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Improved Design of High-Performance
Parallel Decimal Multipliers

Alvaro Vazquez, Elisardo Antelo, Member, IEEE, and Paolo Montuschi, Senior Member, IEEE

Abstract—The new generation of high-performance decimal floating-point units (DFUs) is demanding efficient implementations of
parallel decimal multipliers. In this paper we describe the architectures of two parallel decimal multipliers. The parallel generation
of partial products is performed using signed-digit radix-10 or radix-5 recodings of the multiplier and a simplified set of multiplicand
multiples. The reduction of partial products is implemented in a tree structure based on a decimal multioperand carry-save addition
algorithm that uses unconventional (non BCD) decimal coded number systems. We further detail these techniques and present the
new improvements to reduce the latency of the previous designs which include: optimized digit recoders for the generation of 2™ -tuples
(and 5-tuples), decimal CSAs (carry-save adders) combining different decimal coded operands and carry-free adders implemented by
special designed bit counters. Moreover, we detail a design methodology that combines all these techniques to obtain efficient reduction
trees with different area and delay tradeoffs for any number of partial products generated. Evaluation results for 16-digit operands show
that the proposed architectures have interesting area-delay figures compared to conventional Booth radix-4 and radix-8 parallel binary
multipliers and outperform the figures of previous alternatives for decimal multiplication.

Index Terms—Decimal multiplication, parallel multiplication, decimal carry-save addition, decimal codings.

1 INTRODUCTION

Providing hardware support for decimal floating-point arith-
metic (DFP) is becoming a topic of interest. Although software
DFP implementations [4], [6] satisfy the precision require-
ments, they are about an order of magnitude slower than
hardware implementations [14], [34] and could not satisfy the
high performance demands of future financial, commercial and
user-oriented applications [5]. Furthermore, there have been
some efforts in defining a standard for decimal arithmetic
[7]. Specifically, the revision of the IEEE 754 Standard for
Floating-Point Arithmetic (IEEE 754-2008) [17] incorporates
specifications for DFP arithmetic that can be implemented in
software, hardware or in a combination of both. For instance,
the IBM z9 architecture [10] implements DFP using microcode
and performs the most basic tasks in dedicated hardware. The
IBM Power6 microprocessor [11], oriented to workstations
and servers, and the IBM z10 mainframe processor [27],
already include fully compliant IEEE 754-2008 DFUs.

The new generation of high-performance DFUs is demand-
ing more efficient implementations of decimal multiplication.
Although this is an important and frequent operation, current
hardware implementations suffer from lack of performance.
Parallel binary multipliers [22], [26] are used extensively in
most of the binary floating-point units for high performance.
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However, decimal multiplication is more difficult to imple-
ment due to the complexity in the generation of multiplicand
multiples and the inefficiency of representing decimal values
in systems based on binary signals. These issues complicate
the generation and reduction of partial products. Thus, while
decimal adders are implemented in a parallel fashion and
are almost as efficient as binary ones, commercial implemen-
tations of decimal multipliers are sequential [1], [2], [11],
[23]. These implementations are based on iterative algorithms
for decimal integer multiplication [21], [23] and therefore
present low performance. Recently, several techniques related
to the generation of partial products [13], [31] or providing
improvements of sequential decimal multipliers [12], [15],
[19] have been proposed. Other recent works [8], [9], [18]
have proposed new techniques to speed-up multioperand BCD
addition using tree-like (parallel) structures.

The first implementation of a parallel decimal multiplier is
described in [20]. Several different parallel decimal multiplier
architectures are proposed in [33], which use new techniques
for partial product generation and reduction. Furthermore,
some of these architectures were extended to support binary
multiplication. Some concepts of [33] were applied in [3]
to design decimal 4:2 compressor trees. All of the previ-
ous designs are combinational fixed-point architectures. A
pipelined IEEE 754-2008 compliant DFP multiplier based on
an architecture from [33] was presented in [16].

This work is a major extension of a previous paper [33]
which presented a new family of high-performance parallel
decimal multipliers. In this paper, we deal with fully com-
binational decimal fixed-point architectures. We describe in
some detail the methods for partial product generation and
reduction proposed in [33] and introduce new techniques
to reduce the latency and the hardware complexity of the
previous designs. The paper is organized as follows. Section
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2 outlines some previous representative work on decimal
multiplication. In Section 3 we present the two proposed
multiplier architectures, SD (signed-digit) radix-10 and SD
radix-5. The parallel generation of decimal partial products
is detailed in Section 4. In Section 5 we describe the method
for fast multioperand decimal carry-save addition and propose
several tree architectures for an efficient reduction of partial
products. Design decisions are supported by the area-delay
model for static CMOS gates described in Section 6. In
addition, we have synthesized both SD radix-10 and SD radix-
5 multiplier designs for 64-bit (16-digit) operands, using a
90nm CMOS standard cells library. We provide the resulting
area-delay figures in Section 6. In Section 7 we compare the
two proposed designs with some representative binary and
decimal multipliers. We also perform a comparison among
the different multioperand decimal tree adders. We finally
summarize the main conclusions in Section 8.

2 AN OVERVIEW OF FIXED-POINT DECIMAL
MULTIPLICATION

A digit Z; of a decimal integer operand Z = Zf;ol Z; 10% is
coded as a positive weighted 4-bit vector as

3
Zi = Zzi’j Ty (1)
=0

where Z; € [0,9] is the i" decimal digit, z; ; is the j** bit
of the i'" digit and ; > 1 is the weight of the j* bit. The
previous expression represents a set of coded decimal number
systems that includes BCD (with r; = 27), shown in Table
1. The other decimal codes shown in Table 1 are used for
representing different decimal operands, as required by the
methods presented in this paper, and are referenced later. We
refer to these codes by their weight bits as (rsrqrirg). The
4-bit vector that represents the decimal digit Z; in a decimal
code (rsrorirg) is denoted as Z;(rzrariro).

The multiplicand X = Zf;ol X; 10° and multiplier Y =
Z?:_Ol Y; 10° are unsigned decimal integer d-digit BCD words.
Fixed-point multiplication (both binary and decimal) consists
of three stages: generation of partial products, reduction (addi-
tion) of partial products to two operands and a final conversion
(usually a carry propagate addition) to a non redundant 2d-
digit BCD representation P = 212151 P; 10°. Extension to
decimal floating-point multiplication involves exponent addi-
tion, rounding of P = X x Y to fit the required precision,
sign calculations and exception detection and handling.

Decimal fixed-point multiplication is more complex than
binary multiplication mainly for two reasons: the larger range
of decimal digits ([0,9]), which increments the number of
multiplicand multiples and the inefficiency of directly repre-
senting decimal values in systems based on binary logic using
BCD (since only 9 out of the 16 possible 4-bit combinations
represent a valid decimal digit). These issues complicate the
generation and reduction of partial products.

Proposed methods for the generation of decimal partial
products follow two approaches. The first alternative performs
a digit by digit multiplication of the input operands, using

digit-by-digit lookup table methods [21], [31]. In a recent
work [13], a magnitude range reduction of the operand digits
by a signed-digit radix-10 recoding (from [0,9] to [-5,5])
is suggested. This recoding of both operands speeds-up and
simplifies the generation of partial products. Then, signed-digit
partial products are generated using simplified tables and com-
binational logic. This class of methods is only suited for serial
implementations, since the high hardware demands make them
impractical for parallel partial product generation (see [33]).
The second approach generates and stores all the required
multiplicand multiples [24]. Next, multiples are distributed
to the reduction stage through multiplexers controlled by the
BCD multiplier digits ([0, 9]). This approach requires several
wide decimal carry-propagate additions to generate some
complex BCD multiplicand multiples (3X,6X,7X,8X,9X). In
[2], only even multiples {2X,4X,6X,8X} are computed
and stored. Odd multiples {3X,5X,7X,9X} are obtained on
demand. A reduced set of BCD multiples {X,2X,4X,5X}
is precomputed in [12] without a carry propagation. All the
multiples can be obtained from the sum of two elements of this
set. In [20] each multiplier digit is recoded as Y; = YU 54+YE,
with YV € {0,1,2} and Y € {-2,-1,0,1,2}. The 2X and
5X multiples are computed in few levels of combinational
logic. Negative multiples require an additional 10’s comple-
ment operation.

First attempts to improve decimal multiplication performed
the reduction of decimal partial products using some scheme
for decimal carry propagate addition such as direct decimal
addition [25]. Proposals to perform the reduction of decimal
partial products using carry-free addition were suggested in
[21] (carry-save) and [13], [28], [30] (signed-digit).

