be solved numerically. Therefore

additional simplifications are wellcome. This leads to Koiter or Budiansky models as far as the

. [P . - € € .
simplifications are restricted to the bilinear forms A" and B®. But they are done assuming
that € is small enough compared the smallest radius of curvature of the shell. More precisely
if we consider the operator:

oN N |
+& —, ( — is the curvature operator )

om onm

from the tangent plan into itself, we use the following approximation (when justified !) :

aNY" N IN'Y
[+E—| =1-&(— + & | —
om om om
Therefore the error induced between the K.I.. and Koiter or Budiansky-Sanders
model is not difficult to handle. But the asymptotic behavior with respect to € is more tricky
because it involves the asymptotic analysis of the simplified models with respect to € (see

Destuynder [1985] and Ciarlet-Lods [1994]). The method is similar to the one used for the

error analysis of Reissner-Mindlin plate model in Destuynder [1997].

3. The Prager-Synge relations

Let us introduce the set of stress fields which equilibrate the external loadings applied
to the shell by :
® H, (div,Q)={reX VveV, B(1,v)=L(V)}.

It is worth noticing that Hy (div, ) is not empty because 6° solution to the three
dimensional model belongs to this set. Then we define by R the stiffness tensor of the material

(Hooke law in our case), one has the following basic result.

PROPOSITION 1 (from Prager-Synge [1947]). Ler (6%, u®) be the three dimensional

69
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solution of the model (4). Then one has :

VteH; (div,Q"), VveVE,

Af(T-R:y(v), T-R:y(v)) = AE(T—O'E,I—O'E) + AE(GE—R:’Y(V), GE—R:y(V))

where A® is the bilinear form defined at (2). a
Then from the explicit expression of R, we deduce from Proposition 1 the following

statement.

PROPOSITION 2 (from Prager-Synge [1947]). With the same notations as in

Propositon 1, one has :

VteH, (div,Qf), VveVE,

E , 2 1-2 2 1
T A O L R il
E &y vl vy ef? 1-2v, 2
1-2v uY(u) Y ¥ T TE "T lye = TE I R~Y(V)”zg

From the two inequalities of Proposition 2 it is possible to derive an upper and a
lower bound for the error between f and the solution v of a shell model. The basic point is to
derive

from this last one a three dimensional stress field which belongs to the set H[ (div, )

and for which the term T — R : y (v) will be small enough.

4. The extension of a shell stress field to H, (div, &)

Let us focus our explanations on the K.L.. model given at (7). One can prove (regularity

property of the shell solution is assumed) directly from Babusk\o(a;\s\up7(v)) bilinear lemma

KL Joingin the cat H (div OB and ciieh that -

that there exists a unique term— say T~ ~lying in the set H, (div, Q% and such that :
q y ying )

O .7 .11 = .5 .1

where IT is the orthogonal projection from R’ onto the tangent plan to @ (at each point m
of ). As a matter of fact because o™ ¢ N = 0, it is possible to identify ¢*" with IT 6"~ I1. Then

choosing T = T*" and v = u*" in the first inequality of proposition 2, we derive the upper bound
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s < (H_V) ”TKL _R:,Y(UKL)

CIERTORS -

EE

The lower bound is deduced in a slightly more complicated way from the second inequality.
Finally the asymptotic analysis (with respect to €) of K.I. model (and also of T*" which
depends of u*"), enables one to derive the asymptotic behavior of the error bounds when g

tends to zero.
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ABSTRACT

We show that the bilinear forms associated to the linear thin shell models of Koiter and Naghdi,
for a nonhomogeneous and anisotropic material are elliptic. We essentially use the fact that
these bilinear forms are deduced from the three dimensiona!l elasticity tensor, which is positive
defined and also some techniques already used for homogeneous and isotropic shells ([2], [3],

{4}, [8]). The ellipticity assures the existence and uniqueness of solution for these models.

1. Notations

We denote by Q the middle surface of the shell, which is the image of an open connected
bounded subset @ in the plane IR?, by a mapping & smooth enough. The boundary of w will
be denoted by I' and 8Q = §(F) We assume that, at any point 5(51,52) of Q, the vectors
Gy = 65%, where a = 1, 2, are lineary independent and so they span the tangent plane to the

surface ) at the point 5(51, £2). We also define the unit normal to Q by d@; = !giigz’
We introduce the function e(€', £2) for any (€1, £2) € @ which is the thickness function,

smooth enough and such that e(£?, £2) > o > 0. The shell S will be defined by

S={MeR': OM =8(¢", %)+ %y, (€.8)ca, ~%e(£1,£2) <g'< —é—e(&l,sg)}.

In the following greek indexes, a, 8,7, ... will belong to the set {1,2} and the latin indexes
1,7, k, ... will belong to the set {1,2,3}. The usual summation convention will be adopted.

In the sequel we will suppose that the shell is : clamped on 9Qy = fﬁ(Fo) X { - £, %},
where I'y C T’ and measure(I'y) > 0; subjected to the action of volumic external applied
forces, whose resultant is 7 on the middle surface Q and the resultant moment is null on £2;
subjected to the action of surface forces on 89Q; = 8Q — 9Ny, whose resultant is N over Iy
and the resultant moment is A 9 M3, X ds.

We suppose that the shell S is made of an elastic, nonhomogeneous and anisotropic
material and that the constitutive equation is the generalized Hooke’s law, that is, o/ =
C'kley, where where €4; are the covariant components of the deformation tensor of the shell
and C%* are the elastic coefficients that depend on (€1, €2,£%), are regular enough and verify
the following symmetric and elliptic conditions
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(1) Cijkl — Cjikl — Cijlk — Clkij’
(ii) 3ep > 0: CY¥lr g > ¢ Z?,j:l 73512, for all second order symmetric tensor (7;).

In addition, we also assume that the shell has elastic symmetry with respect to the surface
£3 = const. (see Naghdi [9], Green and Zerna [7], p.157), so we have Cefr3 — 02333 =,

In both models, Koiter and Naghdi, it is assumed that the effect of the transverse normal
stress is excluded, so 0%® = 0 and we obtain

330
€33 = T oE3EE ted
Caﬁ33033'yu def
o = (Caﬁw~ (3333 )Ew = ATMey,. (1)

Lemma 1 The reduced elastic coefficients A%B7H verify the following symmetric and elliptic
conditions:

(i) AaBvs — ABevp — AoBpy — Amaﬁ,

(ii) Jag > 0: A*PT1,57,, > ag Zi p=1 |Tyul?, for all second order symmetric tensor (Tap) 8

2. Existence results for the Koiter and Naghdi models
Let us define the quantities

affp b afip 3. afAp % £3 qaBAu e3.
A J2, AP de?; B J2, A0 dg?;

CaﬁAu — f_% (ES)ZAQB)\/J d§3; DaA — f_%g Ca3A3 d§37

c
which are the elastic coefficients of the middle surface, depending on £! and £2.
We also introduce the following spaces of admissible displacements

~ 2 - Ov
K = . — . 3 _
VS = {’U = (’Ul,’Uz,’U3) S (Hl(w)) X Hz(w) . U!Fo = 0, 5;;[1"0 = 0},

V={veH(w): vp, =0} and VN = V5,
The variational formulation of the Koiter’s model is

Find ¥ € V¥, such that
oX (@K | 7) = fK(v), Vie VX,
and the variational formulation of the Naghdi’s model is
Find (@, §) € VN, such that

—

o™ [(@,8), (¥,8)] + bV [(@ B), (5,6)] = f¥(5,6), V(7,8) e VV.

The bilinear forms a*(.,.), a¥(.,.) and ¥V [(.,.), (.,.)] take the form
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@ (i,0) = [, | AP0 (0) 12, () + C¥P pag (@), (3) | Va de de?

0, B (1 () () + s (P s (1)) A dET A2, VT € U,

V(@ 8), (5,8)] = [, [A a0 (@13 (7) + CoPoxas (i, B) Xau(7,8) | /a e dg?

LB (rag (D30 7, 8) + 1o (Dxan(@, ) | VEAEAE, Y (3,6), (5,68) € VY,
and

2 (@08 = 7 [ D (ea(® + fa) (0ul@) + B)VAIE L, V(@9), (3,8) € V.

The potential energies of the forces f¥(.) and fV(.) are defined by

—

@) :/jﬁ\/ﬁdgld52+/; {N-U#— Ma(v3,a+bgw)} dr, Vvie V¥, (8)

and

PN, 8) = jf FoVadelde? + / (F-5- M26,)dr, v (@5 V™. 9)
w Ty
The expressions Yag, Pag; Xaop Iepresent the covariant components of the deformation
tensor and the change of curvature tensors of the middle surface (see e.g. Bernadou [2], for
the definitions). The functions +/a, b, B, are related to the geometry of the shell and the
components ¢, define the rotations (see e.g. Bernadou [2], for the definitions).
The properties of the elastic coeflicients defined by (2) and suitable matrix computation

lead to the proof of the following result.
- 3
Theorem 1 Let @ € (C?'(LD)) . Then there ezist constants ¢; > 0, ¢a > 0 such that

5,5) > e { S e @l - 3 lpasld Wi}  wWeVE. (o)
a,f=1 a,f=1

\%
o)

> 2 { ¥ poa (1708 @) + Ixet (@ OB + Tt Mas @830y )5 (1)

V(,8) € VN u

We remark that this theorem is enough to assure the coercivity of the bilinear forms
a¥(.,.) and a¥(.,,.) for nonhomogeneous and anisotropic shells. In fact, with the above
therorem and in order to complete the proof of the VX ellipticity for a®(.,.) and the V-
ellipticity for a™(.,.) we can argue exactly as in Bernadou [2], (part I, 5 and 6) for the case
of an isotropic and homogeneous shell.



76 Isabel Figueiredo and Carlos Leal

The existence and uniqueness of solutions for the Koiter and Naghdi models, cf. (3) and
(4), are then justified by the Lax-Milgram theorem because the linear forms FA() and V()
are continuous in V¥ and V¥ , Tespectively.

We also refer to [2], [3], [4] and [5] for the proofs of existence and uniqueness of solutions
in the case of homogeneous and isotropic shells.
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ABSTRACT
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1. Introduction

In a recently published paper, Ge, Kruse and Marsden [4] have investigated the limits
of Hamiltonian structures, which can be obtained as one or two characteristic dimensions of
a three—-dimensional elastic body tend to zero. The analysis therein is based on the theory
of Hamiltonian systems, whose underlying symplectic forms are defined over infinite dimen-
sional manifolds, for which the application of the machinery commonly used in Hamiltonian
mechanics is not straightforward, but is considerably restricted, even though the calculus
holds, at least formally. Despite these problems, we are at least able to analyze an example
explicitly. It is shown that the main ideas of that approach can be realized in all details and
resolved rigorously.

Our point of departure is a geometrically nonlinear time-dependent model for the deforma-
tion of a ring, which is stress—free along its boundary and which is made of a 2D Saint—Venant
material.

The boundary conditions define, in the basic space of functions, a manifold A, where
the parameter ¢ denotes the small thickness of the ring. As € tends to 0 one obtains a limit-
manifold Ny consisting of functions not depending on the radial variable r, but still satisfying
the boundary conditions for € = 0. With the help of a hard implicit function theorem we
show that N can be locally trivialized, i.e. the functions in A, are power-series in r. Now,
given a Taylor-jet of a certain order k, say, this jet defines a vector field on Ay . Inserting
this vector field into the Hamiltonian yields a k-th order approximation of a reduced problem,
i.e. of a complete Hamiltonian structure living on manifolds of 2n-periodic functions of one
variable. In this paper we discuss convergence with respect to ¢ and the influence of the
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approximation-order on the validity in time. Special solutions are given.

2. The Ring Problem

2.1. Formulation of the Problem

Let a two dimensional Saint—Venant ring with char-
acteristic radii given in the figure be initially dis-
placed by @ig(z, y) from the natural stress—free refer-
ence configuration

B, = {(m,y)ERzll—ES\/m2+y2§1+e}.

The basic problem consists of finding a time depen-
dent vector field u(t) : B, — IR* governing the de-
formation of the ring such that 4(0)(z,y) = to(z, y),
and such that u(¢) satisfies Sn = 0 along 9B, for all
t where a solution exists. Here S denotes the stress
tensor and n is the outer unit normal to the bound-
Fig. 1: Thin ring ary of B..

As a first step find a vector field: £(¢) : S' — IR?, such that for small ¢, the vector field

&(t), being independent of r is a good approximation to u(t).

2.2. Notations

Introduce polar coordinates z = r cos ¢, y = rsin¢ and the corresponding covariant basis
given by e; = (cos,sing)! and e; = (—rsing,rcosy)’ forall r and ¢ with 1 —e < 7 <
1+¢ 0< <27 The metric tensor and the Christoffel symbols are easily calculated as

1 0 1 0 0 2 0 1/r
g“ﬁ:(o 7‘2)’ Faﬁ:(o -7‘)’ Faﬁ:(ur 0/
The potential-energy—density is evaluated using the nonlinear strain tensor
Lo Tos AT AN ik A @
E:—Z—(Vu Vi+ Vi + Vi) with & = u%eq

and the equations

sin
£ )ea +ut (IS, 65008 — Ty =L ep)

si
— (O g
U,z = (U7 cosp — uf

cos @
7y s Sy o
gy = (v sing +u%

. cos
Yea + u(T2 egsing + T2, " Lpeg)

where u9 = &u® and u% = 9,u®. Furthermore, A and p denote, as usual, the Lamé constants

of the material and for brevity A, stands for A + nu, where n € IN. Note that from now on

the unknowns of the problem are U := ! and V = ru?.




On the dynamics of a thin stress-free ring 79

2.3. Hamiltonian Structure

The configuration space of the body is defined as M€ := {u|u : B, — IR? is an embed. }.
Then the tangent bundle of M€ is given by TM* := {(u,@)|u € M and @ : B. — R?}.
The phase space 7" M€ is identified with TM ¢ using the metric given by the kinetic energy.
Hamilton—equations, governing the motion of the ring will be obtained by using the canonical
(weak) symplectic form on T*M¢€, which is actually the imaginary part of an inner product,
defined on a Hilbert space, involved in this problem. Now, the Hamiltonian, which is here
the total energy of the ring, is given by

2m 14
H(U, V)= % / / (’llagag’llﬂ + Wa + W3 + Wy)rdrdp, )
0 1-¢
where Wy, denotes k-th order monomials of the potential-energy in U and V' and their deriva-
tives. A straightforward calculation leads to

2 1

W = XNU?+uV?+ ;(/\U,K+ +uVp K )+ T—Q(#K?_ + A K?) (2)
1 1 2

Ws = (CKiUp) (el (K2 +K2) + U2 4 V7] - T‘L(U,J(+ ~V,K_)) (3)

o _A_?_ l 772 2\ 2 212 . ﬂ . 2 AN

Wi = o (T(n++K_)+UT+VT) T2(U,J(+ V. K_) (4)

where K :=U + 9,V and K_ := 0,U — V.

2.4. Boundary conditions

The nonlinear boundary conditions are originally obtained as D(¢)(a,b)T = 0, where
D(p) € SO(2). Then the boundary condition D(p)(a,b)T = 0 is satisfied, if and only if
a = b = 0. Thus, again after some calculations

R A A 2 2 Az 2 2
a.:/\zUr+;K++—é;—Q—(K++K_)+7(UT+VT) = 0 (5)
1 1
b::VT+~K_+;(U,K_+V,K+) = 0 (6)
T

is obtained for r = 1 + €.

3. Reduction procedure

Assume now for simplicity that U and V belong to a space P of real analytical functions
with respect to r. Then the nonlinear manifold N, C P defined through (5) and (6) reduces
at e =0 to
(&2 - &)= A/ A (6 + Eé))}

1+&6 +6 ’

where the prime denotes derivatives with respect to ¢ and X is a space of smooth 27-periodic

No = {(&, &, w1, w2) € Xolw; =

A
"/\—2(& +&), wp =

functions. Note, that at € = 0, Ay is tangent to NV,. Thus, a first order approximation to a
local trivialization of NV, is given by

Fr={(&+ (r—Dwy, &+ (r = Dwa)|(&1, &, w1, w2) € Np}.
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Now, the complete Hamiltonian structure is easily pulled back on F;. So, the Hamilton—
equations for the reduced problem read

L~ b )
5 = -4§21(§1+s'2>+o<n ¢, D€ |, ®)
L = ©)
by = 4*;21(55%;’”0(“@05 12). (10)

4. Acknowledgement

This research has been partially supported by the HCM Project: “Shells: Mathematical
Modelling and Analysis, Scientific Computing”.

5. References

1.

w

R. Abraham and J.E. Marsden, Foundations of Mechanics, Addison—Wesley
(1985).

. S. S. Antman, Nonlinear Problems in Elasticity, Springer (1995).
. P. G. Ciarlet, Mathematical Theory of Elasticity, Vol. 1, North Holland (1988).
. Z. Ge, H.P. Kruse and J.E. Marsden, The Limits of Hamiltonian Structures

in Three-Dimensional Elasticity, Shells, and Rods,J. Nonlinear Sci., Vol. 6, 19-57,
(1996).

. R.S. Hamilton, The inverse function theorem of Nash and Moser, Preprint Cornell

University (1974).

. S. Lang, Introduction to Differentiable manifolds, John Wiley & Sons (1962).
. J.E. Marsden and T.J.R Hughes, Foundations of Elasticity, Dover (1983).
. J.E. Marsden and T.S. Ratiu, Introduction to Mechanics and Symmetry, Springer

(1994).

. A. Mielke, Saint-Venant’s problem and semi-inverse solutions in nonlinear elasticity,

Arch. Rat. Mech. Anal., 102, 205-229, (1988).



MULTI-LEVEL MODELLING OF DAMAGE PROCESSES
OF SHELL STRUCTURES

WILFRIED B. KRATZIG, CARSTEN KONKE

Institut fiir Statik und Dynamik - Ruhr-Universitit Bochum
Universitditsstrafie 150, D - 44780 Bochum, Germany
E-mail: sd@mail.sd.bi.ruhr-uni-bochum.de

ABSTRACT

The simulation of structural damage evolution processes like the crack-damage study on Fig. 1
requires a computational treatment in a 3-dimensional environment {6, vj; i,j = 1, 2, 3} in which
damage phenomena used to be formulated. Thus the application of classical structural models of
reduced internal dimensions, such as rods or shells, has to be restricted to the kinematic mapping.
Since the material description remains in the E3, the computational strategy calls for a rather
sophisticated concept as described in the following paper.

1. Multi-Layered Shell Continua

1.1 General Nonlinear Shell Theories

There exist different levels of nonlinear shell theories capable for the simulation of damage

processes [1,2]. In general, the necessary materiaily nonlinear description is supplemented also by a
geometrically nonlinear one.

Suitable shell theories possess the following physical structure. Loads p and stress resultants & are
connected by the dynamic equilibrium conditions

-p =D,0 = D,;+Dy) -6, {pojeF, .n

in which Dy, describes a linear, D,y a nonlinear partial differential operator and linear functional of u.

p may include D’ ALEMBERT forces. Displacement variables u and sirain measures £ are linked by the
kinematic relations
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Fig. 1: Crack-damage of a cooling tower shell
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€=Deu=Dg+Dyy@)-u, {uweleF (1.2

with the kinematic operator Dy consisting of the linear part Dy and the nonlinear Dy, the latter aisc
alinear functional of u. Prescribed displacements r are related to u by the kinematic boundary conditions
and prescribed external force variables t by the dynamic boundary conditions [3]:

t=t=Ro, r=r=Ru, {tr)eC, feC, feC, . (1.3

For general nonlinear behaviour the standard constitutive law is based on rate formulations in the
E3, which have to be transformed into shell space by numerical integrations yielding

o = C-é—)c:jddtz_‘-c-édt,
€= jédt = jc*l.cdt : (1.4
In time-independent processes this is substituted by incremental relations.

1.2 Transverse Shell Modelling

The REISSNER-MINDLIN shell theory as the most conventional analysis concept consists of a
transversely uniform kinematic model, in which the strains in each sub-layer over the thickness can be
derived from the 1st (0tqp) and 2nd (B4p) strain tensors and from the shear distorsion (yu3) of the
reference surface:

Top = %p+© Bug » Yoz = Yo - (1.5

In this case of a singlelayer, singledirector representation, the deformations of all sub-layers of the shell
are solely controlled by variables of the reference surface.

However, if large differences in thickness or material properties of sub-layers occur or if 3-dimen-
sional damage effects have to be assessed, so-called multidirector theories are in use [4]. Their most
simple representation is a multilayer model with single directors each [5,6,7], with or without director
stretch, but also muitilayer models with several directors for each sub-layer have been derived [8,9]
leading to higher order strain approximations than customary in shell theory.

1.3 Total and Incremental Principle of Virtual Work

The principle of virtual work

—J.BiiTSudI%+J.pTSudﬁ+_..(tyT8rd&[~J.cTﬁedl?’:O (1.6)

F F C F

t

0 o
with the mass density B of the undeformed reference surface F with boundary C governs the damage-
inducing load response of the structure. Aiming at a later incremental-iterative solution process, ail
fields of response variables, such as

-+
U=u+u+u (1.7;

due to Fig. 2 with ... as imperfections or prestresses, .-. as fundamental state variables and . as
incremental changes from the fundamental to the adjacent state, have to be incremented and substituted
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fundamental

undeformend
state

pCartesian frame in E3  neighbouring state

X' X2

Fig. 2: Different states of deformation

into (1.6). After some tedious transformations we receive the following incremental principle of virtual
work:

Jpirsudk s J|@rom s stseat
F F

=3 .[pTSﬁdln:+J.ETSEdét—J.ﬁﬁTSﬁdInJ—.[(%+&)T8€df:

F C, F F
o Ter .0
+fﬁTaﬁ dF+J'tT5rdC =0 (1.8
F C

t
with 8 = Dy @) - 1

as basis of all future simulations.

2. The Discretized System

2.1 Displacement Discretization

If the shell is modelled as a singlelayer, singledirector continuum, the displacement discretization
process for the p-th element is standard:

uP = QPVP | €P = DyuP = DY VP + DR (VD) - VP . 2.1

The resulting 5 parametric theory delivers at least § degrees of freedom at each element node of the
reference surface, from which the kinematic variables of all sub-layers can be evaluated.

For a multilayer model with single directors each due to Fig. 3, each layer adds 2 rotational degrees
of freedom to those of the reference surface for suppressed transverse stretching, since the inplane
displacements are coupled at the layer bounds. If transverse stretching is taken into account, each layer
adds another transverse displacement degree of freedom.
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Physical Model of a Singellayer - Singiedirector Slingellayer - Singledirector- Each : Madel without ( ieft} and
L~ Layered Shall Mode! { REISSNER - MINDLIN } with ( right )} Transverse Stretch

Minimum Number of Degrees

of Freedom per Node : E] §+2(L-1) §+3(L-1)

Fig. 3: Possible discretized shell representations

2.2 Tangential Equation of Motion

Accomplishing the discretization process for all elements and assembling all element contributions
[3] together, the global tangential equation of motion is received:

MV+CpV+KpV = P—F, . 2.2)

With the mass matrix M, the tangential damping Ct and stiffness K1 matrices, with the total applied
load P and the internal forces Fj, and with the increments \7, \7, V of the nodal degrees of freedom,
their velocities and their accelerations, (2.2) describes the gobal response properties of the considered
loading process in a tangential subspace to the fundamental state.

