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1 | INTRODUCTION AND PRELIMINARIES

Recently, the existence of positive solutions for boundary value problems has been widely studied by many authors. Obtaining
homoclinic solutions is usually based on establishing a proper variational framework and using the critical point theory [4, 9,13}

15]. In [[13]], using suitable conditions, the authors proved existence of nontrivial solutions of the fourth-order difference problem
A? (pn_lAzu,,_z) - A (q,,Aun_l) +ru,=f (n, un+1,un,un_1) ,nEZ,

where {pn} , {qn} and {rn} are real sequences, f € C (Z x R3, [R{) , T is a given positive integer, p, .+ = p, > 0,4,,7 = q, > 0,
Fasr =1, > 0and f (n+T,vp,0y,03) = f (n,0,05,03) .

However, in most of the papers that do not use this theory, the results was mainly dependent of the constant sign of the
associated Green’s function to the periodic or Dirichlet problems [5,[14] in bounded domains and, more recently, for homoclinic

solutions of second order equations [6, [12]. In [2, |8] the authors studied the existence of positive solutions to the periodic
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boundary value problems. In the first one, the authors obtained existence, multiplicity and nonexistence results for the following

nonlinear fourth order problem with parameter dependence

u(k +4) + Mu(k) = Ag(k) f(u(k)) + c(k), k € {0,...,T =1},
u() =u( +i), i =0,....3,
in which the Green’s function is non-negative and attains the zero value at some points of its set of definition.

In the latter one, Graef, Kong and Wang studied the periodic problem

Y +ay=80f(y), 0<t <2,
¥0) = yQ2m), ¥'(0) =y 2n),
also assuming that the Green’s function vanishes at some points of its set of definition imposing that f : [0, c0) — [0, c0) is a con-
tinuous, convex and nondecreasing, g : [0, 2x) — [0, c0) is a continuous with min, (g, &(#) > 0 and miny ., /02” G(t,s)dt >
0.
In the recent paper [7] Gao, Zhang and Ma extended these results and obtained existence of positive solution to the periodic

problem

2
u”+<%+e> u=4gOf W), 0<t<2x, 0<e<3, A>0,
u(0) = uRrx), u'(0) = u'2n),

under the assumption that g : [0,2z] — R is continuous, g # 0, and there exists a number k£ > 1 such that

2z 2z
/(G(t, gt ds >k / (G(t,5)g(s) " ds, t €10,2x].
0 0
Such results have been improved in [3]] for the second order Hill’s equation
u" (1) + a@u(t) = f(t,u()), t € [0,T],

with periodic, Dirichlet, Neumann or mixed conditions.

In this case, existence results have been obtained by allowing to the related Green’s function to change its sign on the square of
definition and imposing some relationship of function f, that define the nonlinear part of the equation, with the first eigenvalue
of the linear part of the equation.

In this paper we are able to prove existence of positive solutions of the following problem

u(k +n)+ Mu(k) =g (k) f u(k)), ke Z, ¢))
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where M # 0, +1 is a real parameter, » is a fixed positive integer, g Z 0 is nonnegative and f is a continuous function. We are

looking for nontrivial positive homoclinic solutions of the considered problem, i.e.
u(k) > Oforall k € Z and |kllim u(k) = 0. 2)

The arguments are in the basis of the ones given in [3| [7] but, in our case, for an unbounded domain. As far as the authors
know, this situation, positive solutions with sign-changing Green’s function and unbounded intervals of definition, is new in the
literature under this framework.

The paper is developed as follows: in Section 2] we study the Green’s function related to the linear problem to be considered.
The exact expression is obtained, depending on the value of the real parameter M. Section [3]is devoted to the study of the
existence of solution for the considered nonlinear problem by using the classical Krasnosel’skii’s fixed point theorem when the
Green’s function has a constant sign. In Section ff] we use fixed point index theory to obtain existence of positive solutions for
the nonlinear problem with sign-changing Green’s function.

We illustrate the obtained results with suitable example.

2 | STUDY OF THE GREEN’S FUNCTION

Let us define the space
X = {u : Z - R, max |u(k)| < oo, lim u(k) =()} ,
kez k| —co
ith th = .
with the norm ||u| Teazx |u(k)|
It is not difficult to verify that (X, ||-|| x) is a Banach space.

