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Abstract

In this paper a new hybrid semi-implicit finite volume / finite element (FV/FE) scheme is presented
for the numerical solution of the compressible Euler and Navier-Stokes equations at all Mach numbers on
unstructured staggered meshes in two and three space dimensions. The chosen grid arrangement consists of
a primal simplex mesh composed of triangles or tetrahedra, and an edge-based / face-based staggered dual
mesh. The governing equations are discretized in conservation form. The nonlinear convective terms of the
equations, as well as the viscous stress tensor and the heat flux, are discretized on the dual mesh at the aid of
an explicit local ADER finite volume scheme, while the implicit pressure terms are discretized at the aid of
a continuous P! finite element method on the nodes of the primal mesh. In the zero Mach number limit, the
new scheme automatically reduces to the hybrid FV/FE approach forwarded in [1] for the incompressible
Navier-Stokes equations. As such, the method is asymptotically consistent with the incompressible limit
of the governing equations and can therefore be applied to flows at all Mach numbers. Due to the chosen
semi-implicit discretization, the CFL restriction on the time step is only based on the magnitude of the flow
velocity and not on the sound speed, hence the method is computationally efficient at low Mach numbers. In
the chosen discretization, the only unknown is the scalar pressure field at the new time step. Furthermore,
the resulting pressure system is symmetric and positive definite and can therefore be very efficiently solved
with a matrix-free conjugate gradient method.

In order to assess the capabilities of the new scheme, we show computational results for a large set of
benchmark problems that range from the quasi incompressible low Mach number regime to compressible
flows with shock waves.

Keywords: all Mach number flow solver, pressure-based projection method, finite element method, finite
volume scheme, semi-implicit scheme on unstructured staggered meshes, ADER methodology

1. Introduction

Since their first formulation more than 200 years ago, the Euler and Navier-Stokes equations describing
the flow of inviscid and viscous fluids have always been a big challenge, both from the theoretical as well
as from the numerical point of view. The Euler equations can be directly derived from first principles by
considering the conservation of mass, momentum, and total energy. Their extension to the Navier-Stokes
equations is then achieved at the aid of appropriate assumptions for the viscous stress tensor and the
heat flux. In the most general case, the fluid is assumed to be compressible, but different flow regimes
can be identified at the aid of the dimensionless Mach number M = ||v| /¢, where v and ¢ are the fluid
velocity and the sound speed, respectively. For M — 0 the behaviour of the fluid becomes the one of an
incompressible medium, with the well-known condition V - v = 0, which states that the velocity field must
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become divergence-free when the flow becomes incompressible in the limit M — 0. This asymptotic limit was
rigorously studied for the first time by Klainerman and Majda in [2, 3]. The asymptotic analysis shows that
in the incompressible limit and without compression from the boundary, the pressure can be decomposed
into two different contributions: a spatially constant part of the pressure satisfying the equation of state
and some fluctuations of the pressure around that constant, governed by the well-known elliptic pressure
Poisson equation. This change of behaviour for M — 0 is important since the original governing equations
are hyperbolic-parabolic they can even exhibit shock waves for high Mach numbers. Because of this changing
behaviour of the equations according to the Mach number, it is notoriously difficult to construct suitable
numerical schemes which can be simultaneously applied to compressible high Mach number flows with shock
waves and also to incompressible or nearly incompressible low Mach number flows.

Typically, the incompressible Euler and Navier-Stokes equations are solved via semi-implicit pressure-
based schemes of the finite difference type on staggered grids, see e.g. [4, 5, 6, 7, 8, 9, 10, 11, 12], or at
the aid of continuous finite elements [13, 14, 15, 16, 17, 18, 19]. Instead, for the simulation of compressible
flows at higher Mach numbers and with shock waves, explicit density-based finite volume schemes of the
Godunov-type on collocated grids are usually more popular, see [20, 21, 22, 23, 24, 25, 26, 27, 28, 29|.

A first attempt to generalize semi-implicit methods to the more general case of compressible flows was
made by Casulli and Greenspan in [30], but the proposed scheme was not conservative and therefore could
not be used for the treatment of high Mach number flows with shock waves. Semi-implicit schemes that
explicitly make use of the low Mach number asymptotics of the governing partial differential equations
can be found in [31, 32, 33, 34], while the first conservative staggered semi-implicit pressure-based scheme
for compressible flows was introduced by Park and Munz in [35]. The scheme [35] can be considered as
one of the first all Mach number flow solvers ever proposed in the literature. The particular splitting of
explicit convective terms and implicit pressure terms used in [35] was later studied in more detail in [36] in
order to construct a novel flux-vector splitting method. Since the pioneering work of Park and Munz, the
development of all Mach number flow solvers, i.e., of numerical schemes that work at the same time for high
Mach number flows with shock waves and in the incompressible limit of the equations, has become a very
active research field with many relevant contributions, see e.g. [37, 38, 39, 40, 41, 42, 43, 44, 45, 46] and
references therein. For special low Mach number corrections to explicit density-based finite volume schemes,
the reader is referred to [47, 48].

On unstructured simplex meshes, classical continuous finite element methods can nowadays be considered
as standard for the numerical solution of the incompressible Navier-Stokes equations. Instead, the construc-
tion of discontinuous Galerkin finite element schemes for the solution of the compressible and incompressible
Navier-Stokes equations on unstructured meshes is still the topic of ongoing research. For an overview of
high order DG schemes for the compressible and incompressible Navier-Stokes equations, see for example
[49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60], but this list does not pretend to be complete. Concerning high
order semi-implicit discontinuous Galerkin methods on collocated grids we refer to [61, 62, 63], while a new
family of semi-implicit staggered discontinuous Galerkin schemes for the discretization of the incompressible
and compressible Navier-Stokes equations was recently forwarded in [64, 65, 66, 67, 68, 69].

To round-up this brief literature review, we would also like to point the reader to a very recent and
completely different approach for the solution of the Navier-Stokes equations, which consists in embedding
the Navier-Stokes equations in a more general first order hyperbolic system with stiff relaxation source terms
that is able to describe continuum mechanics as a whole, from nonlinear elastic solids over visco-plastic solids
to Newtonian and non-Newtonian fluids, and from which for small enough relaxation times the Navier-Stokes
equations are retrieved in the limit of a much more general model that contains continuum mechanics as a
whole, see [70, 71, 72, 73, T4]. This universal model is based on the pioneering work of Godunov and Romenski
on symmetric hyperbolic and thermodynamically compatible systems and on nonlinear hyperelasticity, see
e.g. [75, 76, 77, 78, 79] and references therein. For an alternative hyperbolic relaxation approach for the
discretization of the Navier-Stokes equations, the reader is referred to [80].

The numerical methods previously discussed were all of a specific type, say finite volume, finite difference,
or finite element schemes. More recently in a series of papers a new class of hybrid finite volume / continuous
finite element methods on staggered unstructured meshes in 2D and 3D has been proposed in [81, 1, 82, 83]
for the solution of the incompressible Navier-Stokes equations and for the low Mach number limit of the
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weakly compressible equations. In these hybrid schemes, the nonlinear convective part of the equations was
solved at the aid of an explicit finite volume scheme on an edge-based staggered dual mesh, see [84, 1] for a
more detailed analysis, and the pressure equation was solved with a continuous finite element method on the
primal grid. The advantage of this hybrid approach is that for each part of the governing PDE system the
most appropriate numerical method could be used, since it is well-known that explicit finite volume methods
are more suitable for the discretization of nonlinear hyperbolic PDE systems, while the clear strength of
continuous finite element methods lies in the discretization of elliptic problems.

It is therefore the aim of the present paper to provide a novel pressure-based semi-implicit hybrid finite
element / finite volume method on staggered unstructured meshes that can solve the compressible Euler
and Navier-Stokes equations in a wide range of Mach numbers, which is a very substantial generalization
compared to the incompressible and weakly-compressible flow solvers presented in [81, 1, 83]. Following
the seminal ideas outlined in [35, 36, 39], the nonlinear convective part of the equations will be discretized
via an explicit finite volume scheme, while the resulting pressure equation, which is more complex than
the simple pressure Poisson equation that typically results from the discretization of the incompressible
Navier-Stokes equations, is discretized on the primal mesh at the aid of classical continuous finite elements.
The semi-implicit discretization allows choosing a time step that is not limited by the sound speed, but only
by the velocity magnitude. The new hybrid scheme of this paper is designed to work simultaneously for
incompressible and low Mach number flows, as well as for compressible flows including shock waves. For
M — 0 the scheme reduces to the hybrid FV/FE method for the incompressible Navier-Stokes equations
forwarded in [1]. As such, the proposed method is an asymptotic preserving (AP) all Mach number flow
solver.