3. Damage-Included Material Modelling
3.1 Standard Material Description
Damage processes require a treatment in a materially nonlinear range. In contrast to state-depend-
ent elastic behaviour, inelastic materials deliver path-dependent responses. Applying descriptions like
e=f(o) or 6=¢g(), 3.1)

complicated implicite functional operators enter the computational strategy.
Advantageously, most engineering materials can be properly described by 1st order differential
equations. If we introduce the following rate-abbreviations

E ?1] cE 6’1‘] < . - ‘u
5~{hi}, ““‘[ﬁi ,l-:—-[yij],c~[o], 3.2)
in which h; denotes a set of suitable internal variables and the dot a material time derivative, engineering
materials fit into rate-form laws, like [10]

¢ =I6+b, o =Ce+d . (3.3)
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(3.3) form initial value problems in each GAUSS point of each sub-layer, for time-invariant responses
they are substituted by increments.

3.2 Modelling of Structural Steel Components

For metals, many well-recommended classical elasto-plastic material descriptions can be transfor-
med into (3.3). To capture damage phenomena, rather realistic models should be employed [11], in
which additionally microdamage has to be considered [12,13]. Future simulations require tracing
techniques for the growth of micro-voids [14] to final macro-scale defects [15]. Especially for cyclic
loading, hysteretic behaviour has to be described properly as well as the BAUSCHINGER effect.

3.3 Modelling of Reinforced Concrete Components

Nonlinear behaviour of concrete is usually modelled by more empirical elasto-plastic theories [16],
which have to be fitted into the frame of (3.3). Introducing tension-cracking criteria, inelastic bond
properties between concrete and steel [17] and elasto-plastic steel models, main structural damage
effects of reinforced concrete shells can be assessed in a homogenized scale [18].

A rather sophisticated but efficient concrete model has been proposed in [19]. Its micro- cracking
component describing the de-strengthening phase after exceedance of compression strength gives rise
to damage formulations also in the concrete compression range.

4. Simulation Strategy

After all, the final simulation strategy for time-invariant responses is summarized on Fig. 4.
Incremental-iterative strategies are applied to the global tangential stiffness equation, the time-inde-
pendent part of (3.2). With a new increment V, of the global degrees of freedom, one enters each finite
element on all GAUSS points and proceeds with the kinematic model (1.5) to each material sub-point
of the L sub-layers. Here, the incremental constitutive law (3.3) is evaluated and its result integrated
numerically over all sub-layers arriving back at the original GAUSS point of the (layered) shell level,

e.g.

ﬁaﬁ = (EI)O(BMJ &)‘-U- + (}?C!BM ﬁw ,

m 3 .
P = g, LG @.n
with
[}
EOPM J‘C“B}‘“ @1 g’ (4.2)
h

from the original material law (4.3):
oMy | dizo. 4.3)

This step requires the integration of the imbedded initial value problem (3.3) in best possible
quality, solving for the stress-increments, then for the total strains, stresses and damage parameters.

From here we proceed further to the element level, and then to the global level for the evaluation
of the next increment {7n+1~
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ABSTRACT

We give a simple proof of existence and uniqueness of the solution of the Koiter model for
linearly elastic thin shells whose midsurfaces can have charts with discontinuous second deriva-
tives. The proof is based on new expressions for the linearized strain and change of curvature
tensors. It also makes use of a new version of the rigid displacement lemma under hypotheses
of regularity for the displacement and the midsurface of the shell that are weaker than those

required by earlier proofs.

1. Introduction

We consider here the Koiter shell model in linearized elasticity introduced by Koiter in |7].
Existence and uniqueness for Koiter’s model were first established by Bernadou and Ciarlet [1]
by means of a particularly technical proof. Ciarlet and Miara [4] were later able to give a
simpler existence and uniqueness proof.

The purpose of this work is to provide an even simpler proof of existence and unique-
ness for Koiter’s model. Moreover, our result is valid for shells whose midsurface can have
discontinuous curvature. We thus improve—and significantly simplify—the earlier proofs of
Bernadou and Ciarlet, see also Bernadou, Ciarlet and Miara [2], which all assumed midsur-
faces of class at least C3.

Our basic idea is to reconsider the commonly accepted framework of working with the
covariant components of the displacement. In effect, such covariant components are scalar
products of the displacement itself by vectors which depend on the chosen midsurface chart.
In this way, the regularity of the displacement gets somehow mized up with that of the chart.
Instead, we simply consider displacements as R3-valued functions, R® being the ambient
physical space in which the shell deforms itself, which is indeed a more intrinsic approach.

Using this simple idea, we obtain expressions for the linearized strain and change of curva-
ture tensors of a displacement of the midsurface that are new, or at least previously unnoticed
in this context. The crucial point for our purposes here is that these expressions do not involve
any derivatives of the second fundamental form of the midsurface, as opposed to the classical
expressions in terms of covariant components. Such derivatives thus actually do not enter in
the change of curvature tensor and this is what allows us to weaken the customary regularity
requirements for the midsurface. Indeed, the new expressions are valid for midsurfaces of class
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W2 and are defined in general as distributions. A further consequence of this approach is
that our expressions for the strain and change of curvature tensors are considerably simpler
than the classical ones.

;From there on, the argument is fairly standard. The new expressions are used to prove
the rigid displacement lemma for a shell under hypotheses of regularity for the displacement
and midsurface that are significantly weaker than those required by earlier proofs.

We then establish the ellipticity of the bilinear form associated with the Koiter model
over an appropriate Hilbert space in the case of simple support on the boundary and clamping
on one part of the boundary and applied forces and moments on the remaining part. The
existence and uniqueness result then follows from the Lax-Milgram lemma. Again, this is made
possible by our new expressions for the linearized strain and change of curvature tensors. Let
us note that the result is especially interesting insofar as it allows quite common situations,
such as an egg-shaped C'-shell made of spherical part and an ellipsoidal part, which are
excluded by the usual hypothesis that the midsurface be of class C3.

Let us sum up by emphasizing again that the main novelty of this work, in addition to
a significant simplification of the proofs, is that it allows shells whose midsurfaces may have
curvature discontinuities. Note that Destuynder and Salaiin [5] obtained a mixed formulation
of the Koiter model that is also valid for a W% shell in that third order derivatives of the
chart do not appear in the final model. However, the existence of third order derivatives
seem to be required to derive their formulation and existence and uniqueness are obtained as
a consequence of Bernadou and Ciarlet’s result. The idea of forgoing covariant components
was also used by Le Tallec and coworkers, see e.g. [8], in the linear and nonlinear cases. The
full text of this abstract is given in Blouza and Le Dret [3]. Numerical experiments on our
formulation of the model will appear in Kerdid and Mato-Eiroa [6].

2. Shell strain tensors and the rigid displacement lemma revisited

In the sequel, Greek indices and exponents always belong to the set {1,2}, while Latin
indices and exponents belong to the set {1, 2,3}. We use the Einstein summation convention.

Let w denote a Lipschitz domain of R?. We consider a shell of midsurface S = (),
where ¢ € W2 (w; R®) is an injective mapping such that the two vectors aq(z) = Bap(z)
are linearly independent at each point z € @. We let az(z) = %% be the unit normal
vector on the midsurface at point ¢(z). The vectors a;(z) define the covariant basis at point
@(z). The regularity of the midsurface chart and the hypothesis of linear independence on @
imply that the vectors a; belong to W*°(w; R*). The contravariant basis a*(z), defined by
the relations a*(z) - a;(z) = 6, also belongs to Whoo(w R?). We let a(z) = |ai(x) A az(z)[?,
so that +/a is the area element of the midsurface expressed in the chart .

We denote by aqps and by the covariant components of first and second fundamental forms
of the surface and by I'? p its Christoffel symbols. Since Wl"’o(w;R3) is a Banach algebra,
it follows that aap € W (w) and bas € L™ (w) and the same holds for their contravariant
and mixed components. Similarly, I'? 5 belongs to L™ (w).

We begin by recalling the classical definitions for the shell strain tensors. Let u be a dis-
placement of the midsurface, i.e., a regular mapping from @ into R? given in the contravariant
basis by u(z) = u;(z)a’(z), whence u; = u - a;. In the classical approach, the displacement is
identified with the triple (u;) of its covariant components. The linearized strain tensor y(u) is
given in covariant components by vas(u) = %(ua[ g +1gja) — bapus and the linearized change
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of curvature tensor Y(u) by Tap(u) = ugjap — bapbhus + bou,|a + Bouys + bgtaup, where

all | subscripts denote covariant derivatives. This last definition restricts the regularity of the
P

. . . . . - B B‘u.
We now change points of view and instead of identifying the displacement u with its

chart in the classical approach since it involves third derivatives of the chart in the term b

covariant components, we consider it as a mapping from w into R®. The partial derivatives
Ot and O,pu also are considered as mappings from w into R3.

LEMMA 1. Ifu € H? (w;RS) and p € Wz*m(w;Ra), then the expressions
new 1
Yap (@) = 5 (Bav - ag + Opu - aa) 1)

define functions of L?(w) which coincide with the covariant components of the strain tensor
‘when v and ¢ belong to C*(@; R®). The expressions

op’ (1) = (Bapu — T7,505u) - a3 (2)

define distributions of H*(w) which coincide with the covariant components of the change
of curvature tensor when u and ¢ belong to C3(@; R?).

Remarks. Lemma 1 gives two expressions for the linearized strain and change of cur-
vature tensors that are simpler and more intrinsic than the classical ones. Note in particular
that the derivatives of the second fundamental form are absent from the change of curvature
tensor. We also prove a convergence result which shows that expressions (1) and (2) provide
natural extensions for the strain and change of curvature tensors to our less smooth situation.
We will thus remove the “new” exponent from the notation thereafter.

THEOREM 2. (infinitesimal rigid displacement lemma) Assume that ¢ € W2 (w;R3).
Let w € H'(w;R?) be a displacement of the surface S. If u satisfies y(u) = 0 and Y(u) = 0
then there exists two constant vectors v and ¢ in R® such that for all z € w

u(®) = c+ ¥ A (). 3)

The proof is based on the existence of the infinitesimal rotation vector 1, which follows
here from elementary arguments of vector analysis in R? recast in a distributional framework.
It makes essential use of expressions (1) and (2).

3. Existence and uniqueness for the Koiter model

The variational formulation of the Koiter model requires that the strain and change
of curvature tensors of competing displacements be square-integrable. In view of the new
expressions for these tensors, we are thus led to introduce the Hilbert space (this is for simple
support, for simplicity)

V= {’U S H&(W;RS), aaB'U tagz € Lz(w)} ’ (4)

which we equip with the natural norm [jv|ly = ([[v}{%l(wmg) + 2 0p 10apv- a3][i2(w))1/2 (it is
easy to see that for v € H*(w; R®) then 8,pv - a3 is a distribution belonging to H~'(w)). It is
not difficult to check that if ¢ is C3, the space V is isomorphic to the space Hga (w) x Hi (w) x
(H}(w) N H?(w)) that corresponds to a simply supported shell in Bernadou and Ciarlet’s
approach and their existence and uniqueness result in the regular case is thus recovered.
Given a uniformly positive elasticity tensor a®%#? and a thickness e > 0, we then show:
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THEOREM 3. Let ¢ ¢ W2®(w;R?) and Jet P € L*(w;R®) be a given force resultant
density. Then there exists a unique solution to the variational formulation of Koiter’s model:
Find u € V such that

Yo eV, /u.; P aclad (’yag(u)’ypg(v) + %Ta[g(u)l‘w(v))\/ﬁdm = /u.; P.vvadr. (5)

The proof consists in showing that the bilinear form is V-elliptic by the standard con-
tradiction argument, using on the one hand Rellich’s lemma for compactness and on the
other hand the two-dimensional Korn inequality, in conjunction with expressions (1) and (2).
Again, these expressions make the proof quite elementary.

The same argument can be applied to shells that are clamped on a part 7y of their
boundary and submitted to applied tractions and moments on the remaining part. The
variational space to be used in this case is the space

V= {U € HI(M;RS),aagU ca3 € L*(w),v=0,v-a3 =0 on ’YQ}, (6)

which is a well-defined Hilbert space with the same norm as before. Some care has to be
exerted concerning applied moments, which involve the trace of the tangential part of the
infinitesimal rotation vector on the boundary. We proceed in the same spirit, by rewriting
the infinitesimal rotation vector in a fashion similar to that of the strain tensor. Indeed, the
strain tensor is the symmetric part of the displacement gradient, whereas the infinitesimal
rotation vector is its antisymmetric part. Thus the same ideas apply and the above functional
setting remains perfectly adequate for these boundary conditions, see Blouza and Le Dret [3].
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1 Introduction

Many technical applications require a geometrically accurate description of the large motion of the
structures which are involved. Usually, these structures are thin and flexible and can be viewed as
shells subjected to large displacements. Standard shell models turn out to be rather inappropriate
for such flexible structures, because their formulation and numerical solution use local basis which
are difficult to update in large displacements. In contrast, geometrically exact shell models [6] not
only use an accurate description of the strain tensors within the shell, but can be also completely
formulated without ever referring to any local basis.

The purpose of this work is then to develop finite element models for thin geometrically exact
nonlinear shells. The originality of our approach is to always work in a fixed cartesian basis. After
a brief introduction of the shell model, the paper presents a finite elements approximation specially
developed for this problem and based on nonlinear Discrete Kirchhoff Triangles (DKT). This choice
of finite elements is then analysed within the linear functional framework of {1]. By deriving specific
inverse inequalities, we can prove consistency and optimal convergence with very little regularity
assumptions on the initial shape of the shell, and without apriori conditions on the mesh size.

2 Geometrically Exact Shells.

The basic idea of geometrically exact shell models is to describe the motion of the structure by the
motion of its midsurface and of an associate field of directors, to compute the exact strain field
generated by this motion, and to reduce the constitutive response of the structure to membrane,
flexion and shear. Representing any material point z¢ of the shell by its position (o, £) in a fixed
reference configuration, characterised by its projection mg onto the shell reference midsurface and its
distance £ to mg, such models assume that the final position z of z¢ is given by

z(z0) = 3Dp(mo) + £L{ma),

with ¢(mo) the final position of mo and where the unit vector i, 1]l = 3D1 is the director of the
normal fiber after deformation. The (virtual) velocity field U is then characterized by the (virtual)
velocity field ¢ of the midsurface and by the rate of variation £ (£- £ = 3D0) of the director

U = 3D@(mo) + £i(ma).
In this framework, the total strains are simply measured by three strain tensors characterising
the shell motion within a rigid body motion

C =3DVe" -Vip,e =3D1/2(Ve" - Vi — Vs - Vipg) membrane,
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K =3DVy” - Vi p=3DK — K° flexion,
R =3D{-Vy, +=3DR~— R° shear.
Within this kinematic description, the stress contribution can then be decomposed as usual in three
parts, representing the resulting action of the local stresses against membrane, flexion and shear
variation. Indeed, introducing the variations of strains in any given virtual motion
3(e, p,7) .
(57/37’7) =3D—>— ( Art)
8y 1)
a direct integration through the thickness yields

U:—Q~U—-:3D (Jo-F7T): ou = 3D n:é+m:p+q-4,
Q oz Q2 821‘0 wo

where the efforts (n,m,q) are defined by appropriate integration of the three-dimensional Cauchy
stress tensor o through the thickness. If the internal efforts only depend on the local (3D) deformation
and if we assume hyperelasticity (no work in cyclic motion), on can also prove that the generalised
stresses (n,m, g) are necessarily given by [3]

(n,m,q) = 3D 8¢ )(E, £

d(e, p,y
With such hyperelastic constitutive laws, shell problems are then simply governed by the following
variational formulation with unknown (¢, %) : wp — R® x 2

/wo aaw(s;f’;;) : ‘9{(;(;:’3)‘ — (3,§) = 3D /uo f @+ Mgt - §, for all admissible(, £).

This model has been constructed without using any mathematical artefact such as a choice of a
local basis or a strong regularity assumption on the deformation . It is perfectly objective, uses an
exact, highly nonlinear, quadratic definition of the strains based on the introduction of three basic
tensors which fully characterise the motion within a rigid body, and can be transported on any other
reference configuration @. All these properties must now be respected in the discretisation process.

3 Finite Element Discretisation.

We now consider a thin shell model where all shear is forbidden. In order to construct an efficient
finite element approximation which does not use any local basis and stays objective, we introduce a
fixed cartesian basis to measure the deformation o and the associated director £, and choose once for
all a reference configuration & equipped with a triangulation & = 3D UT. In practice, the reference
configuration @ corresponds to the union of the triangular faces 7" describing the structure in a CAD
file, and the smooth stress free configuration wy is automatically built from this triangulation by
interpolation. Omnce the triangulation is known, we approximate each cartesian component of the
deformation (i, 1) by DKT finite elements defined on this triangulation.
In other words, the kinematically admissible discrete deformations are characterised by

on € C°(0, B®), (¢n)ir € P,

Vn continuous at vertices,
(Vro)1 A (Vrip)a

[(Vro)r A (Vie)all

Here Viipr is a DKT continuous [2] approximation of the local GRADIENTS Vi, (and not of
the rotations)

{=3D

Vpup = 3D Z(V’Uh(bi))\i +6Vis1a12Un @ tign sz lbiv1biraXir1 Aiga2)

i
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Vin = 3D on(bs) — vn(by)— = % (Von(b:) + Von (b)) -bjbi}

1

[bebs|

Such elements are free of shear locking because of the DKT assumption. This is confirmed by the
convergence analysis made below. They never involve local basis to be incrementally updated during
the large displacement process. Moreover, the use of the discrete gradient Vipp as local degrees of
freedom instead of rotations avoids the introduction of any artificial drilling degree of freedom. The
price to pay is that we approximate all three components of the position in the same DKT space,
and that we use two gradient components by cartesian direction instead of two global rotations per
node.

This finite element discretisation finally reduces the equilibrium problem=

to a nonlinear algebraic system whose unknown are the values of the three cartesian components
of ¢ and of their gradients at each node (9 degrees of freedom by node). This system is solved by a
Newton solver [4].

4 Convergence analysis of the linearised problem

The linearised thin shell problem consists in studying the small= displacements of a shell around a
given initial configuration ¢ with unit normal vector fy = 3Das. The linearised unknown are then
the displacement u = 3Dy — o of the midsurface and the variation of director § = 3D — Eg As
proved in [1], the natural topology for studying the linearised problem is

Z =3D{(v,6) € HY(Q,R® x R®),§ = 3D — as - V(v) - F ', + boundary cond.}.
In this framework, the finite element space introduced before reduces to the space

Zn =3D {(uvn, ) € HY(Q,R® x R?),vs|7 € P5(T,R%),
Vuy, cont. at vertices,
6 =3D —as - Vi (vy) - F~', + boundary cond.}.

For any (un, Br) € Zn, we then introduce the linearized strains
e(un) = 3D% (Vul, - Vo + Vo' - V),
B(un) =3D —az - Vaup - F71,
Xn(tin; Bn) = 3Daz - (Vun — Br),
1
plun)ir = 3D (Vi -V = a3 + Vah - Vup + VB - Vo + Vo' - V81

1
pn(un, Br) = 3D (V = u, - Vas + Vas - Vauy, + VB, - Vo + Vo' - V)

and the linearized energy forms (with arbitrary constant Ch.,.)

3

a((u,B8), (v,6)) = 3D /{eEa(u) ce(v) + i—Q Ep(u, 8) : p(v,8)}
an{(un, Br), (vn,6n)) = 3D /{eEs(uh) s e(n)
+(13—; Epn(un, Bn) : pr(vn, 8n) + ChrXn(tn, Br) - Xn (v, 6n)} d€
Associated to the continuous linearised problem analyzed by [1]

Find (u,3) € Z such that
(P) {

a((u, B), (v,6)) = 3Df(v,8), V(v,8) € Z,
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we then obtain a discrete problem

Find (up,Br) € Zp such that
(Pn) ,

an((un, Br), (Vr,6n)) = 3Df(vn,6k), V(Un,0n) € Zn.

on which we can prove

Theorem 1 If ¢ € W%2(0), then the error between the continuous and the discrete solutions is
bounded by

(u —un, 8~ Bn)llz
SCh|Veglza+ il (u—vk, 86z,

(vh,8p)EZn

< Ch(||Vp.glza + lulls2.0).

This convergence theorem uses standard tools of finite element analysis, but in addition involves

three key technical lemmas [5]. The first one proves basic inverse inequalities on the DKT triangles
by mapping all triangles to a fixed reference triangle T

Lemma 1 Let a;noy be the average of the normal vector az on the triangle Then, for all (wy, by =
3D — a3 0y - F ') € Zy, and for all regularly shaped triangles T, we have

[ DPwhlloo,r < 5 lwhl1 2,7,
T
Ohlm,2,r < Chp™uwnh,2r, ¥Ym=3D=01,

lag" - D*wnfjoe.r < 55 105" - DOn 2,1

The next key lemma bounds the error made in the calculation of the shell curvature when using a
DKT interpolation. More precisely, by construction, the error between the exact variation of normal
B(wn) = 3D — ag.Vws.F~! and its DKT estimate 8, = 3D — a3.Va(ws).F ! is given by

,G(wh) - ﬂh = 30 — Z )\1)\]'!13.D3’wh(bjbi, bjbi,llij)Vij‘F_l,
i<j
which, with the help of the above inverse inequalities, directly leads to the following bounds

Lemma 2 If ¢ belongs to W»°°(Q), then for all (wh,Br) in Zn, we have

1B(wh) = Bhlm2r < CR™||(wn, Br)lz1,

xr (wn, Br)ll2,r < Chll(wh, Bn)z,7-
The final technical lemma controls the consistency error.

Lemma 3 Assume ¢ € W>°°(Q) and let (u, 3) be the solution of the continuous problem, and q be
the associated shear resultant. We then have

wup 80(:8), (wn 8)) = f(wn. Bu)

wn €2 [|(wn, Br)llz

< ChlIVeglza.

Proof. By construction, the consistency error is given by
a((u, 8), (wh, Ba(wn))) — f(wh, Br(wn))
=3DY " [ (Vomur)Bdo+ / Vipm: (VB — VB)dE
aT T

T

—/ M - Brdo.
Ty
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By continuity of the approximate gradients and hence of the discrete variation g across the
edges, we have after integration by parts

a((u, ), (wn, Bn)) = fwn, Br) =3D =) / div(Vip.m).(Br — B)dE.
T JT

We then conclude by our above control of curvature error

1Br — Blm2r < Ch ™ [{(wh, Br)

i1,2,T~

5 Conclusion

The above approach and analysis proves that it is possible to write, approximate, implement and
completely analyse a shell problem without ever introducing a local basis or a Christoffel symbol.

This guarantees a better respect of mechanical invariants which are also defined independently
of any local basis, and a simple and direct numerical implementation which avoids any update of
local basis during a large displacement analysis.

This also leads to existence and convergence results requiring less regularity (¢ € W2*(Q)).
Nevertheless a major restriction remains. Membrane locking has not been overcome, and all coercivity
constants are still thickness dependant.
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ABSTRACT

The Koiter’s model in linearized elasticity consists in the approximation of the displacement
vector of a loaded shell by an affine function of the transverse variable. The first term solves the
two-dimensional Koiter’s equations. Under some assumptions on the loads, P.G. Ciarlet and V.
Lods (cf. [3]) proved that the average across the thickness of the shell of the three-dimensional
vector has the same limit as the Koiter’'s displacement, when the thickness of the shell goes
to zero, in appropriate spaces. This convergence is also satisfied in Budiansky—-Sanders’s or
Novozhilov’s models.

