
TRANSVERSAL HARD LEFSCHETZ THEOREM ON TRANSVERSELY
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JESÚS A. ÁLVAREZ LÓPEZ AND SEOUNG DAL JUNG

Abstract. We study the transversal hard Lefschetz theorem on a transversely symplec-
tic foliation. This article extends the results of transversally symplectic flows (H.K. Pak,
“Transversal harmonic theory for transversally symplectic flows”, J. Aust. Math. Soc. 84
(2008), 233–245) to general transversely symplectic foliations.

1. Introduction

On a compact Riemannian manifold, the classical Hodge theory states that any coho-
mology class contains just one harmonic form because of Hr(M) ∼= Hr(M), where Hr(M)
and Hr(M) are the harmonic space and de Rham cohomology group, respectively. But on
sympleictic manifold, we can not define the harmonic form as in the Riemannian case.

In 1988, J.-L. Brylinski [4] introduced the notion of symplectic harmonic form on a sym-
plectic manifold. That is, a differential form φ is symplectic harmonic if dφ = δφ = 0, where
δ is a symplectic adjoint operator of d. He proved that on a compact Kähler manifold, any
de Rham cohomology class has a symplectic harmonic form. However, this is not true on an
arbitrary symplectic manifold. In fact, O. Mathieu [15] proved the following hard Lefschetz
theorem on a symplectic manifold.

Theorem 1.1. On a symplectic manifold (M,ω) of dimension 2n, the following properties
are equivalent:

(1) Any cohomology class contains at least one harmonic form.
(2) (Hard Lefschtez property.) For all r ≤ n, the map Lr : Hn−r(M) → Hn+r(M) is

surjective, where L[φ] = [ω ∧ φ] for any closed form φ.

The classical Hodge theory on a Riemannian foliation was studied by F.W. Kamber and
Ph. Tondeur [11] in 1988. It states that there is a canonical isomorphism

Hr
B(F) ∼= Hr

B(F) ,

where Hr
B(F) and Hr

B(F) are the basic harmonic space and basic de Rham cohomology
group, respectively. In a similar way, a version of Theorem 1.1 can be considered for trans-
versely symplectic foliations.
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In 2008, H. Pak [17] introduced the transversely symplectic harmonic form and studied the
transverse hard Lefschetz theorem on a transversally symplectic flow, obtaining the following
version of Theorem 1.1 for flows.

Theorem 1.2. Let (F , ω) be a tense, transversally symplectic flow on a manifold M of
dimension 2n+ 1. Then the following properties are equivalent:

(1) Any basic cohomology class for F has a transversely symplectic harmonic form.
(2) (Transverse hard Lefschetz property.) For all r ≤ n, the map Lr : Hn−r

B (F) →
Hn+r
B (F) is surjective, where L[φ] = [ω ∧ φ] for any basic closed form φ.

Given a Riemannian metric on M , recall that the foliation F is said to be isoparametric
(respectively, minimal) if its mean curvature form is basic (respectively, zero) (see Section 2).
If this condition is satisfied for some Riemannian metric, then the foliation is said to be
tense (respectively, taut). In 2011, L. Bak and A. Czarnecki [2, Corollary 12] extended
Theorem 1.2 to taut foliations of arbitrary dimension. Recently, Y. Lin [13] has studied
symplectic harmonic theory on transversely symplectic foliations by using the differential
operator dB and δT , which is different from δB, the symplectic formal adjoint of dB (if F
is minimal, then δT = δB). L. Bak and A. Czarnecki [2, Theorem 10] also gave another
version of Theorem 1.2 using dB and δT , without requiring tautness. See also the additional
publications [8, 12, 14] about the transversal hard Lefschetz theorem.

In this paper, we study the transversal hard Lefschetz theorem on an arbitrary transversely
symplectic foliation. That is, we extend Theorem 1.2 to an arbitrary foliation by using
the modified symplectic Hodge theory. Let dκ = dB − 1

2
ε(κ) be the modified differential

operator, where ε(κ) is the exterior multiplication by the mean curvature form κ, which
satisfies dBκ = 0 on a closed manifold. The symplectic adjoint of dκ is δκ = δB + 1

2
i(κ]),

where i(κ]) is the inner product by the symplectic dual vector field κ] of κ. Since d2
κ = 0 on a

closed manifold, we can define the modified basic cohomology group H∗κ(F) = ker dκ/ im dκ,
which was introduced by G. Habib and K. Richardson [7]. Let us point out that H∗κ(F) only
depends on the basic cohomology class defined by κ. Also that, if F is isoparametric with
any pair of Riemannian metrics on M , then the corresponding mean curvature forms induce
the same basic cohomology class. Then our main result is the following generalization of
Theorem 1.2.

Main Theorem (Cf. Theorem 4.14). Let (F , ω) be a transversely symplectic foliation of
codimension 2n on a closed manifold Mp+2n. If F is tense, then the following properties are
equivalent:

(1) Any modified basic cohomology class contains at least one modified symplectic har-
monic form.

(2) For any r ≤ n, the homomorphism Lr : Hn−r
κ (F)→ Hn+r

κ (F) is surjective.