First we study the Green’s function of problem

utk +m) + Mu(k) = hk), k€ Z, M ER,  lim u(k) =0, 3)
with

Z |h(k)| < oo.

k=—c0

That is, we look for a function G : Z X Z — R such that u is a solution of problem (3) if and only if

uk)= ) G(k,s)h(s) forall k€ Z. @)

k=—c0
Following the approach given in ([10], Chapter 6.3), function G must satisfy, for every k, s € Z:

1, if k = s,
Gk +n,s)+ M Gk, s) = )]

0,ifk#s
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and
|kllim G(k,s)=0, forall seZ. (6)

Notice that, from (5)) the first part of equation (3]) is immediately verified by u given in {@). Once we prove that |G| is bounded,
the homoclinic boundary condition in (3)) holds from the discrete Lebesque dominated convergence Theorem.

We separate the study in two parts, depending on the sign of the real parameter M.

Case 1. Let us suppose that M < 0. So we have that M = —p", for some p > 0.

The related Green’s function has the following expression

G,(k,s), if k <,

G(k,s) =
Gy(k,s), it k > s,
where
G,(k,s) = p* (C,(9)w} + Cy()ws + ... + C,()wY)
and
G,(k,s) = p* (C,,H(s)w{c + C,,Jrz(s)wéc +...+ Cz,,(s)w,’l‘) .
2k .
Here w, =e™» ', k=1,2,...,n.
We have that
1, if k =,
Gk +n,s)—p'G(k,s) =
0, ifk #s.
This gives us the following system
1, if j =0,
Gy(s+n—j,s)—p'G(s—j,s) =0y, :=
0, if j #0.
It is clear that for p = 1 (M = —1), the only possibility to ensure that, for any fixed s, the Green’s function converges

asymptotically to zero is that it is the zero function.

So, we must distinguish two situations:

Case 1.11If p > 1 (M < —1) we have that, for any fixed s, klim G,(k,s) = 0, for any value of the coefficients Cj(s),

jEe{l,...,n}.

However, klim G,(k,s) =0if and only if C;(s) =0 forall j € {n+1,...,2n}, i.e. Gy(k,s) = 0.
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Thus, the above system is equivalent to

-

I
I
—

pr (Cl(s)wf +G)my + ...+ Cn(s)w;)
C @™ + G + .+ C)w T = 0

‘ Ci)T 2+ C)ms 2+ ..+ C (w2 = 0 -

C()w " + Gy + .+ C(Dw = 0

L

After solving it, we obtain that

L I —
Ci(s) = - Sin, Cy(s) = ?Sin’ s Gyls) = nps-:l-n
Then
Gi(k,s) = ——p' " (@ + @} 4 @)
Let

Ak) :={s=k+dn,d=0,1,2,...}.
One can check that
n, if s € A (k),
0, otherwise.

Thus, we deduce that

—pk=sn it s € A, (k),
G(k,s) =

0, otherwise.
Case 1.2If p < 1 (M € (-1,0)) then, for any fixed s, lenolo Gy(k,s) = 0, for any value of the coefficients C;(s), j €
{n+1,...,2n}.
Moreover, kl—i>Izloo G, (k,s) = 0if and only if G,(k, s) = 0.

Using similar arguments as above we obtain that in this case

prs if s e Ay (k),
Gk,s) =
0, otherwise,
where

Ayk) i={s=k—dn, d=1,2,..}.

Case 2. Now, let us suppose that M > 0 and let M = p", p > 0.
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In this case, the related Green’s function has the following expression

G (k,s), ifk <,
G(k,s) =
G,(k,s), if k > s,
where
Gy(k,s) = p* (C,(9)w} + Cy(s)wl + ... + C,()w¥)

and

Gy(k,s) = p* (Cop1 (D@} + Cppn($)wh + ... + Cyp ()W) .

Qktbr
Here w, =e « ,k=1,2,...,n

Now, the following system is fulfilled

1, if j =0,
Gy(s+n—j,s)+p"Gi(s—j,s) =0y, :=
0, if j #0,
which is equivalent to
1, ifk =35,
Gk +n,s)+ p"G(k,s) =
0, if k # s.

As in the negative case, we have that there is no nontrivial Green’s function for p = 1 (M = 1). So, we must consider two
cases.

Case 2.1 If p > 1 (M > 1) then, in order to ensure the asymptotic behavior of the Green’s function, we arrive to the same
conclusions as in Case 1.1.

