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1 Introduction

Fractional calculus appears in many fields of engineering and sciences as rheology,
viscoelasticity, electrochemistry, electromagnetism, and so forth. Many different books
and monographs are devoted to the development of fractional calculus. See for instance
[5, 9, 10, 11, 14, 15, 16, 18]. The interest of the study of fractional order differential
equations lies in the fact that there are more degrees of freedom in the fractional-order
models. Furthermore, fractional derivatives provide an excellent instrument for the
description of memory and hereditary properties of various materials and processes.
Recent results on fractional differential equations can be seen in [6, 7, 8, 12].

Integral boundary conditions have various applications in applied fields such as
blood flow problems, chemical engineering, population dynamics and so forth, for more
details see [1, 4, 6, 17].

As in dynamic of populations, many fields of engineering and sciences focus their
interest on existence of positive solutions. We mention the works [2, 3, 4, 13].

Motivated by this and the above cited works, in this paper we investigate the
existence of positive solutions of the following fractional differential equation with
integral boundary conditions.

Dou(t) + f(t,u(t)) =0, 0<t<1, 1<§<2, (1)
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w() =0, u(1) =1 [ U h(ryu(r)dr. @)

Where D? is the Riemann-Liouville fractional derivative and f is a given function.

The boundary conditions (2) can be thought as a mechanism putted at the end point
of an oscillator, which is characterized by the weighted function kA and the parameter
A, that controls its displacement according to the feedback from devices measuring the
displacements along different parts of the oscillator.

This paper is organized as follows. In section 2, we recall some definitions concerning
the fractional integral and derivative, and related basic properties which will be used
in the sequel. We consider an auxiliary problem to derive the Green’s function. Our
main existence results are given in Section 3. Some examples are introduced in the last
section.

2 Preliminaries

Here we present some basic knowledge and definitions for fractional calculus which will
be used in the sequel.

Definition 2.1 (/15, 18/). The Riemann-Liouville fractional primitive of order § > 0
of a function f:(0,1] — R is given by

B0 = s [ (6 =) ()

)

provided that the right side is pointwise defined on (0,1], and where ' is the gamma
function.

Definition 2.2 ([15, 18]). For a continuous function f : (0,1] — R, The Riemann-
Liouwville derivative of fractional order 6 > 0 is given by

Df(t) = F(nl_ 5 S ([e-nrsmar), =i,

where [0] denotes the integer part of the real number .

Lemma 2.1 ([15, 18]). Let 6 > 0, then the solutions of the fractional differential
equation
D’u(t) =0

are given by the following expression
ut) =t P et P4 et g eRi=1,...,n, n=[0+ 1.

From Lemma 2.1 we deduce the following result.
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Lemma 2.2 ([15, 18]). Let § > 0, then
I (D%(t)) =u(t)+at® T F et P et g ERi=1,...,n, n=[0] +1.

In order to get the expression for the Green’s function of boundary value problem
(1) — (2), we start by solving the following auxiliary problem:

Du(t)+o(t)=0, 0<t<1, 1<6<2, (3)
1
w(0) = 0, u(1) = A / h(r)u(r)dr. (4)
0
Lemma 2.3 Let 1 < § < 2. Suppose that 1 — X [y h(r)r®*~*dr # 0. A function

u € C|0,1] is a solution of the linear boundary value problem (3)-(4) if and only if it
satisfies the integral equation

1
u(t) = / G(t, s)o(s)ds,
0
where G(t, s) is the Green’s function given by

G(t,s) = G1(t,s) + Ga(t, s)

thh 5—1 6—1 6—1
t (1_S)F(5)_(t_8) ’ 0<s<t< 1’
Gl(t’s) - 9-1(1—5)0—1 (5)
Lol 0<t<s<l.
and
Galt. ) N [ h)Gilrs)d ©)
2(t,5) = 1=\ Jy h(r)rs=tdr Jo et

Proof. By Lemma 2.2 we have that the u is a solution of the linear equation (3) if and
only if it satisfies

u(t) = — /Ot @;(?)(S_la(s)ds ot et

Condition u(0) = 0 implies necessarily that c; = 0.