The rest of the paper is organized as follows: in Section 2 we first introduce the governing equations
considered in this paper; next, in Section 3 we present their discretization via the new semi-implicit hybrid
finite-volume / finite-element scheme on staggered meshes. In Section 4 we present numerical results for a
wide range of Mach numbers, from almost incompressible flows to supersonic flows with shock waves. The
conclusions and an outlook to further work are given in Section 5.

2. Governing partial differential equations

Let us denote by p the density, u = (u, v, w) is the velocity vector and FE is the specific total energy then,
the compressible Navier-Stokes equations given in conservative form read

dp B
% TV (pu) =0, (1)
)
%+V-(pu®u)+Vp7V~T:pg, (2)
OpE
LAV (pE+p) - V- (rW)+ V-q = pg -, (3)

where g is the gravity vector, T is the tensor of the viscous stresses,
T 2
T=p(Vu+Vu )—gu(v-u)I, (4)
and q denotes the heat flux,
q=-AVé. (5)

Here, 6 is the temperature and A denotes the thermal conductivity. In this paper we use the simple ideal
gas equation of state (EOS) to close the system:

p = pRo, (6)
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where R = ¢, — ¢, is the specific gas constant, with ¢, being the heat capacity at constant pressure, while
¢, denotes the heat capacity at constant volume. Accounting for (6), the relation between the total energy,
the kinetic energy k and the specific internal energy e reads

1 1 2
E__ k__i -
p pe+p 5 1p—|—2p|u\ (7)

with v = z—" being the ratio of specific heats. Introducing the enthalpy,

p 7P
h=e+==——-= 8
p v—1p ®)
we get
OpE
W%—V- (pku) + V- (phu) = V- (tu)+ V-q = pg - u. (9)

The former system, (1)-(3), can be rewritten in terms of the conservative variables, w = (w,, Wy, wg)' =
(p. pu, pE)" as

ow,

. u) =Y, 1
5 + V- (wy) =0 (10)
0wy 1
N Ewy ® wa V-7 = pg, 11
5 +V (pw ®W>—|—Vp V-1 =pg (11)
0 1 1
E 4y [wu (wg —l—p)} -V <TWu) +V.q=g Wy (12)
ot p p

3. Numerical method

Discretization of system (10)-(12) is performed extending the hybrid finite volume / finite element method
proposed in [81, 85, 1, 86]. We start by considering a semi-discrete scheme where only time discretization is
applied leading to

1

At (Wt = W)) + V- (W) =0, (13)
1 1

x (Wit —W7) + V- (anﬁ ® Wﬁ) + VPt v T = plg, (14)
1 1

x (Wgtt — W) + V- (K"W3) + V- (H" W) — v, (pnT"W3> +V-Q"=g- W (15)

with W” P™ approximations of the solution, w (x,t"), p(x,t"), at time t" € RT and x € R? the spa-
tial coordinate. We now introduce the following notation for an intermediate approximation of the linear
momentum

— 1
W, = W — At (v- (anﬁ ® Wﬁ) —V-T" - p"g) (16)
and define
W, =W, — AtV P",  §p*tl.= prtl _ pr (17)
SO

W, = W, + AtV P, (18)
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Wit = W, — AtV P = W, — AtV 6P (19)

In such a way, we have derived a pressure-correction formulation in which the computation of the pressure
and the linear momentum are “decoupled". Similarly, we can define an intermediate auxiliary variable for
the computation of the total energy,

—~ 1
Wi = W2 — At (v- (K"W?T) — V. (pnT"Wﬁ> LVQ-g- Wg) . (20)
Later, W25 ! would be recovered from

WEH = W — At V- (H" W) (21)

On the other hand, equation (15) can be rewritten in terms of the pressure and the kinetic energy by using
relation (7) and the ideal gas equation of state as follows:

pntl N ( K)n_H _ P B n N ,V\[; ALV (Hn+1wn+1) (22)
-1 y—1 y-1""" "
Substitution of (19) yields
Pn+1 Pn . Pn ot
- = — (pK)"" + Wy — —AtV- <H"+1Wu> + AP V- (H"H v Pty (23)
y-1 =1 71
Hence,
1 . n .
71513”“ — AV (H"M VP ) = W — i (pK)" ™ — At V. <H”+1Wu) . (24)
Y- Y-

A Picard procedure is applied to deal with the crossed t"*! terms, i.e., P"*! in equation (19), (,DK)"+1 =

20"% |Wﬁ+1’2 and H"*! in (24), and W2t in (21), since we do not want to solve a highly nonlinear
system. The final system of equations to be discretized in space reads

Wit = W — AtV (W), (25)
=~ 1

W, = W2 — At (v. (an3 ® Wﬁ) +VP'—V.-T" — png) , (26)
—~ 1

Wg =Wy —At (V- (K"W?) -V [ —T"W" ) +V.Q" —g-W" |, 97

E u pn u u
1 = P =

ﬁ(spn-‘rl,lc-‘rl —At2 \vé (Hn-i-l,k \V/ 5Pn+17k+1) =Wg — - : . (pK)n+1,k AtV <Hn+1,kwu> , (28)
W3+1,k+1 _ Wu _ AtV 5Pn+1,k+1’ (29)
Pn+1,k+1 — P’n 4 5Pn+1,k+1 (30)
Wett =Wy — ALV (H AW LA (31)

with k the Picard iteration index, k = 1,..., Npjc.

Let us remark that the method is by construction asymptotic preserving in the low Mach number limit.

In the limit M — 0, we have ¢ — oo with ¢? = % According to [2, 3], the pressure, and for constant

density also the enthalpy, tend to a constant. In this limit, we can now divide equation (28) by the enthalpy
and neglecting terms of the order 1/c? we obtain the following equation

1 =
2Pn+1: A u 2
V=0 HV(W>, (32)
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which, together with the momentum equation (26), corresponds to the pressure correction system obtained
for the incompressible Navier-Stokes equations in [1].
For general equations of state, relation (24) needs to be replaced by

We(P™HL With) — A2 V- (™1 V PP = W — (oK) — AtV (H”“%) : (33)

where the density at the new time t"*1 is readily available from eqn. (25), and thus the only unknown remains
the scalar pressure field P"*! at the new time, see also [39]. When appropriate mass-lumping is used within
a finite-element discretization of (33), the resulting mildly nonlinear pressure system can be solved very
efficiently at the aid of the (nested) Newton-type methods of Brugnano and Casulli [87, 88, 89] and Casulli
and Zanolli [90, 91], and for which convergence has been rigorously proven. For finite elements without mass
lumping, i.e., for non-diagonal mass matrices, the theorems which are the basis of the convergence proofs
in the aforementioned works of Casulli et al. do not directly apply and still need to be generalized to more
general non-diagonal but symmetric positive definite mass matrices. In the rest of this paper, we therefore
assume that the simple ideal gas equation of state holds.

Spatial discretization is done by choosing a numerical method adapted to the nature of each equation:
finite volumes are applied to approximate the transport-diffusion equations, whereas the Poisson problem
is solved using continuous finite elements. The use of staggered grids avoids the checker-board phenomena,
which are typical for many numerical methods on collocated grids. The use of unstructured meshes increases
the applicability of the methodology with respect to Cartesian grids since the meshing of complex domains
becomes straightforward. The overall algorithm can be divided into four main stages:

e Transport-diffusion stage. The equations (25), (26), and (27) are solved using explicit finite volumes in
the dual mesh. To attain second order in space and time, a local ADER method combined with an ENO
reconstruction is considered. Within this stage we get the new density, p"*!, and the intermediate

approximations of the momentum, Wu, as well as the total energy density, WE at each cell of the dual
mesh.

e Pre-projection stage. The intermediate states for the total energy density and for the linear momentum
are transferred from the dual to the primal grid. Next, the auxiliary variables that will be needed within
the next stage, as the enthalpy, H"*1* and the kinetic energy density, (pK )"H’k, are also computed.
Let us note that the intermediate variables are calculated only once per time step, meanwhile the
auxiliary variables are updated at each Picard iteration.

e Projection stage. A P! finite element scheme is employed in order to solve the pressure equation (28)
implicitly. The resulting §P"*t1**1 is computed on the vertexes of the primal simplex mesh.

e Post-projection stage. The pressure correction at the new time ¢"*1 is substituted in (29) and (30) to
update the linear momentum Wn+1++1 and the pressure P51 Once the Picard iterations have
finished, the total energy, Wi, is recovered following (31).

