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Âk

rts `Brt{yc�xop��}|B�
��s�xzc sop xzejc�d
p>�<` s�pq{}`Bp �jd7c�n�Rhc M eBr r ��pqs xzr |<xzn�| �geB`yxz|\igp � r
n�r
`yxzr iBr

xk

�Bc<nzcHr
f(d
eBc<f(fhc
� eB`Bdtp>�}`

F
xopqrt`Br2eB`$�<c�fq|}n b�rt`B|}n���u c n�r
s xznop d
dtp>�}`,c<so|5d
pqc<ijc c�f5b,eBf xopq�Bf pqd7c�iB|}n�iBr'u c�{}nzc<`g{}r

`Brt{yc�xzp �}|�iBr�D rtn ��sor
n rtfqpqb�pq`Bc<ijc,iBrtf#d
|}`GF�eB`yxz|�iBr%xznzcCDjcGF�|(�
u#|}s�d
c<b DBp |}slr
` r
s xzr1d
|}`�F�eg` xo| s�r1xonzc<iBegd
r
` r
` b�|5iBp �Bd7c<dtpq|}`BrtsliBr1fhc b"c@xznop�=

Âk
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�}� ~'c<�BR xzegfq| �(�jkmc<nzc�fqr
f p>=
c<d
p��}`�so|WDBnor(sop s�xor
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b�c%iBr � |}nob�c%sor
dteBr
`gd
phc�f)��n�r
iBeg`Bijc<`yxzrC�B� `jcJ�}r�=vnor
c<fqp�=7c<ijc�s�fhc<s d
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c<s�|�dtphc<ijc�svc�eB` Dgfq|2M5egr(xonopqc<`B{}eBfqc<n sor��BeBrtiBr
`�d7c<f d
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b�r
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P
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P
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z
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d
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P
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r
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z
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d
|<b��Be�x c<n r
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��� �����(1 ��7���: ~2|<b��jc�nzc<dtp>�}`�igr
f�xopqr
b���|/iBr%r�F�rtd
eBdtp>�}`�iBr(f |}s c<f {}|}nop xzb�|}s iBr%nortso|C�
fqeBdtp>�}`�xonophc�`B{}eBfqc<n��
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s�xzc�r
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n xzr+iBr
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b�r
`yxo|�r
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b�r
no| igr1dt|}b/eB`gpqd7c�d
pq|<`Br
s�� � f dt|}`Bs�pqiBrtnzc<n DBf |�M eBrts/xzn�phc<`B{<eBfhc<n�r
s+iBr1c<`Bd ;B|
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z
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s�xzc�rts�xonzc�xor
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n�|liBr%d
|<b/eB`Bp d7c<dtpq|}`Brts2`Brtd
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f-��sopqdt|}s iBr � �����
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021�3�4�1 ��7 	 : � �Bb�r
n�| iBr � � � � 	�� � � 	 � iBr
f�c<f {}|}nop xzb�| w k X � n�r
`yxzr2c<fyb � �gp b�| ` �Bb�r
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of/GH1=?4\0325BU+-614F= �,+}HI23=U61QS614qJK4W6,+qBUCG0<+-=?>@+8rFjk'S4FB

P −1
H1=U4W0523BK+-684F=U23B =?25B?JK+-/@JK23B /14

�,+R/�Hg25=?61Q.684y/8Q./1>FC8/,+q054F'SC1NG/1+8Y@��+-=K+q_F4F'b_F23= +q),+R':+-/1032<+-=(23',BUQSB?JK23NP+\rF25BdJK4FB�H1=U4W052 u
BU+-614F=?25BsJU25/161=UO-/`LMC12q25/@_WQ:+R=sC1/`N�25/1BU+�]?2q+-'ILMC12c�,+nHg25=?61Q.614iBUC`0<+R=U>@+8rW=U2305QS)1Q.23/1614
23B?JK2}�1'bJKQSNG4

P − 1
NG23/1BK+�]?23B5Y

�l4\61+-Bs'.+-B 034F'.C8NG/,+RBs612pC1/D)1'S4\LMC12*+-BUQS>F/,+-6,+RB|+
P − 1

H1=?4\0325BU+-614F=?25B{BU4-/D25'SQ.N�Q./,+vu
6,+RB5Y�&('�H1=?4\0325BU+-614F=q03C8j@+�0<+-=?>@+D/14`�,+`B?Q.614�+-'bJK23=K+-6,+G6125)g2x25/@_WQ:+-=cC8/;N�25/8BK+�]?2�+
05+-6,+kC1/14x612}25BdJK4FB

P − 1
H1=?4\0325BK+R614F=U23B5Yt&(' /M�1N�25=?4�NGO �\Q.N�4n612q23/@_\�S4FBhBU23=KO8r,Hg4F=

'S4nJe+-/@JK48r
P − 1

j`23'�612}=U250325Hg05QS4F/125BfBU23=KO
1
Y

5*2i23B?JU2nNG4W6141r,68Q.BUHg4F/123NG4-Bp612yC1/9'S�.N�QSJU2cHI4-=p2 �80325B?4`6125'l054FBdJK2m612i'.+��123C1=U�SB?JUQ.0<+�612
=U2361Q.BdJK=?Q.)1C103Q.XF/`B?Q�054F/84\0325N�4FBh25'�054-B?JK2}034FNGH8C8Je+-03Q.4F/1+-'[612}05+-6,+xQSJK23=K+-03Q.XF/ -

coste(heuristica) ≤ coste(iter) · (P − 1).
&/�\Y 05�9+

��4F=s4-JK=?4i':+R6141r@jPH1+-=K+iHg4W6125= 23_R+-'.C1+-= 23'I034FB?JU2*JK4RJe+-'g612c'.+m=U2361Q.BdJK=?Q.)1C103Q.XF/[r@25B|/1230523BK+vu
=UQS4P23B?JKQSNP+R=p23'lJUQ.25N�Hg4G=?25LMC125=?Q.614`H1+-=K+�25'�23/@_\�S4Pj�':+�=U250325Hg05QSXF/9612iJU4\684FB*'S4FBpN�25/8BK+�]?23B5Y
&(' H8=U4W0525BU+-614F=yLMC12PNGO-ByNG23/1BK+a]?25Bi23/@_\�S2P4�=U2503Q.),+�25Bm25' LMC12PNGO-B}Je+-=?6,+-=KO�25/A�,/,+-'SQ.T<+R=
':+k=?2561QSB?JK=?Q.)1C805Q.X-/ r8j�BU23=KOx25'wLMC12y6123JU25=UN�Q./82y23'�JKQ.23NGHg4k612y054FNiC1/1Q.05+-05QSXF/�612y25B?JK+�2^Je+-H1+8Y
%p23NG4-BsC8JUQ.'.QST<+-684y'S4FB 0��R� � 2 ]?25N�H1'S4FB 682*':+y),+RJU25=U�.+y682cH1=UC825),+-BsBU4F)1=?2*'.+mLMC12*B?2c�,+-/G_-+R'.Qbu
6,+-684P':+RBp�123C1=U�SB?JUQ.0<+RBpH1=?4FH1C123B?JK+-B5Y Z\2m�1+-/9=U25+-'.QST<+-684�684FB*�1QSB?JU4F>F=K+RNP+-B3r,C1/14G6125'l/M�1NG23=U4
NGO �\Q.N�4�682G23/M_W�S4FBmj;4-JU=U4�6125'�/M�1NG23=U4�NPO �\QSNG4�612G=U250325Hg05QS4F/125B3Y#	pNn)g4FBm�8Q.B?JU4F>F=U+-NP+RB
BU2GNnC123B?JK=U+-/723/E':+`�,>FC8=K+ �WY 0 � r jA23/723'.'.4-ByB?2P4F)8BU25=d_R+�C1/7034FN�HI4F=dJe+-N�Q.23/@JK4�>@+-C1B?BUQ.+-/14
054-/9BUC�_R+-'S4F=hNPO2�8QSNG4x0325/@JK=U+-614D23/ � Y6��4F=p'.4xJe+-/@JU41rI034F/1B?Q.6123=K+-=?25N�4FBpLMC12m25'wJKQS25N�HI4�612
054-NnC1/1QS0<+-03Q.XF/k_WQ.23/12p61+-614iHg4F= 25't034FB?JU2*612 � N�25/8BK+�]?23B5rWLWC82*BUC8HI4F/82pC1/�_R+-'.4F= N�2561QS4}054F/
BUC\�,05QS25/@JK2}�t+-)1QS'.QS6,+-6 Y

	*B?� r,25'�034FB?JU2}6125' JUQ.25N�Hg4k612}054FNnC8/1Q.05+-05QSXF/`6125'w+R'.>F4F=?QSJUNG4m612}=U2568Q.B?JU=UQS)1C105QSXF/`BU23=KO8r

coste(comunica) ∼= χ · coste(mensaje),
&=�WY 02� +
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	���
�� ��� %fQ.B?JU4F>F=U+-NP+RBc6125'(/M�1N�25=?4�NPO �\QSNG4D682�23/@_\�S4FBqjV=U230523HI03Q.4F/123B}LWC82
>F25/123=K+x':+n�123C1=U�SB?JUQ.0<+k612}=?2561QSB?JK=?Q.)1C805Q.X-/�& %yY

BUQS25/1684
χ
C1/GH1+-=KO-N�23JU=U4qLMC12f=U23H1=U23BU25/@JK+m':+q=?25':+R05Q.X-/k25/@JK=?2f23',054FBdJK2f612hC1/x�1/1QS054}jk612{JK=?25B

