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Guarda, Aroa e Dave, coas que sempre puiden desconectar de todo isto, e á miña familia
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Abstract

Lepton Flavour Universality (LFU) is an assumed symmetry within the Standard
Model (SM) that implies that the coupling between gauge bosons and the different lep-
tons does not depend on the flavour (family) of the lepton. In particular, the so-called

LFU ratios such as R(D(∗)) ≡ B→D(∗)τ−ντ
B→D(∗)µ−νµ

are being thoroughly measured by different

experiments, finding tensions with the SM predictions up to the 3σ range.
In this thesis, a preliminary simultaneous measurement of the B− → D(∗)0τ−ντ

branching fractions and the R(D(∗)0) LFU ratios is reported, with the decay channels

D∗0 → D0{π0, γ},
D0 → K−π+,

τ− → π−π+π−(π0)ντ .

This work is done with LHCb Run 2 data corresponding to pp collisions at a centre-
of-mass energy of 13 TeV from the years 2016–2018, with an integrated luminosity of
5.4 fb−1. The obtained results, with blinded values, are

B(B− → D0τ−ντ ) = (xxx± 0.13 (stat.)± 0.22 (syst.)± 0.07 (ext.))× 10−2 ,

B(B− → D∗0τ−ντ ) = (xxx± 0.11 (stat.) +0.15
−0.14 (syst.)± 0.15 (ext.))× 10−2 ,

for the branching fractions, and

R(D0) = xxx± 0.056 (stat.)± 0.096 (syst.)± 0.034 (ext.) ,

R(D∗0) = xxx± 0.020 (stat.)± 0.026 (syst.)± 0.029 (ext.) ,

for the LFU ratios.
In addition, the base work for a complementary and analogous measurement of the

R(D(∗)−) ratios and B0 → D(∗)−τ+ντ branching fractions, with τ− → π−π+π−ντ and
D− → K−π+π+, is laid out, including the production of simulation samples, the selection
of events, and the study of the relevant control samples.
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1
Introduction

The Standard Model is a theoretical framework that describes the fundamental par-
ticles and their interactions through three fundamental forces: electromagnetic, weak,
and strong nuclear forces. It has been extremely successful in predicting and explaining
a wide range of experimental results in particle physics, including the discovery of the
Higgs boson in 2012 at the Large Hadron Collider (LHC), one of the most important and
recent validations of the Standard Model, which represented the culmination of decades
of theoretical and experimental work. However, it is known that the Standard Model
is incomplete, as it does not incorporate gravity and does not account for dark matter,
which is believed to make up a significant portion of the universe’s mass. Therefore, cur-
rent research in particle physics is focused on testing the Standard Model’s predictions
and exploring new physics beyond it, in order to better understand the universe at the
smallest scales.

The LHC is currently the largest and most powerful particle accelerator in the world,
located at CERN near Geneva, Switzerland. The LHC is a key tool in the study of
particle physics and is central to ongoing efforts to test and validate the predictions of
the Standard Model, namely the behaviour of particles and fundamental forces at very
high energies and the search for new particles beyond the Standard Model, including
the search for dark matter. This collider is used to accelerate two beams of protons to
very high energies before colliding them head-on. These collisions produce a wide variety
of subatomic particles, which can be detected and analyzed by sophisticated detectors
surrounding the collision points. The LHCb is one of the main experiments located at
the LHC and provides the experimental framework for this thesis.

This thesis contains my work in two current analyses from the LHCb experiment
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which aim to shed light onto recent tensions between the Standard Model and experimen-
tal results regarding the property called Lepton Flavour Universality (LFU). Multiple
experiments, including BaBar and Belle along with LHCb, have worked and are working
on testing the validity of LFU and, within the last decade, the tension between experi-
ments and theory has remained approximately around 2–3 standard deviations on multiple
measured quantities, suggesting the existence of new physics effects. These “anomalies”
have motivated the particle physics community to closely study their possible explana-
tions and to accurately measure them, in hopes of finding a breakthrough in the Standard
Model.

The analyses presented within this thesis are two of the same nature. The main one
—from now on referred to as the R(D(∗)0) analysis— aims to simultaneously measure
the R(D0) and R(D∗0) quantities, ratios of branching fractions defined as R(D(∗)0) =
B(B− → D(∗)0τ−ντ )/B(B− → D(∗)0ℓ−ν̄ℓ), where ℓ is either an electron or a muon. This
measurement is done in the hadronic channel τ− → π−π+π−(π0)ντ , and would be the
first measurement of R(D) with this channel done by the LHCb experiment. The second
analysis studies the R(D(∗)−) ratio, defined in an analogous way and with the same goal,
thus both analyses providing independent and complementary results. Due to the im-
mense similarity between the two analyses, the developed algorithms and methods of one
of them can be re-purposed for the other one. This is why the second one, (R(D(∗)−)),
is at a much earlier stage and will be discussed just briefly and partially throughout this
thesis.

The objectives of this thesis are detailed in section 1.1. An overview of the theoretical
foundations and experimental precedents of this work is detailed in chapter 2, including
the strategy and methodology followed by these particular analyses in section 2.5. A
rundown of the technical set-up and inner workings of the LHCb experiment is presented
in chapter 3. Chapter 4 contains a summary of the selection and the preparation of
the real and simulated data which is analysed. A study of certain control samples to
improve the quality and understanding of the simulated data is presented in chapter 5.
The determination of the desired branching fractions and ratios of the R(D(∗)0) analysis
is detailed in chapter 6. Chapter 7 contains a study of the possible systematic effects
and errors affecting those results, with their consequential corrections and adjustments.
Finally, the preliminary results of the analysis are presented and discussed in chapter 8,
along with the conclusions of this thesis.

1.1 Objectives

The main goal of this thesis is the measurement of the R(D(∗)0) ratios of branching
fractions, defined as

R(D(∗)0) =
B(B− → D(∗)0τ−ντ )

B(B− → D(∗)0ℓ−ν̄ℓ)
, (1.1)

2



1 Introduction

where ℓ− can be either a muon or an electron. This measurement is to be done with
data taken by the LHCb experiment between 2016 and 2018 and with the decay mode
τ− → π−π+π−(π0)ντ .

For this measurement, the denominator B(B− → D(∗)0ℓ−ν̄ℓ) is taken from an external
source, so the measurement of the branching fractions B (B− → D(∗)0τ−ντ ) are needed
to perform the main measurement, and therefore are another objective of this thesis.

Finally, a secondary objective of this thesis is the preparation of the measurement of
the R(D(∗)−) ratios, defined analogously as

R(D(∗)−) =
B(B0 → D(∗)−τ+ντ )

B(B0 → D(∗)−ℓ+νℓ)
(1.2)

and performed in the same conditions as the previous R(D(∗)0) measurement. This second
measurement is expected to be performed after the previous one is completed and, as such,
its completion is not within the scope of this thesis. As a consequence, the goal for this
measurement is the preparation of algorithms and studies that will facilitate this future
measurement and serve as its base.

3



Julián Lomba Castro

4



2
Theoretical foundations and

precedents

Contents
2.1 The Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Flavour-mixing matrices . . . . . . . . . . . . . . . . . . . . . 7

2.2 Lepton Flavour Universality . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Status of LFU tests . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.2 SM predictions for R(D(∗)) . . . . . . . . . . . . . . . . . . . . 10

2.2.3 Theoretical implications of LFU violation . . . . . . . . . . . 13

2.3 Theory of pp collisions . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 Rapidity and pseudorapidity . . . . . . . . . . . . . . . . . . . 17

2.3.2 Centre-of-mass energy (
√
s) . . . . . . . . . . . . . . . . . . . 17

2.3.3 Proton-proton collision types . . . . . . . . . . . . . . . . . . 18

2.3.4 b quark production . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 R(D(∗)) measurements at LHCb . . . . . . . . . . . . . . . . . . . . . 21

2.4.1 Prospects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.5 Analysis strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

5



Julián Lomba Castro

In this chapter, an overview of the foundations of this thesis is presented. In the first
place, an introduction to the Standard Model of particle physics; secondly, a summary
of Lepton Flavour Universality, both theoretical and experimental; then, a collection of
physical principles which are relevant to particle colliders; and lastly, a summary of the
measurements that precede and motivate this thesis, along with the strategy followed in
the data analysis.

2.1 The Standard Model

The Standard Model (SM) [1] is a particle physics theory that describes fundamental
interactions (the electromagnetic, weak, and strong interactions) and has so far success-
fully described the phenomena observed by particle physics experiments.

The SM is a renormalisable quantum field theory based on the local symmetry of
twelve conserved currents: eight “colour” charges (corresponding to the strong interaction)
and four electroweak charges (corresponding to the electroweak interaction), including the
electric charge; forming together the SU(3)⊗SU(2)⊗U(1) algebra of the SM. The SM also
classifies the fundamental particles, distinguishing between fundamental fermions (matter
particles) and fundamental bosons (force carriers and the Higgs boson).

The fundamental fermions all have spin 1/2 and are classified in quarks and leptons.
Quarks have both colour and electroweak charges, and are what all hadrons (such as
protons and neutrons) are composed of. The leptons are the electron (e−), the muon
(µ−), the tauon (τ−), and their three associated neutrinos (νe, νµ, and ντ ). Leptons have
electroweak charge but no colour. Fermions are grouped in weakly charged doublets and
in three “generations” or “families” which have identical quantum numbers but different
masses, forming the pattern [

u νe
d e

]
,

[
c νµ
s µ

]
,

[
t ντ
b τ

]
;

where brackets separate each family, and each column is an electroweak doublet. At the
same time, each quark can come in three different colour variants. There is no known
explanation for this three-family structure.

On the other hand, the fundamental force carriers all have spin 1 and are the photon
(γ, carrier of the electromagnetic interaction), the W and Z bosons (W+, W−, and Z0,
carriers of the weak interaction), and the gluons (g, carriers of the strong interaction).
The photon and the gluons have zero mass due to the invariance of their local gauge
symmetries, which also causes the conservation of the electric charge and of the colour
charges. TheW and Z bosons, on the contrary, have been measured to have mass (mW ≈
80.4 GeV/c2, mZ ≈ 91.2 GeV/c2 [2]), implying that the electroweak gauge symmetry is
broken, and explaining the short range of the weak interaction. An additional particle,
the Higgs boson (H0, with spin 0), is what produces the breaking of the electroweak
symmetry in the SM, giving mass to the fermions and W and Z bosons in the process.
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2 Theoretical foundations and precedents

The Higgs boson was successfully detected for the first time at the Large Hadron Collider
in 2012, with a mass of mH ≈ 125 GeV/c2 [2–4].

2.1.1 Flavour-mixing matrices

As a consequence of the electroweak symmetry breaking, the mass eigenstates of
fermions (the states which propagate freely through space) do not have to match with their
weak eigenstates (the states which interact with the W and Z bosons). This property is
famously responsible for phenomena such as neutrino oscillation and particle-antiparticle
oscillations (K0 ⇌ K0, B0 ⇌ B0, etc.). Mathematically, mass eigenstates can be ex-
pressed as a quantum mixture of the weak eigenstates, forming two different eigenbases,
making both sets of states related through a rotation matrix. These flavour-mixing ma-
trices are key for describing flavour-changing processes within the SM.

The CKM matrix

The Cabibbo-Kobayashi-Maskawa (CKM) matrix [5, 6] is a transformation matrix
that relates the mass eigenstates of quarks with their weak eigenstates:d′s′

b′

 =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

ds
b

 , (2.1)

where d′, s′, and b′ denote the quarks’ weak eigenstates, while d, s, and b, their mass
eigenstates, thus |Vij| representing the qi → qjW

± transition amplitude. This concept
was first used by Cabibbo for two quark families and, later, Kobayashi and Maskawa
extended it for three quark families. In the SM with three quark families, the CKM matrix
must be unitary, thus providing a powerful way of testing its validity by measuring the
CKM matrix elements, since any deviation from unitarity would indicate the presence of
new physics (NP). The measured values are so far consistent with unitarity and are, as
averaged by [2],

|VCKM | ≈

0.974 0.224 0.004
0.221 0.975 0.041
0.008 0.039 1.014

 . (2.2)

The PMNS matrix

In an analogous way to the CKM matrix, the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix [7, 8] relates the weak and mass eigenstates of the three known families
of leptons, and was originally developed to describe neutrino oscillations:
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νeνµ
ντ

 =

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

ν1ν2
ν3

 , (2.3)

where νl and νi denote the leptons’ weak and mass eigenstates, respectively. In the SM,
this matrix must also be unitary.

There is, however, a key difference in the use of the PMNS matrix compared to the
CKMmatrix: the flavour of the quarks present in a certain decay can be easily determined,
providing the knowledge of which CKM terms contribute to the amplitude of the decay,
and express them in terms of a leading term, thanks to the hierarchical nature of the
CKM matrix (as seen in eq. 2.2). For leptons, one cannot determine which neutrino mass
eigenstates are present in a decay, due to their small mass differences and to the fact that
they are not directly detected in experiments. Thus, in a W− → l−ν̄l vertex, the neutrino
will be produced in a superposition of its mass eigenstates, adding a factor

∑
i |Uli|2 to

the decay amplitude which, if the unitarity of the PMNS matrix is true, is 1 by definition,
making the PMNS matrix not play a role at all in leptonic and semileptonic decays within
the SM [9].

2.2 Lepton Flavour Universality

Lepton Flavour Universality (LFU) is a property of the SM which implies that the
coupling between gauge bosons and leptons is independent of the lepton family (flavour).
This property is often called “accidental”, in the sense that there are no fundamental
principles that cause it, rather arising mathematically due to the assumed symmetries
within the SM.

If this property is true, then the branching fractions of decays with leptons in the
final state should be independent of the lepton flavour, and only differ due to the different
masses of each lepton. This property can be tested to verify the validity of the SM, since
a violation of LFU would be a sign of new physics beyond the SM, requiring new particles
that contribute to these decays [10].

2.2.1 Status of LFU tests

In the past decade, experiments such as LHCb, BaBar, and Belle have shown some
tensions between their experimental results and the SM predictions regarding ratios of
branching fractions of leptonic and semileptonic decays, hinting at a possible violation of
LFU. These tensions are mainly found in semileptonic b-quark decays via neutral currents
(b→ sl+l−) and via charged currents (b→ cl−ν̄l).

BaBar and Belle are the so-called “B-factory” experiments, electron-positron colliders
designed to produce Υ(4S) resonances (formed by a bb̄ pair), which decay mainly (more
than 96% of times [2]) to B+B− or B0B0, hence their name. On the other hand, LHCb

8
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is a forward spectrometer designed to study the b quarks produced from pp collisions in
the LHC, and will be described thoroughly in section 3.2.

Rare semileptonic b-hadron decays

Neutral current b → sl+l− decays cannot happen at tree level in the SM, which
makes them strongly suppressed and a powerful probe in the search of NP, since their
branching fractions are very sensitive to the contributions of potential new particles.
Several small deviations from the SM have also been observed in measurements of angular
distributions [11–13] and of single branching fractions [14–16] on this kind of decays.

LFU tests with rare decays are usually done by measuring the ratio of the muonic
and electronic branching fractions in a given region of the squared di-lepton mass (q2)
distribution,

R(Hs)[q
2
min, q

2
max] ≡

∫ q2max

q2min

dΓ(Hb→Hsµ+µ−)
dq2

dq2∫ q2max

q2min

dΓ(Hb→Hse+e−)
dq2

dq2
, (2.4)

where Hb and Hs are a b hadron and a s hadron, respectively. The theoretical predictions
for these ratios have very small uncertainties and are very close to unity [17].

LFU has been notably tested on rare semileptonic decays with measurements of the
quantities R(K) [18–20], R(K∗) [20–23], R(K0

S) [23], and R(pK) [24]. The results of
these tests are summarised in table 2.1. The older results seemed to show a consistent
trend of deviations, pointing to a possible excess of electronic decays over muonic decays,
thus offering an interesting opportunity in the search for NP, combined with angular
observables and branching fraction measurements. However, the newer measurements by
Belle and LHCb tend to agree with the Standard Model.

Tree-level semileptonic b-hadron decays

Charged-current semileptonic b decays (b → cl−ν̄l) happen at tree level in the SM
and have a larger branching fraction than b→ sl+l− decays, making it easier to measure
their semitauonic modes. This allows LFU tests to be usually performed by comparing
the semitauonic and semimuonic (or semielectronic) branching fractions,

R(Hc) ≡
B(Hb → Hcτ

−ντ )

B(Hb → Hcℓ−ν̄ℓ)
, (2.5)

where Hc is a c hadron and ℓ either a muon or an electron. LHCb uses the muonic
mode because of its detector design, which provides higher detection efficiency and mo-
mentum resolution for muons compared to electrons, while the B-factories use the elec-
tronic mode as the denominator.

LFU tests done with these decays include R(D) [26–28], R(D∗) [26–31], R(J/ψ) [32],
and R(Λc) [33]. The results of these tests are also showing deviations from the SM,
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and are summarised on table 2.2. In particular, the global average of R(D) and R(D∗)
measurements –which are the quantities studied in this thesis– is currently at 3.2 standard
deviations (3.2σ) from the SM predictions [34], as shown on fig. 2.1. Measurements of
angular observables will be key to be able to distinguish between different NP scenarios
[35].

Tests on other sectors

Apart from the tests on b-hadron decays, there are other sectors in which LFU can
be tested. Purely leptonic decays, like Z0 → l+l− and W− → l−ν̄l are precisely measured
in multiple experiments and, so far, they have mostly shown good agreement with LFU.
The Z relative branching fractions have been measured to be [42]

B(Z → µ+µ−)

B(Z → e+e−)
= 1.0009± 0.0028, (2.6)

B(Z → τ+τ−)

B(Z → e+e−)
= 1.0019± 0.0032, (2.7)

all within a 1σ agreement with unity, while the W relative branching fractions are [43]

B(W− → µ−νµ)

B(W− → e−νe)
= 0.993± 0.019, (2.8)

B(W− → τ−ντ )

B(W− → e−νe)
= 1.063± 0.027, (2.9)

B(W− → τ−ντ )

B(W− → µ−νµ)
= 1.070± 0.026, (2.10)

where 2.3σ and 2.6σ tensions can be seen between tauonic decays and electronic and
muonic decays, respectively, while electron-muon universality holds within 1σ.

More LFU tests have been performed on other sectors, like on τ− → ℓ−ν̄ℓντ decays [44]
or on the (semi)leptonic decays of other mesons, such as J/ψ [45], K± [46], or D±

(s) [47];
but none of them have found tensions higher than 2σ with the SM as to date.

2.2.2 SM predictions for R(D(∗))

b → cl−ν̄l decays can be described through an effective Hamiltonian, separating the
amplitude into a leptonic tensor and a hadronic tensor, which can be parameterised in
terms of form factors.

For B → Dτ−ντ decays, this hadronic tensor is parameterised with two form factors
(f+,0), allowing its differential rate to be written as [48]

10
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Table 2.1: List of latest R(Hs) published results by the LHCb, Belle, and BaBar collabo-
rations, for similar q2 ranges. To be compared with the SM prediction of R(Hs) ≈ 1 [17].

Observable q2 range [GeV2/c4] Result Source

(0.10, 8.12) 0.74+0.40
−0.31 ± 0.06 BaBar (2012) [20]

(1.1, 6.0) 0.846+0.042
−0.039

+0.013
−0.012 LHCb (2021) [18]

R(K) (1.0, 6.0) 1.03+0.28
−0.24 ± 0.01 Belle (2021) [19]

(0.045, 1.0) 0.994+0.090
−0.082

+0.029
−0.027 LHCb (2022) [25]

(1.0, 6.0) 0.949+0.042
−0.041 ± 0.022 LHCb (2022) [25]

(0.10, 8.12) 1.06+0.48
−0.33 ± 0.08 BaBar (2012) [20]

(1.1, 6.0) 0.69+0.11
−0.07 ± 0.03 LHCb (2017) [21]

R(K∗)
(1.1, 6.0) 0.96+0.45

−0.29 ± 0.11 Belle (2021) [22]

(0.045, 6.0) 0.70+0.18
−0.13

+0.03
−0.04 LHCb (2022) [23]

(0.045, 1.0) 0.927+0.093
−0.087

+0.036
−0.035 LHCb (2022) [25]

(1.0, 6.0) 1.027+0.072
−0.068

+0.027
−0.026 LHCb (2022) [25]

R(pK) (0.1, 6.0) 0.86+0.14
−0.11 ± 0.05 LHCb (2019) [24]

R(K0
S) (1.1, 6.0) 0.66+0.20

−0.14
+0.02
−0.04 LHCb (2022) [23]

Table 2.2: List of latest R(Hc) published results by the LHCb, Belle, and BaBar collabo-
rations. To be compared with the SM predictions on the right-most column.

Observable Result Source SM prediction

0.440± 0.058± 0.042 BaBar (2013) [26,27]

R(D) 0.307± 0.037± 0.016 Belle (2020) [28] 0.298± 0.004 [34]

0.441± 0.060± 0.066 LHCb (2022) [36]

0.332± 0.024± 0.018 BaBar (2013) [26,27]

0.336± 0.027± 0.030 LHCb (2015) [29]

R(D∗) 0.283± 0.019± 0.029 LHCb (2018) [30,31] 0.254± 0.005 [34]

0.283± 0.018± 0.014 Belle (2020) [28]

0.281± 0.018± 0.024 LHCb (2022) [36]

R(J/ψ) 0.71± 0.17± 0.18 LHCb (2018) [32] [0.25, 0.28] [37–40]

R(Λc) 0.242± 0.026± 0.040± 0.059 LHCb (2022) [33] 0.324± 0.004 [41]
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dΓ(B → Dτ−ντ )

dq2
=
G2

F |Vcb|2|p⃗D|q2
96π3m2

B

(
1− m2

τ

q2

)2 [
|H0|2

(
1 +

m2
τ

2q2

)
+

3m2
τ

2q2
|Ht|2

]
, (2.11)

where q2 ≡ (pD − pB)
2 and H0,t are the helicity amplitudes, which are related to the form

factors through

H0(q
2) =

2mB|p⃗D|
q2

f+(q
2), (2.12)

Ht(q
2) =

m2
B −m2

D√
q2

f0(q
2). (2.13)

For B → D∗τ−ντ decays, four form factors are needed (g, f,F1,F2), and the decay
rate can be written as

dΓ(B → D∗τ−ντ )

dq2
=
G2

F |Vcb|2|p⃗D∗|q2
96π3m2

B

(
1− m2

τ

q2

)2

×

×
[
(|H++|2 + |H−−|2 + |H00|2)

(
1 +

m2
τ

2q2

)
+

3m2
τ

2q2
|H0t|2

]
, (2.14)

with the helicity amplitudes again related to the form factors by

H±±(w) = f(w)∓mBmD∗
√
w2 − 1g(w), (2.15)

H00(w) = F1(w)/
√
q2, (2.16)

H0t =
mD∗

√
w2 − 1√

1 + r2 − 2rw
F2(w), (2.17)

where r ≡ mD∗/mB and w ≡ (m2
B +m2

D − q2)/(2mBmD).
With these expressions and their equivalents for B → D(∗)ℓ−ν̄ℓ decays, the desired

branching fraction ratios can be expressed in terms of the form factors with

R(D(∗)) =
dΓ(B → D(∗)τ−ντ )/dq2

dΓ(B → D(∗)ℓ−ν̄ℓ)/dq2
, (2.18)

allowing to compute their predicted SM values from form factor calculations.

BGL parameterisation

In order to compute form factors, several parameterisations can be used. The Boyd-
Grinstein-Lebed (BGL) parameterisation [49–51] is the form factor parameterisation that
is used for the analyses contained in this thesis, it parameterises a generic form factor f(i)
as
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f(i)(z) =
1

P(i)(z)Φ(i)(z,N )

∞∑
n=0

a(i)n z
n(w,N ) (2.19)

where z(q2, t0) is a parametric function that maps the q2 plane on a unit disk, P(i)(z)
and Φ(i)(z,N ) are the Blaschke factors and outer functions1, respectively; and N ≡
(t+ − t0)/(t+ − t−), with t± ≡ (mB ± mD)

2 and t0 < t+ being a free parameter which
determines the point of the q2 plane mapped onto the origin of the z plane. The parameters
a
(i)
n are constrained by the condition

∞∑
n=0

(a(i)n )2 < 1. (2.20)

In practice, the sum in equation 2.19 is truncated at a certain low number N (in
this thesis, N = 2 is used). The BGL parameters can be estimated from lattice-QCD
calculations and from experimental data.

Status of SM predictions

Predicted values for R(D) and R(D∗) were derived by several collaborations, mainly
using fits to lattice-QCD calculations and experimental data. Their results are listed on
table 2.3. The averages of these predictions, as computed by [34], are

R(D)SM = 0.298± 0.004 (2.21)

and
R(D∗)SM = 0.254± 0.005, (2.22)

both predictions being below the current average of experimental results by 2.16σ and
2.26σ, respectively. Taking into account the correlation between both experimental quan-
tities, the difference with these predictions sums up to 3.2σ. This comparison between
experimental results and theoretical predictions are graphically represented on figure 2.1.

2.2.3 Theoretical implications of LFU violation

If a violation of lepton flavour universality in B mesons decaying into tauons was
to be confirmed, it would imply that there are NP contributions to these decays (new
interacting particles) which are not flavour universal. Some of these NP possibilities are
discussed here. Note that everything that is discussed here is only what pertains to
b→ cl−ν̄l decays, due to their relevance to this thesis, but similar and equally interesting
discussions exist for b → sl+l− decays, some theoretical approaches even simultaneously
covering both types of decays.

1Blaschke factors and outer functions are mathematical products used in complex analysis, constructed
to deal with poles in functions and, applied to this case, depend on the spin and parity (JP ) of each form
factor and its corresponding Bc resonances [50,51].
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Table 2.3: List of currently published SM predictions for R(D) and R(D∗).

Source R(D)SM R(D∗)SM
Fermilab Lattice, MILC collaborations (2015) [52] 0.299± 0.011 –

HPQCD collaboration (2015) [53] 0.300± 0.008 –
D. Bigi, P. Gambino (2016) [54] 0.299± 0.003 –
F. Bernlochner et al. (2017) [55] 0.299± 0.003 0.257± 0.003

S. Jaiswal, S. Nandi, S.K. Patra (2017) [56] 0.299± 0.004 0.257± 0.005
D. Bigi, P. Gambino, S. Schacht (2017) [57] – 0.260± 0.008
P. Gambino, M. Jung, S. Schacht (2019) [58] – 0.254+0.007

−0.006

BaBar collaboration (2019) [59] – 0.253± 0.005
M. Bordone, M. Jung, D. van Dyk (2020) [60] 0.298± 0.003 0.247± 0.006
M. Bordone, M. Jung, D. van Dyk (2020) [60] 0.297± 0.003 0.250± 0.003

Fermilab Lattice, MILC collaborations (2021) [61] – 0.265± 0.013
G. Martinelli, S. Simula, L. Vittorio (2022) [62] 0.296± 0.008 0.261± 0.020

Effective Field Theory studies

One way to explore the possible contributions of NP is by using the effective Hamil-
tonian:

Heff(b→ cl−ν̄l) =
4GF√

2
Vcb
∑
i

CiOi, (2.23)

where Oi are 4-fermion operators which encode the different processes by which the decay
may occur; Ci are Wilson coefficients, which indicate the relative coupling strength of each
one of the possible processes, and i is an index that runs over all the 4-fermion operators.
In the standard model, the Wilson coefficients should have the same value for all three
lepton families, due to LFU.

Since the Wilson coefficients can be computed from experimental data, and different
theoretical scenarios beyond the SM (BSM) give different values to them, it is useful to
express Wilson coefficients as Ci = CSM

i + CNP
i , where CSM

i is the value expected from
the SM and CNP

i is a hypothetical NP contribution. Within this framework, data can be
used to constrain the value of each CNP

i , and thus constraining or discarding possible NP
scenarios [63].

Proposed models

Some of the BSM models which are most commonly used to describe the hypothetical
breaking of LFU on b→ cl−ν̄l decays and that can fit with the existing Wilson coefficient
measurements are:

• A new vector boson, W ′± which couples differently to the τ lepton, some models
also including its coupling to a right-handed neutrino [64–69].
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• The existence of a charged Higgs boson, H±, in what is called a two-Higgs doublet
model (2HDM) which would also mediate weak interactions with different couplings
to each lepton [48,70–76].

• Leptoquarks (LQ), hypothetical bosons with strong and electroweak charge which
allow quarks to turn into leptons and vice versa [77–81].
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Figure 2.1: Experimental results and theoretical predictions comparison for R(D) and
R(D∗) as of 2022. Plot extracted from [34].
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2.3 Theory of pp collisions

Since the data analysed in this thesis comes from proton-proton collisions at the LHC
(see section 3.1), it is interesting to briefly introduce some theory concepts behind such
collisions.

2.3.1 Rapidity and pseudorapidity

We define the concept of a particle’s rapidity (y) as

y ≡ 1

2
ln
E + pzc

E − pzc
, (2.24)

where E = γmc2 is the energy of the particle and pz is the component of its momentum
along the beam axis (the direction in which the protons travel and collide). Rapidity
measures the magnitude of the relativistic boost of the particle in the beam direction
with respect to the laboratory frame of reference. Thus y = 0 is a particle that travels
perpendicularly to the colliding protons and y = ±∞ is a particle that travels in the same
direction as the protons. Another useful property of rapidity is that rapidity differences
(∆y) are Lorentz-invariant under boosts in the beam direction.

An alternative to rapidity, commonly used in experimental particle physics, is pseudo-
rapidity (η), defined as

η ≡ 1

2
ln
p+ pz
p− pz

= −ln

[
tan

θ

2

]
, (2.25)

where p is the magnitude of the particle’s 3-momentum and θ is the angle between the tra-
jectory of the particle and that of the colliding protons. This quantity has the advantage
of not requiring the mass/energy of the particle, while being equivalent to rapidity for
massless particles and being approximately equal to rapidity for particles with pT ≫ m.
Since pseudorapidity can be determined only with the particle’s angle, it is useful in
particle colliders, where the expressions ‘low-rapidity’ or ‘high-rapidity regions’ are often
used to refer to the detector regions perpendicular or close to the beam axis direction,
respectively.

Pseudorapidity is also used to define the angular separation between two particles,

∆R ≡
√
∆η2 +∆ϕ2 , (2.26)

where ∆η and ∆ϕ are, respectively, the differences in pseudorapidity and azimuthal angle
between the two particles. Like ∆η, the quantity ∆R is also Lorentz-invariant in the
massless limit.

2.3.2 Centre-of-mass energy (
√
s)

The centre-of-mass energy of two colliding particles is denoted by
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√
s =

√
(pa + pb)2c, (2.27)

where pa and pb are the four-momenta of each particle. In the case of pp collisions in the
LHC, with two symmetrically colliding particles, the centre-of-mass energy is equivalent
to the energy in the laboratory frame of reference. It is important to note, though, that
the particles produced in these collisions often come from parton-parton collisions within
the colliding protons, which are not symmetrical in the laboratory frame [82].

The notation “
√
s” comes from the so-called Mandelstam variables, quantities which

are defined in a two-particle scattering process of the form a+ b→ c+ d as

s ≡ (pa + pb)
2c2,

t ≡ (pa − pc)
2c2,

u ≡ (pa − pd)
2c2.

(2.28)

These quantities are all Lorentz-invariant, thus their usefulness in high-energy physics.

2.3.3 Proton-proton collision types

Proton collisions can be categorized in two types: elastic and inelastic. Elastic inter-
actions do not produce new particles, the two protons simply altering their trajectories
upon interacting. On the other hand, inelastic interactions do produce new particles,
either with one or both protons surviving, or none of them. The inelastic cross-section of
pp interactions at a centre-of-mass energy of

√
s = 13 TeV is σinel = 75.4± 5.4 mb [83].

Inelastic interactions are at the same time categorized in diffractive and non-diffractive.
Diffractive inelastic interactions can be:

• Single diffractive scattering: one of the protons remains while the other dissociates
and hadronises, resulting in a highly boosted set of particles.

• Double diffractive scattering: both protons dissociate and hadronise, resulting in
two opposite highly boosted set of particles.

• Central diffractive scattering: both protons remain in the final state, but a set of
particles is produced in the low-rapidity region.

The particle systems produced in a diffractive interaction remain with the same in-
ternal quantum numbers of the proton that produced them. On the other hand, in
non-diffractive interactions, colour charge is exchanged between both protons, resulting
in producing a larger number of particles, which are distributed more or less uniformly
in the whole rapidity range. Non-diffractive interactions account for roughly ∼60% of all
proton-proton interactions at LHC energies [84]. Fig. 2.2 illustrates the different types of
inelastic pp interactions.
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2.3.4 b quark production

The production of bb̄ pairs from inelastic pp collisions is the main interest of the
LHCb experiment and it is a widely exploited feature by its analyses, including the ones
presented within this thesis.

The pp → bb̄X reaction is produced mainly from gluon-gluon and quark-quark in-
teractions within the colliding protons. Since the momenta of these interacting partons
tend to be highly asymmetrical in the laboratory frame [82], the produced bb̄ pairs are
emitted at very high rapidities, close to the direction of the proton beam. This feature is
exploited by the LHCb detector’s configuration, as will be shown on section 3.2. The bb̄
pair production angular distribution is shown on fig. 2.3.

The bb̄ pair production cross-section at
√
s = 13 TeV is measured to be σ(pp→ bb̄X) ≈

560 µb [87], or σ = 144± 21 µb if restricted to the LHCb acceptance range (2 < η < 5).

19



Julián Lomba Castro

(a) Single diffraction (b) Double diffraction

(c) Central diffraction (d) Non-diffractive process

Figure 2.2: Feynman diagrams and angular distributions of different types of pp inelastic
interactions. Figures extracted from [85].
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Figure 2.3: bb̄ pair production angular distribution. The LHCb acceptance is represented
in red. Figure extracted from [86].
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2.4 R(D(∗)) measurements at LHCb

As mentioned in section 2.2.1, the LHCb experiment is one of the main contributors
to the current LFU tests scene. Due to the relevance for the topic of this thesis, it is worth
reviewing the current status, techniques, and prospects of the R(D(∗)) measurements at
LHCb.