In what follows, we will further detail each stage of the algorithm.

3.1. Staggered unstructured mesh

In this paper we make use of two overlapping unstructured staggered meshes to discretize the domain
Q. For the sake of simplicity, we focus here on the 2D case introducing the main notation needed. Further
details on the construction of three-dimensional face-type staggered meshes can be found in [81, 65, 1, 69, 86].

Let us consider a triangular primal mesh {T}, k =1, ..., nel} with vertex {V}, j =1, ... ,nver} (Figure 1
left). We now define the two triangles with basis one interior edge of a primal element and opposite vertex
the barycenters, B, B’, of the two primal elements sharing this face. The dual element, C;, is then built by
merging these two triangles (Figure 1 center). Similarly, a dual boundary element is a triangle which has
as basis a primal boundary edge and as opposite vertex the barycenter of the primal element. Let us note
that on the dual mesh the nodes {N;, i =1,...,nnod} are associated with the edges/faces of the simplex
elements on the primal mesh. The remaining notation related to the mesh is as follows:
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174 a face with C;.

175 I'; is the boundary of a cell C; and 7, its outward unit normal.

176

r,= |J Iy

NjEICi

|C;] is the area of C;.

178

179

180 length of I';;.

Sketches of the 2D and 3D staggered meshes are depicted in Figures 1 and 2, respectively.

Vs

Vs

7

KC; is the set of neighbouring nodes of a node N; consisting of the barycenters of the dual cells sharing

T;; is the edge between cells C; and C;. N;; is the barycenter of I';; (Figure 1 right). Note that

7;; is the outward unit normal vector to I';;. We define n;; := 1;;|[n:;]|, where, |[n;;|| represents the

Figure 1: Construction of face-type dual elements from a 2D primal mesh. Left: primal mesh made of elements Ty, 17, T\, and
vertex Vi, n =1,...,5. Center: dual interior cells C;, C; (shadowed in grey), white triangles correspond to boundary cells.

Right: boundary face, I';;, between the dual elements C;, C;.

181

i v

Va

Figure 2: Example of an interior finite volume (left) and of a boundary finite volume (right) which constitute the staggered

dual mesh in three space dimensions.

w2 3.2. Transport-diffusion stage

183 To solve the transport dominated equations, we use a finite volume method on the dual grid. As
1 result, we will obtain the value of the averaged new density, W;,"“ = p"*l, on each dual cell, as well as
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intermediate approximations for the cell averaged linear momentum, WU, and total energy density, WE We
start integrating equations (25)-(27) on each dual cell C; and applying Gauss theorem which yields

T n At n -~
oot = o — 2 / F% (W") 7, dS, (34)
g

At N _
Wu,FWﬁi—(/ ]—"W“(W”)nid8+/ VP”dV—/ T“mds—/ p"ng), (35)
' 1Cil \Ur, Cs r; Cs

— At _ 1 _ _
WE,iWJgiG(/F ]-'WE(W”)midS—/ <pnT”Wﬁ)"7ids+/F Q”«nide/ g.wgdv>.

(36)
where
FU (W) = Wn, FWa(Wn) = pinvv:; oW FWe(Wn) = KW (37)
are the convective fluxes of mass, momentum, and total energy, respectively.
3.2.1. Convective numerical fluzes
The global normal flux through the boundary of a dual cell is denoted by
Z(W™,3,) = F(W")i;, with F(W") = (F% (W), FWe(Wn), FWe (W) " (38)

Let us recall that the flux contribution in the energy equation accounts only for the kinetic energy density
contribution, pk, instead of the total energy density, pE. Within the flux computation the value of K™ is
recovered from the linear momentum and density fields, K™ = 2% IW?|. The integral of the flux term on
I'; can be split into the sum of the integral on the cell faces, I';;,

> /F Z(W",7,;)dS, (39)

N]'E’Ci

| Fowyias -
I;

and approximated using an upwind scheme to get a stable discretization. In particular, we consider a
modified Rusanov flux function, [92, 86],

o} (W:L 7W;L yMij) = (¢p (W;l 7W;L 77h'j) s Pu (W? aW?anij) , OR (W7 ,W? anij))T

~—

= L(E(W] 7))+ Z(W] 0,) — Lahsy (W) W) (40)
with
W = (W), W, pK)" (41)
the modified conservative variables vector,
Os,ij = ars (Wi, Wi, ny;) o= max { U} myy |, [UF -y} + ca ||my] (42)

the maximum signal speed on the edge and ¢, € R an artificial viscosity coefficient that may be activated
on particular tests to increase the stability properties of the final scheme when large variations of the density
and energy fields are encountered in the presence of small velocities. Substitution in (34)-(36) gives

At
P = e 2 6 (W WS my), (43)
v N;eK;
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225

= At _
Wi =W, — > 6u (W W)+ [ vPrav - [ rrgas— [ e
oGl = c r, C;
WE,i:WE,z’_@ Z ¢E (W7,  Wj 7771'3') - . pTLT Wi n:dS+ F»Q “1; dS — C‘g~WudV

N;e;

(45)

The scheme proposed above would result in a first order scheme in space and time. To increase the order
of accuracy attaining second order in space and time, a local ADER methodology (LADER) is employed, see
[1, 93, 86]. The reader is referred to [94, 29, 95, 84| for further details on the original ADER methodology
and to [96, 97, 72] for an alternative variant of ADER schemes that allow to avoid the cumbersome Cauchy-
Kovalevskaya procedure thanks to the use of a general space-time finite element predictor. In what follows,
we briefly recall the main steps to be performed in the LADER algorithm:

Step 1. Piecewise polynomial reconstruction in the neighbourhood of each boundary edge of the cell. Con-
sidering an scalar conservative variable, W, and one of the cell boundaries, I';;, the related reconstruc-
tion polynomials read

P(N) = Wi+ (N = N;) (VW) PLN)=W;+ (N = N;) (VW) (46)
To circumvent Godunov’s theorem and to develop a second order scheme avoiding spurious oscil-
lations, we introduce a non linearity via the use of a nonlinear Essentially Non-Oscillatory (ENO)
reconstruction. Accordingly, the gradients are computed as

(V Wgy, s 0 [(VW)g, - (Nig = No)
(V W)Tl_j , otherwise;

< |(v W), - (N3 = M)

(V W)L =

(V Wgs 0 [(V W)g, - (Nig = Nj)| < [(V W)y, - (N = )
VW), , otherwise,

TijR "’ )

(V W)Z] =

with T;;, T;;1 and T;;r the centered and upwind primal elements to the face I';; where the gradients
are computed using a Galerkin approach (Crouzeix-Raviart finite elements). An alternative to the
ENO-based reconstruction is the use of classical slope limiters like the Barth and Jespersen limiter
[98], or the minmod limiter of Roe [99, 29]. Also, a posteriori limiting strategies like the MOOD
approach, [100], could be used and will be part of future research.