Here, we formally justify the affine approximation done in the three-dimensional Koiter’s
model, based on the Kirchhoff~Love assumptions. To this end, we calculate the second term of
the for mal expansion across the thickness of the displacement vector of the shell. This term
is equal to the second term of the formal expansion of the solution of Koiter’s model. For an
elliptic shell clamped along its entire boundary, this affine approximation is reduced to zero.
Moreover, in this case, we can calculate the first two non-zero terms of the formal expansion
of the three-dimensional vector, which allows us to obtai n an affine approximation. This one

is not equal to the approximation done by W.T. Koiter.

1. The three-dimensional shell problem

A shell is a three-dimensional body, a dimension of which is small compared to the others.
Thus, a shell can be characterized by a surface S, called the middle surface, and by its thickness
2¢, assumed to be constant for the sake of simplicity. The surfac e S is parametrized by a
mapping denoted by ¢ : @ — R3, where w is a bounded, open, and connected subset of RZ,
with a Lipschitz-continuous boundary -, the set w being locally on one side of . Let y = (ya)
denote a generic point in the set @, and let 8, = 8/8y,. We assume that ¢ is injective,
of class C? and that the two vectors a,(y) = 84¢p(y) are linearly independent at all points
y € @. They form the covariant basis of the tangent plane to the surface S at the point ¢(y),
the two vectors a®(y) of the same tangent plane defined by the relations a®(y) - ag(y) = 65
constitute its contravariant basis. The normal vector to S at the point ¢ is denoted by

3 a:(y) X az(y)
az(y) =a e e ra T
W)= W o ) X aaty)
The shell, of middle surface S and thickness 2¢, is then parametrized by the mapping @ :
0" — R3, with Qf = wx] — ¢, ¢[ defined by
®(2°) := o(y) + z5as(y) for all 2° = (y,25) € T .

P.G. Ciarlet & J. C. Paumier [1] proved that the physical problem described below is mean-
ingful for € small enough, in the sense that there exists £g > 0, here chosen less than 1, such
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that the mapping @ : O - R3is injective for all 0 < € < gy, and moreover, the three vectors
g5 (z°) := 8:P(z°) are linearly independant at all points 2° € Q. With the basis (g2(z¢)),
called covariant basis, we associate the contravariant basis, constitued by the three vectors
g"%(z°) defined by g#*(x°) - g¢(z°) = 67. To detail the equilibrium equations in curviligne
coordinates, we introduce the metric tensor (g;;) or (¢*»*) (in covariant or contravariant
components) and the Christoffel symbols of t he manifold $(f2°) by letting:

95 =g; g5  ¢7%=g"" g™, TS =g"" 8g;

The volume element in the set $(QF) is\/g=dz®, where ¢° := det(g5;).

We can now recall the elasticity equations. We assume that, for each 0 < £ < g, the
set 45(55) is the reference configuration of an elastic shell in a natural state, and that the
material constituting the shell is homogeneous and isotropic. Consequently, the material is
characterized by its two Lamé constants A > 0 and u > 0, independent of €. When the shell

is loaded, it appears a vector displacement, denoted by o (z%) at each point $(z*). The
unknowns of the variational equations (1.1) are the three covariant components u® = (uf) :
Q° - R3 of the displacement vector on the basis (g~¢). To simplify the notations, we impose
that the shell is clamped along its whole “lateral” face ®(I'¢), where I'* = « x [—¢, ¢]; which
means that the displacement vector vanishes there.

The variational formulation of the three-dimensional problem of linearized elasticity can
be written in the curvilinear coordinates as follows. The function

u® = (uf) solves the elliptic problem

uf € VIOF) = {v° = (of) € H(Q%); v° = 0 on [¥},

/ Aijke"seiw(us)efw(vs)\/g_fdws = /ﬂ FoEui/gedx® for all v° € V(QF), (1.1)

where
Aijkl,s - )\gij,sgkl,s + #(gik,sg]’l,s + gil,sgjk,s)

designate the contravariant components of the three-dimensional elasticity tensor,

1
el (v) 1= (810] + 8508 ~ 5]

designate the covariant components of the linearized strain tensor associated with an arbitrary
displacement field v g"¢ of the surface S and f%° € L?(QF) are the contravariant components
of the applied body force density. To simplify the calculations,

we consider that there are no surface forces acting on the upper and lower faces of the
shell.

2. The “scaled” three-dimensional shell problem over a domain inde-
pendent of ¢

To study the behavior of the displacement vector, we introduce the sets Q = wx] —1,1],
I' = v x [~1,1], which are independent of e. Let z = (z;) denote a generic point in the set
Q, and let 8; = 8/8x;. With z° = (2¢) € €, we associate the point z = (x;) € () defined by
ZTo = 25(= yo) and x3 = (1/e)x5.
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Classically, we then define the scaled unknown wu(e) = (u;(g)) : @ — R? by
u; (&) (y, 73) = uS(y, ex3) for all (y,z3) € Q.
Thus, u(e) belongs to the space
VIQ) = {v = (v;) € H'(f));v=00onT}.

To study the behavior of u(e) as & goes to zero, we have to do some assumptions on the data,
i.e., on the loads: there exist functions f*°, f%! € L?(w) independent of € such that

e (y,exs) = 2{f*Oy) + em3f*' (y)} for all (y,z3) € Q.

We now assume that the scaled displacement u(e) = (u;(g)) can be written on the following
way

u(e) = u® + eut + 2u? + .., (2.1)
where the functions u® = (uf),u? = (u}) and u? = (u?) which are independent of the
parameter €, are such that

ul € V), u2 € H'(Q),u? =0on;y, uic L*Q). (2.2)

The function u#?, which is independent of the transverse variable z3, solves the two-dimensio-
nal flexural equations, from the results of convergence proved in [2]. The aim of this paper is
to compare the second term u! with the second term of the formal expansion of the solution
of Koiter’s model.

3. The formal asymptotical expansions

3.1. Calculation of the formal expansion of the displacement of the shell

After apropriate algebraic manipulations, we can check the following result
Theorem The formal asymptotical expansion (2.1) of the components u(e) = (u;(g)) of
the displacement vector on the basis (g*(¢)) is given by

0

u(e) = u® — ex36°....,

where u® = (u0) solves the flexural equations (cf. e.g. [2]) and 6° = (09) is given by
05 = Oqu + 20505, 69=0

where (b2) are the mixed components of the curvature tensor of the middle surface S of the
shell, defined by

b = 8,a° - as.

These formulas can be rewritten on the following way

—

N —
ut =u’ —256°....
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2 ie o0 i g8
where u° = ufg™s, u’ = ula’, 8° = (8auf + bouf)a™.

3.2. Comparison with the three-dimensional Koiter’s model

The Koiter’s model consists in calculating the displacement vector 1T§; defined by

—

T £ ? £ 1= £ £
ui (v, 23) = ¢ (y) — 2567 (y) for all (y,z5) € Q°,

where Zg = (fa’ solves the two dimensional Koiter’s model (cf. e.g. [3]) and the normal

-,
rotation 6° = 05,a® is given by
0%, = 8aC5 + bOCS.

It is easy to calculate the following formal expansion

— —
ug(e) =ul —ez30° + ..
where 2z (¢) is the scaled displacement defined by ux (€)(y, 3) = u_)?((y, exs) for all (y,z3) €
—
N 3

ug(e) —u

Q). We can obtain some results of weak convergence of the function under some

asumptions on the geometry of the shell and on the loads.
Consequently, the affine approximation done by W.T. Koiter is justified in the sense that

the first two terms of the asymptotical expansions of u? and ;L?K are equal.
3.3. The case of uniformly elliptic shells

If the middle surface S is uniformly elliptic, like a portion of sphere for instance, and
clamped along its entire boundary, the functions 4 and u! are equal to zero, since the

function u(e)

5~ converges in L?(R2) as € g oes to zero (cf. eg. [4], [5], [6], [7]). So, we have
€

u(e
calculated the second term of the asymptotical expansion of —(2—) Since the normal compone

nt of this second term is not equal to zero, we cannot obtain the affine approximation of W.T.
Koiter in this case.

4. Conclusion

The three-dimensional Koiter’s model is thus formally justified. To obtain the correspond-
ing results of convergence of the three-dimensional vector and of the solution of Koiter’s model,
some assumptions on the loads and on the shell seem necessary.

Others models, like Budiansky Sanders’s or Novozhilov’s, also based on Kirchhoff-Love as-
sumptions, can be justified in the same way. However, notice that this method is not able to
make a two by two comparison of the above models.

5. References

1. P. G. Ciarlet and J. C. Paumier, Computational Mechanics 1 (1986) 177-202.
2. P.G. Ciarlet, V. Lods, and B. Miara, C. R. Acad. Sci. Paris, Série I 319 (1994) 95-100.
3. P.G. Ciarlet and V. Lods, C. R. Acad. Sci. Paris, Série I 319 (1994) 299-304.



About the formal expansions of the displacement vector of . .. 101

4. P.G. Ciarlet and V. Lods, C. R. Acad. Sci. Paris, Série I 318 (1994) 863-868.
5. Ph. Destuynder, Sur une Justification des Modéles de Plaques et de Coques par les
Meéthodes Asymptotiques, (Doctoral Dissertation, Université Pierre et Marie Curie, Paris,
1980).

6. Ph. Destuynder, Acta Applicandee Mathematicee 4, (1985) 15-63.

8. E. Sanchez-Palencia, C. R. Acad. Sci. Paris, Série II 311 (1990) 909-916.






A DOMAIN DECOMPOSITION METHOD
FOR BONDED PLATES

G. GEYMONAT
LMT, ENS Cachan/CNRS/ Université Pierre-et-Marie-Curie
61 Av. du Président Wilson, 94235 Cachan (France)

E-mail: geymonat@lmt.ens-cachan.fr

F. KRASUCKI
LMM, CNRS/Université Pierre-et-Marie-Curie
4 place Jussieu, 75252 Paris (France)

E-mail: krasucki@ccr.jussieu.fr
and

D. MARINI
Dipartimento di Matematica and LA.N.-C.N.R.
Via Abbiategrasso 215,27100 Pavia (Italy)

E-mail: marini@dragon.ian.pv.car.it

ABSTRACT

We present a domain decomposition type algorithm for dealing with the numerical solution of
bonded plates

1. Introduction

Since a pioneering work by Goland and Reissner in 1944 [6] the bonding of two elastic
three dimensional structures by an adhesive layer is treated with asymptotic analysis. (See,
e.g., [1],12],[5],[8].) In the resulting limit problem the adhesive disappears from a geometrical
point of view but it gives rise to suitable transmission conditions. In [3] we introduced and
analyzed a domain decomposition type procedure to deal with the limit problem numerically.
In the present paper we apply the same technique to the bending of two thin elastic plates
{Love-Kirchhoff), bonded in their common plane by an adhesive layer. This layer is also
treated as a Love-Kirchhoff plate having, in its plane, a small dimension with respect of
those of the two adherent plates. Let € donote the smallness ratio. The type of transmission
conditions in the limit problem depends on the ratio of the bending rigidity coefficients. We
refer to [4] for the derivation of the limit problem in the different cases. In what follows we
shall consider the case where the bending rigidity coefficient of the glue is given by 2Dy, Dg
being of the same order of magnitude of D™, D™, the bending coefficients of the adherents.

2. Position of the problem

Let Q1 and Q~ denote the two plates, that we assume to be open connected subsets of
R? with boundaries Q% and 89~ piecewise of class C?, and let S = 90T N N~ be a non
empty regular curve of positive measure. Let € be the union of Ot and 0, with boundary
09, and let 't = 90T NON, '™ = 80~ NIN. For simplicity, assume that the plate is clamped
on 8. For a function v defined on (1, let v™ (resp. v™) denote the restriction of v to Q%
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(resp. 7). The local equations are (see {4])

DTA2w+t = pt in QF
D~ A%w~ = p~ in Q™ )
wt = % = 0 on 't (1)
wT = %Ln_ = 0 on '™
with the transmission conditions on S
M, (wt) = M,(w™) = 0 on S
Kp(wt) = —12Dg(wt —w™) on S (2)
Ku,(w™) = 12Dg(wt —w™) on S

where pT, p~ are the applied external loads, n™ (resp. n™) is the outward unit normal to
OF (resp. Q7), M, is the normal bending moment, and K, the normal Kirchhoff shear force.
In order to apply a domain decomposition type procedure, we observe that the boundary
conditions (2) can be rewritten as

M, (w) = Mp(w™) =0 on 8
Kn(wt) = ~K,(w") on § (3)
Ky (wh)+ 24Dogwt = K,(w™)+ 24Dgw™ on S

Next, for g € L2(S), consider the following problems

DTAZyt = pt in QF D~ A%w~ = p~ in Q-

wt = %-”7% =0 on I't wo o= % =0 on '™ )
Mp(wt) =0 on S M,(w™) =0 on S
Kp(wh)+ 24Dgwt = ¢ on S Ko(w™)+24Dgw~ = g on S

For any given g € L2(9), pt € L2(QF), p~ € L%(Q™) problems (4) have a unique solution
wt € H2(QF), and w™ € H%(Q™) respectively. (Note that the boundary conditions (4)
actually induce more regularity on the solutions.) Due to linearity, these solutions can be
split as

o= ot ot - = w -
wT o= wy +wy, w” = wy tw,, (5)

with w;l, w, solutions of (4) with g = 0, and w], wy solutions of (4) with p™ =0, p~ = 0.

We can then define the linear continuous operators T;‘ s Tys Tg+ , Ty

pt e L2(QF) — 'w;' = T;‘(p+), p~ € LHQ™) — wy =T, (p7),

g€ L2(S) — wf =T (), wy =T,(0) ©)
so that (5) becomes
vt =T (p")+ T (9)  w =T, (p7)+T, (9) (7)

Next, let A be the operator from L2(S) in itself defined as

g€ L*(S) — Ag = (wy +wy)is = (T, (9) + T, (9))ys- (8)
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It is immediate to check that A is linear and continuous. Moreover, thanks to the trace

theorem (see, e.g., [7]), we have in particular w;‘s € H(%z(S), Wy g € Hgéz(S), so that A is

linear and continuous from L(S) into H)*(S).

Going back to formulation (4), note that the continuity condition on Ky, in (3) is not
taken into account. Hence, we must find a suitable g such that the solutions of (4) verify (3).
Since from (4) it follows that K, (wT) + Kn(w™) = 2(g—12Dg(w™ +w™)), such a g will be
the solution of the following minimization problem

Find g* € L2(S) : 0=J(¢g*) < J(g) VYge L*(9), (9)

for the quadratic functional

J(g) = llg — 12Da(w™ + w)]lg.s- (10)
Using the notation introduced in (7)-(8) we have
12Dg(wt +w™);s = F+12DgAg, having set F := 12Do(T; (p7) + T, (p7))1s, (11)
so that (10) can be written as

J(9) = llg — (F + 12D Ag) |3 s (12)

It is easy to check that J(g) is strictly convex, so that problem (9) has a unique solution g~,
which verifies

g* = F+12DgAg". (13)

In order to write the variational formulation of (4) we set

VT i={ve H} Q") ,v=0v/0n=00on T}, (14)

Vo= {ve H}Q™) ,v=0v/0n=00nI1"}, (15)

at(v,w) = D+/ (v/nw/n +2(1 — v)vy10w)12 + Vy2aWyaa + v(vpiwyee + Vj0ow/11) A (16)
O+

a” (v,w) = D‘/ (v/11w/i1 + 2(1 — v)v/12w) 12 + vyaew/e + V(v11W 2 + vymewyn) dz (17)
-

At (w,v) =aT(w,v)+ 24Dy fgvwds, (18)
A" (w,v) =at(w,v)+ 24D [quwds. (19)

The variational formulation of problems (4) is then

Find w* € V1 such that : (20)
AT(wt,v) = (pFv)+(g0)s eV,
Find w— € V'~ such that : (21)
A"(w™,v) = (p7,v)+ (gv)s VeV
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Existence, uniqueness and a-priori error bounds for the solutions of (20)-(21) are ensured by
the continuity and coercivity properties of the bilinear forms A+, A4~.

3. The Algorithm

We shall now present a domain decomposition type algorithm, based on the variational
formulations (20)-(21) and the minimum problem (9), for which we shall prove convergence.
Compute wf = T, (p*), wy =T, (p~) solutions of

wieV*t: At(w},v) = (pT,v) WYoeVT, (22)
wy, €V AT(wy,v) = (p7,0) YoeV, (23)
and set
¢° = 12Dg(w} +w; )5 (= F) (24)
For m > 0 compute the solutions w;, = T, (¢™), w;, = T, (¢g™) of the problems
wh eVt AT (wh,v) = (g™v)s WweVT, (25)
w, €V A (w,,,v) = (g™ v)s Yoe V. (26)
Then set
g™ = g™ — 12Do(wy, + wy)ys, (27)
grtti=gm = p(@™ - 9°), (28)

and compute the solutions w;, , 1, w;, ., of (25)-(26) with the new datum g™*!. In (28) p > 0
is a parameter to be chosen in order to have convergence of g™ to g*, as m — oo, where g*
is defined in (13). In order to prove convergence we shall use the following result

Theorem 1 A is a compact operator. Moreover, the eigenvalues z of 12Dy A are all real and

verify

3C; > 0 such that 0<2<1-C1 <1 Vz. (29)

Proof The proof is a slight modification of that given in {3] and we shall not report it here.
We can now prove the following convergence theorem.
Theorem 2 There exists a po > 1 such that, for p €]0, po] we have

lim ¢™ = g~, (30)

m—0C
where g™ is the sequence defined in (22)-(28), and g* is defined in (13).
Proof Note that, according to definition (8), (27) can be rewritten as

g™ = (I-12DgA)g™. (31)
From (28) and (31), using (24) and (13) we then have

g"tt —g* = (1-p)g™+ p12Do Ag™ + pg® — g" + pg” — pg*
= (1= p)g™ + p12Dg Ag™ + p(g° — g*) — (1 — p)g"
=(1-p)(g™— g") + p12Do A(g™ - g*)
= ((1 = p)I + p12Dg A)(g™ — g7).
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Recursive application of (32) yields

g™ —g" = ((1 - o) + p12Dg A" (g" — g%), with ¢° — g* = ~12Dy.Ag". (33)
Convergence will be proved if we can show that

lim [[|((1 = )] + p12De )™ ]| =0, (34)

m— 0o

where ||| L]|| denotes the norm of the operator L. From a theorem by Gelfand, if L is bounded
then lim,_oo |[JL7™|[Y™ = sup{|A], X € o(L)}, o(L) being the spectrum of L. Thanks to
Theorem 1, the spectrum of the operator (1 — p)I + p12Dg.A4 is given by 1 — p and

Aj=(1-p)+ pz, (35)
z; being the eigenvalues of 12Dy A. Proving (34) amounts then to prove that

max |[A;] <1, ie, ~2<p(z; —1) <0 V7. (36)
J

This inequality is verified for all the values p €]0
2

1-zZmax

[ and the proof is completed. ™
> 1, the value p = 1 can always be taken. The optimal

’ 1=Zmax

Remark Notice that, since

value for p is popt =

1—Zmaz
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ABSTRACT

We show how to find the explicit forms of the limit stresses in a linearly or nonlinearly elastic
shell by means of the formal asymptotic expansion of the displacement field. In the linear case,

we are in a position to establish convergence theorems.

1. Piola-Kirchhoff stress tensor in three-dimensional curvilinear co- ;
ordinates

Let € > 0 and w be a domain in R? with a Lipschitz boundary v. Let z° = (zf) €
Q' =wx [—¢,+¢€] be a system of curvilinear coordinates associated to the injective mapping
P c Cg(ﬁE;RS), where @(ﬁs) is the configuration reference of the shell under study. We
consider a shell made with a Saint- Venant Kirchhoff material with Lamé constants A > 0 and
g > 0. When subjected to applied body forces with scaled contravariant components f(e) =
(fi(e)) € L*(Q) and surface forces with scaled contravariant components h(e) = (hi(e)) €
L?(I, UT_), Ty = w x {£1}, the shell, clamped on a portion ®(I'§) (I's = vy x (—¢,+¢),
Yo C 7y with length o > 0) of its lateral surface, undergoes a displacement field whose scaled
covariant components u(e) = (u;(€)) are a critical point of the scaled energy J(e) defined on

V(Q) ={ve W (Q);v =0o0n Ty =y x (=1,41)} by:
TE®) = 5 [ A By () 0) B )V aE) e - )

where A*¢(c) is the three-dimensional scaled elasticity tensor in curvilinear coordinates,
Ej;5(e) are the scaled covariant components of the change of metric tensor and L(e) is a
linear form depending on f(e) and h(e). We refer to [3] or [4] for all the notations not
recalled here. The associated scaled contravariant components of the first Piola-Kirchhoff
stress tensor read:

def

TH(e)=T"(u(e)) = (97*(e) + g™ (e)g™* () unjim (<)) Euy; (£) (ule))

and they satisfy the scaled equations of equilibrium

Tz?[] ) = file)inQ
+T8(e) = hbF(e)onTy
where the covariant derivatives are given by:
THa(e) = 8uT9() + T () }a(e) + T ()Hale)

THy() = Z8TY(e) + TIETi(e) + T (T(e)



110 B. Miara

and Ffj are the scaled Christoffel symbols. Assuming that there exists an asymptotic expansion
of the unknown u(e) =Y 4¢ ePu*, with u* a three-dimensional field independent of € and a
Taylor expansion of the gegmetric data around z§ = ez3 = 0 (for example for the covariant
basis vector g;(e)(z) = ai(z1,T2) + Y15, (e23)F gk (1, 22), with g¥ a two-dimensional field
independent of z3 and ¢) and by identification of the successive powers of  in (1) we showed
that for specific assumptions on the applied forces (with respect to €) and on the geometry of
the shell, the leading term u? solves either a “membrane” model [3] or a “flexural” model [4].
We therefore use these results to identify the leading terms of the corresponding expansion
T9(e) = 3,50 €¥TF where T** is a function independent of e. (The proofs of the Theorems
can be found in [2]).