Decimal carry-save addition methods use two BCD words
to represent sum and carry [18], [19], [21], [23] or a BCD
sum word and a carry bit per digit [12], [20]. The first
group implements decimal addition mixing binary CSAs with
combinational logic for decimal correction. In [23] a scheme
of two levels of 3:2 binary CSAs is used to add the partial
products iteratively. Since it uses BCD to represent decimal
digits, a digit addition of +6 or +12 (modulo 16) is required
to obtain the decimal carries and to correct the sum digit. In
order to reduce the contribution of the decimal corrections to
the critical path, three different techniques for multioperand
decimal carry-save addition were proposed in [18]. Two of
them perform BCD corrections (+6 digit additions) using
combinational logic and an array of binary carry-save adders
(speculative adders), although a final correction is also re-
quired. A sequential decimal multiplier based on these tech-
niques is presented in [19]. It uses BCD invalid combinations
(overloaded BCD representation) to simplify the sum digit
logic. The other approach (non-speculative adder [18]) uses
a binary CSA tree followed by a single decimal correction.
Among these proposals, the non-speculative adders present the
best area-delay figures and are suited for tree topologies. A
recent proposal [8] uses a binary carry-free tree adder and a
subsequent binary to BCD conversion to add up to IV d-digit
BCD operands. An example of this architecture, implemented
in a decimal parallel multiplier, can be found in [9].

The second group of methods [12], [20] uses different



IEEE TRANSACTIONS ON COMPUTERS 3

Z: | Z:(BCD) | Z:(5421) | Z:(4221) | Z;(5211) Z:(4311) Z:(3321)

0 0000 0000 0000 0000 0000 0000

1 0001 0001 0001 0001 0010 0001 0010 0001

2 0010 0001 0100 0010 | 0100 0011 0011 0010

3 0011 0011 0101 0011 | 0101 0110 0100 0100 1000 0011

4 0100 0100 0110 1000 0111 1000 0110 0101 1001 0101

5 0101 1000 0111 1001 1000 1001 0111 1010 1010 0110

6 0110 1001 1010 1100 | 1010 1001 1011 1100 1011 0111

7 0111 1010 1011 1101 | 1011 1100 1100 1101

8 1000 1011 1110 1110 1101 1110 1101 1110

9 1001 1100 1111 1111 1111 1111

TABLE 1
Decimal codings.
. . . X (BCD)
topologies of 4-bit radix-10 carry-propagate adders [25] to ad}
implement decimal carry-save addition. In [12] a serial multi- _ _
plier is implemented using an array of radix-10 CLAs (carry SXGe:i'at'on Ogm“mp'esf;zmx Y (gco)
lookahead adders). A CSA tree using these radix-10 CLAs is aenfaarn faen Jawnlad vo v, va oy, 4y
implemented in the combinational decimal parallel multiplier SO Radic10
proposed in [20]. To optimize the partial product reduction, | d+1 5D radix-10 digits
Mux5  (x17 rows) | Ys;i

they also use an array of decimal digit counters.

The reduction of all decimal partial products in parallel
requires the use of efficient multioperand decimal tree adders.
Among the different schemes, the most promising ones for
fast parallel addition seem to be those using binary CSA
trees or some parallel network of full adders [8], [18], due
to their faster and simpler logic cells (full adders against SD
adder cells or radix-10 CLAs). These methods assume that
decimal digits are coded in BCD. However, BCD is highly
inefficient for implementing decimal carry-save addition using
binary arithmetic, because the need to correct the invalid 4-
bit combinations (those not representing a decimal digit). The
previous methods use different schemes to perform these BCD
corrections. Moreover, the BCD carry digit must be multiplied
by 2, which requires additional logic. We also implement
multioperand decimal tree adders using a binary CSA tree, but
with operands coded in decimal codings that are more efficient
than BCD, namely, (4221) or (5211). These multioperand
decimal CSA trees are detailed in Section 5.

3 DECIMAL PARALLEL MULTIPLIERS

In this Section we present a general overview of the proposed
architectures for d-digit (4d-bit) BCD decimal fixed-point
parallel multiplication. These designs are based on the tech-
niques for partial product generation and reduction detailed in
Section 4 and Section 5 respectively. The main feature of these
architectures is the use of codes (4221) and (5211), instead
of BCD, to represent the partial products. This improves the
reduction of decimal partial products with respect to other
proposals, in terms of both area and latency.

3.1 SD radix-10 architecture

The architecture of the d-digit SD radix-10 multiplier is shown
in Fig. 1. The multiplier consists of the following stages:
generation of decimal partial products coded in (4221) (gener-
ation of multiplicand multiples and SD radix-10 encoding of

4(d +3)®
PP[i] (4221) 4(d+3)-bit x (d+1) pp.

d+1 Partial Product
Reduction Tree

H (4221) g 8d 8d S (4221)
2H (8CD) § &d 8d S (BCD excess-6)
2d-digit BCD Q-T
Adder

8d

P (BCD)

Fig. 1. Combinational SD radix-10 architecture.

the multiplier), reduction of partial products and a final BCD
carry-propagate addition.

The generation of the d + 1 partial products is performed
by an encoding of the multiplier into d SD radix-10 digits and
an additional leading bit as described in Section 4.1. Each SD
radix-10 digit controls a level of 5:1 muxes which selects a
positive multiplicand multiple {0, X,2X,3X,4X,5X} coded
in (4221). The generation of these multiples is detailed in
Section 4.3. To obtain each partial product, a level of XOR
gates inverts the output bits of the 5:1 muxes when the sign
of the corresponding SD radix-10 digit is negative.

Before being reduced, the d + 1 partial products, coded in
(4221), are aligned according to their decimal weights. Each
p-digit column of the partial product array is reduced to two
(4221) decimal digits using one of the decimal digit p:2 CSA
trees described in Section 5.4. The number of digits to be
reduced for each column varies from p = d+ 1 to p = 2.
Thus, the d + 1 partial products are reduced to two 2d-digit
operands S and H coded in (4221).

The final product is a 2d-digit BCD word given by P =
2H + S. Before being added, S and H need to be processed.
S is recoded from (4221) to BCD excess-6 (BCD value plus
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X (BCD) Y (BCD)
4d 4d

SD radix-5 Recoder

Generation of multiples (4221)

t4d 7 *4(d+1) # 4(d+2)
X X 2X  -2X

FRARE
YU vl yst 4 16
SD radix-5 digits

2X X 22X X X 2X
: Arithmetic binary left shift: it

10X F l_ v l l_

Mux2 Mux-4 (d rows)
4+ T pp[ilY21r) 4(@+2){ PPIi]L(4221)

2d Partial Product
Reduction Tree

H (4221) g 8 8d 5 (4221
2H (BCD) § 8d 8d S (BCD excess-6)
32-digit BCD Q-T
Adder

¢8d

P (BCD)

Fig. 2. Combinational SD radix-5 architecture.

6, which requires practically the same logical complexity as a
recoding to BCD). The H x 2 multiplication is performed in
parallel with the recoding of S. This x2 block uses a (4221)
to (5421) digit recoder (see Section 4.4) and a 1-bit wired left
shift to obtain the operand 2H coded in BCD'.

For the final BCD carry propagate addition we use a
quaternary tree (Q-T) adder based on conditional speculative
decimal addition [32]. It has low latency (about 10% more
than the fastest binary adders) and requires less hardware than
other alternatives.

3.2 SD radix-5 architecture

The dataflow of the d-digit SD radix-5 architecture is shown
in Fig. 2. The multiplier consists of the following stages: gen-
eration of decimal partial products (generation of multiplicand
multiples and SD radix-5 encoding of the multiplier), reduction
of partial products and a final BCD carry-propagate addition.
SD radix-5 recoding, described in Section 4.2, generates 2d
decimal partial products, half coded in (4221) and the other
half in (5211). This improved scheme only requires the gen-
eration of simple multiplicand multiples {—2X, —X, X,2X}
coded in (4221), as shown in Section 4.3. The reduction of
the aligned partial products is carried out using the mixed
(4221/5211) decimal digit p:2 CSA trees 2 < p < 2d)
described in Section 5.5. As in the SD radix-10 architecture,
the 2d-digit operands S and H are processed before being
assimilated in the 2d-digit BCD carry-propagate adder.

