Existence of positive solutions of nonlinear second order Dirichlet
problems perturbed by integral boundary conditions

Alberto Cabada, Lucia Lépez-Somoza and Mouhcine Yousfi

Abstract In this paper we study a second-order nonlinear perturbed Dirichlet problem with integral boundary
conditions. We obtain the exact expression of the Green’s function related to the perturbed problem in terms of
the Green’s function of the homogeneous Dirichlet problem. Moreover, we characterize the set of parameters
where the Green’s function has constant sign (which, contrary to the homogeneous case, can be either positive or
negative) on its square of definition. Finally, as an application, the existence of positive solutions is derived from
fixed point theory applied to related operators defined on suitable cones in Banach spaces.

1 Introduction

In the present paper, we consider the following nonlinear equations
u’ () +yu(t) + f(t,u(r) =0, tel=101], (1)

and
u”(t) +yu(t) — f(t,u(®) =0, tel, (2)

subject to the integral boundary conditions

1 1
u(0)=(51'/0 u(s)ds, u(1)=62‘/0‘ u(s)ds. 3)

We will study these nonlinear problems for y < 7%, §; > 0 and §, > 0.

The existence of positive solutions will depend on the regularity of the function f and the different values of
the real parameters y, d; and ;. More concisely, if the Green’s function associated to the related linear part of
the considered problem is positive, then we will deduce existence of positive solutions of problem (1), (3). We
will ensure the existence of solutions of problem (2), (3) when such function is negative. So, first of all, we will
do an exhaustive study of the sign of the Green’s function depending on the values of the parameters vy, §; and d,.
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We mention that problem (1), (3) with either 6; = 0 or 6, = 0, has been studied in [4]. So our results generalize
the ones obtained in that paper. The main difference with the properties of the Green’s function in this general
case, is that in [4] it is proved that, depending on the values of the real parameters, either the Green’s function is
positive on (0, 1) x (0, 1) or it changes its sign on / x I. This property is, in some sense, natural and expected,
because it is the situation for the homogeneous case §; = > = 0.

However, as we will see on this paper, we will prove that, in addition to being positive for small enough values
of 8| + 02, the Green’s function related to our problem is negative on (0, 1) x (0, 1) for some large enough values
of 01 + 0> with 6; > 0 and 6, > 0. This is a, a priori, non expected situation, but it may be interpreted by the fact
that in such a case we are considering a strong perturbation of the homogeneous case.

We mention that the interest in considering this boundary conditions relies on the fact that they appear in
different real phenomena such as, among others, problems of blood flow, chemical engineering, thermoelastic or
population dynamics, see for instance, [9, 10, 2, 6, 7].

The paper is divided in three sections. After the introduction we will study in Section 2 the linear problem and
prove the main properties of the related Green’s function. Section 3 is devoted to ensure the existence of solutions
of nonlinear problems (1) and (2) coupled to (3). Moreover, some examples of the applicability of the obtained
results are shown at the end of the paper.

2 Linear part: Green’s function

In this section, we will study the sign of the Green’s function related to the linear problem
u”(O)+yu(t)y+o(t) =0, tel, 4

coupled to (3). To this end, in what follows we do the study distinguishing three cases depending on the sign of
the value vy.

First, it is very simple to verify that problem u”’(¢) + y u(¢t) = 0, coupled to boundary conditions (3) has a
trivial solution if and only if y = (2k7r)2, k=1,2,... or

V=Y 0
tanh(%y) A
01 +02=A(y) =142, y =0, (®)]
VY
R 0.
tan (YY) v>

We point out that in the homogeneous case (§; = = 0) the second condition (6] + §, = A(y)) is rewritten as
A(y) = 0, which is equivalent to y = (km)?> with k odd. However, the eigenvalues of the homogeneous case are
y = (kn)?, k = 1,2, .... Therefore, we have two cases regarding the eigenvalues of the homogeneous problem:
those with k even remain eigenvalues of the perturbed problem for any value of §; and ¢,, meanwhile those with
k odd are eigenvalues only when 6; + 6> = 0.
As we will see, we must take this in account when obtaining the expression of the Green’s function for y > 0.
In the sequel we derive the following property of symmetry with respect to the parameters ¢ and d,.

Theorem 1 Assume that the linear problem (4) coupled to the homogeneous boundary conditions u(0) = u(1) =0,
has a unique solution for any o € C(I), that is, vy # (kn)% k = 1,2,... and that 5| + 5> # A(y). Let Gy.,5,,5,
be the Green’s function related to problem (4), (3). Then the following symmetry property holds

G%gl,gz(l‘,s)ZG%(;Z,(;I(l—t,l—S), V(t,S) el xI. (6)
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1
Proof From [5, Theorem 2.6], taking C(u) = / u(s) ds, it follows that the Green’s function of problem (4), (3)
0
is given by the expression

1

61 ll)](t)+(52w2([) G 00(’” s)dr (7)
v,U, b ’

1 -6 C(wy) —62C(w2) Jo

Gy,6,6,(1,8) = Gy0,0(t,5) +
where G o0 is the Green’s function of the homogeneous Dirichlet problem
u’(t)+yu(t)+o(t)=0, tel, u(0)=u(l)=0,
w; is the unique solution of
u”(t)+yu(t)=0, tel, u0)=1, u(l)=0,
and w, is the unique solution of
u”(t)+yu(t)=0, tel, u(0)=0, u(l)=1.