Step 2. Calculation of the necessary boundary—extrapolated data in x,; of each edge/face of the FV mesh,

ij o

Wi, = pkj(Nij) = Wi+ (Nig — N;) (V W); (47)

Step 3. Use of the mid-point rule to get a second order of accuracy approximation in time. A tempo-

ral Taylor series expansion in combination with the Cauchy-Kovalevskaya procedure, based on the

mass, momentum, and energy equations (10), (11), (28), are employed in order to approximate the
conservative variables at the time t” + %

Wi Ni; = PiN;; + W;(Vq;jv Wj Nij = Pj Ny + W}k\/l (49)

J
where

) At
p Nij = _QE [Zp(‘»iNijanij)—"_Zp(“jNij?nij)}? (50)
i
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At At
fa = o [ZN(Wo ) + 2N (Wi + T,
uN;; QEW [ ( Nyj "713) + ( J Nij ?71])] + 25” 7"”
At At
DY (V P)T,v,,- + e (pi Nij T Pj Ni_,») g (51)
. Al At .
WENU = _Q,C [ZE(WZN”vnz])+ZE(WJN”vT’z])] + 2 (TU) T’z_]
i v
At
+Ig . (WuiNz‘j + Wu,j N”) ) (52)

with

2
T — 1 {(v Wat+ VW), v +(VWat VW)= 3 (VWi I+ V- W n T)|, (53)

UjN

(TU) = {(v Wa+VWi) v Uin, +(VWu+ VW) o Uy,

2
—g (V.Wu,iNijUiNij +V'Wu,jNijUjNij):| . (54)

Step 4. Calculation of the numerical flux for the convective terms using (40),

¢ (WiNij7WjNij7nij) = 5 [Z(WiNijvnij) + Z(WjNijvnij):| - éaRS,ij (WjNi- - WiN.;j) . (55)
3.2.2. Viscous term
Gauss’ theorem allows to rewrite the volume integrals of the viscous stress tensor and of the heat flux

into surface integrals over the boundary, I';, which can further be rewritten as a sum of integrals over the
individual cell faces, I';;. This leads to

_ 2 _
/ VTV = ) / T, dS= > m [v U+ (vun) - Zv. U"I} n;;dS,  (56)
Ci N;ek; Tij N;eK; Lij 3
/ V. (%T”Wﬁ) av= > / %T”Wﬁ My dS= )" / m Kv Ut + (vun - 2v.U"1> U"] -1,;dS,
C; P N,ex; T P Nyek: T 3

(57)

where the gradients are computed on the primal element containing the face, T;;, following the Galerkin ap-
proach already introduced in Section 3.2.1 within the LADER reconstruction. The corresponding numerical
diffusion functions read

2 ~
Pu (U£L7U;L>Ir]z]) ~ / H |:v U" + (V Un)T - g VUn:| nide7 (58)
Iy;
2 ~
op (U2, U n,.) ~ / i Kv U+ (VU -2 V-U”I) U"} 77,48, (59)

Similar to what has been done for the advection term, a Taylor series expansion combined with the Cauchy-
Kovalevskaya procedure could be applied to get a second order accurate approximation of the viscous terms
in space and time. The main difference with respect to the flux terms computation is that we now can neglect
the presence of the flux term on the reconstruction of the linear momentum field. As it has been shown in [1]
for the scalar advection-diffusion-reaction equation, the specific way of computing the gradients makes the
mixed contribution of advection and diffusion terms be completely included in the time evolution of the flux
to the half time level. We should notice that the evolution of viscous terms may lead to a more restrictive
CFL stability condition, so the time step would be smaller than when applying LADE:JLR only to convective

terms, see [84]. Once the evolution to the half time level of the linear momentum, W is computed, it is

u, 7’
=N _n
divided by the reconstructed density to approximate the evolved velocity, U, = (ﬁ?)_l W to be inserted

in (58)-(59). o
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3.2.3. Pressure term
To account for the pressure contribution at the previous time step, we transform the integral of its
gradient on the dual cell into the sum of the normal projection on each face

N;eK;

The value of the pressure at each dual face, P7, is obtained as the average of the pressure at its vertexes.
Regarding the vertex corresponding to the barycenter of the primal element, the pressure is approximated
again as the averaged value on the nodes of the primal element. To get second order in space and time, the

pressure in (60) is replaced by its half in time reconstructed Value The LADER methodology is apphed like

for the viscous term computation to get also the value of W, g, from which the evolved pressure P can be
recovered using relation (7).

3.2.4. Gravity term
The gravity source terms in (26)-(27) are integrated on each spatial control volume C; by taking the
averaged density and linear momentum fields on the cell:

/Cp”ng=|Ci|p§’g7 /Cg-WIidVZ\CiIg-WIii~ (61)

3.2.5. Heat flux term

Let us assume that the averaged cell temperature O is known. Then, it can be used to approximate
the temperature gradients on each primal cell as already done for the gradients of conservative variables in
the flux and viscous terms. Finally, these values are employed to approximate the integral of the heat flux
term after applying Gauss theorem,

[ Qv = 30 Qi my = 3 AT Oy (62)
N;el; N;el;

From the implementation point of view, the temperature, ©} can be computed at the previous time step
using the averaged values of the pressure and density at the dual cells:

pn
o = —"—.

(63)

3.3. Pre-projection stage

Some of the terms in the pressure system require for the preprocessing of the involved variables since
they need to be transferred from the dual mesh to the primal one, or they do not belong to the original
unknowns of the system to be solved.

Given a scalar variable at the dual cells, W;, its value on the primal element T} is computed as the
weighted average of the values on the subelements of a primal element associated to each face, Ty;, i € Kk,
K the set of indexes identifying the faces of primal elements,

_ il
Wy, = Z w; T (64)
1€

This approach is used for the computation of the density, VVP”H, the intermediate velocity, Wy, and the

intermediate total energy density, WE, by primal element. Then, the first guess for the kinetic energy density,

(pE)" ! = (Wt (65)

2pn+1
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is obtained. On the other hand, the first guess for the enthalpy is initially computed at the dual mesh,

v P

n+1

H’,n+1’1 - _
' 7= 1p;

(66)

and used when its value on the faces of the primal elements is needed. Passing to a value per primal element
is again done following (64).

3.4. Projection stage

For the projection stage a classical P; continuous finite element method is employed to approximate
the pressure correction P"T1*+1 in the primal grid nodes in each Picard iteration. To get the weak
formulation of the Laplacian problem we start by multiplying equation (28) by a test function z € V),
Vo = {z € H'(Q): fQ zdV = 0}, integrating in €2 and applying Green’s formula:

1
—1/5P”+1’k+1de—At2/H"“’kV6P”+1=’“+1~Vde:
T Ja Q

At? / H LR gttt pzd A 4 / (WE— (pK)”“”“) 2dV
r Q

1 = =
501 P"2dV + At / H" AW, .V zdV — At / H" AW, - nzdA, (67)
- Q Q T

Next, taking into account (17), we have
Wy =W, — AtV P" = W 4 AtV PPl = Wit 4 ALV §P L (68)

Multiplication by the time step, At, the enthalpy, H"*t1* the normal vector, nn and the test function, z,
and integration in the boundary of the computational domain, I'; gives

At / H" WLEW, - pzdA = At / HPUPWIHL L p2d A + At / H"LEg Pl nzdA. (69)
r T T

Rearranging the above equation, we get

At / H" MW, - nzdA — A2 / H" LR 6Pl nzdA = At / HLEWIHL L p2d A, (70)
T I I

Substitution of (70) into (67) leads to the following weak problem:

Weak problem. In each Picard iteration k find the pressure correction §P"T1F+1 ¢ V) that satisfies

% SPELETL, qV — A2 / HrHLEy gprtbhtl g qy =

Y- Q Q

—At/ HHURWIHL g A +/ (WE - (pK)n+1’k) v — [ praav s At/ H W, -V 2dV,
r Q vy—1Ja Q

(71)
for all z € V.

The presence of the enthalpy and the kinetic energy on (71) would make the above system highly
nonlinear if H" and (pK)"™ would have been employed instead of H"1F and (pK)" ™", To avoid
direct resolution of such a complex system a classical approach consists in employing a Picard iteration
procedure. Following the ideas introduced in [101, 102, 39, 64, 66] to circumvent the non-linearities arising
in semi-implicit and locally implicit schemes for nonlinear PDEs, the enthalpy and the kinetic energy term
on the right hand side of (71) are discretised at the previous Picard iteration, becoming thus explicit.
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Consequently, at each Picard iteration, & = 1,..., Np;., we have got a symmetric and positive definite
system for the pressure correction that can be efficiently solved using classical numerical algorithms for
linear systems like the conjugate gradient method using the solution at time ¢" as initial guess for k£ = 1.
Since in the numerical tests of this paper only the ideal gas equation of state has been considered, no mass
lumping was applied. Let us also remark that for ODEs the Picard iteration procedure allows to gain one
order in time per iteration so Np;. = 2 might be enough to keep the accuracy of the developed scheme.
Once (71) is solved, the solution is replaced into (30) to update the pressure and the enthalpy,

0% Pn+1,lc+1

n+1,k+1 __
" oyl it

(72)
and the density kinetic energy,

1 =
(pK)n+17k+1 _ — }Wﬁ+17k+1‘2’ W—ﬁ-‘,—l,k-{-l — Wu _ AtV6Pn+1,k+l, (73)

= 2

can be computed to be used in the next Picard iteration.