2. The “membrane” model

To obtain the membrane shell model , the following assumptions on the forces and on the
geometry of the shell have to be made: There exist f and h independent of £ such that:

fle)=fe€L?9Q) , h(e)=cheL*T.Ul.) , (2)
and the space of “inextensional displacements” Y p(w) reduces to {0} :

Yr(w) = {neW"(w); n=00n7, Eup(n) = 0inw} = {0}. (3)

2.1. The nonlinear case

Under assumptions (2) and (3) we showed [3] that u° is a critical point of the “membrane”
energy Jys defined on the space Vs (w) = {n € Wl’4(w);'q = 0 on Y} by:

Jaaln) = [ 6B () ES () vad — Lin)

where b*597 is the two-dimensional elasticity tensor, (Egu ﬁ) is the two-dimensional change of
metric tensor, L(n) = [ (f_ll Fi)dt + hb* + hi") 1,dw. After lengthy computations, we

can then deduce the following result:

Theorem 1
For nonlinearly elastic membrane shells, i.e., under assumptions (2) and (3), the first non-
vanishing terms of the expansion of T% () are given by:

TUT.,O — (baﬂo-r + baﬁfﬁa'yau:‘w)EgHﬁ(uO) ,

TBU,() — baﬁUTUgHTEE‘Jm(uO) ,
TUS,I = RO / fa(t)dt = (13 + 1)(6TTUT,O 4 TUT,OFg: 4 Taﬁ,OI-\g*ﬂ _ TBT’Ob:) ,

—1

T3
T30 = —hd= — [ fAt)dt — (x5 + 18T + T27°T%% + T %, )
1

where T are the bi-dimensional Christoffel symbols of the middle surface S of the shell. -

2.2. The linear case

For linearly elastic shells Ciarlet and Lods [5] showed that under the following additional
assumptions on the forces and on the geometry of S:
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(i) g c HYI'L UT ),
(ii) the middle surface S is elliptic,
(iil) the shell is completely clamped on its lateral face,

the vector u(e) converges in H*(Q) x H'(Q) x L?(Q) towards the unique minimum «° of the
“linearized” membrane energy defined on V5P (w) = Hi (w) X Hj(w) x L?(w). In this case we
can show the new result [1]:

Theorem 2

For linearly elastic membrane shells, under the assumptions (2), (i), (i) end (ili), the con-
travariant components of the first Piola-Kirchhoff stress tensor, once scaled, converge as fol-
lows:

TUT(E) N TUT,O — baﬁoT,Yaﬂ(UO) in LQ(Q),

TU3(E) T3
st e [ e d - (e D@ T TN 4TI
-1
in HY(~1;1; HY(w)) ,
TSS(E) 3 =
— - T30 = _p= —/ F)dt — (x3+ )T by, in HY(~1;1; H (w)).
-1

where vo3(n) is the “linearized” part of Eg[fﬂ(n)'

3. The “flexural’” model

The flexural model is obtained under the following assumptions on the forces and on the
geometry of the middle surface S: There exists f and h independent of € such that:

fle)=e’feL*(Q) , hle)=ehc L* (T UT.) (4)
and the space of “inextensional displacements” Y p(w) does not reduce to {0} :

Ypw)={necWhiw); n=0on, Eg[[ﬂ(n) =0inw} # {0}. (5)

3.1. The nonlinear case

Under assumptions (4), (5} Lods and Miara showed [4] that »° is a critical point of the
“flexural” energy Jp defined on the space

Vew)={newW>*w); n=8,7=0 on v, EgHﬂ(n) =0in w}

by:

[

Te(n) = = / b0 BL (m)EL, () adw — Ln),

W

where (Eiu ﬂ) is the two-dimensional change of curvature tensor. After lengthy computations,
we likewise get the next result :
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Theorem 3
For flexural shells, under assumptions (4), (5) the first non-vanishing terms of the expansion
of T%(g) are given by:

Tonl ".’1}3(baﬂ67 + baﬂTéaa'yugHé)Eclxuﬁ(UO) — ISTUT,I
T3a',1 — “szaﬂgTugHTEé]m(uo) — 13T3J,l
2
-1 - . - .
TU3,2 — __‘TS (aTTa‘r,l 4 TJT,ng: 4 Taﬁ,l]:-\gz - TST,lbg) \

2
-1 . . ~
. T3 5 (BUT(ia,l + TSa,lrg; + baﬂTaﬁ’l)

T33,2 —

3.2. The linear case

For linearly elastic shells Ciarlet, Lods and Miara [6] showed that under assumption (4)
and if the space of inextensional displacements V%" (w) does not reduces to {0}:

VM W) = {n € H'(w) x H'(w) x H(W); m = 8,m3 = 0 on Y0, Yaya(n) = 0in w} # {0},
6

the vector u(e) converges in H'(2) to the unique minimum u° of the “linearized” flexural
energy defined on V4" (w). In this case we get the next convergence theorem [1].

Theorem 4
For linearly elastic flexural shells, under the assumptions (4), (6}, the contravariant compo-
nents of the first Piola-Kirchhoff stress tensor, once scaled, converge as follows:

1 -
ETUT(E) N o' —ngaﬂUTpaﬁ(UO) = z3TUT’1 n L2(Q) ,

1 21, = N -
5—2T03(5) o325 (g fonl 4 feriper o TPT%) , imn HY(-LL,H Y (w))
1

Lopssiy poor o T
£2

1 -
bapT*t in HY(~1;1; H1(w))

where paa(n) is the linearized part of E‘iuﬂ(n).
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ABSTRACT

One essential difference between how elastic and plastic behaviour can be modeled is the way
in which the distribution of stress through the cross-sectional fiber is considered. Elastoplastic
models for shells should be capable of simulating the spread of plasticity through the thickness
and, at the same time, such models should be simple enough to allow efficient numerical
treatment. Thus far, two different approaches toward a satisfactory elastoplastic shell model
have been pursued: (i) Use of models formulated in terms of stress resultants by introducing
ajusted constitutive response functions; (ii) Use of 2D/3D theories with first order strains
and higher order stresses. In this work, the attention is mainly focussed on the analysis of
different formulations of flow rules and in the theoretical implementations of classical methods
as Augmented Lagrangian and Consistent Tangent Matrix within the framework of the second
such approach. For the sake of simplicity the discussion is restricted to the case of infinitesimal

displacements and strains.

1. Shell bodies

Let w be a smooth surface, oriented by the unit normal field 7 in the euclidean space E°.
The reference configuration of the shell body is represented as

. h
B:{XGEJ:X:XO-FS'FL'(XQ),X()Ew,ls}SE}

in which h is the constant thickness of the shell. The natural map X, defined by

H 2

(Xo,s) € w x {—g, -’ij — X = Xq + sii(X,) € E
transforms, for each fixed number s, the midsurface w into a parallel surface at distance s.
We assume that the mapping X is one-to-one and the tangent map dX to X at the point
(Xo, ) is an isomorphism from Tx,w X R onto Ry (T’x,w denotes the tangent space to w at
Xp) given by
dX (&, r) — (I — sB)W+rni

in which B is the Weingarten map (or shape operator) defined by Bw = —V g7 for all & €
Tx,w. By consequence, it follows that the shell shifter u; = I — sB is an isomorphism and the

inverse operator has the Neumann expansion p;! = I+sB+4s2B2+- ... Also ;! is a solution
of the differential equation %(sqﬁ) = ¢? in the space of the linear operators £(Tx,w, Tx,w)-

The evolution of the shell is represented by a map z; : B —— B, ¢ E3, depending on
a well chosen parameter ¢ € [0,7]. In terms of the displacement, we have z; = X + 4(X).
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The deformation gradient is given by F = I + V@ : R% —— R%. Pull-backing the vector

displacement to w x [~%, %} we obtain a vector field iy such that @ = pgily + u®fi. The
associated operator matrix to the deformation gradient in w x [—121-, %] is
( p;t (Dpsilo —uPB) G2 — 7" Bily )
- - — Aud
(p’s 1Bu0+ﬂ‘s QDUS)' ”E%‘;

where D denotes the covariant derivative on the surface and - the dot product induced by the
natural map. Thus, shear and normal components of the linear deformation tensor are given
by
Oiigp 2 3 Au’
Vs = ~=— + pu_ “Du = e
Vs 95 Hs ) Tn 3s

In the context of the classical theories of shells, the following kinematical hypotheses of
shells are assumed:

e The normal deformation is null. By consecuence, we have

L0 _
ud = u®(Xo), Fy = 5§(u0 + sptDu®)

e Shear assumptions are:

— Kirchhoff-Love hypothesis, The shear deformation is null. In this case, we have
ilp + su;tDud = Z being % a vector field independent of s. By consequence, the
tangential component of the displacement takes the form

— Mindlin-Reissner hypothesis, The shear deformation is independent of s. In this
case, we have g ily = ps(Zn + 59.) — sDu® = Z + s(J: — Bz — Du®) + s By,
being Zp a vector field independent of s. Neglecting the second order terms in s we
obtain

@ = 5o+ udi+ s0
where 0 is a vector field independent of s.

In what follows, we denote by V' the space of admissible virtual displacements, constrained
by the previous kinematical assumptions (cf. Destuynder[2]).

2. Hellinger-Reissner formulation

We introduce a bilinear form b defined over the space of stresses () and the space of
admissible displacements V' by

b(r,7) = / 7: VudV
B
If we denote by F(v) the external forces work, then the principle of virtual work reads as
b(o, ¥) = F(¥) forall7eV

where o represents the stress field on B.
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In the classical theories of shells it is usual to reduce the dimension of this variational
equation, as may be expected, by introducing stress resultants and moments, without addi-
tional assumptions regarding the stresses.

To formulate the constitutive relations, we consider the bilinear form defined over Q x Q
by

alo,7) = / Ao 1 1dV
B

where A~1 denotes the elasticity tensor. In the Elasticity theories, the following variational
constitutive equation
alo,7) = b(r,@) =0 forall T € Q

completes the Hellinger-Reissner principle. The reduction from the three-dimensional equa-
tions can be achieved in a range of different possibilities; however, theories dues to Koiter and
Naghdi are the most widely accepted. Although the reduction of the dimension is a reasonable
way to apply elasticity theories in thin bodies such as plates or shells, these procedures cannot
be used in so simple a way for elastoplastic models because the non-linear behaviour of the
stress distribution through a cross-sectional fiber. The use of ajusted constitutive response
functions has been propossed by Shapiro, Ivanov, Robinson, Crisfield and other authors (cf.
Simo and Kennedy{3]) with the main goal of preserving the two-dimensional nature of the
problem. In an opposite side, in the case of a plate, the asymptotic analysis show us that the
limit model is still three-dimensional in the constitutive relations (cf. Destuynder[l]). In the
case of a shell, there is not an unique limit model (as far as the author knows this analysis
has not yet been developed, in the plastic case) but it seems reasonable to suppose that the
three-dimensional nature cannot be bypassed.

3. Elasto-plastic constitutive relations

Three-dimensional isothermal elasto-plastic theories relate stresses, strains and additional
plastic variables at every point of the shell. In this work, we consider a model in which the
plastic behaviour is described by a symmetric second order tensor field €? representing the
elastic deformation and a scalar field r representing the hardening parameter. The basic
assumption is the existence of two scalar functions W = W(s, eP,r) and H= fI(UT, &, eP,7)
which give the free energy and the potential of dissipation at each point, being (£7,7) the
plastic rates and (o, ) their energy conjugate variables. However, for the sake of simplicity
in this summary, we consider a simple situation where the constitutive relations are reduced
to the following:

o é(i) = A6 + @

e If the stress is on the yield surface F(o)} = 0, the plastic deformation rate is a tensor
normal to it.

It seems that a correct way to express the flow rules is to maintain a geometrical point of
view by using Convex Analysis tools, such as the normal cone or the subdifferential calculus.
Using these tools, we can express the flow rule in the following compact form

éP € Bl (o)
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where K denotes the convex set K = {r € M, : F(o) < 0}. Classical methods take a
less abstract geometric thinking and they avoid the multivalued relation by using a plastic
multiplier X in the form

D

el = /\5;
A shortcoming of this formulation lies in the fact that the yield surface can have corners,
because it could be piecewise linear or it could be defined by multiple yield surfaces intersecting
in a nosmooth fashion. In this case, in presence of multiple plastic multipliers the theory
become not so simple. An intermediate way to express the flow rules makes use of a return map
to the convex set K. It is subject to a similar criticism but it retains better the geometrical
issues of the problem. Let Px be the closest point projection onto the convex set K in the
stress space with the metric < 0,7 >= Ao : 7. It is easy to recast the flow rule as

g = PK(U+ AAwlép)

for an arbitrary A > 0. If we denote by p = A~1éP the plastic stress rate, the flow rule is

given by

I~ Pg
A

for an arbitrary A. It is very important to keep in mind that it is not an approximation. It is

p= (o +Ap)

an exact representation of the flow rule. Other posibilities can be envisaged as alternative to
the penalization operator ‘f K. such as the Norton-Hoff approximation (in this case, A is a
nonlinear function of ¢ and p). This formulation suggests that the plasticity problem might

be appropriately approached if one find up efficient approximations to the above equation.

4. Augmented Lagrangian-like methods

Let II be the projection from @ onto the subspace of the tensors of first order in s. Then,
stresses and plastic stress rates ¢an be decomposed into a first order term and a residual term.
Now, computational strategies can be designed at many differing levels of approximation. At
the lowest, we consider the transformation 7" defined as follows:

1. Elastic prediction: Solve the two-dimensional reducible linear equations
a(lle, 7) — b(7,@,) = —a(llp, 7) foral 7 € Q
b(o,T) = F(7) foral eV
2. Plastic correction: Solve the three-dimensional ordinary differential equations
(I - = (I-Mp
and calculate the transformed plastic stress rate

I —
Tp = P

(o + Ap)

“We suppose the same smoothness as we have in the hardening processes.
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Iteration with the transformation 7" is a robust method allowing large time step sizes. How-
ever, in high accuracy computations the convergence can be very slow because it is related to
the condition number of the rigidity matrix. The choice of the parameter A is rather much
important for the convergence rate.

5. Consistent tangent matrix-like method

By using a fully implicit Euler scheme to the constitutive equation, we obtain

a(g ;ta ,7) — b(1, 1) = —a(p, T) forall 7 € Q

If the yield surface is smooth, then we consider the tangent map to Pk at ¢™ + Ap™, modified
by dPg = I if ™ 4+ Ap™ € K, to avoid the nodifferentiability on the boundary. Thus we take
the following Newton approximation

n+%_‘_1_dp}}

5 (c+Ap—a™ —Ap™)

p=p

1
where p™*2 denotes

. I-P
"t s

b

— (U'n. + )\pn)
Taking A = At and eliminating p we obtain
g—o"

A5

1) = b~ AT M A)r @)+ = a((M ~ Dy — p" )

being M = I — §Pg. Again, this equation can be decomposed into one two-dimensional
reducible equation and one local three-dimensional equation. Although this algorithm needs
small time step sizes, much higher convergence rates should be obtained.
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3. J.C. Simo and J.G.Kennedy, On « stress resultant geometrically ezact shell model.
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ABSTRACT

This paper is essentially based upon some of our numerical results concerning the approx-
imation of some variants of Koiter’s linear model of thin elastic shells by conforming and
non conforming finite element methods. Some numerical questions concerning the membrane

locking phenomenon are also considered.

1. The continuous problem.

Let Q be a bounded subset in the plane R? with I = 9Q. We define the middle surface
S of a shell C as the image of {2 by a regular mapping é € C3(Q; R3). For all points £ € Q, we
denoting by {@,} and {@*} the covariant and contravariant basis of the tangent plane, and
by &3 = @3 the normal vector to the middle surface.

The thickness € of the shell C can be viewed as an application of C%(Q; R, ). Then the
shell C is the set

e {Mers:0h —de)+ e c0,lef < elo)) )

Subsequently, we use the linear model of Koiter [5], who reduce the study of the defor-
mation of a thin shell to the determination of the displacement field @ = u; a* of the middle
surface; in this way, Koiter uses the two hypotheses: (1) conservation of the normals, (ii) plane
stresses.

In what follows, we assume that the shell is: (i) loaded by a distribution of forces whose
resultant is 7 on the middle surface and whose resultant moment is null (more general forces are
also considered), (ii) clamped on the part I'y of its boundary I', (iii) free on the complementary
part I'y = I' — I'g of its boundary.

Then, the strain energy of the shell is associated to the bilinear form

62

of@.1) = [ B (ropl@ uli) + 55
Q

Pas(®) m(ﬂ’)) Jad, (@)

where the elastic modulus tensor E*?* | the strain tensor 7Yap and the change of curvature
tensor o are given by

K 2v
Eaﬁ,\u — aX  Bu ap BA af | Au
————--——'2(1+U) (a o +a " a +—1_,,a a s
. 1
Tap(V) = 3 (Vajo + Vpia) = bap vs,

—

Pap(D) = vsjap — bAbag s+ b vag + Dy Uaja + NPLI
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The potential energy of exterior forces is associated to the linear form

10 = [ ¥ vade, )
Q
Finally, the admissible displacement space is defined by
V={t=vde(H ) xH Q) :v=v353=00nT,} (4)

In [2] is proved the existence and uniqueness of a solution for the corresponding variational
problem:
Find @ € V such that a{t,7) = f(7), for jall 7€ V. (5)

2. The discrete problem

,From now on, we shall assume that the set € is a polygon; then, we may exactly cover by
regular family of triangulations {74 }n>o. To each triangulation 7;, we associate a product of
finite element spaces X, = (X,)? X X,; next we define a suitable subspace V, = (Vi )2 X Vi,
of Xp taking into account the boundary conditions which appear in the definition of the
space V. If ‘7;1 cVis true, we have a conforming finite element method; else we have a
non-conforming finite element method.

Now, the discrete problem, taking into account the use of a numerical integration scheme
is:

Find iy € ‘7}1 such that ap (ﬁh,ﬁh) == fh(l_)'h), for all 7, € ‘7}1, (6)
where ap(.,.) and fi(.) are defined in a natural way. The next step is show that the problem
(6) has a unique solution; this is achieved by showing that the bilinear form as(.,.) is Vi-
elliptic, uniformly with respect to h (see [1]).

] Vi, ] Vhs Il 1% — 4] | Num. Int. [ Degrees of freedom |
Ganev-Dimitrov Argyris O(R*) | Exact Pg 15+15421
P3;-Hermite Bell O(h%) Exact Pg 10-+10+18
Py-Lagrange | Complet H.T.C. O(h?) Exact P, 6-+6-+12
P-Lagrange | Reduced H.T.C. O(hY) Exact P, 3+3+9
P,-Lagrange Sander. O(h?) Exact P, 6+6+12
P,-Lagrange Morley. O(h%) Exact Py 3+3+6

Table 1: Finite elements for thin elastic shells

In [1], pages 72-73 and 141, we can see some combinations of conforming and non-
conforming finite elements which leads to suitable spaces V;. In Table (1) are summarized
different optimal choices; the results for these combinations seem to be the best with respect
to: the error estimate [[@ — ]|, the cost and the implementation (to define the space Vj,
we use a finite element having almost the totality of its degrees of freedom included in the
set of degrees of freedom of the finite element used to define the space V},,). We note that in
all the cases, the criteria observed in the choice of the numerical integration ensure the same
asymptotic error estimate as in the case of exact integrations.

In order to illustrate the previous considerations, we will present some numerical exper-
iments derived using these combinations of finite elements. These tests have been obtained
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with the aid of the MODULEF library (see [3]), in which we have implemented the pre-
vious methods. We refer to [6] for some interesting comparisons between conforming and
non-conforming finite element methods over classical bench-marks.

3. Variants of Koiter’s linear model

In [5] Koiter introduce a modified model of thin elastic shells by making the following
substitution
Lo Loy S Y -
pap(V) = Pap(0) = 5 bamrp(0) — 5 05 1aa (@) (7)
this is, in a certain way, an arithmetic mean among the expression used in the classic model
of Koiter and the formulas deduced as a consequence of the Kirchhoff-Love assumptions.
Nevertheless, we can prove that the addition to (%) of terms of the form C b} ya(7)
(C small constant) produces in (2) addends whose order of magnitude is small (proportional
to e or e?) with respect to the already existing (see[7] for the details); by recalling the thinness

hypothesis of the shells, this variety of formulations is justified.

[ Thickness || Us(A) clas. | U3(A) modif. || % Relat. error | % Change |

e/3 0.0416920940 | 0.0416888700 || 0.0077326890 0.480
e/2 0.0297627322 | 0.0297600199 || 0.0091130410 0.566
e 0.0242857928 | 0.0242897008 || 0.0160917538 1.000
2e 0.0152566484 | 0.0152673617 || 0.0702202060 4.363
3e 0.0092417958 | 0.0092529293 || 0.1204689351 7.486
e 0.0057903262 | 0.0057998190 || 0.1639437514 10.188
S5e 0.0037729762 | 0.0037804555 || 0.1982337968 12.318

Table 2: Hyperbolic paraboloid: results

In this way, we will show also experiment over the classic test of a hyperbolic paraboloid
clamped or a cylindrical roof. For example, in Table (2) we give the results obtained for the
normal displacement in the center of the paraboloid (point A); as can be observed, the change
is very small, but it is sensitive to the increase in the thickness.

4. The Locking Phenomenon

The locking phenomenon consists in a loss of meaning of numerical results when the
computations are made for some very small values of a parameter, in our case the thickness
of the shells, while the results are valid for the rest of the values.

In [4] we have proved that any finite element internal approximation made of functions
which are piecewise polynomials leads to locking as e — 0 for certain non-inhibited shells (as
the hyperbolic paraboloid or the straight helycoid, with appropriate boundary conditions).

In this case, the computations were done with different finite element methods (conformal
and non-conformal, using high and lower order of polynomials, etc.) and several different
integration schemes were considered.

The numerical results show the better behavior of the higher polynomials; this may be
understood as a better ability of the high degree polynomials for approximating the very
peculiar functions of the limit space of pure bendings. Otherwise, very little influence of the
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integration schemes was observed (this is contrary to the wide-spread opinion that reduced

integration diminishes locking effects) and only for e very small we find some differences.
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ABSTRACT

We consider an approximation of a nonlinear shallow shell model using conforming finite
elements for the displacements and for the geometry. Under an assumption on the existence
of a snap buckling point, we perform a nonlinear numerical analysis of a branch of solutions

containing it. Moreover we give error estimates.

1. Introduction

The nonlinear shallow shell model of Koiter 6] is a sample model providing nonlinear
buckling phenomena. For example, in a 1-dimensional and constant curvature version of this
model, it is possible to develop a formal calculus with a complete scenario of bifurcation path:
if the thickness is small enough, the shell buckles when the loading parameter increases from
the trivial equilibrium position (see [7]). Otherwise, a result of existence of a solution to a
general shallow shell Koiter’s model can be found in [2].

We consider a sample hypothesis of buckling: in the loading process of the shell with a
load parameter A, we assume that there exists a snap point at an extremal value A = A, of a
regular solution path A — (X, u(X)) such that u(0) = 0. For the nonlinear shallow shell model
of Koiter, we use classical results on the numerical analysis of linear shells problems (see [4]
and [1]) with conforming finite element methods for the displacement and for the geometry.
Under a classical property on the regularity of the solution of the associated linear shallow
shell model, we perform the nonlinear analysis of the finite dimensional approximation in the
vicinity of the value (A, u.) (in the framework of [3] or [8]). This analysis end up in a result
of local existence and uniqueness of a family of discrete paths which converges toward the
continuous path. Then, we deduce the existence of discrete snap points (A§, uf,). At last, we
give error estimates between the buckling path and the discrete path.

2. The nonlinear shallow shell model

We shall use Greek letter: o, 8, u, ..., for indices belonging to the set {1,2}, while
Latin letters: 4, §, k, ..., will be used for indices belonging to the set {1,2,3}. We shall
use convention for summation on repeated indices. The symbols 8,, Jap denote the partial
derivative 3%, B—E—f—;—gﬁ-, where £! and £2 are the components of £ € Q, a given 2-dimensional
bounded connected open set with a lipschitz continuous boundary 99.

In the following we consider a map ¢ : © — £%, where £3 is the 3-dimensional usual
euclidian space.
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Assume that @ is injective and C*® on ) and let G, = 8,%. We also assume that
the surface S := ©(Q) (the middle surface of the shell) is regular in the sense that @ and
d, are linearly independent. Then we denote by @3 the normal unit vector to the middle
surface S = @(€)). While the set {@1,ds,ds} corresponds to the local covariant basis, the local
contravariant basis is denoted by {&*,d?%,d@%}. In the following we denote by aap the first
fundamental form of the surface and its determinant is noted @ = a11a22 — |@12|%. The matrix
a®P will denote the inverse of this form. We also denote by b,g the second fundamental form
and by Ffw the set of Christoffel symbols with Fiﬁ = bog.