Remark 1.3. (1) The main theorem yields Theorem 1.2 when p = 1 [17] and [2, Corol-
lary 12] when F is minimal, respectively. Also, if κ = 0, then δk = δT , and therefore
our main theorem agrees with [2, Theorem 10] and [13, Theorem 4.1] in this case.

(2) The transversal hard Lefschetz theorem on a transverse Kähler foliation was studied
in [9] and [10]. Namely, it was proved that, on a transverse Kähler foliation on a
compact Riemannian manifold, if the mean curvature form satisfies some condition,
then the transversal hard Lefschetz property holds. From this fact, we can apply the
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main theorem to any transverse Kähler foliation on a closed manifold; that is, any
basic cohomology class for F has a transversely symplectic harmonic representative
(cf. Corollary 5.3).

(3) In contrast to the case of closed symplectic manifolds, H∗κ(F) may be of infinite
dimension in the Main Theorem, despite of the compactness of M . The essential
ingredient of the proof is a natural structure of sl(2)-module on the space of modified
transversely symplectic harmonic forms, ker(dκ)∩ker(δκ). This method works as well
in the infinite dimensional setting.

2. Transversely symplectic foliations

Let Mp+2n be a smooth manifold of dimension m = 2n+p with a foliation F of dimension
p. Let Q be the distribution of rank 2n with a nondegenerate closed 2-form ω on Q such
that kerωx = TxF for any x ∈ M , that is, TF = {X ∈ TM | i(X)ω = 0 }. Here i(X) is
the interior product by X. The form ω is said to be transversely symplectic with respect to
F . A foliation F is said to be transversely symplectic foliation if M admits a transversely
symplectic form ω with respect to F [13]. The notation (F , ω) is used in this case. Trivially,
the form ω is basic, that is, ω ∈ Ω2

B(F), where

Ω∗B(F) = {φ ∈ Ω∗(M) | i(X)φ = θ(X)φ = 0, ∀X ∈ ΓTF } .
Here θ(X) is the Lie derivative with respect to X. The space of basic vector fields is

XB(F) = {X ∈ ΓQ | [X, V ] ∈ ΓTF , ∀V ∈ ΓTF } .
In particular, if F is the flow generated by a nonsingular vector field ξ such that i(ξ)ω = 0,

then F is called the transversally symplectic flow and denoted by Fξ. A transverse Kähler
foliation is a transversely symplectic foliation with a basic Kähler form as a transverse
symplectic form. For more examples, see [5, 13].

Let {v1, · · · , vn, w1, · · · , wn} be a local basic symplectic frame of Q, i.e.,

ω(va, vb) = ω(wa, wb) = 0 , ω(va, wb) = δab .

Then ω is locally expressed as

ω =
n∑
a=1

v∗a ∧ w∗a ,

where {v∗a, w∗a} is the local dual basic frame, that is,

v∗a(X) = ω(X,wa) , w∗a(X) = −ω(X, va) ,

for any normal vector field X ∈ ΓQ. Any vector field X ∈ ΓQ is expressed as

X =
n∑
a=1

{ω(X,wa)va − ω(X, va)wa} .

Let ∇ be a connection on Q. Then the torsion vector field τ∇ is given by

τ∇ =
n∑
a=1

T∇(va, wa) ,

where the torsion tensor T∇ is defined by

T∇(X, Y ) = ∇Xπ(Y )−∇Y π(X)− π[X, Y ]
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for any vector fields X, Y ∈ ΓTM . Here π : TM → Q is the projection. It is easy to
prove that the vector field τ∇ is well-defined; that is, it is independent to the choice of local
symplectic frames of Q. A transversely symplectic connection ∇ on Q is one which satisfies
∇ω = 0; that is, for all X ∈ ΓTM and Y, Z ∈ ΓQ,

Xω(Y, Z) = ω(∇XY, Z) + ω(Y,∇XZ) .

For the study of an ordinary symplectic manifold, see [3, 6].
Without loss of generality, we assume that F is oriented. So, given an auxiliary Riemann-

ian metric on M with Q = TF⊥, there is a unique form χF ∈ Ωp(M) whose restriction to the
leaves is the volume form of the leaves, and such that with i(Y )χF = 0 for any Y ∈ ΓQ. The
p-form χF is called the characteristic form of F . Locally, we can describe χF as follows. Let
{Ej} (j = 1, · · · , p) be a local oriented orthonormal frame of TF , and let {αj} be the local
1-forms satisfying αj(Ek) = δjk and αj(X) = 0 for any X ∈ Q. Then χF = α1 ∧ · · · ∧ αp;
that is, χF(E1, · · · , Ep) = 1 and i(Y )χF = 0 for all Y ∈ ΓQ. Now the corresponding mean
curvature form κ of F with respect to the auxiliary Riemannian metric is

κ = (−1)p+1i(Ep) · · · i(E1)dχF ,

locally. Since ϕ0 := dχF+κ∧χF satisfies i(Ep) · · · i(E1)ϕ0 = 0, we get i (X1) · · · i (Xp)ϕ0 = 0
for all Xj ∈ ΓTF . Now let

F rΩk := {φ ∈ Ωk(M) | i(X1) · · · i(Xk−r+1)φ = 0, ∀Xj ∈ ΓTF} .