Since u(1) = A J h(r)u(r)dr, we deduce that

o = /01 (1;(?)6_10(5)(18 + Ay /01 h(s)s®'ds — I‘()\(S) /01 h(r) /Or(r — 8)° Lo (s)dsdr.

Now, since 1 — A [y h(r)r~tdr # 0, we have

e )\foll T </01(1 — 3)6710(s)ds — )\/01 h(r) /OT(T B 5)510(8)d8dr>

Ccl =
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Finally, we have the expression

u(t) =

t&*l

+

L)1 — Ay

) /1(1 —5)° Lo (s)ds

h(r)ré=1dr) Jo
)\t5—1

L3 (L =Xy h

(t—s)°!

(ryro=tdr) /01 hr) /OT(T — )" 'o(s)dsdr

- - t o(s)ds
AL SO ot
CT(0)(1- A)\jt’: l(r)ws 1dr) Jo /1h(7“)'/0r(7“— )’ 'o(s)dsdr
/0 (t — = )) o(s)ds + 255(—1)/01(1 — ) lo(s)ds
+H)ii&hwx;?zﬂ/%l—@*%@ms
<>u—;i1>wlm¢[hwlﬁw o (s)dsdr
-1 F<5)> 7o 155(63 f =9 ato)is + ;5(5) [ =9 o(s)ds
PR 1 )

+

L) (L =X Jy h

iy by Mo =it

Ato—1 1 , |
O - ()T5—1dr)/() ) (7 =) ols)dsds
5—1 ¢ 51
— /0 (t F((S)) o(s)ds + ) /0 (1—s)"'o(s)ds + ) /t (1= s lo(s)ds
)\td_l 1 1 . »
T Thyd) b POy T = 8 o) dsdr
Ao

T(8)(1— A

Mﬂﬁ4wyfh“VAQW—ﬁ5%@mwr
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o /Ot“;(‘gs‘la@)dH ;5(;; [[0= 9 os)ds + 1{‘5(‘51) [[1= ooty
GIE )\)\j;_fi(r)r‘Sldr) /01 hr) - [ 10 (L= )™ o (s)dsdr
T(O)(1- ;;; ;<r>r6—1dr> /01 W)« [ =)o (s)dsdr
+F(<$)(1 — /\/\jjll(r)ré—ldr) /01 h(r) - /Tl (1 — 5)° o (s)dsdr
_ / Galt,9)0(s)ds + 5 _)\)\j;—;( . / / o
_ A(%QJM@M$+A:X®O_;ﬁ;&V§wﬂ[;M)GﬂrQWd)%

_ /01Gl(t,s)a(s)ds+/01G2(t,s)a(s)ds.

g
As a direct consequence of the previous result, we deduce the following properties.

Lemma 2.4 The function G1(t,s) defined in Lemma 2.3 has the following properties:
1. G4(t,s) € C ([0,1] x [0,1]).
2. Gy(t,s) >0 for (t,s) € (0,1) x (0,1) and G1(0,s) =0 = G1(1,s) for s € [0,1].
3. Gi(t,s) =G1(1 —s,1—1t), Vt,s €]0,1].

In next result, we deduce two inequalities that, as we will see, will be fundamental
to ensure the existence of the solutions of the nonlinear problem (1)-(2).

Lemma 2.5 Let the function G1(t,s) be defined in Lemma 2.3 and fix tg € (0,1), then
G, satisfies the following inequalities:

86—1 (1 _ 5)6—1
< 1 1
Gi(t,s) < RO vt € [0,1], s € [0, 1] (7)
and
(1= 8) T k(t t) < Gi(t,s), Vte[0,1], s € [to, 1], (8)
with -
o) if 0<t<ty<l

. t5—1 t571(1_t0)571_(t_t0)671 ] .
min { INCOR () tffl (—tg)?! } Zf O<tg<t<l1
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Proof.
For s > t,
0G, 0—1 6—1,6-2
Tt s) = (1 — .
P (t,s) ) (1—95)°"t"">0
For s < t, since 1 < ¢ < 2, we have
G, 0—1 §—1,6-2 §—2 0—1 52 §—2
-t - = _ _( — < - _(f — )
o (1:5) ) ((1=s)t (t —s) >—r5) (t (t—5)"?) <0

As a consequence, it is fulfilled that

Gi(t,s) < Gi(s,s) =

and inequality (7) holds.
By using the third property on Lemma 2.4, we deduce that

&aGl(t,s)>0 for0<s<t<1
s

and 50
a—;(t,s)<0 ifo<t<s<l.