In this case, the above system is as follows

-

P (CLOT + Cy()TS + ... + C()w?) = 1
C(HT !+ C)ms ™ + ..+ C()w =0
) Ci()T 2+ Gy 2+ ..+ C()ws 2 =0 -

Ci(9)m ™ + Cy)m " + .+ C()wH = 0

After solving it, we obtain that

) -8 -8

il ) @,
CI(S) = W, CZ(S) = W, eey CH(S) = np5+”'

Then

Uomsmn (ks ke -
G(k,s)==p" " (w "+ @y + L+ @)
n
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It is not difficult to verify that

0, if s & A(k),
IR A Ll T =L is even,
—n, ifd = % is odd,

and so, we conclude that

(=) g, if s € Ay (k).
Gk, s) =

0, otherwise.

Case 2.2 In the other case when p < 1 (M € (0, 1)), using similar arguments as before, we obtain that G, (k, s) = 0 and

(—1) 7 PR if s € Ay(k),
Gk, s) =

0, otherwise.
It is not difficult to verify that both in the positive and negative cases, we have that |G(k, s)| < p™.

Arguing in a similar manner with M = 0, we have that only the trivial Green’s function has sense for this situation.

We can summarize the above results as follows:

Theorem 1. The Green’s function related to problem

-

—(=M)"7Y, if [M| > 1and s € A,(k),
Gk.s)=9 (=M)" ", if M| <1,M #0and s € A,(k),

0, otherwise.

L

3 | POSITIVE GREEN’S FUNCTION

To the end of this section, let us assume that M € (—1, 0) and also the following conditions hold:

o

(Hl)g>0onZand0< Y g(s)< co.

§=—00

(H2) f : [0,00) — [0, 00) is a continuous function such that f(x) > 0 for all x > 0.
(H3) f is decreasing in (0, 6) for some 6 > 0.
Let us introduce the notation
S ()
u

fo= lim == and f,, = lim O}
u—0t+ u—oco Uy

Remark 1. Note that, unless f = 0 on (0, 6), we have that f;, = co.

Theorem 2. Assume that (H1) — (H3) hold. Moreover, if f, = co and f, = 0, then (1) has a nontrivial solution.
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The following lemma is needed to prove our main result.

Lemma 1. ([L1]) Let B be a Banach space and let K C B be a cone and < be the order induced by K on B. Assume Q; Q, are
bounded open subsets of B with 0 € Q; C Q_l C &y, andlet F : KN (Q_z\ Q1> — K be a completely continuous operator
such that either

(i) Fu £ uforany u € K N 9Q, and Fu ¥ u for any u € K N 0Q,,

or

(ii) Fu } uforany u € K N 0Q, and Fu £ u for any u € K N 0€2,.

Then F has a fixed point in K N (Q_z \ Q; > .

Proof of Theorem[2]. From Theorem[I] we have that

(-M)Y* ' ifs=k—dnd=1,2,..
Gk, s) =

0, otherwise.
Moreover,
[se] o0 1
Gk,s)= Y (-M)! = —— >0
k;m (k. s) ;( =1
and 0 < G(k,s) < 1 forevery k,s € Z.

Define the cone K in X by

- 1
K, = e X, uk) >0, ke, k) > .
1 {u u(k) k;w”() 1+Mnqu}

It is clear that, in this case, for all 4, v € X, the induced order by K, in X is given by

u < vif and only if v(k) > u(k) for all k € Z and Z w—-u) k) >

k=—o0

v—u .
7 o= ully

Now, we introduce the operator

Tu(k) = Z G(k, 5)g(s)f(u(s)).

§=—00

Notice that, if u € K|, by means of the discrete Lebesque dominated convergence Theorem, it is not difficult to verify that
TueX.

From the definition of the Green’s function G, the solutions of problem (1)) — (2)) coincide with the fixed points of operator T'.
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From (H'1) and (H?2) it follows that Tu(k) > O for all kK € Z. Moreover,

Y Tu) = Y (Z G(k, s)g(s)f(u(s))>
k=—c0

k=—c0 \ s=—00
= Z < Z G(k,s)) g(s) f (u(s))
s=—00 \ k=—o0

and, since 0 < G(k, s) <1,

Tu(k) < Z g(s) f(u(s)) forevery k € Z.

Thus
- 1
E Tu(k) > T s
. u(k) > T+ M Il ””X
ie., T(K;) C K;.