4 DECIMAL PARTIAL PRODUCT GENERATION

We aim for a parallel generation of a reduced number of partial
products coded in (4221) or (5211). This is achieved with the
recoding of the d-digit BCD multiplier and the generation of a

1. Note that this 1-bit left shift is equivalent to multiply the binary weights
of (5421) by 2, such that the resulting digits are coded in BCD.

Multiplicand multiples in (4221) decimal code

5X 4X 3X 2X X Y5 Yi.1 (BCD)

e

BCD to SD radix-10 Recoder
SD digit {-5...5}

e

¥5i Y4i ¥3i¥2i ¥1i ys;
hot one code

Y; (BCD)

Y4

l y3;
¥2i

A 1§ gt

| Mux-5 | l

ySi

PPJi](4221)
{-5X,-4X,-3X,-2X,-X,0,X,2X,3X,4X,5X}

Fig. 3. Partial product generation for SD radix-10.

reduced and simple set of multiplicand multiples. We present
two different schemes with good trade-offs between fast gen-
eration of partial products and the number of partial products
generated. A minimally redundant SD radix-10 recoding of
the multiplier (with digits in {-5,...,0,...,5}) produces
only d + 1 partial products but requires a carry propagate
addition to generate complex multiples 3X and —3X. A
second scheme, named SD radix-5 recoding, encodes each
BCD digit Y; of the multiplier into two digits Y;V € {0, 1,2}
Y € {-2,-1,0,1,2}, such that ¥; = YV 5+ VI It
generates 2d partial products (2 digits per radix-10 digit),
but all multiplicand multiples are produced in a few levels
of combinational logic. Furthermore, the (4221) and (5211)
codes are self-complementing (see Section 5.1). Thus, an
advantage with respect to previous schemes, which use BCD
multiples, is that the 9’s complement of each digit can be
obtained by inverting its bits. This simplifies the generation
of the negative multiplicand multiples from the positive ones.
In addition, the previous methods based on the decomposition
Y; = Y,V 5+ Y [20], [33] require combinational logic to
generate the 5X multiple. We use mixed (4221/5211) decimal
codings to remove this logic.

41

Fig. 3 shows the block diagram of the generation of one
partial product using the SD radix-10 recoding. This recoding
transforms a BCD digit ¥; € {0,...,9} into a SD radix-
10 Yb; € {-5,...,5}. The value of the recoded digit Yb;
depends on the decimal value of Y; and on a signal ys;_1
(sign signal) that indicates if Y;_; is greater or equal than
5. Thus, the d-digit BCD multiplier Y is recoded into the
d + 1-digit SD radix-10 multiplier Y'b = Z?:o Yb; 10° with
Yby =ysq—1 € {0, 1}.

Each digit Y'b; generates a partial product PPJi] select-
ing the proper multiplicand multiple coded in (4221). This
is performed in a similar way to a modified Booth re-
coding: Yb; is represented as five ’hot one code’ signals
{yli,y2i,y3:,y4;,y5;} and a sign bit ys;. These signals are
obtained directly from the BCD multiplier digits Y; using the
following logical expressions:

SD radix-10 recoding

Ysi Yiz vV ¥i2 - (Yi,1 Vi)
Y5 = Y2 Tia- (Yio DyYsi-1)
ydi = ySi—1-Yio- Y2 PVYi1) VUSi—1 - Yiz2 Vio
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X(BCD) Y; (BCD)
43

BCD to SD
radix-5 recoder

Multiplicand multiples
in (4221) decimal code YU

hot one code

Mux-4 |
t {-2X,-X,0,X,2X}
PPL[i](4221)

| Mux-2 | |
1 {0.5%10%}
PPY[i](5211)

Fig. 4. Partial product generation for SD radix-5.

y3i = Y1 (Yio ®Ysi—1)

Y2 = YSi—1-Yio - Y3V ¥i2 - Yia)
VYSi—1 Uiz - Yi,0 - Yi,2 D Vi1

yli = Yi2 Vi1 (Yo ®ysi—1)

Symbols V, -, and @ indicate boolean operators OR, AND
and XOR respectively. The five "hot one code’ signals are
used as selection control signals for the 5:1 muxes to select
the positive d + 1-digit multiples {0, X,2X,3X,4X,5X}.
The generation of the positive multiples { X, 2X,3X,4X,5X}
coded in (4221) from the BCD multiplicand is detailed in
Section 4.3. To obtain the correct partial product, the selected
positive multiple is 10’s complemented if ys; is one. This is
performed simply by a bit inversion of the positive (4221)
decimal coded multiple using a row of XOR gates controlled
by ys;. The addition of one ulp (unit in the last place) is
performed enclosing a tail encoded bit ys; (hot one) to the
next significant partial product PP[i + 1], since it is shifted
a decimal position to the left from PP[i]. To avoid a sign
extension and thus to reduce the complexity of the partial
product reduction tree, the partial product sign bits ys; are
encoded at each leading position into two digits as

(750, yso yso yso yso) =0
(0,111ys;)) 0<i<d-—1
(0,0000) i=d—1

(PPli]ay2, PPlilat1) =

Therefore, each partial product P P[i] is at most of (d+3)-digit
length.

4.2 SD radix-5 recoding

Fig. 4 shows the diagram for partial product generation using
the SD radix-5 recoding scheme. Each BCD digit of the
multiplier is encoded into two digits Y,V € {0,1,2} and
Yk € {-2,-1,0,1,2}, so that Y; = YV - 54 Y;X. SD radix-5
’hot one code’ selection signals are obtained from the BCD
input digits using the following equations:

27 =vis
YU Yy 7 1,
¥:7) { Y1V = yio Vyit1 - Yio
y(+2)F =vi1 - Wiz Yio VT2 Tio)
(v y(+ V) =¥z Viz - Vix - Yio VYi2 Vi1 Vio
‘ y(—l)f =Yi,3-Yi,0VVYi,2 Yil - Yi0
y(=2)f

2); =Yi,3Yi,0 VYi,2 " Yi1 " Yi0

N

Each multiplier digit Y; generates two partial products
PP[i)V and PPJi]*. Therefore, this scheme generates 2d
partial products for a d-digit multiplier. The advantage of this
recoding is that it uses a simple set of multiplicand multiples
{—-2X,—X,X,2X} coded in (4221). This decimal partial
product generation is comparable in latency to binary Booth
radix-4, due to a faster generation of multiples, as detailed in
Section 4.3.

Moreover, the generation of PP[i]V (positive) only requires
multiples {X,2X}. To obtain the correct value of PP[i]Y,
the multiples selected by Y,V must be first multiplied by
5. This is performed by shifting 3 bits to the left the bit
vector representation of the (4221) coded multiples {X,2X},
producing respectively the multiples {5X, 10X } but coded in
(5211)%. We denote by Lmgpife a left arithmetic binary shift
of m bits, implemented with fixed wiring.

The negative multiples {—X, —2X} are obtained by bit
inverting the multiples {X,2X}, coded in (4221), and adding
an ulp as a hot one in the corresponding partial product. The
sign bits ysZ, given by

ysi = i3V iz Vit VoV Vi2 Vil - Yio 2
are encoded to the left of PP[i]* and PP[0]V as

L (1,1,1,ysk) If0<i<d-1)
Prii = { oo TS
PP0lg; = (0,0,0,ys7) 3)

The hot ones produced by the 10’s complement of the partial
products, (0,0, 0, ysk), are just placed in the least significant
digit of PP[i]Y, PPJi]§, which have a value of 0 or 5 coded
in (5211). The 2d partial products generated are at most of
d + 2-digit length, d of them coded in (5211) (PP[i]Y) and
the other half in (4221) (PP[i]L).

4.3 Generation of multiplicand multiples

All the required decimal multiplicand multiples, except the 3X
multiple, are obtained in a few levels of combinational logic
using different digit recoders and performing different fixed
m-bit left shifts (Lmgp;s¢) in the bit-vector representation of
operands. The structure of these digit recoders is discussed in
Section 4.4.