N�25/1BU+�]?25B{H1C8/MJU4�+nH1C1/@JK4x054-/1BU2305C8JUQS_F4-B5r1jD03C8jF4k_R+-'S4F=s6123HI23/1612}6123' 054FN�Hg4F=?JK+-NGQS25/@JK4m612
'.4-B{NG230<+-/1QSBUN�4FB|612}>F23B?JUQ.XF/�612}'.4-B{NG23/1BK+�]?23Bp6825'�BUQSB?JU25NG+x034F/1B?Q.6123=K+-6148Y

	*�14-=K+8r�25BdJe+-)1'S250325N�4FBG23'p034FB?JU29612�C1/�N�25/1BU+�]?2�H1C8/MJU4�+AH8C1/@JK41r�LMC1296123HI23/161296123'
Je+RNP+��8496125' NGQSBUN�4�j7612D':+RBnH1=U4-H1Q.236,+-6123Bn6125'sBUQ.BdJK23NP+�NiC1'SJUQ.H1=?4\0325BK+R614F=5rw23/ 23BUHg2503Q:+-' r
612q'.+n=U256�612}QS/MJU25=?054F/12 �\Q.XF/ Y.	*BU�[LWC82-r,Hg4F=|C1/�':+-684nBU2}25BdJKQSNP+-=UOiC1/�Je+-NG+��14iHI4F={6823��250^JK4
H,+-=U+k0<+-6,+xN�25/1BU+�]?2-r1j`Hg4F={4-JU=U41r825'�054-B?JK2}034FNGH8C8Je+-03Q.4F/1+-'[6123'wNG23/1BK+�]?2}23/�23'�BUQ.BdJK23NP+8Y

��+-=U+qNG2361Q.=�25'1034FB?JU2{612|C1/xN�25/1BU+�]?2{H1C1/@JK4y+cH1C8/MJU4}612sJe+RNP+��84
l
23/�C8/k6123JU25=UN�Q./1+-614

BUQSB?JU25NG+8r�BU2G�,+-/72z]?2503C8Je+-684�H1=?4F>F=K+RNP+-B}612GH1=UC825),+�JKQ.Hg4 
�� ������
� ���9612P61QSB?JUQ./@JK4FBqJK+-NP+�u
�14FB3r�NG2361Q.N�4FBcB?C7034FB?JU2-r j;+�]?C1BdJe+-N�4FBq'S4FBc_R+-'.4F=?25Bq4F)\JK25/8Q.614FB}Hg4F=cJK=U+-N�4FBq'.QS/12<+-'S25B3Y ��4FB
=U23BUC1'bJe+-684FBh2��\HI23=UQSNG23/MJK+-'.23B{4F)8JU25/1QS614FB{BU2yNnC123B?JU=K+-/�25/�':+nB?Q.>FC1QS25/@JK2qB?250305Q.X-/ Y

Z\QWBUC1Hg4F/123NG4FB�LMC12|25'WH1=?4\0325BK+R614F=�034F/n05+-=U>@+
Cmax

25B�25'\LWC82 _R+c+p=?2<+-'SQ.T5+-=wNPO-B�25/@_W�.4FB3r
j 612A+-05C825=U684
054-/ '.4-B`�1Q.BdJK4F>F=U+-NG+-B`=U25+-'.QST<+-614-B`25B?JUQ.NG+-N�4FB`25BdJK27/M�1N�25=?4 23/ � r{05+-6,+
N�25/1BU+�]?2�034F/@JK23/161=KOA25/
N�2568Q:+

dCmax/3e
B?25>FN�25/@JU4FBG682�034F'.C1N�/,+-B3Y �s4FN�4A23'hJK+-NG+��14

612k23B?JK4-BqBU25>-NG23/MJU4FBc23B
αP

j90<+R6,+D25'S25N�25/@JK4`23B?JeOD=?25H1=?25B?25/@Je+-684�23/;684F)1'.2mH1=U2305QSBUQ.X-/4& �
)@jMJK25B +^rt25' JK+-NG+��14k6123'�NG23/1BK+�]?2yBU23=KO.-

l = (
054-'.C1N�/,+-B��R)1'.4WLMC12

) · (
23'.25N�25/@JU4FB��R034F'.C8NG/,+

) · (
)@jMJK23B��R23'.23NG23/MJU4

) = d
Cmax

3
e · αP · 8.&/�\Y 0 � +

��4F=h'S4xJK+-/@JK41r8':+n25BdJKQSNP+-03Q.XF/`6825'�054-B?JK2y612}':+n23B?JU=K+RJU25>FQ.+x682y=?2561QSB?JU=UQ.)8C105QSXF/�& % B?25=UO8r

coste(EHbloque) = coste(iter) · (P − 1) + χ · (amen + bmen · d
Cmax

3
e · αP · 8).

&=�\Y10��@+
5*2i/MC12^_F41rI25'w054-B?JK2m054FN�H1C8JK+-05QS4F/,+-'�61+-614PHg4F=f':+k2503C,+-03Q.XF/ �WY 0��kBU2m054F=?=U23BUHg4F/1612m054F/



02>R� �|+-H8�SJKC8'.4��\Y��|+R':+-/103254x612}':+n05+-=U>F+kjD25B?JU=K+RJU25>FQ.+-B{612}=U2361Q.BdJK=?Q.)1C103Q.XF/�61QS/,O-N�Q.05+
':+m=U2568Q.B?JU=UQS)1C105QSXF/D612q'.+-B|Hg4F=U03Q.4F/825B|612*054F'SC1NG/1+-B|LMC12qHg25=?JU25/1230523/�+nC1/��1/8Q.054k)8'.4WLWC82c612
Je+RNP+��84

αP
Y,Z\QS/`25Nn)1+-=U>F48r8':+n=?2561QSB?JU=UQ.)8C105QSXF/DBU2}�,+R=KOn612q034F'.C1N�/,+-Bs25/@JK23=K+-B3r,HI4F=s'.4nLMC12

JK23/161=?25N�4FBiLMC12DNiC1'SJUQ.H1'SQ.0<+R=c25'�Je+-NG+��14�6125' NG23/1BK+a]?2PHg4F=i23' /1Qb_F23'|+-' LMC12DHg25=dJK25/825052`23'
)1'S4\LMC12q23B?JKC861Q:+-6841r

Ω
r,612}NG4W614kLMC12 -

coste(EH) = coste(iter) · (P − 1) + χ · (amen + bmen · Ω · d
Cmax

3
e · αP · 8).

&=�\Y10 � +
op/,+y_F25T*25B?JUQ.NG+-614FB�25'I054FBdJK2p054FN�H1C8JK+-05QS4F/,+-'t6123'I6123BU),+R':+-/103254ijG612p':+m=?2561QSB?JU=UQ.)8C105QSXF/

& 2305C,+R05Q.4-/125B �WY 0 � j �\Y 0 � +^r�H,+-=U+p612^JK23=UN�Q./,+-=l05C1O-/1614c034FN�HI23/1BK+*=?2<+-'SQ.T5+-=w':+p=?2561QSB?JU=UQ.)8C105QSXF/
),+-BdJe+-=UOk054F/�6123JU250^Je+-=h25'�H8C1/@JK4�612}054F=dJK2}612}25BdJe+-Bf614FBh2503C,+-03Q.4F/123B5r,23Bf682505QS=5r,03C,+-/1614

Ω·Cmax ·(adesba+bdesba ·αP ) = coste(iter)·(P−1)+χ·(amen+bmen ·Ω·d
Cmax

3
e·αP ·8).&/�\Y 0 � +

&(/;JU4\614-Bc'.4FBqH8=U4F)1'S25NG+-B5rI'.4FB*H,+-=KORNG2^JK=U4-B
α
j
P
6123JU25=UN�Q./1+-/~25'�JK+-NP+ �14D6123'(NG23/\u

BK+a]?2-r[j�HI4-=*Je+-/@JU41r['S4FB*034\2^�,05QS25/@JK23B
amen

j
bmen

682k':+G2305C,+R05Q.X-/ �\Y 0 � Y �s4F/84\03Q.614FBp25BdJK4FB
H,+-=UO-N�23JK=?4FB5r�j�6125Hg25/861Q.23/1614;612�05C,O-/@JK+-BG034F'.C8NG/,+RBn�,+-/ BUQS614~25'.QSNGQS/,+-6,+RB5rl':+�_R+-=UQ.+-)1'S2
Cmax

JU4FNG+-=KO}61Q.BdJKQS/MJU4FB _-+R'.4F=?25B5Y
Cmax

N�Q.682-rM25/D03Q.23=?JK4mNG4W6141r@23'I6825BU)1+-':+-/805254i6125/@JK=?4k612
C1/�)1'S4\LMC12RY 5*2`'.+�2503C,+-03Q.XF/4�\Y10 � 612361C103Q.N�4FBnLMC12`':+�=U2568Q.B?JU=UQS)1C105QSXF/7682`':+�05+-=U>@+�054FNku
H1C8JK+-05QS4F/,+-'�054-NGHg25/1BU+-=KO�05C,+R/1614V25' /M�1NG23=U49682D054F'SC1N�/,+-ByLWC82D2��\05236,+-/�6123's25LMC1QS'.QS)1=UQS4
BU25+8r

Cmax ≈
coste(iter) · (P − 1) + χ · amen

(adesba + αP · bdesba − bmen · 8/3 · αP ) · Ω
.