For any J C Z, we denote |J| = Y, _; 1. So, we define

I:= sup G(k,s) ) g(s) >0,
S(mz
where the supremum is taken over all finite subsets I of Z.

By using (H 3), we have that there is r; € (0, 6) such that f(x) > 6x for every x € (0,r;], where 6" > 1.

Letu; € K| be such that ||u,||, = r, and (0 <) Tu; < u;. Then

v

(C %

”Tul”X = |I| ZTul(k)

kel

Z <| 7 Y Gk, s)) £(s) (uy (s))

s=—00 kel

£ (Jllx) Z (III Y Gk, S)) g(s),

s=—00 kel

v

where I is an arbitrary nonempty finite subset of Z.

Let {I n} be a sequence of nonempty finite subsets of Z, such that

lim 2 < 2, Gk, s)) g(s) =

s=—00 kel,

Then, taking the limit in the inequality above we obtain that

el = flaall OT > fle -

which is a contradiction. So if u; € K| is such that ||u, ||, = r|, then Tu; % u,.
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Suppose that f = 0, then from ([8]], Theorem 2.1) we have that

max f(2)

. z€|0,u

lim =0.
Uu— 00 u

Then there exists r, > r,, such that max f(z) < —=

z€[0,r,] T g(s)

If there exists u, € K|, such that ||u, || = r, and Tu, > u, (> 0), then

ry = |lual < [|Tus|y = max 2 Gk, $)g(5) (uy(s))

IA

Y s f ) <r Y 86| ——|=r
S=—00 §=—00 Z g(S)

§=—00

which is a contradiction. So Tu, ¥ u, for every u, € K, with ||u, ||, = r,.
Since T is a compact operator, then it has a fixed point u such that r; < |[u|ly < r,.

From the expression of G and conditions (H 1) and (H?2), we conclude that u is a solution of problem (I)-(2). O
Remark 2. The case M € (—o0, —1) can be applied to the problem
utk+n)+ Mu(k)+ g (k) f (uk))=0, k € Z, @)

coupled to condition (@).

From Theorem T} it follows that

— (=M ifs=k+dnd=0,1,2,..

G(k,s) =
0, otherwise.
Moreover,
- l — » 1
Gk,s) = — -M = <0
k;m (k. s) Za( =

and 0 < —-G(k,s) < —1/M forevery k,s € Z.

One can define the cone K in X by

\ S M
K] ={ueX, utk) 20, ke z, Z u(k) > HMIIuIIX},

k=—00
the operator

Tu(k) = - 2 G(k, 5)g(s)f (u(s))

§=—00

and

ee» <ﬁ Y =Gk, s))> g() > 0,

s=—00 kel
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where the supremum is taken over all finite subsets I of Z.

Then, using similar arguments as before, it can be deduced that there exists r; € (0,6) such that f(x) > 0x for every

x € (0,r,], where 8T" > 1 and there exists r, > r;, such that ngax f(z) < —f,u—rz.

z€[0,r,] O]
Since T is a compact operator, then there exists a solution u of problem @:@ such that r; < [lu]lxy < r,.

4 | SIGN-CHANGING GREEN’S FUNCTION

Now, along this section, let us suppose that M > 1.

We can study the problem with even more general right hand side:
u(tk + n)+ Mu(k) = F(k,u(k)), neN, k € Z.

From Theorem [I]the related Green’s function changes its sign on Z x Z.

®)

To deduce the existence results, we follow the approach given in [3]] for second order ordinary differential equations. Let us

denote G* and G~ as the positive and negative parts of the Green’s function G(k, s).
In order to ensure the existence results, we make the following assumptions:
(H1*) F : Zx[0,0) — [0, 00) is continuous.

(H?2*) There exists a function v : Z — (0, co0) such that

2 G(k, s)v(s) > 0 and 2 u(s) < o0

§=—00 §=—00

forany k € Z.

Also, there exist positive constants m, and m* such that
m,uv(s) < F(s,x) < mu(s) forevery s € Z and x > 0.