Then ϕ0 ∈ F 2Ωp+1, and we have the Rummler’s formula [19]

dχF = −κ ∧ χF + ϕ0 . (2.1)

Example 2.1. Let (M2n+1, α) be a contact manifold of dimension 2n + 1, where α is a
contact 1-form such that α ∧ (dα)n 6= 0. Then we have the Reeb vector field ξ such that
i(ξ)α = 1 and i(ξ)dα = 0, which determines a 1-dimensional foliation Fα, called the contact
flow. It is trivial that the contact flow Fα on a contact manifold (M,α) is a transversely
symplectic foliation with the transverse symplectic form ω := dα. Moreover, Fα is geodesible,
i.e., κ = i(ξ)dχF = 0, where χF = α. Note that ϕ0 = dα( 6= 0) and TM = TFα ⊕Q, where
Q = kerα (see [17]).

Example 2.2. Let (M2n+1, η,Φ) be an almost cosymplectic manifold of dimension 2n + 1,
that is, M admits a closed 1-form η and a closed 2-form Φ such that η∧Φn is a volume form
on M [8]. Then we have a Reeb vector field ξ satisfying i(ξ)η = 1 and i(ξ)Φ = 0. Let Fη be
the flow generated by ξ, which is called the cosymplectic flow. Then the cosymplectic flow Fη
is a transversely symplectic foliation with a transverse symplectic form Φ. The characteristic
form χF is given by χF = η. Since dη = 0, Fη is geodesible, i.e., κ = i(ξ)dχF = 0 and ϕ0 = 0
on M . Moreover, since η is a closed 1-form, by the Frobenius theorem Q = ker η also defines
a codimension 1-foliation F⊥η transversal to Fη (see [17]).

Proposition 2.3 (This is also proved in [18, Theorem 4.33]). Let (F , ω) be a transversely
symplectic foliation on a closed oriented manifold. If F is taut, then H2r

B (F) 6= 0 for all r.

Proof. Assume that H2r
B (F) = 0 for some r. Then ωr = dβ for some basic (2r − 1)-form β.

Since F is taut, we choose the metric such that κ = 0. So we get dχF = ϕ0 and the normal
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degree of β ∧ ωn−r ∧ ϕ0 is 2n+ 1, so it is zero. Hence

0 6= ωn ∧ χF = dβ ∧ ωn−r ∧ χF = d(β ∧ ωn−r ∧ χF) + β ∧ ωn−r ∧ dχF
= d(β ∧ ωn−r ∧ χF) + β ∧ ωn−r ∧ ϕ0 = d(β ∧ ωn−r ∧ χF) .

Thus, by the Stokes’ theorem, we get the contradiction

0 6=
ˆ
M

ωn ∧ χF =

ˆ
M

d(β ∧ ωn−r ∧ χF) = 0 . �

From Examples 2.1 and 2.2, we get the following.

Corollary 2.4. Let (F , ω) be a contact or cosymplectic flow on a closed manifold M2n+1.
Then H2r

B (F) 6= 0 for all r = 1, . . . , n.

Remark 2.5. In contrast to an ordinary symplectic manifold, the condition H2r
B (F) 6= 0

is not necessary for the existence of a transversely symplectic structure on a foliation. In
fact, when F is Riemannian and M closed, since F is transversely oriented, it is nontaut if
and only if H2n

B (F) = 0 [1]. For example, consider the hyperbolic torus T 3
A = T 2 × R/ ∼,

where A ∈ SL(2,Z) and (m, t) ∼ (A(m), t + 1) for any m ∈ T 2 and t ∈ R. Then T 3
A has a

transversely symplectic foliation F of codimension 2 such that F is nontaut and H2
B(F) = 0

[10, Example 9.1].

3. Transversely symplectic harmonic forms

Let (F , ω) be a transversely symplectic foliation. Let [ : Q → Q∗ be defined by [(X) =
i(X)ω. Since ω plays a role of a symplectic structure on the distribution Q, the map [ is an
isomorphism. It is trivial that [(va) = w∗a and [(wa) = −v∗a. Let ] = [−1. For any φ ∈ ΓQ∗,

φ = i(φ])ω , (3.1)

where φ] := ](φ). From (3.1), we get

ω(φ], ψ]) = i(ψ])φ (3.2)

for all φ, ψ ∈ ΓQ∗. Moreover φ and φ] can be locally expressed as

φ =
n∑
a=1

{φ(wa)[(va)− φ(va)[(wa)} , φ] =
n∑
a=1

{φ(wa)va − φ(va)wa} .

The map [ can be extended to an isomorphism [ : ΓΛrQ→ ΓΛrQ∗, defined by

[(X1 ∧ · · · ∧Xr) := [(X1) ∧ · · · ∧ [(Xr) , (3.3)

where Xi ∈ ΓQ (i = 1, . . . , r). Similarly, ] is extended to an isomorphism ΓΛrQ∗ → ΓΛrQ.
Now let

ω(φ, ψ) = det
(
ω(φi, ψj)

)
i,j=1,...,r

for all r-forms φ = φ1 ∧ · · · ∧ φr and ψ = ψ1 ∧ · · · ∧ ψr with φj, ψj ∈ ΓQ∗ (j = 1, . . . , r),

where ω(φi, ψj) = ω(φ]i, ψ
]
j). Then

ω(φ, ψ) = (−1)rω(ψ, φ) , i(φ])ψ = ω(ψ, φ) , (3.4)

where i(φ]) = i(φ]r) · · · i(φ
]
1).
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Lemma 3.1. Let (F , ω) be transversely symplectic foliation on a smooth manifold M . Then
[ defines an isomorphism XB(F) ∼= Ω1

B(F).