3.5. Post-projection stage

Once the pressure P"*! at the new time ¢"*! and the new momentum W21, are computed from (30)
and (29), the total energy density must be updated. Integrating equation (31) on a spatial control volume
T}, of the primal mesh and applying Gauss theorem yields

n+1 W At n+lywn+l =
Wt =Weg — = Y H" YW g, dS. (74)
7 |Tk| Nk, “Trt

where 7);;, denotes the unit normal vector to the [-face I'y; of the primal element Tj. To approximate the
integral on the face we assume a constant value for the linear momentum given by its averaged value on the
dual cell C; containing the face I'y;. Regarding the enthalpy, the averaged value of the vertex of the face
is employed. The averaged total energy density at each primal element is then interpolated into the dual
mesh using a weighted average,

1
|Ci

Wit = > Tl WEL, (75)

NiyeK;
with |T};| the area/volume of the intersection between the primal element T} and the dual element C;.

Remark 3.1. An alternative to update the total energy density would consist on computing on the primal
grid only the contribution of the last term of (74). Then, it can be interpolated to the dual grid and added
to the intermediate value WE originally computed on the dual grid. This approach would reduce dissipation
arising from forward-backward interpolation between meshes.

3.6. Boundary conditions

Boundary conditions of the numerical tests to be presented in Section 4 are constructed as a combination
of:

e Periodic boundary conditions. For the implementation of periodic boundary conditions, we assume
that a periodic mesh is provided. The pairs of matching dual boundary elements are combined in
order to define a new dual cell which then becomes of the interior type. Concerning the finite element
method, the corresponding vertexes are merged, resulting in a reduced number of unknowns for the
pressure system. All connections between the elements and nodes need to be updated accordingly.
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e Strong Dirichlet boundary conditions on FV. The exact value at the boundary is imposed as the
averaged value on the cell. Let us note that for inviscid flows only the normal component is set. When
adiabatic walls are selected, we impose zero heat flux instead of defining the value of the density field.
Definition of the exact value of the linear momentum is conveyed to the pressure system where it is
used to compute the last term in equation (71).

e Weak Dirichlet boundary conditions on FV. The value of a variable on the boundary is employed
to compute the contribution of the different terms of the corresponding conservative equations on
boundary cells. Accordingly, the computation of gradients with the Galerkin approach makes use
of the exact value of the variable at the boundary node whereas the numerical flux is computed
considering an auxiliary state:

Wzl;ux = 2VV:e_lxact - W;l (76)
in the viscous case and
Wzl;ux = W;l - 2W;J : ﬁﬁ (77)

for inviscid wall boundary conditions. Likewise strong Dirichlet boundary conditions, they are usually
combined with Neumann boundary conditions for the pressure field.

e Neumann boundary conditions on FV. They are generally linked to Dirichlet boundary conditions on
the pressure system so the exact value is imposed on boundary vertex. No further computations are
needed for the definition of inflow and outflow conditions on the velocity field.

4. Numerical results

The developed methodology is assessed using classical benchmarks from the incompressible limit to
high Mach number flows. For all tests presented in the following, we consider SI units. The time step is
determined according to the condition

r2

me+%m+2E<Mmﬁ’Mﬂ (78)

Cpp

where |¢] . |V max @2d A denote the maximum absolute eigenvalues related to the convective and diffusive
terms, respectively, which have been discretized explicitly, and ¢, is an artificial viscosity parameter, which
in this paper is assumed to be constant in space and time for simplicity. If not explicitly stated otherwise,
cq = 0 is used as default value. In (78), the symbol r; denotes the incircle diameter of each dual control
volume. The default value for the CFL number for all test cases is CFL= 1/d, with d the number of space
dimensions. Besides, the CFL related to the sound speed, CFL,, indicated in the tests is computed as

CFL, = max (clAt> , ¢ = nyﬁ. (79)
Ci T Pi

In the rest of this section, gravity is neglected, hence the gravity vector is set to g = 0.

4.1. Taylor-Green vortex and numerical convergence results

To study the accuracy of the new method proposed in this paper the Taylor-Green vortex problem is
solved in 2D. We consider a computational domain Q = [0, 27] x [0, 27] discretized using the meshes described
in Table 1 and a final simulation time ¢.,q = 0.1. The exact solution for this test case reads

p(x,t)=1, u(x,t)= ( _igls((i))(;?sgg ) , p(x,t)= vp_o T + i (cos(2x) + cos(2y)), (80)
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Mesh Elements Vertices Dual elements

M,y 512 289 800
Mo, 2048 1089 3136
Ms 8192 4225 12416
M,y 32768 16641 49408
Ms 131072 66049 197120
Mg 524288 263169 787456

Table 1: Different meshes used for the numerical convergence study based on the Taylor-Green vortex.

with v = 1.4, po = 10°. This leads to a characteristic Mach number M = 1.7-1073, so it corresponds to the
low Mach number regime. In this particular test case, the time step has not been automatically computed
from the CFL condition, instead a fixed value starting from At = 0.25 for the coarsest mesh and decreasing
linearly according to the mesh size has been employed. The L? errors in space, computed at the final time
step, and the order of accuracy attained,

log (L?L a;, (W) /L?L M; (W)>

L2 e (W) = [[Wexact — Wit 12000 Onriar, (W) = )
o, 0, W) = [Wexact = Wi, 12 m vy (W) log (har, /)

(81)

are depicted in Table 2. The sought order of accuracy is reached for the main flow variables with both
the first order and LADER schemes, as for the hybrid FV/FE scheme for the incompressible Navier-Stokes
equations proposed in [1]. At this point, we would like to remark that the proposed scheme is nominally
only first order accurate in time due to the employed operator splitting technique. In order to achieve high
order also in time, we recommend the use of an IMEX Runge-Kutta scheme, see e.g. [103, 40, 41, 44, 45, 46].

Mesh — L{(p)  O(p) Li(w)  O(w) LE(E) O(E) L) Ofp)
First order scheme
M1l 1.51E-01 2.23E—-01 1.74E+03 2.77TE—-01
M2 8.19E-02 0.88 1.13E-01 0.98 3.74E+02 222 547E—-02 2.34
M3 4.12E-02 0.99 5.66E-02 0.99 871E4+01 210 295E-02 0.89
M4 2.06E—-02 1.00 2.84FE-02 1.00 2.13FE+01 2.03 1.55E—-02 0.93
M5 1.03E£-02 1.00 142FE-02 1.00 5.28E4+00 2.01 7.96E—-03 0.96
M6 5.14E-03 1.00 T7.11E-03 1.00 1.32E4+00 2.00 4.03E£—-03 0.98
LADER scheme

M1 4.23E-03 3.06E—-02 7.20E+01 1.10E-01
M2 9.71E-04 212 7.69E-03 199 3.82E400 4.24 299E-02 1.87
M3 237TE—-04 2.04 192FE-03 200 2.29F-01 4.06 7.56E—-03 1.98
M4 584E—-05 202 478E-04 200 1.50E—-02 393 190FE-03 1.99
M5 145E-05 2.01 1.19E-04 200 1.21E—-03 3.64 4.76E-04 2.00
M6 3.60E—06 2.01 299FE-05 200 1.63E—04 2.89 1.19E-04 2.00

Table 2: Taylor-Green vortex. Spatial Lo error norms obtained at time t.,q = 0.1, and convergence rates for the first order
and local ADER schemes.
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4.2. Riemann problems

In this section, we analyse the performance of the proposed methodology for the compressible Euler
equations in presence of medium to strong shocks. We consider a two-dimensional computational domain
with € [—0.5,0.5] and a variable width depending on the number of cells in the horizontal direction so
that the final elements have a good aspect ratio and a small number of layers in the y-direction to reduce
the computational cost of the simulation. The initial condition is defined as

0oy ) po ifx<ua, 070y J ur ifx <z, 0wy 0oy ) po ifx<ua,
p(x){pR if > x.; ul(x){uR if £ > x.; us (x) =0 p(x) = pr  if x>z

(82)

where pr, pr, PL, PR, UL, UR, T, are summarized in Table 3 for the diverse tests, selected among those
presented in [29, 66]. The final time of each simulation, as well as the number of mesh divisions along
the z-axis (IV,), have also been reported in Table 3. The characteristic mesh spacing is therefore equal
to h = 1/N,. All tests have been run with the first order and LADER schemes using Dirichlet boundary
conditions in the z-direction and periodic boundary conditions in the y-direction. The first test analysed,

Test PL PR ur, UR L PR Ze tenda N
RP1 1 0.125 0 0 1 0.1 0 0.2 200
RP2 1 1 -1 1 0.4 04 0 0.15 300
RP3 0.445 0.5 0.698 0 3.528 0.571 0 0.14 200
RP4 5.99924 5.99242 19.5975 —6.19633  460.894 46.095 —0.2 0.035 200
RP5 1 1 —19.59745 —19.59745  1000.0 0.01 0.3 0.01 300
RP6 1 1 2 —2 0.1 0.1 0 0.8 200

Table 3: Riemann problems. Initial condition, initial position of the discontinuity, ., final time, tenq, and number of mesh
cells on z-direction, N, for each Riemann problem.