Fig. 5(a) shows the block diagram for the generation of the
positive multiplicand multiples {X,2X,3X,4X,5X} for the
SD radix-10 recoding. All these multiples are coded in (4221).
The X BCD multiplicand is easily recoded to (4221) using the
logical expressions

(i3, W2, Wi, Wio) = (Ti3VTi2, Ti3, Ti3VTi1, Tio)

(4)

where x; ; and w; ; are, respectively, the bits of the BCD and

(4221) representations of X. The generation of multiples is as
follows:

Multiple 2.X: Each BCD digit is first recoded to the (5421)

decimal coding shown in Table 1 (the mapping is unique). A

2. Shifting three bits to the left a (4221) decimal coded bit vector is
equivalent to multiply its binary weights by 5, obtaining a (5211) coded
operand.
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X (BCD)
BCD to 4221 recoder
2X (BCD)
X(4221)
_ BCD to 4221 recoder d-digit BCD
= 2X(4221) Adder
5X(4221) X(4221) 4X(4221) 2X(4221) 3X(4221)
(a) Multiples for SD radix-10.
X (BCD)

X(4221) -X(4221) 2X(4221) -2X(4221)
(b) Multiples for SD radix-5.

Fig. 5. Generation of multiplicand multiples.

x102 x101 x100

4221)4221 (4221

X(4221) 25 [ooo0lo010[1001
L3ghi x5

shift ¢ 52115211 |5211

5X(5211) 125 [0001[0100]1000

422142214221
[ooo1]0100[1001

Digit recoding l

5X(4221) 125

Multiplication by 5

Fig. 6. Calculation of x5 for decimal operands coded in (4221).

L1sp;5¢ is performed to the recoded multiplicand, obtaining
the 2X multiple in BCD. Then, the 2X BCD multiple is
recoded to (4221) using Expressions (4).

Multiple 4X: It is obtained as 2X x 2, where the 2X
multiple is coded in (4221). The second x2 operation is
implemented as a digit recoding from (4221) to code (5211),
followed by a L1,y;¢:. The design of the (4221) to (5211) digit
recoders is described in Section 4.4. The x2 operation, with
input operands coded in (4221) or (5211), is also implemented
in the decimal CSA trees used for partial product reduction,
and therefore, it is more detailed in Section 5.1.

Multiple 5X: It is obtained by a simple L3;f: of the
(4221) recoded multiplicand, with resultant digits coded in
(5211). Then, a digit recoding from (5211) to (4221) is
performed (see Section 4.4). Fig. 6 shows an example of this
operation.

Multiple 3X: It is evaluated by a carry propagate addition
of BCD multiples X and 2X in a d-digit BCD adder (im-
plemented as a quaternary-tree decimal adder [32]). The BCD
sum digits are recoded to (4221) as indicated by Expression

6
Zi 0 I 2 3 g
Z;(4221s) | 0000 | 0001 | 0010 | 0011 | 1000
Z;(5211s) | 0000 | 0001 | 0100 | 0101 | 0111
Z; 5 6 7 8 9
Z:(42215) | 1001 | 1010 | 1011 | 1110 | 1111
Z;(5211s) | 1000 | 1001 | 1100 | 1101 | 1111
TABLE 2

Selected decimal codes for the recoded digits.

(4). The latency of the partial product generation for the SD
radix-10 scheme is constrained by the generation of 3.X.
The generation of (4221) decimal coded multiples
{—2X,—-X,X,2X} for the SD radix-5 recoding is shown in
Fig. 5(b). The BCD multiplicand is first recoded to (4221)
using Expressions (4). The 2X multiple is implemented as a
digit recoding from (4221) to (5211) followed by a L1, .
The negative multiples {—X,—2X}, coded in (4221), are
obtained inverting the bits of the (4221) decimal coded positive
multiples and encoding the sign as described in Section 4.2.

4.4

The design of efficient digit recoders is a critical issue, due to
their high impact on the performance and area of the whole
multiplier. Digit recoders are used to compute the decimal
multiplicand multiples (Section 4.3) and in the reduction
of partial products (Section 5) to compute x2" (n > 0)
operations.

The logical implementation of digits recoders for BCD,
BCD excess-6 and (5421) decimal codes is straightforward,
since there is only a mapping of decimal digits to these codes
(each decimal digit has a single 4-bit representation). However,
due to the redundancy of (4221) and (5211) decimal codes,
there are several choices for the digit recoding to (4221) or
(5211). The sixteen 4-bit vectors of a coding can be mapped
(recoded) into different subsets of 4-bit vectors of the other
decimal coding representing the same decimal digit. These
subsets of the (4221) and (5211) codes are also decimal
codings.

Among all the subsets analyzed, the non-redundant decimal
codes (4221s) and (5211s) (subsets of ten 4-bit vectors), shown
in Table 2, present interesting properties. In particular, these
codes verify

Implementation of digit recoders

27(4221s) = Llgpipe[Z(52115)] (5)

that is, after shifting one bit to the left an operand Z
represented in (5211s), the resultant bit-vector represents the
decimal value of 27 coded in (4221s). This fact simplifies
the implementation of x2™ operations for n > 1. Specifically,
for a decimal operand Z(4221), Z x 2™ is implemented by a
first level of Z;(4221) to Z;(5211s) digit recoders followed
by n—1 levels of Z;(4221s) to Z;(5211s) digit recoders. The
output of each level of digit recoders is shifted 1-bit to the
left, such that the most significant bit of each (5211s) digit
(weight 5) is shifted out to the next decimal position (weight
10).
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Moreover, in some cases, the x2 may be simplified. In
particular, the recoding given by Expression (4) maps the
BCD representation into the subset (4221s). Therefore, the
subsequent x2 operations in Fig. 5(a) and Fig. 5(b) are
implemented using a level of simpler (4221s) to (5211s) digit
recoders. A (4221) to (5211s) digit recoder has a hardware
complexity of about 27 NAND2 gates, and its critical path has
(roughly) the delay of a full adder. The (42215s) to (52115s) digit
recoder has a simpler hardware complexity (about 19 NAND2
gates) with 25% less latency.

Additionally, the inverse digit recoding (from (5211) to
(4221)) is easily implemented using a single full adder, since

Zi(5211) = z;3 4+ 22 2+ 27, 2+ 27 (6)

with 271 2+ 27y = (zi3 + 2i1 + zi0) < 3. This recoder
is used to generate the x5 multiple for the (4221) coding
and in mixed (4221/5211) multioperand CSAs (Section 5.5)
to convert a (5211) decimal coded operand into the equivalent
(4221) coded one.

5 PARTIAL PRODUCT REDUCTION

First, we describe in Section 5.1 the partial product arrays
generated by the SD radix-10 and SD radix-5 encodings.
Each column of p digits is reduced to two digits by means
of a decimal digit p:2 CSA tree. Also, decimal carries are
passed between adjacent digit columns. In Section 5.2 we
present the set of preferred decimal codings and the method
for decimal carry-save addition. We propose the use of the
(4221) and (5211) decimal codings instead of BCD for an
efficient implementation of decimal carry-save addition with
binary CSAs or full adders. The use of these codes avoids the
need for decimal corrections, so we only need to focus on the
x2 decimal multiplications. The implementation of decimal
3:2 CSAs for the proposed codings is also described in Section
5.2. To reduce the latency of the p:2 CSA trees, we make use
of the decimal digit adders introduced in Section 5.3. These
digit adders, implemented with bit counters, reduce up to 9
digits coded in (4221) or (5211) to 4 digits coded in (4221).
Finally, we detail the design of the proposed p:2 decimal CSA
trees implemented in the SD radix-10 (in Section 5.4) and
SD radix-5 architecture (in Section 5.5). We present schemes
optimized for area and for delay.

5.1 Partial product arrays

As we detailed in Section 4.1, the SD radix-10 architecture
produces d + 1 partial products coded in (4221) of d + 3-digit
length. Before being reduced, the d+ 1 partial products P P][i]
are aligned according to their decimal weights by 4:-bit wired
left shifts (PP[i] x 10%). The resultant partial product array
for 16-digit input operands is shown in Fig. 7(a). In this case,
the number of digits to be reduced varies from p = 17 to
p = 2. In particular, the highest columns can be reduced with
the area-optimized or delay-optimized decimal 17:2 CSA trees
presented in Section 5.4.

For the SD radix-5 architecture, the number of partial
products generated is equal to 2d, d of them coded in
(5221) and the other d coded in (4221) (see Section 4.2).

17 partial products: 16+3 digits wide max.