It is immediate to verify that w, () = wi(1 —t) for all ¢ € I, therefore C(w;) = C(w»).
First, note that if u is a solution of the homogeneous problem

u”()+yult)y+o(t)=0,rel, u(0)=u(l)=0,
then the function v(z) = u(1 — ¢t) satisfies
V() +yv(t)+o(1-1)=0,rel, v(0)=0v(l)=0.
Thus,
u(l—1) =./01 Gy00(t,s)o(l—s)ds = /01 Gy 0,0(t,1—5)0o(s)ds.
As a consequence
u(t) = /01 Gyoo0(l=t,1-s)0(s)ds

or, which is the same,
Gy,(),o(t, s) = Gy’()’()(l —t,1-1),VY(t,s) e X1

Then, using formula (7), we infer that

(52w1(1—t)+(51w2(1—t) !
1=0,C(wy) =61 C(w2) Jo
01w (1) + 02 wa(t) !
=01 Clwn) — 03 Claum) Jo Cro0tmnl=sldr
01w (1) + 02 wa(r)
1 =61 C(w1) —62C(w2) Jo
=Gy.5,.5,(ts), forall(s,s) e IxI.

Gy,62,6] (] -t,1- S) = Gy,O,O(l -t,1- S) + G%Q’()(r, 1- S) dr

=Gy 00(1,5) +

1
Gy’o,()(r, S) dr

=Gy 00(,5) +

Remark I In the case of y = (k 7)2, for some k € N odd, and 6; + 8, # 0, we have that
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G(kn)2,61,52(t’s): 13(11 )2G7,51,52(t,s) V(t,s) elxl.
y—(kn

So, as a direct consequence, we have that equality (6) is also true in this situation.

2.1 Casey =0

In this subsection, we obtain the expression of the Green’s function related to the linear problem
u”(t)+o(@) =0, tel, (8)

subject to the integral boundary conditions (3). Moreover, we deduce some suitable properties of such function
as, among others, the range of values of ¢; and ¢, for which it has constant sign on 7 X I.

Theorem 2 Let 1 +65 # 2 (= A(0)) and o € C(I), then problem (8), (3) has a unique solution u € C*(I), which
is given by the following expression

1
u(t) = /0 Go.s1.0,(1.5) o (s5)ds,

where (1-1) (2-82-615)+62 (1=5)
-t —02—015)+02(1-s)1
Go,s1,6,(1,5) = 38 s S &)
61,62 (1 - 5) L0t - g <rcs <.

Proof According to equation (7), the Green’s function of problem (8), (3) is given by

01 wl(t) + 02 wz(f)
1-61C(wy) =6 C(w) Jo

1
Go,s,,5,(t,5) = Go,0,0(t,5) + Go,0,0(2, 5) dt, (10

where
s(l—-1), 0<s<r<l,
t(l-s), 0<t<s<l,

Go,0,0(t,5) = {
is the Green’s function related to the homogeneous Dirichlet problem
u’(t)+o()=0, tel, u(0)=u(l)=0,
wi(t)=1-tand wy(t) =t,t €l.
The result is obtained by taking into account that C(w;) = C(w») = /01 tdt = % C(Go0(5)) = %s (1-1s)
and expression (10). ]

Next, we will state two lemmas related to the properties of the Green’s function that will be useful to prove the
existence of a positive solution of the nonlinear problems (1), (3) and (2), (3) with y = 0.

Lemma 1 Let G s,,s, be the Green’s function related to problem (8), (3), given by expression (9). Then, for all
01+ 62 # 2 (= A(0)) the following properties are fulfilled:

1. GO,51,62(I»0) = G(),(s],(;z(l, 1) = O,forallt el.
2. Go,s,,5,(t, s) is continuous on I X I.
3. Go,s,,5,(0,5) =0forall s € (0,1) if and only if §; = 0.
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NS A

(2-61 - 62) Go,s,,6,(0,5) >0 forall s € (0,1) if and only if 51 > 0.
Go,s,.5,(1,5) =0 forall s € (0, 1) if and only if 52 = 0.

(2-61-02) Go,s,.6,(1,5) > 0 forall s € (0,1) if and only if 6 > 0.
(2-61-062) Go,s5,,6,(s,5) > 0forall s € (0,1) if and only if 61 <2 and 6, < 2.

8. Go,s,,5,(t,s) >0 forallt,s € (0,1) ifand only if 0 < 61 +52 <2,0< 6 <2and0 < § < 2.
9. Go,s,,5,(t,s) <O0forall (t,s) € (0,1) x (0,1) ifand only if 61 + 52 > 2,0 < 61 <2and 0 < 5, < 2.
10. Gy, s,.s, changes its sign on (0, 1) x (0, 1) if and only if one of the following situations holds:
a) 61 <O.
b) 6, < 0.
c) 61 > 2.
d) oy > 2.
11.If0 < 61+62 < 2,0 <61 <2and 0 < 6 < 2, then Go,6,6,(1, ) < 5575=57y» V15 € 1.
12.1f61+62 > 2,0 <61 <2and 0 < 63 <2, then Go,5,,5,(1,8) 2 3=5—57> V1,5 € 1.
Proof Properties 1. and 2. are immediate from the expression of Gy s,.5,- Let’'s now prove the remaining
properties:
3. It follows from the equality Go_s,.5,(0,5) = 61 QS_(;I__% )
4. This statement follows from the following fact
(2-61-062) Go,s,,6,(0,5) =615 (1 —5), forallse (0,1). (11

o

10.
11.

. It is immediate from the fact that G s, s, (1, 5) = 62 SU=s)

2-61-62"
This statement follows from previous equality.