Proof. Let X ∈ XB(F). For any vector field E ∈ ΓTF ,

i(E)[(X) = i(E)i(X)ω = −i(X)i(E)ω = 0 . (3.5)

Note that θ(Y ) = di(Y ) + i(Y )d and [θ(Y ), i(Z)] = i([Y, Z]) for any Y and Z. Hence

i(E)d([(X)) = i(E)di(X)ω = i(E)θ(X)ω = θ(X)i(E)ω − i([X,E])ω = 0 . (3.6)

The last equality in (3.6) holds because X ∈ XB(F). By (3.5) and (3.6), [(X) ∈ Ω1
B(F).

Conversely, let φ ∈ Ω1
B(F). Then there exists X ∈ Q such that [(X) = φ, i.e., φ = i(X)ω.

For E ∈ ΓTF , since i(E)ω = 0 and dφ is basic, we have

i([X,E])ω = θ(X)i(E)ω − i(E)θ(X)ω = −i(E)θ(X)ω

= −i(E)di(X)ω = −i(E)dφ = 0 ;

that is, [X,E] ∈ ΓTF . Hence X ∈ XB(F). �

From Lemma 3.1 and (3.3), [ can be naturally extended to an isomorphism [ : Xr
B(F)→

Ωr
B(F), where Xr

B(F) is the space of all foliated skew symmetric r-vector fields.
Now, let T ∗ : ΓΛQ∗ → ΓΛQ∗ denote the symplectic adjoint operator of any operator

T : ΓΛQ∗ → ΓΛQ∗, which is given by

ω(Tφ, ψ) = ω(φ, T ∗ψ)

for any φ, ψ ∈ ΛQ∗. The transversal symplectic Hodge star operator ?̄ : ΛrQ∗ → Λ2n−rQ∗ is
defined by the formula

φ ∧ ?̄ ψ = ω(φ, ψ)ν

for any φ, ψ ∈ ΓΛrQ∗, where ν = ωn/n! is the transversal volume form of F .

Lemma 3.2. For any X ∈ ΓQ, α ∈ ΓQ∗ and φ ∈ ΓΛrQ∗,

(1) ?̄ φ = i(φ])ν , (2) ?̄ ε(X[)φ = (−1)ri(X) ?̄ φ , (3) ε(α)∗ = −i(α]) , (4) (?̄)2 = id ,

where ε(α) = α∧ is the exterior product by α.

Proof. (1) This equality is proved by induction on r. For φ, ψ ∈ ΓQ∗, we have

φ ∧ i(ψ])ν = −i(ψ])(φ ∧ ν) + (i(ψ])φ)ν = (i(ψ])φ)ν = ω(φ, ψ)ν = φ ∧ ?̄ ψ .

Assume that it holds for r − 1. Let ψ = η ∧ β for η ∈ ΓΛr−1Q∗ and β ∈ ΓQ∗. Then

φ ∧ i(ψ])ν = (−1)ri(β])
(
φ ∧ i(η])ν

)
+ (−1)r+1i(β])φ ∧ i(η])ν

= (−1)r+1i(β])φ ∧ i(η])ν = (−1)r+1
(
i(η])i(β])φ

)
ν

= (−1)r+1
(
i(β] ∧ η])φ

)
ν =

(
i(η] ∧ β])φ

)
ν

=
(
i(ψ])φ

)
ν = ω(φ, ψ)ν = φ ∧ ?̄ ψ .

Here, φ∧ i(η])ν is zero because it is of degree q+ 1. The third equality holds because i(β])φ
is of degree r − 1.

(2) This equality follows from (1).
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(3) For any φ ∈ ΓΛr−1Q∗ and ψ ∈ ΓΛrQ∗, we have

ω(ε(α)φ, ψ)ν = ε(α)φ ∧ ?̄ ψ = (−1)r−1φ ∧ ε(α) ?̄ ψ = (−1)r−1φ ∧ ?̄ (?̄ ε(α) ?̄ ψ)

= ω(φ, (−1)r−1 ?̄ ε(α) ?̄ ψ)ν = −ω(φ, i(α])ψ)ν ,

which proves (3).
(4) Note that, for any φ ∈ ΓΛrQ∗ and ψ ∈ ΓΛq−rQ∗,

φ ∧ ψ = ω(φ ∧ ψ, ν)ν .

Since q = 2n, we obtain

φ ∧ (?̄)2ψ = ω(φ, ?̄ ψ)ν = ω(φ, i(ψ])ν)ν = (−1)rω(ψ ∧ φ, ν)ν = (−1)rψ ∧ φ = φ ∧ ψ .

Hence (?̄)2 = id. �

Proposition 3.3. Let (F , ω) be transversely symplectic foliation on a smooth manifold M .
Then ?̄ induces a homomorphism ?̄ : Ωr

B(F)→ Ω2n−r
B (F).