SSHXXXXXXXXXXXXXXXX
SEXXXXXXXXXXXXXXXXH
SFX XXX XXX XX XXX XXH
SFE XXX XXX XXX XXX XXXXH
SEXXX XX XXX XXXXXXH
SEXXXXAXIXXXXXXXXXXH
SFEXXXXX XXX XXXXXXH
SEXXXXXXXXXXXXXXXXH
SEXXXXXXX XX XXX XXH
SEXXXXXXXXXXXXXXXXH
SEXXXXXXXXX XX XXXH
SFEXXXXXXXXXXXIXXXXXH
SEXXXXXXXXXXX XXXH
SEXXXXXXXXXXXXXXIXXH
SEXXXXXXXXXXXXXXXIXH o
SEXXXXXXXXXXXXXXXXH Highest column: 17 digits
FEXXX XXX XXX XXX XXX -

Final product: 32-digit wide
S : Sign encoding
H : Hot one 10’s complement encoding
X : Regular (4221) digit
F : Extra digit position to support the width of multiplicand multiples
(a) SD radix-10 architecture.
32 partial products: 16+2 digits wide max.

SFMVVVVVVVVVVVVVVV
SBB[BBBBBBBBBBBBBBH
SFVMVVVVVVVVVVVVVV
BB|BBBBBBBBBBBBBBH
SFVVV|VVVVVVVVVVVVV
BBBB[BBBBBBBBBBBBH
SFVVVIMVVVVVVVVVVVV
BBBBBBBBBBBBBBBBH
SFVVVVMVVVVVVVVVVV
BBBBBBBBBBBBBBBBH
SFVVVVV|V|VVVVVVVVVV
BBBBBBBBBBBBBBBBH
SFVVVVVVIV|VVVVVVVVV
BBBBBBBBBBBBBBBBH
SFVVVVVVVV|VVVVVVVV
BBBBBBBB|BBBBBBBBH
SFVVVVVVVVVVVVVVVV
BBBBBBBBB|B[BBBBBBH
SFVVVVVVVVVVVVVVVV
BBBBBBBBBBBBBBBBH
SFVVVVVVVVVVVVVVV
BBBBBBBBBBB|BBBBBH
SFVVVVVVVVVVVVVVVV
BBBBBBBBBBBB|BBBBH
SFVVVVVVVVVVVVVVVV
BBBBBBBBBBBBB|BBBH
SFVVVVVVVVVVVVVMVVV
BBBBBBBBBBBBBB|BBH
SFVVVVVVVVVVVVVVVV
BBBBBBBBBBBBBBB|BH . =
FVVVVVVVVVVVVVV Highest column: 32 digits
BBBBBBBBBBBBBBBBH =«

Final product: 32-digit wide
S : Sign encoding
H : Hot one 10’s complement encoding
V : Reqgular (4221) digit
B : Regular (5211) digit
F : Extra digit position to support the width of multiplicand multiples

(b) SD radix-5 architecture.

Fig. 7. Partial product arrays generated for 16-digit operands.

Both PP[i]V(5211) and PPJ[i]*(4221) have the same weight
10°. Thus, for 16-digit input operands, the alignment of the
32 partial products results in the digit array of Fig. 7(b).
The p-digit columns of the SD radix-5 partial product array
are reduced using the mixed (4221/5211) decimal p:2 CSA
trees presented in Section 5.5. The worst case for d = 16
corresponds to a column of p = 32 digits, reduced using a
mixed (4221/5211) decimal 32:2 CSA.

5.2 Method for decimal carry-save addition

Among all the possible decimal codes defined by Expression
(1) in Section 2, there is a family of codes suitable for simple
decimal carry-save addition. This family of decimal codings
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verifies that the sum of their weight bits is nine, that is

3
> orp=9 (7)
j=0

which includes the (4221), (5211), (4311) and (3321) codes,
shown in Table 1. Some of these decimal codings are already
known [35], but we use them in a different context, to design
components for decimal carry-save arithmetic. Moreover, they
are redundant codes, since two or more different 4-bit vectors
may represent the same decimal digit. These codes have the
following two properties:

o All the sixteen 4-bit vectors represent a decimal digit
(Z; € 10,9]). Therefore any boolean function (AND, OR,
XOR,...) operating over the 4-bit vector representation
of two or more input digits produces a 4-bit vector that
represents a valid decimal digit (input and output digits
represented in the same code).

o The 9’s complement of a digit Z; can be obtained by
inverting their bits (as a 1’s complement) since

3 3 3 3
9—Zi =Y 1=y zigri=> (I=z,)r; = > Zijr
=0 =0

J=0 Jj=0
®)
Negative operands can be obtained by inverting the bits
of the positive bit vector representation and adding a 1
ulp, that is

—Z(Tg'l"Q’l"lT()) :Z(Tgﬁ'r())"‘ 1 (9)

Thus, using the first property, we perform fast decimal carry-
save addition using a conventional 4-bit binary 3:2 CSA as

3

Ai+Bi+Ci = Y (aij+bij+cig)r;
=0
3 3
:Zsi’jrj + QXZhiJ'Tj:Si—I—QXHi
j=0 j=0

with (r3rar170) € {(4221), (5211), (4311), (3321)}, s;; and
h; ; are the sum and carry bit of a full adder and H; € [0, 9]
and S; € [0, 9] are the decimal carry and sum digits at position
1. No decimal correction is required because the 4-bit vector
expressions of H; and S; represent valid decimal digits in the
selected coding.

However, a decimal multiplication by 2 is required before
using the carry digit H; for later computations. Here we
restrict the analysis of decimal carry-save addition to only
(5211) and (4221) decimal codes, since the generation of
multiples of two for operands coded in (4311) and (3321) are
more complex. Fig. 8 shows an example of X2 multiplications
for decimal operands represented in (4221) and (5211) decimal
codes. To simplify the notation, we use H for the carry vector
coded in (4221) and W for the carry vector coded in (5211).

Thus, we have that
2H =2 x H = Ll ;1 [W] (10)

The resultant bit vector after shifting one bit to the left
W represents the double of H. The operand 2H is coded in

x101  x100 x101  x100

4221 4221 5211| 5211

H(4221) 25 [0100]1001 W(5211) 25 [0100]1000

Digit recoding ¢ Lighit |x2

5211| 5211 4221| 4221

W(5211) 25 [0100]1000 2H(4221) 50 [1001]0000
Llhire X2 i ;

shift l 4291|421 D|g|trecod|ng¢ 5211 5211

2H(4221) 50 [1001]0000 2W(5211) 50 [1000]0000
Multiplication by 2

Fig. 8. Calculation of x2 for decimal operands coded in (4221)
and (5211).

Aj(4221) (4 (2 (2 1)
Bi(4221)
C(4221) aj3bi3ciz aj20i2Ci2 a10i1Ci1 ajobjoCio
: Ll
3:2 3:2 3:2 3:2
. [} v
Si4221) -, g sizNig sz hig siz hio 5?0
Hj(4221) (4) )] 2) 1)
| (4221) to (5211s) digit recoder
Wi(52118) OGN, @) @] @) 05
[
ws V@@ @) @
Wi 2 Wi 1 Wio Wi.1,3

2H;(4221s)
(a) Decimal digit (4-bit) 3:2 CSA.

aj bij ci

(b) Full adder.

Fig. 9.
(4221).

Proposed decimal 3:2 CSA for operands coded in

(4221), since the weight bits of W are multiplied by 2 after the
1-bit left shift. The whole 2 x H multiplication is performed
by a digit recoding of H; into W; followed by a L1, ¢:[WW].
The bits of W, are denoted as w; ;. The bit shifted out (w; 3)
represents a decimal carry out (weight 10) to the next digit
position, while the bit shifted in (w;_13) is a decimal carry
input (weight 1). Thus, the digits of 2H are given by

(2H)i =wio 44+ w1 24+ w0 24+ w13 (11)

Fig. 9(a) shows the implementation of a decimal 3:2 CSA
for digits coded in (4221) using a 4-bit binary 3:2 CSA. The
weight bits in Fig. 9(a) are placed in brackets above each bit
column. The 4-bit binary 3:2 CSA adds three decimal digits
(A;,B;,C;), coded in (4221), and produces a decimal sum digit
(S;) and a carry digit H; coded in (4221), such that A; + B; +
C;=8;+2x H,.