The displacements @(£) of the points z = @(£) of the middle surface have covariant
components u;(£), that is to say: @ = u; @". We will assume that the set u of components :
(u1,uz,us) lives in a closed subspace V = HZ(Q) x H3(Q) x V3 such that V3 is closed in =
H?(Q) and HZ(Q) C V3 C H(Q) N H(Q). For V3 = HZ() we recognize a clamped shell and
for V3 = H?(Q) N H}(Q) a simply supported shell.

The nonlinear simplified strain tensor v of the shallow shell theory is given by

) T () = D) + 3 e 0,1) -

where x is the nonlinear part such that: Xag(u,v) := Jaus Ogus and where 6 is the simplified
linear strain tensor: Oap(u) = 5(Baup + Opua) — Ih 5us
The linear simplified change of curvature tensor p reads

(2) pag(u) = &m Uz — Fig 8,\11,3.

Let E > 0 and v €]0, %[ be respectively the Young modulus and the Poisson coefficient;
we introduce the contravariant elastic modulus tensor E®P .

EoBAn ———»~E (ao"\aﬂ“ + a®aP 1 v a"‘ﬁa’\“).
2(1+v) 1-v
Let Eo0M = ¢ /a E*PM and e = % be coefficients where e is the (constant) thickness of the
shell. Then the energy of the nonlinear shallow shell model (see [6]) is given by

1

@ I =g [ B0 Taulu) + 2 poplu) pru(w) de A [ flucd

where f(u) = fn fiu; dE is the potential energy of the external forces and where ) is the load
parameter. For the sake of simplicity, we will assume that the f; are polynomials in £, £2.
We are looking for u € V such that J(u) < J(v), Yv e V.
The Euler equation J'(u) - v =0, Vv € V of this minimization problem reads

(4) find uw €V, suchthat a(u,v)+g(u,v)=Af(v), WweV,

where we have noted g(u,v) := b(u, v,u) + $b(u,u,v) + 3c(u, u,u,v) and

a(u,v) /Q N 05 (1) O, (1) + € () pag ()} i,
blu,v,w) = /QE’M’\“Xag(u,v)@,\u(w)dﬁ,

clu,v,u/,0") = /E"’ﬁ’\“xaﬁ(u,v)xap(u',v')dﬁ.
Q
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In the following, we assume that the bilinear for a(-,-) is V-elliptic (this is true if the shell is
shallow enough, see [1] ). Then the variational equation (4) can be written as an equation in
the space V: u+ G(u) = A F.

A sample application of the implicit function theorem on this equation provides a unique
regular solution branche A — u(A) defined on a open interval A containing A = 0 at which
1u(0) = 0. We take A as the maztmal=D2=DD interval satisfaying this property.

We assume that the interval A has an extremal value A, such that limy_, u(}) = u.
exists and is a sample limit point (called a snap point in [5]), that is to say: the kernel space
W, ={w e V; w+ G'(u.)w = 0} is 1-dimensional and a(F,w,) # 0, where w, notes a
basis of W, and G’(u) the Fréchet-derivative of the map G at u € V.

Then, we add to the equation u + G(u) = A F the new scalar equation a(u — u., w.) = {,
where ¢ is a parameter. Applying the implicit function theorem to this system, we find a
unique regular buckling path ¢ — (A(Z),u(t)) defined on the interval [—i.,t.] with . > 0,
satisfaying (A(0),u(0)) = (A, u.) and

(BY Vi € [~teyte) i a(u(t) —uc,we) =t and  a(u(t),v) + g(u(t),v) = A() f(v), YveV.

Let ¥ = (T, 2), T(z)) be a vector with: Gzy = (v3, 81vs, Havs, O11v3, H12v3, B22v3) and
V(e = (Vos 1V, B2y ). As a matter of fact, it is convenient to note the twelve components

of the vector @ as ¥y for I = 1,...,12 (indices without parenthesis). Therefore, the bilinear
form a(,) (see [4]), b(,,-) and ¢(,-,, ) reads as the following matrix form:
12 12
a(u,v) = Z / Argtroydg,  blu,v,w) = / Brix iy Uy wx dE,
I,J=1"% I K=1"%
12
c(u,v,u/,v) = Z / Crukr iy Uy Wy 07, dE.
I,J,K,L=1"

3. Finite element approximation

Assuming that Q is a polygon, we consider a regular family of triangulations {7} }n>o-
We shall assume that there exists a family of finite element space {®;}r>0 and an integer
m > 3 such that, VK € Up>¢7p we have P, (K) C P(K) C C3(K) where Py, (K) is the space
of (the restriction to K of) all polynomials of degree < m in the variables £! and £2 and
P(K) is the associated local interpolation space. Notice that the inclusion @, € C°(Q) is not
required. Now, we note by ¢;), the ®,-interpolate of ¢;. Then, as in [4], the approzimation
of the geometry is performed by computing the coefficients A;y, Bryr and Cryxr with the
functions ;5 instead of ¢;. Thus, we get the coefficients A'I‘J7 B}‘JL and C}‘JKL defining the
new approximate forms

12

12
h ~ =~ h . m
ap(u,v) = Z /Aquvjdﬁ, br(u,v,w) = /BIJKuIvade,
I,J=1"% I,JK=1"%
12
(v, w0y =Y /C?JKLﬁIﬁJa’K@'Ldg.
Q

I,J,K,L=1
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To approximate the components of the displacement, we consider three spaces of finite
elements {Vii}r>o, 1 <4 < 3 with Vi1 = Vjo, such that we have Pr(K) C Px C HY(K) and
P(K) C Qi C H*(K), VK € Up>oTh, for given integers k > 1 and | > 2, where Px and Qk
denote local interpolation spaces associated respectively to V3 and V3. We now define the
space Vj, 1= V1 X Vjo X Vy3 and we shall assume that Vi, C V.

The approximate problem associated to (4) is:

(6) find wup € Vp, such that ah(uh,vh) +gh(uh,vh) = Af(’l)h), Yoy € Vi,

where we have noted: gp(u,v) := by(u,v,u) + %bh(u, u,v) + %ch(u,u, u,v).

The numerical analysis is performed as in 8], meaning with the implicit function theorem
using h as the small parameter. For this, we assume a classical regularity of the solution
Tw := u of the linear problem: { v € V and a(u,v) =< w,v >, Vv € V } (in fact,
this assumption concerns the map w — Tw). In this way we show the local existence and
uniqueness of a family of discrete regular paths {[—t.,t.] 3 ¢t — (An(t),un(t)), for0 <k < hg}
which converges uniformly on [~t.,t.] to the buckling path [—tc,t.] 2 t — (A(t),u(t)) and
satisfying:

Yt € [—te, te) an(un(t) —ue, we) = t and ap(up(t), vr) +gn(un(t), vn) = An(t) f{vn), Yon € Va.
Otherwise, there exists a constant C independent of h such that, we have the error estimate:

sup {|A(t) — An(t)] + fJu(t) — un(t)llv} < Ch?,

[t]<to
where o is an integer depending of k, [, m and of the quality of the map w — Tw. At last,
if the snap point (A, u.) is non degenerate (a turning point), for each h < hg there exists a
unique non degenerate snap point(Af, uf) belonging to the discrete path.
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ABSTRACT

‘We list some of the main issues that arise when approximating boundary or interior layers of
plate/shell deformations by finite elements. In shell problems, the main issue is the numerical
locking of low-order elements at layers with wide ranges. On the other hand, if the strain
reduction approach is taken, there arises another enemy in the form of uncontrolled consistency
errors — a layer-related phenomenon that may be seen even in plate bending problems. So
far, raising the order within the standard FE framework appears the most reliable approach
for shells. At layers, however, careful mesh design is still needed, as demonstrated here by an

example.

1. Introduction

In linear deformation states of plates and shells, the displacement field usually consists of a
(more or less) smooth part and a layer part which decays exponentially, in some characteristic
length scale depending on the thickness (d) of the body, from certain points and lines. In
both plates and shells, layers occur at the boundaries and at lines or points where the load
is irregular. Moreover, in parabolic and hyperbolic shells, layers occur also at characteristic
lines passing through the irregularity of the load or boundary line.

In plate problems, layers appear only in the short length scale proportional to d. The
layer is present in the actual 3D displacement field, as well as in dimension reduction models
except the asymptotic Kirchhoff model. In shells this layer is present as well, but here much
stronger layers arise from curvature effects. These vary in length scales [ ~ dl/™ where
m € {2,3,4} (depending on case), so that layers have much wider range than plate layers.
They also have strong amplitudes typically, so their numerical capturing can be as important,
sometimes even more important than the accurate approximation of the smooth part of the
displacement /stress field.

2. Layer approximation by FEM: The main issues

Finite element analysis of plates and shells is often based on the Reissner-Mindlin plate
model or the analogous (Naghdi) model for shells. Here the energy to be minimized takes the
form

F(u) = d %a(u, u) + b(u, u) — q(u), (1)
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where the first (quadratic) term represents the deformation energy due to transverse share
and membrane deformation, the second term is the bending defromation energy, and the last
term is the linear load potential. When the finite element approach is taken, the main issue
is the possible error growth as d — 0, a phenomenon known as shear-membrane locking.

To prevent, os at least reduce, the FE error growth as d — 0, there are basically two
strategies. First, one may use elements of relatively high order, say cubic or quartic at least,
to reduce the error growth. At practical (positive) values of the thickness, this turns out to
be a rather efficient approach (For the reasoning, see [2]). This is also a ”no tricks” approach
in the sense that the energy is minimized just as given. Another, historically more popular
approach has been to maintain low orders but to modify the energy before minimizing it. In
practise this is done by imposing various strain reduction operators on shear and membrane
strains. This has been a very successful approach in plate bending problems (c.f. [4] and the
references therein) but less so in shell problems.

‘Whichever strategy is chosen, some basic numerical issues have to be confronted when it
comes to approximation of layers.

1 Mesh refinement. In order to numerically capture a layer with a small range, local
mesh refinement becomes necessary, for obvious approximation theory reasons. In shell
problems, proper mesh design for layer capturing is important even if the high-order
approach is taken. Here mesh alignment is also important [1].

2 Locking in layer approrimation. In the FE approximation of a layer of length scale
! = [(d), error amplification by factor I/d arises when the "no tricks” approach is taken
[2]. This is analogous to the known locking effects encountered in the approximation of
smooth bending-dominated deformations. In shell problmes, reduction operators that
would simultaneously prevent the error growth for all smooth and layer components of
possible deformations very likely do not exist. If so, then problem dependent (possi-
bly adaptive) strain reduction techniques remain the only chance within the low-order
framework.

If the low-order strain-reduction approach is anyhow taken, there arises still another
numerical difficulty. So far this has been mostly overlooked in the mathematical error analysis,
though, it is present even in plate bending problem [4]. In shells, this issue is perhaps the
main obstacle of strain reduction approaches.

3 Strain reduction consistency errors. In both plate and shell problmes, strain reductions
are usually designed so that locking is avoided in the smooth bending-dominated part of
the solution. This may leave layer locking problems invariant, but actually a more severe
problem arises: Strain reductions cause consistency errors that may be very difficult to
control, especially in shell problems. In general, when a strain -, is replaced by a
numerically reduced strain, say Rp7ya, there arises a consistency error, the leading part
of which can be estimated as the norm of the linear functional

< ¢,v >= (0a(u), (I = Br)va(v)), (2)

over the finite element space. Here (-,-) is the Lo inner product over the the plate/shell
midsurface and o, is a stress component. We may interpret o, as the Lagrange multi-
plier that imposes the constraint v, = 0 at d = 0. In the presence of boundary layers
(at d > 0), problmes now arise since the layer in o, can be very strong. In fact, it can
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be so strong that the layer part of o, does not converge to zero as d — 0, even if the
layer in the displacement field vanishes asymptotically. As a result, the finite element
scheme may then suffer from layer-related consistency errors even at d = 0, where the
displacement field often carries no sign of the layer. In [4], this effect is demonstrated
in a plate bending problem when the boundary of the plate is free. (The effect does not
arise if the boundary is clamped.) In shell problems, layer-related consistency errors
seem indeed very difficult to control.

3. Approximation of a shell layer: Example

We consider the benchmark problem of a ”pinched” hyperbolic shell introduced in [3].
Here a shell of revolution, with both ends clamped, is loaded by two opposite, concentric point
loads. Using the symmetries and natural curvilinear coordinates we reduce the computational
problem to a rectangle w = {(z,y)10 < z < 1, 0 < y < w/2}, where the load acts at the
origin. (For more details of the setup, see [3].) Since the shell is hyperbolic, two characteristic
lines pass through the origin, one of which is seen on the reduced domain w. In the geometry
assumed, the characteristic is nearly straigth on w and tangent to the line y = z at the origin.

When the shell is loaded, the deformation field is dominated by strong interior layers
decaying away from the characteristic lines (in the length scale [ ~ d1/3). We choose d = 1/100
and try to capture the layer first by a uniform grid obtained by subdividing w into 30 rectangles
and these further into triangles by lines parallel either with y = nz/2 (NE) or y = —7z/2
(NW) so that we end up with 60 triangular elements. Apparantely the north-east (NE) option
gives better grid alignment for layer capturing in this case. This is also clearly seen in the
numerical results (Figs. 1(a), (b)). In Fig. 1(c) we have chosen an even better, locally refined
and aligned layer-capturing grid with only 44 triangular elements [1]. The computations were
based on standard finite elements (i.e., no strain reductions) of degree p = 6. The example
demonstrates that in shell problmes, just raising the degree is not always sufficient alone.
When capturing layers, good mesh design is needed as well. Further examples of this kind
are given in [1].
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Figure 1: Capturing a layer in the deformation of a hyperbolic shell using high-order elements:
From top left (a) Uniform mesh (NE), (b) Uniform mesh (NW), (c) Layer capturing mesh.
Here shown: w = [~1,1] X [-7/2,7/2]



STABILIZATION OF A PLATE EQUATION
WITH DYNAMICAL BOUNDARY CONTROL

Bopeng RAO
Institut de Recherche Mathématique Avancée
Université Louis Pasteur de Strasbourg
7, Rue René-Descartes, 67084 Strasbourg Cedex, France
e-mail rao@math.u-strsbg.fr

ABSTRACT We consider a system composed of a plate equation and two ordinary
differential equations. We prove that the system is not uniformly stable with the usual
boundary feedbacks. Using a new approach, we show that the smooth solution has a
rational decay rate. Finally we establish the uniform energy decay rate for a simplified

system.

1. Introduction

The purpose of this work is to investigate the stabilization of a thin elastic plate rimmed
along one part of the edge with a flange that has mass and moment of inertia of the boundary.
Let 2 C R? denote a bounded open set, with smooth boundary I' consisting of two disjoint
pieces : I'g the clamped part, and I'; the rimmed part whereon are applied the boundary
controls. The vibration y of the plate is governed by the plate equation associated with two
dynamical boundary conditions

y'+ A%y =0 in x]0, +o00],

y=0,y=0 on I'yx]0, +oc], W
Jouy" + Ay+ (1 - p)Biy=m on Ty x]0, +o0,

py" — 8,0y = (1 — p)0, Bay = f on Ty x]0, +oo0f,

where v = (v;,1v3) is the unit outer normal vector and T = (—wg, ) is the unit tangent
vector, 0 < g < 1/2 is the Poisson’s coefficient, p > 0 is the boundary density and J > 0 is
the bending moment of inertia of the boundary. The boundary operators B, By associated
with the plate equation are defined by

{ By = 2113012y — v20py - v3011Y, @)

Boy = (v} — 12)012y + v11(811y — Oa2y).
The boundary feedbacks are chosen as
m =Ly, f=-Loy (3)
where L is the canonical isomorphism from H~%(T;) onto H*(I';) defined as
(L&, Qyperyywm—=(ry) = (& -+ y) 5> 0. (4)

Because of the derivatives of high order, such that J8,4” and py”, the last two dynamical
boundary conditions of the system (1) have to be treated as two ordinary differential equations.
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Therefore, we have indeed a system made up of one partial differential equation and two
ordinary differential equations, called a hybrid system.

For this kind of problems, a method developed in [4] and [5] is based on the spectrum
of the system. Roughly speaking, if the spectrum approaches asymptotically the imaginary
axis, then the system loses the uniform energy decay rate. Further, if the eigenvectors form
a Riesz basis, then the smooth solution has a rational decay rate. Obviously, this method is
limited to one-dimensional problems.

In [8], we introduced a compact perturbation method, which is based on a result of Russell
[9]. Unlike the usual method, this method does not need any knowledge of the spectrum of
the system. We will apply this method to the hybrid system (1)-(4).

2. Lack of Uniform Stabilization L

Let y a smooth solution of the hybrid system (1)-(4). Setting

!

2=y, 7 =08yIr,, E=y'lr, (5)

we transform formally the hybrid system (1)-(4) into a system of first order

/

y —Zz 0

z A?y 0

n * L(Ay+ (1 = p)By) N LLn =0 (6)
\E —3 (8, Ay + (1 — )3, Bay) sLE )

Denoting the colums by %', Au and Bu, we get an evolutionary equation
u + Au+ Bu =0, u(0) = ug. (7)
The energy space
H={u=(y,2,n,& € HE (Q) x L*(Q) x L*(T';) x L*(T'1)}

is equiped with the following usual norm

lullfr = | (a(w,v)+ |2l)dz+J | Inf*dl +p | |¢[*dT
Q T Ty

where we have put

a(y,y) = (811y)* + (822y)? + 2uB11y02zy + 2(1 ~ p)(Ar2y)>. (8)

Next, we introduce the linear operators

0 —2
0 A?y
Bu=| | , Au = 1
1Ly L (By+ (1 - p)By)

%Lg ~%(ayAy+ (1 — p)6, Bay)
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where the domain of A is defined by
u=(y,21,§) € H%D(Q) X H%D(Q) x L2(I'1) x L3(Ty)

D(A) = n=28zr, £=zr, A%yel?Q)
Ay + (1 -~ p)Biy € L3(I'1), 08,Ay+ (1 — p)o, Byy € L3(T'})

We prove easily that A is maximal monotone and B is continuous and monotone in
the energy space H. Therefore, the equation (7) is wellposed in the sense of semigroups of
contractions. Moreover if s > 0, then using the compact perturbation method [2, 8] we can
prove the following result.

Theorem 1. Assume that s > 0. Then the energy E(t) of the hybrid system (1)-(4)
has no uniform energy decay rate.

The abovbe result improves an earlier result of Markus-You in [6]. On the other hand,
if s = 0 then L becomes the identity of L2(T;), and the control operator B is not compact.
Therefore we don’t know if Theorem 1 remains valid in that case. Nevethelses let us consider
an example where § is the unit disc, and I'; is the whole circle. Considering the radial
solutions of the system (1)-(4), then the control space L2(I';) x L2(T";) will be reduced into
R? and the control operator B becomes again compact. Consequently, the system (1)-(4)
actually losses the uniform energy decay rate, even in this geometrically favorable case ([3]).
Of course, the uniform stability of the system (1)-(4) remains an open problem in the general
case.

3. Energy Decay Rates

.From now on, we assume that there exists a point 2y € R? such that, setting m = z—zg,
we have :
IFog={zel : (m-v) <0}, I={zel : (m-v)>0} (9)

Theorem 2. Assume that s = 0. Then given any ug € D(A), there ezists a constant
M > 0 depending only on ug such that the following rational energy decay rate holds
2M
M+t
for all smooth solution u of the system (1)-(4).

For most of linear problems, we use the classical multiplier m - Vy. The idea of the proof
of Theorem 2 consists in taking the multiplier £(t)m - Vy which is usually used in nonlinear
problems.

There is another natural approach based on the spectral theory ([5]). Roughly speaking,
let Ap, = o, +i8, be the eigenvalues of the operator A+ 5. Assume that (1) o, > 1/nP (p > 0),
(ii) the associated eigenvectors ¢, form a Riesz basis, then the trajectory Sa.p(t)up has a
rational decay rate for smooth initial data ug. This method was applied to one-dimensional
problems such as the Euler-Bernoulli beam model with very careful calculation of the eigen-
values [5]. It seems to be impossible to justify the conditions (i) and (ii) for the plate model of
general shape. Here our multiplier method is very simple and can be easily applied to other
problems.

E(t) < E(0) Vt> 0 (10)

Now setting J = 0 and p > 0 in the system (1)-(4), we obtain a simplified hybrid system

Y+ A%y =0 in Ox]0, +oo],

=8,u=0 on I'g x]0, +o0],
Yy vy 0 ] [ (11)
Ay+ (1= p) By = -6,y sur I'y x]0, +-o0l,

oy’ — 8,Ay — (1 — u)d, Byy = —y/ sur I'y x]0, +oo].
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In this case we define the energy of system (11) E(t) by

EB(1) :}i/gl(a(y»y)+ly'%2)dw+p/r v/ [°dT.

Then using the multiplier method ([1]), we can prove the following uniform stability result.

Theorem 3. There ezist two positive constants M and w such that
E(t) < ME(Q)e ™ Vt>0 (12)

for any solution u of the equation (11).

We have shown that the hybrid system (11) can be uniformly stabilized by means of
the usual boundary feedback controls. But if we take p = 0 and J > 0, then contrary to
the previous case, the uniform stability of the corresponding hybrid system remains an open
problem. See also [7] for other uniformly stable hybrid systems.
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ABSTRACT

A classical way of approximating the three-dimensional displacement of a linearly elastic plate
is to construct a polynomial model: the approximated displacement components are assumed to
be polynomial with respect to the thickness variable. Similarly, director models are frequently
used for approximating large displacements of nonlinearly elastic plates or shells. We study
the asymptotic consistency of these models when the thickness goes to zero.

1. Reduced Models for Slender Structures

Models of practical use for thin structures replace the three-dimensional system that
describes the behavior of the stucture seen as a body in R® by a two-dimensional system.
Two standard methods for deriving such models from three-dimensional elasticity are

1) the asymptotic method,

2) the polynomial reduction method in linearized elasticity, or the director method in
nonlinear elasticity.

In the former, one searches for an asymptotic behavior of the displacements, or defor-
mations, or stresses, when the thickness goes to zero. In the linearized elasticity framework,
complete convergence results can be obtained on the weak formulation of the p.d.e’s system.
We refer to [6] for a thorough analysis of the method. In the nonlinear elasticity framework,
asymptotic formal expansions on (the weak form of) the nonlinear p.d.e’s system have been
useful in a first attempt to obtain membrane and bending models that are valid for large
displacements (see [8]). But, up to our knowledge, rigorous convergence results have been
obtained till now only by means of variational tools: the three-dimensional system is written
as a minimization problem amenable to a I'-convergence analysis ({1}, [9], [10]). The nonlinear
bidimensional energy derived that way partially modifies the formal one.

In the polynomial method (see, e.g, [4]) as well as in the director models, one accounts
for the smallness of the thickness by assuming that the displacement-vector has a specific
structure. Then a model that this simplified displacement satifies must be derived. In the
linearized case, classical works in this direction ([11], [14]) describe the procedure as a series of
weighted integration through the thickness of the equilibrium equations. It can be interpreted
as a projection of the solution on the subspace of displacements that are polynomial with
respect to the thickness. Similarly, in the nonlinear framework, Cosserat models assume,
roughly speaking, that the three-dimensional position of a point that does not belong to the
midsurface can be expressed as the sum of the actual position of a point of the midsurface an
of the deformed position of a director vector. For an extensive analysis of general Cosserat
models, we refer to [3].
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We perform an asymptotic analysis of the polynomial method thus characterizing the min-
imal polynomial subspaces that are consistent with the Kirchhoff-Love model. The horizontal
components of the limit displacement to be recovered are affine and its vertical component
is independent of z3. Nevertheless, our analysis proves that projecting on such a subspace in
not correct, and that allowing P, horizontal components is mandatory.