Proof. Let φ ∈ Ωr
B(F). Since ν is basic, by Lemma 3.2 (1), it is trivial that i(X) ?̄ φ = 0

for any X ∈ ΓTF . On the other hand, for any X ∈ ΓTF and K ∈ Xr
B(F), [θ(X), i(K)] =

i(θ(X)K) and θ(X)K ∈ Xr
B(F). Since ν is basic, for any X ∈ ΓTF ,

θ(X) ?̄ φ = θ(X)i(φ])ν = i(φ])θ(X)ν + i(θ(X)φ])ν = 0 .

Hence ?̄ φ is basic. �

Let dB := d|Ωr
B(F), and define δB on Ωr

B(F) by

δBφ = (−1)r ?̄ (dB − κ∧) ?̄ φ .

If F is isoparametric, i.e., κ ∈ Ω1
B(F), then δB preserves the basic forms.

Proposition 3.4. Let (F , ω) be a transversely symplectic foliation on a closed manifold M .
If F is isoparametric, then

ˆ
M

ω(dBφ, ψ)µM =

ˆ
M

ω(φ, δBψ)µM

for all basic forms φ ∈ Ωr−1
B (F) and ψ ∈ Ωr

B(F), using the volume form µM = ν ∧χF on M .
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Proof. Let φ ∈ Ωr−1
B (F) and ψ ∈ Ωr

B(F). Since the normal degree of φ∧ ?̄ ψ ∧ ϕ0 is q + 1, it
is zero. Hence, by the Stokes’ theorem and the Rummler’s formula (2.1), we haveˆ

M

ω(dBφ, ψ)µM =

ˆ
M

dφ ∧ ?̄ ψ ∧ χF

=

ˆ
M

d(φ ∧ ?̄ ψ ∧ χF)− (−1)r−1

ˆ
M

φ ∧ d ?̄ ψ ∧ χF +

ˆ
M

φ ∧ ?̄ ψ ∧ dχF

= (−1)r
ˆ
M

φ ∧ d ?̄ ψ ∧ χF −
ˆ
M

φ ∧ ?̄ ψ ∧ κ ∧ χF +

ˆ
M

φ ∧ ?̄ ψ ∧ ϕ0

= (−1)r
ˆ
M

φ ∧ (?̄)2d ?̄ ψ ∧ χF + (−1)r+1

ˆ
M

φ ∧ (?̄)2(κ ∧ ?̄ ψ) ∧ χF

= (−1)r
ˆ
M

φ ∧ ?̄ (?̄ d?̄− ?̄ κ ∧ ?̄)ψ ∧ χF

= (−1)r
ˆ
M

ω(φ, ?̄ (d− κ∧) ?̄ ψ)ν ∧ χF =

ˆ
M

ω(φ, δBψ)µM . �

Remark 3.5. By (3.4), it is trivial thatˆ
M

ω(δBφ, ψ)µM = −
ˆ
M

ω(φ, dBψ)µM .

Now, let δT = (−1)r ?̄ dB ?̄ on Ωr
B(F). Since (?̄)2 = id, we have the following.

Lemma 3.6. On Ωr
B(F), we have

dB ?̄ = (−1)r ?̄ δT , ?̄ dB = (−1)rδT ?̄ .

Lemma 3.7. If F is isoparametric, i.e., κ ∈ Ω1
B(F), then, on Ω∗B(F),

(1) δB = δT − i(κ]) , (2) δT ε(κ) = −?̄ dBi(κ])?̄ , (3) ε(κ)δT = −?̄ i(κ])dB ?̄ .
In addition, if M is closed, then

δT i(κ
]) + i(κ])δT = 0 . (3.7)

Proof. By Lemma 3.2 (2), the equality (1) is trivial.
Let us prove (2) and (3). By Lemma 3.2 (2),

δT ε(κ)φ = (−1)r+1 ?̄ dB ?̄ (ε(κ)φ) = −?̄ dBi(κ]) ?̄ φ ,
ε(κ)δTφ = (−1)rε(κ) ?̄ dB ?̄ φ = (−1)r ?̄ (?̄ ε(κ) ?̄ (dB ?̄ φ)) = −?̄ i(κ])dB ?̄ φ .

On the other hand, if M is closed, then δ2
B = 0 by Proposition 3.4. Hence

δT i(κ
]) + i(κ])δT = −δ2

B = 0 ,

which proves (3.7). �

By Lemma 3.7, we have the following.

Corollary 3.8. If F is isoparametric, then

δT ε(κ) + ε(κ)δT = −?̄ θ(κ]) ?̄ .

For later use, we prove the following about the mean curvature form.
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Proposition 3.9. If F is isoparametric on a closed manifold M , then dκ = 0.

Proof. Let d̃ = d − κ∧. Then 0 = δ2
B = −?̄ (d̃)2 ?̄, and therefore (d̃)2 = 0 and d̃(1) = −κ.