As explained earlier, LHCb tests LFU on semitauonic decays by measuring the ratio
R(Hc) (eq. 2.5) between the tauonic and muonic modes, which for R(D(∗)) takes the form:

R(D(∗)) =
B(B → D(∗)τ−ντ )

B(B → D(∗)µ−νµ)
, (2.29)

where the B meson will either be a B+ or a B0 depending on the sign of the D(∗). Since
the τ lepton decays inside the detector, a decay channel needs to be chosen, the two
common choices at LHCb being:

• τ− → µ−νµντ (muonic channel): provides the advantage of having the same charged
final-state particles in both sides of the ratio, thus reducing systematic uncertainties.
It suffers from the presence of background from inclusive B → D(∗)µ−νµ(X) decays.

• τ− → π−π+π−ντ (π0)ντ (hadronic or “three-prong” channel): offers better momen-
tum reconstruction, thanks to only having one neutrino and having three charged
tracks, which allow the reconstruction of the τ decay vertex.

Muonic measurements

At the present time, there is only one published result of R(D∗) by LHCb using the
muonic channel [29], which was done with Run 1 data. LHCb is currently working on
new R(D(∗)) and R(D∗

s) analyses with data from Run 2. The strategy behind the existing
result is explained below, while the analyses that are underway follow an almost identical
strategy.

Due to the presence of two neutrinos in the final state, the B momentum is approxi-
mated by assuming that the z-momentum of the B meson is the same as that of the D∗µ
system. Both the tauonic and the muonic channels are selected in the same sample using
multivariate analysis techniques to reduce background contributions. A three-dimensional
fit in the energy of the muon, the squared missing mass (m2

miss = (pB − pD∗ − pµ)
2), and

q2 is used to extract the yields of both signal channels. The result, as shown previously
on table 2.2, was R(D∗) = 0.336± 0.027(stat)± 0.030(syst), which is 2.1σ above the SM
prediction.

Hadronic measurements

The only currently published result of R(D(∗)) by LHCb using the hadronic channel
is R(D∗−) [30, 31], done with Run 1 data. There are other hadronic analyses by LHCb
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(including the ones presented in this thesis) working to measure R(D(∗)), R(D(∗)
s ) and

R(D∗∗), using Run 2 data. All current analyses follow a similar strategy to the published
one, explained below.

The measurement using the hadronic channel is made by measuring the ratio of the
tauonic decay channel with respect to the prompt decay channel,

K(D∗−) ≡ B(B0 → D∗−τ+ντ )

B(B0 → D∗−π+π−π+)
. (2.30)

This is done to minimize the systematic uncertainties in the ratio, by having the same
final-state particles in both sides. A different normalisation channel may be chosen instead
of the prompt channel, depending on the requirements of the analysis.

Then, the known values of the branching fractions of the muonic and normalisation
channels are used as external inputs to determine the value of the desired observable,

R(D∗) =
B(B0 → D∗−π+π−π+)

B(B0 → D∗−µ+νµ)
K(D∗−). (2.31)

The ability to reconstruct the τ vertex is exploited to separate signal and normalisa-
tion channels, and a boosted decision tree (BDT) is used to suppress background. The
yield of the signal is obtained through a three-dimensional fit in q2, τ decay time, and the
output of the BDT, and the normalisation yield is obtained by fitting the invariant mass
of the D∗3π system. The result of this measurement, as shown previously on table 2.2,
was R(D∗) = 0.291± 0.019(stat)± 0.029(syst), 1.1σ above the SM prediction.

2.4.1 Prospects

New measurements with smaller uncertainties are essential in order to clarify the
current tensions with the SM predictions, which are currently at 3.2σ, as discussed on
section 2.2.1. Since all previous analyses by LHCb were done with just Run 1 data,
LHCb is at a prime position to improve its contribution by adding the data from Run 2,
which contains approximately double the integrated luminosity and four times as many bb̄
events compared to Run 1, thus expecting a significant reduction in statistical uncertainty.
Regarding systematic uncertainties, they are expected to improve as well [35,88]. Fig. 2.4
shows an estimation of the possible uncertainties of future LHCb R(Hc) measurements.

The main source of systematic uncertainty in these measurements is the limited size of
the simulated samples. These samples are essential for these analyses because of the nature
of the decays involving multiple neutrinos: since they are undetected, the reconstructed
kinematic variables have broad distributions, difficult to be described analytically, thus
relying on simulated samples to model the different contributions. Furthermore, these
samples need to be significantly large due to the use of multiple fitting dimensions, re-
ducing the amount of data per bin. This situation is going to improve along with the
development of better simulation techniques, notably fast simulation, which will allow to
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Figure 2.4: Expected total uncertainty for different R(Hc) measurements by LHCb, by
data-taking years. Left: systematic uncertainty capped at 3% for R(D(∗)) and 5% for
other ratios. Right: systematic uncertainty capped at 0.5% for R(D(∗)) and 2% for other
ratios. Figure extracted from [35].

produce larger samples in less time. Other important sources of systematic uncertainty
are the modeling of background channels and the external uncertainties. Both are ex-
pected to improve with new measurements, improving both the knowledge of background
channels and the uncertainty of the measurements.

2.5 Analysis strategy

This section details the strategy followed to measure R(D(∗)0) and R(D(∗)−) within
these analyses.

R(D(∗)0) measurement

As discussed previously, the main goal of this analysis is the measurement of the
R(D0) and R(D∗0) quantities.

R(D(∗)0) =
B(B− → D(∗)0τ−ντ )

B(B− → D(∗)0µ−νµ)
, (2.32)

with LHCb’s Run 2 data from 2016–2018, and with the following decay modes:

D∗0 → D0{π0, γ},
D0 → K−π+,

τ− → π−π+π−(π0)ντ .
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As such, the approach taken is very similar to the previous hadronic-tau measurement
from LHCb [30,31] shown in section 2.4; the main difference being that this analysis aims
to measure both R(D0) and R(D∗0) simultaneously, while the previous analysis only
measured R(D∗). This is possible thanks to the increased statistics available with Run 2
data compared to Run 1.

The denominator in eq. 2.32, B(B− → D(∗)0µ−νµ), will be taken from an external
source, while the numerator, B(B− → D(∗)0τ−ντ ), will be computed from our measure-
ment as

B(B− → D(∗)0τ−ντ ) =
NB−→D(∗)0τ−ντ

NB+→D0D+
s

× B(B+ → D0D+
s )×

× εB+→D0D+
s
B(D+

s → π+π−π+)

ετ→3πντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−ντ ) + ετ→3ππ0ντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−π0ντ )
, (2.33)

where N are the measured yields of each decay channel and ε, their efficiencies. The
yields are the actual quantities which are measured from data, while the efficiencies are
estimated from simulation samples. All the other branching fractions are external inputs.
This is done, as in the Run 1 analysis, to minimize systematic uncertainties by computing
the ratio of two decay channels with the same visible final states and topology (B− →
D(∗)0τ−ντ with τ− → π−π+π−(π0)ντ and B+ → D0D+

s with D+
s →π+π−π+, and both

with D0 →K−π+). B+ → D0D+
s was chosen as a normalisation channel because of the

precision with which it is measured [2] compared to other possible candidates such as B−

→D0π−π+π−:

B(B+ → D0D+
s ) = 0.0090± 0.0009 ,

B(D+
s → π+π−π+) = 0.0108± 0.0004 ,

B(B− → D0π−π+π−) = 0.0056± 0.0021 .

(2.34)

A general rundown of the strategy, which will be expanded upon throughout this
thesis, is presented below.

1. Generation of simulation samples (section 4.2): multiple simulation samples
are produced, containing the main signal and background decays. These are mainly
used for efficiency computation and background description.

2. Data selection (section 4.3): inclusive B → D0π−π+π−(X) events, with D0 →
K−π+, are selected from the available 2016–2018 data and from the generated sim-
ulation samples. In summary: three charged pions are required to form a good
vertex (the τ vertex) and the three pions and the D0 are also required to form a
good vertex (the B vertex), and these two vertices are required to be well differenti-
ated in order to reduce background contributions. A Boosted Decision Tree (BDT)
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is implemented to discriminate the main remaining backgrounds. Two different se-
lections are applied: one for the signal channel (B− → D(∗)0τ−ντ ) and another for
the normalisation channel (B+ → D0D+

s ).

3. Optimisation of the simulation samples (section 4.5): a set of corrections
is applied to the simulation samples in order to improve their description of the
data. These include the re-weighting of particle identification (PID) variables, B
kinematics, event multiplicity, trigger efficiency, form factors, and a correction on
the resolution of the B and 3π vertices.

4. Computation of efficiencies (section 4.6): the simulated samples are used to
compute the reconstruction efficiencies of each channel.

5. Study of control samples (chapter 5): a set of complementary selections is used
to obtain samples enriched with the main background events, which are used to de-
termine further corrections to the simulation samples in those particular background
channels. Particularly, the main double-charm backgrounds (B → D0D+

s (X),
B → D0D+(X), and B → D0D0(X)) and the prompt B → D03π(X) background
are studied.

6. Determination of the signal yields (section 6.1): the yields of the B− →
D(∗)0τ−ντ signal channels are obtained from a three-dimensional template fit on
the q2, the τ decay time, and the output of the BDT.

7. Determination of the normalisation yield (section 6.2): the yield of the B+ →
D0D+

s normalisation mode is obtained from a fit to the invariant mass m(D0D+
s )

peak.

8. Study of systematic effects and uncertainties (chapter 7): the different pos-
sible sources of systematic effects, errors, and uncertainties in the measured yields
are studied, and the resulting corrections are applied.

9. Measurement of the B− → D(∗)0τ−ντ branching fractions, R(D0), and
R(D∗0) (chapter 8): the desired branching fractions and LFU ratios are computed
using eqs. 2.32 and 2.33 with the measured yields, the computed efficiencies, and
the needed external inputs.

R(D(∗)−) measurement

A second analysis, aiming to measure the R(D−) and R(D∗−) quantities, will also be
partially discussed throughout this thesis, in parallel to the previous one. This analysis
follows practically the same general strategy and workflow of R(D(∗)0), the only main
differences being the used signal channel, which is B0 → D(∗)−τ+ντ with the decay modes
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D∗− → D−{π0, γ},
D− → K+π−π−,

τ+ → π+π−π+(π0)ντ ;

and the data selection procedure, which needs to select D− mesons with D− → K+π−π−

instead of D0 → K−π+.
Because of the big similarity between the two analyses, this one was left in a second

plane, with the intention of first perfecting the R(D(∗)0) measurement procedure and then
directly transferring the developed and optimised algorithms to this R(D(∗)−) analysis,
thus minimising the needed effort and parallel work. As a result, only a handful of steps
—in a preliminary status— are presented in this thesis: the generation of simulation
samples (section 4.2), the data selection (section 4.3), and the study of control samples
(chapter 5).
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In this chapter, an overview of the experimental setup used for this thesis is pre-
sented. Namely, the Large Hadron Collider and the layout and characteristics of the
LHCb detector, along with a summary of the relevant software used within the LHCb
experiment.

3.1 The Large Hadron Collider

The Large Hadron Collider (LHC) [89] is a hadron accelerator and collider composed
of two rings installed in a 26.7 km tunnel between the French and Swiss border near

27



Julián Lomba Castro

Geneva, between 45 m and 170 m depth, originally used for the Large Electron-Positron
collider (LEP). The LHC was built at CERN, with its accelerator complex acting as
particle injector for the collider.

The LHC was designed to operate at centre-of-mass energies up to 14 TeV, acceler-
ating two proton beams rotating in opposite directions inside its two rings. These beams
are kept in their circular trajectory by LHC’s superconducting magnets, which are kept
at a temperature of 1.9 K using superfluid helium to ensure their performance, with fields
above 8 T.

The protons in the LHC are obtained from ionised hydrogen and injected into LHC
through a series of accelerators composed of: Linear Accelerator 2 (Linac2), Proton Syn-
chrotron Booster (PSB), Proton Synchroton (PS), and Super Proton Synchrotron (SPS).

The hadron beams at the LHC are composed of “bunches”, small groups of hadrons
which are distributed along the LHC rings. In the proton-proton configuration, bunches
might be down to 25 ns apart, resulting in a crossing frequency of up to 40 MHz.

LHC was also designed to collide heavy ions. The heavy-ion collisions produced so
far include p-Pb, Pb-Pb, and Xe-Xe. These collisions take place on dedicated separate
runs from the regular pp runs.

The LHC has four main experiments located at large caverns along the tunnel, these
being: ALICE (A Large Ion Collider Experiment), ATLAS (A Toroidal LHC Apparatus),
CMS (Compact Muon Solenoid), and LHCb (Large Hadron Collider beauty). The beams
are slightly deviated at these four points of the tunnel in order to induce the collisions
inside the detectors of these experiments. The location of these experiments within the
LHC, as well as the rest of the CERN accelerator complex layout, is shown on fig. 3.1.

ALICE [91] is a heavy-ion detector which focuses on QCD, operating mainly with
heavy-ion collisions, thus being designed to deal with the high particle multiplicities which
are expected of heavy-ion collisions.

ATLAS [92] and CMS [93] are general-purpose detectors with similar configurations
and scientific goals. Their main achievement has been the discovery of the Higgs boson in
2012 [3,4], and they mainly research the properties of the Higgs boson and the existence
of particles beyond the Standard Model.

LHCb [94] was designed to study B physics, and will be explained in detail in the
following section.

At the time of writing this thesis, the LHC has had two full operational runs: Run
1, from 2009 to 2013, with a pp collision centre-of-mass energy of 7–8 TeV, and Run2,
from 2015 to 2018, with a centre-of-mass energy of 13 TeV. The LHC is currently on its
third operational run (Run 3), which began on July 2022 and is planned to end on 2026,
running at a centre-of-mass energy of 13.6 TeV.
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3.2 The LHCb detector

The LHCb experiment is located at point 8 of the LHC, reusing the cavern where
DELPHI (Detector with Lepton, Photon and Hadron Identification) [95] operated in times
of the LEP. LHCb’s focus is the search for physics beyond the Standard Model, mainly
through CP violation and rare decays in beauty and charm decays.

The LHCb detector is a single-arm spectrometer with an acceptance of 1.6 ≤ η ≤ 4.9
[94] (where η is the pseudorapidity, as defined on section 2.3.1), which corresponds to an
angular acceptance of 10 mrad ≤ θ ≤ 300 mrad. This forward configuration is the main
distinguishing characteristic of LHCb compared to the other three main LHC experiments,
its reason being the optimization to cover the produced b hadrons which are highly boosted
at the LHC energies in proton-proton collisions, and thus predominantly produced in a
low-angle cone in the beam direction, as seen on fig. 2.3.

LHCb was designed to run at an instantaneous luminosity of around 2–4×1032/cm2/s,
lower than the LHC in general (∼1034/cm2/s). This is achieved by tuning the beam
focus at its interaction point. This lower luminosity provides multiple advantages for
LHCb, namely: an average of 1–2 pp collisions per bunch crossing [96] (less background
due to multiple collisions, compared to the ∼20 collisions per crossing that the LHC
provides), a lower occupancy in the detector, and reduced radiation damage. By taking
into account the bb̄-production cross-section (section 2.3.4), this instantaneous luminosity
provides an estimated number of∼4×104 bb̄ pairs per second within the LHCb acceptance,
at

√
s = 13 TeV.
LHCb has so far recorded data corresponding to a total integrated luminosity of

8.7 fb−1, with 3.0 fb−1 on Run 1 and 5.7 fb−1 on Run 2. A graphical representation of
LHCb’s data-taking runs is shown on fig. 3.2.

An essential key of most LHCb analyses is being able to separate the B decay vertex
(often called secondary vertex or SV) from the pp collision vertex (primary vertex or PV).
This allows the identification of background decays that originate directly from the pp
collision. This is achieved thanks to the low multiplicity of events, the large flight distance
of b hadrons (∼7 mm [82]), and the excellent vertex resolution of the detector.

Another important characteristic of LHCb is its trigger system, which needs to be
able to deal with the large number of b hadrons that are generated and the many different
final states which are studied at LHCb.

The LHCb detector is composed of several subdetectors which will be detailed in the
following subsections. Their general layout is shown on figure 3.3.

The LHCb experiment uses a specific coordinate system which will be used through-
out this thesis: the pp interaction point is set as the origin, with the z axis running along
the beam axis towards the rest of the detector system. The y axis is the upwards vertical
direction, as defined by gravity, and the direction of the x axis is chosen as to keep the
“right-handedness” of the system (x̂× ŷ = ẑ), resulting in it running horizontally towards
the left of the detector, when looking at it from the negative-z side. The “transverse
momentum” (pT ) of a particle is also commonly used, defined within this coordinate
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Figure 3.2: LHCb recorded integrated luminosity in pp collisions from 2010 to 2022. Plot
extracted from [97].

Figure 3.3: LHCb detector layout. Image extracted from [98].

system as pT =
√
p2x + p2y.

It is important to note that the LHCb detector which was used for the analyses in
this thesis and which is described here has been replaced by an upgraded detector [99]
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Figure 4.3: Magnetic field along the z axis.

is important to control the systematic effects of the detector, by changing periodically the direction
of the magnetic field. To this purpose, the impact of hysteresis effects on the reproducibility of the
magnetic field has to be taken into account.

The magnetic field has been measured in the complete tracking volume inside the magnet
and in the region of the VELO and the tracking stations, and also inside the magnetic shielding for
the RICH1 and RICH2 photon detectors. The precision of the measurement obtained for the field
mapping in the tracking volume is about 4×10−4, as shown in figure 4.2. The main component,
By, is shown in figure 4.3 for both polarities, together with the result of the model calculation. The
overall agreement is excellent; however, in the upstream region of the detector (VELO, RICH1) a
discrepancy of about 3.5% for the field integral has been found which can be attributed both to the
precision of the TOSCA model computation and to the vicinity of the massive iron reinforcement
embedded in the concrete of the hall. In all other regions the agreement between measurement and
calculation is better than 1%.

In conclusion, the three components of the magnetic field have been measured with a fine
grid of 8 x 8 x 10 cm3 spanning from the interaction point to the RICH2 detector (i.e. over distance
of about 9 m) and covering most of the LHCb acceptance region. The precision of the field map
obtained is about 4×10−4 and the absolute field value is reproducible for both polarities to better
than this value, provided the right procedure for the demagnetization of the iron yoke is applied.

– 14 –

Figure 3.4: Measured vertical component of the dipole magnet’s field along the z axis, for
both polarities. Plot extracted from [94].

during the LHC’s 2nd long shutdown (LS2), which started on December 2018. The new
detector has already started taking data on the LHC Run 3 beginning in July 2022. The
main goal of this upgrade is to allow data-taking at a higher instantaneous luminosity of
around 2×1033/cm2/s, for which the trigger system has been changed to be fully software,
and the tracking equipment has been replaced entirely.

3.2.1 Magnet

A dipole magnet with saddle-shaped coils creates a magnetic field in the vertical
direction in the central region of the detector. This field deflects charged particles in
the horizontal plane, allowing for the measurement of their momentum. Its design aims
to maximise the field in the region between the vertex locator and the Trigger Tracker
station, while minimising its effect on the RICH detectors. The integrated magnetic field
or bending power is 4 Tm, integrated over the first 10 m from the interaction point in
the beam direction [100]. The direction of the magnetic field (up or down) is changed
periodically in order to take into account possible systematic effects.

The magnetic field needs to be precisely measured in order to achieve the needed
relative momentum resolution for charged particles of about 0.4%. For this, the field has
been mapped in the volumes inside the magnet, the VELO region, the tracking stations,
and inside the magnetic shielding for the RICH detectors. The result of this measurement
along the z axis is shown on fig. 3.4; its relative precision was 4× 10−4 [94].

The presence of the LHCb dipole magnet affects the trajectory of the beams circulat-
ing in the LHC, so three compensator magnets are placed around the detector to counter
this effect [89].
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3.2.2 Tracking system

The tracking system of LHCb is composed of the VELO, placed around the interaction
point, the TT, upstream of the magnet, and the T-stations, downstream of the magnet.
Together, these subdetectors provide the necessary data to reconstruct the trajectory of
the particles that traverse the detector, as will be detailed on section 3.3.

VELO

The Vertex Locator (VELO) is the closest subdetector to the interaction point, provid-
ing precise measurements of tracks near the primary vertex and thus allowing to identify
and locate the primary and secondary vertices, essential feature of b and c-hadron decays.

The VELO consists of 42 modules of silicon strip sensors (300 µm thick), each module
with one part that measures the radial coordinate (R-sensor) and another which measures
the azimuthal angle (ϕ-sensor). The readouts are placed in the outer part of the modules.
The use of this coordinate system (rϕ) was chosen to allow a fast track reconstruction in
the software trigger.

The sensors are maintained in a vacuum which is separated from the LHC vacuum
by a thin walled corrugated aluminum sheet. The geometry is designed as to allow the
two halves of the VELO to overlap when it is fully closed, and it minimises the material
traversed by a charged particle from the interaction point to the sensors. Schematics of
the VELO are shown on fig. 3.5.

The two halves of the VELO detector are designed to be retractable, in order to
accommodate the increased aperture that is required by the LHC during injection, during
which the VELO halves retract by 3 cm. This feature also allows the fine adjustment of

Figure 3.5: Left: schematic of the front view of a VELO module. Right: schematic
showing the corrugated sheet that separates the VELO from the beam vacuum, and how
it fits with the modules. Images extracted from [101].
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the position of the detector in the xy plane with an accuracy of ∼10 µm, being able to
adapt to possible displacements of the beam (±5 mm). When there is a stable beam and
the VELO is fully closed, the inner part of the sensors are at a 7 mm distance from the
beam axis.

As mentioned before, the measurements provided by VELO are used to reconstruct
primary and secondary vertices of b and c-hadron decays, they also provide a precise
measurement of their lifetimes and of the impact parameter of particles used to tag their
flavour. The detached vertices of these hadrons are essential for the LHCb experiment,
they are used in the trigger in order to optimize the content of the recorded data, and
they are also used in the off-line analyses. For this purpose, the VELO needs a very high
resolution in particle trajectory reconstruction. Its primary vertex spatial resolution is
71 µm in the z direction and 13 µm in the transverse plane, for 25-track vertices [102];
its IP resolution is better than 25 µm for tracks with pT < 1 GeV/c, and its decay time
and decay length resolutions are, respectively, around 50 fs and 230 µm. The VELO’s
average signal-to-noise ratio is around 20:1, and it has a track reconstruction efficiency of
98% or higher in data.

Silicon tracker

The Silicon Tracker (ST) is composed of two different detectors: the Tracker Turi-
censis (TT) and the Inner Tracker (IT), both silicon microstrip detectors.

All ST stations have four detection layers in a “x–u–v–x” arrangement [94], meaning
the first and last layers being made of vertical strips, while the second and third layers
are rotated by −5◦ and +5◦ respectively.

The TT [103] consists of a single station which is located upstream of the dipole
magnet and downstream of the RICH1. The TT is composed of four planar detection
layers of silicon sensors and covers the full acceptance of LHCb. The four detection layers
of the station are separated in two pairs (x–u and v–x), the first one at z = 2.35 m and
the second at z = 2.62 m, this separation of 27 cm being designed to optimize the track
reconstruction algorithm. Each layer consists of two horizontally retractable layers, one
on each side of the beam pipe. The layers use 150 cm long silicon modules, with readout
electronics on both ends, on the outside of the LHCb acceptance. The first two layers
have 14 full modules, 7 on each side of the beam pipe, while two half-modules are situated
on the center, one above and the other below the pipe. The last two layers have 16 full
modules and two half-modules.

The half-module is the basic construction unit of the TT layers, consisting of seven
silicon sensors plus the readout electronics at its end. The seven sensors are segmented
either on a 4–2–1 readout grouping, for the ones situated around the beam pipe, or a
4–3 grouping, for the other modules. The sensors are 500 µm thick. The full modules
described above are composed of two half-modules. Adjacent modules within a layer are
staggered by ∼1 cm in z and overlap by a few millimeters in x, to avoid acceptance gaps.

The IT [104] has three stations, located downstream of the magnet. Each station
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consists of four detector boxes arranged around the beam pipe, two on each side of the
pipe, and the other two above and below it. The boxes are horizontally retractable. Each
one of the boxes contains four detection layers, each layer consisting of seven detector
modules. Adjacent modules within a layer are staggered by 4 mm in z and overlap by
3 mm in x. The modules on the top and bottom boxes contain a single 320 µm thick
silicon sensor, while the ones in the side boxes contain two 410 µm thick sensors. These
thicknesses were chosen to optimize the signal-to-noise ratio while minimising the material
of the detector.

The spatial resolution of the ST modules is around 50 µm, while the hit efficiency was
measured to be greater than 99.7% and 99.8% for the TT and the IT, respectively [96].

Outer tracker

The Outer Tracker (OT) [105] is a drift-time detector located downstream of the
magnet, along with the IT. While the IT covers the region closest to the beam pipe,
the OT complements it, covering the rest of the LHCb acceptance. A diagram of this
arrangement is shown on fig. 3.6. This design decision is justified by the higher density
of particles produced at low angles, making the resolution, occupancy, and radiation
hardness requirements looser in the outer region. The OT and the IT stations are often
treated as part of the same stations, called T-stations and labelled T1, T2, and T3.

The OT consists of three stations, each one composed of arrays of straw-tube modules,
and each module containing two staggered layers of 64 tubes each, with 5 mm of inner
diameter. A mixture of 70% Argon and 30% CO2 is chosen in the tubes to ensure a drift
time below 50 ns.

Each station consists of four layers arranged in a x–u–v–x configuration, with the
first and last layers having the tubes oriented vertically, while the second and third layers
have them angled by +5◦ and −5◦, respectively. The stations are also divided in two
horizontally retractable halves.

The OT single hit resolution is 205 µm [96], and the efficiency of the straw tubes is
97%.

3.2.3 Particle identification

Particle identification (PID) is the process of assigning a particle type to each recon-
structed track, and it is a fundamental requirement for LHCb, due to the importance and
difficulty on distinguishing between particles that leave similar signals on the detector,
such as kaons and pions, or photons and electrons.

The PID detector system of LHCb is composed of the RICH detectors, one upstream
and another one downstream of the magnet, the calorimeters and the muon stations, these
last two being, in that order, the subdetectors which are farther away from the interaction
point.
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RICH detectors

The Ring Imaging Cherenkov (RICH) detectors fulfill a fundamental role in particle
identification. There are two of them: RICH 1, between the VELO and the TT, and
RICH 2, between T3 and the muon detector.

RICH detectors use Cherenkov radiation emitted by charged particles to identify
them, since the opening angle of this radiation is dependent on the particle velocity.
The mass of the particle is measured by combining this velocity measurement with the
reconstructed momentum.

In both detectors, Cherenkov light is focused with a combination of mirrors to reflect
it out of the LHCb acceptance, where they use Hybrid Photon Detectors (HPDs) to detect
the Cherenkov photons in the wavelength range 200–600 nm, these HPDs are shielded by
iron boxes that attenuate the magnetic field from the dipole magnet to allow for their
correct performance.

RICH 1 is designed to detect low momentum particles, covering the range ∼1–
60 GeV/c and the full LHCb acceptance. It uses aerogel and C4F10 gas radiators. RICH
1 is located in the 990 < z < 2165 mm region of LHCb.

On the other hand, RICH 2 is designed to cover the region where high momentum
particles are generated, thus having a small acceptance of ∼±15 mrad to ±120 mrad in
the horizontal plane and to ±100 mrad in the vertical plane. It detects particles with
momentum from ∼15 GeV/c to ≤ 100 GeV/c and uses a CF4 radiator. RICH 2 is located
in the 9500 < z < 11832 mm region of LHCb.

The fluorocarbon gases used on each RICH detector were chosen so their refractive
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Figure 5.35: Arrangement of OT straw-tube modules in layers and stations (left) and overview
of the OT bridge carrying the C-frames (right). The C-frames on both sides of the beam pipe are
retracted.

5.3.2 Detector technology

Design

The design of the straw-tube module is based on the following requirements:

• Rigidity: the mechanical stability must guarantee the straw-tube position within a precision
of 100 (500) µm in the x (z) direction; the anode wire has to be centered with respect to the
straw tube within 50 µm over the entire straw length. The module box must be gas-tight and
must withstand an overpressure of 10 mbar. The leak rate at this pressure has to be below
8⇥10�4 l/s.

• Material budget: to limit multiple scattering and the material in front of the calorimeters, the
material introduced in the OT active area must not exceed few percent of a radiation length
X0 per station.

• Electrical shielding: the drift tubes must be properly shielded to avoid crosstalk and noise.
Each straw must have a firm connection to the module ground. The module envelope itself
must form a Faraday cage connected to the ground of the straw tubes and of the front-end
electronics.

• Radiation hardness: the detector should withstand 10 years of operation at the nominal lumi-
nosity without a significant degradation of its performance. During that time the anode wires
will accumulate a charge of up to 1 C/cm in the most irradiated area. As a consequence, all
detector materials have to be radiation resistant and must have low outgassing.

The layout of the straw-tube modules is shown in figure 5.36. The modules are composed
of two staggered layers (monolayers) of 64 drift tubes each. In the longest modules (type F) the
monolayers are split longitudinally in the middle into two sections composed of individual straw

– 63 –

Figure 3.6: Diagram of the ST and OT stations. The ST is shown in purple, while the
OT is represented in cyan. Image extracted from [94].

36



3 The LHCb experiment at the LHC

indices match with the momentum spectrum expected from the particles studied at LHCb.
The Cherenkov angular resolutions of RICH 1 and RICH 2 are, respectively, 1.618 mrad
and 0.68 mrad [106]. The PID performance provided by the RICH detectors depends on
the type of particle and the used criteria; for example, for kaon-pion separation, the kaon
ID efficiency can be estimated to be ∼95% with a pion misidentification ratio of ∼10%.

Calorimeters

The purpose of the LHCb calorimeters [107] is mainly the measurement of the energies
and positions of electrons, photons, and hadrons. There are two main calorimeters, placed
between the muon stations M1 and M2: the Electromagnetic Calorimeter (ECAL) and
the Hadron Calorimeter (HCAL). Each one consists of alternating layers of scintillating
and absorbing material.

The ECAL is located at z = 12.5 m and covers the almost-full LHCb acceptance
except for θ < 25 mrad due to the high radiation level around the beam pipe. The
calorimeter is divided in three sections (inner, middle, and outer), each with a different
cell size, to accommodate the dependence of the hit density with the distance to the
pipe. The ECAL uses lead as absorber, having 66 layers with a thickness of 2 mm each,
alternated with paper and scintillating tile layers, adding to a total of 42 cm of depth
in the beam direction. The ECAL was measured to have an energy resolution of ∼
9%/

√
E/GeV⊕ 0.8%.

The HCAL is divided in two sections (inner and outer). It uses iron as absorber,
using steel plates alternated with the scintillator tiles, placed parallel to the beam axis,
and has a depth of 1286 mm in the beam direction. The HCAL was measured to have an
energy resolution of ∼69%/

√
E/GeV⊕ 9%.

In order to distinguish electrons from neutral and charged pions, another calorimeter
system is placed in front of the ECAL, composed of the Preshower Detector (PS) and the
Scintillator Pad Detector (SPD). The PS distinguishes charged particles from neutrals,
then, a single 15 mm thick lead sheet is placed between the PS and the SPD, which causes
electrons and photons to shower, while the heavier hadrons are more likely to pass due to
their longer interaction length; then, the SPD detects the electromagnetic showers. This
system, along with the information from the ECAL, allows rapid electron identification
for the trigger system.

Muon stations

The muon system [108] consists of five rectangular stations, receiving the names M1–
M5, covering an angular acceptance from 20 (16) mrad to 306 (258) mrad in the bending
(non-bending) plane. The muon system is used in the L0 trigger to select high-pT muons,
as well as in offline reconstruction, to identify muons.

The stations M2–M5, placed downstream of the calorimeters, are separated by 80 cm
thick iron absorbers to select the most penetrating muons. Each station is divided in
four concentric regions with different segmentation, allowing the particle flux and channel
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occupancy to be similar through the four regions. Since practically all electromagnetically
or strongly-interacting particles decay in one of the calorimeters, muons are virtually the
only particles to be detected at these stations.

The muon stations use multi-wire proportional chambers, except in the inner region
of M1, where triple gas electron multiplier (triple-GEM) detectors are used due to the
expected high particle rate. The hit efficiency was measured to be around 99% or greater
for all regions of all stations [96].

3.2.4 Trigger system

The crossing frequency with visible interactions in LHCb is ∼10 MHz, thanks to
its lower luminosity compared to the LHC, but the rate at which events are written to
storage is ∼2 kHz. At LHCb’s luminosity, ∼100 kHz of bb̄ pairs are expected, but only
15% of those pairs will produce at least one B meson with all its decay products in the
detector acceptance. In addition, the branching fractions of typical decays studied at
LHCb are lower than 10−3. The trigger system [109] tries to select events which are of
interest to LHCb analyses while discarding the ones that aren’t, achieving this way the
needed reduction in write-to-storage frequency. There are two trigger levels: the Level-0
(L0) and the High Level Trigger (HLT).

The L0 uses custom electronics on the detectors to select events with the highest
transversal energy particles (in the calorimeters and in the muon system), it also uses pile-
up information from the VELO in order to reject events with many primary interactions.
This reduces the event rate to ∼1 MHz, enough to read the full event data.

The HLT consists of a software application (running on a dedicated computing farm)
to select the events of physical interest. Since it is software-based, it can be adjusted
for changes in running conditions or in physics goals. The HLT is further divided in two
stages: HLT1 and HLT2. HLT1 uses the tracking system to reconstruct the particles
corresponding to the L0 output, confirming or discarding its decision, and reducing the
rate to ∼30 kHz, which is low enough to run offline track reconstruction on HLT2. HLT2
reconstructs composite particle candidates (K∗ → K+π−, Φ → K+K−, J/ψ → µ+µ−...)
and uses cuts on the properties of the reconstructed particles, such as the invariant mass
or the B momentum, to further reduce the rate to the desired ∼2 kHz.

