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Abstract

A new data-based smoothing parameter for circular kernel density (and its derivatives) estimation is proposed. Following the
plug-in ideas, unknown quantities on an optimal smoothing parameter are replaced by suitable estimates. This paper provides
a circular version of the well-known Sheather and Jones bandwidths (J R Stat Soc Ser B Stat Methodol 53(3):683—690,
1991. https://doi.org/10.1111/j.2517-6161.1991.tb01857.x), with direct and solve-the-equation plug-in rules. Theoretical
support for our developments, related to the asymptotic mean squared error of the estimator of the density, its derivatives,
and its functionals, for circular data, are provided. The proposed selectors are compared with previous data-based smoothing
parameters for circular kernel density estimation. This paper also contributes to the study of the optimal kernel for circular
data. An illustration of the proposed plug-in rules is also shown using real data on the time of car accidents.

Keywords Circular data - Directional statistics - Kernel density estimation - Plug-in rule - Sheather and Jones bandwidth

1 Introduction

Circular data are observations that can be represented on the
unit circumference and where periodicity must be taken into
account. Classic examples appear when the goal is to model
orientations or a periodic phenomenon with a known period.
Several applications of circular data can be found, e.g., in
Ley and Verdebout (2018) or SenGupta and Arnold (2022).
The complicated features that circular data can exhibit on real
data applications lead to several new flexible models in the
statistical literature. A recent review of flexible parametric
circular distributions can be found in Ameijeiras-Alonso and
Crujeiras (2022).

When trying to obtain a flexible fit of the density func-
tion, an alternative to parametric models is the kernel density
estimation. Kernel density estimation for circular data dates
back to Beran (1979) and Hall et al. (1987), while the estima-
tor of the density derivatives was studied by Di Marzio et al.
(2011). Additionally, the extension of density (and its deriva-
tives) to the (hyper-)toroidal and (hyper-)spherical cases was
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considered by Di Marzio et al. (2011) and Klemela (2000),
respectively. It is well-known that, for all these estimators,
the choice of the smoothing parameter is crucial when using
these kernel methods.

In the usual linear inferential framework, where random
variables are supported on the Euclidean space, one can
find many approaches for selecting the “best” data-driven
bandwidth parameter (see, e.g., Jones et al. 1996, for a dis-
cussion on this topic). Due to its good performance, one of
the most-employed bandwidth selectors is the plug-in band-
width proposed by Sheather and Jones (1991). The relevance
of this plug-in selector is evident from the impressive num-
ber of citations that Sheather and Jones (1991) have received,
and although other authors have introduced new bandwidth
selectors, none of the proposals outperforms, in general, their
plug-in selector.

There exists some literature on smoothing parameter
selection for circular data, some of these ideas are based
on cross-validation (Hall et al. 1987), rule-of-thumb (Taylor
2008), plug-in (Oliveira et al. 2012; Garcifa-Portugués 2013;
Tenreiro 2022), or bootstrap (Di Marzio et al. 2011) tech-
niques. But none of the approaches introduced so far presents
an outstanding performance with respect to its competitors,
as is the case with the proposal by Sheather and Jones (1991)
in the linear case. Hence, the goal of this paper is to provide
the needed theory to derive an algorithm that replicates the
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idea of the two-stage direct and solve-the-equation plug-in
bandwidth selectors for circular kernel density estimation. In
addition, the developed theory can be also employed when
estimating the density derivatives.

Regarding the kernel choice, most of the results for cir-
cular density estimation fix the kernel to be the von Mises
density function. In this paper, we study the asymptotic
results for a more general class of kernels. This allow us to
obtain the optimal kernels in the circular estimation context.

This paper is organized as follows. Section?2 is devoted
to the definition of the circular kernel density derivative esti-
mate. Also, the key function needed to derive the optimal
smoothing parameter is introduced in this section. For a gen-
eral circular kernel, the asymptotic mean integrated squared
error and the optimal smoothing parameter of the derivative
estimator are derived in Sect.3. Section4 is devoted to the
estimation of density functionals needed to derive the plug-
in rules. In Sect.5, we discuss the kernel choice. Section 6
provides all the essential details to compute the two-stage
direct and solve-the-equation plug-in smoothing selectors.
We analysed the performance of the proposed plug-in rules
through a simulation study. The summarized conclusions
appear in Sect. 7. Section 8 uses a real data example to show
the applicability of the proposed selector. Some final remarks
are provided in Sect.9. Section 10 describes the software
that implements the proposed smoothing parameters. The
complete simulation study showing that the proposed rules
provide a competitive smoothing parameter, some additional
comments regarding how to use the software, and the proofs
of the theoretical results are provided as Supplementary
Material.

2 Circular kernel density derivative
estimation

Given a circular random sample in angles ®1,...,®, €
[—m, ), with an associated density function f, the circular
kernel density estimator (see, for example, Oliveira et al.
2012) can be defined as follows:

N 14
£r(6) = ;gK © -6, (1

where K, is the circular kernel with a smoothing parame-
ter v € [0, 1], representing the mean resultant length. It is
worth noting that, in contrast to previous circular literature
(Di Marzio et al. 2009, 2011), we use the notation K, instead
of K, since our smoothing parameter focuses on the mean
resultant length rather than the concept of “concentration”.
This choice allows us to establish a theory that is valid for
both types of kernels, whether they depend on concentration,
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such as the von Mises, or on the mean resultant length, such
as the wrapped normal (see Sect. 5 for a formal introduction
to these kernels).