In order to obtain (2H);, H; is first recoded to W; using
the (4221) to (5211s) digit recoder introduced in Section 4.4.
The output of the digit recoder (IW;) is then left shifted by
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A{(5211) (5) ) (1) 1)
B{(5211)
C(5211) aj3bjsCiz aj2bj2Ci2 1bi1Ci1 ajgbioCio
' A TN T N N A A N B
3:2 || 3:2 || 3:2 || 3:2 |
Si(5211) h: h; h; h;
wli(5211) (5'35*3 (@) "25!2 (1) IJS*i,l @ "05?,0 (0.5)
LLghift [ hi-13
2Hi(4221) ATV @Y Q) @y
[ 4221) to (5211) digit recoder |
o @ o] o
2Wi(5211) Wi 3 Wi Wi 1 Wio
a) Output operands coded in .
(a) Output operands coded in (5211)
A{(5211) (5) () (1) 1)
B{(5211)
(5211) aj3bjsCiz aj2bj2Ci2 a1bi1Ci1 ajobioCio
' T N T N AN A NN B
3:2 || 3:2 || 3:2 || 3:2 |
Si(5211) - m o h
w21 6) s 2 1!1 @) "05?,0 ©5)
L Llchit [ hi-13
hy D Jy@ @ @) @y
2H(a221) M2 hia hio hi1s

(b) Mixed (5211)/(4221) coded output operands.

Fig. 10. Proposed decimal 3:2 CSA for input operands coded
in (5211).

one bit position (L14p;¢:[W;]). A decimal carry output w; 3 is
passed to the next significant digit position, while a decimal
carry in w;_1 3 comes from the previous. Since the recoder is
placed in the carry path, a full adder implementation with a
fast carry output, such as the one shown in Fig. 9(b), reduces
the total critical path delay.

If the input operands are represented in code (5211), 2W
is obtained performing 22 = L1, [W], followed by a digit
recoding of 27 from (4221) to (5211). The implementation
of a decimal digit 3:2 CSA with inputs and outputs in code
(5211) is shown in Fig. 10(a). Another possibility when the
input digits are coded in (5211) is to use the carry vector 27
coded in (4221) and the sum vector S coded in (5211). This
decimal digit 3:2 CSA (Fig. 10(b)) consists only of a level of
4-bit 3:2 CSA with the carry output shifted 1-bit to the left.

5.3 Decimal digit adders using bit counters

We have designed a family of fast decimal digit adders that
reduce 9, 8 or 7 digits coded in (4221) or (5211) into 4 or
3. These digit adders consists of a row of bit counters. These
bit counters sum a column of up to p = 9 bits (same weight)
and produce a g-bit vector (¢ = [log, p] < 4) with weights
(4221) which represents a decimal digit Z; € [0,9]. In Fig.
11(a) we show an implementation of a bit counter that adds
up to 9 bits producing a (4221) digit, which uses two levels
of binary full adders. The binary weight of each output is
indicated in brackets. Depending on the input, the path delay
varies roughly from 2 to 4 XOR gate delays for output (1),
from 2 to 3 XORs for outputs (2) and is about 2 XORs for
output (4). The 8-bit counter of Fig. 11(b) only sums up to 8
bits but has a similar critical path delay as a binary 4:2 CSA
(3 XOR gate delays for output (1)). Basically, the first two
levels of half adders (HA) and the two OR gates perform the

9
Xo X1 X2
[ 1]
3:2
| 3:2 |
v
4 @
i Z;j(4221)
(a) (4221) counter for 9 (b) (4221) counter for 8 bits.
bits.
4 %) @)
(c) 7:3 binary counter.
Fig. 11. Gate level implementation of digit counters
computation
3
Q0; = q0;2 44 q0;1 2+ q0;0 1 = Zxk
k=0
7
Qli=qlig 4+ qlin 2+qlip 1= (12)
k=4

Since Q0;,Q1; € [0,4], the total sum Z;(4221) = Q1; +
QO; € [0, 8] is implemented in a simple way in the final logic
level of Fig. 11(b) as

zi3= qlj2-q0;2V ql;q1-q0;1
ziz = qli2-q90;2Vqlio-q0;0
Z,(1221) = { % 2 a2 V.atio - 40,
il ) zi1t= qli2-q0;2V (qli1 ®q0;1)
zi0= qljo®q0;0

In addition, a conventional 7:3 binary counter (shown in Fig.
11(c)), reduces a column of 7 bits into a 3-bit vector with
weights (421).

These counters can be used to reduce 9 or 8 decimal digits
(coded in (4221) or (5211)) into 4, or 7 digits into 3. An
example of this procedure is described in Fig. 12 for nine
input operands coded in (5211). The procedure is similar for
(4221) input operands. A row of four (4221) decimal counters
of Fig. 11(a) sums the values of each bit column producing a
(4221) digit per bit column. The four bits of each (4221) digit
are placed in a column from the most significant (top) to the
least significant (bottom) and aligned in four rows according to
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. 5211 9 (5211) input digits
Row of 9-bit counters ARRO & l & & & & &
ofefefe
9-bit counter oflofefe l &
ofoffefe
n ofoflefe
. ojlejeje 9:4
L3 ojojofe
. ofefefe
: oJlo)le)le
: o Farahay Ay 2 (2 (DY
) ixa |o]o|l 0] Z[3] (5211) Z{[3] z{[2] zj1] z{o]
: ; 4 4 (5211) output digits with
Binar H iz T
i wleigrilts =:.X2 bl :;Z|[2] (5211) multiplicative factor
4(s ix2 "|e] o o] 0| }Z[1] (5211)
2|® ; 3
1 ixL lele|le|e|:z0] (5211)
(4221) digit

Fig. 12. 9 : 4 reduction of (5211) decimal coded operands.

the weight bit of their column (5 x 10%,2x 10%, 1 x 10%, 1 x 10%).
This generates 4 decimal digits coded in (5211) that must be
multiplied by a different factor (given by the binary weights of
(4221)) before being added together. This organization causes
all the bits of an output operand to have the same latency. The
x2 and x4 blocks are implemented as described in Section
5.4. The 9:4 decimal digit adder is represented by the labeled
box of Fig. 12 where the multiplicative factor of each output
is indicated in brackets. The 8:4 and 7:3 decimal digit adders
are implemented using a row of four counters of Fig. 11(b)
and Fig. 11(c) respectively. Alternatively, the 4-bit decimal
3:2 CSA presented in Section 5.1 is a 3:2 decimal digit adder
implemented using a row of 3-bit counters (a level of full
adders) with the carry output multiplied by a factor x2.

5.4 Decimal p:2 CSA trees for digits coded in (4221)

A decimal digit p:2 CSA tree reduces p (p > 3) input digits
Zi[l] (with weight 10%) coded in (4221) into two decimal
digits H; and S;. In addition, several decimal carry outputs
are generated to the next significant decimal position (10°+1)
and a certain number of decimal carry inputs comes from the
previous position (10¢~1).

These decimal p:2 CSA trees are designed as follows:

e For p < 7, the input digits Z,[I] are reduced in a first level
of binary 3:2 CSAs. Each carry output digit is multiplied by 2
before being reduced in the next level of the binary 3:2 CSA
tree. Each x2 operation produces a decimal carry output to
the next significant digit column of the partial product array.
The slowest outputs are connected to fast inputs of the next
binary 3:2 CSA level to balance the total delay of the different
paths (an F indicates the fast input). Fig. 13(a) shows an
implementation of a decimal 6:2 CSA (the multiplicative factor
associated with each signal is in brackets). We use the full
adder configuration of Fig. 9(b) to minimize the critical path
delay of the CSA tree. The digit blocks labeled x2 consists
of a (4221) to (5211s) digit recoder with the outputs (for 4221
coded operands) 1-bit left shifted, as shown in Fig. 13(b). The
most significant output bit (w; 3) represents a decimal carry to
the next digit column. To simplify the diagrams of the different
decimal p:2 CSA trees, the carries passed between adjacent
digit columns (w; 3, w;—1,3) are not represented. The carry
output H; must be multiplied by 2 before being assimilated
with the sum output .S;.

z[0]-z{5(4221)

117y

w2 [ ) [(x1)
| X2 | | X2
(x1) V(x1)
F
3:2

Z((4221)

4f
Z|,3;<4) Zu,2¢ [©)] zu# 2 zip J 1)
l (4221) to (5211s) digit recoder
) @) @] @)
Llspi,

(0.5)
1
Wi-1,3

[ [
i3 @ My

(x2) (x1,
y(x1) Y
¥ l [
Silve @y
(10) Wi2 Wi,1 Wi,0 Wi-13)

3:2
(><2)$4 (xl)i\4 . T

Hi(4221) S;(4221)

27,(4221)

(a) Digit column. (b) Implementation of a x2 block.