3.3 Track reconstruction at LHCb

Track reconstruction (or tracking) is the process of forming particle trajectories from
the information (hits) that the tracker detectors collect. At LHCb, tracks are classified
in five categories [94,96] according to where their hits are, as shown on fig. 3.7:

• Long tracks have hits on the VELO and on the T stations (and optionally, the
TT). These tracks provide the best momentum measurements, thanks to having
information from virtually the full magnetic field range.
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Figure 3.7: Diagram of the LHCb track types, compared to the vertical component of the
magnetic field on top. Image extracted from [94].

• Upstream tracks have hits only on the VELO and TT stations. They generally
correspond to particles with low momentum that are pushed out of the detector
acceptance by the magnetic field.

• Downstream tracks have hits only on the TT and T stations. These are typical
on long-lived particles that decay outside of the VELO.

• VELO tracks have hits only on the VELO, corresponding primarily to very low
or negative rapidities. They are used for primary vertex reconstruction.

• T tracks have hits only on the T stations, and are typical from particles produced
in secondary interactions.

The LHCb tracking algorithm for long tracks first starts by searching for track can-
didates or “seeds” in the VELO and T stations: first, VELO hits that are compatible
with a straight line trajectory are combined into a VELO track. Then, the “forward
tracking” algorithm combines the VELO track with the information from the T stations,
searching for the best possible combination of hits that define a track. After that, the
“track matching” algorithm, matches these tracks with T tracks which are reconstructed
independently. TT hits are the last to be combined with the already formed long track,
by extrapolating its position to the TT stations.

Downstream and upstream tracks are found by extrapolating T or VELO tracks,
respectively, to the TT position, searching for compatible TT hits.
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Track candidates are then fitted with a Kalman filter, which takes into account mul-
tiple scattering and energy loss. The momentum resolution of the tracking algorithm is
found to be between ∼0.35% at lower momenta and ∼0.55% at higher momenta (100–
140 GeV/c).

The tracking algorithm often suffers from so-called “ghost” tracks: reconstructed
tracks that do not correspond to a real particle. These are usually due to a wrong match
of VELO and T hits. A neural network classifier is used to significantly reduce the mis-
reconstruction rate.

The track-finding efficiency (probability of the trajectory of a particle passing through
the full tracking system being reconstructed) has been found to be consistently above 96%
for the whole momentum and pseudorapidity ranges, only falling lower than that on high-
multiplicity events with more than 200 tracks.

In addition, LHCb’s PID system assigns numerical variables that represent the prob-
ability of a reconstructed track being of a certain kind of particle. The two kinds of
variables recorded by LHCb are:

• PIDX : the log-likelihood difference between the X and pion hypotheses (PIDX =
logLX − logLπ), as determined by the calorimeters and the RICH and muon detec-
tors.

• PNN(X): the Bayesian posterior probability of a particle being of the type X. This
quantity is determined using a neural network which takes the PID information as
input and is trained separately for each type of particle.

3.4 Simulation of data samples

Simulated data samples are an essential part of high-energy physics, specially for data
analysis. Important steps like the optimization of the signal selection or the description
of the background channels tend to highly rely on the analysis of simulated samples.

LHCb’s simulation framework is called Gauss [110]. Gauss manages the creation of
simulated events, interfacing with multiple external applications in the following steps:

1. A production tool (most commonly Pythia [111], which is the one used for the
simulated samples on this thesis) generates events with the required signal particle.

2. The decay tool known as EvtGen [112] simulates the decay of the particle. Usually,
the desired decay chain and final state(s) of the decay are specified by the analysts
and imposed by EvtGen.

3. The signal particle and its decay products may be required to pass generator level
cuts, also specified by the analysts and very important to optimize CPU and disk
usage.
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4. The generated particles are transported through the detector simulation. Geant4
[113] is the tool that simulates the interaction of the particles with the detector.
The detector geometry and data-taking conditions (such as the magnet polarity)
are also specified by the analysts to fit with the data-taking period they intend to
simulate.

After this procedure, the output is transformed to an analogous format to real data
via another framework called Boole [114], which digitises the simulated data, simulating
the experiment electronics and data acquisition system. The rest of the data processing
(from the trigger onwards) is practically the same as with real data, the main difference
being that in simulated samples there can be more information about the event which in
real data would be impossible to know, such as the true identity of the particles or the
information about their full decay chain.

Due to the great size of simulated data required by LHCb analyses, a variety of “fast
simulation” options were developed and implemented in the workflow, with the objective
of reducing the computing workload. The main fast simulation techniques used at LHCb
are:

• ReDecay [115]: a technique that reuses the non-signal parts of an event for multiple
simulations of the signal part.

• Detector reduction: certain parts of the subdetectors might be switched off in
the simulation in order to speed up the process.

• Particle gun: a technique that directly generates a signal particle with a certain
kinematic distribution, instead of generating a full event.
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In this chapter, the data and simulation samples used for the R(D(∗)0) and R(D(∗)−)
analyses are described, as well as the selection and correction procedures applied to them.

4.1 Data samples

The data used in this thesis were taken during LHCb’s Run 2 in the years 2016, 2017,
and 2018; therefore corresponding to proton-proton collisions at a centre-of-mass energy
of 13 TeV, with an integrated luminosity of 5.4 fb−1.

4.2 Simulation samples

Several simulation samples are used to model the different signal and background
channels which are present in the data. All the simulation samples used in the R(D(∗)0)
and R(D(∗)−) analyses were generated with 2016 data-taking conditions and both magnet
polarities, with corrections applied to account for small differences with 2017 and 2018
data (section 4.5.2). Filtered productions1 were used for all samples, meaning that the
generated events are filtered before being written to disk, in order to save space. For the
samples with a larger number of events, ReDecay [115] was also used to speed up the
production. The full list of simulation samples, along with their size and other details,
are listed in table 4.1.

In general, the generated samples for both analyses correspond to the following cat-
egories:

• Signal samples: samples with B → D(∗)τ−ντ and τ− → π−π+π−(π0)ντ , used to
model the signal components.

• D∗∗ samples: samples with B → D∗∗τ−ντ and τ− → π−π+π−(π0)ντ , used to model
the D∗∗ feeddown component in the signal fit.

• Normalisation samples: used to study and model the normalisation channel.

• Double-charm samples: samples with B → DD(X), used to study the double-
charm control samples and model their respective components in the signal fit.

• Prompt samples: samples with B → Dπ−π+π−(X), used to study the prompt
control samples and model their respective components in the signal fit.

• Combinatorial background samples: samples where the D and the 3π are not
from the same B, used to model the combinatorial background component in the
fit.

1The filtering conditions imposed on the simulation samples are just the stripping selection conditions
explained in section 4.3.1.
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Decay(s) Simulation options
Ndisk

(Magnet Up / Down)
Used in

B− → D0τ−(→ π−π+π−ντ )ντ Sim09i filtered 1001755 / 10121572 R(D(∗)0)

B− → D0τ−(→ π−π+π−π0ντ )ντ Sim09i filtered 754189 / 773537 R(D(∗)0)

B0 → D−τ+(→ π+π−π+ντ )ντ Sim09i filtered 1007018 / 1013919 R(D(∗)−)

B0 → D−τ+(→ π+π−π+π0ντ )ντ Sim09i filtered 767843 / 757454 R(D(∗)−)

B− → D∗0τ−(→ π−π+π−ντ )ντ Sim09i filtered 1001245 / 1007497 R(D(∗)0)

B− → D∗0τ−(→ π−π+π−π0ντ )ντ Sim09i filtered 756863 / 759234 R(D(∗)0)

B0 → D∗−τ+(→ π+π−π+ντ )ντ Sim09e ReDecay filtered 680071 / 687279 Both

B0 → D∗−τ+(→ π−π+π−π0ντ )ντ Sim09c ReDecay 20107962 / 20039288 Both

B− → D∗∗τντ Sim09k ReDecay filtered 286712 / 288831 Both

B0 → D∗∗τν Sim09k ReDecay filtered 255781 / 250003 Both

B0
s → D∗∗τν Sim09k ReDecay filtered 288831 / 286712 Both

B− → D0D−
s (→ π−π+π−) Sim09i filtered 520804 / 520972 R(D(∗)0)

B0 → D−D+
s (→ π+π−π+) Sim09i filtered 503923 / 522840 R(D(∗)0)

B− → D0XcX
′ Sim09h ReDecay filtered 1288010 / 1853494 R(D(∗)0)

B0 → D0XcX
′ Sim09h ReDecay filtered 10754686 / 11004407 R(D(∗)0)

B0
s → D0XcX

′ Sim09h ReDecay filtered 2429723 / 3501039 R(D(∗)0)

B0 → D−XcX
′ Sim09h ReDecay filtered 10113090 / 9663985 R(D(∗)−)

B+ → D−XcX
′ Sim09h ReDecay filtered 3584626 / 3549315 R(D(∗)−)

B0
s → D−XcX

′ Sim09h ReDecay filtered 3596604 / 3138401 R(D(∗)−)

B− → D0π−π+π− Sim09i filtered 284698 / 262503 R(D(∗)0)

B0 → D−π+π−π+ Sim09i filtered 253892 / 254360 R(D(∗)−)

B− → D0π−π+π−(X) Sim09i ReDecay filtered 14240203 / 14230745 R(D(∗)0)

B− → D−π+π−π+X Sim09l ReDecay filtered 8918131 / 9003685 R(D(∗)−)

B0 → D0π−π+π−X Sim09i ReDecay filtered 17818266 / 17890479 R(D(∗)0)

B0 → D−π+π−π+(X) Sim09l ReDecay filtered 25661634 / 25878336 R(D(∗)−)

B0
s → D0π−π+π−X Sim09i ReDecay filtered 1813758 / 1823421 R(D(∗)0)

D0 and 3π not from same B Sim09i ReDecay filtered 12592113 / 12503618 R(D(∗)0)

D− and 3π not from same B Sim09l ReDecay filtered 12504140 / 12520970 R(D(∗)−)

Table 4.1: Simulation samples used in the R(D(∗)0) and R(D(∗)−) analyses. D∗∗ represents
any of the D∗

2(2460), D1(2420), D
′
1(2430), D

∗
0(2300), Ds1(2536)

+ or D∗
s2(2573)

+ mesons,
‘Sim09x’ is the version of LHCb’s simulation framework that was used, and Ndisk is the
number of events saved on disk.
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4.3 Selection of events

Selection requirements (or “cuts”) are used to discard as many background events as
possible, while improving the signal-to-noise ratio. All the selection cuts explained in this
section were applied to both data and simulation samples, and in both the R(D(∗)0) and
R(D(∗)−) analyses, unless stated otherwise.

4.3.1 Preselection

The following set of cuts is applied at the beginning of the selection process:

• Stripping selection: all events were required to pass the StrippingBu2D0TauNu-
ForB2XTauNuAllLines stripping line, for the R(D(∗)0) analysis; or the Stripping-
B0d2DTauNuForB2XTauNuAllLines stripping line, for the R(D(∗)−) analysis. The
requirements applied by each of these lines are shown in tables 4.2 and 4.3.

• Cleaning cuts: a set of cleaning selection cuts are applied after the stripping
selection, in order to suppress background events. These cuts require the B and 3π
vertices to be displaced from the PV, the impact parameter χ2 of the pions that
form the τ vertex to be incompatible with being produced at the PV, and the PV
of the D and τ candidates to be compatible.

• PIDCalib synchronisation: a loose requirement on the momentum and pseudo-
rapidity of the candidate tracks is also applied to synchronise the selection with the
PIDCalib requirements (section 4.5.1).

A detailed list of the preselection cuts after the stripping selection is shown in table 4.4.

4.3.2 Trigger selection

Selected events are required to pass conditions on all three trigger levels:

• At the hardware L0 level, events are required to be either triggered on signal (TOS)
by the L0 hadronic line (L0HadronDecision TOS) or triggered independently of
signal (TIS) globally (L0Global TIS).

• At the HLT1 level, events are required to pass the B Hlt1TrackMVADecision TOS

line.

• At the HLT2 level, they are required to pass at least one of the 2-, 3-, or 4-body
topological lines [116].

The “TIS” and “TOS” trigger categories [117] are defined based on whether the signal
candidate was enough to trigger the decision (“triggered on signal”) or if the trigger
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Target particles Variable Requirement
m(D03π) ∈ [2.7, 5.6 GeV/c2]

Cuts on the B+ DOCA < 0.15 mm
cos(DIRA) > 0.995
|m(Kπ)−m(D0)PDG| < 40 MeV/c2

Vertex χ2/DOF < 10
cos(DIRA) > 0.995

Cuts on the D0 PV distance χ2 > 36
pT > 1.2 GeV/c
Min. χ2

IP(PV) > 10
DOCAKπ < 0.5 mm
DOCAKπ χ

2 < 15
cos(DIRA) > 0.99
m(3π) ∈ [0.4, 3.5 GeV/c2]
Max. DOCA < 0.15 mm

Cuts on the τ min[m(π+π−)] < 1.67 GeV/c2

At least two pions pT > 0.3 GeV/c2

Vertex χ2 < 25
At least two pions with χ2

IP(PV) > 5
p > 2 GeV/c
Ghost probability < 0.4
Track prob. χ2 > 10−8

Min. χ2
IP(PV) > 10

Cuts on the pT (K) > 1.5 GeV/c
D0 daughters pT (π) > 0.25 GeV/c

K track χ2/DOF < 30
π track χ2/DOF < 3
K PIDK > 3
π PIDK < 50
pT > 0.25 GeV/c
χ2
IP(PV) > 4

Cuts on the χ2/DOF < 4
τ daughter pions PIDK < 8

Ghost probability < 0.4

Table 4.2: List of selection cuts applied by the StrippingBu2D0TauNuForB2XTauNu-

AllLines stripping line, for the R(D(∗)0) analysis.
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Target particles Variable Requirement
m(D−3π) ∈ [2.7, 5.6 GeV/c2]

Cuts on the B0 DOCA < 0.15 mm
cos(DIRA) > 0.995
|m(K2π)−m(D−)PDG| < 40 MeV/c2

Vertex χ2/DOF < 10
cos(DIRA) > 0.995

Cuts on the D− PV distance χ2 > 50
pT > 1.6 GeV/c
Min. χ2

IP(PV) > 10
DOCAK2π < 0.5 mm
DOCAK2π χ

2 < 15
cos(DIRA) > 0.99
m(3π) ∈ [0.4, 3.5 GeV/c2]
Max. DOCA < 0.15 mm

Cuts on the τ min[m(π+π−)] < 1.67 GeV/c2

At least two pions pT > 0.3 GeV/c2

Vertex χ2 < 25
At least two pions with χ2

IP(PV) > 5
p > 2 GeV/c
Ghost probability < 0.4
Track prob. χ2 > 10−8

Min. χ2
IP(PV) > 10

Cuts on the pT (K) > 1.5 GeV/c
D− daughters pT (π) > 0.25 GeV/c

K track χ2/DOF < 30
π track χ2/DOF < 3
K PIDK > 3
π PIDK < 50
pT > 0.25 GeV/c
χ2
IP(PV) > 4

Cuts on the χ2/DOF < 4
τ daughter pions PIDK < 8

Ghost probability < 0.4

Table 4.3: List of selection cuts applied by the StrippingB0d2DTauNuForB2XTauNu-

AllLines stripping line, for the R(D(∗)−) analysis.
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4 Description of the datasets

Variable Requirement
3π vertex transverse distance to PV > 0.2 mm
B vertex transverse distance to PV > 0.6 mm
τ vertex χ2 < 16
τ daughter pions’ χ2

IP(PV) > 15
τ daughter pions’ PNN(π) > 0.2
D daughter kaon’s PNN(K) > 0.4
D daughter pion(s)’ PNN(π) > 0.4
|zPV(D)− zPV(3π)| < 0.0001 mm
All tracks p ∈ [2, 200 GeV/c]
All tracks η ∈ [1.5, 5]
Number of SPD hits ≤ 450

Table 4.4: List of cuts applied in the preselection of events after the stripping phase in
both the R(D(∗)0) and the R(D(∗)−) analyses.
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K�
<latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit>

⇡+
<latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit>

⇡+
<latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit>

⇡�
<latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="l/lBrfe6KOEzf7sTrWVbXJxlD3o=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BFvBi2XXix6LXjxWsB/QriWbZtvQbDYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7HtzO//cS04Yl8sBPFgpgMJY84JdZJ7WpP8ceLar9c8WreHHiV+DmpQI5Gv/zVGyQ0jZm0VBBjur6nbJARbTkVbFrqpYYpQsdkyLqOShIzE2Tzc6f4zCkDHCXalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhUqWWSLhZFqcA2wbPf8YBrRq2YOEKo5u5WTEdEE2pdQiUXgr/88ippXdZ8r+bfe5X6TR5HEU7gFM7Bhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AEnc47E</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit>

⇡�
<latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="l/lBrfe6KOEzf7sTrWVbXJxlD3o=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BFvBi2XXix6LXjxWsB/QriWbZtvQbDYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7HtzO//cS04Yl8sBPFgpgMJY84JdZJ7WpP8ceLar9c8WreHHiV+DmpQI5Gv/zVGyQ0jZm0VBBjur6nbJARbTkVbFrqpYYpQsdkyLqOShIzE2Tzc6f4zCkDHCXalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhUqWWSLhZFqcA2wbPf8YBrRq2YOEKo5u5WTEdEE2pdQiUXgr/88ippXdZ8r+bfe5X6TR5HEU7gFM7Bhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AEnc47E</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit>

⌫⌧
<latexit sha1_base64="0QtmhCHWVyff5IJ8BH8an6tDV9A=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUm60WXRjcsK9gFNCJPppB06mQnzEEoo+CtuXCji1u9w5984abPQ1gMDh3Pu4d45ccao0p737aytb2xubVd2qrt7+weH7tFxVwkjMelgwYTsx0gRRjnpaKoZ6WeSoDRmpBdPbgu/90ikooI/6GlGwhSNOE0oRtpKkXtaD4T1i3gecDOLAo1MPXJrXsObA64SvyQ1UKIduV/BUGCTEq4xQ0oNfC/TYY6kppiRWTUwimQIT9CIDCzlKCUqzOfnz+CFVYYwEdI+ruFc/Z3IUarUNI3tZIr0WC17hfifNzA6uQ5zyjOjCceLRYlhUAtYdAGHVBKs2dQShCW1t0I8RhJhbRur2hL85S+vkm6z4XsN/75Za92UdVTAGTgHl8AHV6AF7kAbdAAGOXgGr+DNeXJenHfnYzG65pSZE/AHzucPZe+Vvw==</latexit><latexit sha1_base64="0QtmhCHWVyff5IJ8BH8an6tDV9A=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUm60WXRjcsK9gFNCJPppB06mQnzEEoo+CtuXCji1u9w5984abPQ1gMDh3Pu4d45ccao0p737aytb2xubVd2qrt7+weH7tFxVwkjMelgwYTsx0gRRjnpaKoZ6WeSoDRmpBdPbgu/90ikooI/6GlGwhSNOE0oRtpKkXtaD4T1i3gecDOLAo1MPXJrXsObA64SvyQ1UKIduV/BUGCTEq4xQ0oNfC/TYY6kppiRWTUwimQIT9CIDCzlKCUqzOfnz+CFVYYwEdI+ruFc/Z3IUarUNI3tZIr0WC17hfifNzA6uQ5zyjOjCceLRYlhUAtYdAGHVBKs2dQShCW1t0I8RhJhbRur2hL85S+vkm6z4XsN/75Za92UdVTAGTgHl8AHV6AF7kAbdAAGOXgGr+DNeXJenHfnYzG65pSZE/AHzucPZe+Vvw==</latexit><latexit sha1_base64="0QtmhCHWVyff5IJ8BH8an6tDV9A=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUm60WXRjcsK9gFNCJPppB06mQnzEEoo+CtuXCji1u9w5984abPQ1gMDh3Pu4d45ccao0p737aytb2xubVd2qrt7+weH7tFxVwkjMelgwYTsx0gRRjnpaKoZ6WeSoDRmpBdPbgu/90ikooI/6GlGwhSNOE0oRtpKkXtaD4T1i3gecDOLAo1MPXJrXsObA64SvyQ1UKIduV/BUGCTEq4xQ0oNfC/TYY6kppiRWTUwimQIT9CIDCzlKCUqzOfnz+CFVYYwEdI+ruFc/Z3IUarUNI3tZIr0WC17hfifNzA6uQ5zyjOjCceLRYlhUAtYdAGHVBKs2dQShCW1t0I8RhJhbRur2hL85S+vkm6z4XsN/75Za92UdVTAGTgHl8AHV6AF7kAbdAAGOXgGr+DNeXJenHfnYzG65pSZE/AHzucPZe+Vvw==</latexit><latexit sha1_base64="0QtmhCHWVyff5IJ8BH8an6tDV9A=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUm60WXRjcsK9gFNCJPppB06mQnzEEoo+CtuXCji1u9w5984abPQ1gMDh3Pu4d45ccao0p737aytb2xubVd2qrt7+weH7tFxVwkjMelgwYTsx0gRRjnpaKoZ6WeSoDRmpBdPbgu/90ikooI/6GlGwhSNOE0oRtpKkXtaD4T1i3gecDOLAo1MPXJrXsObA64SvyQ1UKIduV/BUGCTEq4xQ0oNfC/TYY6kppiRWTUwimQIT9CIDCzlKCUqzOfnz+CFVYYwEdI+ruFc/Z3IUarUNI3tZIr0WC17hfifNzA6uQ5zyjOjCceLRYlhUAtYdAGHVBKs2dQShCW1t0I8RhJhbRur2hL85S+vkm6z4XsN/75Za92UdVTAGTgHl8AHV6AF7kAbdAAGOXgGr+DNeXJenHfnYzG65pSZE/AHzucPZe+Vvw==</latexit>

⌫⌧
<latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="obTd+zcx5E1HC7EXDPw5iLeQy90=">AAAB5nicbZBLSwMxFIXv1FetVatbN8FWcFVm3OhScOOygn1gZyiZNNOGZjJDciOUof/CjQtF/Enu/Demj4W2Hgh8nJOQe0+cS2HQ97+90tb2zu5eeb9yUD08Oq6dVDsms5rxNstkpnsxNVwKxdsoUPJerjlNY8m78eRunnefuTYiU484zXmU0pESiWAUnfXUCJUdhEhtY1Cr+01/IbIJwQrqsFJrUPsKhxmzKVfIJDWmH/g5RgXVKJjks0poDc8pm9AR7ztUNOUmKhYTz8iFc4YkybQ7CsnC/f2ioKkx0zR2N1OKY7Oezc3/sr7F5CYqhMotcsWWHyVWEszIfH0yFJozlFMHlGnhZiVsTDVl6EqquBKC9ZU3oXPVDPxm8OBDGc7gHC4hgGu4hXtoQRsYKHiBN3j3jPfqfSzrKnmr3k7hj7zPH7Qvjw4=</latexit><latexit sha1_base64="obTd+zcx5E1HC7EXDPw5iLeQy90=">AAAB5nicbZBLSwMxFIXv1FetVatbN8FWcFVm3OhScOOygn1gZyiZNNOGZjJDciOUof/CjQtF/Enu/Demj4W2Hgh8nJOQe0+cS2HQ97+90tb2zu5eeb9yUD08Oq6dVDsms5rxNstkpnsxNVwKxdsoUPJerjlNY8m78eRunnefuTYiU484zXmU0pESiWAUnfXUCJUdhEhtY1Cr+01/IbIJwQrqsFJrUPsKhxmzKVfIJDWmH/g5RgXVKJjks0poDc8pm9AR7ztUNOUmKhYTz8iFc4YkybQ7CsnC/f2ioKkx0zR2N1OKY7Oezc3/sr7F5CYqhMotcsWWHyVWEszIfH0yFJozlFMHlGnhZiVsTDVl6EqquBKC9ZU3oXPVDPxm8OBDGc7gHC4hgGu4hXtoQRsYKHiBN3j3jPfqfSzrKnmr3k7hj7zPH7Qvjw4=</latexit><latexit sha1_base64="jYhN70pBHZrt2iE4jsd1vjATGvs=">AAAB8XicbVBNS8NAEJ34WetX1aOXYCt4KokXPRa9eKxgP7AJZbPdtEs3m7A7K5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuZFmeAaPe/bWVvf2NzaLu2Ud/f2Dw4rR8dtnRpFWYumIlXdiGgmuGQt5ChYN1OMJJFgnWh8O/M7T0xpnsoHnGQsTMhQ8phTglZ6rAXS9AMkptavVL26N4e7SvyCVKFAs1/5CgYpNQmTSAXRuud7GYY5UcipYNNyYDTLCB2TIetZKknCdJjPL56651YZuHGqbEl05+rviZwkWk+SyHYmBEd62ZuJ/3k9g/F1mHOZGWSSLhbFRriYurP33QFXjKKYWEKo4vZWl46IIhRtSGUbgr/88ippX9Z9r+7fe9XGTRFHCU7hDC7AhytowB00oQUUJDzDK7w52nlx3p2PReuaU8ycwB84nz/rsZBm</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit><latexit sha1_base64="RH6hOya+7M3SDgqt4ZYwAWsqDbY=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpjIR+QuZG/Zgw17e5fdWRNC+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvygTX6HnfTmFjc2t7p7hb2ts/ODwqH5+0dWoUZS2ailR1I6KZ4JK1kKNg3UwxkkSCdaLx7dzvPDGleSofcJKxMCFDyWNOCVrpsRpI0w+QmGq/XPFq3gLuOvFzUoEczX75Kxik1CRMIhVE657vZRhOiUJOBZuVAqNZRuiYDFnPUkkSpsPp4uKZe2GVgRunypZEd6H+npiSROtJEtnOhOBIr3pz8T+vZzC+DqdcZgaZpMtFsREupu78fXfAFaMoJpYQqri91aUjoghFG1LJhuCvvrxO2vWa79X8+3qlcZPHUYQzOIdL8OEKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MH7FGQaA==</latexit>

D0
<latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ksmfiu0CY50ViVR3S9bdAg6pvSU=">AAAB4XicbZDNSgMxFIXv+Ftr1erWTbAVXJWMG10KunBZwWkL7Vgy6Z02NJMZkoxQhj6DGxeK+FLufBvTn4W2Hgh8nJOQe0+USWEspd/exubW9s5uaa+8Xzk4PKoeV1omzTXHgKcy1Z2IGZRCYWCFldjJNLIkktiOxrezvP2M2ohUPdpJhmHChkrEgjPrrKB+90Tr/WqNNuhcZB38JdRgqWa/+tUbpDxPUFkumTFdn2Y2LJi2gkuclnu5wYzxMRti16FiCZqwmA87JefOGZA41e4oS+bu7xcFS4yZJJG7mTA7MqvZzPwv6+Y2vg4LobLcouKLj+JcEpuS2eZkIDRyKycOGNfCzUr4iGnGreun7ErwV1deh9Zlw6cN/4FCCU7hDC7Ahyu4gXtoQgAcBLzAG7x7ynv1PhZ1bXjL3k7gj7zPH1UnjG8=</latexit><latexit sha1_base64="ksmfiu0CY50ViVR3S9bdAg6pvSU=">AAAB4XicbZDNSgMxFIXv+Ftr1erWTbAVXJWMG10KunBZwWkL7Vgy6Z02NJMZkoxQhj6DGxeK+FLufBvTn4W2Hgh8nJOQe0+USWEspd/exubW9s5uaa+8Xzk4PKoeV1omzTXHgKcy1Z2IGZRCYWCFldjJNLIkktiOxrezvP2M2ohUPdpJhmHChkrEgjPrrKB+90Tr/WqNNuhcZB38JdRgqWa/+tUbpDxPUFkumTFdn2Y2LJi2gkuclnu5wYzxMRti16FiCZqwmA87JefOGZA41e4oS+bu7xcFS4yZJJG7mTA7MqvZzPwv6+Y2vg4LobLcouKLj+JcEpuS2eZkIDRyKycOGNfCzUr4iGnGreun7ErwV1deh9Zlw6cN/4FCCU7hDC7Ahyu4gXtoQgAcBLzAG7x7ynv1PhZ1bXjL3k7gj7zPH1UnjG8=</latexit><latexit sha1_base64="4vUfQpShBZk6d7s/R7WiLCBFOwY=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRLZe9EjUg0dMLJBAJdtlCxu222Z3a0IafoMXDxrj1R/kzX/jUnpQ8CWTvLw3k5l5QSK4Nhh/O6W19Y3NrfJ2ZWd3b/+genjU1nGqKPNoLGLVDYhmgkvmGW4E6yaKkSgQrBNMbuZ+54kpzWP5YKYJ8yMykjzklBgrefXbR1wfVGu4gXOgVeIWpAYFWoPqV38Y0zRi0lBBtO65ODF+RpThVLBZpZ9qlhA6ISPWs1SSiGk/y4+doTOrDFEYK1vSoFz9PZGRSOtpFNjOiJixXvbm4n9eLzXhlZ9xmaSGSbpYFKYCmRjNP0dDrhg1YmoJoYrbWxEdE0WosflUbAju8surpH3RcHHDvce15nURRxlO4BTOwYVLaMIdtMADChye4RXeHOm8OO/Ox6K15BQzx/AHzucPcIONwg==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit>

B�
<latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FZsvjlWJfwsbmPpEI83HHNINFQI=">AAAB4XicbZDNTgIxFIXv4B8iKrp10wgmbiQzbnRpdOMSEwdIYCSd0oGGTmfS3jEhE57BjQuN8aXc+TaWgYWCJ2ny5Zw2vfeEqRQGXffbKW1sbm3vlHcre9X9g8PaUbVtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSd387zzzLURiXrEacqDmI6UiASjaC2/cft00RjU6m7TLUTWwVtCHZZqDWpf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAXw87ImXWGJEq0PQpJ4f5+kdPYmGkc2psxxbFZzebmf1kvw+g6yIVKM+SKLT6KMkkwIfPNyVBozlBOLVCmhZ2VsDHVlKHtp2JL8FZXXof2ZdNzm96DC2U4gVM4Bw+u4AbuoQU+MBDwAm/w7ijn1flY1FVylr0dwx85nz9NwYxq</latexit><latexit sha1_base64="FZsvjlWJfwsbmPpEI83HHNINFQI=">AAAB4XicbZDNTgIxFIXv4B8iKrp10wgmbiQzbnRpdOMSEwdIYCSd0oGGTmfS3jEhE57BjQuN8aXc+TaWgYWCJ2ny5Zw2vfeEqRQGXffbKW1sbm3vlHcre9X9g8PaUbVtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSd387zzzLURiXrEacqDmI6UiASjaC2/cft00RjU6m7TLUTWwVtCHZZqDWpf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAXw87ImXWGJEq0PQpJ4f5+kdPYmGkc2psxxbFZzebmf1kvw+g6yIVKM+SKLT6KMkkwIfPNyVBozlBOLVCmhZ2VsDHVlKHtp2JL8FZXXof2ZdNzm96DC2U4gVM4Bw+u4AbuoQU+MBDwAm/w7ijn1flY1FVylr0dwx85nz9NwYxq</latexit><latexit sha1_base64="xQsCoM9CQ/VHVji6HzBar6bzhGk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5stCTYWGLiIQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTAXXxnW/ncLa+sbmVnG7tLO7t39QPjxq6SRTDH2WiES1Q6pRcIm+4UZgO1VI41DgQzi6mfkPT6g0T+S9GacYxHQgecQZNVbyq43Hi2qvXHFr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqaV3WPLfm3bmVeiOPowgncArn4MEV1OEWmuADAw7P8ApvjnRenHfnY9FacPKZY/gD5/MHaOaNvQ==</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit>

PV
<latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Nvz0pbAXhcTq9T+OxtKMEbLc9/8=">AAAB3nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZxT6gHUomvdOGZjJDckcoQ/+BGxeK+LPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe7meecZjZWpfqJphmHCR1rGUnBy1mOzPajV/Ya/ENuEYAV1WKk5qH31h6nIE9QkFLe2F/gZhQU3JIXCWaWfW8y4mPAR9hxqnqANi8WkM3bhnCGLU+OOJrZwf78oeGLtNInczYTT2K5nc/O/rJdTfBMWUmc5oRbLj+JcMUrZfG02lAYFqakDLox0szIx5oYLcuVUXAnB+sqb0L5qBH4jePChDGdwDpcQwDXcwj00oQUCYniBN3j3Jt6r97Gsq+StejuFP/I+fwA6VIvg</latexit><latexit sha1_base64="Nvz0pbAXhcTq9T+OxtKMEbLc9/8=">AAAB3nicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZxT6gHUomvdOGZjJDckcoQ/+BGxeK+LPc+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe7meecZjZWpfqJphmHCR1rGUnBy1mOzPajV/Ya/ENuEYAV1WKk5qH31h6nIE9QkFLe2F/gZhQU3JIXCWaWfW8y4mPAR9hxqnqANi8WkM3bhnCGLU+OOJrZwf78oeGLtNInczYTT2K5nc/O/rJdTfBMWUmc5oRbLj+JcMUrZfG02lAYFqakDLox0szIx5oYLcuVUXAnB+sqb0L5qBH4jePChDGdwDpcQwDXcwj00oQUCYniBN3j3Jt6r97Gsq+StejuFP/I+fwA6VIvg</latexit><latexit sha1_base64="0TYt20HpDMUdaD0x9Pzf1fFrRT4=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2WhJtLNEIksCF7C1zsGFv97K7Z0Iu/AMbC42x9R/Z+W9c4AoFXzLJy3szmZkXpYIb6/vfXmltfWNzq7xd2dnd2z+oHh61jco0wxZTQulORA0KLrFluRXYSTXSJBL4GI1vZv7jE2rDlXywkxTDhA4ljzmj1kn3zXa/WvPr/hxklQQFqUGBZr/61RsoliUoLRPUmG7gpzbMqbacCZxWepnBlLIxHWLXUUkTNGE+v3RKzpwyILHSrqQlc/X3RE4TYyZJ5DoTakdm2ZuJ/3ndzMZXYc5lmlmUbLEozgSxiszeJgOukVkxcYQyzd2thI2opsy6cCouhGD55VXSvqgHfj2482uN6yKOMpzAKZxDAJfQgFtoQgsYxPAMr/Dmjb0X7937WLSWvGLmGP7A+/wBT/SNMA==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit><latexit sha1_base64="JKoUCGnbFAI/M5C76vgf7j4ArHE=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHjkHp+0dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9NNsDt+rVvAXIOvELUoUCzYH71R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKepZLGqIN8cemMXFhlSKJE2ZKGLNTfEzmNtZ7Goe2MqRnrVW8u/uf1MhNdBzmXaWZQsuWiKBPEJGT+NhlyhcyIqSWUKW5vJWxMFWXGhlOxIfirL6+Tdr3mezX/vl5t3BRxlOEMzuESfLiCBtxBE1rAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucPUJSNMg==</latexit>p

<latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ypTpKJo01y9K+coqLL+ceqAI33g=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q5kNqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uBXw+aPpTgHC7gCgK4gTt4gAa0QADCC7zBu/fkvXofy7q2vFVvZ/BH3ucPxcuLoQ==</latexit><latexit sha1_base64="ypTpKJo01y9K+coqLL+ceqAI33g=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q5kNqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uBXw+aPpTgHC7gCgK4gTt4gAa0QADCC7zBu/fkvXofy7q2vFVvZ/BH3ucPxcuLoQ==</latexit><latexit sha1_base64="NJcRm2LSCR31unftaQYs8y2SaBY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa6aBac+vuAmSdeAWpQYHmoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx6IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZmU7EheKsvr5P2Vd1z617LrTVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHY2Yzw</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit>

p
<latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ypTpKJo01y9K+coqLL+ceqAI33g=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q5kNqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uBXw+aPpTgHC7gCgK4gTt4gAa0QADCC7zBu/fkvXofy7q2vFVvZ/BH3ucPxcuLoQ==</latexit><latexit sha1_base64="ypTpKJo01y9K+coqLL+ceqAI33g=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q5kNqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uBXw+aPpTgHC7gCgK4gTt4gAa0QADCC7zBu/fkvXofy7q2vFVvZ/BH3ucPxcuLoQ==</latexit><latexit sha1_base64="NJcRm2LSCR31unftaQYs8y2SaBY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa6aBac+vuAmSdeAWpQYHmoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx6IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZmU7EheKsvr5P2Vd1z617LrTVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHY2Yzw</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit><latexit sha1_base64="h4GL1lFsblCM1g0jVt0AYdCcryo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUSoblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmrDuZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr1WrdK4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w/ZeYzy</latexit>

D0
<latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ksmfiu0CY50ViVR3S9bdAg6pvSU=">AAAB4XicbZDNSgMxFIXv+Ftr1erWTbAVXJWMG10KunBZwWkL7Vgy6Z02NJMZkoxQhj6DGxeK+FLufBvTn4W2Hgh8nJOQe0+USWEspd/exubW9s5uaa+8Xzk4PKoeV1omzTXHgKcy1Z2IGZRCYWCFldjJNLIkktiOxrezvP2M2ohUPdpJhmHChkrEgjPrrKB+90Tr/WqNNuhcZB38JdRgqWa/+tUbpDxPUFkumTFdn2Y2LJi2gkuclnu5wYzxMRti16FiCZqwmA87JefOGZA41e4oS+bu7xcFS4yZJJG7mTA7MqvZzPwv6+Y2vg4LobLcouKLj+JcEpuS2eZkIDRyKycOGNfCzUr4iGnGreun7ErwV1deh9Zlw6cN/4FCCU7hDC7Ahyu4gXtoQgAcBLzAG7x7ynv1PhZ1bXjL3k7gj7zPH1UnjG8=</latexit><latexit sha1_base64="ksmfiu0CY50ViVR3S9bdAg6pvSU=">AAAB4XicbZDNSgMxFIXv+Ftr1erWTbAVXJWMG10KunBZwWkL7Vgy6Z02NJMZkoxQhj6DGxeK+FLufBvTn4W2Hgh8nJOQe0+USWEspd/exubW9s5uaa+8Xzk4PKoeV1omzTXHgKcy1Z2IGZRCYWCFldjJNLIkktiOxrezvP2M2ohUPdpJhmHChkrEgjPrrKB+90Tr/WqNNuhcZB38JdRgqWa/+tUbpDxPUFkumTFdn2Y2LJi2gkuclnu5wYzxMRti16FiCZqwmA87JefOGZA41e4oS+bu7xcFS4yZJJG7mTA7MqvZzPwv6+Y2vg4LobLcouKLj+JcEpuS2eZkIDRyKycOGNfCzUr4iGnGreun7ErwV1deh9Zlw6cN/4FCCU7hDC7Ahyu4gXtoQgAcBLzAG7x7ynv1PhZ1bXjL3k7gj7zPH1UnjG8=</latexit><latexit sha1_base64="4vUfQpShBZk6d7s/R7WiLCBFOwY=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRLZe9EjUg0dMLJBAJdtlCxu222Z3a0IafoMXDxrj1R/kzX/jUnpQ8CWTvLw3k5l5QSK4Nhh/O6W19Y3NrfJ2ZWd3b/+genjU1nGqKPNoLGLVDYhmgkvmGW4E6yaKkSgQrBNMbuZ+54kpzWP5YKYJ8yMykjzklBgrefXbR1wfVGu4gXOgVeIWpAYFWoPqV38Y0zRi0lBBtO65ODF+RpThVLBZpZ9qlhA6ISPWs1SSiGk/y4+doTOrDFEYK1vSoFz9PZGRSOtpFNjOiJixXvbm4n9eLzXhlZ9xmaSGSbpYFKYCmRjNP0dDrhg1YmoJoYrbWxEdE0WosflUbAju8surpH3RcHHDvce15nURRxlO4BTOwYVLaMIdtMADChye4RXeHOm8OO/Ox6K15BQzx/AHzucPcIONwg==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit><latexit sha1_base64="8Fcz7t6n3yACy53YIIQUfnkit/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5I5GS6IWlph4QAIn2Vv2YMPe3mV3zoQQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63s7a+sbm1Xdgp7u7tHxyWjo6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/NbT1wbkagHHKc8iOlAiUgwilbyK7ePbqVXKrtVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZq3quVXvvlauX+dxFOAUzuACPLiEOtxBA3xgIOAZXuHNUc6L8+58LFrXnHzmBP7A+fwBcSONxA==</latexit>

B�
<latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FZsvjlWJfwsbmPpEI83HHNINFQI=">AAAB4XicbZDNTgIxFIXv4B8iKrp10wgmbiQzbnRpdOMSEwdIYCSd0oGGTmfS3jEhE57BjQuN8aXc+TaWgYWCJ2ny5Zw2vfeEqRQGXffbKW1sbm3vlHcre9X9g8PaUbVtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSd387zzzLURiXrEacqDmI6UiASjaC2/cft00RjU6m7TLUTWwVtCHZZqDWpf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAXw87ImXWGJEq0PQpJ4f5+kdPYmGkc2psxxbFZzebmf1kvw+g6yIVKM+SKLT6KMkkwIfPNyVBozlBOLVCmhZ2VsDHVlKHtp2JL8FZXXof2ZdNzm96DC2U4gVM4Bw+u4AbuoQU+MBDwAm/w7ijn1flY1FVylr0dwx85nz9NwYxq</latexit><latexit sha1_base64="FZsvjlWJfwsbmPpEI83HHNINFQI=">AAAB4XicbZDNTgIxFIXv4B8iKrp10wgmbiQzbnRpdOMSEwdIYCSd0oGGTmfS3jEhE57BjQuN8aXc+TaWgYWCJ2ny5Zw2vfeEqRQGXffbKW1sbm3vlHcre9X9g8PaUbVtkkwz7rNEJrobUsOlUNxHgZJ3U81pHEreCSd387zzzLURiXrEacqDmI6UiASjaC2/cft00RjU6m7TLUTWwVtCHZZqDWpf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAXw87ImXWGJEq0PQpJ4f5+kdPYmGkc2psxxbFZzebmf1kvw+g6yIVKM+SKLT6KMkkwIfPNyVBozlBOLVCmhZ2VsDHVlKHtp2JL8FZXXof2ZdNzm96DC2U4gVM4Bw+u4AbuoQU+MBDwAm/w7ijn1flY1FVylr0dwx85nz9NwYxq</latexit><latexit sha1_base64="xQsCoM9CQ/VHVji6HzBar6bzhGk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5stCTYWGLiIQmcZG+Zgw17e5fdPRNC+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTAXXxnW/ncLa+sbmVnG7tLO7t39QPjxq6SRTDH2WiES1Q6pRcIm+4UZgO1VI41DgQzi6mfkPT6g0T+S9GacYxHQgecQZNVbyq43Hi2qvXHFr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqaV3WPLfm3bmVeiOPowgncArn4MEV1OEWmuADAw7P8ApvjnRenHfnY9FacPKZY/gD5/MHaOaNvQ==</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit><latexit sha1_base64="atwJwWaKpYkfKJEwJMU2nO0fl9s=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTYWGLiAQmcZG/Zgw27e5fdPRNy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+54kqzWL5YKYJDQQeSRYxgo2V/Grz8ao6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95rk1775eaTTzOIpwBudwCR5cQwPuoAU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/AGmGjb8=</latexit> ⌧�

<latexit sha1_base64="fuKcz8UBgCnicKP2UHgJymQAiJs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGIiHwmcZG/Zgw17e+funAkh/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzcxvPXFtRKzucZxwP6IDJULBKFqpXe4iTR8uyr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+Z3zslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuGVPxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2ooINwVt+eZU0qxXPrXh31VLtOosjDydwCufgwSXU4Bbq0AAGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8A+vOPQQ==</latexit><latexit sha1_base64="fuKcz8UBgCnicKP2UHgJymQAiJs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGIiHwmcZG/Zgw17e+funAkh/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzcxvPXFtRKzucZxwP6IDJULBKFqpXe4iTR8uyr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+Z3zslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuGVPxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2ooINwVt+eZU0qxXPrXh31VLtOosjDydwCufgwSXU4Bbq0AAGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8A+vOPQQ==</latexit><latexit sha1_base64="fuKcz8UBgCnicKP2UHgJymQAiJs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGIiHwmcZG/Zgw17e+funAkh/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzcxvPXFtRKzucZxwP6IDJULBKFqpXe4iTR8uyr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+Z3zslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuGVPxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2ooINwVt+eZU0qxXPrXh31VLtOosjDydwCufgwSXU4Bbq0AAGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8A+vOPQQ==</latexit><latexit sha1_base64="fuKcz8UBgCnicKP2UHgJymQAiJs=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGIiHwmcZG/Zgw17e+funAkh/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzcxvPXFtRKzucZxwP6IDJULBKFqpXe4iTR8uyr1iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+Z3zslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuGVPxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2ooINwVt+eZU0qxXPrXh31VLtOosjDydwCufgwSXU4Bbq0AAGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8A+vOPQQ==</latexit>

K�
<latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit><latexit sha1_base64="a+eYr0Pk13ki3ARE3/Lv+TIYQvk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTamNhg4gEJnGRv2YMNe7uX3T0TcuE32FhojK0/yM5/4wJXKPiSSV7em8nMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJb9693hR7Zcrbs2dA60SLycVyNHsl796A0nSmApDONa667mJCTKsDCOcTku9VNMEkzEe0q6lAsdUB9n82Ck6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+53VTE10FGRNJaqggi0VRypGRaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtes1za959vdK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AF3RY3I</latexit>

⇡+
<latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit>

⇡+
<latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit><latexit sha1_base64="3VUxJduFLv6LOZfrqLuQ98juI+8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVYQhLLbix6LXjxWsB/QriWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpumSTVhDZJwhPdibChnEnatMxy2lGaYhFx2o7GtzO//US1YYl8sBNFQ4GHksWMYOukdqWn2ONlpV8q+1V/DrRKgpyUIUejX/rqDRKSCiot4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jEgtqwmx+7hSdO2WA4kS7khbN1d8TGRbGTETkOgW2I7PszcT/vG5q4+swY1KllkqyWBSnHNkEzX5HA6YpsXziCCaauVsRGWGNiXUJFV0IwfLLq6RVqwZ+Nbivles3eRwFOIUzuIAArqAOd9CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMlCY7E</latexit>

⇡�
<latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="E0qfbB+UIR179QazEBnSHFLGEME=">AAAB43icbZBLSwMxFIXv1FetVatbN8FWcGOZcVOXghuXFewD2rFk0jttaCYTkoxQhv4INy4U8T+589+YPhbaeiDwcU5C7j2REtxY3//2ClvbO7t7xf3SQfnw6LhyUm6bNNMMWywVqe5G1KDgEluWW4FdpZEmkcBONLmb551n1Ian8tFOFYYJHUkec0atszq1vuJPV7VBperX/YXIJgQrqMJKzUHlqz9MWZagtExQY3qBr2yYU205Ezgr9TODirIJHWHPoaQJmjBfjDsjF84ZkjjV7khLFu7vFzlNjJkmkbuZUDs269nc/C/rZTa+CXMuVWZRsuVHcSaITcl8dzLkGpkVUweUae5mJWxMNWXWNVRyJQTrK29C+7oe+PXgwYcinME5XEIADbiFe2hCCxhM4AXe4N1T3qv3sayr4K16O4U/8j5/AAFdjW8=</latexit><latexit sha1_base64="l/lBrfe6KOEzf7sTrWVbXJxlD3o=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BFvBi2XXix6LXjxWsB/QriWbZtvQbDYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7HtzO//cS04Yl8sBPFgpgMJY84JdZJ7WpP8ceLar9c8WreHHiV+DmpQI5Gv/zVGyQ0jZm0VBBjur6nbJARbTkVbFrqpYYpQsdkyLqOShIzE2Tzc6f4zCkDHCXalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhUqWWSLhZFqcA2wbPf8YBrRq2YOEKo5u5WTEdEE2pdQiUXgr/88ippXdZ8r+bfe5X6TR5HEU7gFM7Bhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AEnc47E</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit><latexit sha1_base64="13nDy2HDMSY9ivLo1eRMJ/da+PQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwVbwYtntRY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3Nru7BT3N3bPzgsHR23TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSu9JT7PGy0i+V/ao/B1olQU7KkKPRL331BglJBZWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRiQU1YTY/d4rOnTJAcaJdSYvm6u+JDAtjJiJynQLbkVn2ZuJ/Xje18XWYMalSSyVZLIpTjmyCZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVQO/GtzXyvWbPI4CnMIZXEAAV1CHO2hAEwiM4Rle4c1T3ov37n0sWte8fOYE/sD7/AEoE47G</latexit>
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Figure 4.1: Topology of the signal decays corresponding to the B− → D0τ−ντ (left) and
B− → D∗0τ−ντ (right) decay chains.

decision was made with only the rest of the event, not including the signal (“triggered
independently of signal”). An event can be assigned to both categories if it triggers both
decisions: this overlapping category is called “TISTOS”. This separation in TIS and
TOS categories at the L0 level may produce discrepancies between data and simulation
samples. This is addressed and corrected accordingly in section 4.5.3.

4.3.3 Distance detachment criterion

The final state of the signal decays consist of a D meson and three charged pions.
The topology of these decays is shown in figs. 4.1 and 4.2. The largest background
contribution is, by far, from “prompt” B → D π−π+π−X decays. Thanks to the VELO’s
excellent resolution, the distance between vertices can be used to distinguish between
events where the three pions’ vertex is “detached” from the B vertex, suggesting an
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Figure 4.2: Topology of the signal decays corresponding to the B0 → D−τ+ντ (left) and
B0 → D∗−τ+ντ (right) decay chains.
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Figure 4.3: Distance between the τ and B vertices along the beam direction (z) divided by
its uncertainty for the inclusive prompt B− → D0π−π+π−(X) simulation sample (black)
and the signal B− → D0τ−ντ with τ− → π−π+π−ντ simulation sample (red). The blue
vertical line indicates the δz > 4 criterion applied in this analysis. The distributions are
normalised to the same area.

intermediate particle such as the τ , and events where the three pions’ vertex is compatible
with the B vertex, and thus compatible with a prompt decay. This criterion uses the
distance in the z axis between both vertices divided by its uncertainty, which we shall
define as

δz ≡ z3π − zB√
σ(z3π) + σ(zB)

, (4.1)

where z3π and zB are the z coordinates of the three pions and B vertices, respectively,
and σ their uncertainties. Fig. 4.3 shows the distribution of this δz variable for prompt
and signal simulated decays.

This analysis uses the requirement δz > 4 to select signal candidates, the same
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4 Description of the datasets

s

Figure 4.4: Topology of two of the most common double-charm background decays in the
R(D(∗)0) analysis: B− →D0D−

s (left) and B− →D0D− (right), where the kaon from D−

→K+ 2π− is misidentified as a pion. Compare with the signal topology in fig. 4.1.

criterion that was used in the previous Run 1 hadronic R(D∗) measurement [31]. The
main background contributions after this detachment selection are due to double-charm
decays (B → DDX) where the secondD meson can also produce a three-prong decay, thus
producing a very similar topology to the signal decay, which is not possible to distinguish
via this criterion.

A complementary criterion, δz ∈ [−3, 0], is also used to select a “prompt-enriched”
sample for the prompt control sample studies of section 5.1.

4.3.4 Vertex isolation

There are a number of other B decays that produce a similar topology to signal
decays, but with more charged tracks associated to their vertices. B → DDX decays are
an example of such background decays, since D mesons can decay into 4 or 5-prong final
states, such as D−

s → π−π+π−π+π−X or D0 → K+π−π+π−X, possibly generating fake
τ− → π−π+π−ντ vertices. Decays where extra charged tracks point to the B vertex also
exist, such as B → DDK± or B → DDπ±. In order to avoid mistakenly selecting these
decays as signal, the following vertex isolation requirements are used.

Extra tracks can be identified by their impact parameter χ2 with respect to the
corresponding vertex. This quantity, χ2

IP(V ), is defined as the difference between the χ2

of a vertex V built with and without the considered track, thus acting as a measurement
of how likely it is that the extra track comes from the same vertex as the other tracks,
with higher values implying less likelihood.

Then, the quantities Niso(V ) are defined as the number of additional tracks with
pT > 250 MeV/c, χ2

IP(PV) > 4, and χ2
IP(V ) < 25. As such, Niso(V ) is a measurement

of how many additional tracks a vertex V has, compared to the expected tracks from a
signal decay. The distribution of the isolation variables Niso(τ) and Niso(B) is shown in
fig. 4.5 for B− → D0τ−ντ signal and for B0 → D0D+

s X background simulated events.
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Figure 4.5: Distributions of the isolation variables Niso(τ) (left) and Niso(B) (right) for
signal B− → D0τ−ντ , with τ− → π−π+π−ντ (red), and background B0 → D0D+

s X
(black) simulated events.

This method, also used by the Run 1 R(D∗) analysis [31], imposes the requirement

Niso(τ) = 0 ∧ Niso(B) = 0, (4.2)

discarding events with any additional tracks.
However, the R(D(∗)0) analysis needs to take one more possibility into account: a D0

candidate can come from a D∗+ → D0π+ decay, with this slow pion being able to escape
the previous vertex isolation requirements. To counter this effect, tracks with χ2

IP(B) < 25
and with a charge compatible with being the pion from a D∗+ decay are used to detect
and suppress these events: by adding the slow pion track to the D0 candidate, selected
events are required to have an invariant mass of the D0π+ system incompatible with a
D∗+, by imposing the condition

m(D0π+)−m(D0) /∈ [143, 148 MeV/c2] (4.3)

in order to discard events with a D∗+ → D0π+ decay. This condition is justified by the
observed invariant mass distribution, shown in fig. 4.6. The reverse condition is also used
to obtain D∗+-enriched samples, used for the control sample studies shown in chapter 5.

4.3.5 Signal and normalisation selections

Along with the previously discussed preselection and vertex detachment and isolation
conditions, a final set of requirements is imposed on the signal and normalisation samples,
in order to isolate as much as possible the desired decay modes. The q2 is required to
be positive, the τ decay time smaller than 2 ns, the mass of the reconstructed D meson
must be within 20 MeV/c2 of its known mass, and a PID requirement is imposed on
the opposite-signed π+ from the τ decay, to suppress misidentified kaons from D+ →
K−π+π+(X) decays.
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Figure 4.6: Invariant mass distribution m(D0π+)−m(D0) from data obtained by adding
a track compatible with the pion of a D∗+ → D0π+ decay. These events have already
passed the isolation requirements of eq. 4.2. The applied D∗+ veto is shown by the two
vertical blue lines.

Additionally, the D daughters are required to not come from the τ candidate by
requiring χ2

IP(τ) > 5. This suppresses decays such as D0 → π+π−π+π−, where the
charged pions may form a fake τ vertex, along with the D vertex with the remaining
pion.

These requirements are summarised in table 4.5.

4.3.6 The BDT

As discussed previously, double-charm decays, and specially B → DD+
s (X) decays,

are the main source of background after selection, due to the similarity of their topology
with signal decays. In order to model and suppress this contribution, a Gradient Boosted
Decision Tree (BDT), created using the TMVA toolkit [118], is implemented to aid in the
discrimination of this background. The output of this BDT is used as one of the three
dimensions in the signal fit (section 6.1.1).

For the training of the BDT, the B− → D0τ−ντ simulation sample is used as signal,
and the B → D0D+

s (X) simulation sample as background. Both samples are passed
through all the signal selection requirements before being input into the BDT.

The input variables for the BDT are chosen avoiding those which are too correlated
with the other two fit variables (q2, tτ ). This criterion results in a high presence of variables
related to the 3π system, since the dynamics of the pions coming from a τ− decay is very
different to that of the pions coming from a D+

s decay. Notably, the presence of decays
with intermediate resonant states such as ρ0 → π+π− is very different from one particle
to the other, thus, the mass distributions of pairs of pions which may have come from a
resonance can be very discriminating variables.
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Variable
Requirement Requirement

(signal sample) (normalisation sample)

q2 > 0 GeV2/c4 > 0 GeV2/c4

tτ < 2 ns < 2 ns

Oppositely charged pion’s PNN(K) < 0.1 < 0.1

|m(D)−m(D)PDG| < 20 MeV/c2 < 20 MeV/c2

D daughters’ χ2
IP(τ) > 5 > 5

m(3π) < 1600 MeV/c2 –

BDT > −0.4 –

|m(3π)−m(D+
s )PDG| – < 30 MeV/c2

|m(D3π)−m(B)PDG| – < 60 MeV/c2

Table 4.5: Final selection cuts applied to the signal and normalisation samples. The BDT
variable is defined in section 4.3.6. The “PDG” subscript indicates that the mass value
is taken from [2].

In addition, since D+
s → 3πX decays often produce extra neutral particles, neutral

isolation variables are also added as an input to the BDT. This neutral isolation consists on
searching for neutral particles which deposited energy in the electromagnetic calorimeter
with an angular separation (as defined in eq. 2.26) of ∆R ≤ 0.4 with respect to the 3π
direction.

The chosen input variables used for the BDT training are listed below, where the
three pions from the τ decay are identified with a number as τ− → π−

0 π
+
1 π

−
2 ντ :

• min[m(π−
0 π

+
1 ),m(π−

2 π
+
1 )], the minimum mass of the pairs of oppositely charged pi-

ons.

• max[m(π−
0 π

+
1 ),m(π−

2 π
+
1 )], the maximum mass of the pairs of oppositely charged

pions.

• m(π−
0 π

−
2 ), the mass of the pair of same-sign pions: .

•
pT (∆R3π < 0.4)

pT (3π) + pT (∆R3π < 0.4)
, where pT (3π) is the transverse momentum of the 3π

system and pT (∆R3π < 0.4) is the transverse momentum of the photons detected
in the electromagnetic calorimeter with ∆R ≤ 0.4 with respect to the 3π direction.

• N(∆R3π < 0.4), the number of photons detected in the electromagnetic calorimeter
with ∆R ≤ 0.4 with respect to the 3π direction.

The distributions of these five variables are shown in fig. 4.7, and the output of the
BDT is shown in fig. 4.8.
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Figure 4.7: Distribution of the input variables of the BDT for signal (blue) and background
(red).
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Figure 4.8: Left: distribution of the BDT output variable for signal and background.
Right: background rejection rate as a function of the signal efficiency.
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Figure 4.9: Distribution of the BDT figure of merit (eq. 4.4) as a function of the BDT
output value chosen for the selection cut.

Since the BDT output is used as one of the dimensions in the 3D signal fit (sec-
tion 6.1.1), it is not optimal to use the significance, S√

S+B
, as a figure of merit to select

the events that go into the fit, since this approach significantly reduces the size of the
signal sample (therefore harming the effectiveness of the fit) and optimal background
rejection is not the main goal of this cut, since the fit needs a significant amount of back-
ground events in order to properly model their distribution. A compromise between high
signal efficiency and high background rejection is needed.

To accomplish this, the figure of merit is chosen to be the significance multiplied by
the signal efficiency,

FoM =
S√
S +B

εS, (4.4)

where εS is the signal efficiency of the BDT requirement and S and B are, respectively,
the number of signal and background events selected by the BDT requirement.

The BDT requirement found by maximising this figure of merit is BDT > −0.4 (as
shown in fig. 4.9), which provides a signal efficiency of 90% and a background rejection of
65%. This cut is applied to the signal samples after all the previous selection requirements.

4.4 Reconstruction of signal events

The decay chains of the signal decays, B → D(∗)τ−ντ , contain two unreconstructible
neutrinos, one from the τ vertex and another from the B vertex. This causes each of the
vertices to be reconstructible only up to a two-fold ambiguity, leaving us with a challenging
scenario for momentum reconstruction. The strategy used in these analyses and described
in this section is the same that was used in the Run 1 R(D∗) hadronic analysis [31], which
proved to perform well.
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Figure 4.10: Angles used in the reconstruction of B− → D0τ−ντ decays. θDτ is the angle
between the directions of the Dτ− system and the B−, and θ3π is the angle between the
3π system and the direction of the τ−. The undetectability of the neutrinos limits the
available information for the reconstruction of this kind of decay.

Reconstruction of the τ

In signal events, the τ is reconstructed under the τ− → π−π+π−ντ decay hypothesis.
The tracks of the three charged pions are used to reconstruct the τ decay vertex, and the
line which connects this vertex with the B decay vertex provides the direction of the τ
momentum. Due to the unknowability of the neutrino’s momentum, the τ momentum is
given by

|p⃗τ | =
(m2

3π +m2
τ )|p⃗3π| cos θ3π ± E3π

√
(m2

τ −m2
3π)

2 − 4m2
τ |p⃗3π|2 sin2 θ3π

2(E2
3π − |p⃗3π|2 cos2 θ3π)

, (4.5)

where every variable is expressed in natural units (c = 1), m3π, p⃗3π, and E3π are, respec-
tively, the mass, 3-momentum, and energy of the 3π system, and θ3π is the angle between
the directions of the τ momentum and of the 3π system.

In order to rid us of the quadratic ambiguity in eq. 4.5, we approximate θ3π as its
maximum allowed value

θ
(max)
3π ≡ arcsin

(
m2

τ −m2
3π

2mτ |p⃗3π|

)
, (4.6)

which makes the second term of eq. 4.5 vanish. With this approximation, the τ momentum
can be estimated as

|p⃗τ | ≈
(m2

3π +m2
τ )|p⃗3π| cos θ(max)

3π

2(E2
3π − |p⃗3π|2 cos2 θ(max)

3π )
. (4.7)
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Figure 4.11: Distribution of the τ momentum resolution (difference between reconstructed
and true momentum) for the B− → D0τ−ντ (left) and B− → D∗0τ−ντ (right) simulated
samples.

A comparison of this reconstructed τ momentum with the corresponding generated
momentum is shown in fig. 4.11.

Reconstruction of the B

For the B meson, the direction of its momentum is taken from the line that connects
the PV to the B decay vertex. Then, since there is also one neutrino coming from the B,
the magnitude of its momentum also suffers a quadratic ambiguity in the form

|p⃗B| =
(m2

Dτ +m2
B)|p⃗Dτ | cos θDτ ± EDτ

√
(m2

B −m2
Dτ )

2 − 4m2
B|p⃗Dτ |2 sin2 θDτ

2(E2
Dτ − |p⃗Dτ |2 cos2 θDτ )

. (4.8)

where every variable is expressed in natural units (c = 1), mDτ , p⃗Dτ , and EDτ are,
respectively, the mass, 3-momentum, and energy of the Dτ system, and θDτ is the angle
between the directions of the B momentum and of the Dτ system. All of these quantities
are computed using the tau momentum approximation discussed previously.

In the same fashion as with the τ momentum, the angle θDτ is approximated to its
maximum value,

θ
(max)
Dτ ≡ arcsin

(
m2

B −m2
Dτ

2mB|P⃗Dτ |

)
, (4.9)

and the B momentum is approximated as

|p⃗B| ≈
(m2

Dτ +m2
B)|p⃗Dτ | cos θ(max)

Dτ

2(E2
Dτ − |p⃗Dτ |2 cos2 θ(max)

Dτ )
. (4.10)

A comparison of this reconstructed B momentum with the corresponding generated
momentum is shown in fig. 4.12.
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Figure 4.12: Distribution of the B− momentum resolution (difference between recon-
structed and true momentum) for the B− → D0τ−ντ (left) and B− → D∗0τ−ντ (right)
simulated samples.

Transferred momentum and decay time

Using the approximations discussed above, the 4-momenta of the B and the τ can be
estimated as

pτ = (mτ , p⃗τ ) (4.11)

and
pB = (mB, p⃗B), (4.12)

providing us with a measurement of the squared transferred momentum, q2 = (pB − pD)
2,

and of the τ decay time,

tτ =
mτLτ

|p⃗τ |
, (4.13)

where Lτ is the τ flight distance, measured as the length of the segment that connects
the B and τ decay vertices.

These two quantities will be used, together with the output of a boosted decision
tree, as the three dimensions on which the signal yield fit is performed (section 6.1.1). A
comparison of these estimations with their corresponding generated values are shown in
figs. 4.13 and 4.14.
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Figure 4.13: Distribution of the q2 resolution (difference between reconstructed and true
value) for the B− → D0τ−ντ (left) and B− → D∗0τ−ντ (right) simulated samples.
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Figure 4.14: Distribution of the τ decay time resolution (difference between reconstructed
and true value) for the B− → D0τ−ντ (left) and B− → D∗0τ−ντ (right) simulated
samples.
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4.5 Corrections on the simulation samples

The simulation samples are known to not describe real data accurately in some vari-
ables. These are: charged-particle identification, vertex resolution, B kinematics, event
multiplicity, trigger response, and form factors for the signal decays. The corrections
applied to these categories are discussed in the following sections.

4.5.1 Corrections on charged-particle identification

The PIDCalib tool [119] is used to correct the simulation to match the particle iden-
tification (PID) performance observed in data.

PIDCalib uses template calibration samples of pions and kaons to compute a weight
for each simulated event, taking into consideration the binning on track momentum,
pseudo-rapidity, and the number of tracks in the event, together with the PID require-
ments applied to the selected events. In order to include tracks with momentum in the
range [2, 200] MeV/c, the default PIDCalib binning scheme was extended.

The applied requirements on the PID variables (see section 3.3 for their definition)
are:

• PIDK > 3 and PNN(K) > 0.4 for the kaon coming from the D,

• PIDK < 50 and PNN(π) > 0.4 for the pion(s) coming from the D,

• PIDK < 8 and PNN(π) > 0.2 for the three pions coming from the τ candidate,

• PNN(K) < 0.1 for the oppositely charged pion coming from the τ .

All these cuts are applied at the preselection stage (section 4.3.1), except the last one,
which is applied in the signal and normalisation selections (section 4.3.5).

PIDCalib takes as input the simulation samples before cutting on the PID variables,
compares them to the calibration samples, and determines the efficiency of a given PID
requirement for each individual track. A weight is computed for each decay candidate,
consisting on the product of the individual efficiencies of each track. These weights are
used to calibrate the simulation samples.

4.5.2 Corrections on vertex resolution

Before applying the vertex detachment cut δz > 4 (see section 4.3.3), the largest
background contribution to the data sample comes from prompt events (B → D3π(X)).
Since the three pions from these events come directly from the B vertex, the width of
the ∆z distribution is due only to vertex resolution effects, while the width of the δz
distribution also depends on the uncertainties of the z-positions of the B and 3π vertices
(σ(z3π) and σ(zB)).
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Figure 4.15: ∆z (left) and δz (right) distributions for 2016 (black), 2017 (red), 2018
(green) data and simulation (blue) for exclusive B → D03π events. The widths of the
distributions are due to vertex-resolution effects (both ∆z and δz) and the values of the
z-position uncertainties (δz). The resolution in 2016 data is worse than in 2017 and
2018. The simulation (2016 only) is in agreement with 2017 and 2018 data in the ∆z
distribution (left), but disagrees in δz (right). The simulation disagrees with 2016 data
in both distributions.

These distributions are shown in fig. 4.15 for exclusive B → D03π decays, where
the differences between the data and simulation samples can be observed. The following
procedure is applied to the simulation samples, in order to match the data from the
different data-taking periods:

• A scaling factor is applied to each one of the z-position uncertainties (σ(z3π) and
σ(zB)).

• A smearing factor is applied to the δz distribution. As shown below, this smearing
is only needed to describe 2016 data.

These corrections are computed with the prompt control sample (see section 5.1) and
are tested in the exclusive B → D03π peak.

The uncertainties σ(z3π) and σ(zB) depend on the invariant mass distributions of
the tracks that form their vertices: m(3π) and m(D03π), respectively. The dependence
between the mean σ(z) uncertainties and their correspondent invariant mass is shown in
fig. 4.16, along with the ratios with 2016 data.