The estimator (1) can be easily extended, when the objec-
tive is estimating the r-th derivative of f, denoted by . In
that case, the estimator of f () can be defined as (Di Marzio
etal. 2011),

R 1 n
(r) _ (r) M.
£ <9>—n§1<v 0 —6;). )

The first question is which function can be employed as a
kernel? In this case, we will assume that K, satisfies assump-
tions reminiscent of the canonical conditions for the linear
kernel ( Wand and Jones 1995, Ch. 2). In particular, a circular
kernel K, (reflectively) symmetric about zero and square-
integrable in [—, ) would admit the following convergent
Fourier series representation (see Mardia and Jupp 1999, Sec-
tion 4.2),

1 o
K, (0) = " 1+ 2204K,,;'(V)COS(J'9) ; 3
j=1

where only the values of g ;(v) € [0, 1],for j € {1,2,...},
depend on the employed kernel and the mean resultant length
v. In Sect. 3, we will impose that Fourier series representation
for the kernel K ,,.

Secondly, a crucial element in kernel density estimation is
the smoothing parameter. Generally, this parameter is taken
as a non-random sequence, depending on the sample size,
and then as a fixed value for a sample realization. In this
work, we will introduce the function & depending on v,

2 STy )
hth<v>=%+4z<1>’?+<v>_ @
j=1

J

We denote h as the circular bandwidth and the sequence
of numbers h,, = hg(v,) must satisfy lim, . h, = O.
It is important to note that this circular bandwidth is con-
structed from trigonometric moments, distinguishing it from
the concept of “bandwidth” used in scale-family kernels.
The distinction arises because circular distributions, such
as the von Mises, do not belong to the scale family. In
this paper, we aim to derive an explicit expression for the
optimal circular bandwidth without imposing assumptions
that resemble scalar theory. Specifically, we do not require
conditions like Kq(0) = K(0/g)/g (Tenreiro 2022) or
K, (0) = kg;zK((l — cos(@))/g,%), for some constant A,
when g, — 0 (Garcia-Portugués 2013).
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3 Asymptotic results

In this section, we establish the results needed for deriving
the asymptotic mean integrated squared error (AMISE) and
the AMISE-optimal smoothing parameter. Throughout this
section, for a given derivative order r, we will employ the
following assumptions to derive the asymptotic results.

(A1) The circular density f is such that its derivative f+?
is continuous.

(A2) For all v, the kernel K, admits the Fourier series rep-
resentation (3).

(A3) Fort € {1, 2}, define the function Rg., ; as:

RK;r,t(V) =
{ Qr)~! (1 +2Y%, a;’j(v)) ifr =0,

st 3002 e ()

—1 ift =1 and r modulo 4 =1,

s=1{ —1 ift =1and r modulo 4 = 2,
1 otherwise.

otherwise,

The smoothing parameter satisfies thatlim,—, oo £ g (v;;)
=0and lim, 0o 7' Ri.r 2 (V) = 0.

As mentioned in Sect.1, Assumptions (Al) and (A2)
are reminiscent of those employed in the standard lin-
ear case. For a large class of kernels, including the von
Mises or the wrapped normal (see Sect.5), we will see
that Assumption (A3) translates into the standard condi-
tions on the bandwidth, namely, lim,_~ h, = 0 and
lim,_s 0o nhf,2r+l)/ 2= 00. The result in Theorem 1 (see Sec-
tion S3 of the Supplementary Material for a formal proof)
states the AMISE order of the kernel derivative estimator
(2). If we also assume the following two extra conditions, we
can derive an explicit expression of the AMISE.

(ED [T 0*K,,(0)d0 = o(hy), as n — oo.
(E2) limy— oo Rx:r2(vy) = 00 and, as n — 00, ffﬂ 92
(K (0))%d6 = o[ Ri.r 2(vy)].

Theorem 1 Under the Assumptions (Al)—(A3), we have
AMISE [f‘)(r)] =0 (h%((vn)) +0 <n_1RK;r,2(Vn)> .

Ifwe also assume Conditions (E1) and (E2), then the AMISE
has the following explicit expression.

AMISE [ fy)] - leh%((vn) [ ! ( f(’+2>(9))2de

1
+ ;RK;r,Z(Vn)~ 5)

(E3) As n — o0, Rg.,o(vy) =

Theorem 1 states the expression of the AMISE which
depend on the sample size n, the derivative of the density
function f (r+2) the kernel K, and the mean resultant length
v. The complete expression of the asymptotic mean squared
error (AMSE) is provided in Section S3 of the Supplementary
Material.

Remark 1 Di Marzio et al. (2009, 2011) also analysed the
AMISE of the circular kernel estimation obtaining a similar
result as in (5), replacing hx (v,) by (1 —ag 2(v,))/2. Note
that, although not stated in their paper, additional conditions
must be imposed to derive their asymptotic results. We further
elaborate on this matter in Section S3.1 of the Supplemen-
tary Material. In particular, their results hold true assuming
Condition (E1). Under this condition, we can approximate
hg (vy) by (1 — ax 2(vy))/2, as n increases. Thus, asymp-
totically, both results coincide, but the expression provided in
this paper will allow us to derive an expression of the optimal
smoothing parameter.