The following equality is fulfilled for all s € (0, 1):
(2 -0 — 52) G0’51,52(S, S) = S(l - S) (2 — 02+ (52 - 51)5‘). (12)

Therefore, (2 — 61 — 82) Go,s,.5,(s,s) > 0if and only if h(s) =2 - 52 + (52 —d1)s > O forall s € (0,1),
which is true if and only if §; < 2 and §, < 2.

Since Gy, s,,5,(t, s) is linear on ¢, for all s € I fixed, Go,s,,s, (-, 5) attains its maximum and minimum either at
t=0,t=sort=1.

From Property 7., we have that G s,,5,(s,s) > Oforall s € (0,1),ifandonlyif 6; < 2,8, < 2andd;+62 < 2.
From Property 4., we have that Gg s,,5,(0,s) > O for all s € (0, 1), if and only if §; > O and 61 + 62 < 2.
From Property 6., we have that Go s,.s,(1,s) > O for all s € (0, 1), if and only if 62 > 0 and §; + 52 < 2.

As a consequence of the three previous assertions this property holds.

The proof is analogous to the proof of Property 8.

The proof is a direct consequence of Properties 8. and 9.

From Property 8., we know that Go_s,.s,(?,s) > 0 for all (z,s) € (0,1) x (0, 1). As in Property 8., we know
that the maximum values will be attained at Gg s,.5,(5, 5), Go,s,,5,(0, s) and/or Go_s,.s,(1, s). Now, since

(2-061-02)Go,s,,6,(5,5) =5(1 =) (262 — 015 + 025)
=5(1-5)(2=61—62)+615(1—5)>+652(1—35)
<s(l=5)2-61—-62)+01s(1=s5)+5(1l —5)

1
=2s(1-5) < =
s( s)_2,
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0 1
(2-061-02)Go,s,,5,(0,5) =15(1 = 5) < Zl < 5
and
5, 1
(2-061-02)Go,s,,5,(1,5) = 2s(1 = 5) < 7 <5

the proof is concluded.

12. Making the same argument for the negative case (6; +d2 > 2,0 < §; < 2 and 0 < §, < 2) we obtain that
Go.s,.6,(t,8) = m [}

Remark 2 Properties 1, 2, 3,4,5,6,7,8, 10 and 11 in previous lemma generalize the ones given in [4, Lemma 4]
for the case 61 = 0.

We point out that properties 9 and 12 have no sense for either §; = 0 or §, = 0 and cover the new situation in
which the considered Green’s function is negative on (0, 1) x (0, 1).

Now two inequalities for the positiveness of the Green’s function are derived.

Lemma 2 Assume that 0 < 61+ 2 < 2(= A(0)), 0 < 61 < 2and 0 < 6, < 2. Let Gy 5,,5, be the Green’s
function related to problem (8), (3), given by expression (9). Then, there are two real constants c; < 1 < ¢y such
that:

c1 Go,s,,6,(1,8) < Go,s,,5,(t,5) < c2Go,s,,5,(1,5), forallt,sel. (13)

Proof Since there exist

G ‘ 2-6,-6
Soorent) _j_p270 70 g per
s—0* Go,5,,5,(1,5) 02
and G 2-61) +6,(1
t, - -
im Goono(ts) _12=00)+6 =0 g oy
s—1- Go,s,,5,(1,5) 02

. . . . G 1,
we can continuously extend the strictly positive function %
,61,0p 1>

Thus, we have that the continuous positive expansion I:Io,(;] .5, (2, s) attains a positive maximum c; and a positive
minimum c; on / X I, that is

defined on 7 X (0, 1) to the compact set I X I.

c; < H(),gl,(;z(l, s) < cp, forallt, s el

Now, since Go_s,,5,(1,s) > 0 for all s € (0, 1), we deduce inequalities (13). ]

Remark 3 In the above proof we can take ¢; = min {1, g—;} and ¢y = 5%' Indeed, on the one hand we have that

GO,&],(SQ(t’ S) _ 2+ (S - 1)62 - 61S < 2
1=s+ Go,5,,5,(1,5) 02 T 6
and, on the other hand,
Gosi.6(t,8) 61 . Gos.6(s)

= m =
t—0* G0,51752(1,S) 0y 1o1- G0,61,62(1,S)

. Go,s,.6, (t,5)
Moreover, since & L

Cosalls) is a non-negative, continuous and linear function with respect to ¢, we deduce
,61,0p \ 1

5y’

Go,s,,5,(t,5) { 01 2} 2
——o0®2 T < max{1l,—, — =
Go,s,,5,(1,5) 02" 82
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and
Go.1.6, (1. ) > min {1, ﬁ, z} = min {1, ﬁ} .
Go,s,,6,(1,5) 02 02 )
As a corollary of the previous result we arrive at the following one:
Corollary 1 Assume that 0 < 61+ 62 < 2(= A(0)), 0 < §; <2and 0 < 6, < 2. Let Gy,s,,5, be the Green’s

function related to problem (8), (3), given by expression (9). Then, it holds that:

. C1
min Go,s,,s,(t,5) > — max Go,s,,5,(t,5), forallsel.
tel Ccy tel

Proof From Lemma 2 we have that

c Go’51,52(1,s) < G0,51,52(l‘, s), forallt,s €l,

and |
— Go,5,,6,(t,5) < Go,s,,5,(1,5), forallz,sel.
2
Then,
mi}l Go,s,,5,(t,s) =2 c1 Go,s,,5,(1,5), forall sel,
te
and {
— max Gy s,,5,(t,5) < Go,s5,,5,(1,8), forall sel.
Ccy tel
Therefore,
. c
min Gy, 5,,5,(t,5) = ¢1 Go,s,,5,(1,5) = -1 max Go,s,,5,(t,s), forallsel,
tel cy tel
O

and the result holds.