&/�\Y > � +
&(B?JK2p_-+R'.4F= 612

Cmax

25B _-OR'.Q.684yB?QI034F/1B?Q.6123=K+-N�4FBsLMC12fJK=U+-Bs'.+y=?2561QSB?JK=?Q.)1C805Q.X-/GB?XF'.4mBU2p_R+
+k=U25+-'.QST<+-= C1/,+kQSJU25=K+R05Q.X-/`6125'�+R'.>F4F=?QSJUNG41rMHg25=?4�B?Q�BUC1Hg4F/123NG4-B5r1034FNG4k=?2<+-'SNG23/@JK2qBUC805256825=KO
25/7':+�H8=KO-0^JKQ.05+8rwLMC12D':+�/MC123_R+�61QSB?JU=UQ.)8C105QSXF/ALMC12P'.'.2^_R+�+-'�BUQSB?JU25NG+�+�C1/7),+-':+R/105234�612G':+
0<+R=U>@+}054FN�H1C8JK+-05QS4F/,+-'8BU2h_-+y+}NP+-/@JU25/123=�68C1=K+-/@JU2pC1/G/M�1NG23=U4y612fQSJK23=K+-03Q.4F/825B

i
rMHg4\6825N�4FB

054-/1BUQS6125=U+-=hLWC82y23'�054FBdJK2}054-NGH1C\Je+-03Q.4F/,+R'[612y':+n=?2561QSB?JK=?Q.)1C805Q.X-/`25B5r

coste(redis) =
coste(iter) · (P − 1) + χ · (amen + bmen · Ω · dCmax

3
e · αP · 8)

i
.
&/�\Y > 02+

5*2qN�4\614mLMC12q054FN�Hg25/1BU+-=KOi=?2<+-'SQ.T5+-= '.+i=U2361Q.BdJK=?Q.)1C103Q.XF/P+nH,+-=dJKQ.=�612cC8/D_-+R'.4F= 612
CmaxQ.>-C,+-' +<-

Cmax =
(coste(iter) · (P − 1) + χ · amen)/i

(adesba + αP · bdesba − (bmen · 8/3 · αP )/i) · Ω
.

&/�\Y > >@+
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QSJU25=U+-05QSXF/G6825'gNG�^JK4W6141YW&(/D25BdJK2c05+-H1�SJUC1'.4m+-)g4F=U61+-=U23NG4FB�25'gH1=?4F)1'.23NP+y6125B?612cC1/1+iHI23=UB?HI230^u
JKQb_R+�61Qb��25=?25/@JK2RY 5*23'|+-/1O-'.QSBUQ.Bq034FN�H1C8Je+R05Q.4-/,+-' 6125'�N��3JK4W614��125N�4FBm612561C805Q.6849LMC12P'S4�NGO-B
054-B?JK4-BU4D23/�0<+R6,+GQbJK25=U+-05QSXF/�25B*'.+�=?25B?4F'.C103Q.XF/�612i+-'.>FC8/,+-Bh=UC8JUQ./,+RBp612mO-'S>F25)1=U+�NG+RJU=UQ.03Q:+-'Ij
':+`2^_-+R'.C,+-03Q.XF/;612�':+D��C1/103Q.XF/;4F)W]?2^JKQb_F4�j~682GB?CE>F=K+R61Q.23/MJU2-YlZ\2��,+-/AH1=U23BU23/MJK+-614V+R'.>FC1/1+-B
H1=?4FH1C123B?Je+RBGH,+R=K+;+-0523'.25=U+-=k0<+R6,+;QbJK23=K+-03Q.XF/�Q./805Q.68Q.25/8614V25/ ':+V=U2361C10503Q.XF/ 6123'hJUQ.23NGHg4V612
2 ]?2305C103Q.XF/�612y':+-B{=?C8JKQS/,+-BhNGO-B{054FBdJK4FBU+-Bhj�25/�':+k23_R+-'SC,+-05QSXF/`612y':+n��C1/103Q.XF/�4F)M]?23JKQb_F4xj�BUC
>F=U+-61Q.23/@JK2D23/ H1+-=K+-'S25'S41Y�Z\Q./�23Nn),+-=?>F41r�2 �\Q.B?JU2`4-JK=?49N�4\614�612`25/8��4W0<+R=n':+9H,+R=K+-'S25'.QST<+-03Q.XF/
612y25BdJK2m+-'.>F4-=UQSJUNG48rWLMC12y054-/1BUQSB?JK2y25/�':+k61QSBUN�Q./MC103Q.XF/`6123'�JKQ.23NGHg4k612y2 ]?2305C103Q.XF/�NG2361Q:+R/MJU2
':+�=U2361C10503Q.XF/�6125'�/W�8NG23=U4D612iQSJK23=K+-03Q.4F/825Bhj�612m':+-Bp23_R+-'SC,+-05QS4F/123Bp612i':+���C8/105QSXF/�4F)M]?23JKQb_F4
/1230525BU+-=UQ.+-BqH,+-=U+D4F)8JU25/123=q':+PB?4F'.C103Q.XF/�6125'�H8=U4F)1'S25NG+8YI�l+`+R'SJK23=U/,+vJKQS_R+�H1=U4FH8C125BdJe+`25/~25BdJK2
0<+RH1�SJUC1'.4y25B|C8/D054F/�]?C1/@JK4n612p25BdJK=K+vJK25>-Q:+-B LWC82c=U2305Q.)g25/P25'g/14FNn)1=?2*612pNG�^JK4W614FB�NnC1'bJKQ.H1+-BU41Y
&(/`0<+-61+iQSJU25=K+R05Q.X-/P612cC8/`NG�^JK4W614n05C1+-BUQ�u �p2��{JK4F/P25B|/1230523BK+-=?Q.4k0<+R'.05C8':+-=�C1/`/MC123_-4xH1C1/@JK4
BU4-'.C103Q.XF/~N�4\61Qb�,0<+R/1614�25' H1C1/@JU4�612�BU4-'.C103Q.XF/;+-0^JKC,+-' C1/;612^JK25=?NGQS/,+-614`JK+-NP+ �14�612GH1+-BU4
25/�':+n68Q.=U230503Q.XF/`034FNGH8C8Je+-61+8Y,�w+k054F=?=U250^Je+kBU23'.230505QSXF/�612}25BdJK2qJe+-NG+��14k682yH1+-BU4x25Bh/1230523BK+vu
=UQ.+�H1+-=K+x':+x054F/@_-25=U>-25/103Q:+P6123'wNG�^JK4W6141Yt&('w/W�8NG23=U4GJU4-Je+R'�612i2^_-+R'.C,+-03Q.4F/825Bh612y':+k��C1/105QSXF/
4F)W]?2^JKQb_F4mjx682*BUCG>F=K+R61Q.23/MJU2p6825Hg25/16123/DJe+-Ni)1Q.�3/G612f':+}25'S250305Q.X-/P+-682505C1+-6,+i6123',Je+-NG+��14y612
H,+-B?41YIop/,+�=U2568C10503Q.XF/923/925'l/M�1N�25=U4P612i2^_-+R'.C,+-03Q.4F/825BfQ.N�H1'.QS0<+nC1/,+GNG2z]?4F=K+�BUQ.>-/1QS�,05+RJKQb_R+
25/�25'�=?25/168Q.N�Q.25/@JU4k6125'w+-'S>F4F=?QSJKN�41Y

&(/ 23B?Je+�'.�S/12<+\rs2��\QSB?JK23/ +R'.>FC1/84FBDJK=U+-),+�]?4FB`H8=U4FH1C825B?JU4FB�25/ ':+�'.QbJK23=K+RJUC1=K+76825'cJK23NP+\Y
&(/�054-/105=?23JK48rsBU4-/�6125BdJe+-05+-)1'S25BD'S4FBGN��3JU4\684FBPNnC8'SJKQSH,+-B?4;j NnC1'bJKQS61Q.=?250503Q.XF/�),+RBK+-614-BD25/
':+ANG�^JK=UQS0<+A_R+-=?Q:+-)8'.2�612 �(�MC,+ � � � � Ys& BdJK4FB�+R'.>F4F=?QSJUNG4FBx>F23/125=U+-/ _R+-=UQ.+-BP61QS=U230505QS4F/123BD612

0 � �



0 � � �|+RH1�SJUC1'.4 � Yt&(BdJK=K+vJK25>-Q:+-B{NnC8'SJKQSH,+-B?4x+-H1'.QS0<+-61+-B{+k4FH8JUQ.N�Q.T<+R05Q.X-/P/14�'.QS/12<+-'
)1�1B?LMC1256,+�23/�0<+-61+7QSJU25=K+R05Q.X-/ r�j
H1+-=K+;0<+-6,+A61Q.=?250503Q.XF/ >F25/825=K+R/ 61Q.BdJKQ./@JU4FB�JK+-NG+��14FB�612
H,+-B?41Y �|+-6,+f61Q.=?250503Q.XF/}jqJe+RNP+��84f682 H,+RBU4*034F/161C80525/n+fC1/mH1C1/@JK4*BU4F'SC105QSXF/}61QS��23=U25/@JU2-Y �|+-6,+
/MC123_R+qBU4-'.C103Q.XF/nB?2|C1BU+}034FN�4cH1C1/@JK4q682{H,+-=?JUQ.6,+pH,+-=K+p':+*QbJK25=U+-05QSXF/iB?Q.>FC8Q.25/@JU2-r->-25/123=KO-/1684FBU2
61QSB?JKQS/@JK4FB(�1QS'.4FB(682f2z]?2503C105QSXF/PLMC12fBU2f054FN�H1C8JK+-/x25/GH,+-=K+R'.25'S41YFof/,+}61Q.=?250503Q.XF/x612f)1�1B?LMC1256,+
jqC1/qJK+-NP+ �14{612 H,+-B?4f61+-614FB�QSNGH1'SQ.05+-/*'.+|2 ]?2503C105QSXF/y612 C1/}NG�^JK4W614{05C,+RBUQbu �p2��{JK4F/}61QSB?JKQS/@JK4
25/~05+-6,+DH1=?4\0325BK+R614F=5Y �pX-JU25BU2xLMC12kB?2x+-BUQS>F/,+DC1/~�1/1QS054`H1=?4\0325B?4`HI4F=*H1=U4W0523BK+-614-=5r 612x+R�1�
LMC12y25/�25' =?25B?JU4G6825'w0<+-H8�SJKC8'.4k+-Ni)I4FB{034F/10325H8JU4FBpB?2mC8BU25/�Q./861Q.BdJKQ./@JK+-NG23/@JK2-Y