Now, we introduce the following function:

Gl (ta 8)
86—1 (1 _ 5)6—1’

Fi(t,s) = (t,s) €10,1] x (0,1),

as a direct consequence of previous arguments, we deduce that

F
@(t,s)<0 for0<s<t<1
ot
and oF
8—;(t,s)>0 if0<t<s<l.

As a consequence, we have that
Gl(ta 5) < Gl(sa 3) 1
§971(1 — 5)0-1 = s0-1(1 —5)9-1 — T'(§)’
By the other hand,

t6—1

T 0<t<s<,

oF
771 (t, 3) —
Js (6—1)(t(s2—2st+t) (t—5)"— (t—5)?t7 (1-5)° )

TT(0)(t—s)% (1-5)°s0 0<s<t<1.
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As a direct consequence, we deduce that

OF'
a—l(t,s)<0 for0 <t <s<1.
s

On the other hand, for the case 0 < s <t < 1 we have that %(t,s) > 0 if and
only if
hi(t,s,0) = (1 — )t 1t — 8)*° < s — 25t +1 = hy(t, 5).

Now, since

ohy
20

(t,5,8) = (1 — )1 (¢t — 5)2 log (tt_ t:),
we have that hy is strictly increasing on the § interval [1,2] for any 0 < s <t <1
given.

Thus, since ho(t,s) — hy(t,s,2) = (1 —t) s* > 0, we conclude that %1(¢,s) > 0 for
all 0 < s <t <1,

So, for any ¢y € (0,1) fixed, we have that

Gl (ta S) . . Gl (tv S) Gl(ta tO)

>

sO-1(1 —s)0-1 — fin {sliql— s(1—s)0=17 4371 (1 — )01
. o1 Gi(t,to)
B L) 571 (1 —to)

5_1} = k’(t,to), Vt € [07 1]7 ERS [t()’ ]‘]7

and the result is concluded. O
By virtue of this lemma, we can give now the main result of this section.

Lemma 2.6 Let ty € (0,1) be fizred and h introduced at the boundary conditions (2).
Denote by A = [y h(r)r®=dr, B = [y h(r)dr and Co = [, k(r,to) h(r)dr. Assume that
h >0 onl0,1] and 1 — XA > 0. Then the Green’s function G(t,s) defined in Lemma
2.3 satisfies the inequalities

ACyto~!

ACot™ L
I—)A

SSTH1 =5 <Gt s) < ()

AB 5-1(1 _ oyo—1
<1+1—)\A>S (1—29)°"", Vt,se€[0,1].
(9)

Proof. From the definition of G, the inequality (7) and the fact that 1 < § < 2, we

have the following inequalities for all ¢, s € [0, 1]:

1 AL ]
G(t,s) < 71— 507 4

< L (1+ AB )Sé—l(l _8)5—1'

s*7H1 — 5)° h(r)dr




Fractional Boundary Value Problems 8

On the other hand, by Lemma 2.4 (2) and (8), we have for all ¢, s € [0, 1]:
G(tv S) = Gl (t7 S) + GQ(tv S)

A Gy (1 5)d

>

~ 1=\ Jy h(r)ro-tdr /to (r)Gi(r, s)dr
)\t(s—l

>

- 1-)A

CO 86—1(1 . 8)6_1,

as we want to prove. O
As a direct consequence, we deduce the following Corollary:

Corollary 2.1 If h > 0 on [0,1] and 1 — XA > 0 then the Green’s function G(t,s)
defined in Lemma 2.3 satisfies the inequalities

At 0—1 6—1 2—46 1 AB 6—1 6—1
T Cos’  (1—s) t“°G(t, s) ) 1+ T s (1=s)°"", Vt, s € [0, 1]

3 Main Results

Now for any w : (0,1] — R, we define function @ : [0, 1] — R as follows:

o () it te(0,1],
u(t) = { lim; o+ 27 %u(t) if ¢ =0,

provided that such limit exists.
Consider the Banach space

E = C5[0,1] := {u: [0,1] — R, is a continuous function in [0, 1]}
endowed with the maximum norm ||u|| = max |u(t)| and define the cone Py C E by
Py={uc€ E, u(t) > t*°p(t, to)||ull, for all t € [0,1]},

where

A0l AB
bt =10 oz G f (14 7205) el

with ¢y € (0,1) fixed, and A, B and Cj introduced in Lemma 2.6.