2.2 Casey >0
The aim of this subsection is to study the constant sign of the Green’s function related to the following linear
problem

u” () +m*u(t) +o(t) =0, tel, (14)

subject to the integral boundary conditions (3).
On the following result the expression of the corresponding Green’s function is obtained.

Theorem 3 Let 51 + 6, # msf;E(m%) (= A(m?), m >0, m # 2kn, k=1,2,..., and o € C(I). Then problem
2
(14), (3) has a unique solution u € C*(I), which is given by the expression

1
u(t) = /0 Gom.o1.63 (1) o (5) ds,

where
Gl l,s N O <s<t< 1’
Gm,s,,6,(t,8) = ?,6,,52( ) ,
Gm»51,62(t’s)’ 0<tr<s<l.

Here, if m # km, k € N odd,
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csc(m) sin(ms) sin(m — mt)

1 _
Gm’éhéz(t, s) = -

N (=1 +wi(s) +wz(s)) (01 wy (2) + 52 wa (1))
m(m — (81 + 62) tan(3))

bl

and
csc(m) sin(mt) sin(m — ms)

2 _
Gm,él,éz (t,5) = -

(=1 +wi(s) +wa(s)) (01 wy (t) + 62 wa(t))
m(m — (61 + 62) tan( %))

5

being w(t) = csc(m) sin(m(1 —1)), t € I and wy(t) = csc(m) sin(mt), t € I.
In the case of m = k n, for some k € N odd, we have that

Glr.61.6, (1) = lim Gpn.s51.5,(1:5)
and
Gi o0 (68) = 1M GJ s 5. (1,5).
Proof Consider the case m # k m, k € N, and let w; be the unique solution of
w/ () +m*w (1) =0, tel, w(0)=1 w(l)=0,
and w; be defined as the unique solution of
wy (1) +m>wa(1) =0, tel, wr(0) =0, wy(l)=1.

It is immediate to verify that
wy(t) = csc(m) sin(mt),

and
wi(t) = wy(1 —t) = csc(m) sin(m — mt).

It is very well-known, see [3], that the Green’s function related to the homogeneous case (§; = 9 = 0) is given

by the expression
csc(m) sin(ms) sin(m — mt)

_ m '
Gm0.0(t,s) = csc(m) sin(m — ms) sin(mt)
m

On the other hand, it is not difficult to verify that C(w;) = C(wy) = tan( %) and

m

C(Gmo,0(-9)) = -1+ wlf;g +w(s) .

Substituting those values in (7), we obtain the result.

Finally, for m = km with k odd, it is easy to see using the axiomatic definition of Green’s function (see [3,
Definition 1.4.1]) that the expression obtained by taking limits on G}, and G2, when m tends to kr is a Green’s
function of problem (14), (3).

Remark 4 We point out that in previous theorem the expression of the Green’s function when y = (kx)?, with k
odd and 6; + 6, # 0 (= A(y)), can not been obtained from expression (10) (as for the case y = (kn)?, k even)
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because in this situation, since (kx)? is an eigenvalue of problem u” () = 0, ¢ € I, u(0) = u(1) = 0, we have that
G 0,0 does not exist.

In the following result we describe the points in / X / where a constant sign Green’s function of problem (14),
(3) can vanish.

Lemma 3 Let y < n* and assume that problem (14), (3) has a unique solution for any o € C(I). If G .5, .5, has
constant sign on I X I and vanishes at some point (to, o), then either s =0, so = 1,10 =0, to = 1 or tg = so.

Proof Let us suppose that (zg, sg) € (0,1) x (0, 1), with #y > s¢. In such a case, from the definition of Green’s
function, we have that u(¢) := G, s, 5, (%, 50), t € 1, is the unique solution of the problem

u”(t) +yu(t) =0, ¢e€(so,1], u(to) =u'(tp) =0

and so Gy s,,5,(,50) = 0 forall ¢ € (s0, 1].
Now, from the properties of the Green’s function, we have that

I
u(l) = 52‘/0 u(s)ds=0

which implies that either u(¢) = 0 for all # € I, which contradicts that u’(s;) = 1 < 0 = u’(s), or u changes its
sign on /, which contradicts the constant sign of the Green’s function.

In the case (g, s9) € (0,1) x (0, 1), with 9 < sp, from Theorem 1 and Remark 1 we deduce that if G, s,,s,
has constant sign on / X I and vanishes at (#o, s9), then G, 5,5, Will also have constant sign on / X / and vanish
at (1 — g, 1 — s9) with 1 — fg > 1 — sg. Therefore, we are in the previous case and the proof is concluded. ]

In the sequel we deduce some properties of the Green’s function G, s, s, -

Lemma 4 Let G, 51 5, be the Green’s function related to problem (14), (3), given by the expression (15). Then

Jorall 61+ 62 # ; (m) (=Am?), m>0,m#2kn, k =1,2,...(we understand that A(n*)(= W =0),
the following properties hold:

1. Gm’(;]’(sz(l‘, 1) = Gm’(s],(sz(t, O) = O,forallt el.

2. G, s,.05,(t, ) is continuous at (t,s) € I X I.

3. Gm,s,,5,(0,5) =0 forall s € [0, 1] if and only if 6, =0

4. (m— (61 +62) tan (%)) Gum,6,,6,(0,5) > 0 forall s € (0,1) if and only if m € (0,7) and 5, > 0.