&(/V25B?JU2k0<+-H8�SJKC8'.4PB?2nH1=?4FHI4-/125/9C8/,+DBU23=UQ.2m612n�123C1=U�SB?JUQ.0<+RBc),+-BU+-6,+-Bc23/VC1/923B?JK=?C103JUC1=K+
25/
O-=U)g4F' Y �|+-6,+;=K+-NG+V6125'fO-=?)I4F'{B?2�QS6125/@JUQS�,05+;034F/
C1/ �1Q.'S4V612�2 ]?2503C105QSXF/
6825'hNG�^JK4W614
05C1+-BUQ�u �p2��{JK4F/;LMC12�C1BK+�C1/;JK+-NG+��14�612�H,+-BU4�61Qb��25=U23/@JK2G+-'(25N�H1'.25+-614�25/;25' =?25B?JU4�682G'.+-B
=K+RNP+-B3Y &('pOR=U)g4F'|612�2 ]?2305C103Q.XF/ BU2�05+-=K+R03JK23=UQST<+~HI4F=xC1/1+;B?25=UQS2�682�H,+R=KO-N�23JU=U4FBkLMC12�BU4F/
25BdJe+-)8'.2503Q.614-BGHg4F=�25'fC1BUC,+R=UQ.48Y 	 054F/@JUQ./MC,+-03Q.XF/ r B?2�6123BU05=?Q.)g25/�'.+-B�61Q.BdJKQ./@JK+-BG�825C1=?�.B?JUQ.05+-B
H1=?4FH1C123B?Je+RB5r1+R/,+-'.QST<+-/8614mB?C1B _-25/@Je+a]U+-B{2*QS/1054F/@_-25/1QS25/@JK23B5Y,ZW2*612^�,/125/`'S4FB�H,+-=KORNG2^JK=U4-B LMC12
054-/8��4F=UNG+-/y25'WO-=?)I4F'@j}23'\N�4\684p23/iLMC12s'.+fB?25'S250503Q.XF/m612s'S4FBwNGQSBUN�4FB�BU2s+-6,+-H\Je+*+R'WH8=U4F)1'S25NG+
054-/105=?23JK4�LMC12yBU2}H1=U2^JK23/1612y=U25B?4F'S_-25=3Y

� ��
�� �  ��� � ��
 � 
�� � � � � � ����� � � � ��� ��
�� � �!�

&('sH1=?4\032561QSNGQS25/@JK4�612`)1�1B?LWC8256,+V'.QS/12<+R'�6825'|N��3JU4\614�05C,+RBUQbu �p2��{JK4F/�034FNGH8C8Je+�23' JK+vu
NG+��149612PH,+-BU4V23/�0<+-61+9QSJK23=K+-03Q.XF/[Y#5p23JK23=UN�Q./,+R=i25'�Je+-NG+��14�612DH,+RBU4

λk
25/�'.+��Fu������ # �

QSJU25=U+-05QSXF/`Q.N�H1'.QS0<+y':+kBU4F'SC105QSXF/`6123'�BUQ.>-C1Q.23/MJU2qH1=U4-)1'.23NP+n612}4FH\JKQ.N�Q.T5+-05QSXF/:-

ϕ(λk) = f(xk + λkpk) = min f(xk + θpk), con 0 < θ ≤ λmax.
& � Y102+

� 25=?QS�,05+-/1614�':+-Bs054F/168Q.05QS4F/123Bf682 
A4F'b��2-r

f(xk + λkpk) − f(xk) ≤ µλk∇f(xk)
Tpk,

& � Y?>@+
∇f(xk + λkpk)

Tpk ≥ η∇f(xk)
Tpk,

& � Y � +
054-/

µ
r
η ∈ (0, 1)

Y(�w+~H1=UQSNG23=K+V054-/161Q.03Q.XF/ & � Y > +m��C125=?T<+AC8/ 612305=?25N�25/@JK4ABUC8�,03Q.23/MJU2�23/
':+x��C1/103Q.XF/�4F)W]?23JUQS_-41Y ZWQ./�23Nn),+-=?>F41rg25BdJe+P034F/161QS05Q.X-/�/14D23B*B?C8�,05QS25/@JK2iH,+-=K+G>@+-=K+R/MJUQ.T5+-=h':+
054-/M_-25=?>F25/103Q:+8Y\&(B|/1230525BU+-=UQ.+m'.+yB?25>FC1/86,+i054-/161Q.03Q.XF/G4i034F/161QS05Q.X-/G612p05C1=d_R+RJKC1=U+ & � Y � + H,+R=K+
>@+-=U+-/@JKQST<+-=�LWC82f'.+c+-0^JKC,+-'SQ.T5+-05QSXF/i03C,+-BUQ�u �f2��{JK4-/�23B(6123�1/1Q.6,+qHg4FBUQbJKQb_-+\r�jiLMC12

λk

+RH1=U4 �\Q.NG+
25'�/MC12^_F4GH1C1/@JK4�BU4F'SC105QSXF/�+xC1/�N��./8Q.N�4i'.4W0<+R'[612}':+i��C8/105QSXF/�4F)W]?23JUQS_-41Y

��4FBwNG�^JK4W614FB�NGO-B�61QS��C8/161Q.684FB�H,+-=U+f=?25BU4-'S_F23=w25B?JU2�JUQ.Hg4{612 H1=U4-)1'.23NP+-B�B?4F/y'.4FB�'S':+-NG+-614FB
N��3JK4W614FB��zBU+-'S_R+->-C,+-=U61+��f��� � � Y-&(BdJK4FB�N��3JU4\684FB�B?2sH1C8256123/k054F/1B?Q.6123=K+-=�C1/,+*034FNn)1QS/,+-03Q.XF/y612
'.4-B NG�^JK4W614FB�612 )1QSBU230505QSXF/qjc'S4FB�612(Q./@JU25=UHg4F'.+-05QSXF/c'.QS/12<+R' Y5Z\C}23�,03Q.25/805Q:+{B?2�)1+-BK+{25/y25'-C1BU4f612



� Y?>\Y1�{�305/1QS0<+-BfNnC1'bJKQ.H1+-BU4n)1+-BK+-61+-Bh25/�O-=U)g4F'.23B 0 � �
Q./\��4F=UNG+-05QSXF/}H1=U4W05236125/@JU2|612s'.+h��C8/105QSXF/i4F)M]?23JKQb_F41YR��4FB�Hg4F'SQ./14FN�Q.4-B BU2 C1BK+-/i054F/i��=?2503C125/103Q:+
H,+-=U+AQS/MJU25=?HI4F'.+-=k':+V��C1/103Q.XF/

f(xk + θpk)
� > � � Y 5*2���4-=UNG+;LMC12Rr B?Qp'.+;+RH1=U4 �\Q.NG+-05QSXF/�25B

Q./82��8+-03JK+8r123' H1=U4W052361Q.N�Q.23/@JK4kH1C123612}61QS_-25=?>FQ.=3r8Hg4F={'.4kLMC12}C1/�Q./@JU25=?_R+-'S4n612}Q./80525=dJKQS61C1Nn)1=?2
[a, b]

BU2}C1BK+x054-NG4xBK+R'S_R+->FC,+R=U6,+8Y
&('|H1=U4W052361Q.N�Q.23/@JK4�682D)1�1B?LWC8256,+~'.QS/12<+-' 612^JK23=UN�Q./,+�C8/,+9BU2305C123/105Q.+~682D25BdJKQ.NG+-03Q.4F/123B

N�2 ]?4F=U+-6,+-B{612}C1/�N��./1QSNG4n682
f(xk + θpk)

23/�C1/�05QS25=dJK4xQ./@JK23=?_R+-'S4
(0, λmax]

Y���+-=U+k054FNku
H1C8JK+-=(25BdJe+}BU2305C123/105Q.+y612{23B?JUQ.NG+-05QS4F/125B�BU2hC8JKQS'.QST<+*QS/MJU25=?HI4F'.+-05QSXF/i03�1)1QS0<+q054F/xBU+-'S_R+->FC1+-=U6,+\Y
&('wH1=U4W052361Q.N�Q.23/MJU4GB?2mNiC125BdJK=K+�25/923'l+-'.>F4-=UQSJUNG4 0 � Yt&(/9':+kQSJU25=U+-05QSXF/��Fu ����� # �P25'wNG�^JK4W614
H,+-=dJK2m612nC1/,+G25B?JUQ.NG+-05QSXF/�Q./1QS05Q:+R'�6125'lJe+-NG+��14�612nH,+RBU4