Notice that, provided that A > 0 on [0,1] and 1 — X A > 0, we deduce from (9) that
0 <p(tty) <1foralltel01]andtye (0,1).

Now, we assume the following hypothesis on the nonlinear part of the equation:

(H,) Function f :[0,1] x R — [0, 00) is continuous.
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So, we define the operator T': Py — E by

1
(Tu)(t) = [ Gt ) (s,u(s))ds. t € 0,1] (10)
0
Lemma 3.1 T': Py — Py is completely continuous.

Proof:
Let us prove in first that T'(Fy) C F,. Notice from the definition of 7" and Corollary
2.1 that for u € Py, Tu(t) > 0 for all t € [0, 1] and

25(Tu)(t) — / 2G5 f (s, us))ds

t275F(5) fté)\jt CO/ <1+ T-)A
(1+255) 7o

2= p(t, to) /1 max {tQ_éG(t, s)} f(s,u(s))ds

<1

t270p(t, to) max {/ 270G (t, 5) f (s, u(s ))ds}

0<t<1

= 7p(t, to)|| T'ull.

v

v

Thus, T'(Fy) C Fp.
In addition, since f is a continuous function it follows that T is a continuous
operator.
Next, we show that T is uniformly bounded.
Let D C P be a bounded set, i.e. there exists a constant L > 0 such that |Ju|| < L, for

all u e D. Set
M= max {f(s,u(s))}.

0<5<1,0<u<L

Then, from Lemma 2.6, and for all ©w € D, we have
1
20T u(t)| — ‘ | 275G 5) 15, (s)ds
0

M AB Loy 1
< F(5)<1+1_)\A>/085 (1—s5)""tds
i

\B\ T(6)
S AA) I'(20)

Hence, T'(D) is bounded.
Finally, we show that T is equicontinuous, as follows.
For all € > 0 and for each u € P, let t1, t € [0,1], be such that t; < t,.
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We have to prove that there is > 0 valid for all u € D, such that |[t3~°Tu(ty) —
t%_5Tu(t1)| <€, when ty —t; <.

One has

27T u(ty) — 27 Tu(ty)|

Then we have

0

< Afu;“eums)—t%ﬁaubsnf@%u@»ds

1 1
| 18760, — 7260, 9)lds < [ 1B Ga(tars)
0

+ [ 17Galt ) — 672Gl )l

From the expression of GGy, we get

1
/ ‘tg_éGl(tQ,S) —t?_6G1(t1,8)|d8 =
0

t1
/ [t279G (t2, 8) — 270G (t1, 5)|ds
0
t2
+/ 270G (L2, 8) — 272G (11, 8)|ds
t1

1
+/ [t270G1 (t2,8) — 1270 2G1(t1, s)|ds
t2

1
< M/ 270G (tg, 8) — 270G (ty, 5)|ds
0

t?iQGl (tl, 8) ‘dS

{fﬁ%QMQ%—ﬁ4am$H@u@ﬂs

g1 =)t =270t — 5)571 11 (1— )01 — 270ty — )L
r(6) - r(6)
5)5 1 t 5(752 _ 5)5*1 t1(1— 5)5*1
+/ N0) o) |*
5 1 tl(l _ 8) —1
+/ r(<s o) | %
ta —t1)(1— )0 L 4 1270(ty — 8)0 1 — 1270 (tp — )01

/

(%)

(ta —t1)(1 — 8)0~ 1 — 270t — 5)01

ds

r(6)

tgftl 178

ds

(2 —t1)(A =) 7
r(s

f.
/m

O (tg — t1)° + (t1 — t2) ((1 —t1)0 4ty o — 1)

L@ +1)

N (ta —t1) (1 —t1)° — (1 — t2)%) — £3

-6 (t2 _ t1)5

I(6+1)

(t2 — t1)(1 — 13)
rge+1)

ds

ds
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So, we have that there is > 0 valid for all u € D, such that [t3~°Tu(ty) —
70T u(ty)] < e, when to — 1, < 7.