5. Gm,s,,5,(1,5) =0 forall s € (0,1) if and only if 5, = 0.

6. (m = (61 +62) tan (%)) Gm,s,,6,(1,5) > 0 forall s € (0,1) if and only if m € (0, x) and 8 > 0.

7. Ifm € (0, 7), then (m — (61 + 62) tan (%)) Gum,os,,6,(s,8) > Oforalls € (0,1),6; < tdn( y and 6, < tdn(%)
8. Gp,s,.6,(t,8) >0 forallt,s € (0,1) if and only if 0 < 61 + 52 < % m € (0,7], 51 = 0and 6, > 0.

9. Gp,s,.5,(t,8) <Oforallt,s € (0,1) if and only if 61 + 52 > - 0<d; <

(2 () 0 <02 ()

m € (0, 7).

10. G, s,,5, changes its sign on (0,1) X (0, 1) if and only if one the following properties is fulfilled for m > 0,
m#2kmandk =1,2,...:

a.m>Tm,
b. 6

: (
C62> (
d.51<0
€.§2<0.

)’
)’
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Proof Properties 1. and 2. are immediate. Let’s now see the others:

3.

4.

5.6.

Lets € (0,1), then G, 5,,5,(0,s) = 0 if and only if

S1(=1+wi(s) +wa(s)) =0
It is easy to see that the function

rm(s) = =1+wi(s) +wa(s),

is positive on (0, 1) if and only if m € (0, 7]. Moreover, it is not identically zero on (0, 1) for any m # 2k 7,
k=1,2,....

Therefore G, 5,,5,(0, s) = 0 if and only if 6; = 0.

Using expression (15), we have that

(m — (61 + 67) tan (%)) Gm,s,,5,(0,5) = (;—lrm(s) >0,

for all s € (0, 1), if and only if m € (0,7) and §; > 0.
These properties are immediately deduced from Properties 3. and 4. and the following equality deduced from
(6) and Remark 1:

Gim.s1.5,(1,8) =Gps,.6,(0,1=5), Vsel.

Let us define the function

. m
h(s,m, 61,82) = m sin(m) (=m+ (51 +52) tan (5)) Gom.o1.6,(5. 5).

So,
4]
%h(s m,d1,02) = (1 —cos(m)) sin(m —ms) > 0,
and p |
6_62h(s’m’61’52) = 2sin(ms) sin’ (z(m - ms)) >0
forall s € (0,1) and m € (0, x].
Moreover,
1-
hls,m, L, M) = _4sin? (E) sin’ (u) <0,
tan (%) tan (%) 2 2

for all s € (0,1)andm € (0, n].

Therefore, h(s,m,51,82) <Oforall s € (0,1),m € (0, 7], 61 < tdn(%) and §, < (%) and the property is

fulfilled.

From Lemma 3, for any s € (0, 1) fixed, if function G, 5,, 5, (-, 5) has constant sign, then it attains its maximum

at minimum values att =0,r =sort = 1.

From Property 4., we have that G, s,,5,(0,s) > Oforall s € (0, 1), if and only if 61 + 2 < ( ) and §; > 0.
2

From Property 6., we have that Go_s,.5,(1,s) > Oforall s € (0, 1), if and only if 61 + 02 < ( ) and 6, > 0.
From Property 7. we have that if m € (0, 7] and §; + 6, < E” ) then G, 5,.5,(s,5) > O for all s € (0,1),
provided that §; < = ( ) and 6, < - ( )

Notice that if 6; > 0 and 02 > 0, the fact that 01+ 0> <: ( ) implies that 61 < ( ) and 0, <
we deduce that G, s,,5,(t, s) > 0 forall (r,s) € (0, 1) X (0 1) for such values of the parameters.

w(7) S5
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If G, s,,5,(s, s) is positive for other range of values we have that either G, 5,,s,(0, s) or G, 5,,5,(1, s) will
be negative, and Property 8. holds.
9. The proof in this case is analogous to the previous one.
10. Arguing as in proof of [3, Theorems 1.8.5 and 1.8.6], one can verify that for any fixed values of ¢, s, §; and 6>,
we have that G, s, 5,(, 5) is monotone increasing with respect to m on the intervals of m where such function
has constant sign on 7 X I.
Thus, let 61 > 0 and 6, > 0 be such that §; + > < mzn—,‘%l) for some m; € (0, n), as a consequence, since

function A(m?) = W is strictly positive and strictly monotone decreasing on m € (0, ), we have that
Z

there is a unique value mg € (my, 7) such that

S1+6=———=A(m
1 2 tan(%) ( 0)
and
0<6+8 < —— forallm € (0, mp).
an ()

Thus G, 5,,5,(t,s) > 0on (0,1) x (0,1) for all m € (0, my).

Therefore, if 6; > 0 and 6, > 0, we have that there is my € (mg, ) such that §; < ﬁ and 0, < MH(L&)
2 2

for all m € (mg, mz]. In consequence, G, s,,5,(t,s) < 0on (0,1) x (0, 1) if and only if m € (mg, m2] (See
Figure 1).

For m > my we have that G, s,,5, must change its sign on / X /, on the contrary it contradicts the monotone
increasing property of this function with respect to m.

In the case of 61 = 0, we will be have ¢, = :anzn—’%) and so, the Green’s function G, s, s, can never be negative
=z

on (0, 1) x (0, 1) and must change its sign for all m > mg. The same holds for 6, = 0 (See Figure 2). Both

cases have been considered in [4]. ]

Remark 5 We mention that Properties 1, 2, 5, 6, 8 and 10 are a generalization of the ones given in [4, Lemma §].
Despite this, it is important to mention that the proof of Property 10 here is completely different to the simpler
one given in that reference.