Hence
dκ = (d̃+ κ∧)κ = d̃κ = −d̃(d̃1) = 0 . �

4. Transversal hard Lefschetz theorem

Let (F , ω) be a transversely symplectic foliation on a smooth manifold M . Now, we
define the operator L : ΓΛrQ∗ → ΓΛr+2Q∗ by Lφ = ω ∧ φ for any form φ ∈ ΓΛrQ∗. Let
Λ = L∗ : ΓΛrQ∗ → ΓΛr−2Q∗ be the symplectic adjoint operator of L; that is,

ω(Lφ, ψ) = ω(φ,Λψ) .

Lemma 4.1 (Cf. [17]). Let (F , ω) be a transversely symplectic foliation. Then, on ΓΛrQ∗,

Λ = ?̄ L ?̄ = i(ω]) , L ?̄ = ?̄Λ .

Proof. Let φ ∈ ΛrQ∗ and ψ ∈ Λr+2Q∗. Then

ω(Lφ, ψ)ν = Lφ ∧ ?̄ ψ = φ ∧ L ?̄ ψ = φ ∧ ?̄ (?̄ L ?̄ ψ) = ω(φ, ?̄ L ?̄ ψ)ν ,

which proves Λ = ?̄ L ?̄. By Lemma 3.2, we have

?̄ L ?̄ φ = ?̄ (ω ∧ ?̄ φ) = i((?̄ φ)])i(ω])ν = i(ω])i((?̄ φ)])ν = i(ω])(?̄)2φ = i(ω])φ .

Finally, ?̄Λ = (?̄)2L ?̄ = L ?̄. �

Remark 4.2. Since ?̄ preserves the basic forms, L and Λ preserve the basic forms.

Lemma 4.3. Let (F , ω) be a transversely symplectic foliation on M . Then [dB,Λ] = δT on
Ω∗B(F)

Proof. The proof is similar to the proof of [4, Theorem 2.2.1]. �

We introduce the operator A : Ω∗B(F)→ Ω∗B(F) defined by

A =
2n∑
r=0

(n− r)πr , (4.1)

where πr : Ω∗B(F)→ Ωr
B(F) is the natural projection. Then we have the following [4, 20].

Lemma 4.4. Let (F , ω) be a transversely symplectic foliation on M . Then, on ΩB(F):

(1) [Λ, L] = A, [A,L] = −2L, [A,Λ] = 2Λ;
(2) [L, dB] = [Λ, δT ] = 0, [L, ε(κ)] = [Λ, i(κ])] = 0;
(3) [A, δB] = δB, [L, δT ] = [A, dB] = −dB; and
(4) [L, i(X)] = −ε(X[) and [Λ, ε(X[)] = −i(X) for any X ∈ XB(F).

Proof. (1) Using Lemma 4.1, the proof is easy.
(2) Trivially, [L, dB] = [L, ε(κ)] = 0. By the definition of δT and Lemmas 3.2 and 4.1,

ΛδT = (−1)r ?̄ LdB ?̄ = (−1)r ?̄ dBL ?̄ = (−1)r ?̄ dB ?̄Λ = δTΛ ,

Λi(κ]) = (−1)r ?̄ Lε(κ) ?̄ = (−1)r ?̄ ε(κ)L ?̄ = (−1)r ?̄ ε(κ) ?̄Λ = i(κ])Λ ,

on Ωr
B(F). So [Λ, δT ] = [Λ, i(κ])] = 0.
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(3) The proofs of [A, δB] = δB and [A, dB] = −dB are trivial by (4.1). By Lemma 4.3,

[L, δT ] = [Λ, L]dB − dB[Λ, L] = [A, dB] .

(4) For any X ∈ ΓQ and φ ∈ Ωr
B(F),

i(X)Lφ = i(X)(ω ∧ φ) = i(X)ω ∧ φ+ Li(X)φ ,

which proves the first equality. The second one follows because, by Lemmas 3.2 and 4.1, for
any φ ∈ Ωr

B(F),

[Λ, ε(X[)]φ = Λε(X[)φ− ε(X[)Λφ

= (−1)r ?̄ L(?̄)2i(X) ?̄ φ− (−1)r ?̄ i(X)(?̄)2L ?̄ φ

= (−1)r ?̄ [L, i(X)] ?̄ φ = (−1)r+1 ?̄ ε(X[) ?̄ φ = −i(X)φ . �

From Lemma 4.3, it is well known that it follows that dBδT + δTdB = 0. Hence

∆B := dBδB + δBdB = −θ(κ]) .
If F is minimal, then dBδB + δBdB = 0; that is, ker ∆B = ΩB(F). Thus we define the
following.

Definition 4.5. A basic form φ is said to be a transversely (resp., normally) symplectic
harmonic form if dBφ = δBφ = 0 (resp., dBφ = δTφ = 0).

Remark 4.6. Lemma 4.4 implies that {A,L,Λ} spans the Lie algebra sl(2). Hence the
space Ω∗B(F) is a sl(2)-module on which A acts diagonally with only finitely many different
eigenvalues. Hence we have the duality on transversely symplectic harmonic forms [17].

Let Hr
SB(F) (resp., Hr

ST (F)) be the space of all transversely (resp., normally) symplectic
harmonic forms on M ; that is,

Hr
SB(F) = {φ ∈ Ωr

B(F) | dBφ = δBφ = 0 } ,
Hr
ST (F) = {φ ∈ Ωr

B(F) | dBφ = δTφ = 0 } .
If the foliation is minimal, then H∗SB(F) = H∗ST (F).