The values of the σ(z3π) and σ(zB) uncertainties in the simulation samples are cor-
rected by applying first-order polynomials depending on them(3π) andm(D03π) invariant
masses,

σ(z3π)
′
= (α

(3π)
0 + α

(3π)
1 m(3π)) σ(z3π),

σ(zB)
′
= (α

(B)
0 + α

(B)
1 m(D03π)) σ(zB),

(4.14)
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Figure 4.16: Top: mean of the σ(z3π) (left) and σ(zB) (right) distributions as a function of
m(3π) and m(D03π), respectively. 2016, 2017 and 2018 data are shown in black, red and
green, and simulation in blue. Bottom: the corresponding ratios 2016/2017, 2016/2018
and 2016/simulation.
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Figure 4.17: Top: ratio data(2016)/simulation for the mean of the σ(z3π) (left) and σ(zB)
(right) as a function ofm(3π) andm(D03π) after the vertex-uncertainty scaling correction.
Bottom: ∆z (left) and δz (right) distributions for 2016 data (black) and simulation (blue)
after the correction.

where σ(z)
′
is the corrected value of the uncertainty, and αi are the polynomial coefficients,

which are determined from a fit to data. The results of these corrections are shown in
fig. 4.17 for 2016 data, and figs. 4.20 and 4.21 for 2017 and 2018 data.

The previous correction correctly matches simulation and data for the 2017 and 2018
periods. However, for 2016 data, the simulation sample still needs an additional vertex
resolution smearing. This smearing is modelled as a double-Gaussian distribution,

fsmear.(β,∆σ1,∆σ2) ≡ β Gauss(0,∆σ1) + (1− β) Gauss(0,∆σ2), (4.15)

where β, ∆σ1, and ∆σ2 are free parameters to be fitted to the data distribution. A
simultaneous fit to simulation and 2016 data in the δz distribution is performed using the
following PDFs:

PDFMC ≡ α1 ×Gaus(µ, σ1) + (1− α1)× α2 ×Gaus(µ, σ2) +

+ (1− α1)× (1− α2)×Gaus(µ, σ3),

PDFdata ≡ PDFMC ⊛ fsmear.(β,∆σ1,∆σ2),

(4.16)

where µ, α1, α2, σ1, σ2, σ3, β, ∆σ1, and ∆σ2 are the free parameters of the fit and the
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Parameter Value
α1 0.43± 0.10
α2 0.942± 0.009
σ1 0.82± 0.04
σ2 1.21± 0.05
σ3 2.83± 0.28
µ 0.023± 0.003
β 0.90± 0.03

∆σ1 0.25± 0.05
∆σ2 1.51± 0.14

Table 4.6: Results of the simultaneous fit to simulation and 2016 data in the δz distribu-
tion. The used models are described in eq. 4.16.
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Figure 4.18: Projections of the simultaneous fit to 2016 data (left) and simulation (right)
after the vertex-uncertainty correction. The used models are described in eq. 4.16.

symbol “⊛” represents the convolution of two functions. The fit results are shown in
table 4.6 and the corresponding projections, in fig. 4.18. The resulting smearing function
is used to correct the simulation sample for 2016 data.

Since these corrections are different for each data-taking year, and all the simulation
samples are produced with 2016 conditions, they are applied separately to three portions
of each simulation sample, following the same proportion of total events as data-taking
years (31%/32%/37% for 2016/2017/2018). The portion corresponding to 2016 correc-
tions is applied both the σ(z) scaling and the δz smearing factors, while the portions
corresponding to 2017 and 2018 are only corrected with the σ(z) scaling factor.

The comparisons of the ∆z and δz distributions before and after all this correction
procedure are shown in figs. 4.19, 4.20 and 4.21 for 2016, 2017 and 2018 data. These
corrections are applied to all simulation samples.
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Figure 4.19: Comparison of the ∆z (left) and δz (right) distributions before (top) and
after (bottom) the 2016-data corrections for vertex uncertainty and resolution. Black
points correspond to 2016 data and the blue histograms, to simulation.
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Figure 4.20: Comparison of the ∆z (left) and δz (right) distributions before (top) and
after (bottom) the 2017-data corrections for vertex uncertainty. Black points correspond
to 2017 data and the blue histograms, to simulation.
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Figure 4.21: Comparison of the ∆z (left) and δz (right) distributions before (top) and
after (bottom) the 2018-data corrections for vertex uncertainty. Black points correspond
to 2018 data and the blue histograms, to simulation.
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4 Description of the datasets

4.5.3 Corrections on event multiplicity, B kinematics, and trig-
ger category

The event multiplicity and B kinematics play an important role in the analysis, the
former affecting the trigger selection and the later the whole selection procedure. The
simulation samples show disagreement with real data when comparing variables related to
these properties. A sequential 2D re-weighting is performed using the exclusive B → D03π
invariant mass peak in order to correct these discrepancies in the simulation samples.

First, the re-weighting is done on the total number of tracks of the event, Ntracks, and
the number of degrees of freedom of the B’s PV, N

(PV)
DoF , variables which are related to the

event multiplicity, affecting the trigger selection.
This reweighting consists on constructing a 2D histogram with the mentioned vari-

ables as axes and applying a weight to each bin of the histogram, according to the ratio of
real data over simulated data in that bin. After this step, the same procedure is applied
again on the transverse momentum and pseudorapidity of the B (pT (B) and η(B)).

This 2D re-weighting is done independently in three exclusive trigger categories, based
on which trigger categories they were selected in (see section 4.3.2), which are

• Events that do not pass the B L0Global TIS requirements.

• Events that do not pass the B L0HadronDecision TOS requirements.

• Events that pass both the B L0Global TIS and B L0HadronDecision TOS require-
ments.

After the 2D re-weighting, a 1D re-weighting in the trigger variables is performed in
order to make the TISTOS efficiencies in simulation and data match. “TISTOS efficien-
cies” refer to the TIS and TOS trigger efficiencies, defined respectively as

εTIS ≡ NTISTOS/NTOS and εTOS ≡ NTISTOS/NTIS, (4.17)

where “TIS” and “TOS” refer to the two L0-trigger lines used in this analysis, and “TIS-
TOS” refers to the events belonging to both categories, as shown in section 4.3.2. Since
events can belong to both trigger categories simultaneously, these weights take a non-
trivial form and modify the number of events in each category as

N ′
TIS = wTIS(NTIS −NTISTOS) + wTISwTOSNTISTOS,

N ′
TOS = wTOS(NTOS −NTISTOS) + wTISwTOSNTISTOS,

N ′
TISTOS = wTISwTOSNTISTOS,

(4.18)

where N ′ are the number of events after re-weighting, and wTIS and wTOS are the weights
applied, respectively, to events in the TIS and TOS categories (applying both weights in
the events that belong to both categories). Using these expressions along with imposing
the condition that the TISTOS efficiencies from eq. 4.17 in data and simulation match,
the weights can be computed as
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Figure 4.22: Comparison between data (black), simulation before re-weighting (dashed
blue), and after re-weighting (red) of the B-kinematics and occupancy variables. The
selected events correspond to exclusive B → D03π decays.

wTIS =
ε
(data)
TIS

1− ε
(data)
TIS

NTOS −NTISTOS

NTISTOS

,

wTOS =
ε
(data)
TOS

1− ε
(data)
TOS

NTIS −NTISTOS

NTISTOS

,

(4.19)

where ε(data) are the TISTOS efficiencies as computed from data, and N (as before) are
the number of events in each category before applying these weights.

To compute these weights, the exclusive B− → D0π−π+π− and the inclusive B− →
D0π−π+π−(X) simulation samples are used together, to maximize the statistics in the
exclusive peak. Prior to the 2D re-weighting, these samples are re-weighted in the m(3π)
distribution, so their kinematics match with the data. The results of these steps are shown
in fig. 4.22.

To make sure that the re-weighting procedure is working properly, a cross-check is
made by computing the weights using only the exclusive B → D03π sample, and then
applying them to the inclusive B → D03π(X) sample. The result of this check is shown
on fig. 4.23.

The weights obtained from this method are applied to all the simulated samples using
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Figure 4.23: Comparison between data (black), simulation before re-weighting (dashed
blue), and after re-weighting (red) of the B-kinematics and occupancy variables. The
selected events correspond to exclusive B → D03π decays. The weights used in this
re-weighting were computed using only the exclusive B → D03π simulated sample, and
then applying them to the inclusive B− → D0π−π+π−(X) sample as a cross-check of the
re-weighting procedure.
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Parameter Value
a+0 0.01566± 0.00011
a+1 −0.0342± 0.0031
a+2 −0.090± 0.022
a00 0.07935± 0.00058
a01 −0.205± 0.014
a02 −0.23± 0.10

Table 4.7: BGL parameters and their uncertainties for B → Dτ−ντ , as estimated in [54]
through a global fit to lattice and experimental data for N = 2.

a+0 a+1 a+2 a01 a02
a+0 1 0.304 −0.294 0.212 0.161
a+1 0.304 1 0.422 0.747 0.190
a+2 −0.294 −0.422 1 −0.034 0.148
a01 0.212 0.747 −0.034 1 −0.210
a02 0.161 0.190 0.148 −0.210 1

Table 4.8: Correlation matrix of the B → Dτ−ντ BGL parameters for the N = 2 fit
in [54].

the variables Ntracks, N
(PV)
DoF , pT (B), η(B), and the L0 trigger response.

4.5.4 Form-factor re-weighting

The underlying theoretical models used in the generation of simulation samples might
cause sizable effects that make them differ from real data. In order to reduce these effects,
the approach taken in these analyses is the reweighting of the simulated samples using the
software tool HAMMER (Helicity Amplitude Module for Matrix Element Re-weighting)
[120], which effectively transforms simulated samples from the theoretical framework in
which they were generated to another desired model. HAMMER was developed for the
analysis of b → cτ−ντ processes with different form-factor parameterisations, as is our
case.

As shown in section 2.2.2, the BGL form-factor parameterisation is used for these
analyses. Following equation 2.19 and considering that we are truncating the equation at
N = 2, six free parameters are needed for B → Dτ−ντ decays (a+n and a0n, with n ∈ [0, 2]),
and twelve for B → D∗τ−ντ decays (aF1

n , aF2
n , afn, and a

g
n).

For this parameterisation, the relevant factors, free parameters (table 4.7), and their
correlation matrix (table 4.8) are estimated in [54] for B → Dτ−ντ decays with N = 2
(which is the reason why we truncate the series at the same value) using lattice QCD
calculations from the HPQCD and FNAL/MILC collaborations and experimental data
from BaBar and Belle.
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Parameter Value
ag0 0.0299+0.0053

−0.0035

ag1 0.04+0.07
−0.20

ag2 −0.9+1.8
−0.0

af0 0.01218± 0.00016

af1 −0.029+0.021
−0.013

af2 0.5+0.0
−0.3

aF1
0 0.1675af0
aF1
1 −0.0051+0.0049

−0.0013

aF1
2 0.065+0.009

−0.089

aF2
0 0.0595± 0.0093

aF2
1 −0.318± 0.170− 0.056aF2

2

aF2
2 |aF2

2 | < 1

Table 4.9: BGL parameters and their uncertainties for B → D∗τ−ντ , as estimated in [122]
through a global fit to lattice and experimental data for N = 2. The parameter aF2

2 can
take any value in the range [−1, 1] and is fixed to zero. Its possible variation will be later
considered when computing the systematic uncertainties.

For B → D∗τ−ντ decays, ref. [121] shows that the twelve parameters can be reduced
down to ten by using the relation

F1(0) = (mb −mD∗)f(0), (4.20)

which generates a constraint between the parameters aF1
0 and af0 ; and the relation between

F1 and F2 shown in [122] which allows to ignore one of the aFi
n parameters (aF2

2 is chosen).
The estimation of these parameters, as computed by [122] using QCD lattice data and
Belle experimental data, is shown in table 4.9.

The B → D(∗)τ−ντ simulated events used in this thesis were generated following the
ISGW2 model [123]. They are re-weighted to the BGL parameterisation using HAMMER,
inputting the previous parameters and correlations. A comparison of the q2 distribution
before and after this re-weighting is shown in fig. 4.24.

73



Julián Lomba Castro

0 5 10
q2 [GeV2/c4]

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

En
tri

es
 [a

.u
.]

0 5 10
q2 [GeV2/c4]

0
0.02
0.04
0.06

0.08
0.1

0.12
0.14
0.16

0.18
0.2

En
tri

es
 [a

.u
.]

Figure 4.24: True q2 distribution for simulated B− → D0τ−ντ (left) and B− → D∗0τ−ντ
(right) events as generated with the ISGW2 model (black line) and after the HAMMER
re-weighting to the BGL parameterisation (red).

4.6 Efficiencies

The efficiencies of the signal and normalisation channels are needed to measure the
LFU ratios, as seen in section 2.5.

Efficiencies are measured in three different stages:

1. Generation efficiency: the number of events accepted in the generation phase over
the total number of events that were generated.

2. Filtering efficiency: the number of events that were selected by the filtering script
(see section 4.2) over the number of events that passed the previous stage.

3. Selection efficiency: the number of events that pass the selection cuts described
in section 4.3 (depending on the sample, either signal or normalisation selection
cuts) over the number of events that passed the previous stage. This efficiency is
computed after all corrections from section 4.5 are applied.

Then, the total efficiency for each sample is the product of the three efficiencies above.
The resulting efficiencies for the simulated signal and normalisation samples are shown in
table 4.10.

In addition, several other parameters are used as input for the signal fit model (sec-
tion 6.1.1), which are

• fD0

3π , fD∗0
3π , and fD∗+

3π , defined as the ratio of events with τ− → π−π+π−ντ over
the number of events with τ− → π−π+π−(π0)ντ of the corresponding decay, and
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Decay Generation eff. Filtering eff. Selection eff. Total eff.
B− → D0τ−ντ , τ− → π−π+π−ντ (4.182± 0.008)% (5.0063± 0.0034)% (4.648± 0.015)% (9.73± 0.04)× 10−5

B− → D0τ−ντ , τ− → π−π+π−π0ντ (3.713± 0.007)% (4.936± 0.004)% (2.093± 0.012)% (3.837± 0.023)× 10−5

B− → D∗0τ−ντ , τ− → π−π+π−ντ (4.018± 0.007)% (4.9301± 0.0034)% (4.240± 0.014)% (8.398± 0.033)× 10−5

B− → D∗0τ−ντ , τ− → π−π+π−π0ντ (3.606± 0.007)% (4.881± 0.004)% (1.775± 0.011)% (3.123± 0.020)× 10−5

B0 → D∗+τ−ντ , τ− → π−π+π−ντ (15.97± 0.16)% (2.2727± 0.0019)% (0.490± 0.006)% (1.778± 0.028)× 10−5

B0 → D∗+τ−ντ , τ− → π−π+π−π0ντ (15.68± 0.15)% 1± 0 (3.93± 0.10)× 10−5 (0.616± 0.017)× 10−5

B+ → D0D+
s , D

+
s → π+π−π+ (5.986± 0.011)% (6.137± 0.006)% (10.37± 0.03)% (38.09± 0.13)× 10−5

Table 4.10: Generation, filtering, selection, and total efficiencies for all signals and the
normalisation mode.

computed as

fX
3π ≡ N(B → Xτ−(→ 3π)ντ )

N(B → Xτ−(→ 3π(π0))ντ )
=

=
B(τ → 3π)ε

(τ→3π)

B→Xτ−ντ

B(τ → 3π)ε
(τ→3π)

B→Xτ−ντ
+ B(τ → 3ππ0)ε

(τ→3ππ0)

B→Xτ−ντ

, (4.21)

where τ → 3π is short for τ− → π−π+π−ντ .

• fD∗+/D∗0 , defined as the ratio of B0 → D∗+τ−ντ events over B− → D∗0τ−ντ events,
computed as

fD∗+/D∗0 ≡ N(B → D∗+τ−(→ 3π(π0))ντ )

N(B → D∗0τ−(→ 3π(π0))ντ )
=

=
B(D∗+ → D0X)

B(D∗0 → D0X)

fd
fu

B(B0 → D∗+τ−ντ )

B(B− → D∗0τ−ντ )
×

×
B(τ → 3π)ε

(τ→3π)

B0→D∗+τ−ντ
+ B(τ → 3ππ0)ε

(τ→3ππ0)

B0→D∗+τ−ντ

B(τ → 3π)ε
(τ→3π)

B−→D∗0τ−ντ
+ B(τ → 3ππ0)ε

(τ→3ππ0)

B−→D∗0τ−ντ

, (4.22)

where fu and fd are the B+ and B0 mesons production fractions, assumed to be
equal; the branching fractions B(B− → D∗0τ−ντ ) and B(B0 → D∗+τ−ντ ) are
also assumed to be equal, based on isospin symmetry, and the ratio B(D∗+ →
D0X)/B(D∗0 → D0X) is set to 0.677, following [2].

The results for these f parameters are shown in table 4.11.
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Parameter Value

fD0

3π 0.8363± 0.0019

fD∗0
3π 0.8442± 0.0019

fD∗+
3π 0.853± 0.004
fD∗+/D∗0 0.1418± 0.0020

Table 4.11: Values of the efficiency parameters needed for the input of the signal fit model.
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In this chapter, several independent data samples which contain decays that are im-
portant to model correctly in the final fit (the main background channels) are studied.
These are known as control samples, and they are selected specifically to isolate as much
as possible the desired decay channels. Their study is essential to understand their con-
tribution to the final fit and correct the used simulation samples accordingly.
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5.1 The “prompt” control sample

A small fraction of B → D3π(X) decays, where the three pions are produced directly
at the B vertex (without the presence of a hadron with non-negligible lifetime), referred
to as “prompt”, pass the distance-detachment requirement, thus being present in the
signal-selection sample. They sit at the low-lifetime region, as is the case of signal events.
Therefore, it is important to produce a control sample to improve the modelling of this
component in the signal fit.

To obtain the control sample for prompt B → D3π(X) decays, a cut in the z-
coordinate distance between the B and the 3π vertices divided by its uncertainty (same
δz quantity used in the vertex detachment criterion of section 4.3.3) is applied. In this
case, events in the range δz ∈ [−3, 0] are selected. The lower cut suppresses combinatorial
background, while the upper cut also suppresses contributions from decays that have the
3π vertex displaced from the B vertex. This sample is further reduced by using the
decay vertex of the reconstructed D meson to satisfy zD − zB > 0, further suppressing
combinatorial background.

R(D(∗)0) analysis: prompt B → D03π(X) decays

For the R(D(∗)0) analysis, the B → D0π−π+π−(X) simulation samples are used to
perform the following study.

As seen in fig. 5.1, the simulation sample does not correctly reproduce the data. To
correct for this discrepancy, a 2D histogram in the BDT and q2 variables is used, with
the same binning as the one used in the signal fit, and weights are computed for each bin,
according to the data/simulation fraction. Fig. 5.1 also shows the result of applying these
weights to the used simulation sample. These weights are then applied to the prompt
B → D03π(X) component of the signal fit (section 6.1.1). The uncertainties of these
weights are not used in the fit; the systematic uncertainty derived from this decision is
studied in section 7.1.3.

R(D(∗)−) analysis: prompt B → D+3π(X) decays

In an analogous way, for the R(D(∗)−) analysis, the B → D+π−π+π−(X) simulation
samples are studied. The weights to correct the simulation sample are computed in the
same way as in the R(D(∗)0) case. Fig. 5.2 shows the BDT and q2 simulation distributions
before and after the correction, compared to the data distributions.
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Figure 5.1: BDT output and q2 distributions for the B → D03π(X) prompt control
sample. The dashed blue line represents the original simulation sample, while the red
line is the same simulation sample after re-weighting in these variables. Data is shown in
black. The distributions are normalised to the number of events in data.
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Figure 5.2: BDT output and q2 distributions for the B → D+3π(X) prompt control
sample. The dashed blue line represents the original simulation sample, while the red
line is the same simulation sample after re-weighting in these variables. Data is shown in
black. The distributions are normalised to the number of events in data.
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5.2 The double-charm control samples

5.2.1 B → D0D+
s (X) control sample

To obtain the B → D0D+
s (X) control sample, data candidates within a ±30 MeV/c2

mass window around the known D+
s mass (from [2]) are selected. The resulting D+

s -
enriched sample is then split into the following two subsamples:

• D0D+
s subsample, obtained by applying the same cuts as in the normalisation se-

lection (section 4.3.5), except the requirement on the m(D03π) invariant mass.

• D∗−D+
s subsample, obtained by finding an additional track compatible with a pion

with the right charge giving an invariant mass difference m(D0π−)−m(D0) in the
range [143, 148] MeV/c2. In this sample, when the isolation variables are calculated,
the extra pion is not taken into account. This subsample is thus composed of events
with a D∗− candidate whose reconstructed mass is in the correct window and with
no extra charged particles coming from the B and τ vertices.

In order to characterise the different components in these subsamples, simulation
samples have been generated. Histograms from this samples are scaled by the factor

N
(D0D+

s )
RS −N

(D0D+
s )

WS

N
(D0D+

s )
sim.

,

where N
(D0D+

s )
RS , N

(D0D+
s )

WS and N
(D0D+

s )
sim. indicate the number of events in the right-sign, the

wrong-sign and the simulation samples, respectively. The wrong-sign sample is composed
of D0D+

s combinations instead of the right-sign combination D0D+
s . These wrong-sing

combinations are used to describe the combinatorial background.
The simulation sample is divided into multiple components and a one-dimensional

simultaneous fit is performed to the m′
D0D+

s
distribution of the D0D+

s subsample and the

m′
D∗−D+

s
distribution of the D∗−D+

s subsample. Here, m′
D0D+

s
(m′

D∗−D+
s
) is the invariant

mass obtained by adding the reconstructed momenta of the D0 (D∗−) and of the D+
s

candidates and then deconvoluting it by subtracting the reconstructed masses of the D0

(or D∗−) and of the D+
s mesons and adding their respective known masses from [2]:

m′
D0D+

s
≡ mmeas.(D

0D+
s )−mmeas.(D

0)−mmeas.(D
+
s ) +mPDG(D

0) +mPDG(D
+
s ), (5.1)

m′
D∗−D+

s
≡ mmeas.(D

∗−D+
s )−mmeas.(D

∗−)−mmeas.(D
+
s )+mPDG(D

∗−)+mPDG(D
+
s ). (5.2)

The components used to describe the data are:

• B+ → D0D+
s ,
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• B+ → D∗0D+
s ,

• B+ → D0D∗+
s ,

• B+ → D∗0D∗+
s ,

• B+ → D0Ds1(2460)
+,

• B+ → D∗0Ds1(2460)
+,

• B+|B0
s → D0D+

s X,

• B0 → D0D+
s X,

• B0 → D∗−D+
s ,

• B0 → D∗−D∗+
s ,

• B0 → D∗−D∗
s0(2317)

+,

• B0 → D∗−Ds1(2460)
+,

• Combinatorial background (from “wrong-sign” data).

In the previous list, the component B+|B0
s → D0D+

s X contains decays originated from
a B+ or a B0

s which are not included in any of the other components. Similarly, the
component B0 → D0D+

s X contains B0 decays to D0D+
s X which are not included in any

other component.
In order to explain the fit procedure, we shall first define the following parameters:

• The relative yield of a component i with respect to the B+ → D0D+
s component in

the D0D+
s sample,

Fi ≡
N

(D0D+
s )

i

N
(D0D+

s )

B+→D0D+
s

. (5.3)

In the yields in this ratio, and in everything that follows, the subsample is indicated
as super-index and the component as a sub-index.

• The relative yield of a component i with respect to the B0 → D∗−D+
s component

in the D0D+
s sample,

F ∗
i ≡ N

(D0D+
s )

i

N
(D0D+

s )

B0→D∗−D+
s

. (5.4)

From the definitions, it follows that the Fi and F
∗
i parameters are related through

the expression
Fi = FB0→D∗−D+

s
F ∗
i . (5.5)
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• The relative efficiency of a component i between the two subsamples,

ϵi ≡
N

(D∗−D+
s )

i

N
(D0D+

s )
i

. (5.6)

The free parameters of the fit are chosen to be N
(D0D+

s )

D+
s

, the total number of signal

events in the D0D+
s subsample (events which are not background), and then either a Fi

or a F ∗
i parameter for each component other than B+ → D0D+

s . The F
∗
i parameters are

assigned only to three of the main components in the D∗−D+
s subsample (B0 → D∗−D∗+

s ,
B0 → D∗−D∗

s0(2317)
+ and B0 → D∗−Ds1(2460)

+), while a Fi free parameter is used for
every other component.

The probability density function (PDF) used to fit the D0D+
s data subsample is

PDF(D0D+
s )(m′

D0D+
s
)

= N
(D0D+

s )
WS PDF

(D0D+
s )

WS (m′
D0D+

s
) +

∑
i

N
(D0D+

s )
i PDF

(D0D+
s )

i (m′
D0D+

s
), (5.7)

while the PDF to fit the D∗−D+
s data subsample is

PDF(D∗−D+
s )(m′

D∗−D+
s
)

= N
(D∗−D+

s )
WS PDF

(D∗−D+
s )

WS (m′
D∗−D+

s
) +

∑
i

N
(D∗−D+

s )
i PDF

(D∗−D+
s )

i (m′
D∗−D+

s
). (5.8)

In these expressions, PDF
(D0D+

s )
WS (m′

D0D+
s
) and PDF

(D∗−D+
s )

WS (m′
D∗−D+

s
) are the m′

D0D+
s

and m′
D∗−D+

s
PDFs, taken from the wrong-sign data sample, and PDF

(D0D+
s )

i (m′
D0D+

s
) and

PDF
(D∗−D+

s )
i (m′

D∗−D+
s
) are the m′

D0D+
s
PDFs for the ith simulation component, taken from

simulation. The superscripts indicate to which subsample these quantities are referring
to. The yields of each component in each subsample can be expressed uniquely in terms
of the free parameters of the fit and the relative efficiencies as

N
(D0D+

s )
i = N

(D0D+
s )

D+
s

Fi∑
j Fj

, (5.9)

and

N
(D∗−D+

s )
i = N

(D0D+
s )

D+
s

· ϵi ·
Fi∑
j Fj

, (5.10)

where the relative efficiencies are calculated with eq. 5.6 using simulation and are fixed
parameters in the fit. The components of each PDF are shown in tables 5.1 and 5.2
for the D0D+

s and D∗−D+
s subsamples, respectively. In those tables, the sum of the Fi

parameters is defined as:

82



5 Study of control samples

Component Yield

B+ → D0D+
s N

(D0D+
s )

D+
s

· FB+→D0D+
s
/
∑

i Fi

B+ → D∗0D+
s N

(D0D+
s )

D+
s

· FB+→D∗0D+
s
/
∑

i Fi

B+ → D0D∗+
s N

(D0D+
s )

D+
s

· FB+→D0D∗+
s
/
∑

i Fi

B+ → D∗0D∗+
s N

(D0D+
s )

D+
s

· FB+→D∗0D∗+
s
/
∑

i Fi

B+ → D0Ds1(2460)
+ N

(D0D+
s )

D+
s

· FB+→D0Ds1(2460)+
/
∑

i Fi

B+ → D∗0Ds1(2460)
+ N

(D0D+
s )

D+
s

· FB+→D∗0Ds1(2460)+
/
∑

i Fi

B+|B0
s → D0D+

s X N
(D0D+

s )

D+
s

· FB+|B0
s→D0D+

s X/
∑

i Fi

B0 → D0D+
s X N

(D0D+
s )

D+
s

· FB0→D0D+
s X/

∑
i Fi

B0 → D∗−D+
s N

(D0D+
s )

D+
s

· FB0→D∗−D+
s
/
∑

i Fi

B0 → D∗−D∗+
s N

(D0D+
s )

D+
s

· FB0→D∗−D+
s
· F ∗

B0→D∗−D∗+
s
/
∑

i Fi

B0 → D∗−D∗
s0(2317)

+ N
(D0D+

s )

D+
s

· FB0→D∗−D+
s
· F ∗

B0→D∗−D∗
s0(2317)

+/
∑

i Fi

B0 → D∗−Ds1(2460)
+ N

(D0D+
s )

D+
s

· FB0→D∗−D+
s
· F ∗

B0→D∗−Ds1(2460)+
/
∑

i Fi

Comb. background N
(D0D+

s )
WS

Table 5.1: Yields for each component of PDF(D0D+
s )(m′

D0D+
s
), the probability density

function used to fit the D0D+
s control sample.

∑
i

Fi = FB+→D0D+
s
+ FB+→D∗0D+

s
+ FB+→D0D∗+

s
+ FB+→D∗0D∗+

s

+ FB+→D0Ds1(2460)+
+ FB+→D∗0Ds1(2460)+

+ FB+|B0
s→D0D+

s X

+ FB0→D0D+
s X + FB0→D∗−D+

s
+ FB0→D∗−D+

s
· F ∗

B0→D∗−D∗+
s

+ FB0→D∗−D+
s
· F ∗

B0→D∗−D∗
s0(2317)

+

+ FB0→D∗−D+
s
· F ∗

B0→D∗−Ds1(2460)+
(5.11)

where, by definition, FB+→D0D+
s
= 1.

A simultaneous fit is done using these two PDFs, where the background yieldsN
(D0D+

s )
WS

and N
(D∗−D+

s )
WS are fixed to the number of events in the wrong-sign D0D+

s and D∗−D+
s

samples, respectively. The results are shown in table 5.3 and figs. 5.3 and 5.4 and will be
used to model the B → D0D+

s (X) component in the signal fit (section 6.1.1).
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Component Yield

B+ → D0D+
s N

(D0D+
s )

D+
s

· ϵB+→D0D+
s
· FB+→D0D+

s
/
∑

i Fi

B+ → D∗0D+
s N

(D0D+
s )

D+
s

· ϵB+→D∗0D+
s
· FB+→D∗0D+

s
/
∑

i Fi

B+ → D0D∗+
s N

(D0D+
s )

D+
s

· ϵB+→D0D∗+
s

· FB+→D0D∗+
s
/
∑

i Fi

B+ → D∗0D∗+
s N

(D0D+
s )

D+
s

· ϵB+→D∗0D∗+
s

· FB+→D∗0D∗+
s
/
∑

i Fi

B+ → D0Ds1(2460)
+ N

(D0D+
s )

D+
s

· ϵB+→D0Ds1(2460)+
· FB+→D0Ds1(2460)+

/
∑

i Fi

B+ → D∗0Ds1(2460)
+ N

(D0D+
s )

D+
s

· ϵB+→D∗0Ds1(2460)+
· FB+→D∗0Ds1(2460)+

/
∑

i Fi

B+|B0
s → D0D+

s X N
(D0D+

s )

D+
s

· ϵB+|B0
s→D0D+

s X · FB+|B0
s→D0D+

s X/
∑

i Fi

B0 → D0D+
s X N

(D0D+
s )

D+
s

· ϵB0→D0D+
s X · FB0→D0D+

s X/
∑

i Fi

B0 → D∗−D+
s N

(D0D+
s )

D+
s

· ϵB0→D∗−D+
s
· FB0→D∗−D+

s
/
∑

i Fi

B0 → D∗−D∗+
s N

(D0D+
s )

D+
s

· ϵB0→D∗−D∗+
s

· FB0→D∗−D+
s
· F ∗

B0→D∗−D∗+
s
/
∑

i Fi

B0 → D∗−D∗
s0(2317)

+ N
(D0D+

s )

D+
s

· ϵB0→D∗−D∗
s0(2317)

+ · FB0→D∗−D+
s
· F ∗

B0→D∗−D∗
s0(2317)

+/
∑

i Fi

B0 → D∗−Ds1(2460)
+ N

(D0D+
s )

D+
s

· ϵB0→D∗−Ds1(2460)+ · FB0→D∗−D+
s
· F ∗

B0→D∗−Ds1(2460)+
/
∑

i Fi

Comb. background N
(D∗−D+

s )
WS

Table 5.2: Yields for each component of PDF(D∗−D+
s )(m′

D∗−D+
s
), the probability density

function used to fit the D∗−D+
s control sample.

Parameter Normalised Fit result

N
(D0D+

s )

D+
s

21513 21520± 150

FB+→D∗0D+
s

0.845274 0.915± 0.054
FB+→D0D∗+

s
0.76273 0.935± 0.056

FB+→D∗0D∗+
s

1.58996 1.828± 0.047
FB+→D0Ds1(2460)+

0.246918 0.332± 0.038

FB+→D∗0Ds1(2460)+
0.584063 0.710± 0.040

FB+|B0
s→D0D+

s X 1.35287 0.817± 0.037

FB0→D0D+
s X 0.32178 0.0990± 0.0092

FB0→D∗−D+
s

0.13668 0.1205± 0.0041

F ∗
B0→D∗−D∗+

s
1.92549 1.705± 0.062

F ∗
B0→D∗−D∗

s0(2317)
+ 0.120261 0.146± 0.036

F ∗
B0→D∗−Ds1(2460)+

0.745098 0.398± 0.048

Table 5.3: Free parameters of the simultaneous fit, with their values before (“normalised”)
and after the fit (“fit result”).
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Figure 5.3: Invariant mass data and PDF of the D0D+
s subsample after fitting (top) and

its pull (bottom).
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Figure 5.4: Invariant mass data and PDF of the D∗−D+
s subsample after fitting (top) and

its pull (bottom).
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5.2.2 B → D0D0(X) control sample

To obtain the B → D0D0(X) control sample, charged tracks which come from
the same vertex as the three pions and that are compatible with being a kaon1 are
used to reconstruct the exclusive D0 → K−π+π−π+ decay. Events are selected if their
m(K−π+π−π+) invariant mass is in a ±30 MeV/c2 mass window around the known D0

mass (from [2]). To take into account this extra kaon, the requirements Niso(τ) = 1, and
Niso(B ∨ τ) = 12 are applied instead of the cuts on Niso(τ) and Niso(B) which are used in
the nominal selection (section 4.3.4).