Moreover, these constants satisfy that ”:— <y, where

L X Gk, s)u(s)
Y = min > 1
kez 3% G (k,s)v(s)

Lemma 2. For any ¢ € Z the following inequalities hold:

Y G(k,s)>0foralls € Zand ) G(k,s)> O foralls > c.

k=c k=c

In addition,
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Proof. One can check that
0, if s <e,

ﬁ, ifselc,c+n—1],
1 .
vt ifselc+nc+2n-1],

i Gk, s) =1
k=c

1
M
—#+ L ifse€lc+2nc+3n—-1],

1
M M3

Thus
0,ifs<e,

ZG(k’s)= 1+£
k=c Mfl ,ifselc+(@—-Dnc+tn—1],1t=1,2,3,...

From the above expression it is obvious that

< 11
%?{Z;G“"S)} =M e

Denote

. | < 1
0-M13é1£{t&1ﬂ{§G(k,s)}} =1-—

K,={u€X, u(k)>0forallk €Z}.

and let us define the cone

It is clear that u is a solution of problem (8), () if and only if it is a fixed point of the operator

Tu(k) = 2 G(k, s)F (s, u(s)).

§=—00

Lemma 3. Assume that conditions (H 1*) and (H2*) hold. Then T is a completely continuous operator which maps the cone
K, to itself.
Proof. Letu € K,. Since |G| < 1, it is clear that ||[T' ||y < oo. This, together (H2*) and the discrete Lebesque dominated

convergence theorem, implies that T u € X.

Moreover, the following inequalities hold for all k € Z:

o0

Tu(k) = Y, Gk, )F(s,u(s)) = Y. (G*(k,s) = G~(k,5)) F(s,u(s))

§=—00 S=—

> Y m ()G (k. s) = m ()G (k. 5)

§=—00

> m< Y v($)G (k. 5) = yu()G(k, s)> > 0.

§=—00
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Now, from condition (H?2*) one can deduce that

F F
F, = lim {min (t,x)} =00 and F, = lim {max (t,x)} =0.

x—0* teZ X X—00 teZ X

We will use some classical results regarding the fixed point index. We compile these results in the following lemma. Let € be

an open bounded subset of a cone K and let us denote Q and 0Q its closure and boundary. Moreover, let us denote , = QN K.

Lemma 4 ([1], Lemma 12.1). Let Qx be an open bounded set with 0 € Q and Q_K # K. Assume that F : Q_K - Kisa
completely continuous map such that x # Fx for all x € 0Q,. Then the fixed point index i ;. (F, Q) has the following properties:
1. If there exists e € K \ {0} such that x # Fx + Ae for all x € 0Qy and all A > 0, then i (F,Q) =0
2. If x # uFx forall x € 0Qg and every p < 1, then i (F,Qg) = 1.
3. I ig(F, Q) # 0, then F has a fixed point in Q.
4. Let Qk be an open set with @ C Q. Ifig(F,Qg) =1and ig(F, Q}() = 0, then F has a fixed point in \Q_}(. The

same result holds if i, (F, Q) = 0 and iz (F, Q! ) =1L

Theorem 3. Assume that conditions (H 1*) and (H2*) hold. Then there exists at least one positive solution of problem (8}, ().

Proof. From the definition of Fj it follows that there exists 6, > 0 such that for all ||u||y < 6, we have that

F(k,u(k)) - rmn {mm {Z G(k, s)} } > u(k), forallk e Z.
k=c

Let

Q, ={ueKylully <5}

and choose u € 0Q,; and e € K, \ {0} . We will prove that u # T'u + Ae for every 4 > 0.

Assume, on the contrary, that there exists some A > 0 such that u = Tu + Ze, i.e.
u(k) = Tu(k) + Ae(k) > Tu(k) for every k € Z.

Then

(o9 (o]

Douk) > Y Tuk) =Y. Y Gk, )F(s,u(s))

k=c k=c k=c s=—o0

D (2 G(k, s)> F(s,u(s))

v
Mg

> <Z Gk, S)> F(s,u(s)) > Z u(s),

\%

s=c S=c
which is a contradiction.

Therefore we deduce that i K, (T,2,)=0
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Now let us define F (t,x) = 0max F(t,y). Clearly

<y<x

® o Fls,%) 2 oM u(s)
lim —ZS_ = < lim —zs_ = =0,
x—+00 X x—>+00 X

so there exists 6, > 6, such that if ||u|| yx > 6, then

> Fis llully) < o(M + 1) [lull -

§=—00

Let
Q, = {u€ Ky; llully <6}
and u € 09,.
We will prove that u # uTu for every u < 1. Assume on the contrary, that there exists some y < 1 such that u(k) = uTu(k)

forallk € Z.