RP1, is the classical Sod problem presented for the first time in [104]. Figure 3 shows a good agreement
between the numerical and the exact solution for the shock, the contact, and the rarefaction waves.

12 Hybrid FVIFE (01) 12 Hybrid FV/FE (01) 12 Hybrid FV/FE (01)
Exact solution Exact solution Exact solution
11— 1 11—
/ A\
08 \\ 08 08 ‘-.\
'\\ /
> 06 06 L o06f
2 2 5
2 H / g
o ) / [
Q o04f- > 04p- / o 04
/ o
0.2} 0.2} F 0.2} |
o 0 — B — o
1Y) EREEE FREEE FEREY FRNES SNREN FRNEE FRNNY ENREE FENES R | ool b b b ) Y] IR FREEE REREY RRNES RESEN N | 1 1 1 J
'-20.5 -04 -03 -02 01 0 01 02 03 04 05 '?0.5 -04 03 -02 01 0 01 02 03 04 05 '?05 -04 03 -02 01 0 01 02 03 04 05

Figure 3: Riemann problem 1 (Sod). 1D cut through the numerical results along the line y = 0 for p, v and p at tepg = 0.2
using the first order method (CFL. = 3.35, co = 1, M = 0.93).

RP2 corresponds to a double rarefaction problem. Overall the shape of the exact solution is captured
even if a finer mesh would be useful to better approximate the constant contact discontinuity between the
two rarefactions, Figures 5-6.
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12 Hybrid FV/FE (LADER) 12 Hybrid FV/FE (LADER) 12 Hybrid FV/FE (LADER)
Exact solution ———— Exact solution ———— Exact solution
1= U
: ) i 4
A /:
08 kY 08 &
\ A
I § i f
2 08 % 2z 06F )i g
2 A S f ¢
o + % ° L °
o o4l > 04 [
I 3 1
02 0.2 02 1
oF 0 e — or
oplee ) )Y} NN N N NS NN FRNES PUNEE SN P B ) NN N N PR SUU FENNE DS R | 1 J
05 -04 -03 -02 01 0 01 02 03 04 05 05 -04 -03 -02 -01 0 01 02 03 04 05 05 -04 -03 -02 -01 0 01 02 03 04 05
X X X

Figure 4: Riemann problem 1 (Sod). 1D cut through the numerical results along the line y = 0 for p, v and p at tepg = 0.2
using the LADER-ENO method (CFL. = 3.35, co =1, M = 0.93).

12~ Hybrid FVIFE (01) 15~ Hybrid FV/FE (01) 05~ Hybrid FVIFE (O1)
Exact solution Exact solution Exact solution
7
f
‘j o
2 o6 / 8 3 \ {
g e 8 [ \
& 02 §
041 \
[ 01
021 Ny r \
L [ pa—
olove b b b b b b b b sl b b b b b b e i b ol L L L
05 -04 -03 02 014 0 01 02 03 04 05 05 -04 -03 02 -01 0 01 02 03 04 05 -05 -04 -03 02 -00 0 01 02 03 04 05
X X X

Figure 5: Riemann problem 2 (Double rarefaction). 1D cut through the numerical results along the line y = 0 for p, u and p
at tend = 0.15 using the first order method (CFL. = 0.4, co = 2, M =~ 1.37).

12~ Hybrid FV/FE (LADER) 15 Hybrid FV/FE (LADER) 05~ Hybrid FV/FE (LADER)
r Exact solution [ Exact solution r ———— Exact solution
i o
08k \ 051
[ \ [
2 | | g | £
2 o6l 8 of a2 {
i ° o H
a > & r ¥ /
& 02 % i
04} 051 [
0.1
02 R — \
p
olee b b b b b b b bl sl b b b b b e i 1 oleve b b b b b b b el J
05 -04 -03 -02 -0 0 01 02 03 04 05 05 -04 -03 -02 -01 0 01 02 03 04 05 -05 -04 -03 -02 -0 0 01 02 03 04 05
X X X

Figure 6: Riemann problem 2 (Double rarefaction). 1D cut through the numerical results along the line y = 0 for p, u and p
at tena = 0.15 using the LADER-ENO method (CFL. = 04, co = 2, M = 1.37).
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The third test, RP3, corresponds to the Lax shock tube and is used to assess the ability of the method to
deal with simple waves. The obtained results, presented in Figures 7-8, match pretty well the exact reference
solution.

15 Hybrid FV/FE (01) 18 Hybrid FV/FE (O1) 4 Hybrid FV/FE (01)
- Exact solution Exact solution Exact solution
I 16F S 35\
12} 14F N
j 3k N\
12F N
09 1k / ° T -
2 2 5
£ 5 / 2
c O 08 w 2F
o ° - o
o > a
06 06
15F
S 04}
S 1F
03 02
ok 05|
0\‘\\'\\\\'\\‘\]\\'\\l\w\luul\u\]\\l\\l -0. (NN FEREY FENEE FREEE FEREE FETE FESES SN FEe Swee | owwwwlwww‘lwwlwwlwwlw‘l | 1 1 J
05 -04 -03 -02 014 0 01 02 03 04 05 '?0.5 -04 03 -02 01 0 01 02 03 04 05 -05 -04 -03 02 -0 0 01 02 03 04 05

Figure 7: Riemann problem 3 (Lax). 1D cut through the numerical results along the line y = 0 for p, u and p at tena = 0.14
using the first order method on mesh M1 (CFL. = 2.78, M ~ 0.94).

15 Hybrid FV/FE (LADER) 181 Hybrid FV/FE (LADER) 4r- Hybrid FV/FE (LADER)
I Exact solution o Exact solution N Exact solution
16 L
g 35T\
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12 141 s Y
¢ af \
12 f %
0o 1k / 251
> I > 7 4 I
2 £ F ; 5
2 S osf 8 2F
8 06} s 06 ) E L
o . oF 15F
e 04 i
| ~— ; s 1k
03 0.2f b
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o O I
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05 -04 -03 02 -0 0 01 02 03 04 05 '-20.5 -04 -03 -02 -01 0 01 02 03 04 05 -05 -04 -03 -02 01 0 01 02 03 04 05

Figure 8: Riemann problem 3 (Lax). 1D cut through the numerical results along the line y = 0 for p, u and p at teng = 0.14
using the LADER-ENO method on mesh M1 (CFL. = 2.78, M = 0.94).

The fourth Riemann problem, RP4, presents three strong discontinuities travelling to the right originated
from two shock colliding waves. Figures 9-10 show the solution obtained with the first and second order
schemes. Note that the highly restrictive Barth and Jespersen limiter has been employed jointly with an
artificial viscosity coefficient, ¢, = 5, to keep the stability of the scheme.

RP5 is a severe test defined as a modification of the left half of the blast problem introduced in [105].
It accounts for a left rarefaction wave, a right-travelling shock wave and a stationary contact discontinuity
generated by an initial large pressure jump of order 10° and a small velocity variation. The second order
scheme has been run using two different limiter strategies. We observe that the minmod limiter, Figure 13,
is more severe on damping the oscillation appearing after the rarefaction wave on the velocity field than the
ENO-based reconstruction, Figure 12, which captures better the right shock. The results obtained with the
first order scheme are reported in Figure 11. The robustness of the developed methodology and its capability
to deal with slowly moving contact discontinuities, for really high Mach numbers, are clearly proven.