First, as in the previous control sample, the simulation histograms are scaled by a
factor of (NRS −NWS)/Nsim.. Then, the simulation sample is divided into multiple com-
ponents and a one-dimensional fit is performed to the m′

D0D0 invariant mass distribution.
Following a similar procedure as before, the m′

D0D0 distribution is obtained by adding

the reconstructed momenta of the D0 and of the D0 (the sum of the kaon and the three
pions) and then deconvoluting it by subtracting the reconstructed masses of the D0 and
of the D0 and adding their respective known masses:

m′
D0D0 ≡ mmeas.(D

0D0)−mmeas.(D
0)−mmeas.(D

0) +mPDG(D
0) +mPDG(D

0). (5.12)

The components used to describe the data are

• B− → D∗−D0,

• B+,0 → D∗0,−D∗+,

• B → D0D0X, which contains every decay not contained in any other component,

• Combinatorial background (from “wrong-sign” data).

The free parameters of the fit are chosen to be ND0 (the total number of events in the
control sample), and a F ∗

i parameter for each component other than B− → D∗−D0, where
F ∗
i is the relative yield of the component i with respect to the B− → D∗−D0 component,

F ∗
i ≡ Ni

NB−→D∗−D0

. (5.13)

The PDF used for the fit is

PDF(m′
D0D0) = PDFWS(m

′
D0D0) +

∑
i

Ni PDFi(m
′
D0D0), (5.14)

1The used criteria are: PIDK > 1, χ2
IP(τ) < 5, and χ2

IP(PV) > 4
2Sometimes, a track can be compatible with both the B and the τ vertices, so it is possible that when

imposing Niso(τ) = 1, Niso(B) is also 1 due to counting the same track. The quantity Niso(B ∨ τ) is
defined to take this effect into account: it counts the number of tracks that fulfill the isolation conditions
for both the B and τ vertices, without double-counting them.
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Figure 5.5: Invariant mass distribution of the B → D0D0(X) control sample of data and
PDF before (left) and after (right) the fit procedure.

Parameter Normalised Fit result
ND0 9669 9663± 98

F ∗
B+,0→D∗0,−D∗+ 1.86857 1.57± 0.21
F ∗
B→D0D0X

91.8171 56.8± 5.5

Table 5.4: Free parameters of the B → D0D0(X) control sample fit, with their values as
they are before (“normalised”) and after the fit (“fit result”).

where PDFWS(m
′
D0D0) is the m′

D0D0 distribution of the wrong-sign data sample and

PDFi(m
′
D0D0) is the m′

D0D0 distribution of the ith simulation component (with its in-
tegral normalised to 1). The yield of each component (Ni) can be expressed uniquely in
terms of the free parameters of the fit as

Ni = ND0

F ∗
i∑

j F
∗
j

. (5.15)

After this initial fit, to improve the description of data, the B → D0D0X component
is re-weighted with the sum of a 4th-order polynomial and a Gaussian distribution (to
compensate the lack of simulated events seen around 4700 MeV/c2 in fig. 5.5), which is
fitted to the ratio between the data (with wrong-sign data substracted) and simulation
sample distributions. After this re-weighting, the fit is repeated, obtaining the results
shown in table 5.4 and in fig. 5.5.

5.2.3 B → D0D+(X) control sample

To obtain the B → D0D+(X) control sample, exclusive D+ → K+π−π+ events are
selected in a ±30 MeV/c2 mass window around the known D+ mass (from [2]). For this,
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events where the opposite-signed reconstructed pion passes the PNN(K) > 0.2 cut are
selected, treating it as a misreconstructed kaon. The other two pions are required to pass
their correspondent cut with PNN(K) < 0.1.

The subsequent strategy is analogous to the one used for the B → D0D0(X) control
sample, and will follow the same notation.

First, the simulation histograms are scaled by a factor of (NRS −NWS)/Nsim.. Then,
the simulation sample is divided into multiple components and a one-dimensional fit is
performed to the m′

D0D+ distribution. m′
D0D+ is the invariant mass obtained by adding

the reconstructed momenta of the D0 and of the D+ (the sum of the kaon and the two
pions) and then deconvoluting it by subtracting the reconstructed masses of the D0 and
of the D+ and adding their respective known masses:

m′
D0D+ ≡ mmeas.(D

0D+)−mmeas.(D
0)−mmeas.(D

+) +mPDG(D
0) +mPDG(D

+). (5.16)

The components used to describe the data are

• B+ → D0D+,

• B → D0D+π, which contains the decays: B+ → D0D∗+, B+ → D∗0D+, and
B0 → D∗−D+.

• B+,0 → D∗0,−D∗+,

• B → D0D+X, which contains any decay not included in any of the other compo-
nents,

• Combinatorial background (from “wrong-sign” data).

The free parameters of the fit are chosen to be ND+ (the total number of events in the
control sample), and then a Fi parameter for each component other than B+ → D0D+,
Fi being the relative yield of a component i with respect to the B+ → D0D+ component,

Fi ≡
Ni

NB+→D0D+

. (5.17)

The PDF used for the fit is

PDF(m′
D0D+) = PDFWS(m

′
D0D+) +

∑
i

Ni PDFi(m
′
D0D+), (5.18)

where PDFWS(m
′
D0D+) is the m′

D0D+ distribution of the wrong-sign data sample and

PDFi(m
′
D0D+) is them

′
D0D+ distribution of the ith simulation component (with its integral

normalised to 1). The yield of each component (Ni) can be expressed uniquely in terms
of the free parameters of the fit as
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Figure 5.6: Invariant mass distribution of the B → D0D+(X) control sample of data and
PDF before (left) and after (right) the fit procedure.

Parameter Normalised Fit result
NMC 2670 2670± 52

FB→D0D+π 2.23883 1.32± 0.18
FB+,0→D∗0,−D∗+ 0.762452 0.77± 0.15
FB→D0D+X 25.4828 22± 2.2

Table 5.5: Free parameters of the B → D0D+(X) control sample fit, with their values as
they are before (“normalised”) and after the fit (“fit result”).

Ni = ND+

Fi∑
j Fj

. (5.19)

After this initial fit, to improve the description of data, the B → D0D+X component
is re-weighted with a 4th-order polynomial, which is fitted to the ratio between the data
(with wrong-sign data substracted) and simulation distributions. After this re-weighting,
the fit is repeated, obtaining the results shown in table 5.5 and in fig. 5.6.

5.2.4 Control samples for R(D(∗)−)

For the equivalent control samples in the R(D(∗)−) analysis there is a key difference
to take into account: in R(D(∗)0), the D∗− mesons are reconstructed in the D∗− → D0π−

channel, which allows us to veto the D∗− and, in the case of the B → D0D+
s (X) control

sample, divide the samples in two subsamples, one with D∗− and another one without
D∗−. However, in the R(D(∗)−) analysis, the D∗− decay which feeds into the final state,
D∗− → D−π0, is not reconstructed due to the difficulty in reconstructing a neutral pion
compatible with this decay. As a result, these control samples do not have any mass
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requirement on the D∗− and are not divided in subsamples, while everything else in the
procedure is analogous to the R(D(∗)0) control samples.

Since the signal fit procedure is still not developed for this analysis, these control
samples are not yet optimised, with many more components present than in their R(D(∗)0)
counterparts and with only a basic fit performed, without further corrections applied.

B → D−D+
s (X) control sample

The same strategy as with the B → D0D+
s (X) control sample (section 5.2.1) is

followed, except for the sample splitting. The resulting control sample has all the cuts
of the signal selection (section 4.3.5), except the requirement on the m(D−3π) invariant
mass, and in addition to a ±30 MeV/c2 mass-window cut around the known D+

s mass
(from [2]).

A one-dimensional fit is performed in the m′
D−D+

s
distribution, with

m′
D−D+

s
≡ mmeas.(D

−D+
s )−mmeas.(D

−)−mmeas.(D
+
s )+mPDG(D

−)+mPDG(D
+
s ). (5.20)

The components used to describe the data are:

• B0 → D−D+
s ,

• B0 → D∗−D+
s ,

• B0 → D−D∗+
s ,

• B0 → D∗−D∗+
s ,

• B0 → D−D∗
s0(2317)

+,

• B0 → D∗−D∗
s0(2317)

+,

• B0 → D−Ds1(2460)
+,

• B0 → D∗−Ds1(2460)
+,

• B0
s → D−D+

s ,

• B0
s → D(∗)−D(∗)+

s , containing the decays B0
s → D∗−D+

s , B
0
s → D−D∗+

s , and B0
s →

D∗−D∗+
s ,

• B0|B0
s → D−D+

s (X), containing the decays originated from a B0 or a B0
s which are

not included in the previous components,

• B− → D−D+
s X, containing the decays originated from a B− which are not included

in the previous components,
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Figure 5.7: Invariant mass data and PDF of theB → D−D+
s (X) control sample subsample

after fitting (top) and its pull (bottom).

• Combinatorial background (from “wrong-sign” data).

The fit is done following the same strategy as in the B → D0D+
s (X) control sample,

but without the complication of having two subsamples, and with the F parameters
defined as

Fi ≡
Ni

NB0→D−D+
s

, (5.21)

where Ni is the yield of the i-th component. The used PDF is

PDF(m′
D−D+

s
) = NWSPDFWS(m

′
D−D+

s
) +

∑
i

NiPDFi(m
′
D−D+

s
), (5.22)

where NWS is the yield of the wrong-sign component, which is fixed to the value obtained
from data. The free parameters of the fit are the total yield (ND+

s
) and the F parameters

of every component except the wrong-sign and B0 → D−D+
s components. The results of

this fit are shown in table 5.6 and in fig. 5.7
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Parameter Normalised Fit result
ND+

s
10987 10990± 100

FB0→D∗−D+
s

0.321612 0.236± 0.028
FB0→D−D∗+

s
0.927875 0.926± 0.043

FB0→D∗−D∗+
s

0.61807 0.571± 0.030
FB0→D−D∗

s0(2317)
+ 0.11807 0.119± 0.054

FB0→D∗−D∗
s0(2317)

+ 0.0419661 0.006± 0.033
FB0→D−Ds1(2460)+ 0.329954 0.264± 0.069
FB0→D∗−Ds1(2460)+ 0.24076 0.254± 0.033

FB0
s→D−D+

s
0.108316 0.0145± 0.0024

F
B0

s→D(∗)−D
(∗)+
s

0.154132 0.013± 0.013

FB0|B0
s→D−D+

s (X) 2.16183 0.564± 0.075

FB−→D−D+
s X 0.251925 0.075± 0.091

Table 5.6: Free parameters of the B → D−D+
s (X) control sample fit, with their values

before (“normalised”) and after the fit (“fit result”).

B → D−D0(X) control sample

The same strategy as in the previous control sample is used, except for the sample
selection. The same set of criteria as in the B → D0D0(X) control sample (section 5.2.2)
is used to select D0 mesons with D0 → K−π+π−π+. The rest of the selection is the same
as in the nominal selection, except for the requirement on the m(D−3π) invariant mass.

A one-dimensional fit is performed in the m′
D−D0 distribution, with

m′
D−D0 ≡ mmeas.(D

−D0)−mmeas.(D
−)−mmeas.(D

0) +mPDG(D
−) +mPDG(D

0). (5.23)

The components used to describe the data are:

• B− → D−D0,

• B− → D∗−D0,

• B− → D−D∗0,

• B− → D∗−D∗0,

• B0 → D−D∗+,

• B0 → D∗−D∗+,

• B0 → D−Ds1(2460)
+,

• B0 → D∗−Ds1(2460)
+,
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Parameter Normalised Fit result
ND0 5662 5652± 75

FB−→D∗−D0 0.280212 0± 0.00013
FB−→D−D∗0 1.34661 1.04± 0.16
FB−→D∗−D∗0 0.443559 0± 0.00017
FB0→D−D∗+ 0.432935 0.30± 0.13
FB0→D∗−D∗+ 0.203187 0.219± 0.059

FB0→D−Ds1(2460)+ 0.163347 0.84± 0.16
FB0→D∗−Ds1(2460)+ 0.112882 0.94± 0.17
FB0→D−D0(X) 3.8672 6.17± 0.59
FB0

s→D−D0(X) 0.857902 2.38± 0.57
FB−→D−D0(X) 11.5485 7.98± 0.98

Table 5.7: Free parameters of the B → D−D0(X) control sample fit, with their values
before (“normalised”) and after the fit (“fit result”).

• B0 → D−D+
s (X), containing the decays originated from a B0 which are not included

in the previous components,

• B0
s → D−D+

s (X), containing the decays originated from a B0
s which are not included

in the previous components,

• B− → D−D+
s X, containing the decays originated from a B− which are not included

in the previous components,

• Combinatorial background (from “wrong-sign” data).

The F parameters in this control sample are defined as

Fi ≡
Ni

NB−→D−D0

, (5.24)

where Ni is the yield of the i-th component. The used PDF is

PDF(m′
D−D0) = NWSPDFWS(m

′
D−D0) +

∑
i

NiPDFi(m
′
D−D0), (5.25)

where NWS is the yield of the wrong-sign component, which is fixed to the value obtained
from data. The free parameters of the fit are the total yield (ND0) and the F parameters
of every component except the wrong-sign and B− → D−D0 components. The results of
this fit are shown in table 5.7 and in fig. 5.8
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5 Study of control samples

Figure 5.8: Invariant mass data and PDF of the B → D−D0(X) control sample subsample
after fitting (top) and its pull (bottom).

B → D−D+(X) control sample

The same strategy as in the previous control sample is used, except for the sample
selection. The same set of criteria as in the B → D0D+(X) control sample (section 5.2.3)
is used to select D+ mesons with D+ → K+π−π+. The rest of the selection is the same
as in the nominal selection, except for the requirement on the m(D−3π) invariant mass.

A one-dimensional fit is performed in the m′
D−D+ distribution, with

m′
D−D+ ≡ mmeas.(D

−D+)−mmeas.(D
−)−mmeas.(D

+)+mPDG(D
−)+mPDG(D

+). (5.26)

The components used to describe the data are:

• B0 → D−D+,

• B0 → D−D∗+,

• B0 → D∗−D∗+,

• B0 → D−Ds1(2460)
+,

• B0 → D∗−Ds1(2460)
+,

• B0
s → D−D+,
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Figure 5.9: Invariant mass data and PDF of theB → D−D+(X) control sample subsample
after fitting (top) and its pull (bottom).

• B− → D−D+X, containing the decays originated from a B− which are not included
in the previous components,

• B0
s → D−D+X, containing the decays originated from a B0

s which are not included
in the previous components,

• B0 → D−D+X, containing the decays originated from a B0 which are not included
in the previous components,

The F parameters in this control sample are defined as

Fi ≡
Ni

NB−→D−D+

, (5.27)

where Ni is the yield of the i-th component. The used PDF is

PDF(m′
D−D+) = NWSPDFWS(m

′
D−D+) +

∑
i

NiPDFi(m
′
D−D+), (5.28)

where NWS is the yield of the wrong-sign component, which is fixed to the value obtained
from data. The free parameters of the fit are the total yield (ND+) and the F parameters
of every component except the wrong-sign and B0 → D−D+ components. The results of
this fit are shown in table 5.8 and in fig. 5.9
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Parameter Normalised Fit result
ND+ 2167 2168± 47

FB0→D−D∗+ 1.26723 0.60± 0.10
FB0→D∗−D∗+ 0.321481 0.077± 0.076

FB0→D−Ds1(2460)+ 0.23717 0.28± 0.20
FB0→D∗−Ds1(2460)+ 0.205645 0.41± 0.21

FB0
s→D−D+ 0.719941 0.269± 0.051

FB−→D−D+(X) 0.625 2.00± 0.96
FB0

s→D−D+(X) 5.27823 6.49± 0.98
FB0→D−D+(X) 11.2786 4.9± 1.8

Table 5.8: Free parameters of the B → D−D+(X) control sample fit, with their values
before (“normalised”) and after the fit (“fit result”).

5.3 The D+
s → π+π−π+(X) decay model

In the context of hadronic R(D(∗)) analyses, D+
s → π+π−π+(X) decays are a signi-

ficant source of uncertainty, and their modelling is specially important due to the large
number of inclusive decays that contribute to this background. In the previous Run 1
analysis [30, 31], the model for these decays was determined by first creating a sample
of B → D∗−D+

s (X) decays, then fitting four distributions simultaneously: the mini-
mum and maximum invariant mass of two opposite-charged pions (min[m(π+π−)] and
max[m(π+π−)]), the mass of the same-charge pions m(π+π+), and the mass of the 3π
system (m(3π)). The resulting fit model was constructed using a simulation sample that
included both D+

s and non-D+
s components.

In this study, a different approach is used, with the goal of further reducing the
systematic uncertainty due to these decays: several control samples are constructed by
adding non-signal particles to the decay chain, and a fit is performed on these samples to
obtain weights that can be used to correct the simulation sample.

The main D+
s → π+π−π+(X) decays used in this study are listed in table 5.9. Note

that some of these decays have not been measured but were included in the simulation.
The following decays are also part of the simulation and will be referred to as “other
D+

s decays”: D+
s → K0

SK
0
Sπ

+π−π+ , D+
s → K0

Lπ
+π−π−, D+

s → K0
LK

0
Lπ

+π−π−, D+
s →

K−π+π−, D+
s → ϕe+νe, D

+
s → ϕµ+νµ, D

+
s → ηe+νe, D

+
s → ηµ+νµ, D

+
s → η′e+νe,

D+
s → η′µ+νµ, D

+
s → f0(980)e

+νe, D
+
s → f0(980)µ

+νµ.

Several of the mentioned resonances are also present in the signal τ− → π−π+π−(π0)ντ
decays, so the proper description of data for these decays in the background components
is of high importance for the performance of the signal fit (section 6.1.1).
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Decay channel Measured B (%) B in simulation (%)
D+

s → π+π−π+ 1.09± 0.05 1.09
D+

s → π+π−π+π0 – 1.5
D+

s → ηπ+ 1.70± 0.09 1.70
D+

s → ωπ+ 0.24± 0.06 0.24
D+

s → ϕπ+ 4.5± 0.4 4.5
D+

s → η′π+ 3.94± 0.25 3.94
D+

s → ηπ+π0 9.2± 1.2 11.7
D+

s → ωπ+π0 2.8± 0.7 2.8
D+

s → ϕπ+π0 8.4+1.9
−2.3 9.2

D+
s → η′π+π0 5.6± 0.8 6.9

D+
s → π+π−π+π−π+ 0.80± 0.08 0.8

D+
s → ωπ+π−π+ 1.6± 0.5 1.6

D+
s → ϕπ+π−π+ 1.21± 0.16 1.21

D+
s → ηπ+π−π+ 3.12± 0.16 3.0

D+
s → η′π+π−π+ – 2.0

D+
s → K0

Sπ
+π−π+ 0.30± 0.11 0.3

D+
s → τ+ντ 5.48± 0.11 5.48

Table 5.9: Main D+
s decay modes considered in the model, with their corresponding

measured branching fractions (all taken from [2] except B(D+
s → ηπ+π−π+), which is

from a BES-III measurement [124]), along with the values used in the simulation. D+
s →

η′π+π−π+ and non-resonant D+
s → π+π−π+π0 decays have no measurements recorded

in [2], but have been included in the simulation.
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5.3.1 Preparation of the control samples

Events with q2 ∈ [3, 6.5] GeV2/c4 are selected to enrich the sample with D+
s decays,

since this region is abundant in D+
s decays, while B → D0D0(X) and B → D0D+(X)

events dominate in higher q2 values. In addition to this requirement, charged (with the
variables described in section 4.3.4) and neutral isolation requirements are used to select
the additional tracks for each control sample.

Neutral π and η mesons are reconstructed with the γγ final state and a confidence
level of CL > 0.2. They are also required to be within a ±15 GeV/c2 and ±30 GeV/c2

window around their known masses (from [2]), respectively.
Nine control samples are constructed using additional requirements and are sensitive

to most of the main D+
s decay channels. A comprehensive list of these control samples is

shown in table 5.10, along with their specific selection cuts.
The simulated samples are selected from the B → D0XcX

′ simulation samples, which
use the branching fractions listed in table 5.9, and are then normalised to their correspon-
dent data using their q2 distribution.

In addition, a re-weighting procedure is applied to some of the simulated control sam-
ples to account for unsimulated resonances that are present in data. The re-weighting is
done through a Breit-Wigner distribution around the resonance mass peaks. The affected
samples are the D+

s → η3π, to account for the D+
s → ηρ0(→ π+π−)π+ contribution, and

the D+
s → 2K3π, to account for the D+

s → ϕa1(→ π+π−π+) contribution.

5.3.2 Fit procedure

To model the D+
s → π+π−π+(X) decays, the simulation samples are split in 17

different components corresponding to the main decay channels shown in table 5.9. A
weight wi is assigned to each component of the fit. This weight is fixed to 1 for the
components to which the fit is not sensitive. This is the case of wD+

s →ωπ+π0 , wD+
s →ϕπ+π0 ,

and wD+
s →τ+ντ

. The rest of the weights (14) are left free in the subsequent fit.
Two additional components are included in the fit (with fixed weights):

• “Other D+
s decays”: the part of the simulation samples that is not included in

any of the 17 main components and corresponds to D+
s decays. Includes the rarer

D+
s decays not included in table 5.9.

• “Not D+
s decays”: the part of the simulation samples that is not included in any

of the 17 main components and corresponds to non-D+
s decays. Includes residual

D0 and D+ decays that pass the selection criteria.

A simultaneous χ2 template fit to data is performed with the nine control samples
using the distributions in their respective invariant mass variables shown in table 5.10.
The results of these fits are sown in table 5.11. Some of the invariant mass distributions
after the fit are shown in fig. 5.10. The obtained weights are applied to the simulation
samples containing D+

s decays that are used in the signal fit (section 6.1.1).
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Control sample Main decays Relevant variable Requirements

D+
s → 3π D+

s → π+π−π+ m(3π)

|m(3π)−mPDG(D
+
s )| < 30 MeV/c2

Niso(τ) = 0

Niso(B) = 0

D+
s → 5π

D+
s → π+π−π+π−π+,

D+
s → ω(→ π+π−π0)π+π−π+,

D+
s → η(→ π+π−π0)π+π−π+,

D+
s → η′(→ η(→ π+π−π0)π+π−)π+

m(5π)

m(5π) ∈ [1.6, 2.1 MeV/c2]

extra pions’ PIDK < 0

Niso(τ) = 2

Niso(τ ∨B) = 2

D+
s → 2K3π D+

s → ϕ(→ K+K−)π+π−π+ m(2K3π)

extra kaons’ PIDK > 5

Niso(τ) = 2

Niso(τ ∨B) = 2

D+
s → K0

S3π D+
s → K0

S(→ π+π−)π+π−π+ m(K0
S3π)

m(K0
S3π) ∈ [1.92, 2.0 MeV/c2]

extra pions’ |m(π+π−)−mPDG(K
0
S)| < 30 MeV/c2

Niso(τ) = 0

Niso(B) = 0

K0
S’s χ

2
IP(τ) < 10

D+
s → 3ππ0

D+
s → π+π−π+π0,

D+
s → ω(→ π+π−π0)π+,

D+
s → η(→ π+π−π0)π+,

D+
s → ϕ(→ π+π−π0)π+

min[m(π+π−π0)]

|m(3ππ0)−mPDG(D
+
s )| < 30 MeV/c2

Niso(τ) = 0

Niso(B) = 0

∆R3π(π
0) < 0.5

D+
s → ηπ+(π0) D+

s → η(→ π+π−π0)π+(π0) m(3ππ0)

|min[m(π+π−π0)]−mPDG(η)| < 30 MeV/c2

Niso(τ) = 0

Niso(B) = 0

∆R3π(π
0) < 0.5

D+
s → η′π+(π0) D+

s → η′(→ η(→ γγ)π+π−)π+(π0) m(η3π)

|m(ηπ+π−)−mPDG(η
′)| < 30 MeV/c2

Niso(τ) = 0

Niso(B) = 0

∆R3π(π
0) < 0.5

D+
s → η3π D+

s → η(→ γγ)π+π−π+ m(η3π)

|m(ηπ+π−)−mPDG(η
′)| > 50 MeV/c2

m(η3π) ∈ [1.9, 2.05 GeV/c2] Niso(τ) = 0

Niso(B) = 0

D+
s → 5πγγ D+

s → η′(→ η(→ γγ)π+π−)π+π−π+ m(5πγγ)

|m(ηπ+π−)−mPDG(η
′)| < 50 MeV/c2

Niso(τ) = 2

Niso(τ ∨B) = 2

Table 5.10: Control samples used to model D+
s → π+π−π+(X) decays. The left-most

column contains the names by which each control sample is referred to, “main decays”
are the dominant decays in the control sample, “relevant variable” is the variable that is
used in the simultaneous fit, and the last column contains the selection cuts imposed to
each of the samples.
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data
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Figure 5.10: Left: legend for the plots. Right: Invariant mass distribution of the D+
s →

5π (top), D+
s → K0

S3π (middle), and D+
s → 3ππ0 (bottom) control samples after the

D+
s → π+π−π+(X) model fit.
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Fit component Weight
D+

s → π+π−π+ 1.004± 0.008
D+

s → π+π−π+π0 0.99± 0.07
D+

s → ηπ+ 0.78± 0.04
D+

s → ωπ+ 0.7± 0.1
D+

s → ϕπ+ 0.73± 0.06
D+

s → η′π+ 0.86± 0.05
D+

s → ηπ+π0 0.96± 0.05
D+

s → η′π+π0 0.94± 0.06
D+

s → 5π 0.90± 0.02
D+

s → ω3π 0.66± 0.04
D+

s → ϕ3π 0.95± 0.04
D+

s → η3π 1.06± 0.04
D+

s → η′3π 0.25± 0.04
D+

s → K0
S3π 0.79± 0.05

Table 5.11: Values of the weights of the D+
s → π+π−π+(X) model, obtained from a

simultaneous fit to the control samples.
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6
Determination of the signal

branching fractions, R(D0), and
R(D∗0)

Contents
6.1 Signal yield . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.1.1 Fit model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.1.2 B → D∗∗τ+ντ feeddown . . . . . . . . . . . . . . . . . . . . . 107

6.1.3 Blinding strategy . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.1.4 Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.2 Normalisation yield . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3 B− → D(∗)0τ−ντ branching fractions . . . . . . . . . . . . . . . . . . 114

6.4 R(D0) and R(D∗0) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

This chapter contains the determination of the signal and normalisation yields, and
the computation of preliminary results for the desired branching fractions and LFU ratios.
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6.1 Signal yield

The B− → D(∗)0τ−ντ signal yields are extracted from a three-dimensional fit to the
q2, τ decay time, and BDT output distributions.

6.1.1 Fit model

The model uses a total of 24 components, which can be categorized as follows:

• Signal components: 4 components that correspond to the B− → D(∗)0τ−ντ chan-
nels (separated in τ− → π−π+π−ντ and τ− → π−π+π−π0ντ ).

• B0 → D∗+τ−ντ components: 2 components that correspond to theB0 → D∗+τ−ντ
channel (separated in τ− → π−π+π−ντ and τ− → π−π+π−π0ντ ).

• D∗∗ component: a single component corresponding to the B → D∗∗τ+ντ channels.

• Prompt background, a single component corresponding to the prompt B → D03π
channel.

• Double-charm backgrounds: components corresponding to the double-charm
background channels. 1 component for B → D0D0(X), 1 for B → D0D+(X), and
12 for B → D0D+

s (X).

• Combinatorial background: a single component corresponding to the back-
ground created by wrong D0–3π combinations.

• “Not-D0” background: a single component corresponding to background contri-
butions that pass the selection requirements but do not contain a D0.

All of these components, except the not-D0 background, use template PDFs extracted
from their respective simulation samples, corrected as detailed in section 4.5 and —in the
case of the prompt and double-charm backgrounds— also in chapter 5. The not-D0

component is extracted from data by selecting the sidebands of the D0 invariant mass
distribution, with |m(Kπ)−mPDG(D

0)| ∈ (30, 40 MeV/c2).
The yields of these components, expressed in terms of the parameters of the fit, are

detailed in table 6.1. The parameters used in the fit are:

• NB−→D0τ−ντ and NB−→D∗0τ−ντ : the number of signal events in the B− → D0τ−ντ
and B− → D∗0τ−ντ channels, respectively.

• fD∗+/D∗0 and fD∗∗/D∗0 : the relative branching fraction of B0 → D∗+τ−ντ and B →
D∗∗τ+ντ decays, respectively, with respect to B− → D∗0τ−ντ decays. The fD∗+/D∗0

value is fixed to the one obtained in table 4.11, and fD∗∗/D∗0 is fixed to 0.043, as
will be determined in section 6.1.2.
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• fD0

3π , fD∗0
3π , and fD∗+

3π : the fraction of τ− → π−π+π−ντ decays with respect to the
sum of τ− → π−π+π−ντ and τ− → π−π+π−π0ντ decays in the B− → D0τ−ντ ,
B− → D∗0τ−ντ , and B0 → D∗+τ−ντ channels, respectively. These values are fixed
to the central values obtained in table 4.11.

• ND0 , ND+ , ND+
s
, Nprompt, Ncomb, and Nnot-D0 : the number of events in their re-

spective background components1. The Ncomb and Nnot-D0 parameters are fixed to
a value obtained from the data. The ND0 parameter is constrained to a Gaus-
sian distribution centered in the expected ND0 value, computed from independent
D0 → K3π decays, and with a sigma equal to the 15% of that value.

• The εi, Fi, and F ∗
i parameters, as defined in section 5.2.1. These parameters are

chosen following the same logic as in the control-sample fit of section 5.2.1, but
now constraining the free F

(∗)
i parameters to a Gaussian distribution with mean

and σ set to the values obtained in that control sample’s fit. The F
(∗)
i parameters

corresponding to components with a D∗+ are fixed to their central values2.

The values of the fixed parameters (except Ncomb and Nnot-D0) were determined ac-
cording to efficiencies computed from the simulation samples and the known branching
fractions from [2], with the exception of fD∗∗/D∗0 , whose computation is more complex
and is explained in the following section.

In the case of Ncomb, its simulation sample is scaled to match with the mass distribu-
tion from data above the B mass peak (m(D03π) ∈ (5400, 5600 MeV/c2)), where all events
are expected to be combinatorial background, and the resulting yield is taken as the fixed
value. In the case of Nnot-D0 , since the template is taken directly from data and is assumed
to have a flat distribution in m(Kπ), it is simply scaled by a factor of two, to account for
the difference between the nominal selection (|m(Kπ) − mPDG(D

0)| < 20 MeV/c2) and
this template’s selection (|m(Kπ)−mPDG(D

0)| ∈ (30, 40 MeV/c2)).

Two non-physical parameters, w
(1)
BDT and w

(2)
BDT, are added to the fit to correct the

B → D0D+
s (X) components’ shape in the BDT dimension. These parameters apply,

respectively, a linear and a quadratic weight in the BDT axis, as

hmod =

(
1 + w

(1)
BDT

(
BDT− BDTmin

BDTmax − BDTmin

− 1

2

)
+

+w
(2)
BDT

(
BDT− BDTmin

BDTmax − BDTmin

− 1

2

)2
)
h0, (6.1)

where hmod is the modified template histogram, BDT is the BDT output value, with
BDTmin and BDTmax being its minimum and maximum values (−0.4 and 1); and h0 is

1ND0,D+,D+
s
correspond to their respective B → D0Xc(Y ) double-charm backgrounds

2This choice is justified due to the data in the fit being selected not to contain D∗ mesons, while the
control-sample fit was done with a D∗-enriched sample.
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Component Yield

B− → D0τ−ντ , τ− → π−π+π−ντ NB−→D0τ−ντ × fD0

3π

B− → D0τ−ντ , τ− → π−π+π−π0ντ NB−→D0τ−ντ × (1− fD0

3π )

B− → D∗0τ−ντ , τ− → π−π+π−ντ NB−→D∗0τ−ντ × fD∗0
3π

B− → D∗0τ−ντ , τ− → π−π+π−π0ντ NB−→D∗0τ−ντ × (1− fD∗0
3π )

B0 → D∗+τ−ντ , τ+ → 3πντ NB−→D∗0τ−ντ × fD∗−/D∗0 × fD∗−
3π

B0 → D∗+τ−ντ , τ+ → 3ππ0ντ NB−→D∗0τ−ντ × fD∗−/D∗0 × (1− fD∗−
3π )

B → D∗∗τ+ντ NB−→D∗0τ−ντ × fD∗∗/D∗0

B → D03π(X) Nprompt

B → D0D0(X) ND0

B → D0D+(X) ND+

B+ → D0D+
s ND+

s
× ϵB+→D0D+

s
× F

(D0D+
s )

B+→D0D+
s
/
∑

i ϵiFi

B+ → D∗0D+
s ND+

s
× ϵB+→D∗0D+

s
× F

(D0D+
s )

B+→D∗0D+
s
/
∑

i ϵiFi

B+ → D0D∗+
s ND+

s
× ϵB+→D0D∗+

s
× F

(D0D+
s )

B+→D0D∗+
s
/
∑

i ϵiFi

B+ → D∗0D∗+
s ND+

s
× ϵB+→D∗0D∗+

s
× F

(D0D+
s )

B+→D∗0D∗+
s
/
∑

i ϵiFi

B+ → D0Ds1(2460)
+ ND+

s
× ϵB+→D0Ds1(2460)+

× F
(D0D+

s )

B+→D0Ds1(2460)+
/
∑

i ϵiFi

B+ → D∗0Ds1(2460)
+ ND+

s
× ϵB+→D∗0Ds1(2460)+

× F
(D0D+

s )

B+→D∗0Ds1(2460)+
/
∑

i ϵiFi

B+|B0
s → D0D+

s (X) ND+
s
× ϵB+|B0

s→D0D+
s (X) × F

(D0D+
s )

B+|B0
s→D0D+

s (X)
/
∑

i ϵiFi

B0 → D0D+
s X ND+

s
× ϵB0→D0D+

s X × F
(D0D+

s )

B0→D0D+
s X
/
∑

i ϵiFi

B0 → D∗−D+
s ND+

s
× ϵB0→D∗−D+

s
× F

(D0D+
s )

B0→D∗−D+
s
/
∑

i ϵiFi

B0 → D∗−D∗+
s ND+

s
× ϵB0→D∗−D∗+

s
× F

(D0D+
s )

B0→D∗−D+
s
× F

∗(D∗−D+
s )

B0→D∗−D∗+
s
/
∑

i ϵiFi

B0 → D∗−D∗
s0(2317)

+ ND+
s
× ϵB0→D∗−D∗

s0(2317)
+ × F

(D0D+
s )

B0→D∗−D+
s
× F

∗(D∗−D+
s )

B0→D∗−D∗
s0(2317)

+/
∑

i ϵiFi

B0 → D∗−Ds1(2460)
+ ND+

s
× ϵB0→D∗−Ds1(2460)+ × F

(D0D+
s )

B0→D∗−D+
s
× F

∗(D∗−D+
s )

B0→D∗−Ds1(2460)+
/
∑

i ϵiFi

Comb. D0–3π background Ncomb

Not-D0 background Nnot-D0

Table 6.1: Components of the signal fit and their yields, expressed in terms of the free
parameters of the fit.

the original template histogram. All B → D0D+
s (X) components are modified equally by

these two parameters. These parameters are introduced in order to compensate for the
disagreement between the model and the data in the BDT dimension, which is expected to
come mostly from the B → D0D+

s (X) component, since the BDT is trained in events with
m(3π) < 1600 MeV/c2 (below the τ mass), while the events used in the B → D0D+

s (X)
control sample have m(3π) ∈ (1938.35, 1998.35 MeV/c2). However, it is important to
note that the presence of these parameters in the fit is not definitive: the sources of this
discrepancy are being more carefully studied and the fit strategy will change accordingly
before a final result is published. The systematic impact of this strategy will be studied
in chapter 7.