Fig. 13. Decimal 6:2 CSA for (4221) decimal coded operands.

e For p > 7 we follow different strategies to obtain
area-optimized or delay-optimized implementations. For area-
optimized implementations, the input digits Z;[l] are reduced
in a first level of binary 3:2 CSAs. Each intermediate operand
is associated with a multiplicative factor power of two.
Operands with the same factor are reduced in a binary 3:2
CSA before being multiplied by this factor, that is

2" A4+2" B+2" C = 2" (A+B+C) = 2" S+2"F1 H (13)

This reduces the hardware complexity since the overall number
of x2 operations is reduced. An area-optimized decimal
17:2 CSA tree for operands coded in (4221) is shown in
Fig. 14(a). The x4 and x8 digit blocks produce two and
three decimal carry-outs to the next significant digit column
of the partial product array. They are implemented using a
cascade configuration of X2 blocks as shown in Fig. 15. We
represent two adjacent digit columns to show how decimal
carries are passed (lateral connections). For delay optimized
implementations, the input digits Z;[I] are reduced in a first
level of the decimal digit adders described in Section 5.3.
These adders reduces 9 or 8 digits coded in (4221) or (5211) to
4 digits, and 7 digits to 3. The output digits, coded in (4221),
may have multiplicative factors of (x4), (x2) or (x1). The
critical path delay is reduced by balancing the delay of the
different paths. For this purpose, the intermediate operands
with higher multiplicative factors are multiplied in parallel
with the reduction of the other intermediate operands using
binary 3:2 CSAs. The delay-optimized 17:2 CSA tree of Fig.
14(b) has more hardware complexity (equivalent to two x2
blocks more) but the critical path is slightly faster (about 1
XOR delay faster). Its delay is of about six levels of binary
3:2 CSAs and three levels of digit recoders. The blocks labeled
9:4 and 8:4 represent the decimal digit adders.

5.5 Decimal p:2 CSA trees for mixed (4221/5211)
operands

These decimal p:2 CSA trees, with p even, reduce the columns
of mixed (4221/5211) digits of the partial product array
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444 444001 1144444
[ 32 32F 327 32 32§

(x1)| x2)| (x1)|(x2)| (xL

(x2)[(x1)] (x2 (x1)f (x2

3:2 3:2
(x4] (x2

(x2) 4(><1) 4
H;(4221) S;(4221)
(a) Area-optimized tree.
Z,[0]-Z;[16](4221)

A dod ol 4 Ml deffefed.

8.4 9:4
(x4) x2)| x2)| (x1)| (x4) x2) (x2)y (x1).
x4 2
(x1) (x1) (x1)

x2)}, (x1)

)
F a2
(x2) 4(X1)i‘4

H;(4221) Si(4221)

(b) Delay-optimized tree.

Fig. 14. Proposed decimal 17:2 CSAs.

generated for the SD radix-5 architecture. Fig. 16 shows a
decimal 6:2 CSA with mixed coded operands: half of the input
digits are coded in (5211) and the other half in (4221). For
(5211) coded operands, x2 is implemented as a 1-bit wired left
shift, and the result is coded in (4221). A (5211) to (4221s)
digit recoder is required to reduce a (5211) coded operand
with two (4221) coded operands using the same 4-bit binary
3:2 CSA.

The decimal 16:2 and 32:2 CSA trees of Fig. 17 are delay-
optimized implementations for mixed (4221)/(5211) digits. In

Digit column i+1 Digit column i
Zi41(4221) Zi(4221)
4.
4 (|

W|+1,3<—L| X2 I-t—lh{ x2 }t—lh Wi.13

27;,1(4221) 4t 4t 27(4221)

Wit1,3 4—1“' x2 |"~1“ X2 |"—L W13

4Z,,1(4221) 4& 3 4& 47(4231)
. 1 1 1 -
w i+1,3<—4—| x2 |—:—a x2 |--+ W7i13
4£ " 4& x8
8Z;,1(4221) 87,(4221)

Fig. 15. Implementation of x8 multiplication for two adjacent
columns.

7,[0]-z[21(4221) Z[3]-Zi[5](5211)

(x1)

(5211)

Recoder

(4221,

x2) i\“ (x1)$ 4
Hi(4221) s(4221)

Fig. 16. Decimal 6:2 CSAs for mixed (4221/5211) decimal
coded operands.

particular, these designs take into account that the (5211)
decimal coded operands are generated faster than the (4221)
operands. Moreover, they use the fact that an L1y, per-
formed over an operand coded in (5211) is equivalent to
multiplying it by x2 and recoding to (4221).

6 EVALUATION RESULTS

We have estimated the area and delay of the SD radix-10 and
SD radix-5 decimal multipliers for 16-digit (64-bit) BCD input
operands. The area and delay figures were obtained from an
area-delay evaluation model for static CMOS gates detailed
in Section 6.1, and from the synthesis of verified RTL models
coded in VHDL as detailed in Section 6.2.

6.1 Area-delay model based on logical effort

We have used a rough evaluation model for static CMOS
gates to estimate the area and delay figures of the proposed
architectures. The delays are given in FO4 units (delay of
an Ix inverter with a fanout of 4 inverters) using a model
based on logical effort [29]. The total stage delay is obtained
as the sum of the delays of the gates on the critical path
assuming equal input and output capacitances for the stage. It
considers the different input and output gate loads, but neither
interconnections nor gate sizing optimizations. Instead, we
assume gates with the drive strength of the minimum sized (1x)
inverter using buffers for high loads. The hardware complexity
is given as the number of equivalent minimum size NAND2
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Fig. 17. Proposed decimal CSAs for mixed coded operands.

gates. The cost related to the area of a gate is a function of the
number of transistors and its size (width). We do not expect
this rough model to give absolute area-delay figures, due to
the high wiring complexity of parallel multipliers. However we
consider that it is good enough for making design decisions
at gate level and that it provides quite accurate area and delay
ratios to compare different designs.

In Table 3 we detail the latency, input capacitance * (L;,,)

3. Normalized to the input capacitance of the 1x inverter.

Component Delay Lin Area
(FO4) (# inv) (NAND2)
Nand?2 0.4+ 0.2 Loyt 4/3 1
Xor2 0.9+ 0.2 Lous 2 2.5
FA (sum, carry) (2.2, 0.8)+ 0.2 Lo 5 10
Bin. 4:2 CSA 4.0+ 0.2 Loyt 5 20
(4221/5211s) rec 2.5+ 0.2 Lout 3 27
(4221s/5211s) rec 1.6+ 0.2 Loy: 4 19
4-bit bin. CLA 4.5+ 0.2 Loyt 5 45
BCD (4-bit) CLA 54+ 0.2 Loyt 5 60
TABLE 3
Area and delay values for components.
SD Radix-10 SD radix-5
Component Delay Area Delay Area
#FO4  #NAND2 | #FO4  #NAND2
SD rec.+buff | 4.8+3.3 450" 3.6+3.37 550"
Gen. of mult. 17.2* 2700" 35 350"
Sel. of mult. 3.3" 12850* 1.8" 11500*
PPG stage 20.5 16000 8.7 12400
PPR tree 21.5 15000 26.5 27500
Adder setup 3.2 1050 32 1050
128-bit adder 13.1 3700 13.1 3700
Total stage 58.3 35750 51.5 41300

*These terms contribute to the area or the delay of PPG.

TABLE 4
Area and delay for the proposed architectures.

and area of some common components used in decimal
multipliers. The L,,; parameter represents the normalized
output load connected to the gate. To obtain delay figures
closer to the values given by synthesis, we use a XOR2 gate
implemented with CMOS transmission gates, which is 30%
faster and has 50% less area than the XOR2 used in our pre-
vious paper [33] (implemented with NAND2 gates). Therefore,
these estimations may differ from the figures provided in [33],
specially the area and delay figures for the binary and decimal
CSA trees.

The area and delay figures for the 16-digit SD radix-10 and
SD radix-5 architectures described in Sections 3.1 and 3.2
are shown in Table 4. The partial product generation (PPG)
includes the recoding of the multiplier and the generation and
the selection of multiples. For the SD radix-10 architecture,
we provide the area and delay figures of an area-optimized
implementation. Thus, the delay of the partial product reduc-
tion (PPR) is the critical path delay of the decimal 17:2 CSA
of Fig. 7(b) (the area-optimized design). For the SD radix-5
architecture, we opt for an area-delay tradeoff implementation.
In this case, the delay of PPR corresponds to the critical path
delay of the mixed (4221/5211) decimal 32:2 CSA of Fig.
8(b). The BCD adder setup includes the 2 x H multiplication
and the conversion of S(4221) to BCD excess 6.