The rest of the cases have no sense for that situation.

Now we deduce some inequalities on the Green’s function analogous to the ones given in Lemma 2.

LemmaS5letrO <m<m, 0<6;+6; < # (= A(m?)) and G, 5,5, be the Green’s function of problem

(14), (3) given by expression (15). Then, there are real constants c3 > 0 and c4 > 0 such that:
c3Gm.s,.6,(1,8) < Gp.s,.6,(t,8) < caGum.s,.5,(1,5), forall t,s €. (16)

Proof If s = 0 or s = 1 the result follows from Lemma 4. Let then ¢ € I be arbitrarily set.
On the one hand, we have that

AR RACE) _wi (1) (m = (61 +62) tan () Lo +eum@
5=0* G.s,.6,(1,8)  dacsc(m) (1 —cos(m)) 62 ’

and on the other hand, since
wi (1) +wj(1) <0

we have that
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Gm.s,.5,(t,8) —wi () (m— (61 +62) tan (3)) 6w (1) + 62 wa(2) >0

lim = +
s=1= Gm,5,.5,(1,5) 62 (wi (1) + w3 (1)) )
Taking into account Properties 6. and 7. of Lemma 4, we have that the strictly positive function (G;m::‘—:z((li))
m, 61,6 L1

defined on I x (0, 1) extends continuously to the compact set I X I. Therefore, there exists ¢z > 0 and ¢4 > 0, the
minimum and the maximum, respectively, of such extension on 7 X I. Therefore the inequalities (16) are fulfilled
and we conclude the proof. O

Corollary 2 Let 0 <m <7, 0 < 61+ 65 < ﬁ (= A(m?)) and G5, 5, be the Green’s function of problem
2
(14), (3) given by expression (15). Then, it holds that:

. 3
min G, 5,,5,(t,8) 2 — max G, s,.5,(t,5), forallt,sel.
tel Ccyq tel

Proof The proof is analogous to the one made in Corollary 1. m}

23 Casey <0

Finally, we deal in this subsection with the study of the linear problem
w’(t) —m*u(t) +o(1)=0, tel, (17)

subject to the integral boundary conditions (3).
For the construction of the Green’s function we obtain the following result:

Theorem 4 Let 61 + 6, # ﬁ (= A(-m?)) and o € C(I), then problem (17), (3) has a unique solution
2
u € C%(I), which is given by the expression

1
u(t)z‘/o Gm.s,.5,(t,8) o(s)ds,

where
G) t,5), 0<s<r<l,
Gm’él,é(;,s)z{ 3’1,61,52( 5) s (s)
Gm’él’éz(t,s), 0<t<s<l,
with
G (t.5) _sinh(ms) sinh(m —mit) (=1 +wi(s) +wa(s)) (61 wi(2) + 6w (1))
m, 01,02 372 %/ T m sinh(m) m(m — (81 + 82) tanh(m/2)) ’
and

o . _sinh(m¢?) sinh(m —ms) (=1 +w;(s) +wr(s)) (6 wi(2) + 62 wr(2))
mone (B8 =—— e - m(m — (81 + ) tanh(%))

sinh(m—mt) sinh(mt)

being w(t) = () L€ I and wy (1) = () » L € I

s

Proof 1t is proved analogously to Theorem 3 taking into account that in this case w(¢) = %, wy(t) =

inh tanh (%)
S, C(wy) = C(wp) = “52 and
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sinh(ms) sinh(m-mt)
Gmoo(t,s) =4 . msinh(m) — = 0<s<t<l,
m,0,0(Z, sinh(mt) sinh(m=ms) = < ¢ < 5 < |

m sinh(m) ’
with
=1+ wi(s) +w(s)
m? '

C(Gmo0(-9) =-

We will now state the following results that characterize the constant sign of the Green’s function on 7 X 1. We
omit the proofs because they are analogous to the previous case.

Lemma 6 Let G, 5,5, be the Green’s function associated with problem (17), (3), given by expression (18). Then
Jorall 6| + 6, # ﬁ (= A(=m?)), m > 0, the following properties hold:
2

1. Gm,él,éz(ta 0) = Gm,él,gz(l, 1) = O,forallt el.
2. Gm,s,,05,(t,8) is continuous on I X I.
3. Gm,5,,5,(0,5) =0, forall s € (0,1) if and only if 6| = 0.
4. (m = (61 +62) tanh (%)) Gy, s,,5,(0,5) > 0 for all s € (0,1) and m > 0 if and only if 5, > 0.
5. Gm,s,.6,(1,8) =0, forall s € (0,1) if and only if 62 = 0.
6. (m — (81 +62) tanh (%)) G, s,,5,(1,5) > 0 forall s € (0,1) and m > 0 if and only if 5, > 0.
7. (m — (61 + 62) tanh (%)) Gy, 61,6, (s,5) > O forall s € (0,1), m >0, §; < m and 6y < W.
8. Gm,s,,5,(t,8) >0 forallt,s € (0,1) ifand only if 0 < §; + 65 < m, 0<61,0<6andm > 0.
2
9. Gm.s,.6,(t,8) <0 forallt,s € (0,1) if and only if 5 + 62 > W, 0<6; < @, 0<d < W
and m > 0.
10. G, s,.5, changes its sign on (0, 1) X (0, 1) if and only if one the following properties is fulfilled:
m
a. oy > tdnh(m)’
m
b. 62> umh(';‘)’
C 61 <0,
d. 62 <0

Remark 6 We point out that in order to prove Property 10 in previous Lemma, we must argue in a similar manner
to Property 10 in Lemma 4. In this case, we must take into account that function A is strictly positive and strictly
decreasing in (—o0, 0) and (See Figures 1 and 2) that

lim A(y) = +oo.
y——c0

3

Fig. 1 Given &, > 0, the
Green'’s function is positive on
the red region, negative on the
blue one, and changes its sign
otherwise.