The last Riemann problem considered, RP6, is characterised by two shock waves travelling in opposite
directions. An excellent agreement with the exact solution is observed in Figures 14-15.
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Figure 9: Riemann problem 4. 1D cut through the numerical results along the line y = 0 for p, v and p at tenq = 0.035 using
the first order method (CFL. = 0.42, co =5, M =~ 1.97).
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Figure 10: Riemann problem 4. 1D cut through the numerical results along the line y = 0 for p, v and p at teng = 0.035 using
LADER-BJ method with reconstruction thorough primitive variables instead the conservative ones (CFL. = 0.42, ¢co = 5,
M ~ 1.97).
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Figure 11: Riemann problem 5. 1D cut through the numerical results along the line y = 0 for p, w and p at tenqg = 0.01 using
the first order scheme (CFL. = 2.7- 1073, cq = 2, M ~ 956.42).
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Figure 12: Riemann problem 5.1D cut through the numerical results along the line y = 0 for p, v and p at tenqg = 0.01 using
the LADER-ENO method (CFL. = 2.7-1073, co = 2, M ~ 513.68).
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Figure 13: Riemann problem 5. 1D cut through the numerical results along the line y = 0 for p, w and p at tenqg = 0.01 using
the LADER-minmod method (CFL. = 2.7- 1073, ¢q = 2, M ~ 691.58).
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Figure 14: Riemann problem 6. 1D cut through the numerical results along the line y = 0 for p, v and p at tenq = 0.8 using
the first order method (CFL. = 9.35, co = 2, M = 7.75).
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Figure 15: Riemann problem 6. 1D cut through the numerical results along the line y = 0 for p, v and p at teng = 0.8 using
the first order method (CFL. = 9.35, ¢co = 2, M ~ 7.29).

4.3. 2D circular explosion

The circular explosion problem presented here is based on an initial radial solution given by the Sod
shock tube

1 if r <0.5 1 if r <0.5
0 — = ) 0 _ 0 _ = )
prx) = { 0.125 if r > 0.5, wx) =0, px) _{ 0.1 if r > 0.5, (83)
see [29, 106, 71]. We consider the computational domain Q = [—1,1] x [—1,1] and periodic boundary

conditions everywhere. The simulation is run until time t.,q = 0.25 on a primal triangular mesh of 85344
elements. To get a reference solution, a one-dimensional PDE in the radial direction obtained from the
compressible Euler equations when using convenient geometrical source terms, [29], is solved using a second
order TVD scheme on a very fine mesh made of 10000 elements. The results obtained with the first order
scheme and the LADER-ENO methodology, Figures 16-17, present a good agreement with the reference
solution. Figure 18 allows for a direct comparison of the solution obtained with both schemes along a 1D
cut. The second order LADER method with ENO reconstruction provides a better approximation of the
solution compared to the first order scheme, as expected.

4.4. 3D spherical explosion

In this section, we study the behaviour of the method for a 3D spherical explosion benchmark based
on the Sod problem. The computational domain is defined to be the sphere of unit radius centered at the
origin. Initial conditions read

0 () 1 if r <1, 0 () 1 ifr<i, () (50
P (x) = p(x)= u (x) =0, 84
0.125 ifr> 1, 01 ifr>4,

with » = y/22 + 32 + 22. Dirichlet boundary conditions are imposed and the domain is covered by 2280182
tetrahedra.

The solution obtained using the LADER-ENO scheme with CFL = 1, ¢, = 3, up to teng = 0.25 is
depicted in Figure 19. As reference solution we solve again the 1D code for Euler equations introduced in
Section 4.3 updated with appropriate source terms to account for three-dimensional effects. The agreement
observed for the 1D cuts of density, velocity magnitude and pressure prove the capability of the method to
handle three-dimensional problems.
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Figure 16: Circular explosion. The left top image corresponds to the 3D plot of the obtained p at the final time whereas the
1D plots containing the reference solution (black continuous line), a 1D cut (blue squared line) and the scatter plot (red dots),
correspond to the p, p, and |u| fields obtained using the first order scheme (cq = 1).
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Figure 17: Circular explosion. The left top image corresponds to the 3D plot of the obtained p at the final time whereas the
1D plots containing the reference solution (black continuous line), a 1D cut (blue squared line) and the scatter plot (red dots),
correspond to the p, p, and |u| fields obtained using the LADER-ENO scheme (cq = 1).
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Figure 18: Circular explosion. Comparison between the numerical solution obtained with the first order scheme (blue squares)

and the LADER-ENO approximation (green circles).
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4.5. First problem of Stokes
To further analyse the behaviour of the developed method in the incompressible limit, we now consider
the first problem of Stokes, [107]. The initial condition, defined in = [—0.5,0.5] x [—0.5,0.5], reads

1 —0.1 ify<o0
0 _ 0 _ 0 _ 0 _ <0,
PE=1 =t =0 de={ Y (®5)
In the incompressible limit, this test case has an exact analytical solution for uy given by
1 T
t) = —erf . 86
e x.0) = ggorf (57=) (36)

To complete the physical set up, we define v = ¢, = 1.4, A = 0, leading to M ~ 10~'. Regarding boundary
conditions, we impose the exact values for density and velocity in the z-direction, while on the top and
bottom boundaries, we set periodic boundary conditions in y-direction. Meanwhile, the exact values for
density and velocity are employed in the remaining boundaries. Finally, three different simulations are run
attending to the value for the viscosity coefficient: u = 1072, y = 1073, and pu = 10~*. The simulations are
run on a triangular primal mesh made of 1000 elements up to time t.,q = 1. The vertical velocity along y = 0
is plotted in Figure 20 against the exact solution. We observe a good agreement between both curves for all
three viscosities. Let us note that y = 10~% is the only simulation run using the ENO reconstruction so that
we completely avoid the small bump arising after the discontinuity if any limiting strategy is employed. In
the other cases, such reconstruction can be neglected due to the high physical viscosity considered.
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Figure 20: Comparison of the vertical velocity uo along the 1D cut y = 0 obtained for the first Stokes problem using LADER
scheme against the exact solution at teng = 1. p = 107* LADER-EN (left), p = 1073 LADER without limiters (center),
u = 1072 LADER without limiters (right).

4.6. Viscous shock

Here we analyse a steady viscous shock with Mg = 2 the shock Mach number. Considering the particular
case Pr= (.75, with Pr the Prandtl number, it is possible to find an exact solution of the compressible Navier-
Stokes equations, derived by Becker in 1923, see [108, 109, 110] for all the necessary details to setup this
test case.

The computational domain @ = [-0.5,0.5] x [0,0.1] is discretized with 12500 triangular elements of
characteristic mesh spacing h = 1/250. The shock wave is centered at x = 0.
The values of the fluid in front of the shock wave are given by pg = 1, ug = =2, vg = wy = 0, and

po = 1/7 so that the corresponding sound speed is ¢y = 1 and the fluid is moving into the shock from the
right to the left at shock Mach number My = 2. The Reynolds number based on a unitary reference length
(L =1) and on the flow speed ug is given by Re, = %. The fluid parameters are chosen as v = 1.4,
ey =25, p=2-10"2 and A = 9% - 1072, hence the corresponding shock Reynolds number is Re, = 100.
The simulation with the new hybrid FV/FE scheme proposed in this paper is run until time teop,q = 0.025,
setting ¢, = 3. The comparison between the numerical solution and the exact solution is shown in Figure 21
for the density p, the velocity u, and the pressure p. For all quantities, one can note a very good agreement.
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Figure 21: Numerical solution for the steady viscous shock obtained with the hybrid FV/FE scheme and exact solution of the
compressible Navier-Stokes equations, Pr= 0.75, M = 2 and Re = 100 at time ¢t = 0.025.