The issue, under the general AMISE expression given
in (5), is that it is not straightforward to know how to derive
an explicit expression of the optimal smoothing parameter,
unless a specific kernel, such as the von Mises is chosen (see,
e.g., DiMarzio et al. 2011). This problem can be solved when
the following extra condition is assumed.

—@2r+1)/2
QK;r,Zhn( r+h/ +
), where Qk., 2 is a constant only depend-
ing on the kernel family and the derivative order r.

O(h;(2r+l)/2

Note that under the Condition (E3), the Assumption (A3)
simplifies to lim, o #, = 0 and 1im,,_>c,onhf,2r+l)/2 =
oo. Using this last assumption, we can observe the classic
variance-bias trade-off, where the bias is reduced if 4, is
“small” and the variance decreases if /1, is “large”. The opti-
mal smoothing parameter with respect to the AMISE criteria
can be obtained using the following corollary of Theorem 1,
which is a direct consequence of g (v) > 0 (see Section S3
of the Supplementary Material).

Corollary 1 Consider the Assumptions (Al)—(A3) and (E1)-
(E3). Then, for the kernel derivative estimator of order r (see
(2)), we have that, asymptotically, the optimal (AMISE) value

of h,, can be obtained from,
2/(2r+5)
) : (0)

Under the previous assumptions, the minimal AMISE of Av(r)

is equal to

e @r+D0kia
(P AMISE —
n 7, (£ )" de

Qr+ 1>QK;r,2>4/ @r+5)

inf IAMISE[ fy)] - (
n

O<v<
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45 ” 5 Qr+1)/(2r+5)
+2@0)) do : 7
X8r+4</_,,(f ®) ) ™

Remark 2 From Corollary 1, it can be observed that the
optimal order for circular bandwidth density estimation
hK.0: amsz» Which is O(n_Z/ %), does not coincide with the
optimal bandwidth order, O(n_l/ 5), as presented in Ten-
reiro (2022). The reason for this discrepancy, as explained
in Sect.2, is their lack of alignment. However, it is worth
noting that, for example, in the case of the von Mises ker-
nel (see Sect.5.1), when translating this result to the optimal
concentration k for density estimation, both theoretical out-
comes yield the same asymptotic optimal concentration of
order O (n*/).

Remark 3 Note that the AMISE expression in (7) aligns with
the one obtained in the linear case ( Wand and Jones 1995,
Chapter 2), except for terms related to the kernel. If Ky is a
scalar kernel with a variance of one, the same AMISE expres-
sion in the linear case can be obtained by replacing Qk., .2
in (7) with [ (K" (x))%dx.

The optimal mean resultant length v is the solution to the
equation g (V) = hk.,.amse> €€ Equation (4). Alternatively,
to avoid the infinite sum in (4), one can also obtain the optimal
v by solving the equation ag 2(v) = 1 — 2hg. . ause (S€€
Remark 1).

As usual, when using data-based plug-in smoothing
parameters, the main problem with employing the optimal
hi.r.awse in Corollary 1, is that its value depends on the

unknown value of [" (f*2) (9))2 df. A rule-of-thumb
smoothing selector can be obtained by replacing f with
a simple and standard density function, such as the von
Mises density. One can also follow the Cwik and Koronacki
(1997) approach and replace f with a mixture model, such
as the mixture of von Mises. Both techniques were already
proposed and studied in the circular literature when employ-
ing the von Mises density as the kernel K, (see Taylor
2008; Oliveira et al. 2012; Garcia-Portugués 2013). Follow-
ing Sheather and Jones (1991), an alternative is to estimate
density functionals related to /™ (£ (9))2 d6. In the next
section, we study how to obtain a kernel estimator of this last
quantity, in the circular context.

4 Estimation of density functionals

As mentioned in the previous section, an issue with using, in
practice, the optimal smoothing parameter (6) is its depen-
. 2 .
dence on the unknown quantity [ (£ (0))" d6. In this
section, we will see how to estimate this last quantity using
kernel techniques. For doing so, we first define the functional
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of the form
Uy = f F90) f6)as.

Note that under sufficient smoothness assumptions on f
(e.g., the needed conditions to apply integration by parts), we
obtain that,

/ C(r0®) do = (-1 ®)

-7

Since ¥, = E(f®)(®)), the following estimator can be

employed to estimate the unknown quantity /7 (£ +? (9))2
d6 on the optimal smoothing parameter (6),

. 1 n . 1 n n
Jup =D J @) =3 > LY (€, -0;). O

i=1 i=1j=1

where L, and p are a kernel and a mean resultant length
parameter. In the following theory, we will assume that L,
and p may differ from K, and v. However, it is important to
note that, in practice, the same kernel is typically employed
for both the density (derivative) and the density functionals
estimators. Later on, we will observe that, conversely, v and
p usually take distinct values, and we will delve into how to
derive a data-driven value for p.