This leaves a total of 15 free parameters in the fit: the 2 signal yields (NB−→D0τ−ντ

and NB−→D∗0τ−ντ ), 4 background yields (ND0 , ND+ , ND+
s
, and Nprompt), 7 Fi parameters

from the B → D0D+
s (X) model, and 2 wBDT shape-correction parameters.
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6 Determination of the signal branching fractions, R(D0), and R(D∗0)

6.1.2 B → D∗∗τ+ντ feeddown

The feeddown from excited charmed mesons (D∗∗) to the signal channels is a sensitive
matter in this analysis, since the individual branching fractions from B → D∗∗τ+ντ decays
have not yet been determined. To account for this feeddown, the relative fraction of
B → D∗∗τ+ντ decays present in the selected sample is estimated (fD∗∗/D∗0). A total of
ten of these decays are considered for this estimation:

• B− → D1(2420)
0τ−ντ ,

• B− → D∗
2(2460)

0τ−ντ ,

• B− → D∗
0(2300)

0τ−ντ ,

• B− → D′
1(2430)

0τ−ντ ,

• B0 → D1(2420)
+τ−ντ ,

• B0 → D∗
2(2460)

+τ−ντ ,

• B0 → D∗
0(2300)

+τ−ντ ,

• B0 → D′
1(2430)

+τ−ντ ,

• B0
s → D′

s1(2536)
+τ−ντ , and

• B0
s → D∗

s2(2573)
+τ−ντ .

Theoretical predictions of the LFU ratios [125]

R(D∗∗) =
B(B → D∗∗τ+ντ )

B(B → D∗∗ℓ+νℓ)
(6.2)

are used in addition to existing measurements of B(B → D∗∗ℓ+νℓ) [2] and estimations of
B(D∗∗ → X) based on isospin relations [126] in order to obtain the product of branching
fractions B(B → D∗∗τ+ντ ) × B(D∗∗ → D0X), where B(D∗∗ → D0X) is the branching
fraction of the corresponding excited meson to a final estate with a D0 (since we are
studying the feeddown to D0). The results of this procedure are shown in table 6.2. As
a cross-check, the total branching fractions B(B− → D∗∗ℓ−ν̄ℓ) and B(B0 → D∗∗ℓ−ν̄ℓ) are
compared, in table 6.3, to the experimental measurements from [2].

Once the branching fractions for B → D∗∗τ+ντ decays are obtained, it is possible to
estimate their yields relative to the B− → D∗0τ−ντ signal,

fD∗∗/D∗0 =
NB→D∗∗τ+ντ

NB−→D∗0τ−ντ

, (6.3)

in the signal-selection sample. This can be done through the expression

107



Julián Lomba Castro

D∗∗ Decay
recorded in [2]

B
recorded in [2]

(%)

Estimated
B(B → D∗∗ℓν̄ℓ)

(%)

Estimated
B(B → D∗∗ℓν̄ℓ)
×B(D∗∗ → D0X)

(%)

R(D∗∗)
from [125]

Estimated
B(B → D∗∗τ+ντ )
×B(D∗∗ → D0X)

(%)

D0
1 B− → D0

1(→ D∗+π−)ℓ−ν̄ℓ 0.303± 0.020 0.721± 0.048 0.55± 0.04 0.10± 0.01 0.055± 0.007

D∗0
2

B− → D∗0
2 (→ D∗+π−)ℓ−νℓ

B− → D∗0
2 (→ D+π−)ℓ−νℓ

0.101± 0.024
0.153± 0.016

0.385± 0.044 0.194± 0.022 0.07± 0.01 0.014± 0.002

D′0
1 B− → D′0

1 (→ D∗+π−)ℓ−νℓ 0.27± 0.06 0.403± 0.090 0.313± 0.070 0.06± 0.02 0.019± 0.008
D∗0

0 B− → D∗0
0 (→ D+π−)ℓ−νℓ 0.25± 0.05 0.373± 0.075 0.123± 0.025 0.08± 0.03 0.010± 0.004

D+
1 B0 → D+

1 (→ D∗0π+)ℓ−νℓ 0.280± 0.028 0.667± 0.067 0.525± 0.052 0.10± 0.01 0.052± 0.007

D∗+
2

B0 → D∗+
2 (→ D∗0π+)ℓ−νℓ

B0 → D∗+
2 (→ D0π+)ℓ−νℓ

0.068± 0.012
0.121± 0.033

0.286± 0.053 0.214± 0.040 0.07± 0.01 0.015± 0.004

D′+
1 B0 → D′+

1 (→ D∗0π+)ℓ−νℓ 0.31± 0.09 0.463± 0.134 0.412± 0.120 0.06± 0.02 0.025± 0.011

D∗+
0 B0 → D∗+

0 (→ D0π+)ℓ−νℓ 0.30± 0.12 0.448± 0.179 0.30± 0.12 0.08± 0.03 0.024± 0.013

D′+
s1 B0

s → D′+
s1 (→ D∗0K+)ℓ−νℓX 0.44± 0.13 0.88± 0.26 0.73± 0.22 0.09± 0.02 0.066± 0.024

D+
s2 B0

s → D+
s2(→ D0K+)ℓ−νℓX 0.27± 0.10 0.54± 0.20 0.27± 0.10 0.07± 0.01 0.019± 0.008

Table 6.2: Estimations of B(B → D∗∗τ+ντ ) × B(D∗∗ → D0X), along with some of the
required input quantities for each meson. The total B(B → D∗∗ℓν̄l) is estimated by
dividing the B from [2] by the estimated B of the D∗∗ decay used in the measurement.
Then, the total is multiplied by the corresponding B(D∗∗), and multiplied by R(D∗∗) to
obtain the desired quantity.

Parent Estimated B(B → D(∗)nπℓν) (n ≥ 1)
B(B → D∗∗ℓν) from [2]

(%) (%)
B− 1.88± 0.13 1.88± 0.25
B0 1.86± 0.24 2.3± 0.5

Table 6.3: Comparison between the estimated B(B− → D∗∗ℓ−ν̄l) and B(B0 → D∗∗ℓ−ν̄l)
branching fractions and the existing measurements from [2].
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6 Determination of the signal branching fractions, R(D0), and R(D∗0)

fD∗∗/D∗0 =

[
B(B− → D∗∗τ−ντ )×

εB−→D∗∗

εB−→D∗0
+

+ B(B0 → D∗∗τ−ντ )×
fd
fu

× εB0→D∗∗

εB−→D∗0
+

+ B(B0
s → D∗∗τ−ντ )×

fs
fu

×
εB0

s→D∗∗

εB−→D∗0

]
×

× B(D∗∗ → D0X)

B(B− → D∗0τ−ντ )× B(D∗0 → D0X)
, (6.4)

where εB−→D∗∗/εB−→D∗0 , εB0→D∗∗/εB−→D∗0 and εB0
s→D∗∗/εB−→D∗0 are the relative effi-

ciencies for B− → D∗∗τ−ντ , B0 → D∗∗τ−ντ , and B0
s → D∗∗τ−ντ decays with respect

to signal B− → D∗0τ−ντ decays (computed from simulation); fd/fu and fs/fu are the
ratios of fragmentation fractions, where fd/fu = 1 and fs/fu is taken from [127], and
B(D∗0 → D0X) is taken to be 100%. This results in the value of fD∗∗/D∗0 = 0.043 which
is fixed in the fit.

6.1.3 Blinding strategy

Since the analysis is not yet considered to be completed, its results must be blinded
in order to avoid human biases during the development process. This is done by blinding
the signal yields in the fit (NB−→D0τ−ντ and NB−→D∗0τ−ντ ), adding to each one a random
value drawn from a Gaussian distribution with mean zero and σ = 20000. Thus, the
signal yield parameters currently being used in the fit are related to the actual values by

Nsig = N
(blind)
sig + xsig, (6.5)

where xsig is the random value being added. This approach allows the uncertainty of the
signals to be monitored, while avoiding looking at the actual value of the parameters and
their relative uncertainties.

In order to avoid inferring the added value of both signals, the main background yield,
ND+

s
, is also blinded with the same strategy as the signal, but with σ = 40000.
Finally, the visualisation of these blinded components in the fit results is also altered

by normalising the PDF integral of the B− → D0τ−ντ and B− → D∗0τ−ντ signal com-
ponents to 9000 and 11000, respectively, and that of the B → D0D+

s (X) background
component to 10000.

6.1.4 Result

The yields of the B− → D0τ−ντ and B− → D∗0τ−ντ signal channels are obtained
from a three-dimensional fit to the τ decay time, q2, and BDT distributions using the
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Parameter Fit result Constraint
NB−→D0τ−ντ xxx ±1655 —
NB−→D∗0τ−ντ xxx ±994 —
ND+

s
xxx ±969 —

ND0 7996± 575 6655± 998
ND+ 8578± 508 —
Nprompt 6261± 258 —
Nnot-D0 10902 10902
Ncomb 3286 3286

F
(D0D+

s )

B+→D∗0D+
s

0.949± 0.035 0.915± 0.054

F
(D0D+

s )

B+→D0D∗+
s

0.855± 0.041 0.935± 0.056

F
(D0D+

s )

B+→D∗0D∗+
s

1.847± 0.040 1.828± 0.047

F
(D0D+

s )

B+→D0Ds1(2460)+
0.262± 0.032 0.332± 0.038

F
(D0D+

s )

B+→D∗0Ds1(2460)+
0.816± 0.029 0.710± 0.040

F
(D0D+

s )

B+|B0
s→D0D+

s (X)
0.778± 0.034 0.817± 0.037

F
(D0D+

s )

B0→D0D+
s X

0.1044± 0.0090 0.0990± 0.0092

w
(1)
BDT 0.143± 0.038 —

w
(2)
BDT 0.432± 0.183 —

Table 6.4: Results of the signal yield fit parameters along with their constraints.

previously explained fit model. The results of this fit are show in table 6.4, and its
projections in fig. 6.1.

The resulting blinded signal yields are

NB−→D0τ−ντ = xxx± 1655 ,

NB−→D∗0τ−ντ = xxx± 994 ,
(6.6)

with a correlation coefficient of −0.932 between the two parameters.
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Figure 6.1: Projections of the (blinded) signal 3D fit on the τ decay time, q2 and BDT
distributions. The B− → D(∗)0τ−ντ (red and orange), B0 → D∗−τ+ντ (yellow), and
B+ → D0D+

s (green) components are not represented according to their actual yield, as
detailed in the blinding procedure (section 6.1.3). The dark blue line corresponds to the
total PDF. 111
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6.2 Normalisation yield

The B+ → D0D+
s decay is used as normalisation channel. For this purpose, data

and simulated events are required to pass the normalisation selection, described in sec-
tion 4.3.5. The normalisation yield is obtained from a one-dimensional fit to the decon-
voluted mass

m′
D0D+

s
≡ mmeas.(D

0D+
s )−mmeas.(D

0)−mmeas.(D
+
s ) +mPDG(D

0) +mPDG(D
+
s ), (6.7)

in a window of ±60 MeV/c2 around the known B+ mass from [2].
In order to describe the shape of this mass distribution, a double-sided Crystal Ball

(CB) function is used for the signal, and an exponential function for the background. The
CB function is defined as

fCB(m
′
D0D+

s
) ≡ Nnorm

C(σ, αi, ni)
·


AL(BL − ∆m

σ
)−nL , for m′

D0D+
s
< αL

e−(∆m)2/(2σ2), for αL ≤ m′
D0D+

s
≤ αR

AR(BR − ∆m
σ
)−nR , for m′

D0D+
s
> αR

(6.8)

where
∆m ≡ m′

D0D+
s
−mmean,

Ai ≡
(
ni

|αi|

)ni

e−|αi|2/2,

Bi ≡
ni

|αi|
− |αi|,

(6.9)

C(σ, αi, ni) is a normalization factor such thatNnorm is equal to the integral of the function,
mmean is the mean mass in which the CB function is centered, σ its standard deviation,
and αi and ni are the so-called “tail parameters”, with i = {L,R}, which modify the
shape of the CB function on each side. mmean, σ, and the tail parameters are the free
parameters of the function.

First, a fit to the B+ → D0D+
s simulation sample is performed using only the CB

function (fig. 6.2). The result of this first fit is used to extract the tail parameters of the
CB function. Then, a fit to the data sample is performed using the full model, with all
parameters floating except the CB tail parameters, which are fixed to the result of the
first fit.

The obtained yield is

Nnorm = 3047± 56 . (6.10)

The fit results are shown in table 6.5 and in fig. 6.3.
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6 Determination of the signal branching fractions, R(D0), and R(D∗0)

Parameter Fit result (sim.) Fit result (data)
Nnorm 162650± 400 3047± 56
mmean 5279.455± 0.026 5278.87± 0.17
σ 8.288± 0.030 8.66± 0.14
αR −1.674± 0.031 −1.674 (fixed)
αL 1.510± 0.023 1.510 (fixed)
nR 44± 17 44 (fixed)
nL 15.7± 2.0 15.7 (fixed)
Nbkg - 27± 10
rbkg - −0.0043± 0.0068

Table 6.5: Results of the normalisation fit procedure. The second column contains the
results of the fit to the B+ → D0D+

s simulation sample, while the last column shows
the results of the fit to data. mmean, σ, αR,L and nR,L are the parameters of the Crystal
Ball function, with Nnorm being its integral, while Nbkg and rbkg are the parameters of the
exponential background model.
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Figure 6.2: Fit to the m′
D0D+

s
distribution of simulated events passing the normalisation

selection. The shape is described by a Crystal Ball function.
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Figure 6.3: Fit to the m′
D0D+

s
distribution of real events passing the normalisation selec-

tion. The fit model (red line) is described by an exponential function and a Crystal Ball
function, with its tail parameters fixed to those obtained in a fit to the simulation sample.
In the right plot, the y axis is shown on a logarithmic scale, and the exponential function
(dotted line) and Crystal Ball function (blue line) can be observed.

6.3 B− → D(∗)0τ−ντ branching fractions

The previously measured signal (section 6.1) and normalisation (section 6.2) yields
are used to determine the B− → D0τ−ντ and B− → D∗0τ−ντ branching fractions as

B(B− → D(∗)0τ−ντ ) =
NB−→D(∗)0τ−ντ

NB+→D0D+
s

× B(B+ → D0D+
s )×

× εB+→D0D+
s
B(D+

s → π+π−π+)

ετ→3πντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−ντ ) + ετ→3ππ0ντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−π0ντ )
(6.11)

where the efficiencies are computed from simulation (see section 4.6) and the branching
fractions are external inputs, taken from [2] as

B(B+ → D0D+
s ) = (9.0± 0.9)× 10−3 ,

B(D+
s → π+π−π+) = (1.08± 0.04)× 10−2 ,

B(τ− → π−π+π−ντ ) = (9.02± 0.05)× 10−2 ,

B(τ− → π−π+π−π0ντ ) = (4.49± 0.05)× 10−2 .

(6.12)

Following this procedure, the measured blinded branching fractions are

B(B− → D0τ−ντ ) = (xxx± 0.19 (stat.)± 0.07 (ext.))× 10−2 ,

B(B− → D∗0τ−ντ ) = (xxx± 0.14 (stat.)± 0.15 (ext.))× 10−2 ,
(6.13)
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where the first uncertainties are due to the uncertainty provided by the signal and nor-
malisation yield fits, and the second is due to the uncertainties of the external inputs.
The correlation coefficient between the measured branching fractions is −0.301. Since the
propagation of uncertainties requires the actual “unblinded” yield of the signals, these
uncertainties are computed as if the signal yields were such that the resulting R(D(∗))
values match with the SM predictions. The actual uncertainties of the unblinded results
are expected to be different but similar.

6.4 R(D0) and R(D∗0)

With the signal branching fractions measured in section 6.3, the desired LFU quan-
tities R(D0) and R(D∗0) can be computed as per their definition,

R(D(∗)0) =
B(B− → D(∗)0τ−ντ )

B(B− → D(∗)0ℓ−ν̄ℓ)
, (6.14)

where ℓ− refers to either a µ− or an e− lepton, and B(B− → D(∗)0ℓ−ν̄ℓ) are external inputs
taken from [2] as

B(B− → D0ℓ−ν̄ℓ) = (2.30± 0.09)× 10−2 ,

B(B− → D∗0ℓ−ν̄ℓ) = (5.58± 0.22)× 10−2 .
(6.15)

The resulting blinded values for the two LFU ratios are

R(D0) = xxx± 0.084 (stat.)± 0.034 (ext.) ,

R(D∗0) = xxx± 0.025 (stat.)± 0.029 (ext.) ,
(6.16)

where the first uncertainties are due to the uncertainty from the signal and normalisation
fits, while the second uncertainties are due to the uncertainties of the external inputs.
The additional uncertainties due to systematic effects will be studied in chapter 7. The
correlation coefficient between these two quantities is −0.288.
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In this chapter, an extensive study of the possible systematic effects and errors present
in the analysis procedure is carried out, estimating the necessary corrections to the value
and uncertainty of the final results.
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7.1 Signal fit model

7.1.1 Fit model behaviour

In order to check if the fit model produces any biases or undesired effects, 1000
pseudo-experiments are generated and fitted. These pseudo-experiments consist of simu-
lated “real data” samples, generated from the simulated distributions, and therefore they
allow us to set the “true” value of the parameters that are being fit, with the purpose of
comparing the fit results with their goal value. The “pull” distribution of each fit param-
eter is then checked for biases and other possible anomalies. All the resulting parameter
pull distributions are compatible with a Gaussian distribution of mean zero and σ = 1,
with all 100% of the fits converging successfully; therefore, no corrections or systematic
uncertainties are applied. The pull distributions for the two signal yields are shown in
fig. 7.1.

7.1.2 Signal model

The fX
3π and fD∗+/D∗0 parameters are fixed in the signal fit, but these parameters

have associated uncertainties, as shown in table 4.11, derived from the uncertainties in
the computed efficiencies and in the external branching fractions, as seen in section 4.6. In
order to estimate the systematic effects associated with the fixing of these four parameters,
a fit is done by letting them float constrained to a Gaussian distribution centered at their
central value and a sigma equal to their uncertainty. Then, a second fit is done by
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Figure 7.1: Pull distributions of the two signal yield fit parameters, obtained from 1000
pseudo-experiments.
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fixing them to the results of the first fit. The quadratic difference between the parameter
uncertainties of both fits is assigned as the systematic uncertainty due to this model, as

σf ≈
√
σ2
constr-f − σ2

fixed-f , (7.1)

where σf is the systematic uncertainty assigned to the fixing of these f parameters in the
signal fit, and σconstr-f and σfixed-f are, respectively, the parameter uncertainties obtained
from the fit done by constraining them to a Gaussian distribution and by fixing them to
the previous fit’s result.

The result obtained with this method is

σf (NB−→D0τ−ντ ) ≈ 87,

σf (NB−→D∗0τ−ντ ) ≈ 50,
(7.2)

with a correlation factor of −0.912 between the two.

7.1.3 Prompt background model

The prompt B → D03π(X) background component is tuned using the weights ob-
tained from its control-sample fit from section 5.1. These weights have their own uncer-
tainties due to the limited statistics of the data and simulation samples used to compute
them, which are not being taken into account in the signal fit. The potential effect of
these uncertainties is estimated through an statistical study of the fit by repeating it
10000 times, each time varying the value of the weights by a random amount, given by a
Gaussian distribution centered at zero and with a sigma equal to each weight’s uncertainty.

Then, the systematic uncertainty due to the prompt weight uncertainties is estimated
as

σprompt(N) ≈ σ(Nrand.wg.), (7.3)

where N is the yield parameter given by the nominal fit and Nrand.wg. is the one given by
these new fits with modified weights, σ(Nrand.wg.) denoting its standard deviation, which
is extracted from a fit to a Gaussian distribution, shown in fig. 7.2.

By performing 10000 fits with “randomised” weights, the results with this method
are

σprompt(NB−→D0τ−ντ ) ≈ 31,

σprompt(NB−→D∗0τ−ντ ) ≈ 19,
(7.4)

and a correlation between the two yields of −0.896.

7.1.4 Double-charm background models

Both the B → D0D0(X) and B → D0D+(X) background components are imple-
mented in the fit in an analogous way: their shape is pre-tuned using an invariant mass
fit in a dedicated control sample (section 5.2) and the total yield of the component is a free
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Figure 7.2: Distribution of the difference between the B− → D0τ−ντ (left) and B− →
D∗0τ−ντ (right) signal yields and their nominal fit results when performing 10000 fits
with Gaussian-randomised prompt weights, fitted to a Gaussian distribution.

parameter in the signal fit. Since the q2 and BDT distributions of these components may
not be properly described just with the corrections derived from their control samples,
an alternative approach is needed to study the systematic uncertainty of these models’
description.

The used method is to introduce extra nuisance parameters in the signal fit which
modify the shape of these components, in a similar way as was done with the wBDT

parameter used in the fit for the B → D0D+
s (X) components. These parameters are

equivalent to a “linear weight” in each component and each dimension, modifying the
template shapes as:

hmod(x) =

(
1 + wx

(
x− xmin

xmax − xmin

− 1

2

))
h0(x), (7.5)

where hmod(x) is the new modified template histogram, x is its x-axis (in this case, either
q2 or the BDT output), with xmin and xmax being its minimum and maximum values; wx

is the nuisance parameter, and h0(x) is the original template histogram. In this way, wx

can also be viewed as an interpolation device between h0(x) and two limiting histograms
at positive and negative wx limiting values.

The procedure to estimate the systematic uncertainties due to the B → D0D0(X)
and B → D0D+(X) background models can be summarised as follows:

1. Use the corresponding control sample to estimate the expected variance of wx.

2. Perform many fits introducing the new wq2 and wBDT parameters as fixed values,
with their values randomised on each iteration according to a Gaussian distribution
with mean zero and variance set to the result of the previous step.
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Figure 7.3: Distribution of the difference between the B− → D0τ−ντ (left) and B− →
D∗0τ−ντ (right) signal yields and their nominal fit results when performing 10000 fits
with Gaussian-randomised q2 and BDT linear weights in the B → D0D0(X) component,
fitted to an asymmetrical Gaussian distribution.

3. Check the resulting distributions of the signal yields and extract their variance,
which will be taken as the desired systematic uncertainty.

This will be done independently for each of the two components. The B → D0D+
s (X)

background component will use a different procedure, as will be described later.

B → D0D0(X) background model

First, in order to estimate the expected variance of wq2 , the ratio of the data and
(corrected) simulation q2 distributions of the B → D0D0(X) control sample is fitted to a

function following eq. 7.5. The resulting value is w
(control)

q2 = −0.2± 0.02.

Since the BDT is trained in data with m(3π) < 1600 MeV/c2, which is not the case of
the control sample, we cannot estimate the value of wBDT in the same way, since it would
be unreliable. Instead, we assume that the discrepancies between data and simulation in
the BDT distribution will be of the same magnitude as in the q2 distribution.

Then, ten thousand signal fits are performed. On each one of them, wq2 and wBDT take

a random value following a Gaussian distribution with mean zero and σ = |w(control)

q2 | = 0.2.
The resulting distributions of the two signal yields are shown in fig. 7.3. Due to the
asymmetrical nature of these distributions, they are fitted to asymmetrical Gaussian
distributions, from where we extract the estimated systematic uncertainties:

σB → D0D0(X)(NB−→D0τ−ντ ) ≈ +78
−207,

σB → D0D0(X)(NB−→D∗0τ−ντ ) ≈ +295
−214,

(7.6)

and a correlation between the two yields of −0.359.
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Figure 7.4: Distribution of the difference between the B− → D0τ−ντ (left) and B− →
D∗0τ−ντ (right) signal yields and their nominal fit results when performing 10000 fits
with Gaussian-randomised q2 and BDT linear weights in the B → D0D+(X) component,
fitted to an asymmetrycal Gaussian distribution.

B → D0D+(X) background model

Following the same procedure as with the B → D0D0(X) component, the estimated

parameter is w
(control)

q2 = −0.23±0.03 in this control sample. Again, ten thousand signal fits
are performed, setting the values of wq2 and wBDT to a random value following a Gaussian

distribution with mean zero and σ = |w(control)

q2 | = 0.23. The resulting distributions of
the two signal yields are shown in fig. 7.4. They are fitted to asymmetrical Gaussian
distributions, from where we extract the estimated systematic uncertainties:

σB → D0D+(X)(NB−→D0τ−ντ ) ≈ +441
−379,

σB → D0D+(X)(NB−→D∗0τ−ντ ) ≈ +303
−253,

(7.7)

and a correlation between the two yields of −0.877.

B → D0D+
s (X) background model

The B → D0D+
s (X) background model is not implemented as a single component in

the fit, and its multiple components are already allowed to float within the constraints
determined in its control sample. This means that the possible discrepancies in q2 between
the control sample and the signal selection are already being taken into account in the
signal fit, since the q2 distribution shape will vary depending on the relative yields of
each component. This is not the case of the B → D∗−D+

s (X) components, though, which
are fixed in the fit. To estimate the systematic uncertainty associated with fixing these
components, the signal fit is performed by treating them in the same way as the other
components (letting them float, but constrained to their control sample results), and then
the fit is repeated by fixing them to the result of the first fit. The quadratic difference
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between the uncertainties of the two fits is taken as the systematic uncertainty due to
fixing these parameters, obtaining

σB → D∗−D+
s (X)(NB−→D0τ−ντ ) ≈ 180,

σB → D∗−D+
s (X)(NB−→D∗0τ−ντ ) ≈ 85,

(7.8)

with a correlation factor of −0.983 between the two.
On the other hand, the shape of this component in the BDT dimension is already

being modified in the signal fit by allowing the wBDT and w
(2)
BDT parameters to float. In

order to estimate the systematic uncertainty introduced by these parameters, the fit is
repeated once more with their values fixed to the result of the first fit. The quadratic
difference between the uncertainties of the two fits is taken as the systematic uncertainty
associated with the BDT shape of this model, obtaining

σwBDT
(NB−→D0τ−ντ ) ≈ 1229,

σwBDT
(NB−→D∗0τ−ντ ) ≈ 611,

(7.9)

with a correlation factor of −0.9998 between the two.
These later uncertainties are already part of the signal fit, and so they must be

subtracted from the “statistical” part of the yield uncertainty presented in the previous
chapter and added to the systematic part.

These two sources of systematic uncertainty are added to obtain the systematic un-
certainties due to the B → D0D+

s (X) background model:

σB → D0D+
s (X)(NB−→D0τ−ντ ) ≈ 1242,

σB → D0D+
s (X)(NB−→D∗0τ−ντ ) ≈ 617.

(7.10)

These are clearly dominated by the uncertainty introduced by the wBDT parameters
which, as noted in section 6.1.1, will likely be significantly reduced as the sources of
discrepancy in the BDT output are being studied and the fit model will be improved
accordingly. As such, this systematic uncertainty is expected to decrease considerably
before a final result is published.

7.1.5 Template sample size

The limited size of the samples used as templates in the signal fit has proven –in
previous analyses– to be one of the larger sources of systematic uncertainties for this kind
of analyses. In this section, a statistical study of the fit is performed in order to estimate
these effects, and the possible use of the Beeston-Barlow Lite method is analysed.

Statistical study of the fit

In order to estimate the systematic uncertainty due to the limited size of the template
samples, we repeat many times the fit, each time varying the bin contents of the simulated
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PDFs by a random amount. The new bin content corresponds to a Poisson distribution
centered on the effective sample size of each bin, as it was in the original template. The
statistical study of the results of these fits provides an estimation of how much the param-
eter values might change due to the limited size of our template samples. By assuming
that the only differences between these parameter distributions and the corresponding
result of the original signal fit are due to the template sample size, we can estimate the
systematic uncertainty due to template statistics with

σtemplates(N) ≈ σ(Nrand.), (7.11)

where σtemplates(N) is the total systematic uncertainty of the yield parameter due to limited
template statistics, Nrand. is the yield parameter given by these new fits performed with
Poisson-randomised PDFs, and σ(Nrand.) denotes its standard deviation, extracted from
a fit to a Gaussian distribution, as shown in fig. 7.5.

By performing 10000 of these “Poisson-randomised” fits, the results with this method
are

σtemplates(NB−→D0τ−ντ ) ≈ 1372,

σtemplates(NB−→D∗0τ−ντ ) ≈ 782,
(7.12)

with a correlation factor between the two yields of −0.938 and being, as expected, the
largest systematic uncertainty in this analysis.

The distributions of these yields are shown in fig. 7.5. Apart from the standard
deviation, a bias in the yield value is also observed in both signals:

⟨∆NB−→D0τ−ντ ⟩ ≡ ⟨Nrand,B−→D0τ−ντ −NB−→D0τ−ντ ⟩ ≈ 1154,

⟨∆NB−→D∗0τ−ντ ⟩ ≡ ⟨Nrand,B−→D∗0τ−ντ −NB−→D∗0τ−ντ ⟩ ≈ −501.
(7.13)

These biases will be taken into account to correct the value of the final results.

Comparison of the fit results with and without the Beeston-Barlow method

The Beeston-Barlow [128] “lite” method (from now on, “BBLite”) treats bin statisti-
cal uncertainties by introducing a single nuisance parameter per bin that accounts for the
overall statistical uncertainty in each bin, so that the shape uncertainties due to the finite
number of events in the template samples are included in the likelihood. This means that
the total uncertainty provided by the fit already has this systematic uncertainty at least
partially included.

As a test, the signal fit is performed using the BBLite method, and the uncertainties
provided by this test are compared with those provided by the nominal fit.

First, we assume that the uncertainty of any parameter provided by this BBLite fit,
σfit, can be expressed as

σ2
fit = σ2

BBLite + σ2
rest , (7.14)
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Figure 7.5: Distribution of the difference between the B− → D0τ−ντ (left) and B− →
D∗0τ−ντ (right) signal yields and their nominal fit results when performing 10000 fits
with Poisson-randomised template PDFs, fitted to a Gaussian distribution.

where σ2
BBLite is the variance introduced by the BBLite method due to the template sample

size, and σ2
rest is the variance due to all the other sources (which should match with the

variance provided by the nominal fit).

After performing the fit with BBLite, the signal fit is run once more, but with the
BBLite parameters fixed to the result of the first BBLite fit. Assuming that the parameter
variance given by this second fit is a good approximation of the σ2

rest in eq. 7.14, the
systematic uncertainty due to template statistics that BBLite takes into account can be
estimated as

σBBLite ≈
√
σ2
fit − σ2

BB fixed , (7.15)

where σ2
BB fixed is the parameter variance given by this second fit.

In our fits, this provides the results

σBBLite(NB−→D0τ−ντ ) ≈ 820,

σBBLite(NB−→D∗0τ−ντ ) ≈ 470.
(7.16)

These results show that the systematic uncertainties provided by the BBLite method
do not correspond with the full systematic uncertainty due to template statistics, shown
in eq. 7.12. This may be due to using the Beeston-Barlow “Lite” method, instead of
the full Beeston-Barlow method, which adds a nuisance parameter for each bin and for
each template. Both the parameter values and uncertainties provided by this second fit
show no noticeable shifts or improvements with respect to the result of the nominal signal
fit. Thus, this comparison remains as a simple check, and the values taken as systematic
uncertainties are those of eq. 7.12.
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Figure 7.6: Distribution of the normalisation yield extracted from 9496 fits to data, each
one with random fixed values for the Crystal Ball tail parameters, according to a Gaussian
distribution with center and sigma set to the values and uncertainties extracted from the
fit to simulated B+ → D0D+

s events.

7.2 Normalisation fit model

The procedure for the extraction of the normalisation yield is shown in section 6.2.
Some of the parameters of the fit model are fixed to the values obtained in a fit to simulated
data. In order to determine the systematic uncertainty associated to this procedure, the
fit to data is repeated 10000 times (of which 9496 converged), each time varying the values
of the fixed parameters according to Gaussian distributions with center and sigma set to
the values and uncertainties extracted from the fit to simulation (table 6.5). The results
from these fits for the normalisation yield have a mean of 3047.3 and a standard deviation
of 1.9, and their distribution is represented in figure 7.6. This standard deviation is taken
as the systematic uncertainty due to the normalisation fit model.