31=A1)-3>
|

=

OIS
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Fig. 2 If 6, = 0, the Green’s

function is positive on the red Y
region and changes its sign ‘
otherwise.

Lemma7 Letm > 0,8, >0,5, >0and0 < §1+57 < tanh(m) (= A(-m?)) and Gum.s,,5, be the Green’s function
of problem (17), (3) given by expression (18). Then there are two positive real constants cs and cg such that:

5 Gm,s,.6,(1,8) < Gp,s,.5,(t,8) < c6Gm,s,.5,(1,5), forallt,s €l (19)

Corollary3 Letm > 0, 61 > 0,62 > 0and 0 < 61 + 65 < mnh(m) (= A(-m?)) and G s,.5, be the Green’s
function of problem (17), (3) given by expression (18). Then, it holds that:

Cs
G t,s) > — G t, lt,sel.
t g[lér}] m.51,6,(18) o X G, & (t,s),  forallt,s

3 Nonlinear Problem

This section studies the existence of positive solutions of the nonlinear problems (1), (3) and (2), (3). We will
ensure the existence of positive solutions of Problem (1), (3) when the related Green’s function is positive and
of Problem (2), (3) if it is negative. The existence results will be deduced from fixed point theory of integral
operators defined in suitable cones. More concisely, we will use the classical Krasnoselskii’s fixed point Theorem.
The arguments are similar to the ones developed in [1].

We assume that the nonlinear part of equation satisfies the following regularity and constant sign condition:

) f:I1x]0,00) — [0,00) is acontinuous function.
Let X = (C(I), ] - |lo) be the real Banach space equipped with the supremum norm

llte]lo = sup |u(z)|, forallu e X.
tel

The following Krasnoselskii’s fixed point Theorem [8] will be applied to the operator Ty 5, 5, : X — X,
defined as

1
Ty, s,,5,u(t) := / Gy.5.5,(t,s) f(s,u(s))ds, tel, (20)
0
to guarantee the existence of a fixed point of that operator.

Theorem 5 (Krasnoselskii)

Let X be a Banach space and K C X a cone in X. Let Q1,Q, C X be open bounded sets such that
0€Q CcQ CcQandT KN (Q\Q)) - Ka compact operator that satisfies one of the following properties:
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LT = |lull, Yu € KNy and ||T(w)|| < |lull, Yu € K N IQy,.
2. 1T < |lull, Yu € KN dQq and ||T(w)|| = ||ull, Yu € K N OQ;.

Then T has a fixed point at K N (Q\ Q).

Note that the fixed points of operator T, s, s, coincide with the solutions of problem (1), (3).
First, we consider the situation in which the related Green’s function G, s, s, is positive, that is:

y < 7% and &1, 8> > 0 are such that 0 < §; + 5> < A(y), 21

where A : (=0, 77) — R is the function defined by expression (5).

Next we define the cone K where we will apply Krasnoselskii’s Theorem:
K={ueX/min{u(?): t €l} > ||lullc},

where
Cl —
59 ’)’ - 0’
a3
o 7 >0,
s
ce’

(9]
1

v <0,

with ¢y, ¢2, ¢3, ¢4, ¢5 and c¢ given in inequalities (13), (16) and (19).
In this case, the following inequality is satisfied:

mip Gy 5,.,5,(t,s)>¢ max Gy.5.,5,(t,s), foralls,tel. (22)
te te

Using inequalities (13), (16) and (19) again, we can guarantee that there are two real positive constants

c1, y=0, c2, v=0,
h=qc3, y>0, and k=1qc4, y>0,
cs, v <0, cs, v <0,
such that
hGy s.6(1,5) <Gy 5.6(ts) <kGys.6(1s), foralls,s € 1. (23)
Moreover, we will denote by
5
60652 y=0,

&> |2tan Ty)— y

—

! ., y>0,
R = / Gy,él,dz(l’s) ds = y(\ﬁ—(§1+52) tan(?)) (24)
0 62(2tanh(@)—ﬁ)
= Y < 0.
y(v7- (61462 anh( 7))

Remark 7 It is obvious that the value of ¢, h, k and R will depend on those of y, d; and d7, but we will omit such
dependence in the notation for the sake of simplicity. Moreover, it is clear that, when vy, §; and ¢, are fixed then
C, h, k and R are constants too.

Next, we will prove the following theorem to ensure the existence of positive solutions.
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Theorem 6 Assume that the positiveness condition of the Green’s function (21) is fulfilled. Moreover, suppose
that the following conditions hold:

1. There exists p > 0 such that

s

f(t,u) < R’ forallt € I andu € [0, p].

2. There exists g > 0, with q # p such that
f(t,u) > %, forallt €I andu € [Cq,q].

Then problem (1), (3) has at least one positive solution u € K, such that ||ul|« lies between p and q.

Proof First, since G, 5, 5,(t,s) > 0 for all #,s € (0,1), f > 0 and the fixed points of the operator 7}, s, s,
coincide with the solutions of problem (1), (3), we deduce that these solutions are nonnegative.

Now, we show that the operator Ty s, 5, defined in (20) is compact and maps K into K.