λk0
Y[Z\2n034FNGH8=UC123),+PBUQl25BdJe+D23B?JKQ�u

NG+-05QSXF/�_-25=UQb�,0<+D'.+-B*034F/161QS05QS4F/125Bp612 
A4F'S��2RY 5p2nBU23=}+-BU� rI23'�H1=?4\032561QSNGQS25/@JK4G612k)1�1B?LMC1256,+
�,+-)8=U�:+�054F/805'.C8Q.6141Y�5p2n/14DB?25=c+RBU� rt23Bc/1250325BU+-=UQS4D4F)8JU25/123=*N�2561Q.+-/@JK2yBUC10325BUQb_R+-Bq+-H1=?4 �8QSNP+�u
05QS4F/123B|25'g_-+R'.4F=�6125'gJe+-NG+��14i612cH,+-B?4nXFH8JUQ.N�4iH,+R=K+i23BK+nQSJU25=U+-05QSXF/ Y\�l+m=UC8JUQ./,+iQSNGH8'.25N�25/@JK+
C1/�'.+-T54A6125/@JU=U4�6123'*05C1+-'pB?29)1C1B?0<+-/ 'S4FB�614FBDN�2 ]?4F=?25BGH1C1/@JK4FBPBU4F'SC105QSXF/ 6829':+~��C1/105QSXF/
ϕ(λk)

Yt&(B?JU4FBfH1C1/@JK4FBfBU2}C8JUQ.'SQ.T<+R/`H,+-=K+k612^JK23=UN�Q./,+-={'.+n/MC123_R+G23B?JUQ.NG+-05QSXF/`6125' JK+-NG+��14x612
H,+-B?4xNG2361Q:+-/@JU2*Q./@JU25=UHg4F'.+-05QSXF/D05�8)1Q.05+8Y �|+-61+k_R+-=?Q:+-03Q.XF/

δ
6123'[Je+RNP+��84n612qH,+-B?4kJKQ.23/12cLMC12

25BdJe+-=s6125/@JK=?4x6125' QS/@JK25=d_R+-'.4m612qQ./10325=dJKQ.68C1Nn)1=?2-Y 	{6125NGO-B5r
δ
612^�,/12}C1/`/MC12^_F4xQ./@JK23=?_R+-'S4n612

Q./80525=dJKQS61C1Nn)1=?2i23/~��C8/105QSXF/9612kB?Q�':+�/WC823_R+`25B?JUQ.NG+-05QSXF/96123'�JK+-NP+ �14D612nH1+-BU4�25B*NG2z]?4F=c4
/14~LMC12`':+V+R/MJU25=?Q.4F=3Y��w+9=UC8JUQ./,+9034F/@JKQS/W�1+~034F/�':+�2z]?2503C105QSXF/�612�25B?JU2`':+-T34V�,+-BdJe+VLMC12`BU2
25/805C123/MJU=U2mC1/,+k25BdJKQ.NG+-03Q.XF/`LMC12q_F23=UQb�,LMC12m'.+-B{054-/161Q.03Q.4F/825B{612 
A4F'S��2RY

�w+G054-=U=U2303JK+PBU23'.250305QSXF/�612yC1/�JK+-NG+��14�612mH1+-BU4DQS/1Q.03Q:+-'[25Bf05=U�bJKQS0<+xH,+-=K+�':+x054F/@_-25=U>-25/\u
05Q.+`>F'.4F)1+-'�6123' NG�^JK4W6141Y &(/A':+DQSJU25=U+-05QSXF/ �@u ����� # �-r[B?2G23'.Q.>-2nC1/;H,+-BU4�Q./8Q.05Q.+-'�+`H,+R=?JKQS=q612
':+�2503C,+-05QSXF/

λk0 = min(1, γ)
r�614-/1612

γ = damp · (1 + ||xk||1)/||pk||1
Y�&(' H,+R=KO-N�23JU=U4

damp
rW6125/84FNGQS/,+-614mH,+-=UO-NG2^JK=?4m612c+-NG4-=?JKQS>FC,+-N�Q.23/@JK41rR'.Q.N�QSJK+c':+-B�N�4\61Qb�,0<+R05Q.4-/125B�LMC12*B?2

H1C1236125/
H1=U4W61C103Q.=x25/ 25'hH1C1/@JK4ABU4F'SC105QSXF/
xk

68C1=K+-/@JU2�'.+;)1�8BULMC12561+7'.QS/12<+-' Y 	pBU� r B?2�2^_\Q�u
Je+R/ 2^_R+-'.C,+R05Q.4-/125Bn682`':+���C1/103Q.XF/�4-)W]?23JUQS_F4~23/ H1C8/MJU4FBkQ.=?=U23'.23_R+-/@JU25B5Y�& ' _-+R'.4F=k+R612503C,+-614
6123'|H,+-=UO-NG2^JK=?49612�+-N�4F=?JUQ.>FC1+-NGQS25/@JK4�6123HI23/1612�612`'.+-Bn0<+R=K+-0^JK25=?�.BdJKQ.05+-BiH1+-=?JUQ.05C8':+-=?25Bn6123'
H1=?4F)1'.23NP+n682y4-H8JKQSNGQST<+-03Q.XF/GLWC82mB?2y6825BU25+G=?25BU4-'S_F23=5Y

� ����� � � ����
���� � � � ��� 
���� � � ��� � ����� � � � �! �� �������

�w+-BPJK�305/1QS0<+-B`NiC1'SJUQ.H,+-B?4AB?2V0<+-=U+-03JU25=?Q.T<+R/�HI4-=D054FN�H1C8JK+-=G_R+-=?Q.4FB�Je+-NG+��14-BP6129H1+-BU4
25/�0<+-6,+GQSJK23=K+-03Q.XF/�612mC1/9N��3JK4W614�05C,+RBUQbu �p2��{JK4F/ YI&(/9/MC125BdJK=U+-BqH1=U4-H1C125BdJe+-Bi� �-� r � � � rI'S4FB
61Qb��25=U23/@JK25Bx_R+-'.4-=U25Bx612

λ
BU2�4F)8JUQ.25/825/ 612�B?25'S250503Q.4F/1+-=G68Q.B?JUQ./@JK4-Bn_-+R'.4F=?25Bx6125'hH,+R=KO-N�23JU=U4

612k+RNG4F=dJKQS>FC,+-N�Q.23/MJU41Y,&(B?JK+-B*JU�505/8Q.0<+RBcBU2k),+RBK+-/V23/VC1/,+P23B?JK=?C103JUC1=K+`23/~O-=U)g4F' rt612m��4F=UNG+
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054-NGH1C\Je+-03Q.4F/,+R'�NGO-By25'S23_R+-6149Hg4F=yQSJU25=K+R05Q.X-/ Yw��+-Ni)1Q.�3/76123HI23/1612`6123' JKQSHI4�612DH8=U4F)1'S25NG+
LMC12xBU2xH1=?23JK23/1612�=U23BU4F'b_F25=3r j@+�LMC12x25'(/M�1N�25=U4�612xN�25/1BU+�]?25By+-C8NG23/MJK+�+-'�Q./805=U23NG23/@Je+-=?BU2
25'�/M�1N�25=?4x612}QSJK23=K+-03Q.4F/825B5Y
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 ��� �l4F=U0325/@Je+a]?2n612iN�2 ]?4-=K+x4F)8JK23/1Q.684P25/�/W�8NG23=U4P682iQSJU25=U+-05QS4F/125Bhj�23_R+vu
'.C,+-03Q.4F/825Bx612�':+V��C1/105QSXF/ 4F)W]?23JUQS_-47Hg4F=G23'hNG�^JK4W6147& o 	 � 054F/ H1=U4-)1'.23NP+-Bx612
Je+-NG+��14

n = 100
Y

%p23NG4FB�C1BU+-614723'hH1=U4F)8'.25NG+ � �l25/,+-'bJzj60 ��H,+-=U+;23B?JKC861Q:+-=�25BdJe+;=U25'.+-05QSXF/�HI4-=ULMC12�25BP23'
H1=?4F)1'.23NP+�LMC12iJe+R=U6,+PNGO-BfQSJU25=K+R05Q.4-/125Bp25/9034F/@_F25=?>F25=3Y ��4-=c'.4�Je+-/@JK48rIB?Q

Tcomu/Tcomp < 1H,+-=U+;23B?JU2�H1=?4F)1'.23NP+VJe+RNn)1Q.�3/�'.4;BU25=UOAH,+R=K+A23'h=U25BdJK41Y�&(/�'.+V�1>FC1=K+ � Y �AB?2�NnC123B?JU=K+A23'
_R+-'.4-=p612k23B?JK+D=K+-T3XF/VH,+-=U+P61Q.BdJKQS/MJK+-BcH1=?4-��C1/168Q.6,+-6825Bc6123'�O-=?)I4-' Y �|+-)I2i6125BdJe+-05+-=cLMC12k25BdJK2
054W05QS25/@JK2p25B BUQ.23NGH8=U2fNG23/14F= LMC12cC1/148rWHg4F=�'.4}Je+-/@JU41rMBU2cH1C825612p054F/103'.C1QS= LWC82c':+y+-H1'SQ.0<+R05Q.X-/
6123'\N��3JU4\614p& o 	 � 23B�BUQS25N�H1=U2�23�105Q.23/@JK2s6825BU682|25'WH1C1/@JK4*612 _WQ.BdJe+f612s'.+fH,+R=K+-'S25'.QST<+-03Q.XF/[Y<&('
_R+-'.4-=�612 23B?JK+p=K+RT5XF/m612503=U25032s03C,+-/1614p25'@Je+RNP+��84p6123'MH1=U4F)8'.25NG+h+-C1N�25/@Je+f+-'MQ./805=U23NG23/@Je+-=?BU2
25'�034FB?JU2}054FN�H1C8JK+-05QS4F/,+-' Y