Similarly, for the nonlinear system of three-dimensional elasticity written as a minimiza-
tion problem, and under the hypotheses on the loads that asymptotically lead to a membrane
model, we successively restrict the space of admissible deformations to mappings that are
independant of the thickness variable, to Cosserat deformations with a director vector con-
strained to remain of Euclidean norm equal to 1, and to unconstrained Cosserat deformations.
We show that the latter only is asymptotically consistent.

Results of Section 2 have been obtained jointly with Jean- Claude Paumier, those of Section
3 have been obtained jointly with Hervé Le Dret.

2. Internal Approximation of the System of Linearized Three-Dimen-
sional Elasticity

We first recall the classical asymptotic procedure used to justify the Kirchhoff-Love plate
model. We consider a plate with thickness 2¢ and reference configuration Q¢ := wx] — ¢, ¢
made of an elastic material with Lamé constants A and p. The plate is clamped along the
portion I'§ = ~px] — €,€] of its lateral boundary and subject to applied body forces with
densities f¢ = (ff) € L?(9¢). Convenient scalings consist in assuming that

fo(x1, 0, 623) = € ful(m1,Ta, 23), f5(21,22,623) = €3 f3(21,m2,23) for allz € Q,
and in defining the new unknowns w;(e),% = 1,2, 3, by
uE (21, Ta, €23) = e2ua(€) (21, T2, T3), u§(T1, T2, €23) = euz(e)(z1, T2, z3) for all z € Q.
Let V := (H} (2))? where I'g = v9x] — 1, 1[. Then, u(e) solves the variational system
Find u(e) € V such that a(e)(u(e),v) =I(v) forallv e V (P(e,V))
where I(v) = [, fividz and where the bilinear form a(e) is the sum of three terms with
different weights a(e)(u,v) = Zas(u,v) + Faz(u,v) + aolu,v).
Let Vikp = {v = (v;);v3 € H,%D (W), Vo = Mo — 3003, Mo € Hio(w)}. It was proved in
[7] that the sequence u(e) converges to a limit u that solves the adimensional Kirchhoff-Love

problem
Find u € Vg such that a§(u,v) = I(v) for all v € Vg, (P (V)
where
20 A
2u+ A
We now perform an internal approximation of problem (P(g,V)). Let W be a closed
subspace of V, that may be finite-dimensional or not. The internal approximation of problem

af(u,v) = /Q{Qu eap(U) ag(V) + A% eqqy (1) eqy (V) } diz, with X* =

(P(e,V)) is obtained by projecting its solution u(e) on W. In other words, we define w(e) as
the unique solution of

Find w(e) € W such that a(e)(w(e),v) = I(v) for all v € W. (P(e, W))

Cases of practical interest are
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i) the finite element approximation. A preliminary version of the following result valid for
this specific setting (the approximation space is finite dimensional) can be found in {12].

ii) the polynomial approximation. There, we assume that
W = Prl(H, () X Pl () x PalF, (@),
where Py.(HJ (w)) := {w : Q@ — R; w(z1, 32, 23) = Ziig oy w;(x, T2), wy € H (w)}

Our purpose is to identify the limit behavior of the sequence w(e) when & goes to zero. Let Q
be the inner projection in L?(2) on D3 where Dj := 83 W3 = {O3ws, ws € W3}. We introduce
the linear subspace Wi, := V N Vg, of W and a bilinear form b5 on W by

A

2u+)\Q)'

by (w,v) = /Q{2u eap(W) eap(v) + A* (eyy(w)) eyy(v)} dz, where A* := A\(Id —

Theorem.
The sequence w(e) strongly converges in (H'(Q))? to w when £ goes to zero, where w is
the unique solution of the variational problem

Findw € Wk, such that bi(w,v) = [(v) for allv € WkL. (Pxr(W))

For an arbitrary space W, by comparing (Pgr(V)) and (Pxr(W)), one easily deduces
from this Theorem consistency conditions ensuring that the limits » and w coincide. In case
ii), the conditions reduce to m > 1, n > 2. Therefore the naive idea of projecting onto
W = Pi(H},(w)) x Py(H, (w)) X Po(HJ (w)) is not correct. It explains why an ad-hoc change
of the Lamé constant can be seen in the engineering literature.

For a treatment of related singular perturbation problems that arise in the asymptotic
analysis of plates or shells, we refer to [5]. Let us mention that the above analysis sheds some
light on the Reissner-Mindlin model [13]. An important work leading to an obtention of the
Reissner-Mindlin model, which also uses some projections on polynomial subspaces, but in
the displacement-stress mixed formulation, is [2].

3. A Cosserat Approximation of the Nonlinear Membrane Model

Let us first recall the main result of [9] which consists in a rigorous justification of the
nonlinear membrane model. It was first obtained for membranes with planar reference con-
figuration, then extended to shell membranes ([10]). With notations of Section 2, Qf is
the reference configuration of a hyperelastic homogeneous three-dimensional structure whose
stored energy density is a function W that satisfies appropriate growth and coerciveness con-
ditions. For the sake of brevity, we assume that the structure is clamped along its lateral
surface and that it is submitted to the action of dead loading body force densities f¢. Here,
the assumed order of magnitude is f*(z1,%2,e23) = f(z1,Z2,2z3). In other words the loads
are order 1, note that it is shown below that the induced displacements are of order 1 as well.
The equilibrium problem of nonlinear elasticity may be formulated as a minimization problem
whose unknown is the deformation ¢° defined on (.. We transport this problem on 2 by the
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immediate change of unknowns ¢(¢)(z1, T2, z3) = ¢*(x1,52,653). Then, ¢(¢) minimizes, or
almost minimizes as the case may be, the energy

10w = [ w((owloww 22)) o - [ 1(e)- vz, (NL(<))
over the set
Ad(e) = {y € WHP(Q; IR?); 4p(z) = (1, 32, €23) on Hwx] — 1,1[}.

It has been proved in [9] by means of [-convergence arguments that the limit points y of ¢(e)
are independent of z3 and solve the bidimensional minimization problem

1
inf{2/QWo(th) dmldmg—/}'-cpdzldzg, with F(z1, z2) :/ f(z1,72,23) dz3, (M)
w w —~1

over the set { € W'P(w; R%), ¢(z1,32) = (z1,%2,0)T} on Hw. Equation (M) is a nonlin-
ear membrane problem. Computing the membrane energy QWj requires two steps: First,
Wo: M3 o — IR is defined by Wo(F) = inf,e ge W((F2)), then, QW denotes its quasiconvex
envelope.

Keeping in mind Cosserat models, we now perform an internal approximation of the
minimization problem (N L(g)). More precisely, we concentrate on three natural choices and

replace the set Ad(e) of admissible deformations by one of the following subsets
1) P§ = {6°(m1,22,93) = ¢ (a1, 22), 95, = id} NWHP(Q; R?),
il) Pf, = {¢°* = ¢° +y3d=, |[d°(z1,22)|ms = 1, ¢y, = id,d55,, = e3} N WHP(2 R?)
i) Pf={¢°*(z1,%2,y3) = ¢° (@1, T2) + y3 d° (1, T2), o = id, dfaw = e3} NWLP(Q; R3Y).

Using tools similar to those of [9], we study the limit behavior of these reduced models.
We show, that although the limit deformation of problem (N L(¢)) has been proved to belong
to P§, neither approximation P§, nor approximation Pf, are consistent. On the contrary, the
limit problem in ¢° of the unconstrained approximation Pf coincides with problem (M).
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ABSTRACT

In this work we obtain a limit model for a turbine blade clamped in a 3D-solid using the
asymptotic analysis. This model consists on a three-dimensional elasticity problem in the
3D-part and a two-dimensional shallow shell problem in the 2D-part (the turbine blade), with

junction conditions in the clamped zone of the shallow shell.

1. Formulation of the problem

This work justifies, in a rigorous mathematical way, a 3D-2D coupled model for a turbine
blade under high centrifuge and pressure forces. In order to do that, we will suppose that the
turbine blade can be modeled by a shallow shell as they are defined in Ciarlet and Miara[4]
and, as in [2] and [3], we will suppose that the shallow shell is clamped into a massif solid, in
such a way that a portion of the shallow shell is “introduced” into it.

We part from the linearly elasticity three-dimensional equations in its variational formu-
lation in the “composed” solid. We define the shallow shell so that its thickness is given by
a parameter € and we make this parameter tend to zero, so we will obtain a limit model by
asymptotic analysis.

Let 82 = O U* C R? be the three-dimensional solid composed by the turbine blade
¥ and the massif solid ©. Let us suppose that the turbine blade is clamped into O in the
following way: Q5 = O N Q° +£ (). We suppose that (¢ is a shallow shell in the sense of [4],
that is, it can be described in the following way (we profit to define other sets that we will
use later):

WwCRE Q=uwx]—-1,1, QO =wx]—e¢]

9:{z, ) cm—R, 0cC@), 0 (x1,20) = eb(zy, ),

0f (21, m0) = 14| 6,0° P+ 8,0° [, d(zy,z0) = (0F)"/2(—8,6°, —5:6°,1),
7 ix €0 — x° =7°(x) = (21, &9, 623) € T,

6 :x* el — R = O°(x°) € B (),

0°(x°) = (21, Ta, 0° (1, 22)) + z5d° (21, T2),

0F = 0°(0°), wy = {(g1,22) €w: (z1,25,0) € O},

W=w—-wg, Y =W NDg, 0220«55.

As we had said, we part from three-dimensional variational formulation of the linear

*This work is part of the Program of Human Capital and Mobility “Shells: Mathematical Modeling and Ana-
lysis, Scientific Computing” of the Commission of the European Communities (contract No. ERBCHRXCT
940536).
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elasticity problem on 8¢, that is, we look for the solution @ € V* of the problem

S {deg, (0785, (9%) + 20%e5, (8)5,(v9) | dit
= [oo JEOSART + [ gE0fdas, VYT eV,

i Y

m

where V¢ = {¥° € HY(S%)%: 95 =0 on I}, &;(v%) = 4(8505 + 850%), A° and f° are the
Lamé coefficients of the material, Ty is the part of O that is ﬁxe(}, I'%, is the part of the
surface of the turbine blade Q¢ “exposed” to the pressure g%, and f¢ is the force centrifuge
applying on S¢. We also use the repeated index summation convention, where latin indexes
take values in set {1,2,3} and greek indexes take values in set {1,2}, as in the following
example: z;z; = 27 + 22 + 22, T0Ts = 27 + T2,

The following step is to change from formulation (1) to a formulation in a reference
domain. An usual technic (see [2], [3], [5]) consist on consider two different reference domains,
one for O and another for . In this way, let us consider @ = O +r, where r € R?, as the
reference domain for O, and let us consider 2 as the reference domain for §¥*. We choose r
such that O N Q = §.

In order to obtain a variational formulation in domains independent of the parameter ¢,
we will apply to (1) the following changes of variable

XEQoXF=0(r"(x) e, KFcOox=%+rcO. (2)
Let us consider the “scaled” solution

A5 (%°) = 2a;(e)(X), X €O, X
85 (3) = un (6)(x),  U5(%) = eugle)(x), %° € 9. (3)

Let us suppose the following asymptotic behaviour of the forces and the Lame’s constants:

&) =e"AE), SE)=ehE), x€0,

&) =ehx), FE) = (%), %€, 0
(%) =0, % es, )

9a(%9) = e (gax(T4)) (), §5(%) = " (gax(T'+)) (%), %“efs,

and
A=e"t), pF=elp, (5)

where v > 0,17 > 0,1 > 0 and x(A) is the characteristic function of the set A.
Remark 1 The hypothesis (4) is consistent with the fact that f and g are centrifuge and
pressure forces, respectively (see [6]). We obtain ]?25 = 0 if we suppose that S¢ turn about the
axis Oxs.

Now we are able to apply changes (2) and scalings (3)-(5) to the formulation (1). If
we make the choice n > 0,tf = 4 + 71,7 = 2+ 7, we obtain that the solution is a pair
(i(e),u(e)) € V() such that satisfies the following variational problem

%As(ﬁ(s),f/) + B (u(e),v) = L5(v), Y (v,v) € V(e), (6)
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and Ty = I’y -+ r. The functionals A°(-,-), B(-,-) and £°(-) are defined in the following way

Af(ﬁ, V) = Jo (x (é;) + 3x(25)) Ael@) : e(9)d% ~ [ X(Op) | it + fada] dx,

= Jo (3x(2%(2)) + x(@ - 0 (s))) (1 +€%8%(c,0))AP?<(u) : PP(v)dx,
L = fn 1 *’525”(5 ) [1v1 + favs]dx
+ wx {1} x(T(€))(1 +26%(,0)) (1 + €2 B%(€,0)) [e2gava + g3va] dz1dzs,

Y (@, u), (v, v) € V(e),
where
Aa:b= (5\(5”-6191 + p(8inby + 6il5jk)) ai;bij,
P (v) = ehg(v) + e2eh(e,0:v), P (v) = £ (ha(v) + 2ehy(=,0:v) ),

Pg;(v) = S 0qv3 + 8 083 + by (e, 0)D3vs + €2k (e, 05 V),
els(v) = eaﬁ( v) — 1 (0500300 + 8,005vp)
( v) =

ela(v) = €3a( ) = Eaa( ) = 5000303,  efa(v) = es3(v),
e”( ) = (8 U1+8U1)
05 =05+, Qﬂ—Qﬂ+r Dp = ws +r,

Ra(e) = (0% 0m) ™ (05), Tu(e) = (87 0m) 7 (T7),

3 £ Ls Fa} 3 1 7“ n 1 1 .
and functions §%(¢, 6), B(e, 0), efj(s, 8, v), el3(g,8;v) and bi,(, 8), can be bounded indepen-
dently of e.

2. Obtention of an uniform bound
Our objective in this section is to obtain an uniform bound
la(e) o+ Tule) o <C,
where C is independent of £ and || - ||, 5 and || - ||, o are, respectively, the usual norms in
HY(0)* and H*(Q)%.
We do that in two steps. First of all we build a function (W§, w§) € V(¢) such that

AS(W5,¥9) =0, VVveV={vecH (O):v=0o0nTly},
[ (W)a lo <G [ (We)slpo < Cey | PP5(WE) g0 < C,

where C is independent of €. As second step, we can use then the fact that
%(Af(ﬁ(f)y fi(s) — W5) — A*(W5, () — W5)) + B°(u(e), u(e) — w§) = £°(u(e) — wg), (8)
to obtain the following bound
1. L2 | 2 2
S6(e) = % Bo+ 156 fo+ v Ba<o(1+1uE@) o), O
where C is independent of e. Finally, we deduce that we have the convergences when ¢ — 0

ii(e) — 1 in H(0)® — strong, u(e) — uin H*(Q)® — weak, (10)
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where we must determine the limits 1, u.

3. Determination of the limits

Using techniques similar to those applied in [2], [3] and [4] (see [6] for a complete descrip-
tion of how to apply these techniques to this particular case), we determine the limits 1 and
u.

We can see that i is the solution of the three-dimensional lincar elasticity problem in @:

ieV, / Ae(il) : e(¥)dx = / (ml +f3733) dx, YveV. (11)
16)
We can also see that u verifies a.e. x € (&

Ua(T1, T2, 73) = (a(71,72) ~ 2300C3(21, 72),  us(@1, 72, 23) = (3(21,22), (12)
with (o € H'(w), (3 € H(w),

where Cayw[, = oo lewﬁ = 0.
Function (¢)2_, is the solution of the usual shallow shell problem in w*:

—Bagm5(C) — s (ngﬁ(g)aae) = [} fadws + g5+ 8y (7, s fiday ) inwr,
—9pni5(¢) = fl fidzs inw*,  —9snly(¢) =0 in w*,
Cajys = (ua[w;a)}’y ; (3=0,(a=00n7", (13)
(Bamis(C))vg + 0 (Ml 5(O)vaTs) + nfs(C)0abyg

= ~(fi1 z3fidz3)vy on v = Ow* — v*,
mzﬂ(g)uauﬁ =0 on v{, ngﬁ(g)uﬂ =0 on v},

where
mls(¢) = {3(,\+2 5 8Csbap + guaaﬁCs}

n®5(¢) = ;‘:;u e, (Q)bap + 4i1ef 5(C),
e 5(n) = 3(Bamp + Bpna) + 5(8a085m3 + 9500ans),
and where v = (v1,1,) is the unit normal vector outward to w* and 7 = (71,72) is the unit
tangent.
We remark that equation (gq« = (@aja, )|y establish the relation between the three-
dimensional problem and the two-dimensional problem.
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Abstract

Examples of global solutions of the shell equations are presented, such as the ones
based on the well known Levy series expansion. Also discussed are some natural exten-
sions of the Levy method as well as the inherent limitations of these methods concerning
the shell model assumptions, boundary conditions and geometric regularity. Finally,
some open additional design questions are noted mainly related to the simultaneous use
in analysis of these global techniques and the local methods (like the finite elements) to
finding the optimal shell shape, and to determining the reinforcement layout.

1. Introduction

The shallow curved plate theory of linear elastic thin shells is assumed. Details can
be seen in [1]. A right hand cartesian axis (z1,z2, ) is used to describe the middle shell
surface by means the following parametric equations:

z1 = ;i (o1, 09); 22 = za(on, 00); 2 = z(oa, o)

The following notation is used:
e Indexes { and j vary between 1 and 2 (i # 7).
e 6;; is the Kronecker delta.
e Einstein summation convention applies unless the contrary is explicitly stated.
e Comma notation with index 1 is used to represent partial derivatives respect to «;.
e X;, 7 are the pressure force components on the middle surface.
e u;,w are the displacement components at a point of the middle surface.
e n;; and g; are the force stress-resultants of the stresses o;; and oy,.
e m;; are the couple stress-resultants of the stresses o;;.

e A;; are the coefficients of the first fundamental form of the middle surface. It is
assumed A;; = 0.

e K;; are the curvatures of the middle surface.
e h is the constant shell thickness, £ the Youngs modulus, v the Poisson ratio,
_ __Er® _ _Eh
D= gty and K = 777

The equilibrium equations of a differential shell element are:

ni;; +Xi = 0
Mijs— ¢ = 0
K,']-m-j + qi,5 +Z = 0

The following main relations between the different shell variables hold:
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e Strains/ displacements

(uij + uji — 2Kyw)

e = &
3 2
kij = —w,y

e Stress-resultants/strains

Myj = K[(l — l/)ei]' =+ V61j€TT

mej = D[(l s V)kij -+ V&ijkrr}
e Stress-resultants/ displacements

Myg = K[’LL,",' + Vg g — (K” + VK]])'LU]

Mij — K[’I_Li’j —+ Ui — 2K¢jw]

q; = ~DV2w,j
Ti = i+ Mij; = =Dw s + (2 — V)w ;5]
in which r; are the Kirchhoff shears and V? = %7 + %.
1 2
The governing differential equations expressed in terms of the normal displacement

w and the Piicher stress function ®, defined by the expression (not summed) n;; =
(=) @5 — b [ Xidoy, are:

DViw —Vi® = Z - Ky /Xidai

V4<I> - EhV;;(w = /X,',jjdai —+ VX,'J'
. . 2 2
in which V% = Ki'g—ajz ——Kij%éﬁ?.

In the case of V% # V? the Ambartsuyam function W is normally introduced [3] to
obtain the complementary solution by solving a single differential equation:

12(1 —v?
VW + —(—hg”—)v‘éw =0
in which w = V*W;® = ~-ERVLW.

In the other case (K31 = Kag; K1z = 0 ie. spherical shallow curved plate) the
Mishonov function is used instead, defined as: V2w = V?W;V2® = —ERKV%W, and
the same single differential equation as before is reached except the coefficient of second
term is now multiplied by K.

2. Description of the Levy solution.

Rectangular planform, curvature lines ( K12 = 0) and normal gable boundary condi-
tions along two opposite edges of the shell are assumed, i.e.:

ni11 = Ojuz = 0;w = 0;m11 = 0 along a7 = 0, L1

For brevity only the case with different curvatures is shown. The spherical solution
K1 = K1 = Ky = Kp follows a similar pattern.
The boundary conditions along the two other edges as = 0, L3 can be quite arbitrary.
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The solution is expressed by sum of harmonic terms. For each term a vector R of
dimension 15x1 containing the results of interest in the analysis is defined as follows:

T
R = (u1, U2, w, w1, w2, N1, Naz, N12, M11, Maz, Mi2, g1, g2, 71, 2)

in which each element is a function of as and varies along the direction a1 as sin Ao
except the terms 1, 4, 8, 11, 12 and 14 which vary as cos Aaz, A = "Ll{ corresponds to
the n-th expansion term. The expression of this vector of results is given as sum of a
particular and the complementary solutions [2]:

R = Ry + R: = Ry + G|C1P(a2)A + CoP(532) B|

in which G is a 15 x 8 matrix shown in table 1. C; = [C%, C] is a partitioned matrix of
dimension 8 x 4 and the k-th row of the 8 x 2 submatrix C7 is €0 cos ks, p¥ sin k]

with e1p = (—1)%, €06 = 1;k = 0,1,...,7,p; = (r} + sf)% and 7; and s; are constants
depending on the real and imaginary parts of the roots of the characteristic equation,:

1
{ai—é—\/aerbfj} 2
Ti = | et | gy =

2 1T 2

2 i ~K:+A K+ A i Ko — K,
i = — (-1 -——b‘L: R —1 K—
a ' — b= p i —5— + (1) K K]

V31 —v? At
M= Q; A= \/Kf+4(K1 7K2)2?

1
- 3
—a; + af+bf:|

h
The square matrix P(z) = [Pi;(x)],z = a2, 82 = L2 — ap of dimension 4 is parti-
tioned in 4 submatrices of dimension 2 x 2. Each of these submatrices has the following
expression:
Pii(z) = pi(z)  pulz) s Pij(z) = 0; pa=e ""cossiz; piz=e€ Tsinsz
—pia(z)  pu(z)

The eight arbitrary constants A;j;, B;; are contained in the two 4 x 1 column matrices
A= (A11,A12,A21,A22)T;B = (Bi1, Blz,le,Bzz)T

These constants can be found by imposing the arbitrary boundary conditions along the
edges ag = 0, L2
TABLE 1. Matrix G = [Gly GQ]

[ (K1 + vK2)\® 0 ~KaA+ (2 +v)K1A 0
0 KM — (2 +0)Kp)? 0 Ky + vK)
At 0 —2)2 0
A8 0 —2\3 0
0 4 0 —2X?
0 0 K2ZX’Eh 0
~K\*Eh 0 Ki)\Eh 0
G = 0 —~K3)3Eh 0 Ki\Eh
PN 0 ~(2+v)\'D 0
vA5D 0 —(1+2v)A*D 0
0 —(1+v)X°D 0 2(1 = )AD
XD 0 —3X°D 0
0 XD 0 —3A%*D
N'D 0 ~(4 - v)A°D 0
L 0 (2-v)AD 0 —(5 — w)A'D |
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> = O O

0
—~K1Eh
0
G2 = 0
(1+20)A°D
(2 +v)X*D
0 ~(1—v)AD
3AD 0 —AD
0 3N*D 0 -D
(5—-20)A°D 0 —~(2-AD 0
0 (4 —v)N’D 0 ~D |

coococor~rOO0OO
o

obéoooooooo

Doococoooocooo0oO

3. Extensions of the Levy process.

The Levy formulation just described can be extended [2] to treat quite general systems
of shallow shell structures, with transversally variable thickness or curvature changes, by
introducing the standard methods of matrix analysis of structures, such as the stiffness
method, along the transversal shell direction, i.e. the oy direction. By a suitable selection
of columns and rows of the matrix G and the vector Ry the two following relations can

be reached: _|
dy A | m ~ A
{lzJ:dGJer{B}’{ 2}-p0+\_1p

in which p; and d; are the vectors of the forces and displacements along the border
az = 0 and a2 = L2 respectively, i.e., the vectors with components niz, nzz,r1,mo2
and u,uz,w,w 2. By elimination of the constants A and B the stiffness fundamental

equation is obtained:
V4! dy
=pg —kdo + k

with k = G,G" the 8 x 8 stiffness matrix.