Let us see that T, 5, s, maps K into K. For all u € K, using inequality (22) we infer that, for all 7 € I,

1 1
Ty 5,6, u(t) = / Gy.5,.5,(t,s) f(s,u(s))ds > 5/ I?gx Gy.5.,6,(t,s) f(s,u(s))ds
0 0

1
>c max/0 Gy.5.,6,(t,8) f(s,u(s))ds.

So, T, s,,6, u(t) = C|ITy 5,6, Ullco for all ¢t € I, thatis, T, s, 5, u € K.
On the other hand, since G, s,,5, and f are continuous, we have that operator T, s, s, is continuous too.
Finally, we will prove that T}, 5, s, maps bounded sets into relatively compact sets. Let H C K be a bounded
set. Then, using (23), it is easy to see that T}, s, s5,(H) is bounded.
Let us show then the equicontinuity of 7, s, s, (H). Since H is bounded, there exists » € R, r > 0 such that
||u|lco < r forall u € H. Let us take
M= max |f(t,u)l.

tel 0<u<r

So, forall r € I and u € H, we have that

751 62

———(t,5) f(s,u(s)) ds| <
aG%tsl,éz

|<Ty5152u><r>|—’/ /' v )‘If(su(S))lds

(t,9)| ds.

Using the regularity of the Green’s function G, s, s, we deduce that there exists N € R, N > 0 such that

18G,.s,,6
M Y,01,02 t,
/0 ’—at (t.5)

So, forall t1,1, € I, t; < tp, the following inequality holds

ds < N.

5]
< / |(Ty.60.500)'()|ds < Nt - 17).

1

[(Ty,s,,6,u) (2) = (Ty,5,,5,u) (t1)| = y.61,5,1) (8)ds

Therefore, T, 5,5, (H) is an equicontinuous set in X. By Arzela-Ascoli’s Theorem, we deduce that T, s, s, (H)
is relatively compact, that is, T, s, 5, : K — K is a compact operator.
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Next, let us define the following sets of K
Kp={ueX/|ullo <p} and Kg={ueX/|ullew <q}.

From inequality (23) we infer that

1

1
1Ty 00 =3 [ G209 50 ds < & [ Gy (119) Fs(s)) s

Using Condition 1. we have, for allu € K N 0K, that

1
ITy.61.0 u(Dlleo < k/O Gy.61.6,(1,8) f(s,u(s)) ds < p = [|uf|eo.

On the other hand, for u € K N 0K, using Condition 2. we have that ¢ > u(t) > ¢||lullcc = Cq forall r € I and
from (23) we deduce that

1
ITy.51.6, u(D)lloo = h/O Gy.61.6,(1,5) f(s,u(s)) ds 2 q = |Jule.

Thus, applying Krasnoselskii’s Theorem 5, we obtain that T, s, s, has a fixed point u € K such that ||ul|. lies
between p and q. )

In the sequel, we present an example to illustrate the previous result.

Example

Consider the following problem
W’ (1) +u(t) e’ =0, rel,

1 1
TORE % u(s) ds, 25)

1
u(l)zé/o' u(s)ds.

In this case, y =0, 61 = %, 0y = % and 61 +0, = % < 2. As we have said in Remark 3 in this case we may consider
h=cy=1and k = c; = 12 and, consequently, ¢ = % Moreover, from (24) we know that

1
1
/0 GO’%’é(l,S)dS = g
Moreover, f(t,u) =u " is continuous on I X [0, 00). Now, for p < ,/log (%) ~ 1.226 it holds that

9
fuy<pe’ <=pl= P Vie[0,1], ue[0,p].

1
2 k/() GO’%,é(l,S)dS

Similarly, for ¢ > 12+/log 648 ~ 30.533 it holds that
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1 2
f(t,u)zﬁqelqﬂ >54q|= : q
h Jy Go1,1(1.5)ds

q
Vielo1], [—, ]
€ [0,1], u € 12q

Therefore, Theorem 6 guarantees the existence of a positive solution of problem (25).

3.1 Problem (2), (3)

To study the nonlinear problem (2), (3), we must use the Green’s function related to
u”(t)+yu(t)—o(t)=0, tel,

coupled to the integral boundary conditions (3).
It is immediate to verify that such Green’s function is indeed -G, s, s,-
So, by assuming the following condition:

y <72 81 +62 > A(y), 61 < A(y) and 6, < A(y), (26)

we can ensure the positiveness of function -G, 5, s,
Therefore, the inequalities that we have used in the previous case, in Lemmas 2, 5 and 7, remain valid since it

is clear that
-Go,s,,6,(1,5)

c1 < < ¢y, forallf € I and s € (0, 1),
-Go,s,,5,(1,5)
-G t,s
g Groas) e o0 andallreZands e (0.1).
_Gy,51,52(1’s)
and G t.5)
- t,s
C5§%SC6, fory <0 andallt € I and s € (0, 1).
_G7,61,52(1’s)

Thus, we may define the constants ¢, &, k and R (< 0) in the same way than before and inequalities (22) and (23)
hold by simply changing G, s,,5, by =Gy, s,,5,-

In this case, an existence result can also be proved by considering now values of y, 6 and 6, for which G, s, s,
is negative (that is, =G, s,,s, is positive). The result is the following one.

Theorem 7 Assume that condition (26) is fulfilled. Moreover, suppose that the following conditions hold:

1. There exists p’ > 0 such that

f(t,u) < iR’ forallt € I andu € [0,p'].

2. There exists q' > 0, with q’ # p’ such that
f(t,u) = %, forallt € I andu € [cq’,q'].

Then problem (2), (3) has at least one positive solution u € K, such that ||u||« lies between p” and q’.
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