&(/V':+��1>FC1=K+ � Y ��BU2nNnC825B?JU=K+-/V'S4FBf=U25B?C1'SJK+-614FB*4F)8JK23/1Q.684FB*H,+R=K+PH1=?4F)1'S25NG+-Bp682nNP+<j-4F=
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���� �l4F=U0325/@Je+a]?2n612iN�2 ]?4-=K+x4F)8JK23/1Q.684P25/�/W�8NG23=U4P682iQSJU25=U+-05QS4F/125Bhj�23_R+vu
'.C,+-03Q.4F/825BP682V':+;��C8/105QSXF/ 4F)W]?2^JKQS_-4EHg4F=D25'pNG�^JK4W614�& o 	 � H,+R=K+723'cH1=U4-)1'.23NP+
� ��4 � 25'S'.BU>��P034F/

n = 100
H1+-=K+9614-Bn054F/�]?C1/@JK4FBn682`H,+-=KORNG2^JK=U4-Bi612`+RNG4F=dJKQS>FC,+vu

NGQS25/@JK4x61Qb��25=U23/@JK25B3Y

5*2P'.+-B}>F=KOv�,0<+-B}612�':+`�,>FC8=K+ � Y � j~612�':+`�,>FC1=U+ � Y �`BU2GH1C125682G034F/105'SC1Q.=}LMC12�25' =U23/\u
61QSNGQS25/@JK4�6123'qNG�^JK4W614 & o 	 ��6825Hg25/1612;612~':+EH8=U4-��C1/861Q.6,+R6 6123'}O-=U)g4F'c23NGH8'.2<+R6141Y{�w+
�,>FC8=K+ � Y � 6123NnC125BdJK=U+GLMC12y':+k23�,03Q.23/105Q.+xJK+-Nn)1QS�5/�6125Hg25/1682m612y'.4-BfH1+-=KO-N�23JU=U4FB{682i+-N�4F= u
JKQS>FC,+-N�Q.23/@JK4iB?25'S250503Q.4F/1+-614FB3Y,��4FB|=U23BUC1'bJe+-684FB{6125'[NG�^JK4W614k& o 	 � H,+-=U+n25' H1=?4F)1'S25NG+ � �l4Ru
� 25'.'SBU> �p4F)\JK25/8Q.614FB H,+-=U+n614FB|034F/v]?C1/@JK4-B|612cH,+R=KO-N�23JU=U4FB 612q+-N�4F=?JUQ.>FC1+-NGQS25/@JK4}61Qb��25=?25/@JK23B5r
Damp1 = {

0FY � r >WY � r � Y � r � Y � r�0 � Y �
}
j
Damp2 = {

� Y � 0-r � Y 0Fr � Y?>\r�0FY � r >WY �
}
BU2cNiC125BdJK=K+R/

25/`23B?JK+k�1>FC1=K+\Y1opBU+-/1614k23'[034F/v]?C1/@JK4�� �"# 
 � 25'ING�^JK4W614k+-'S0<+-/1T5+8rW25/�25'ING2z]?4F=s05+-BU41r\C1/,+
NG+aj-4F=h=U2361C10503Q.XF/�6123'�/W�8NG23=U4xJK4-JK+-' 612yQSJU25=K+R05Q.4-/125B3r,+-C1/1LMC12y/1230525B?QSJK+�=?2<+-'SQ.T<+R=|NPORBf2^_R+vu
'.C1+-05QS4F/125Bs612q':+m��C8/105QSXF/`4F)W]?2^JKQS_-4kH,+-=U+n054FN�H1C8JK+-=|25'IJe+-NG+��14n682qH,+-BU48Y 5*23HI23/161Q.23/1614�612
'.4�034FB?JU4FBU4�LWC82PBU25+�2^_-+R'.C,+-=}'.+`��C8/105QSXF/A4-)W]?23JUQS_F4�j~6125'(JK+-NP+ �14�612G'.+�NG+RJU=UQ.T8%p25B?Q:+-/1+8r
LMC12c23B?JeOm61Q.=?2503JK+-N�25/@JK2p=U25'.+-05QS4F/,+-684m034F/D25'I054FBdJK2p054FN�H1C8JK+-05QS4F/,+-'t612pC1/,+iQbJK25=U+-05QSXF/ rMBU23=KO
NGO-B{)I23/123�105Q.4-BU4�H1=UQSNP+-=s':+n=U2361C10305Q.X-/�6123'�/M�1NG23=U4�612}QSJU25=K+R05Q.4-/125B|4�612}23_R+-'SC,+-03Q.4F/123B{612
':+f��C1/105QSXF/k4F)W]?2^JKQb_F41Y@��4qQS612<+-'\25B 054-/1BU23>FC1Q.=�C1/,+q=U2361C10503Q.XF/xB?Q.N�Q.':+R=l23/�+-Nn)g4FB�0<+RBU4FB3rFHI23=U4
25/;>F23/125=U+-' r[j9H1C125BdJK4�LMC12�+-'(=U2361C105QS=q25'(/M�1N�25=?4�682�QbJK23=K+-03Q.4F/123Bq25' +-'S>F4F=?QSJKN�4P034F/@_F23=U>F2
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�� � & + +�of/G2z]?25N�H1'.4}612f+-H8'.Q.05+-05QSXF/n6123'tNG�^JK4W614}& o 	 �}Y�& )�+�of/G2z]?25N�H1'.4
612V+-H1'SQ.05+-05QSXF/
6123'*N��3JU4\614E& Z � � 034F/

mr = 3
Y ��+-=K+�+-Ni)I4FBP0<+-B?4FBDBU2VC8BK+

25' 054F/�]?C1/@JK4�682GH,+R=KO-N�23JU=U4FB}612G+-N�4F=?JUQ.>FC,+RNGQS25/@JK4
{
� Y � 0Fr � Y10Fr � Y?>\r 0FY � r)>\Y �

}
j

β = 2
Y

C1BU+-/1614~C1/�054-/v]?C1/@JK4~+-0^JKQb_F4V612`=?25B?JU=UQS0505QS4F/123BkNPO-BiHI23LWC82��14 & 'S49LMC12�Q.N�H1'.QS0<+�C1/,+ %f2^u
BUQ.+-/,+x612yNG23/14F=h4F=U6825/�+ rgHg4W6125N�4FBh054F/8BUQ.6825=K+R=pLMC12y':+x=U2361C10503Q.XF/�25/�25'w/M�1NG23=U4�JK4-JK+-'�612
QSJU25=U+-05QS4F/125B{23BhNPO-B{QSNGHg4F=dJe+-/@JK2*25/�JK�5=?NGQS/14FB{612}034FB?JU2y034FN�H1C8Je+R05Q.4-/,+-' Y
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��� ��� ������������������� "!� ���-,���� � ����# "!� ,��
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&(B?JK2fN��3JK4W614qB?2{H1=U4FHg4F/12hH,+R=K+*JK=U+RJe+R=(612{=U2361C105QS=(25',QS/1054F/@_-25/1QS25/@JK2hLMC12f+-H,+-=?25032f23/G23'
N��3JK4W614f& o 	 �yrajqNGO-B���=U2305C123/MJU25N�25/@JK2 25/y25'MN��3JK4W614f&�� 	 �}r�612 LMC12s'.+|=K+-NG+{LWC82 23/iC1/
H1C1/@JU4p4F)\JKQ.23/12(25'@N��./8Q.N�4s_R+-'.4F=[612 ':+s��C1/103Q.XF/}4F)M]?23JKQb_F4f/14h25Bl':+|LMC12�/1250325BU+-=UQ.+-NG23/@JK2 '.'S23_R+
+*C1/1+c054F/@_F23=U>F23/105Q.+qNPO-B�=KO-H8Q.6,+8Yv&('8N��3JU4\684q&�Z�� � 034F/1B?Q.B?JU2|25/kB?25'S250503Q.4F/1+-=�NGO-B�682|C1/,+
=K+RNP+*05+-6,+*_-25T{LMC12{BU2{=?2<+-'SQ.T5+pC1/k0e�123LMC12541r@NG+-/@JK23/1Q.�3/1614FB?2|25/x2z]?2505C805Q.X-/k':+-B

mr
N�2 ]?4F=?25B

=K+RNP+-B3Yl& '�_R+-'.4F=}612
mr

054F/168Q.05QS4F/,+�25'�/W�8NG23=U49612PH1=U4W0523BK+-614-=U25Bi6125'�BUQSB?JK23NP+�H,+-=U+-'.23'.4
/1230525BU+-=UQS4FB5Y95p2{25B?JU2hNG4W6141rR6125B?H1C1�5B 612h'.+*2 ]?2305C103Q.XF/�6125'8H1=UQSNG23=�O-=?)I4F' r-B?2{61Q.B?HI4F/82{612

mrH1C1/@JU4FB|BU4-'.C103Q.XF/G61Q.BdJKQ./@JU4FB5rMLMC12cB?2cC1BK+R/`054FN�4iH1C8/MJU4FB|QS/1Q.03Q:+-'S25B(H,+-=U+i2 ]?2305C8JK+-=|'.+-B =U+-NG+-B
612
mr