7.3 Not-yet-studied systematic sources

Several possible sources of systematic uncertainties are still to be studied. These
sources, explained below, are expected to be of the same magnitude as in similar past
LHCb analyses [29, 31, 36], where their assigned uncertainties were all in the 0–3% range
relative to the final R(D(∗)) result, and so they are expected to be almost negligible in
comparison to the biggest sources of systematic uncertainty already shown in this chapter.
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Selection

The PID variables used in the selection (PNN(π), PNN(K)) have their own uncertain-
ties and it must be studied how they affect the final results. The selection cut in the
BDT output is also another possible source of systematic effects, as well as the stripping
selection which is performed online during the data-taking process.

Form factors

In section 2.2.2, the construction of the BGL parameterisation for B → D(∗)τ−ντ
decays is shown. The use of this parameterisation and the limited knowledge of its pa-
rameter values must be taken into account to compute their potential systematic effect
in the results of the analysis.

B → D∗∗τ+ντ feeddown

As detailed in section 6.1.2, the feeddown from B → D∗∗τ+ντ decays is estimated
using approximate isospin conservation along with calculations based on experimental
results. The used theoretical assumptions, experimental measurements, and selection
requirements all should have an associated systematic uncertainty.
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Following the method for determining the B− → D(∗)0τ−ντ branching fractions and
the R(D(∗)0) ratios described in chapter 6, and applying the corrections obtained in chap-
ter 7 to account for systematic effects and errors, the final results are presented in this
chapter, along with the conclusions.

8.1 Results

Branching fractions

For the signal branching fractions, the (blinded) results, including systematic uncer-
tainties and corrections, are

B(B− → D0τ−ντ ) = (xxx± 0.13 (stat.)± 0.22 (syst.)± 0.07 (ext.))× 10−2 ,

B(B− → D∗0τ−ντ ) = (xxx± 0.11 (stat.) +0.15
−0.14 (syst.)± 0.15 (ext.))× 10−2 ,

(8.1)

with a correlation factor of −0.486 between the two quantities. The total uncertainties
are 2.7× 10−3 and 2.4× 10−3, respectively.
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Systematic source
Relative uncertainty

w.r.t. R(D0)SM (%)

Templates’ sample size 23.09

Double-charm background models +22.22
−22.13

B → D0D+
s (X) background model 20.90

B → D0D+(X) background model +7.42
−6.38

B → D0D0(X) background model +1.31
−3.48

Prompt background model 0.52

Signal model 1.46

Efficiencies 0.59

Normalisation fit model 0.07

Total +32.09
−32.02

Table 8.1: Relative uncertainty for each systematic source with respect to the R(D0)SM
theoretical prediction [34].

These results can be compared with the existing measurements found in [2],

B(B− → D0τ−ντ ) = (7.7± 2.5)× 10−3 ,

B(B− → D∗0τ−ντ ) = (1.88± 0.20)× 10−2 ,
(8.2)

where it can be seen that the measurements done in this work are at the same level of
precision as the existing measurements.

LFU ratios

For the desired LFU ratios, the (blinded) results, including systematic uncertainties
and corrections, are

R(D0) = xxx± 0.056 (stat.)± 0.096 (syst.)± 0.034 (ext.) ,

R(D∗0) = xxx± 0.020 (stat.)± 0.026 (syst.)± 0.029 (ext.) ,
(8.3)

with a correlation factor of −0.471 between the two quantities. The total uncertainties
are 0.12 and 0.044, respectively. A summary of all the sources of systematic uncertainty
is shown in tables 8.1 and 8.2.

These results can be compared with the existing measurements shown in table 2.2,
where it can be seen that the precision of R(D0) obtained in this work is slightly worse,
but of similar magnitude, as the existing measurements; while the precision of R(D∗0)
is very similar to the existing ones. A visual summary of this comparison is shown in
fig. 8.1.
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Figure 8.1: Current status of R(D) and R(D∗) measurements, with this measurement
included for comparison. Each ellipse represents a combined R(D(∗)) measurement, with
its contour representing its uncertainties and its tilt their correlation. The R(D(∗)0) mea-
surement from this thesis is shown in purple (centered at the SM value because of the
blinding), with the continuous line representing the measurement with only the statistical
uncertainties, the dashed line representing the measurement with also systematic uncer-
tainties, and the dotted line representing the full uncertainties. External uncertainties
are expected to be reduced over the years, while the systematic uncertainties will also
presumably reduce slightly before publication.
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Systematic source
Relative uncertainty

w.r.t. R(D∗0)SM (%)

Templates’ sample size 7.50

Double-charm background models +7.17
−6.71

B → D0D+
s (X) background model 5.91

B → D0D+(X) background model +2.91
−2.43

B → D0D0(X) background model +2.83
−2.05

Prompt background model 0.18

Signal model 0.48

Efficiencies 0.46

Normalisation fit model 0.06

Total +10.40
−10.09

Table 8.2: Relative uncertainty for each systematic source with respect to the R(D∗0)SM
theoretical prediction [34].

A more precise result can be obtained by adding the two signal channels together,
taking advantage of their negative correlation. A new quantity, R(D0 ∨ D∗0), could be
defined as

R(D0 ∨D∗0) ≡ B(B− → D0τ−ντ ) + B(B− → D∗0τ−ντ )

B(B → D0ℓ−ν̄ℓ) + B(B → D∗0ℓ−ν̄ℓ)
, (8.4)

where, again, ℓ− refers to either a µ− or an e− lepton, and which, with our results (eq. 8.1)
and the B → D(∗)0ℓ−ν̄ℓ branching fractions measured by [2] (eq. 6.15), takes the value

R(D0 ∨D∗0) = xxx± 0.009 (stat.)± 0.013 (syst.)± 0.030 (ext.), (8.5)

with a total uncertainty of 0.033. Using this quantity clearly reduces the statistical and
systematic uncertainties, with the external uncertainty dominating over them.

8.2 Conclusions and prospects

In this thesis, data from proton-proton collisions at the LHC with a centre-of-mass
energy of 13 TeV collected in the years 2016–2018 by the LHCb detector has been analysed
in order to study B → D(∗)τ−ντ decays, reconstructed in the τ− → π−π+π−(π0)ντ
channel, and their possible role in discovering physics beyond the Standard Model.

The analysis of these data is at a preliminary status, with the nominal value of the
results still blinded to avoid human bias during the analysis.

The B− → D(∗)0τ−ντ branching fractions have been measured to be
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B(B− → D0τ−ντ ) = (xxx± 0.13 (stat.)± 0.22 (syst.)± 0.07 (ext.))× 10−2 ,

B(B− → D∗0τ−ντ ) = (xxx± 0.11 (stat.) +0.15
−0.14 (syst.)± 0.15 (ext.))× 10−2 ,

(8.6)

with a correlation factor of −0.486 between the two quantities; while the R(D(∗)0) LFU
ratios have been measured to be

R(D0) = xxx± 0.056 (stat.)± 0.096 (syst.)± 0.034 (ext.) ,

R(D∗0) = xxx± 0.020 (stat.)± 0.026 (syst.)± 0.029 (ext.) ,
(8.7)

with a correlation factor of −0.471 between the two quantities.
At the time of writing this thesis, this R(D(∗)0) analysis is in its final steps before

being submitted for group review within the LHCb collaboration, after which it will be
“unblinded”, revealing the nominal value of the obtained results, and eventually published.

The main contributions from this thesis to the analysis have been the corrections to
simulation (section 4.5), the studies of the double-charm and prompt background chan-
nels and their resulting corrections (chapter 5), the optimisation of the signal fit, the
normalisation fit, the computing of the results (chapter 6), and the study of systematic
effects and uncertainties and their employment in the final results (chapter 7).

In the near future, before publication, the systematic uncertainty of the results is
expected to be reduced by implementing improvements to the analysis strategy to account
for discrepancies between the model and the real data. The work presented in this thesis
has been essential to discover and analyse the impact of those discrepancies and therefore
offer a chance to correct them. It should also be noted that, since the results are blinded,
the uncertainties presented here were computed as if the results matched with the SM
predictions, meaning that they are expected to vary slightly when computing them with
the real unblinded values.

In the more distant future, the statistical uncertainty will be reduced in future ana-
lyses with more data, particularly with the large amounts of data expected from LHC’s
Run 3. The external uncertainty is also expected to improve over the years as newer
and more precise measurements are performed by the particle physics community. The
systematic uncertainty of future analyses will also presumably decrease as better and
faster simulation techniques allow to produce larger samples and the understanding of
the background contributions improves.

In parallel, some base work for a future R(D(∗)−) measurement is also presented within
this thesis, namely the selection of data (section 4.3) and the study of control samples
(chapter 5), along with all the methods developed for the R(D(∗)0) analysis that will set
the basis for the ones that will be used in the R(D(∗)−) analysis, if not directly re-used.
This second analysis is planned to be fully carried out after completing the R(D(∗)0)
analysis, and it is expected to provide a similar level of precision.

Summarising, the analyses presented within this thesis will offer an important con-
tribution to the long-standing anomalies in the R(D(∗)) LFU ratios, offering the first

133



Julián Lomba Castro

measurement of R(D) using hadronic τ decays by LHCb, and presumably improving the
global state of searches for New Physics in the Lepton Flavour Universality sector.
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A.1 Fundamentos, motivación, e obxectivos

O Modelo Estándar é un marco teórico que describe as part́ıculas fundamentais e as
súas interaccións a través de tres forzas fundamentais: as forzas eletromagnética, nuclear
feble, e nuclear forte. O Modelo Estándar foi extremadamente exitoso na predición e
explicación dun amplo rango de resultados experimentais en f́ısica de part́ıculas, inclúındo
o descubrimento do bosón de Higgs en 2012 no Gran Colisionador de Hadróns (LHC),
unha das validacións máis importantes e recentes do Modelo Estándar, que representou a
culminación de décadas de traballo teórico e experimental. Con todo, sábese que o Modelo
Estándar é incompleto, xa que non incorpora a gravidade nin ten en conta a materia
escura, a cal se cre que compón unha parte significante da masa total do universo. Por iso,
a investigación actual en f́ısica de part́ıculas está centrada en poñer a proba as predicións
do Modelo Estándar e explorar nova f́ısica máis aló del, co obxectivo de comprender mellor
o universo nas escalas máis pequenas.
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Esta tese contén o meu traballo en dúas análises actuais do experimento LHCb,
que procuran esclarecer as recentes tensións entre o Modelo Estándar e os resultados
experimentais sobre a propiedade chamada Universalidade Leptónica de Sabor (LFU,
nas súas siglas en inglés). Múltiples experimentos, inclúındo BaBar e Belle xunto con
LHCb, traballaron e están a traballar en probar a validez da Universalidade Leptónica
e, na última década, a tensión entre experimentos e teoŕıa mant́ıvose aproximadamente
ao redor de 2–3 desviacións estándar en varias das cantidades medidas, o que suxire a
existencia de novos efectos f́ısicos. Estas “anomaĺıas” motivaron á comunidade de f́ısica
de part́ıculas a estudar de preto as súas posibles explicacións e a medilas con precisión,
coa esperanza de atopar unha ruptura no Modelo Estándar.

As análises presentadas nesta tese son dúas da mesma natureza. A principal, a partir
de agora referida como análise R(D(∗)0), ten como obxectivo medir simultaneamente as
cantidades R(D0) e R(D∗0), cocientes de taxas de desintegración definidos como

R(D(∗)0) ≡ B(B− → D(∗)0τ−ντ )

B(B− → D(∗)0ℓ−ν̄ℓ)
, (A.1)

onde ℓ− representa ou un electrón ou un muón.
Esta medida faise no canal hadrónico τ− → π−π+π−(π0)ντ , e seŕıa a primeira medida

de R(D) no canal hadrónico polo experimento LHCb. A segunda análise é dos cocientes
R(D(∗)−), definidos dun xeito análogo e co mesmo obxectivo, polo que ambas análises
proporcionan resultados independentes e complementarios. Debido á inmensa semellanza
entre as dúas análises, os algoritmos e métodos desenvolvidos para unha poden ser re-
utilizados para a outra, razón pola cal a segunda (R(D(∗)−)) está nunha fase moito máis
inicial e só se discute de forma breve e parcial nesta tese.

A.2 O experimento LHCb

O LHC é actualmente o acelerador de part́ıculas máis grande e potente do mundo,
localizado no CERN, preto de Xenebra, Súıza. O LHC é unha ferramenta clave no estudo
da f́ısica de part́ıculas e é central nos cont́ınuos esforzos para probar e validar as predicións
do Modelo Estándar, principalmente o comportamento das part́ıculas e forzas fundamen-
tais a moi altas enerx́ıas e a procura de novas part́ıculas máis aló do Modelo Estándar,
inclúıda a procura de materia escura. Este colisionador é usado para acelerar dous feixes
de protóns a altas enerx́ıas para facelos colidir de fronte. Estas colisións producen unha
ampla variedade de part́ıculas subatómicas, as cales poden ser detectadas e analizadas
por detectores sofisticados que rodean os puntos de colisión. O LHCb é un dos principais
experimentos localizados no LHC e proporciona o marco experimental para esta tese.

O detector LHCb [94] é un espectrómetro cunha configuración “cara adiante”, é dicir,
detectando as part́ıculas producidas a baixos ángulos con respecto ao raio de protóns do
LHC. Esta configuración está deseñada para optimizar a medida de desintegracións de
hadróns con quarks b.
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O detector LHCb consiste nunha serie de subdetectores que cumpren diferentes funcións
na toma de datos, estes poden dividirse segundo dúas funcionalidades principais: re-
construcción de trazas (os subdetectores que detectan as posicións e tempo nos que as
part́ıculas interactúan con eles, para aśı reconstrúır a súa traxectoria) e identificación de
part́ıculas (os subdetectores que, segundo como as part́ıculas interactúan con eles, iden-
tifican de que tipo se tratan). Ademais, un potente imán sitúase no medio do detector,
deseñado para desviar a traxectoria das part́ıculas segundo a súa relación carga-masa e
aśı facilitar a súa identificación.

De forma complementaria a todo isto, cómpre mencionar dúas compoñentes adi-
cionais: o seu sistema de trigger, unha combinación de hardware e de software que permite
seleccionar só unha pequena porción dos datos medidos, descartando unha gran cantidade
de eventos ordinarios non interesantes e permitindo aforrar espazo de almacenamento; e
o seu sistema de simulación, o cal simula os eventos f́ısicos que teñen lugar no detector e
a resposta deste ás part́ıculas xeradas neles, permitindo aśı contar con mostras simuladas
das desintegracións máis importantes para a análise e comprender mellor os datos reais.

Durante o periodo de toma de datos usado no traballo desta tese (2016–2018), as
colisións protón-protón tiñan unha enerx́ıa no centro de masas de

√
s = 13 TeV, e recolec-

touse unha cantidade de datos correspondente a unha luminosidade integrada de 5.4 fb−1.

A.3 Metodolox́ıa da análise de datos

Como se discutiu anteriormente, o principal obxectivo desta tese é a medida das
cantidades R(D0) e R(D∗0) (ec. A.1) con datos tomados en LHCb en 2016–2018, e cas
seguintes canles de desintegración:

D∗0 → D0{π0, γ},
D0 → K−π+,

τ− → π−π+π−(π0)ντ .

O denominador na ecuación A.1, B(B− → D(∗)0ℓ−ν̄ℓ), é tomado dunha fonte externa
[2], mentres que o numerador, B(B− → D(∗)0τ−ντ ), é calculado a partir da nosa medida
como

B(B− → D(∗)0τ−ντ ) =
NB−→D(∗)0τ−ντ

NB+→D0D+
s

× B(B+ → D0D+
s )×

× εB+→D0D+
s
B(D+

s → π+π−π+)

ετ→3πντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−ντ ) + ετ→3ππ0ντ
B−→D(∗)0τ−ντ

B(τ− → π−π+π−π0ντ )
, (A.2)

onde N son os números de eventos medidos en cada canle de desintegración e ε, as súas
eficiencias. Os números de eventos son as cantidades reais que se miden nos datos, mentres
que as eficiencias est́ımanse a partir das mostras simuladas. Todas as demais taxas de
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desintegración son tomadas de fontes externas. Esta estratexia permite minimizar as
incertezas sistemáticas medindo o cociente entre dúas canles de desintegración co mesmo
estado final visible e mesma topolox́ıa (B− → D(∗)0τ−ντ con τ− → π−π+π−(π0)ντ e
B+ → D0D+

s con D+
s →π+π−π+). B+ → D0D+

s foi escollido como canle de normalización
debido á precisión coa que está medido [2] comparado con outros posibles candidatos como
B− →D0π−π+π−.

A estratexia da análise de datos pode ser resumida nos seguintes pasos:

1. Xeración de mostras de datos simulados: prodúcense varias mostras simuladas
que conteñen as principais canles de sinal e de rúıdo de fondo. Estas son usadas
principalmente para calcular eficiencias e para estudar e optimizar a descrición das
canles de fondo.

2. Selección dos datos: eventos inclusivos B → D0π−π+π−(X), con D0 → K−π+,
son seleccionados dos datos dispoñibles de 2016–2018 e das mostras simuladas. Os
diferentes requerimentos impostos na selección de datos (“cortes”) poden resumirse
nos seguintes pasos:

• Primeiro, unha serie de cortes básicos son usados para limpar os datos de
eventos indesexados. Estes inclúen requerir que os tres pións cargados formen
un vértice compatible cun leptón τ , e que os tres pións e o mesón D0 formen
un vértice compatible cun mesón B.

• Requérese que o vértice do B estea ben diferenciado do vértice dos tres pións
(que forma o τ), para aśı descartar a maior parte dos eventos prompt, nos que
os pións proceden directamente do B, sen part́ıculas intermedias.

• Requérese que non haxa máis trazas de part́ıculas provintes dos vértices do B
e do τ das que se espera que haxa nas canles de desintegración de sinal.

• Sepáranse os datos en dúas mostras independentes, unha de sinal, optimizada
para desintegracións B− → D(∗)0τ−ντ , e outra de normalización, optimizada
para B+ → D0D+

s .

• Unha árbore de decisión (Boosted Decision Tree, BDT) é implementada para
discriminar o sinal das principais canles de fondo restantes despois da selección,
as cales son as chamadas double-charm, por conter dous mesóns D, sendo as
principais as B → D0D+

s (X).

3. Optimización das mostras simuladas: unha serie de correccións é aplicada ás
mostras simuladas para mellorar a súa descrición dos datos reais. Estas correccións
son calculadas, principalmente, comparando as distribucións das mostras simuladas
coas de datos reais nas variables que se sabe que non están correctamente descritas,
e aplicando pesos nesas variables para facer que as distribucións coincidan cos datos
reais. As correccións aplicadas resúmense en:
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• A ferramenta PIDCalib [119] é usada para corrixir a simulación nas variables
de identificación de part́ıculas que son usadas na selección, facendo aśı que as
súas distribucións coincidan coas dos datos reais.

• Unha serie de correccións é aplicada para conseguir a correcta descrición das
variables ∆z (distancia no eixo z entre os vértices de desintegración do mesón
B e do τ) e δz (a anterior distancia dividida entre a súa incerteza). Esta
última variable é usada na selección para separar os eventos de sinal dos even-
tos prompt. Para calcular estas correccións, compáranse as distribucións das
incertezas na posición dos vértices con respecto ás súas respectivas masas in-
variantes, e reaĺızase un axuste liñal para atopar as correccións precisas en
función da masa. Unha corrección adicional é aplicada para os datos de 2016,
no cal se sabe que a resolución dos vértices é distinta que nos outros anos
de toma de datos: a distribución de δz é axustada aos datos usando unha
distribución Gaussiana dobre.

• Outra nova serie de correccións é aplicada ás variables de multiplicidade (número
de trazas e número de graos de liberdade do vértice primario), ás variables
cinemáticas do B (momento transversal e pseudorapidez), e ás eficiencias do
trigger. Estas correccións calcúlanse comparando directamente as distribucións
nesas variables entre simulación e datos, atopando aśı os pesos que aplicar á
simulación para facer que describa mellor os datos reais.

• Por último, a ferramenta HAMMER [120] é usada para corrixir os mode-
los teóricos usados na simulación, adaptando as mostras simuladas ao marco
teórico usado na análise de datos.

4. Cálculo das eficiencias: as mostras de simulación son usadas para calcular a
eficiencia de cada canle, é dicir, a porción de eventos que pasan todo o proceso de
selección con respecto ao número de eventos producidos.

5. Estudo de mostras de control: unha serie de mostras de datos complementarias,
seleccionadas para conter as principais canles de fondo, son usadas para describir
correctamente as mostras simuladas nesas canles. Estas son:

• As canles double-charm (B → D0D+
s (X), B → D0D+(X), e B → D0D0(X)).

Estas son as principais canles de fondo presentes na selección final. Selecciónanse
mostras de control requerindo a reconstrución do mesón D correspondente a
partir dos tres pións presentes na selección nominal (D+

s → 3π, D+ → K−2π+,
ou D0 → K3π), e reaĺızase un axuste á masa invariante do mesón B para obter
as proporcións de cada unha das canles individuais que contribúen a estes fon-
dos. Estas proporcións son logo usadas para mellorar o fit de sinal.

• As canles prompt (B → D03π(X)). A segunda fonte principal de rúıdo. Se-
lecciónase unha mostra de control requerindo que o vértice dos tres pións sexa

139



Julián Lomba Castro

cercano ao vértice do mesón B, e calcúlanse pesos nas variables de q2 e de BDT
para facer que a mostra simulada coincida cos datos reais nesas variables.

• As canles de desintegración D+
s → 3π(X), as cales é importante ter ben

descritas na simulación xa que o principal fondo provén das canles B →
D0D+

s (X). Selecciónanse múltiples mostras complementarias enriquecidas con
distintas canles resonantes e reaĺızase un axuste simultáneo a todas elas, ob-
tendo aśı as proporcións relativas de cada unha das canles, as cales son usadas
para corrixir as mostras simuladas.

6. Determinación do número de eventos de sinal: un axuste tridimensional en
q2, tempo de desintegración do τ , e o valor dado pola BDT é usado para extraer o
número de eventos das canles de sinal presentes na mostra de datos. Neste axuste,
cada unha das principais canles de desintegración é modelada en base ás mostras
de datos simulados corrixidos, obtendo un total de 24 compoñentes. Os fondos
combinatorios (desintegracións que son incorrectamente reconstrúıdas e pasan a se-
lección) son fixados baseándose nas súas distribucións en mostras de datos. Ademais,
a relación entre algunhas das compoñentes é usada para reducir o número de graos
de liberdade do fit ata 13. Dous parámetros adicionais son engadidos para permitir
variar a forma das canles B → D0D+

s (X) na variable de BDT, a cal se sabe que non
está ben descrita. A información obtida da mostra de control de B → D0D+

s (X) é
usada para restrinxir os seus correspondentes parámetros. Desta forma obtéñense os
números de eventos de cada unha das canles, inclúındo as de sinal que nos interesa
medir: B− → D0τ−ντ e B− → D∗0τ−ντ .

7. Determinación do número de eventos de normalización (section 6.2): un
axuste unidimensional á masa invariante m(D0D+

s ) no pico de masa do mesón B é
usado para extraer o número de eventos da canle de normalización (B+ → D0D+

s )
presentes nos datos. Debido ao gran illamento desta canle, o modelo de axuste é
relativamente simple, en comparación co axuste de sinal: unha distribución Crystal
Ball para o pico de masas xunto a unha exponencial decrecente para o rúıdo de
fondo.

8. Estudo de efectos sistemáticos e incertezas: as diferentes posibles fontes de
erros e efectos sistemáticos son estudadas para determinar as correccións necesarias
aos valores e incertezas dos resultados anteriores. Os principais efectos sistemáticos
son:

• A estad́ıstica limitada das mostras simuladas. Xa que o axuste de sinal se
realiza con distribucións obtidas da simulación, o número limitado de eventos
que se produciron é un factor limitante para a calidade desas distribucións.
Est́ımase este efecto no resultado repetindo o axuste de sinal con distribucións
alternativas variando as distribucións en base ao seu erro estad́ıstico. Atópase
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aśı que a incerteza sistemática introducida por este efecto está no 23% para
R(D0) e no 7.5% para R(D∗0).

• O modelo das canles de fondo double-charm. A pesar de usar mostras de con-
trol dedicadas para describir estas canles, o seu modelo no axuste de sinal,
e particularmente a súa distribución na variable de BDT, proba ser un dos
efectos sistemáticos máis grandes. Est́ımase a súa magnitude facendo variar as
distribucións destes modelos en base ás discrepancias atopadas nas mostras de
control, e estudando o comportamento do axuste de sinal ao fixar os parámetros
que afectan a estes modelos. Atópase aśı que a incerteza sistemática intro-
ducida por este efecto está no 22% para R(D0) e 7% para R(D∗0).

9. Medida das taxas de desintegración B− → D(∗)0τ−ντ e dos cocientes R(D0)
e R(D∗0): finalmente, todos os resultados obtidos comb́ınanse coas fontes externas
para calcular as cantidades desexadas, tal e como se explicou anteriormente, e estas
son corrixidas tendo en conta os efectos sistemáticos estudados no paso anterior.

Debido a que a análise áında está en estado preliminar, pendente de ser revisada
pola colaboración LHCb, os resultados obtidos son “cegados” durante todo o proceso,
impedindo coñecer a súa magnitude e aśı evitando posibles sesgos no desenvolvemento da
análise.

Ademais desta medida de R(D(∗)0), tamén está plantexada unha medida análoga de
R(D(∗)−), a cal seguirá practicamente a mesma estratexia, coas únicas diferenzas proce-
dendo das distintas canles de desintegración, sendo as canles de sinal B0 → D(∗)−τ+ντ
con

D∗− → D−{π0, γ},
D− → K+π−π−,

τ+ → π+π−π+(π0)ντ ;

precisando aśı unha selección de datos lixeiramente diferente.

Esta segunda análise deixouse nun segundo plano, coa intención de primeiro perfec-
cionar a medida de R(D(∗)0) e despois transferir directamente os algoritmos desenvolvidos
e optimizados a esta nova medida, minimizando aśı o tempo e traballo requeridos.

A.4 Resultados e conclusións

Os resultados (cegados) obtidos para as taxas de desintegración foron

B(B− → D0τ−ντ ) = (xxx± 0.13 (stad.)± 0.22 (sist.)± 0.07 (ext.))× 10−2 ,

B(B− → D∗0τ−ντ ) = (xxx± 0.11 (stad.) +0.15
−0.14 (sist.)± 0.15 (ext.))× 10−2 ,

(A.3)
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onde as primeiras incertezas son estad́ısticas (debido á cantidade de datos), as segundas
son debido a efectos sistemáticos, e as terceiras debido ás incertezas das medidas externas.
Estas dúas cantidades teñen un factor de correlación de −0.486. As súas incertezas totais
son, respectivamente, 2.7 × 10−3 e 2.4 × 10−3. Estes resultados poden ser comparados
coas medidas existentes recopiladas en [2],

B(B− → D0τ−ντ ) = (7.7± 2.5)× 10−3 ,

B(B− → D∗0τ−ντ ) = (1.88± 0.20)× 10−2 ,
(A.4)

onde pode verse que as medidas realizadas nesta tese teñen o mesmo nivel de precisión
que as xa existentes.

Para os cocientes de Universalidade Leptónica, os resultados obtidos son

R(D0) = xxx± 0.056 (stat.)± 0.096 (syst.)± 0.034 (ext.) ,

R(D∗0) = xxx± 0.020 (stat.)± 0.026 (syst.)± 0.029 (ext.) ,
(A.5)

cun factor de correlación de −0.471 entre as dúas cantidades. As súas incertezas totais son
0.12 and 0.044, respectivamente. Estes resultados son comparados coas medidas existentes
na figura A.1, onde pode verse que a precisión obtida para R(D0) é lixeiramente peor,
pero de magnitude similar, á das medidas existentes; mentres que a precisión obtida para
R(D∗0) é parecida á das existentes.

No momento de escritura desta tese, esta análise de R(D(∗)0) atópase na súa fase final
antes de ser revisada pola colaboración LHCb, despois do cal revelarase o seu resultado e
será publicado.

No futuro próximo, antes de publicarse, a incerteza sistemática destes resultados será
reducida implementando melloras á estratexia de análise para reducir a discrepancia entre
o modelo e os datos reais. O traballo realizado para esta tese foi esencial para descubrir
e analizar o impacto destas discrepancias, e aśı permitir corrixilas.

Nun futuro máis distante, as incertezas estad́ısticas poderán ser reducidas en futuras
análises grazas ás grandes cantidades de datos que se esperan tomar nos próximos anos en
LHC. As incertezas externas tamén mellorarán ao longo dos anos segundo novas medidas
máis precisas sexan realizadas pola comunidade. As incertezas sistemáticas tamén se
espera que melloren grazas a novas técnicas de simulación máis rápidas que permitan
dispor de máis datos simulados e grazas a entender mellor as contribucións das canles de
fondo.

En paralelo a esta medida de R(D(∗)0), algúns dos fundamentos para a futura medida
de R(D(∗)−) tamén foron realizados durante o traballo desta tese, principalmente a se-
lección de datos e o estudo de mostras de control das principais canles de fondo, aśı como
todos os métodos e algoritmos desenvolvidos para a medida de R(D(∗)0) que poderán ser
adaptados, senón reutilizados, para esta nova medida. A precisión esperada en R(D(∗)−)
é similar á obtida para R(D(∗)0).

En conclusión, a análise de datos presentada nesta tese ofrece unha importante con-
tribución ao estudo das anomaĺıas en cocientes de Universalidade Leptónica R(D(∗)), e
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A Resumo da tese en galego
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Figure A.1: Estado actual das medidas de R(D) e R(D∗), coa medida desta tese inclúıda.
Cada elipse representa una medida combinada de R(D(∗)), co seu contorno representando
as súas incertezas e a súa inclinación a súa correlación. A medida de R(D(∗)0) realizada
nesta tese é representada en púrpura (centrada no valor teórico debido a estar cegada), coa
liña cont́ınua representando as incertezas estad́ısticas, a liña discont́ınua representándoa
tamén coas incertezas sistemáticas, e a liña de puntos con todas as incertezas. As in-
certezas externas espérase que se reduzan ao longo dos anos, mentres que as sistemáticas
tamén se reducirán lixeiramente antes da finalización da análise.
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aporta a primeira medida de R(D) usando a canle de desintegración hadrónica do leptón τ
feita polo experimento LHCb, presumiblemente mellorando a situación global da procura
de nova f́ısica fóra do Modelo Estándar no sector da Universalidade Leptónica.
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Glossary of Terms

BBLite: Beeston-Barlow Lite. A fitting method that takes into account the limited
sample size of template PDFs by introducing a nuisance parameter for each bin.

BDT: Boosted Decision Tree. A supervised machine learning algorithm.

B(X → Y ): Branching fraction of the X → Y decay.

CP: Charge-Parity. Usually used in the context of “CP-symmetry” (the symmetry of
particles under the simultaneous inversion of charge and parity) or “CP violation”
(the violation of such symmetry).

DIRA: Direction Angle. The angle between the line that connects a particle’s primary
vertex with its decay vertex and the direction of the sum of momenta of its decay
products.

DOCA: Distance of Closest Approach. The shortest distance between two tracks.

DOF: Degrees of Freedom. Number of independent parameters.

ε: Efficiency. The fraction of events that passed certain requirements.

HLT: High Level Trigger. Defines the software-level trigger system of LHCb (see sec-
tion 3.2.4).

LFU: Lepton Flavour Universality. See section 2.2.

LHC: Large Hadron Collider. See section 3.1.

L0: Level 0. Defines the hardware-level trigger system of LHCb (see section 3.2.4).

Niso(X): Number of additional tracks with pT > 250 MeV/c, χ2
IP(PV) > 4, and χ2

IP(X) <
25. A measurement of how many additional tracks a vertex X has, compared to the
expected tracks from a signal decay (see section 4.3.4).

NP: New Physics. Any phenomenon that disagrees with the SM.

PDF: Probability Density Function. Function whose value at a given point represents
the relative probability of a certain random variable being equal to that point.

PID: Particle Identification. See section 3.2.3.

PIDX: Log-likelihood difference between the X and pion hypotheses for a the identifica-
tion of a certain particle (PIDX = logLX logLπ).



PNN(X): Bayesian posterior probability of a particle being of the type X. The “NN”
refers to the Neural Networks used in the PID algorithm.

PV: Primary Vertex. The point in which the original collision happened (in this case,
the proton-proton collision).

q2: Squared transferred momentum. In a h0 → h1W
± decay, q2 = (p1−p0)2, which equals

the invariant mass of the resulting particles from the subsequent W± decay.

RICH: Ring Imaging Cherenkov. A kind of detector that uses Cherenkov radiation to
identify particles (see section 3.2.3).

SPD: Scintillator Pad Detector. See section 3.2.3.

SM: Standard Model. See section 2.1.

QCD: Quantum Chromodynamics. Theory that describes the strong interaction of
quarks and gluons and is contained within the Standard Model.

VELO: Vertex Locator. Subdetector of LHCb (see section 3.2.2).

χ2
IP(X): Difference between the χ2 of a vertex X built with and without the considered

track (see section 4.3.4).
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In the Standard Model (SM), Lepton Flavour Universality (LFU) 
is a property that implies that the coupling between gauge 
bosons and the different leptons does not depend on the flavour 
of the lepton. In particular, the so-called LFU ratios such as 
R(D(*)0)=BF(B→D(*)0τν)/BF(B→D(*)0µν) are being thoroughly 
measured by different experiments, finding tensions with the 
SM predictions up to the 3 sigma range. In this thesis, a 
preliminary simultaneous measurement of the B→D(*)0τν 
branching fractions and the R(D(*)0) LFU ratios is reported, 
done with LHCb data from the years 2016–2018. The obtained 
results, with blinded values, are R(D0) = x ± 0.12 and R(D*0) = 
x ± 0.043.
In addition, the base work for a complementary and analogous 
measurement of the R(D(*)-) is laid out.
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