Now, denote by H(s) = [y h(r)Gi(r,s)dr and h* = maxcjo{h(t)}. Then, from
the expression of Ga(t,s) and the inequality (7), using that

/01 H(s)ds < h* /01 /01 G1(r, s)drds < h* /01 s (Fl(g)s)d_l ds — h*&(jd)y

we get

1 1 —

| 187G (ta, ) = BGa (1, 9))las = [ Al =) pras

0 o 1-XA
NONEYS

= e 5)1— e~

Thus, we obtain theat the set T'(D) is equicontinuous in E. O

Now, we are in position to prove the existence of positive solutions of the nonlinear
boundary value problem (BVP). For this we use the known Guo-Krasnoselskii fixed
point theorem.

Theorem 3.1 Let E be a Banach space, and let P C E be a cone. Assume that Q1,2
are open and bounded subsets of E with 0 € Q3 C Qy C g, and let T : PN (2\$2y) — P
be a completely continuous operator such that one of following assertions is fulfilled:

Q) [|Tu]| = ||ul|, we PNOQ, and ||Tul|| < ||u|l,u € PN OQ,,
(i) [|[Tul < ||ull,u e PNOQ, and ||Tu|| > |u|,u € PN OQy
Then operator T has at least one fized point in PN (Q\Qy).

Let introduce some notations,

i o (F D) i Lo [F D)
fo—ali%i{é%fh{ i }} andfoo—ig&{tz%fh{ @ }}

f*= lim {max {f(t,u)}} and f>° = lim {max {f(t,u)}}
u—0t | t€[0,1] u a=o0 | t€[0.1] 0

Theorem 3.2 Assume that h > 0 on [0,1], 1 = XA > 0 and (Hy) hold coupled with
one of the following conditions

1. Sublinear case: fo = 0o and f> = 0.

2. Superlinear case: f° =0 and fs = 0.
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Then Problem (1)-(2) has at least one positive solution.

Proof: Consider the first situation

1. Since fo = oo, then there exists a constant R; > 0 such that f(¢,u) > ru for all
0<u< R andte[0,1], where r; > 0 is defined as
(1 =XA) (1= XA+ AB)I(1 + 26)
A2C20T3(0)

(11)

r =
Take u € Py such that ||u|| = R;. Then from expression (11), we get

|Tu|| := max {/1 70 G(t, s)f(s,u(s))ds}

t€[0,1]
> rlmax{/ 270 G(t, s)u )ds}
tel0,1
> rjmax {/ 270 G(t, 5)s*Op(s, to)Hqus}
te(0,1]
> fulmas {2 s (1 ) (s 1) d
2 g {1 ) Ty Cos (9 el )
A? C3T(9) Lo 5-1
_ 1— s)-
r|ul] (1—)\A)(1—>\A+)\B)/os( sf' 7 ds
NCEOT3(d
= il 00 )

(1—MA)(1 - A+ AB)T(1+ 20)

By the other hand, since f(¢,-) is a continuous function on [0, 00), we define a
new function:

f(t.a) = max {f(t,y)}.

y€[0,4]

Clearly f(t,-) is nondecreasing on [0,00). Moreover, since f> = 0 it is obvious
that

u—oo | t€[0,1] U

lim {maxf (t, @) } =0.

Choose now 73 > 0 defined as the following constant:

(1 — AA)T(26)

(1M 1 AB)T(6) (12)

o =
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Therefore there exists a constant Ry > R; > 0 such that f (t,u) < rou for all
u> Ry and t € [0, 1].