Using the estimator (9), a direct plug-in estimator of the
smoothing parameter can be obtained from (6), replacing the
quantity depending on the true f, by its estimator, in the
following way,

2/(2r+5)
@r +1)Qk:
hK;r;PI = (#) . (10)

n(— 1)r+21/}2r+4;p

The problem with the direct plug-in estimator (10), is that
it still depends on a choice of the pilot mean resultant length
p. Below, we establish the asymptotic theory to derive the
optimal smoothing parameter of &2r+4; o~ For obtaining that
result, the following conditions on the pilot parameter are
required.

(A4) The smoothing parameter satisfies thatlim,_, i1, (0,)
= 0 and lim,— 0o 2 Rp.5.2(pn) = 0.

(AS5) limj,— o0 Rp.5,1(pn) = 00 and lim,,— o n~! Ri.5.1(on)
=0.

Note that when replacing the kernel K, by L, the mean
resultant length v, by p,, and the order of the derivative r
by s, Assumption (A3) implies Condition (A4). Below, we
provide the AMSE for the estimator I/Afx; o (see Section S4 of
the Supplementary Material for a formal proof).
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Theorem 2 If f satisfies Assumption (Al) (replacing r by s ),
the kernel L, and py verifies (A2), (A4) and (A5); then, for
an even value of s,

AMSE [ | = 0 (7 2R, 1 (o)) + O (W (o)
+ O R 52(p0) + O™, (11)

If, in addition, Conditions (E1) and (E2) (using L, instead
of K; pn, instead v,,; and r = s) are verified, we have

. 1 2
AMSE I:Ips;p:l = <n_1RL;s,1(,0n) + zhL(,On)l/fs+2)
+ 2n_21ﬁoRL;s,2(pn)
+4n~! (/n (f<s>(9))2 F(O)do — wf) . (12)

-7

As for Corollary 1, in order to derive a simpler expression
of the AMSE and the optimal value of §,, = hy (o), we will
assume the following extra conditions:

(E4) Rp1(on) = Orisibn O 400, ?) as n —
0o, where Q.51 is a constant only depending on the
kernel and the even number s. The sign of Q7 ., 1 is equal
to the sign of (—1)*/2.

(ES5) [7 6L, 0)d6 = o(h)/*), as n — oo.

From the AMSE expression in (12), we can see that the
optimal b, value, in terms of AMSE, will depend on the
relation between Ry 1(0n), Rr.5.2(0s), and hy (p,). Con-
ditions (E3) and (E4) help to establish this relation, from
which the following corollary is derived (see Section S4 of
the Supplementary Material).

Corollary 2 Consider the assumptions of Theorem 2, Condi-
tions ((E3); replacing K, by L,; using py, instead v,; and
r = s), and (E4). Then, for the kernel estimator of ¥ (see
(9)), we have that, asymptotically, the optimal value, in terms
of the AMSE expression, of by, can be obtained from,

2071 2/(s+3)
hL;S;AMSE = <_L> . (13)

nYsio

Under the previous assumptions, if Condition (ES) is also
assumed, the minimal AMSE for (9) is of order
O (n=minGs+3)/6+3y If 5 is an even number greater than
2, the minimal AMSE would be equal to

inf 1A[WSE [@s:p] = 2vg QK;r,Z

0<p<

2s+1)/(s+3)
x (— Vs+2 ) n=3/6+Y) (14)
207151

If s = 0, the minimal AMSE is equal to
inf  AMSE [, | = 4n”"
Oér/:<1 Ips,p "

7 2
x ( / (rO®) r@as —wf). (15)

—TT

When s = 2, the minimal AMSE is equal to the sum of the
right-hand sides of (14) and (15).

Note that Condition (ES) is only assumed to obtain the
same AMSE optimal order as in the linear case. If that con-
dition is not fulfilled, then, when s > 0, the leading term
in the AMSE could be of a larger order (see Section S4 of
the Supplementary Material). Another important considera-
tion is that the sign of ¥/, is the same as that of (—1)5/2+1
and, using Condition (E4), it also coincides with the sign of
—Qp.s.1. Therefore, we always have that s ,use > 0 in
(13).

Using the quantity bz.2,44:ause 10 (13), one can obtain
the pilot mean resultant length p needed to derive the direct
plug-in estimator (10). The issue, as in the linear case, is
that 7.2, +4:ause Still depends on the unknown value of the
functional ¥r,46. We comment on how to overcome this
difficulty in Sect. 6.

5 The kernel choice

Theoretical results in Sects.3 and 4 provide mathematical
support for deriving the optimal smoothing parameter. How-
ever, we still did not discuss how to obtain the plug-in
mean resultant length parameter vy s from Ak, amnse. ASs
mentioned in Sect.3, we must solve the equation kg (v) =
hk.r.awse- We also need to obtain the values of Qg., 1 and
Qk.r.21n (6) and (13).

In this section, we study what happens when the “most
common’ circular models are employed as kernels. For doing
so, we restrict our attention to the four standard choices of
circular densities (see Mardia and Jupp 1999, Section 3.5):
cardioid, von Mises, wrapped normal, and wrapped Cauchy.
Although all of them satisfy Assumption (A2), the cardioid
kernel, K., (6) = (1 4+ 2vcos(9))/(2m), with |v| < 1/2,
does not meet Assumption (A3) and will be hence discarded
from the analysis. This can be seen by observing that, for any
v, hg(v) = w2/3—4v > 1% /3 —2. The other three circular
densities are studied in Sects.5.1 and 5.2.