6.2 Synthesis results

The 16-digit SD radix-10 (Fig. 1) and SD radix-5 (Fig. 2)
combinational multipliers have been synthesized using Synop-
sys Design Compiler B-2008.09-SP3 and the Faraday UMC
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Fig. 18. Area-delay space obtained from synthesis.

90nm SP-RVT (Low k) CMOS standard cells library. The
FO4 delay for this library is 49ps under typical conditions
(1V, 25°C). The area-delay curves of Fig. 18 were obtained
with the constraints C,,,; = C;,, = 4Cjpn., Where Cjy,, is the
input capacitance of an 1x inverter from the library. For partial
product reduction, the SD radix-10 multiplier implements area-
optimized decimal p:2 CSA trees, similar to the decimal 17:2
CSA tree of Fig. 14(a). On the other hand, the SD radix-5
multiplier implements the decimal mixed (4221/5211) CSA
tree of Fig. 17, optimized for delay. The area-delay values
measured for the SD radix-10 multiplier range from 2.30ns
(48 FO4) and 44500 NAND?2 gates to 2.88ns (58.8 FO4) and
32400 NAND?2 gates. For the SD radix-5 multiplier we have
obtained values ranging from 2.28ns (46.5 FO4) and 49700
NAND?2 to 2.88ns (58.8 FO4) and 37600 NAND2 gates. These
figures agree with the values of Table 4 obtained from our
area-delay evaluation model (also included in Fig. 18).

7 COMPARISON

We have analyzed several decimal carry-free tree adders for
sixteen 64-bit operands based on different methods described
in Section 2. We have evaluated and compared these imple-
mentations with our proposals using the area-delay evaluation
model previously described.

We have also compared the area and delay figures obtained
from synthesis of representative proposals of decimal multi-
pliers (sequential and parallel) and a binary radix-4 parallel
multiplier. In this Section we present the results of these
comparisons.

7.1 Multioperand adders

The methods analyzed are grouped in decimal signed-digit
(SD) trees [13], [28], BCD CLA trees [12], [20] and based
on binary CSA trees [8], [18], [23]. We have also considered
a binary 16:2 CSA using a 3-level tree of binary 4:2 com-
pressors. Table 5 shows the area and delay estimations for
these different decimal tree adders and sixteen 64-bit operands.
The estimations for the proposed decimal CSA trees include
a final stage to convert the (4221) decimal coded operands
2x H and S into two BCD operands. Area and delay ratios are

given with respect to our area-optimized decimal 16:2 CSA.
Thus, a binary CSA tree of 4:2 compressors is 40% faster
(delay ratio 0.60) and requires 30% less area (area ratio 0.70)
than the proposed area-optimized decimal CSA. The proposed
delay-optimized decimal CSA is slightly faster than the area-
optimized decimal CSA (roughly 5% faster) but requires 10%
more area. In the case of the (4221/5211) decimal mixed
implementation, the figures are close to the area-optimized
decimal CSA. The complexity of the signed-digit decimal
adder [30] leads to decimal signed-digit tree adders [13], [28]
with high area and delay figures, inappropriate for high speed
multioperand addition. The decimal CSA tree proposed in [23]
also presents high area and delay figures, due to the multiple
and complex corrections and digit additions performed in
the critical path. BCD CLA trees [12], [20] present good
area/delay tradeoffs, but for high speed multioperand decimal
addition the schemes based on binary trees [8], [18] may be
a better choice. Compared with [8] our decimal CSA is at
least 45% faster and requires about 10% less hardware and is,
therefore, a good choice for high performance multioperand
addition with moderate area.

7.2 Multipliers

Table 6 shows the area and delay estimations obtained from
synthesis for some representative sequential and combinational
multipliers. The comparison ratios are given with respect to
the area and delay figures of a 53-bit binary Booth radix-4
multiplier extracted from [20]. The figures of the SD radix-10
and radix-5 multipliers corresponds to the points of minimum
latency. The other two 16-digit decimal fixed-point parallel
multipliers analyzed are detailed in [9], [20]. The recoding
and the generation of partial products in [20] is similar to our
SD radix-5 recoding scheme except that the 10’s complement
operation to obtain the negative BCD multiples, —2X and
—X, is more complex than a simple bit inversion. Also,
they require combinational logic to generate the 5X multiple.
For 16 decimal digits, 32 partial products are generated. The
partial product reduction tree uses seven levels of decimal
CSAs (implemented by arrays of 4-bit decimal CLAs) in
parallel with two levels of decimal digit counters. The final
assimilation consists of a simplified direct decimal carry-
propagate adder. A variant of this multiplier proposed in [9]
uses a configuration of full adders [8] to perform the partial
product reduction. Both multipliers were synthesized using the
STM 90nm CMOS standard cells library with a FO4 of 45ps
for typical conditions. The latency values given by the authors
for the combinational designs are 2.51ns (55.8 FO4) [9] and
2.65ns (58.9 FO4) [20]. Both designs present a hardware
complexity of about 68000 NAND2 gates and are optimized
for minimum delay. For comparison purposes, we also show
these points in the area-delay design space of Fig. 18. We
observe that the SD radix-5 decimal multiplier has a maximum
speedup of 1.20 with respect to [9] using at most 0.70 times
its area. On the other hand, the SD radix-10 multiplier is 1.15
times faster and 0.65 times smaller than the design proposed
in [9].

To extract fair conclusions from the comparison between
sequential and parallel implementations we have included
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Architecture Delay (# FO4) Area (NAND2) Delay Ratio Area Ratio
Binary CSA 15.0 9000 0.60 0.70
SD tree adder [13], [28] 43.0 31300 2.00 2.55
BCD CLA trees [12], [20] 32.0 16200 1.30 1.30
Based on binary CSAs
Ref. [23] 39.0 24000 1.60 1.90
Ref. [18] 30.0 17600 1.20 1.45
Ref. [8] 36.0 13500 1.45 1.10
Proposed decimal CSAs
Delay-optimized (Section 5.4) 23.0 13800 0.95 1.10
Area-optimized (Section 5.4) 24.5 12500 1 1
Mixed (4221/5211) (Section 5.5) 24.0 12900 1.00 1.05

TABLE 5

Area-delay figures for multioperand tree adders (Sixteen operands of 16-BCD digits).

Architecture Delay Latency Throughput Area
(# FO4) # Cycles (# FO4) Ratio Mult./Cycle (NAND2) Ratio
Combinational multipliers:
Bin. Booth radix-4 [20] 31.1 1 31 1.00 1 34000 1.00
Dec. Ref. [20] 58.9 1 58.9 1.90 1 68000 2.00
Dec. Ref. [9] 55.8 1 55.8 1.80 1 68000 2.00
Dec. SD Radix-10 (Fig. 1) 48 1 48 1.55 1 44500 1.30
Dec. SD Radix-5 (Fig. 2) 46.5 1 46.5 1.50 1 49700 1.45
BCD sequential multipliers:
Ref. [13] 16 20 320 10.20 1/17 16000 0.50
Ref. [12] 14.7 20 294 9.45 1/17 18550 0.55
Ref. [19] 12.7 24 305 9.80 1/17 31500 0.90
TABLE 6

Area-delay figures for 53-bit binary/16-BCD digit decimal fixed-point multipliers.

the throughput of each multiplier. Sequential multipliers are
more than two times smaller than parallel multipliers, but
have higher latency and reduced throughput. For instance, the
proposed SD radix-5 parallel multiplier is about 7 times faster
than the best sequential implementation proposed in [13], but
requires 3 times more area. In addition, it can issue a 16-digit
BCD multiplication every cycle instead of one every 17 cycles.

8 CONCLUSIONS

In this paper we have presented several techniques to imple-
ment decimal parallel multiplication in hardware. We propose
two different SD encodings for the multiplier that lead to fast
parallel and simple generation of partial products. We have
developed a decimal carry-save algorithm based on unconven-
tional (4221) and (5211) decimal encodings for partial product
reduction. It makes possible the construction of p:2 decimal
CSA trees that outperform the area and delay figures of exist-
ing proposals. We have proposed architectures for decimal SD
radix-10 and SD radix-5 parallel multiplication. The area and
delay figures from a comparative study including conventional
binary parallel multipliers and other representative decimal
proposals show that our decimal SD radix-10 multiplier is
an interesting option for high performance with moderate
area. For higher performance the choice is the SD radix-5
architecture, although both designs have very close figures.
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