Consider u € Py such that ||ul| = Ry. Then from the definition of f, inequality
(12) and lemma (2.5), we attain at the following inequalities:

ITu| = max {/ 275Gt 5)f (s, (s ))ds}

te[0,1]
< 2- }
< mnax {/ 0 G(t,s) f(s,||ul|)ds
< r2||u||tm6a>1< {/ >0 G(t, s) }
€l
— A+ AB _ _
< r2||u||( B0 _AA))/ (1 —s)"ds

(1— A+ AB)T(6)
(1— M) T(20)

Thus, by the first part of Guo-Krasnoselskii fixed point theorem, we conclude
that the problem (1) — (2) has at least one positive solution u such that

2. Consider now the second case (i7)

Let r5 > 0 be chosen as in equation (12). Since f° = 0, there exists a constant
71 > 0 such that f(t,u) < rufor 0 <u <7 and ¢t € [0,1].

Take u € Py such that ||u|| = 7. Then, arguing as in the previous case, we have

|Tu| := max {/01 20 G(t,s)f(s,u(s))ds} < ro|ul| max {/1 30 G(t,s)ds}

t€[0,1] t€[0,1]
(1-=XA+AB)T'(0)
(1 —XA)T(20)

< 7rolull = [Jull-

Now, by denoting the incomplete beta function as

For any fixed ¢; € (0,1), we define r3 > 0 as follows:

(1-=XA)(1—- XA+ )\B) Va(6) - -1
N2 CET () (r EDE M)) - (13)

rs =
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The fact that f,, = 0o ensures that there exists a constant 7 > 7 > 0 such that
f(t,u) > rsu for all w > 75 and ¢ € [0, 1].
By the definition of p(t, ty) is clear that

o 2—4
pri= min {7 p(tto)} > 0.

Let now u € Py be such that ||u|]| = m2/p1. As consequence, since u € Fp, the
following inequality holds :

u(t) > O p(t,to)|lull > pi|lu| =7 forall te [t 1].
So, condition (i7) gives us the following properties:

ITul| = max { /1t2—5(;<t,s)f(s,a(s))ds}

te(0,1]
> max {/ 2O G(t, 8) f (s, (s))ds}
t€[0,1]
> 2-§ }
> 7’3t€m[6a>1{] {/ t“° G(t, s)u(s)ds
> 2§ }
> roflulmax {/t Gt 5)5>p(s, to)ds
>y flulmax 4t [ = s (1= ) (s 1) d
Z T3 Utfélgﬂli] . —)\A 0S § p\s,lp)as
YT I
= nlvl g =20 )\A+)\B , s

NCEZT VT T(9)
(1-XA)(1 >\A+>\B r5+§

— B, (6+1, 6))

Therefore, by the second part of Guo-Krasnoselskii fixed point theorem, we conclude
that the problem (1)-(2) has at least one positive solution.

4 Examples

Example 4.1 The problem

{ D3u(t) + f(t,u(t) =0
w(0) =0, u(l) =\ [ szu(s)ds,



Fractional Boundary Value Problems 15

with
Flt ) = t + +/r arctan (%) if ©>0,te]0,1]
’ t if x=0,tel0,1],
has at least a positive solution for any 0 < A < 2.

Here, § = 3 and h(t) = t2. Then, A= [} tzteldt = L, and 1 —NA > 0 for any \ < 2.

97
It is clear that f(t,u) : [0,1] x [0, +00) — [0, +00) is continuous and,

lim { min {f(t’ v) }} = 400,
u—0+ | t€[0,1] u

lim {max {f(t,u) }} =0.
u——+oo | t€[0,1] U

Then by the first part of Theorem 3.2, the problem (14) has at least one positive
solution.

and

Example 4.2 The problem
Dau(t) +uP(t) + (t — Du(t) =0, te(0,1)
{ u(0) =0, u(l)=\J;eu(s)ds,
has at least a positive solution for any > 1 and 0 < A < 0.796413.

Here, § =3, h(t) = €' and f(t,u) = v’ + (t — 1) u.

A numerical calculation leads to A = [, eftadt ~ 1.25563 and 1 — AA > 0 for any
A € (0,0.796413).
f(t,u):[0,1] x [0,400) — [0, +00) is continuous and,

lim {max {f(t,u)}} =0,
u—0t | t€[0,1] U

(15)

and

Then by the second part of Theorem 3.2, the problem (15) has at least one positive
solution.
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