Once the behaviour of the standard kernels is studied, a
second question to discuss is which is the optimal kernel in
the circular context. As in Muller (1984), we study the kernel
optimality in terms of the AMISE expression in (7). Fixing
f and the sample size n, in Sect.5.3, we obtain the circular
kernel that minimizes the AMISE.

@ Springer
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5.1 Von Mises and wrapped normal kernels

First, denote by 7 to the modified Bessel function of the first
kind and order j, the density expression of the von Mises
(VM) kernel is

exp (k cos(0))

Ko @) = = Tt

1 > Ti(k)
=—|1+2 J io |,
e jX_;I()(K) cos(j6)

where v = 71 (x)/Zo(k), being k > 0. The density expres-
sion of the wrapped normal (WN), with a mean resultant
length v € [0, 1], is

1 o
KWN;V(G):E 1+22V]2008(j8)
Jj=1

For both kernels, if lim,_,oov, = 1 (equivalently
lim,, , o k, = 00, for the von Mises kernel), then lim,,_, o,
hk (v,) = 0. Evenmore, itis easy to show that, in that setting,
Conditions (E1) and (E2) are satisfied. Thus, as n — oo, we
obtain the following asymptotic approximations:

ko () = » (1 - M) - L

2 Zo(kn) Kn
1
hi ) =5 (1=v1).

From the previous equalities, we can see that k,, or v, are
easily derived, after computing the optimal/plug-in value of
h, (see, e.g., (6) or (10)).

VM —
Kn = hn1

and v, = (1 — hy)'/% (16)

Again, considering lim,_, v, = 1, it can be seen that
Conditions (E3)—(ES5) are satisfied for the von Mises and
wrapped normal kernels. For both kernels and a non-negative
integer number r, the values of the constants in (E3) and (E4)
are the following ones:

(r being even),

Ot =~
T 2r2(r )2\ 27
2r)!

2712 (an

QK;r,2 =

We can see that the AMSE and AMISE results derived in
Sects. 3 and 4 can be easily computed in practice from these
last quantities. These optimal asymptotic results will coincide
for both the von Mises and wrapped normal kernels.

@ Springer

5.2 Wrapped Cauchy kernel

The expression of the wrapped Cauchy kernel, with a mean
resultant length v € [0, 1], is given by

1 >
Kyev(0) = o 1+ 22 v/ cos(jO)
j=1

From the density expression, we derive that hg,.(v) =
72 /3 4 4Liy(—v), where Li; is the polylogarithm of order s.
The last implies lim,,—, 00 h gy (V) = 0 if limy 00 v, = 1.
Also, the expressions of Rg,..r,2(v) can be obtained in terms
of a polylogarithm,

Riyeir2(V)
_ [ @mT (1 +2Lip(v?) ifr =0,
- { 77 Li_y (v?) otherwise,
= O0(h, 2Dy asn — oo. (18)

If we consider a value of 4, such that lim,_, o, #,, = 0 and
lim,_s 0o nh%’“ = o0, Condition (A3) is satisfied. There-
fore, from Theorem 1, if f also satisfies Assumption (Al),
we obtain the following AMISE for the wrapped Cauchy
kernel,

AMISE [ /"] = 0 (h2) + 0 (n™' 1@ D). (19)

The AMISE expression (19) would be minimized if 4, is of
order n~1/*+3) Using the previous result, we obtain that
the AMISE order of the wrapped Cauchy kernel is worse
than that obtained with the von Mises or the wrapped normal
kernel (see Corollary 1). In particular, its minimal AMISE is
equal to

inf AMISE[ /"] = 0 (n"2/@+9).

O<v<l

When searching for an explicit expression of the optimal
smoothing parameter, one could be tempted to combine (5)
and (18). But note that this cannot be done as Condition (E1)
is not verified (see Section S3.1). Thus, the explicit expres-
sion of the asymptotic bias cannot be obtained following
the steps in Section S3 of the Supplementary Material. This
implies that the AMISE does not have a closed expression
as given in (5). On the contrary, Tsuruta and Sagae (2017)
were able to obtain an optimal smoothing parameter for the
wrapped Cauchy kernel from the results by Di Marzio et al.
(2009). Nevertheless, it should be noted that Di Marzio et al.
(2009) results must not be employed for this kernel as Condi-
tion (E1) is not satisfied (see Section S3.1 for further details).
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5.3 Wrapped bounded-support kernels

To find the optimal kernels, consider a wrapped kernel

o0
K,©) = Z Kx.3(0 + 2€m), whose associated linear

{=—00

density K., has bounded support, ie., Kx.,(x) = 0 if
[x] > M. Then, K, (#) = Kx.,(0), for all 0 € [—m, ),
when A < . In that case, h = fj;\ x2Kx.; (x)dx and
Ri:ra(v) = [, (K, (0))%dx.

Consider the asymptotic case for linear bounded-support
kernels, i.e., lim,_, o A, = 0.Fixing the unknown linear den-
sity function fy, Muller (1984) gives explicit expressions of
the bounded-support kernels minimizing the AMISE when
estimating the density function and its derivatives, in the lin-
ear case.