Proposition 4.7. Let (F , ω) be a transversely symplectic foliation. Then Lr : Hn−r
ST (F) →

Hn+r
ST (F) is an isomorphism.

Proof. Since [L, dB] = 0 and [L, δT ] = −dB, the proof is easy. �

Remark 4.8. By Proposition 4.7, Y. Lin [13] studied the existence of normally symplectic
harmonic representatives in a basic cohomology class on a transversely symplectic foliation.
But the operator δT is not a symplectic adjoint operator of dB when the foliation is not
minimal. So it is natural to consider the symplectic formal adjoint δB of dB instead of δT .
But we may have [L, δB] 6= dB (in fact, [L, δB] = −dB + ε(κ)). Hence, on an isoparametric
folitaion, Lr may not preserve the transversely symplectic harmonic forms generally. But we
can overcome this problem by modifying the operators dB and δB as follows.

Now, we consider the modified operators

dκ = dB −
1

2
ε(κ) , δκ = δB +

1

2
i(κ]) .
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It is trivial that, if F is isoparametric, then dκ and δκ preserve the basic forms. By Lem-
mas 3.2 and 3.7, on Ωr

B(F), we have

δκ = δT −
1

2
i(κ]) = (−1)r ?̄ dB ?̄−

1

2
(−1)r ?̄ ε(κ) ?̄ = (−1)r ?̄ dκ ?̄ .

Proposition 4.9. Let (F , ω) be a transversely symplectic foliation on a closed manifold M .
If F is isoparametric, then δκ is the symplectic adjoint operator of dκ, i.e., for all φ ∈ Ωr

B(F)
and ψ ∈ Ωr+1

B (F), ˆ
M

ω(dκφ, ψ)µM =

ˆ
M

ω(φ, δκψ)µM .

Proof. From Lemma 3.2 and Proposition 3.4, the proof follows easily. �

Lemma 4.10. Let (F , ω) be a transversely symplectic foliation. If F is isoparametric, then

[A, dκ] = [L, δκ] = −dκ , [A, δκ] = [dκ,Λ] = δκ , [L, dκ] = [Λ, δκ] = 0 . (4.2)

Moreover, if M is closed, then d2
κ = δ2

κ = 0.

Proof. The proof of (4.2) follows from Lemma 4.4. From Proposition 3.9, we get d2
κ = 0,

and therefore δ2
k = 0 by Proposition 4.9. �

Note that ∆k := dκδκ + δκdκ = 0 because of δk = [dk,Λ] by Lemma 4.10. Then ker ∆κ =
ΩB(F). Hence we define the following.

Definition 4.11. A basic form φ is said to be a modified symplectic harmonic form if dκφ = 0
and δκφ = 0. And the modified symplectic harmonic space is defined by

Hr
SK(F) = {φ ∈ Ωr

B(F) | dκφ = δκφ = 0 } .

Proposition 4.12. Let (F , ω) be a transversely symplectic foliation on Mp+2n. If F is
isoparametric, then Lr : Hn−r

SK (F)→ Hn+r
SK (F) is an isomorphism.

Proof. By Lemma 4.10, the operators L,Λ and A map modified symplectic harmonic forms
to modified symplectic harmonic forms, and so, turn H∗SK(F) into an sl(2)-module of finite
A-type (for definition, see [20]). From [20, Corollary 2.6 and Corollary 2.9], the proof follows.
This is similar to the proof of [13, Lemma 3.8]. �

On a closed manifold, d2
κ = 0 by Lemma 4.10. So the cohomology group Hr

κ(F) =
ker dκ/ im dκ (called as modified basic cohomology group) is defined on a closed manifold. See
[7] for many properties of this modified basic cohomology. Let

H̃r
κ(F) = { [φ] ∈ Hr

κ(F) | dkφ = δkφ = 0 } .
A basic form φ is said to be primitive if Λφ = 0. Then a basic form φ ∈ Ωr

B(F) is primitive
if and only if Ln−r+1φ = 0. Let

PΩr
B(F) = {φ ∈ Ωr

B(F) | Ln−r+1φ = 0 } ,
PHr

κ(F) = {[φ] ∈ Hr
κ(F) | Ln−r+1[φ] = 0} .

Theorem 4.13. Let (F , ω) be a transversely symplectic foliation of codimension 2n on a
closed manifold Mp+2n. If F is tense, then the following properties are equivalent:
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(1) Any basic cohomology class contains at least one modified symplectic harmonic form,

that is, H̃∗κ(F) = H∗κ(F).
(2) For any r ≤ n, the homomorphism Lr : Hn−r

κ (F)→ Hn+r
κ (F) is surjective.

Proof. The proof is similar to ones in [17] and [20]. In fact, assume H̃∗κ(F) = H∗κ(F). So the
canonical map Hr

SK(F)→ Hr
κ(F) is surjective. Hence, by Proposition 4.12, it is trivial that

Lr : Hn−r
κ (F)→ Hn+r

κ (F) is surjective.
Conversely, assume that for any r ≤ n, the map Lr : Hn−r

κ (F) → Hn+r
κ (F) is surjective.