4.7. Lid-driven cavity flow

A classical test for incompressible flows is the lid-driven cavity benchmark, which accounts for a well-
known reference solution, [111]. Therefore this test may be the optimal candidate to assess the behaviour
of the method in the incompressible limit. We define a square computational domain of unit length and set
wall boundary conditions everywhere. In particular, we fix a purely horizontal velocity at the top boundary
u1 = 1, ug = 0 and consider homogeneous no-slip boundary conditions on the bottom and lateral boundaries.
As initial conditions, we consider a unit density, p = 1, the pressure p = 10* and an initial fluid at rest.
The viscosity is set to g = 1072 so that Re = 100 and M = 8 - 1072 are the characteristic Reynolds and
Mach numbers of this test attending to the lid velocity. The artificial viscosity coefficient has been set to
Co = 2. In the left plot of Figure 22, we show the Mach contour plot of the solution obtained with the
LADER-ENO scheme overlapped by a sketch of the half dual elements employed. The right plot reports the
comparison between the approximated and the reference solution for the horizontal and vertical velocities
along the vertical and horizontal 1D cuts in the middle of the domain. An almost perfect match is observed.
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Figure 22: Solution of the lid-driven cavity test with Re = 102. In the left subfigure the dual half grid considered is depicted
over the Mach number contour plot. The right plot shows the obtained 1D velocity cuts along z = 0.5 and y = 0.5 (blue dashed
line) and the reference solution (black circles) given by [111].
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4.8. Double shear layer

In this section we apply the new hybrid finite volume / finite element method for all Mach number
flows developed in this paper to the well-known double shear layer problem, see e.g. [10, 64, 83]. The
computational domain is given by Q = [~1,1]? and the initial condition reads

tanh |p(y — if § < 3, i
{ [p(z )] ¥=2 uy (x) = dsin (272), p°(x) = %’ (87)

with the abbreviations & = IT“ and § = . The remaining parameters of the setup of this test case are

chosen as p =30, p = 2-10"% X\ = 0 and § = 0.05, see also [64, 83]. The characteristic Mach number of
this test case is M ~ 2 - 1073, hence we are again in the low Mach number regime. The domain is covered
with 8192 primal elements and the boundary conditions are periodic everywhere. In Figure 23, we show
contour plots of the vorticity at times ¢ € {0.8,1.6,2.4,3.6}. Comparing our numerical solution with the
one obtained in [71, 64] we note a very good agreement, although the scheme presented in this paper is only
second order accurate, while in [71, 64] high order schemes have been employed.

y+1
2

4.9. Single Mach reflection problem

Let us now consider the single Mach reflection problem that can be found in [29] and for which experi-
mental reference data are available in [29] and [112] under the form of Schlieren images. The test problem
consists in a shock wave that is initially located in x = —0.04 and that travels to the right at a shock Mach
number of M = 1.7, hitting a wedge that forms an angle of ¢ = 25° with the z-axis. The pressure, p, and
density, p, ahead of the shock are set to pg = 1 and py = 1/, respectively, while for > —0.04 we consider
a fluid at rest. The post-shock values can be easily obtained from the Rankine-Hugoniot relations of the
inviscid compressible Euler equations.

The computational domain is = [0, 3] x [0, 2], from which the 25° wedge is subtracted. It is discretized
using 1237328 triangular elements of characteristic mesh spacing h = 0.003. For this test we set ¢, = 1.
The pressure field obtained for a simulation run until ¢.,q = 1.2 is depicted in Figure 24. The flow field
obtained with the novel hybrid FV/FE scheme agrees well with the numerical and experimental reference
solutions shown in [29]. The shock wave is properly resolved and located in the correct position at z = 2.

4.10. Shock-wedge interaction problem

In this section, we consider a flow that involves the interaction of a mild shock wave with a two-
dimensional wedge, see also [113, 114]. Experimental reference data for this test are available in form
of Schlieren photographs, see [112, 115]. The computational domain is given by Q = [—2,6] x [—3, 3], ex-
cluding a wedge of length L = 1 and height H = 1 with its tip located in the origin. On all three edges of
the wedge, we impose inviscid wall boundary conditions, while the upper and lower boundaries are periodic.
On the left and on the right boundary, we impose the initial condition as Dirichlet boundary condition.
The initial condition for a right-moving shock wave with shock Mach number M, = 1.3, initially located in
x = —1, is setup according to the Rankine-Hugoniot relations, see [113]. The pre-shock state (for x > —1)
is given by pg = 1.4, ug = 0, and pr = 1.0. A triangular mesh with a characteristic mesh spacing of
h =1/100 is employed, leading to a total of 1080342 triangles. For this test, we set ¢, = 0.5. The pressure
contours obtained with our hybrid FV/FE method are depicted in Figure 25 at several times. The location
and shape of the shock and of the vortices shed behind the wedge compare qualitatively with those shown
in [113, 114, 112, 115].

4.11. Supersonic flow at M = 3 over a circular blunt body

This last numerical test problem deals with the supersonic flow over a circular cylinder at Mach number
M = 3. The computational domain is the part for which x < 0 of a circle of radius R = 2 centered in
x. = (0.5,0), from which a circular blunt body of radius r, = 0.5 centered in the origin is subtracted. The
domain is discretized using a triangular mesh of characteristic mesh spacing h = 1/200 composed of 348964
triangles. For this test, we set ¢, = 3.
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Figure 23: Contour plots of vorticity at times t € {0.8,1.6,2.4,3.6} (from top left to bottom right) for the double shear layer
test problem. The second order LADER scheme has been employed for the discretization of nonlinear convective terms.
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Figure 24: Pressure contours obtained at to,q = 1.2 for the single Mach reflection problem using the new all Mach number
hybrid FV/FE scheme presented in this paper. The shock is in the correct location at z = 2.

The initial condition is p = 1.4, u = (3,0), p = 1 in the entire computational domain. On the blunt
body, inviscid wall boundary conditions are imposed. On the left inflow boundary, we impose the initial
condition as Dirichlet boundary condition, while outflow is set on the right boundary. The computational
results obtained with our hybrid FV/FE scheme are depicted in Figure 26 at time ¢t = 5. The typical bow
shock forms in front of the blunt body.

5. Conclusions

In this paper a novel asymptotic-preserving semi-implicit hybrid FV/FE algorithm has been proposed
for the solution of all Mach number flows on staggered unstructured grids. The initial semi-discretization in
time of Navier-Stokes equations allows a partial decoupling of the calculation of the linear momentum and
of the density with respect to the solution of the pressure correction system. The first stage of the method
involves the computation of the new density and an intermediate approximation of the linear momentum
and total energy density, which account for the contribution of convection, diffusion, and gravity terms in
the related conservative equations. Moreover, the pressure gradient at the previous time step is included
so that the velocities would need only to be corrected with the pressure difference once it is computed. A
local ADER methodology is employed to achieve a second order scheme in space and time, where we benefit
from the dual mesh structure to approximate the gradients involved in the half in time reconstruction, hence
reducing the stencil with respect to classical ADER methods. This procedure yields a good intermediate
approximation of the linear momentum and total energy density to be provided for the computation of the
pressure unknown on the projection stage. The splitting proposed following [36, 66| leads to an efficient
numerical method in which the sound velocity is avoided on the eigenvalues computation of the transport-
diffusion equations, approximated using an explicit scheme. Then, the pressure system is solved using
classical implicit continuous finite element methods. Accordingly, the time step computed through the CFL
condition is only limited by the flow velocity reducing the computational cost of the overall method. A
key point of the proposed algorithm is the Picard iteration procedure that allows an iterative update of
the linear momentum, enthalpy, and pressure variables avoiding the solution of a complex nonlinear system
for the pressure. Once the pressure difference between two consecutive time steps is computed, the linear
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Figure 25: Shock-wedge interaction problem in 2D. Pressure contours using the hybrid FV/FE method on an unstructured
triangular grid with mesh spacing h = 1/100. Output times from top to bottom: ¢ = 1.5, t = 2.0, t = 2.5.
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Figure 26: Pressure contours for the M = 3 flow over a circular blunt body at time ¢ = 5.

momentum and energy are corrected. The proposed methodology has been carefully validated by comparison
of the obtained results with available analytical and numerical solutions. The numerical tests ranging from
the incompressible limit to supersonic flows show the capability of the method to address complex flow
phenomena.

In the future, we plan to extend the hybrid FV-FE methodology in the context of shallow water equations
making use of the seminal ideas presented in [12, 116, 117, 118, 119]. Moreover, more complex PDE
systems, including natural involution constraints, like MHD equations, will be considered. To this end,
the development of a structure-preserving scheme verifying the divergence-free condition will be essential,
[120, 121, 122, 123, 124].
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