Assume now that the wrapped bounded-support kernel
satisfies the assumptions of Corollary 1. Except for the values
not depending on the kernel, the minimal AMISE of fv(r)
in (7) is equal to the minimal AMISE obtained in the linear
case. As a consequence, Theorem 2.4 of Muller (1984) can be
employed to see that the optimal kernels in terms of AMISE
coincide with the wrapped version of those employed on
linear kernel estimation.

The latter means that the optimal kernel for circular
density estimation is the wrapped Epanechnikov, whose asso-
ciated linear density is Kx.,(x) = 3(1 — (x/A)z)/(4A).
When A < m, the mean resultant length is v = (3sin(}) —
3rcos(A)/A3, h = A%/5, and Rg.02(v) = 3/(51). Thus,
for circular density estimation with the wrapped Epanech-
nikov, the optimal (AMISE) value of #,, is obtained by taking
QOk.02 =3/ (5+/5) in (6). Regardless of the employed ker-
nel, the minimum achievable AMISE for estimating a circular
density function is given by:

1 5/ 3 \*°
'fAMIE[]z_
olil | AMISE | fy 4(5ﬁn)

x (/n (f(2)(9)>2d9>1/5 .

-7

This is the AMISE obtained with the wrapped Epanech-
nikov kernel. Note that this optimality is established among
kernels that satisfy the conditions outlined in Corollary 1.
The optimality of the Epanechnikov kernel for circular
density estimation is also established by Tenreiro (2022)
when restricting to kernels that satisfy alternative necessary
assumptions. For the derivatives of the density, we refer to
Muller (1984). There, we can see, e.g., that the wrapped
Biweight would be the optimal kernel for the first deriva-
tive of f.

6 Plug-in smoothing parameters

In this section, we will study how to implement, in prac-
tice, the plug-in smoothing parameter hg.,., in (10). As
mentioned in Sect.4, the issue of directly employing (10)
is that the AMISE-optimal smoothing parameter for 1&3; 0
will always depend on an unknown value of ¥;4>. A way to
overcome this difficulty is to provide an /-stage direct plug-in
smoothing selector. This procedure consists in estimating ¥
with 1/A/S+2; p»inaniterative process, until some point in which
we replace V2, 4274+4 by its value obtained with a simple den-
sity (see Sect.6.1 for more details). An alternative selector
can be computed by noting that the smoothing parameter for
f (") can be obtained as a function of the smoothing parameter
for 1}2”4. This allows us to construct a solve-the-equation
rule. In Sect. 6.2, we discuss in more detail how this selector
is derived.

6.1 Two-stage direct plug-in smoothing selector

The procedure to obtain the /-stage direct plug-in smoothing
selector consists in, at stage 0, using a simple rule of thumb
to compute the smoothing parameter of &2,+4+21; o- Once
this initial step is achieved, from that estimator of {2, 442/,
the following functional estimators are derived in an iterative
process (see Algorithm 1 for details).

Two decisions remain from this brief explanation: the
number of stages [ and which reference density should be
employed at stage 0. Regarding the number of stages [, we
suggest employing / = 2 for two reasons. First, [ = 2 is
a common choice in the linear case (see, e.g., Wand and
Jones 1995, Section 3.6). A second reason was obtained when
replicating the simulation study in Sect.7, with [ = 3. In
that case, similar results were achieved with respect to those
obtained with [ = 2, with the added inconvenience of the
extra computational time. The only scenario in which we
would recommend increasing the value of / is when complex
multimodal patterns are expected.

As mentioned before, at stage 0, a reference density is
needed to compute the smoothing parameter of 1}2,+21+4; 0
Here, in the same spirit of the original rule of thumb proposed
by Taylor (2008), a natural selection would be to replace
Yor401+4 in (13) by the quantity obtained when assuming
that the true density follows a von Mises. In the circular case,
the main pitfall of employing that simple strategy is that a
uniform estimation of the density can be obtained even if the
true distribution is not uniform. This occurs, for example,
when considering distributions with antipodal symmetry (see
also Oliveira et al. 2012, for further discussion on this topic).
The consequence would be to have a value of 1&2,+21+4; 0
close to zero, which leads to a “large” value of the smoothing
parameter at the next stage §7.2,4+2/4+2:p-
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To avoid that last issue, while still having a simple model,
one can use as the reference density the following mixture of
M von Mises, all having the same concentration parameter
Kk > 0:

1

S @5 M5 s 16, w) = oo

M
X Y Wy exp (k cos(0 — fm))

m=1

(20)

where the parameters u,, € [—m, ), w, € [0, 1], for all
m € {l,..., M}, and with "M  w, = 1. The value of
Yor421+4 is calculated from the density (20), replacing its
parameters by their maximum likelihood estimates obtained
from the sample. An algorithm providing the maximum like-
lihood estimates for the density (20) was implemented in
the R (R Core Team 2022) library movMF by Hornik and
Griin (2014). In practice, following Oliveira et al. (2012),
the value of M can be chosen, using the Akaike Information
Criterion (AIC), by comparing the results obtained with the
mixtures (20) of M = 1, ..., Max components.

In Algorithm 1, we summarize the steps that are needed
to obtain our proposed two-stage direct plug-in smoothing
parameter. There, for simplicity, we use the same kernel for
both K and L, and this kernel satisfies Assumptions (Al)—
(A5) and the extra Conditions (E1)—(E4).