/MC123_-4FB{O-=?)I4F'S25B3Y\&(BdJK4FB O-=U)g4F'S25B JKQ.23/125/G612f/WC823_F4nJK+-/@Je+-B�=K+RNP+-B 034FNG4yH,+-=UO-N�23JK=?4FB
612}+-N�4F=dJKQ.>-C,+-N�Q.25/@JU4mB?2y23B?JU�5/�C1BK+-/86141r1034FNG4kB?2}Q.'.C8B?JK=U+i25/�'.+i�,>FC1=U+ � Y �.& )�+ Y,&(' H1=U4W0523BU4
054-/MJUQ./M�,+x�,+-BdJe+kLMC12m'.+nBU4F'SC105QSXF/`6123'lH8=U4F)1'S25NG+n612}4FH8JUQ.N�Q.T<+R05Q.X-/P�,+<j@+xBUQS614�+-'.05+-/1T5+-6,+8Y

&(/`25B?JU2q0<+-B?41r8B?2c=U23LMC125=?Q.=KOR/
P = mr ·n(damp)

H1=U4W0523BU4FB3r125/`'SC1>@+-=�612c'S4FB
n(damp)H1=?4\0325BK+R614F=U23BG6825'hNG�^JK4W614;& o 	 �}Y �pX-JU25B?2�LMC12�25/ ':+V054FN�H1C8JK+-05QSXF/�6125'hH1=?Q.N�25=xO-=?)I4-'

(mr − 1) · n(damp)
H1=?4\0325BU+-614F=?25Bf25B?JKO-/�6125B?4\03C1H,+-614-B5Y



0<� � �|+RH1�SJUC1'.4 � Yt&(BdJK=K+vJK25>-Q:+-B{NnC8'SJKQSH,+-B?4x+-H1'.QS0<+-61+-B{+k4FH8JUQ.N�Q.T<+R05Q.X-/P/14�'.QS/12<+-'
�
�
�����
� ������������������� � �'� �6+ � ����% "!� �6+ %'������� �!�6+ ����# ��% + % "&��� � �
"!%

� � � 3 � 	

��4FB(=U23BUC1'bJe+-614-B�2��\Hg25=UQSNG23/@Je+-'S25B�_WQSB?JK4-B(25/k':+pBU250305QSXF/ � Y >WY �cNiC125BdJK=K+R/kLWC82{':+*B?25'.230503Q.XF/
612�'.4FBqH1+-=KO-N�23JU=U4FBq682P+-N�4F=dJKQ.>-C,+-N�Q.25/@JU4P25ByQ.N�Hg4F=?JK+-/@JK2nH,+R=K+�+-'.05+-/1T<+R=qC1/E+-'bJK4`=?25/161Q�u
N�Q.25/@JU4A23/
':+~2 ]?2305C103Q.XF/ 612�/MC123B?JU=U4�+-'S>F4F=?QSJKN�49H,+R=K+-'S25'.48Y(��4FB�JU=U23BGN��3JU4\614-BG6123BU03=UQSJU4FB
H1=?23_WQ:+-N�25/@JU2kC1BK+-/~C1/V034F/v]?C1/@JU4��v]?4�682nH,+-=UO-NG2^JK=?4FBc612x+-N�4F=dJKQ.>-C,+-N�Q.25/@JU41YgZ\Q./V23Nn),+-= u
>F41rtB?2iH1C123612k+��1+-61Q.=hC1/�/WC823_F4`>-=K+-614G612i'SQ.)g25=dJe+-6�+-'wNG�^JK4W614�BUQlBU2n612z]U+G23'l_R+-'S4F=h612i'S4FB
H,+-=UO-N�23JK=?4FB}612�+-N�4F=?JUQ.>FC,+RNGQS25/@JK4D)1+�]?4�23' 054F/@JK=?4F'(6123'�C8BUC,+-=?Q.41Y 5p25Hg25/161QS25/1684�6123' JUQ.Hg4
612GH1=U4F)8'.25NG+8r�23' C1B?C,+-=?Q.4�Hg4W61=KO�612503Q.61QS=mB?Q C8BK+-=mC1/E054-/v]?C1/@JK49/84�61QS=UQ.>-Q.614�612GH,+-=KORNG2 u
JK=?4FBy612P+RNG4F=dJKQS>FC,+-N�Q.23/MJU4 &�054FN�4�B?C10523612P034F/7'S4FB}NG�^JK4W614FBy&�� 	 �}rl& o 	 ��j;&�Z�� � +
05C1+-/1614~6123BU054-/14\032�25'{054-NGHg4F=?JK+-N�Q.25/@JU4�6123'|H1=U4-)1'.23NP+8r�4V054FN�25/8T<+-=k034F/�C1/�� +-03JU4F=k612
+-N�4F=?JUQ.>FC1+-NGQS25/@JK4G+-612305C,+R614`H,+-=U+D25'�H1=?4F)1'S25NG+GLMC12xBU2n23B?JKO�4-H8JKQSNGQST<+-/16841r,j9N�2 ]?4F=U+-=U'S4
Hg4FB?JU25=UQS4F=UN�25/@JU2-Y\& /`23B?JU2c�1'SJUQ.N�4m05+-BU48r825'gN��3JK4W614k& �6	 � BU2*),+-BK+n23/DN�4\61Qb�,0<+R= 23'I_R+-'.4-=
6123'�H1+-=KO-N�23JU=U4�612�+-N�4F=?JUQ.>FC1+-NGQS25/@JK4G25'S25>FQS614�C1/,+�05Q.23=?JK+�05+-/@JKQ.61+-6

x
Y�ZWQ(25' /M�1NG23=U4�612

_R+-=UQ.+-05QS4F/123Bf=?2<+-'SQ.T5+-6,+-B{23B
v
r,BU2m>F25/123=K+-=UOGC1/�O-=U)g4F'�034F/

2v + 1
=K+-NG+-B3Yt�w4-BpH,+R=KO-N�23JU=U4FB

612y+-N�4F=?JUQ.>FC1+-NGQS25/@JK4mH1=U4-H1C125BdJK4FBfH,+-=U+k25B?JK+-Bh=K+-NG+-B{B?4F/:-
dampi−v ·x , · · · , dampi−x , dampi , dampi +x , · · · , dampi +v ·x.

& � Y �9+
��4F=h'S4xJK+-/@JK41r825'�/M�1N�25=U4x612}H1=?4\0325BU+-614F=?25Bf/1250325BK+R=UQ.4-Bf23/�23B?JU2mN��3JU4\614k23B�-

P = mr · (2v + 1).
& � Y � +

&('sC1B?C,+-=?Q.4V612305Q.682-r�)1+-BKO-/8614FBU2�23/�25'sJK+-NP+ �14�6123'|BUQSB?JU25NG+�H,+-=U+-'.23'.4�LMC12`B?2D_R+V+9C1BK+-=3r
_R+-=UQ.+-=

mr
j
v
r8054F/@JK=?4F':+R/1614�+-BU�[25'w+-/10e�84G6123'wO-=U)g4F' >-25/123=K+-6148Y

&(',NG�^JK4W614}& ��	 � BU2hH1C825612fC1BK+R=�JK=K+RB�C8/,+q2 ]?2503C105QSXF/xQ./1QS05Q.+-'\6825',N��3JK4W614}& o 	 �yYM&(/
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v = 3
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& Z � � H,+-=K+}25'tH1=?4F)1'S25NG+��l4 �s23'.'.B?>i034F/

n = 100
YM&('tH,+-=UO-N�23JK=?4}612*+RNG4F=dJKQS>FC,+vu

NGQS25/@JK4xC1BU+-614x25B � Y?>\r1054-/
x =

� Y � �ij
v =

� Y

� ��� � � � � ��� � � � � ��� 
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� #� ����
�� ��� � ����� 
�� � � � ��� � ��� � �4� �
����� � � �  
���� � �! �
�� �����

�s4FN�4y�825N�4FB(61Q.0e�84y034F/G+-/@JK25=?Q.4F=?Q.6,+R6 r-=?2505QS25/@JK23NG23/@JK2hBU2h�,+-/�H1=?4FH1C123B?JK4y61Qb_F25=?BK+-B 23Bdu
JK=U+RJK23>FQ:+RBpNnC8'SJKQSH,+-B?4�j �R4DNiC1'SJUQ.61QS=U250305QSXF/�H,+-=K+G=U25B?4F'S_-25=pH1=U4F)8'.25NG+-Bf612n4FH\JKQ.N�Q.T5+-05QSXF/`/14
'.QS/12<+R' Y�&(B�25B?HI2305Q.+-'.N�25/@JK2 =U23BU2��1+-)1'.2s25'8N��3JU4\684*),+-BU+-614c23/kC1/,+cN��3JU=UQ.05+h_R+-=?Q:+-)8'.2�6125/14-NGQ�u
/,+-6847� � � &�� �"���"� ���������"� ��� !���� � ��	 � � � +sH1=U4-H1C125BdJK4GHI4F= �(�MC,+�� � � r � � � Yt&(/�23B?Je+xBU230503Q.XF/
'.4�6125B?05=UQS)1Q.=?25N�4FBi23/�6123JK+-'.'S2GH,+R=K+9Hg4\6123=n054-NGH,+R=K+-=mBUC1Bk=?25BUC8'SJe+R614FBn034F/�'.4FBm4F)8JU25/1QS614FB
N�2561Q.+-/@JK2n'S4FBc05C1+RJK=?4�N��3JU4\684FBcH1=?4FH1C123B?JK4-B5Y %p23NG4-Bq25'.23>FQ.684D':+D23B?JK=U+RJK23>FQ:+D682�� �MC,+�Hg4F=
25'�>-=K+-/�/M�1N�25=U4�612}H1C1/@JU4FBh25/�054FNn�8/�034F/�':+k/MC125BdJK=K+\Y