By induction on r, we prove that H̃r
κ(F) = Hr

κ(F). First, it is trivial that H̃0
κ(F) = H0

κ(F).
For r = 1, let [φ] ∈ H1

κ(F). We have dkφ = 0 and δkφ = [dk,Λ]φ = 0 because Λφ = 0.

Hence H̃1
κ(F) = H1

κ(F).
Now, assume that this property holds for s < n− r, and let us show that

H̃n−r
κ (F) = Hn−r

κ (F) . (4.3)

Trivially, H̃n−r
κ (F) ⊂ Hn−r

κ (F). Let [φ] ∈ Hn−r
κ (F). Since Lr+2 : Hn−r−2

κ (F) → Hn+r+2
κ (F)

is surjective by assumption, there exists [ψ] ∈ Hn−r−2
κ (F) such that Lr+1[φ] = Lr+2[ψ]; that

is, Lr+1([φ]− L[ψ]) = 0. Hence [φ]− L[ψ] ∈ PHn−r
κ (F). Since

[φ] = ([φ]− L[ψ]) + L[ψ] ,

we get

Hn−r
κ (F) = PHn−r

κ (F) + imL .

By induction and Lemma 4.10, it is well known that any class of imL contains a modified

symplectic harmonic representative; that is, imL ⊂ H̃n−r
κ (F). Therefore it suffices to show

PHn−r
κ (F) ⊂ H̃n−r

κ (F) . (4.4)

Let [φ] ∈ PHn−r
κ (F); that is, Lr+1[φ] = 0. Then there exists some ψ ∈ Ωn+r+1

B (F) such that

Lr+1φ = dκψ . (4.5)

Moreover, by the representation theory of sl(2), the map Lr+1 : Ωn−r−1
B (F)→ Ωn+r+1

B (F) is
an isomorphism. Hence there exists η ∈ Ωn−r−1

B (F) such that

ψ = Lr+1(η) . (4.6)

From (4.5), (4.6) and Lemma 4.10, we get

Lr+1(φ− dκη) = 0 ;

that is, Λ(φ− dκη) = 0 [13, Lemma 3.4]. Hence

δκ(φ− dκη) = [dκ,Λ](φ− dκη) = 0 .

Therefore φ−dκη is a modified symplectic harmonic representative of [φ], showing (4.4). �
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5. Case of transverse Kähler foliations

In this section, we consider a transverse Kähler foliation (F , J, ω) of codimension q = 2n
on a closed Riemannian manifol M . Here ω is a basic Kähler 2-form and J is a holonomy
invariant almost complex structure on Q such that ∇J = 0, where ∇ is the transversal
Levi-Civita connection on Q, extended in the usual way to tensors [16].

Let ΛCQ
∗ be the complexification of ΛQ∗. Then Λ1

CQ
∗ = Q1,0 +Q0,1, where Q1,0 and Q0,1

are the eigenspaces of J with eigenvalues −i and i, respectively. Write κB = κ1,0
B +κ0,1

B , with

κ1,0
B =

1

2
(κB + iJκB) , κ0,1

B = κ1,0
B ,

where κB is the basic part of the mean curvature form κ [1]. Note that there exists a bundle-
like metric such that ∂∗Bκ

1,0 = 0, where dB = ∂B + ∂̄B on Ω∗B(F)⊗C. But we do not expect
that ∂Bκ

0,1
B would be in general zero for any metric [10]. Hence we get the following theorem.

Theorem 5.1 (Hard Lefschetz Theorem [10]). Let (F , J, ω) be a transverse Kähler foliation
of codimension 2n on a closed Riemannian manifold with compatible bundle-like metric.
Suppose that the class

[
∂Bκ

0,1
B

]
∈ H1,1

∂B ∂̄B
(F) is trivial. Then the hard Lefschetz theorem

holds for basic Dolbeault cohomology; that is, the map Lr : Hn−r
B (F) → Hn+r

B (F) is an
isomorphism.

On the other hand, we have the following.

Theorem 5.2 (See [10]). Let (F , J, ω) be a transverse Kähler foliation of codimension 2n
on a compact Riemannian manifold with compatible bundle-like metric. Then the following
properties are equivalent:

(1) The class [κB] ∈ H1
B(F) is trivial; that is, (M,F) is taut.

(2) The class
[
∂Bκ

0,1
B

]
∈ H1,1

∂B ∂̄B
(F) is trivial.

(3) The hard Lefschetz theorem holds for basic Dolbeault cohomology.

From Theorems 4.13, 5.1 and 5.2, we get the following corollary.

Corollary 5.3. Let (F , J, ω) be a transverse Kähler foliation of codimension 2n on a closed
Riemannian manifold with compatible bundle-like metric. Suppose that the class

[
∂Bκ

0,1
B

]
∈

H1,1

∂B ∂̄B
(F) is trivial. Then any basic cohomology class for F has a transversely symplectic

harmonic representative.

Proof. Since
[
∂Bκ

0,1
B

]
= 0 in H1,1

∂B ∂̄B
(F), by Theorem 5.2, we know that [κB] = 0. So

H∗κ(F) = H∗B(F) = H∗T (F) .

Hence by Theorems 4.13 and 5.1, any basic cohomology class has a transversely symplectic
harmonic representative. �
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