To treat other boundary conditions than the normal gables in the two opposite edges
a1 = 0, L, several attempts have been made. The first introduce further approximations
in the theory [4], in such a way that the derivatives of order 6 and 2 in the direction a:
disappear. Some typical approximations are summarized in table 2. In these cases the
trigonometric functions sin A1 and cos Aa1 used in the Levy process can be replaced by
the new orthogonal set of functions in [0, L1], known as Raleigh functions, ¢(1). These
functions satisfy more general boundary conditions than the normal gable ones along the
two opposite shell edges and they are defined by the eigenvalue problem: ¢ 1111 +X' =0
and the general homogenous boundary conditions. In the formulation of the equations
of table 2, the static-kinematic analogy of Goldenweizer [5] has been considered.

Table 2. Approximations of the shell equations.

Approximations General Plate Shallow Curved Plate
Functions . Order derivatives Order derivatives
State Name Name
neglected ai g ay ag
1 None - 8,6,4,2 8,6,4,2 Donell 8,6,4,2 8,6,4,2
’ Jenkins
3 M1z, 13 . LR 8.6,4,2 N 8.4 EW
3 M2 €12 Viasov 4 8,6,4 Schorer 4 8
™miy, €92 tvb

Another possibility to extend the Levy process has been investigated by Gunasekera
[6). It consists of using three groups of series expansions. The first corresponds to the
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particular solution and may be a double trigonometric series i.g. the Navier solution.
The complementary solution is constructed of two groups of linear independent Levy
solutions, along of each the directions a; and ay. The procedure combines suitable
sets of Levy solutions with the particular solution to satisfy all the boundary conditions
simultaneously. Good convergence has been reported mainly for kinematic boundary
conditions.

Finally Michael [7] has developed several strategies to extend the Levy process to
more general boundary conditions. The line techniques has been applied to the direct
differential equations either in the two variables (normal displacement and stress func-
tion) or in the three displacements. Indirect solutions i.e. those using a variational
approach or a Raleigh-Ritz method with or without Lagrange multipliers have proven to
be efficient even with "difficult” boundary conditions. In table 3 the functions selected
in these methods are shown. The suitable selection of these approximating functions is
essential for the convergence of the methods.

Table 3.- Approximating functions

Functions
sin mmész or cos mnés
sinmméa, cos mnwéa
1, (1 — 2¢&2) sin mméa
[cosnmés — cos(n + 2)7w&a]
[cos s — cos(n + 2)wéal, sinmals — I cos(m + 2)wgs]
Raleigh functions for the clampled-campled case
1, (1 —2&2), F, where F,,, are Raleigh functions for the free-fre case

m=1,23,n=0123 &=2

The functions IA, IB, IC and 1IB have been used by Chuang and Veletsos, while
Noor and Veletsos have used IB and ID. The functions IA, IIA and IIB are orthogonal
functions. The functions ID satisfy the clamped boundary conditions but produce zero
normal and Kirchhoff shears on the boundary. They have been proposed in [8] when
they are referred as almost orthogonal functions. The functions IE have been obtained
by modifying ID to avoid the zero shears along the boundaries. However, the shape of
the subgroups of IE are similar, and numerical difficulties are foreseen if more terms
are considered. The functions ITA and IIB have been used with the three displacements
formulation of the shell equations. Some essential or kinematic boundary conditions are
not satisfied by some groups of these functions and in these cases Lagrange multipliers
have been used. )
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4. Conclusions.

Shown above are several global numerical techniques that have been successively
applied during the past for the analysis of shells. However, with the advent of the FEM
and related numerical methods, global solutions had diminished use in shell analysis.
Nevertheless, in the author’s opinion, the simultaneous use of these solution techniques
for the regular or smooth part of the shell structure and the application of a discretized
model for the borders and the most irregular part of the shell can be a an eflicient
compromise.

Finally it is important to point out that shell analysis represents only a part of the
more comprehensive task of the shell design. Problems of optimal shell shape finding,
reinforcement of concrete shells and construction procedures must also be considered.
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ABSTRACT

We give several examples of shells with edges which are sensitive, i.e. there are very smooth
loadings (belonging to the space D of test functions of distributions) such that the corre-

sponding solutions go out of the energy space.

1. - Introduction

It is known [1,2] that the limit behaviour (as the thickness € tends to zero) of thin shells
which are geometrically rigid is given by the membrane model. The corresponding energy
space V' is obtained by completion of a space V of “smooth functions” for the membrane
energy norm. The sensitivity phenomenon [3, 4, 5] appears when V' is “very large”, going
out of the space D’ of distributions. Correspondingly, the dual V% is “small” and does not
contain the space D of test functions of distributions. This implies an instability phenomenon :
there are very small and smooth perturbations of the loading such that the corresponding
perturbation of the solution goes out of the energy space V2.

Numerical computation of sensitive problems is practically impossible [6]. This impossi-
bility is only concerned with the limit behavior as the thickness ¢ of the shell tends to zero.
Real shells with € > 0 are calculable, usually in spaces H! x H! x H? [7]. The convergence of
the finite element schemes hold true for £ > 0, but this concergence can only be uniform with
respect to ¢ in the topology of the “large” space V. In any “usual” space the convergence is
not uniform. This is the locking phenomenon as defined in (8], which also appears in shells
which are not geometrically rigid [9].

In this communication we give several examples of shells with edges. The middle surface
S is defined by a function r

(') =y’ v?) 1)

from € into IR®, where £ denote a domain of the plane IR? of the parameters. The function r
is piecewise smooth and everywhere continuous. It may have discontinuities of the first order
derivatives along certain curves I'; (the “edges”). It is then supposed that the angle 23 of
the tangent planes corresponding to both sides of I' is different from 0 and 7. It is a smooth
function defined along the edge.

The displacement vector u = (u1, ug, ug) is referred to the local basis a;, a3, az where a,
(o = 1,2) are the tangent vectors associated with the parametrization (1), and ag is the unit
normal vector, which is discontinuous across the edges.

The shell is fixed (or clamped) by a part I'y of its boundary, and free by the remaineder
part I';. The kinematical boundary conditions are
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Ul = Ug = 0 on F() (2)
ugz =0 on I'y (3)

and there are no boundary conditions on I';. Moreover, the transmission condition on the
edge I'; are

uy =u; onTy (4)

cos?1p _. sin?y _ .

uy = sin2y (uf —uy) - sinZw(uiF +uy) (5)
cos?®y, sin®y, |

R P e S | - 6

Ug Sin2y (v —ui)+ Sin2y (uf +up) (6)

where + and - denote both sides of the edge. Equations (4)-(5) were written in the case when
the edge is defined by y* = const. and the tangent vectors associated with (1) are orthonormal
on I'y. We shall see that (3), (5), (6) are irrelevant, thus (4) amonts to the equality of traces
of the tangent componentn of u.

Then, V is defined as the space of the vectors which are piecewise (i.e. under on I'y) in
H! x H! x H? and satisfy (2)-(6). The membrane energy norm is

1/2

u = u 2
ul, { /Q gum()no (7)

i.e. the L2—norm of the strain :

M1 = Diuy — byyug
Yoz = Doug — baoug (8)
Y12 = Ya1 = 3(Daus + Diug) — bigus

where bgg is the second fundamental form of the surface and D denotes covariant differenti-
zation

Daug = Oavg — Tagua (9)

It is then supposed that the surface with the boundary conditions (2)-(6) is geometrically
rigid, L.e. u € V and vap(u) =0, o, 5 = 1, 2 implies u = 0. It then follows that (7) is a norm
on V.

The space V¢ is defined as the completion of V with this norm.

Remark 1.1. - Classicaly, traces do not make sense in L2. Then, when considering smooth
functions, we may modify the traces by adding variations of the functions such that the
L?—norm of the variation is as small as desired. Using this property in the components
ug of the functions, we see that the boundary conditions (3), (5), (6) which involve us are
irrelevant : we obtain the same completion V? by discarding them in the definition of V.=

The shell problem is said to be sensitive if

Ve g D/(Q.)* x D) (10)
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or correspondingly

Ve 2 DO, x D)3 (11)
where €2, and Q_ denote the smooth parts of {2 (it may exist more than two).

2. - Examples

There is a criterion of sensitivity [4], [5] to prove (11) by contradiction. If (11} is not
satisfied, i.e. if its right hand side is contained into the left hand side, then, for any ¢ €
D)3 x D(Q_)3, there exist T2 = (T, 7%, T = T?') ¢ L?(2)? and satisfying

—DgT* = p*  (a=1,2) (12)
“baﬂTaﬂ = LpB (13)

on 2, and 2., with the boundary conditions on the “free part” of the boundary
ngT*® =0 onTy (a=1,2) (14)

and the transmission conditions on the edge :

)
)

A surface will be sensitive if (12)-(16) cannot have solution T € (L?)? for any ¢ € D(04)? x
D(Q.)3.

[r TR

T =T~ =0 onT, (1
{
\

T2+ -T2 = ¢ onT,. 1

Example A - We consider a surface defined shematically as in fig. A. This figure (as well
as B and C) is mostly topological, and deformations are allowed. The parts {_ and Q. are
hyperbolic and elliptic, respectively. The lines in the hyperbolic region denote the character-
istics (= asymptotic curves of S) Rigidity follows from the fact that vy,5(u) = 0 is equivalent
(by eliminating ug) to a first order system in u1, up which is in each region of the same type
as the surface. Moreover, (2) are Cauchy conditions on Ty, so that u = 0 on Q_. Then, (4),
(5), (6) give again Cauchy conditions for u on 1.

Then, considering the elliptic region Q4, (12), (13) and (14) are impossible. Indeed,
taking for instance @z = 0 and eliminating 7% from (13) and substituting in (12), we have
a Cauchy problem for an elliptic system of 2 equations of first order with the unknowns 7!,
T2, which is classically impossible. Then the surface is sensitive. Variants are possible.
For instance, the edge is not relevant : we may consider a smooth surface changing of type,
provided it is geometrically rigid.

Example B - See Fig. B, and note that the hyperbolic part is contained in the determination
domain of the edge I'y so that rigidity is easily proved. This surface is sensitive. Indeed, we
consider Q.. Then (12) (13) and (14) amounts to a Cauchy problem (as in example A, we
may eliminate 722 to have a hyperbolic first order system in 7!, T'?), but a supplemen-
tary condition T''* = 0 must be satisfied on T’y (see (15)) and incompatibilities are easily
established. Here also variants are possible : 2. may be hyperbolic, and I'g may be disposed
otherwise, but ensuring geometric rigidity.
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Fig. A Fig. B
Example C - See Fig. C. It is merely a variant of the previous example. The curves P, P,
and PP} are identified by periodicity.

T, P, T, P,
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ABSTRACT

‘We consider the numerical solution of shell problems by hp-FEM. The standard displacement
formulation is used with exact evaluation of the stiffness matrix. A Naghdi-type shell-model
and the fully three-dimensional problem is computed. Increasing the polynomial degree p
from 1 to 8 on a properly designed mesh resolves the boundary layers and achieves 0.01%
relative error in the energy norm, even in the bending dominated case and with unstructured
meshes. Theoretical and numerical convergence estimates indicate exponential convergence of
the method.

1. Setting of the Problem

We consider a shell with midsurface S = p(w) C R® where the parameter domain w C R?
is a bounded polygon and the parametrization ¢ of S is analytic in @ and injective. Denoting
by a.(£) the tangent vectors*to S at = = ¢(£) and by ag(£) the unit normal vector, the shell
of thickness ¢ is a linearly elastic, three-dimensional body

n=eox(~4.9) g

®(§17527§3) = @(&1752) +§3 a’3(§1752)7 [53[ < t/Q

where

is analytic and bijective for sufficiently small ¢.

A shell model is a dimensionally reduced approximation to the problem of 3—d elasticity
in 2. We are particularly interested in 5-field models of Naghdi-type where the displacements
U;(&1,&2,&3) are linear in &3:

Uy = (a(&1, &) + Eara(81,&2), Us = (3(&1,62) - (2)

Here (, are tangential displacements, {3 is the normal displacement and r, are the rotations.
Combining the 5 unknown fields into the vector UJ, the shell-model reads:

UcH: BU,V)=F(V) YVEH. (3)

*as usual, o, B € {1,2},4,7,k € {1,2,3}, etc.
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Here H C [H'(w)]® denotes the admissible displacements, and

B =1*B; + t(Bm + Bs)

with By, By, Fs, the flexural, membrane and shear part of the deformation energy of the
shell model, respectively, which can be found, e.g. in [1], and F(-) in Eq. (3) represents the
external loadings acting on the shell. Since (see e.g. [1])

B(U,U)+ | U |2agy 2 CO | U |3y Y UE H' W) (4)

for some C(t) > 0, coercivity of B(:,-) on various choices for H follows in the usual way and
thus Eq. (3) admits a unique solution if (F(V)| < C ||V |[giw) YVEH.

2. hp-FEM

Let T = {K} denote a regular partition of  into triangles and/or quadrilateral elements
such that K N K’ is either empty, a vertex or an entire side for K # K’ ¢ 7. We assume
further that every K € T is affine equivalent to a reference element K K = Ak (K }. For each
Kek , a polynomial degree px > 1 is given. The px are combined into the degree vector
p = {pk : K € T}. The FE-space is

SP(w,T) = {uc HY(w) s ulx 0o Ax € SP*(K), K = Ag(K) € T} (5)
where
SP(K) span{&7165? 1 0 <o, an, a1+ <p} if K is a triangle (©)
| span{€X€22: 0 < aq,0, <p} if K is quadrilateral .

The hp-FE approximation is defined in the usual way:

Ux € Hy : B(Vy,V)=F(V) YVe Hy (1)

where Hy := [SP(w,T)]® N H. By Eq. (4), for every t > 0, Un exists and is unique and
U =-Unll= _inf [JU-VI] (8)
VEHN

(here ||| U ||| = (B(U, U))}/? denotes the energy norm).

3. Numerical Integration. Ap-Surface Fitting

In general B,(-,-), Byf(-,-) and Bgx(-,-) contain first derivatives of U and 17, but sec-
ond derivatives of ¢ due to the curvature terms. In practice (CAD, NURB-patches) ¢ is
a) (piecewise) analytic, b) not explicitly available. What is usually available are values of
and possibly of its first derivatives at any given point £ € w. We propose therefore to sample
¢ and refit it with spectral accuracy by continuous, piecewise polynomial approximations @y
of degrees gx. This can be done by sampling ¢ o Ag in the Lobatto- or Tchebychev-Points
in K. Owing to the analyticity of ¢ we find for k = 0,1,2, ... 2]

lpo Ax = Br 0 Axllprim(iy < Ol +Ingx) giFe ™9 (9)
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for every K € 7. The corresponding global map @ is continuous, piecewise polynomial, but
in general not differentiable. We define

B,v):= Y Be(U,V), F(V)= ) Fx(V) (10)
KeT KeT
where By is obtained by replacing ¢ and its derivatives by @k and compute
UeHy: B(U,V)=F(V) VVeHy. (11)

The integration in B (L~f , \7) can be performed exactly since the integrands are piecewise poly-
nomial, but Eq. (11) is in effect a nonconforming hp-FEM, [3].

4. Boundary Layer Resolution

If Ow is smooth, the exact solution 5 of Eq. (3) is also smooth, but may exhibit boundary
layers, i.e.
U=Usmooth + Ube + R (12)

where Esmooth has derivatives bounded independent of ¢, L7bz (z) = C(t) exp(—p(z)/t?) and
E is small.

Here p(z) = dist(z, 8S) and 3 is the length scale of the layer. We always have terms with
B =1 (shear)!, 8 = 1/2 (membrane) and, depending on the geometry of S, also 8 =1/3,1/4
in parabolic and hyperbolic shells. We resolve each boundary layer length scale by a layer
of elements of width pmaxt® near 8S. Under these circumstances we get the general error
estimate, [2], [3] =
o

o

E < Ct7! exp(~=bVN) (13)

where b, C are independent of ¢, and N = dim(Hy) is the number of degrees of freedom. In
special cases, e.g. for membrane dominated problems, the locking-factor t™! in Eq. (13) is
pessimistic, but estimate Eq. (13) is sharp for general bending dominated situations, as can
be seen for the special case of a cylindrical shell [2], [4].

5. Numerical Experiments. Discussion

We present detailed experiments for cylindrical shells of thicknesses ¢ = 0.1, 0.05, 0.01,
0.005, . ..,0.0005 in bending- and membrane-dominated cases. Using a quadrilateral 3 element
mesh for 1/8 of S (symmetry!), we achieve a relative energy norm error E < 0.01% in all
cases with 474 DOF.

These results were achieved using the (soon to be commerical) shell code STRESSCHECK
[5]. Similar calculations with triangular, irregular meshes yielded analogous results. Results
for other geometries and partially (well-) inhibited shell will also be presented. We conclude
that the error estimate Eq. (13) exhibits, for hp-FEM, a locking-factor of O(t™1) in general,
bending dominated problems. Due to the exponential approximability Eq. (13), however,
which is achievable with proper mesh-design and low p [6], the influence of the locking factor

fabsent for Koiter-shells
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is hardly visible in practice and no “tricks”, as e.g. reduced integration etc. need to be used
(see Table 1 where the “case 2” example of [4] was computed using a hp-FEM).

0 N o g w NN -rYd

DOF Total Potential Energy Convergence % Error

18 ~2.290671368938412e+01 0.00 100.00

51 -1.754626842719269e+03 0.00 99.863

84 -1.756906617963227e+05 1.38 50.16

132 ~2.328903759740552e+05 3.82 8.94
195 —-2.347445980450458e+05 5.71 0.96
273 -2.347660757807588e+05 6.22 0.12
366 -2.347663834135083e+05 4.44 0.03
4.44 0.01

474 -2.347664055475136e+05

Table 1: Convergence of hp-FEM for Naghdi-type cylindrical shell, free-ends, t = 0.01

We

(3 element mesh, 1/8 of shell discretized).

conclude that the hp-FEM gives accurate approximations of thin-shell problems effi-

clently with little sensitivity with respect to geometry and meshing, provided that the bound-
ary layer length scales are properly resolved.

A similar behaviour is also exhibited by 3-d hp-FEM applied to the three-dimensional
problem (Table 2).

p

1
2
3
4
5
6
7
8

DOF Total Potential Energy Convergence % Error
22 -4.612138310935235e+01 0.00 99.99
73 ~-7.696612567237567e+02 0.00 99.84

124 -1.440075474801176e+05 0.89 62.18

213 -2.301215439151931e+05 2.75 14.07

340 -2.346202240610073e+05 3.68 2.52

514 -2.347653480868294e+05 4.57 0.38

744 -2.347685719343401e+05 4.04 0.09

1039 -2.347687318823435e+05 4.04 0.02

Table 2: Convergence of hp-FEM for 3-d shell, ¢ = 0.01
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ABSTRACT

We give a short review of our locking free stabilized finite element methods for the Reissner—
Mindlin plate model and Naghdi shell model.

1. Introduction

The aim of our work has been to explore the possibilities of using stabilization techniques
for avoiding the “locking” phenomena which appear when the standard finite element method
is used for “thin” structures, especially for shells and plates. During the last decade, methods
of this type have been shown to be very successful for related problem in incompressible
elasticity and fluid flow. For the basic problems in structural engineering the technique has
not yet been used as much.

2. Methods for Naghdi shells

For shells there exist two types of locking, “membrane” and “shear” locking, and this ap-
pears when the boundary conditions and loading are such that the shell will be in a “bending”
dominated state.

In our work [2] we consider this case for the Naghdi shell model. The approach we follow
can briefly be explained as follows. First, the variational equations are written in a mixed
form in which the shear and membrane forces explicitly appear. In the discretization, properly
weighted element-wise least squares forms of the constitutive and equilibrium equations (i.e.
the strong forms obtained by integration by part) are added. We consider two alternatives for
the element-wise weighting and for both we introduce mesh-dependent norms in which we are
able to prove the stability for standard finite element spaces. This enables us to derive error
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estimates wich are uniform with respect to the “locking parameter”, i.e. the thickness of the
shell. We present numerical result that confirm the convergence behaviours predicted by the
mathematical analysis. It should be remarked that the introduction of the force variables is
an intermediate step; they are approximated by discontinuous functions and hence they can
be eliminited at the element level. This gives a displacement formulation which is the one
structural finite element codes utilize.

The biggest shortcoming of our methods is that they do not work well for a shell in a
membrane dominated state. Nevertheless, we hope that this will be a contribution to the
search for robust shell elements.

3. Methods for the Reissner—Midlin plate model

When the shell is flat it reduces to a plate and only the “shear” locking is left. For
this case it seems that the second of our weightings for the shell elements is preferable, cf.
[3]. Then the method obtained is essentially one introduced by Hughes and Franca [4]. This
formulation we are able to further develop in a number of ways. As shown in [9] the interme-
diate mixed form is unnecessary; it is possible to directly write down a stable displacement
formulation. This formulation, as well as the one of Hughes and Franca, suffers from the fact
that equal interpolation cannot be used for the rotation and the deflection. By combining the
stabilization technique with the interpolation technique used in the MITC elements (cf. [1]) it
is, however, possible to use equal order interpolation [7]. By the stabilization the bubble de-
grees of freedom in the original MITC elements are avoided and hence standard finite element
spaces can be used. The stiffness matrix obtained is also better conditioned. Furthermore, it
is possible to obtain elements with linear (or bilinear) shape functions for all variables. These
lowest order elements where already introduced in [1]. Recently Lyly has shown [5] that the
linear element is in essence equivalent to methods introduced by Tessler and Hughes [11],
and Xu, Taylor and Auricchio [12,10], thus providing a mathematical justification for these
elements as well.

Our results have been announced in [6] and will be presented in a forthcoming paper [7].
In [8,6] we give numerical results obtained with the methods.
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ABSTRACT

In this work we establish an existence and uniqueness result in the theory of adaptive elasticity
which generalizes some of the results obtained in [4] and which is relevant for bone remodeling

models in the framework of Biomechanics.

1. Introduction

Living bone is continuously adapting itself to external stimuli. This process termed col-
lectively “remodeling” has an enormous effect in the overall behavior and health of the entire
body. Most of the existing bone remodeling models are of an empirical and/or experimental
nature, with the possible exception of those derived by Cowin and Hegedus, [1], {3], which are
obtained from Continuum Mechanics, and constitute a generalization of nonlinear elasticity
theory.