Algorithm 1 Two-stage direct plug-in smoothing selector.

Step 1: Use a rule of thumb to obtain the estimator of
Y2r48, namely ¥4 8. 5. This can be achieved as follows.

Step l.a: For every M = 1,..., Muyax; obtain the
maximum likelihood estimators of the parameters in
the mixture of M von Mises, all having the same con-
centration parameter, i.e., of u, x, and w in (20).

Step 1.b: Select the number of components in the mix-
ture, M, employing the AIC.

Step 1.c: Compute the value 1}2r+g; RT, using the den-
sity fum (s Muc; i, &, p) (see Equality (8)).

Step 2: Estimate ¥,4¢ using the estimator 1}2,%; o1>
where p; is the plug-in mean resultant length relying on
I/,}Zi’-l—g;RT'

Step 2.a: Obtain hg.2r 6., from (13), replacing ¥, 48
by ¢2r+8;RT'

Step 2.b: The value pj is the one that satisfies hg (p1) =
bk :2r+6:0> S€€ Equation (4).

Step 3: Estimate .44 using the estimator 1}2r+4; 02>
Vyhere p2 is the plug-in mean resultant length relying on
V2r+6:p1-

Step 4: Compute the AMISE-optimal smoothing param-
eter for f(r), relying on &2r+4;pz'
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Step 4.a: Obtain the two-stage direct plug-in smooth-
ing parameter hg.,., from (10), with the pilot mean
resultant length p;.

Step 4.b: The selected mean resultant length vy, is
obtained from the value that satisfies hg (Vpp) =
hK JFPI

The uniform distribution belongs to all the reference distri-
butions mentioned before. Thus, in practice, the denominator
of (10) or (13) could be equal to zero. If that occurs, we sug-
gest directly returning a value of the mean resultant length
vpp = 0, which would correspond to the uniform estimation
of the density.

Given a finite value of n in (10) or (13), the equation
hx(v) = hg.r.p, Or its approximation ag2(v) = 1 —
2hk.r.amse, cannot be solved for “large” values of hg.y.p.
The reason is that hg (v) and ok 2(v) are non-negative and
bounded for any value of v. Since a “large” value of hg (V)
corresponds to v = 0, if the equation hg (V) = hk.rawse
cannot be solved, we also suggest employing the uniform as
the density estimator.

6.2 Solve-the-equation plug-in smoothing selector

An alternative to the previous smoothing selector is the solve-
the-equation rule. This rule consists in searching for the
smoothing parameter that satisfies

2/(2r+5)
I 2r+10k:2
K;r;ste = ey s
n(_l)r 1lbzr‘i"‘;ﬁl(;r:STE

with hg (ok;ris) = ¥ (MK rism)- R

Now, the smoothing parameter for .14 is a function
of the smoothing parameter for f (") We suggest taking the
function y by looking at the relation between the optimal
smoothing parameter of these two estimators,

21

2910441
Q2r+1)Qk:2

r 2r4+5)/(2r+7
X (W4 /Yarr6) CrED p G CraD)

K ;r;AMISE

2/Q2r+17)
hL;2r+4;AMSE = <(_1)r+l )

Using a plug-in rule, this last relation suggests taking the
following function:

2QL;2r+4,1
(2}’ + I)QK;r,Z

N A 2/Q2r+7)
X (w2r+4; L1 /w2r+6;p2) h(2r+5)/(2r+7).

y (h) = <(—1>f+1 )MW)

(22)

The two smoothing parameters of the density functional
estimators, V44 and Y46, can be obtained from (13).
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Those smoothing parameters will depend on some other den-
sity functionals, ¥, and ¥, 4g. Following Sheather and
Jones (1991), we suggest estimating these two new func-
tionals with a rule of thumb. In Algorithm 2, we summarize
the steps that are needed to obtain our proposed solve-the-
equation plug-in smoothing parameter. Again, for simplicity,
we use the same kernel for both K and L, akernel that satisfies
Assumptions (A1)—(A5) and the extra Conditions (E1)—(E4).

Algorithm 2 Solve-the-equation plug-in smoothing selector.

Step 1: Use a rule of thumbAto obtain theA estimator of
VYor+e and Yor48, namely Yo 165r and Yo, 48;k. This
can be done as in Step 1 of Algorithm 1.

Step 2: Estimate ¥,44 and y»,4¢ using the estimators
I}Z,H; o, and 1}2,%; 0> Where pp is the plug-in mean
resultant length relying on &2,+6;RT, and p> the one rely-
ing on 1@2”8;,“. R )

Step 3: Employ the estimators 2, 14.5, and ¥2,46;p, t0
obtain the function y in (22).

Step 4: Using the y function of Step 3, select the value of
hk.r.se by solving Equation (21). The solve-the-equation
mean resultant length vy, is obtained from the value that
satisfies h g (Vsre) = Ak rsme.