�w+~H8=UQ./805Q.H1+-'s05+-=K+-0^JK23=U�.BdJKQS0<+9612`'S4FBnN��3JK4W614FBk)1+-BK+-684FBk25/ C1/,+VN��3JK=?Q.05+�_R+-=UQ.+-)1'.2G25B
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Bk
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NG+RJK=?Q.TcB?2<+x6123�,/8Q.6,+kHg4FBUQbJKQS_R+ij`LMC12}BU+RJKQSB?� +->@+k'.+n054F/168Q.05QSXF/�05C,+RBUQbu �p2��{JK4F/

Bk+1yk = ξksk, ξk > 0
& � Y � +

614F/8612
sk = xk+1 − xk

j
yk = ∇f(xk+1) − ∇f(xk)

Y of/14`612n'S4FBcN��3JU4\614-B*612kN��3JU=UQ.05+
_R+-=UQ.+-)1'S2VNPO-B�034F/14W05Q.684FB�23B�23'}NG�^JK4W614 �s� �yZIrhBUC +-03JUC,+-'SQ.T<+R05Q.X-/�_\QS25/12;6,+-61+ Hg4F=�':+
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n = 100
Y@&(',H,+-=KORNG2^JK=U4q682p+RNG4F=dJKQS>FC,+vu

NGQS25/@JK4xC1BU+-614x25B � Y �F� r1034F/
x =

� Y � 0qj
v = 2

Y

2503C,+-03Q.XF/
Bk+1 = Bk +

1

sT
k yk

((ξk +
yT

kBkyk

sT
k yk

)sks
T
k − sky

T
kBk −Bkyks

T
k )

& � Y �@+
054-/

ξk = 1
Y (*JU=K+�NG�^JK=UQS0<+�+-'SJU25=?/,+RJKQb_R+8r ),+-BU+-6,+�25/7N�4W6125'S4FB}/14�03C,+-61=UORJKQS054FB3rw��C82GH1=?4Ru

H1C123B?JK+�Hg4F= �sQS>F>FB}� �v� Yt&(/�25BdJK2}0<+-B?41r,25'�H1+-=KO-N�23JU=U4
ξk = 1/tk

r1BUQS25/1614

tk =
6

sT
k yk

(f(xk) − f(xk+1) + sT
k gk+1) − 2

& � Y � +
��Q./1+-'.N�25/@JK2RrI4RJK=U4`N��3JU4\684`H,+-=K+`+R03JKC1+-'.QST<+-=p':+D+-H8=U4 �\Q.NG+-05QSXF/9612k'.+DNP+RJU=UQST8%p23BUQ.+-/,+

��C12pH1=U4FH8C125BdJK4iHg4F=�5c+<_WQ.614F/9�?> � � Y\&(B?JU2*N��3JK4W614y=U25+-'.QST<+}':+y+-03JUC,+-'.QST<+-03Q.XF/�+��1+-61Q.23/1614yC1/,+
NG+RJK=?Q.TfBUQ.N��3JU=UQS0<+}612c=K+R/1>F4nC1/841r8612*NG4W614iLMC12*':+i+R03JKC1+-'.QST<+-03Q.XF/�612c=U+-/1>F4nC8/14�& Z �!02+(BU2
612^�,/12y054FN�4

Bk+1 = Bk +
(sk −Bkyk)(sk −Bkyk)

T

(sk − Bkyk)Tyk
.

& � Y � +
�w+-B{JK=U23BhH1=U4FH8C125BdJe+-BfBU2}H1C1236125/�>F25/825=K+R'.Q.T5+-=|N�2561Q.+-/@JK2q'.+n2��\H1=U23BUQSXF/

Bk+1 = Bk + tk
sks

T
k

sT
k yk

+
[(1 − tk)sk − Bkyk][(1 − tk)sk − Bkyk]

T

[(1 − tk)sk − Bkyk]Tyk

,
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614F/8612
tk
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tk
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BU2

612^�,/12cC1/1+i61Q.=?250305Q.X-/D612*)8�1BULMC1236,+k61QS��23=U25/@JU2-Y1&(BdJe+i23B|':+y),+-BU2*612*'S4FB N��3JU4\684FBsH,+R=K+-'S25'.4-B
NnC1'bJKQS61Q.=?250503Q.XF/VjANnC1'bJKQ.H1+-BU4�),+-BU+-614FBm25/�C1/,+�NG�^JK=UQS0<+�_-+R=UQ:+R)1'.2RYw& /�05+-6,+�QbJK23=K+-03Q.XF/;BU2
0<+R'.05C8':+-/x_R+-=UQ.+-B 61Q.=?250503Q.4F/825B�612p)8�1BULMC1236,+ij�H,+-=K+}0<+R6,+m61QS=U230505QSXF/P682p)1�8BULMC12561+n61Q.BdJKQ./@JU4FB
Je+RNP+��84FB{612}H,+-B?41Y

&('w+-'.>F4-=UQSJUNG4 � � �	H1=U4FH8C125BdJK4PHg4F= �(�MC,+x054F/1BdJe+x612}':+-B{B?Q.>FC8Q.25/@JU25B{� +-BU23B�-
0FY�� CE	��U	��c�o	������U	�	�C

Z\2}23'.Q.>-2c':+nNG+RJK=?Q.TcQS6125/@JUQ.6,+-6�034FNG4�+-H8=U4 �\Q.NG+-05QSXF/D612}':+ %f25B?Q:+-/,+ &
B0 = I

+^Y
>\Y�

� �����E��� DNA.�����R������DNA ��� ?��BC��U	�	�C �����%AU��	������ DNA.�^�����cDE	�A.CP�"A A.C A.�����ECP�n�

u%�������U	�	�C
xk

5*2^�,/1QSNG4FB
fk = f(xk)

j
gk = g(xk)

Y
� Y�

� �����E��� DBA ���cu DB	���A����U	���CNA.ulDBA ��!Bu#"��NA'D$��A.C%���R���c��A'���

Z\C8HI4F/8>@+-N�4FB
P1 > 0

H1=?4\0325BU+-614F=?25B*68Q.BUHg4F/1QS)1'.23BhH,+-=K+�0<+-'S05C1'.+-=h':+-Bh61QS=U230505QS4F/123B*612
)1�8BULMC12561+G25/�H,+-=U+-'.23'.41Y

p
(j)
k = −Bk(tj)gk, j = 1, 2, · · · , P1

& � Y 0 02+
614-/1612

Bk(tj)
=?25H1=?25BU23/@Je+V0<+-61+9C1/,+�612P':+-Bm61Q.BdJKQ./@JK+-Bn+-H8=U4 �\Q.NG+-05QS4F/125By612D'.+ %f2^u

B?Q:+-/,+\rg034F/
tj
25'S25>FQS614G034FN�4

0,∞, tk
23/9':+�2505C1+-05QSXF/ � Y10 � rt4D03C,+-'.LMC1QS25=f4-JK=?4P_R+-'.4-=

+-H8=U4FH1Q.+-6141Y
�1Y�

� �����E��� DBA.�S�&�R
���'N� DNA ���Ru%� A.C%�����(�R��A.���

Z\2y=U25+-'.QST<+kC1/,+x)1�1B?LMC1256,+G'.Q./82<+-' 23/�H,+R=K+-'S25'.4x23/�05+-6,+GC8/,+�682m'.+-Bh61Q.=?250503Q.4F/825Bf0<+-'�u
03C1':+-61+-Bq25/~25'�H,+-BU4�+-/@JK23=UQS4F=5Y[& BdJe+`23JK+-H,+`054-/105'SC8jF2x054-/;'.+DBU23'.250305QSXF/~6125'(N��./1QSNG4
JK+-NP+ �14n612qH,+RBU4 &

λk

+sLMC12c_-25=?QS�,LMC12}':+RB|054F/861Q.03Q.4F/123B|612 
A4F'S��2RY 5*23/14-JK+-NG4-B|054FN�4
p∗k

'.+n61Q.=?250305Q.X-/�682y)8�1BULMC1236,+GH,+R=K+x':+n05C1+-'�BU2}�,+x25/1034F/@JK=U+-614�25'�H,+-B?4xNG�S/1Q.N�41Y
�\Y�

� �����E��� DBA.�QC��NA����)�*�BCP�"��u%���+���U	�	PC

xk+1 = xk + λkp
∗
k

gk+1 = ∇f(xk+1)

& � Y 0;>@+

� Y-, A.uf�;DNA �q��C.��A<����A.C��U	��
&('�+-'S>F4F=?QSJKN�4mJU25=?NGQS/,+iBUQ

||gk+1|| ≤ ε ·max{1, ||xk+1||}
r\BUQS/14k054F/@JUQ./M�,+x+-' H,+RBU4G�\Y
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Bk+1 = Bk+1(∞)
& � Y10 � +
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p
(j)
k&

j = 1, 2, · · · , P1
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λmax
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0 < λ(i) < λmax,
& � Y 05�9+

614F/8612
λ(1) < λ(2) < · · · < λ(P2) B?4F/G'S4FB P2
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