In this work we establish an existence and uniqueness results for a linearized elasticity
model with a remodeling law exhibiting a quadratic dependance on the linearized strain
tensor, which generalizes some of the results obtained in [4] and which is relevant for bone
remodeling in the framework of Biomechanics.

2. The physical model

In this section we describe the physical model under consideration. We point out that one
of the diffilcuties in the analysis is related to the imposition of the condition that the volume
fraction must belong to the interval [0,1]; when it takes the unit value one gets classical
elasticity but when it takes the zero value one looses ellipticity. This is the reason why we are
lead to the use of a truncated and mollified model, which we physically interpret afterwards.

2.1. Notations

Let © be an open, bounded, connected subset of R™ (n = 2 or 3) of class C? and
independent of time t. Let T > 0 be a real parameter and denote Q =]0,T[xQ, Q =
[0,7] x O and £ =]0,T[x8Q. Let R be the set of infinitesimal rigid displacements, R =
{v/v =a+bAx; a,b € IR®}. Let ¢ be a real number, 1 < ¢ < oo, and m be a posi-
tive integer, and define the following spaces: V™4 = (W™4(Q)/R)™, V™ = (H™(Q)/R)",
L9 = (LI(Q))"=", W™ = (W™(Q))" ", H™ = (H™(Q))™", C™ = (C™(Q))"*™ where
W™4(Q) and H™(Q) are the classical Sobolev spaces and C™(Q) is the space of functions m
times continuously differentiable in Q. We denote by C™([0,T}; V) the space of functions g
such that g(t) € V for all [0,7] and the function t € [0,T] — g¢(¢) € V is m times continuously

*International Conference on Shells — July 14-18, Santiago de Compostela, Spain.
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differentiable with respect to ¢t. If V' is a Banach space then C™([0,7T]; V) equipped with its
usual norm is also a Banach space.

We denote the displacements vector field by v = (;), 1 <4 < n, the Cauchy stress tensor
by o = (a45), 1 < 4,5 < n, the linearized strain tensor by ¢ = (e5), 1 < 4,5 < n and the
measure of the change in volume fraction from a reference configuration by e. They are all
functions of time £ and of the space variable z.

2.2. Data of the problem

‘We suppose given:

.the open set @ of R x IR™;
.the density v of the full elastic material which is supposed to be constant;
.the reference volume fraction £g. It belongs to C*(£)) and there exist constants £ and
£79% such that: 0 < £ < &(z) < €F°® < 1in §
.the coefficients of elasticity denoted by a;jkm(€), 1 < 4,4,k,m < n. They are continuously
differentiable with respect to e, they satisfy the conditions of symmetry : Ve, aikm(e) =
ajikm(€) = armij(e), 1 <4,7,k,m < n, and they also satisfy the following ellipticity condi-
tion:

(&0 + €) ijem(€)eijEbm = Neyes; Ve € R™™ with €55 = €53, (1)

where N is a strictly positive constant (independent of e, ¢ and x). Let us notice that this
inequality implies the assumption: (& (z) + e(t,z)) > 0 V(¢ z) € Q;
.the body load f; € C*([0,T]), 1 < i < n, f; depends only on t;
.the normal traction on the boundary 99}, F; € C’l([O,T];Wl_%’p(BQ)), 1 < ¢ < n with
p>mn;
.the constitutive function a(e) and the remodeling rate coeflicients A(e) = (Agm(e)) and
B(e) = (Bijrm(e)), 1 < 4,4,k,m < n, which are continuously differentiable with respect to €;
the initial value of the change in volume fraction eq(z), which belongs to C(£).

We shall employ the usual summation and differentiation conventions. Moreover, given a
function g(t,z) we denote by ¢ its partial derivative with respect to t and by &;g its partial
derivative with respect to ;.

2.3. Truncation and mollification

Let > 0, n a small parameter, and denote by P,(e) a truncation operator of class ct,
such that:

~&o(z) + 2 if e(z) < —&+ 7
Pyle)(z) = e(z) f n—6& < e@)<1-&—n (2)
1~ &(z) if e(z) 2 1-&

Let the function:

- LFE) i lz] <1
w(z)“{ 0 iflz>1

and let p > 0 be a positive real number. We define, in a classical way, the mollifier w,(x) =
cp%w(%) with e = (Jw)™™

Let a function g € C°([0,T7; C°(£2)), denote by g§(t) an extension of g(t) to JR™ such that
§(t) € C*°(IR™) and define the operator M, from C°(Q) into C*°(IR") such that:

M,y(g(t)) = w, * g(t)
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where w, * g(t) = [, wy(e —y) §(t,y) dy. We then define the non local coefficients of
elasticity cijem(e), 1 < k,m <n, by:

cijkm(€) = (o + My 0 Py(e)) tsjem (M, o Pye)) (3)

2.4. The model of non local type

The problem for which we prove, in the sequel, the existence and uniqueness of the
solution is the following: find (u, €) which satisfy (in the sense of distributions)

=005 = (o + Pyle))fi nQ (4)

Oij = Cijkm (€)€km (u) (5)

i) = 5 (e + ) (6)

oin; =F onZ (7)

¢ = a(e) + Arm(€) ebm(u) + Bijkmerm (u)ei;(u)  inQ (8)
e(z,0) =eo(z) inQ (9)

where n; are the components of the unit outward normal n to 6€2. Moreover, we assume that
the resultant of the external forces is null:

vw e R, / (€0 = Pole)) filt)w; d + / F(wsds = 0 in[0,7]  (10)
Q JoQ

Remark 1 The functions a;jem(e), ale), Aij(e) and Bijrm(e) characterize the material prop-
erties and there is very few experimental data on these functions. We can make a polynomial
approzimation of these functions as in [3] and, we point out that, due to the presence of
the quadratic term in the strain tensor, in the remodeling equation, the model is sensitive to
remodeling under torsion loads and can also include the case where the remodeling equation
is a function of o;(u)e;j(u). The case where the coefficients Bijkm are identically zero was
studied in [4].

Truncation is a way of imposing the physical condition that the volume fraction belongs to the
interval ]0,1]. This can also be done using other methods but one needs some regularity in
order to study the coupling between equations (4) and (8) and this is the reason for the C*
truncation. The mollification can be regarded as a nonlocal constitutive law. There is experi-
mental evidence, in bone remodeling, of its validity. The fact that we have a pure Neumann
problem is required in order to have some regularity results for the displacement field u, in the
framework of elasticity theory, but it also corresponds to a realistic situation.

3. Existence, uniqueness and regularity

With the above notations, the following results follow:

Proposition 1 Assume that e(u) is given in C°([0,T];C°). Then, there exists a unigue € in
C(]0,T}; C°(Q)) solution to (8)(9). Furthermore, there exists a positive constant ¢ such that:
lellcreoy < {e + elle@eo(eny + ele(@)Eoeoy} x { lleolleoy

+ T [aleo)llco@ + l1Aleo)licoey (@)oo (coy + (11)
1B(eo)leoq@ lle(@) & ooy |
exp[ T (k1 + kalle(w)]coeoy + kalle(@)Go(ooy) ] } (12)

M{.,

X
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Lemma 1 Let e € C*([0,T];C%(Q)), then cijem(e) € CH([0,T); CH(IR™)), 1 <4,5,k,m < n,
and
leijkm(e(t)llor @ < e in[0,T] (13)

where ¢ is a positive constant, which depends notably on |w,llw(mny, [1€ollor @)
l@ijim ()l o1 ((—ga= 1 —gginy but is independent of e.

Proposition 2 Let e(t,z) be given in C*([0,T); C%(Q)). Then, there ezists a unique solution
u € CH([0,T]; V2P) to (4)-(7). Furthermore, there ezists a positive constant ¢ independent of e
such that:

) (14)

[[UHc'l(WM) < C(’YHchl(LF) + [[Fiicl(wl~%,p)

Theorem 1 Under the conditions of Section 2, problem (4)-(9) possesses a unique solution
(u,€) in CY([0,T]; V3P) x CH([0, T]; C°(€2)).
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ABSTRACT

In this note we point out some intrinsic phenomena in the shell theory.In particular the loss
of exact controlability and the eversion of the shell are connected to its thinness h and occur
when we consider the limit case h — 0.

1. The System of Equations

Let £2 be the Euclidean space and let £ be a bounded open set of boundary Tof the plane
EZ?; the middle surface S of an elastic shell is defined by means of two curvilinear coordinates
€1 and &; it is the image in £2 of Q by the map 5 : (£1,&) € @ — £ moreover let & be
the normal distance to S.In each point of S we consider two tangent vectorsa, = 91/0¢,
a = 1,2 and a normal vector ag = [—gi%a
constant thickness 2k is the following closed subset of £°

C= {PE 597 P:n(£M7£E)+£BaB v (500756) E@V _<S£9 < <} N

The summation convention is used, moreover we denote by f . the partial derivative of f with
respect to £,. We introduce the fundamental forms (aag) (bap) and (cag) where

.The reference configuration of a thin shell of

Gap =80 85  bag=23-8ap Cop=b)-brg with b=0aby a,f=12

We denote with(a®?) the inverse matrix of (ag) so that the reciprocal basis a* is defined
bya® = a*Pag. Let v(£1,&) = vial + va? + v3a® = v;a’ be the displacement vector of the
middle surface S, the deformed middle surface is given by 1 + v.We write the deformation
tensor of the middle surface Yog(v) and the change of curvature tensor pas(v) in this uni-
fied form that corresponds to the classic linear and nonlinear shallow shell theory of Koiter
respectively forg,s = 0, and fop = 0.

1 1
Yop(v) = > (V8la + Valg) — bapvs + gas(vs), Goplvs) = V3,3, (1.1)
Pep(V) = Vajap + fap(V), Jap(V) = Bl x + BjUsa + BaUAS — CapVs (1.2)

where with the bar | we indicate the covariant derivative defined by means of the Christoffel
symbolsf‘g,\ =a%-ag) and

A
Ualp = Va,p — Dagls »  Vsjap = Vs.ap — LagUan  bhja = 030 + Taubls — ThabL -
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We denote by u the vector (vy,v2) so that v = (vq,v2,v3) = (u,v3) and introduce the
spaces U x L? andU x V3( with U C (H(2))2,V3 C H?())of functions satisfying suitable
boundary conditions. The space V (depending on the form of S) of admissible displacements
isV = {v;ue U,v3 € V3, v satisfy the kinematic boundary conditions}and H is the space
(L%())? equipped with the standard scalar product

(v R = (4 9) = [ (@ -5+ v 745

The energy of deformation of the shell (also in the general case of anisotropy) is defined by
two symmetric forms :

a™(v,V) = /Sa"ﬁ’\“fyaﬂ(v)fy,\u(\?) ds af(v,{/) = /Sa"‘ﬂ’\“paﬁ(v)p,\u(\?) ds (1.3)

where d S = |a; x a|d & d&; anda®PM = 2(113_1,) {a“’\aﬁ“ + a%*#af* + (12_:/) a“‘ﬂa’\“} is the

tensor of “elastic moduli”, with F and v Young modulus and Poisson ratio respectively. 1.1.

Spectral Analysis For The Linear Case

We assume that a™ + %2 al is continuous and coercivein U x V3, anda™ is continuous
and coercivein U x L2.We denote by A™ (resp. A’) the differential operator associated to
the form a™ (resp. af). For h > 0 the operator A = A™ + %2 A7 is a linear system of
differential operators of mixed order with indices my = 1(a = 1,2), mz = 2. It is well
known, in this case, that there exists a constant ¢(A) that does not depend on the choice of
the boundary conditions (provided that they satisfy the Shapiro-Lopatinskii condition) such
that the number of eigenvalues less than A is given in first approximation by c¢(A)A + o(A).
Moreover we proved (see [1]) there exist two constants ¢; and ¢ independent on h such that

Ny(A) > cl/\—i—o(/\)—é—%z-\/X—e—o(\/X/h) Ao 00, (1.4)

The inequality (1.4) shows that when the thickness of the shell goes to 0 (that is for b —
0)N,(A) — oo, so an accurnulation point for the eigenvalues of the limit problem h = 0
may occur.For h = 0 (the so called membrane approximation) we have a system with indices
mg =0, mg = 1(e = 1,2),A™ — X is not always Douglis Nirenberg ellliptic and the essential
spectrum is not empty.

1.2. Characteristic Parameters

There are two characteristic parameters in our shell model : the thinness and theshallow-
ness. So we can look at two limit problems the membrane approrimationwhen the thinness
goes to 0 (at fixed shallowness) and the plate approzimation when the shallowness goes to 0
(at fixed thinness).

2. Exact Controllability For Thin Shells

For studying the controllability problem we restrict our attention to the axially symmetric
deformations of a spherical thin shell with opening angle 3. We introduce the map 1 =
(Rsinfcosy, Rsinfsiny, Rcosl), where R is the radious of the shell middle surface, and take
in (1.1) gap = O(linear case). For spherical shells the thinness and the shallowness are defined
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respectively by h/(Rsinbfg) and (1~ cosfy)/sinfy. The exact controllability problem requires,
gwen T > 0 and an initial state {®°, 8}, to find the control functions g(t):1, g(t)2, g(i)a
such that the unique solution ®(¢,v) of

¢ L(§)+ (co+v)y —eL(p+1) =1 (2.1)
bt g [£(o+ ) sind) - w(fiioy) (¢sinb) + (oo +v)g = (2.2)

in (0,60) x (0,T) where L(¢) = ¢" + ¢’ cot 0 — ¢(v + cot® §), € = h?/3R? and v € (—1,1/2);
with the boundary conditions: ¢(0,t) = ¢(0,1) + ¢¥'(0,t) = L(P+ )g=y =/

Boo® = ¢(0,U) = }oo(U)  Be®=6(0,U)+¢'(0,U) =}  Bs®=L(¢+V)o=g, = }5

and initial conditions $(0) = &°, &(0) = &' satisfies the following conditions: ®(T) =
0, @(T) = 0.If we show that for 7" large enough the complementary system C; of boundary
conditions in fg,defines a norm on the set of initial data {v®, v} of the homogeneous problem
associated to the problem (2.1)-(2.2), i.e. (22:1 fOT(ij)zdt)l/2 = [[{v? v'}{/fthen the
controllability problem can be solved and we have exact controllability for any {®?!, ®°} €
F’.The first result on the exact controllability for thin hemispherical shell is given in [1](see
references therein) where we proved the existence of an asimptotic gap (depending on €)for
the square root of the eigenvalues of A.Studying the exact controllability by means of spectral
properties,we can get to an example of non exact controllability for the limit case h = 0 we
report below in section 2.1.More recent results on the stabilizability (hence controllability) of
shallow thin spherical shells are given in [5]. We observe that when the shallowness goes to
zero (i.e.fp — 0 and 0 < a = Rsinfp < oo) we find the classical exact controllability results
for plate and wave equations.

2.1. Membrane Approximation

For hemispherical shell the orthonormalized (in H) eigenfunctions v = (ul, w}) of A™
can be easily computed. We proved (see [1],{7]) the limit problem h = 0 (and hence € = 0) is
not exactly controllable for any{@l,sﬁo} € U’ x L? x H.Indeed we can observe that for all
nu n(7/2)— (1+v)wy (7/2) #0 moreover lim,_ o uh(7/2) —(1+v)w, (7/2) = 0.Then
if we choose the sequence {v?,vi} € (U x L?) x H of initial data for the homogeneous problem
associated tothe E.C. ¢ = 0, in such way V% = v, , v}, = Owe have[|{v®, vi} g, H =
land a™(v2,v9) — (1 —1?) as n — oo hence, since a™ is continous and coercive in
U x L2J{v8, vitlysrexH = IValluxzz — const. > 0 as n — oo and for any given
T > O,IOT W (w/2) = (1+v)w;(7/2)]2dt — 0 as n — oo .These last two conditions are
in contradiction with the necessary (and sufficient) condition for the controllability:

T T
(/O (Clv)Zdt) =/0 W (r/2,6) — (1 + v)w(r/2, DAt > e (O, v 12 o

Since the exact controllability for membrane approximation generally fails,we can look for a
relaxed exact controllability result or a partial exact controllability result ([6] [7]).

3. The Eversion of Thin Shells

Another phenomenon depending on the thickness of the shell is the so called “ever-
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sion”.The analysis for the eversion of thin shells is carried out from theoretical and numerical
point of view (]2][3]]4]{10]) for shallow spherical shells in the static case.The existence of equi-
librium configurations, interpretable as everted stressed configurations of the shell,is proved
for small values of the thinness parameter e.We consider (1.1) with fag = 0 andintroduce the
stresses tensors n®f(v) = a® M~ 5(v). The equations for the axially symmetric deformations
of a spherical cap are expressible in terms of n!! and the derivative of the radial displacement
vg.After replacing cotf = 1/6,we have in the new variables § = n!! and f = v4/6 the following
system , ,

S (3.1)
and consider the boundary conditionsS(0) = f/(0) = 5(f) = Ggf’(ﬁo) (1 4+ v)f(6g) = 0.We
denote by K = {g; J; % g2(r)rddr < oo} and K} = {g € K; 4 ¢ K g(0) = 0}.We put
lgllo = ||%2 ]]Kand[‘gnl = |lgllo + (1 + v)6% g*(6y), then the solutions of the above equations

tdr
are the stationary points of the following functional

I = IR+ GG+ D S=Colf(f+2) (32)

Besides the trivial stable solution (absolute minimum for the above functional) f = 5 = 0, for
¢ small enough, we have other two solutions(one of these is stable). The branch of nontrivial
everted stable shapes (¢, f) is extendibleto the right until it reaches a limit point (a simple
turning point) (€*, fe«). Moreover for € — 0 the sequence of everted configurations tends to
a configuration (§ = 0, f = —2} that is the reflection with the respect to the horizontal
plane of the middle surface of the shell in its reference configuration. According to the linear
analysis of the transitionshell/plate considered in [8][9],the asymptotic behavior for 6y — 0
of our nonlinear problem has been studied in [10] also under the action of an external load
(tensile load or compressive load). The limit problem is actually a circular plate problem and
leads, for example under radial compressive forces, to the classical buckling mode of a simply
supported circular plate.
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ABSTRACT

In this lecture we will present some recent results on the rate of decay of the energy for some
systems of thermoelasticity. First we will address the von K4rmdan system of thermoelastic
plates. We will show how the exponential decay of the energy may be proved by using a
suitable Lyapunov function. Then, we will consider the linear system of 3-d thermoelasticity
with Dirichlet boundary conditions. We will show that, due to the weak interaction between

transversal and longitudinal waves, the decay is not uniform for convex domains.

1. The von Karmian system for thermoelastic plates

Let Q be a bounded smooth domain of R?. Let us denote by u = u(z, t) : 2x(0,00) — R
the vertical displacement of the plate and by 6 = 6(z, t) the temperature.
Let us consider the system:

uy — hAuy + A?u+ A0 = [u,v] in  Qx(0,00)

Ay = [u, ) in  Qx(0,00)

B, — AO+ Au, =0 in  Qx(0,c0)
u=Au=0,v=Av=0, on 90 x (0, c0) 1)
=0 on 99 x (0, c0)

u(z,0) = u(z), w(z,0) = u'(z) in Q

6(z,0) = 6°(z) in Q.

.

In (1), b > 0 denotes the constant of rotational inertia of the plate and the bracket [,]is
defined as follows:
8p 8% 9 Pp Py ooy

= e - 2
0z3 0z2  Ox10z3 8710z * Or% Oz2 @)

[, 9]

The energy of the system is given by
1 1 1 1
E(t) = -/ {1ut12+h{vuty2+ [AUFJ dz + —/ |Av)? dz + _/ 62d. (3)
2 Ja 4 Jo 2 Ja

For initial data of finite energy and satisfying suitable boundary conditions system (1)
has a unique solution.
The energy decreases along trajectories. More precisely,

dE

--(t)z~/]‘70[2dz§0. (4)
The following result, established in a joint work with G. Perla Menzala [5], guarantees the
exponential decay of the energy:
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Theorem 1 There exists C > 0 and w > 0 such that

E(t) < Cexp <-1 d

= t) E(0),Vt >0 (5)

for every solution of (1) such that E(0) < R.

Remark 1

(a) The constant C and w in the statement of Theorem 1 depend on © and h but do not
depend on the initial data.

(b) The estimate (5) guarantees an exponential decay rate of the order of R™ as E(0) =
R — oo. We do not know whether this estimate is sharp.
|

The method of proof of Theorem 1 comnsists, roughly, on finding a suitable perturbation
F of the energy E for which an inequality f the form

dr
— < —cF 6
holds, F' being equivalent to E, i.e.
%F < E<2F. (7)

1t is clear that (6) and (7) provide an exponential decay rate for the energy F.
The Lyapunov function we introduce is of the form

F=FE+ep

with e small enough an p given by

h h
o= / hud — 262 + uy(~A)70 + Lt 1 Ly - V| da,
o 2 2 2

where (—A)~1 is the inverse of the Dirichlet Laplacian.

In the lecture we will discuss the role that p plays in the proof and how the dependence

of the decay rate on R appears.

2. The 3-d linear system of linear thermoelasticity

Let € be a bounded smooth domain of R? and consider the following system:

U ~ pAu— A+ p)Vdivu+aVe=0 in 0 x(0,00)

0, — A9+ Bdivu, =0 in 0 x(0,00)

u=0, =0 on 80 x(0,00) (8)
uw(z, 0) = u’(z), u:(z,0) = v!(z) in 0

6(z,0) = 6°(x) in Q.

This time u = (1, u2, u3) is a vector field, A and p are the Lamé coefficients and a, 3 > 0 the

coupling parameters.
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The energy is given by

E(t):';'/nﬂut [P +p|Vu? +(A+u)[divuﬂ+%/ﬂgz (9)

and is dissipated along trajectories, i.e.
dFE o )
(1) = —= 9 2<0.
70 =5 [1vop<o (10)

C. Dafermos [1] proved that the energy of every solution tends to zero as t — oo if and
only if the following eigenvalue problem has no non-trivial solution:

~Ap=~% in Q
divp =0 in 0 (11)
p=0 on 90

When Q is a ball non-trivial solutions of (11) do exist. However, generically with respect to
the domain 2, the eigenvalues of the Laplacian are simple and in this case the existence of
non-trivial solutions of (11) can be easily excluded. We refer to J.-L. Lions and E. Zuazua
[4] for other applications of this type of arguments.

In this lecture we will discuss the problem of the uniform decay, i.e. of whether there
exist positive constants C and w such that

E(t) < Cexp(~wt)E(0), Vi>0 (12)

holds for every solution of (8).

We will give a sketch of the proof of the following result obtained in collaboration with
G. Lebeau in {3]:
Theorem 2 When § is convez (12) does not holds, i.e. the decay rate of solutions of (8) is
not uniform.

The proof of the result combines two ingredients. The first one consists on applying the
decoupling method by D. Henry, O. Lopes and A. Perissinotto [2]. This allows to reduce the
problem to the analysis of the system of elasticity:

uy — pAu— (A + p)dive =0 in Qx(0,00)
u=0 in £ x(0,00) (13)
U u(z,0) = (@), u(z,0) =ul(z) In

and more precisely to the existence of a time 7' > 0 and a constant C' > 0 such that
T
2 2 .
I u® ”(Lz(n))ﬁ + |1(H-1(Q))3§ C/o [l divu “ipl(n) dt (14)

for every solution of (13).

A geometric optics construction in the spirit of J. Ralston [6] allows to show that (14) does
not hold if there exists a ray in Q that is always reflected perpendicularly on the boundary.
This is obviously the case when €2 is a convex smooth domain.
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