Then, by using that o € (0, 1), we have that

lully < Y uk)=p Y, Tutk)=p Y, Y, Gl s)F(s,u(s))
k=—o00 k=—c0 k=—00 s=—00
= ”s;m <k:§_}m G(k, s)) Fls.u(s) < 575 Zw F(s, llull )
< po llully < o llully < llully

which is a contradiction.
As a consequence we obtain that iy (T',Q,) = 1.
So, from Lemmaf] we deduce that operator T has at least a fixed point u on K, such that 6, < [|u||y < &,. From Lemma[3]

we know that u is a solution of problem (8}, (2). O
Remark 3. Following the steps above, one can obtain similar results in the case when M € (0, 1), using the fact that

min {1}121? {;G(k,s)}} =1-M.
Example 1. Let us consider the following problem

u(k +n)+ Mu(k) = F(k,u(k)), neN, ke Z,

where
2 F
THZ <%) ,ifs <0,
F(s,x)={ '**
2 s
X ML if s > 0.
1+x2

We claim that the problem has at least one positive solution if M = \/E
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Clearly condition (H 1*) holds. Moreover, if

M\ .
<7> ,ifs <0,

M™n, ifs >0,

v(s) =

then one can easily check that Y, G(k,s)v(s) > Oand Y, v(s) < oo for any k € Z.

§=—00

If k < 0 we have that

Y GHk. s)u(s)

§=—00

and

Z G (k, s)v(s) =

§=—00

§=—00

D L ok +2dn)

~ M?2d+1
_[2"_”]—1 | M k+’,ﬂ 0 1 —k=2dn
Z A 2d+1 (7) * Z M2+
- d=—|£
1ie _[§—1 <l)2d ) o <i>4d
2 4% M a=-[£] M
2n
i P N )
M”kl <1 4[ﬁ]> LM i
3.2.72 M -1

o 1
— vk +Qd+1)n)

_[%]_1 1 M k+Qd+1n
Y e (3)

o0
1 —k—(Q2d+1)n
+ Z M2d+2M ’

o[
a=-[52]

-l .

ML <l)2d 1 Z <i>4d
k k

oY o 2 M+ d=—[’%] M
k_ 4|kl kg

Mt _ [a] M [z] "

3'25_1 (1 4 >+—M4—1 .

Ifke[-2rmn—1,-Q2r+1)n],r=0,1,2,..., then [zk—”] =—r—1and [%] = —r. One can check that

D GF(k, s)u(s) =

§=—00

and

Z G (k, s)v(s) =

§=—00

M (M- 1) (1 - 7n ) +3.25 M

32072 (M4 - 1)

M (M=) (1= ) 327

3257 (M4 - 1)
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Moreover ) | k k
21 ko —ar—f_
Y Gtkss) | Mr (M4_1)<1_F>+3‘2” M~

§=—00

T G ™ 1) (1= 3] o T
gif’” gtiiim > 2if and only if M > /2 as the equality holds for M = /2.

Ifkel[-Qr+1)n—-1,—Q2r+2)n], then [%] = [%] = —r — 1. In this situation we have that

As a result we obtain that

4r+1

M (M4—1)(1— ! >+3-25‘2M‘4"5‘1

Z G*(k, s)v(s) = _
Pl 3.2:72 (M4 - 1)

and k k k
M (MA - 1) (1 L) 3.0 Iy

- 4r+l

Y Gk s)u(s) = —
s 3271 (M4 -1)

Obviously, we have
L] 1 oy —dr-t_y
T2 Gthsus) M (M*—1) (“ﬁ)”‘z" MY

T2 0 Gk u(s) gt (gt - 1) (1 _ L) 130kt

4r+l

% > 2 if and only if M > \/5 The equality stands for M = \/5

Again we deduce that
If £ > 0 then .
0 o 1 —k_2q

Yo o Gk, )(s)  Xglo M

Z_va;—oo G_(k’ S)U(S) - 220 ;M—E—Zd—l

=0 pr2d+2

T o GHks)u(s) . .
S i = 2if and only if M > /2,

= M2

It is obvious that

. YR G kes)us) . .
The above results gives us that y = min ST > 2 if and only if M > \/5

As a consequence, if M = \/E then y = 2 and there exist m, = 1 and m* = 2, such that condition (H2*) holds. Now from

Theorem [3] we obtain the existence result.
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