Note that two extra functional estimators must be com-
puted in Step 1 of Algorithm 2. For this reason, the obtained
smoothing parameter could be considered as a two-stages
solve-the-equation plug-in selector. As for the direct rule, the
number of stages could be increased to estimate the density
functionals. In particular, a rule of thumb can be employed to
estimate 2,410 or Y2412 and then, in an iterative process,
the values of p; and p; are obtained (as in Steps 2 and 3 of
Algorithm 1). The simulation study in Sect. 7 was carried out
undef the same conditions, using th{ee (relying on 1}2”8;”
and 1//2Y+IO;RT) and four (relying on w2r+10;RT and ¢2r+12;RT)
stages. The results in practice were similar to those obtained
with Algorithm 2, with the drawback of the extra computa-
tional time.

7 Simulation study

In Section S1 of the Supplementary Material, we performed
a simulation study to analyse the performance of the direct
two-stage plug-in smoothing parameter (see Algorithm 1)
and the solve-the-equation plug-in smoothing selector (see
Algorithm 2). We focused only on the density estimation
case (r = 0 in (2)), with K, being the von Mises ker-
nel. The reason is that their effectiveness can be compared
with other smoothing parameters proposed in the literature.
But note that our data-driven smoothing parameters could be
employed to estimate any derivative and with other kernels.

In particular, in this framework, slightly better results are
expected by employing the wrapped Epanechnikov kernel
(see Sect.5.3).

A complete report on the results obtained when compar-
ing the proposed smoothing selectors with other data-based
smoothing selectors available in the circular literature (see
Sect. 1) is provided in Section S1. In the current section,
Table 1 presents the results obtained, for n = 100, using
the proposed smoothing selectors and other data-driven rules
available in the literature. Table 1 contains the average inte-
grated square error (ISE) computed from 1000 samples of
the reference Models M5-M20 that can be found in Oliveira
etal. (2012). Models M1-M4 were not included here as they
can be well-approximated by a von Mises density. In those
cases, as expected, the rule of thumb provides the best results.
The full discussion of the obtained results is provided in Sec-
tion S1. Below, as a summary of our findings, we provide our
recommendations. In this summary, in parentheses, we pro-
vide the abbreviated names of the analysed smoothing rules.
The same notation is used in the tables presenting the simu-
lation results.

e For small sample sizes (say n = 50), employ the pro-
posed direct plug-in rule with Mmax = 1 (Vpp:1). The
only exception to this recommendation is if there could
be evidence of the density function being multimodal
and k-fold rotational symmetric. In that case, employ
the solve-the-equation plug-in smoothing selector with
Mpax =1 (VSTE;1)~

e For moderate sample sizes (say n = 100 or n = 250),
employ the solve-the-equation plug-in smoothing selec-
tor with Mmax = 1 (Vsre;1). The direct plug-in rule with
Mmax = 1 (Vpp:1) is also recommendable if there is evi-
dence of unimodality.

e For large sample sizes (say n = 1000), employ the
Fourier series-based plug-in approach of Tenreiro (2022)
(Verr).

8 Real data application

In this section, we revisit the car accident data that can be
found in Ameijeiras-Alonso and Crujeiras (2022). This real
dataset consists of the time of the day (at a resolution of
one minute) at which the car crash happened in El Paso
County (Texas, USA) in 2018. A total of 85 observations
were recorded on the webpage of the National Highway Traf-
fic Safety Administration of the United States.

In Ameijeiras-Alonso and Crujeiras (2022), several fea-
tures of the shape of the distribution are analysed with
different inferential tools. The conclusion is that the density
is unimodal and (reflectively) asymmetric. More specifically
among several parametric models studied by Ameijeiras-
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Table 1 Average ISE (x 100)
and standard deviations (x 100,
in parentheses) computed from
1000 samples of sample size

n = 100 for Models M5-M20
of Oliveira et al. (2012)

@ Springer

Model M5 M6 M7 M8

Vppr; 1 3.411 (1.896) 2.639 (1.054) 1.437 (0.617) 1.393 (0.745)
UDPI; 5 3.138 (1.783) 2.874 (1.398) 1.268 (0.684) 1.466 (0.838)
verm:1  3.188 (2.162) 2.614 (1.122) 1.172 (0.606) 1.384 (0.752)
VRTT 8.587 (2.629) 3.173 (0.962) 10.554 (0.368) 3.727 (0.678)
VRTGP 7.664 (2.467) 3.055 (0.932) 8.88 (1.237) 2.708 (0.679)
Upio 8.554 (2.638) 3.102 (0.916) 10.547 (0.394)  3.683 (0.678)
UpiGp 3.201 (1.863) 2.722 (1.181) 1.183 (0.644) 1.387 (0.731)
UpiT 3.431 (1.982)  3.036 (1.721) 1.3 (0.831) 1.438 (1.004)
VLev 6.827 (2.769) 2.859 (1.241) 1.259 (0.69) 1.49 (0.821)
Model M9 M10 M11 M12

VpPI; 1 0.739 (0.458) 2.572 (0.87) 2.638 (0.905) 1.191 (0.519)
UDPI; 5 0.818 (0.544) 2.726 (1.058) 1.497 (0.654) 1.188 (0.594)
vste:1  0.82 (0.526) 2.552 (0.927) 1.405 (0.6) 1.082 (0.533)
VRTT 0.781 (0.51) 2.895 (0.792) 6.485 (0.014) 4.265 (0.523)
VRTGP 0.699 (0.443) 2.812 (0.798) 6.318 (0.133) 2.904 (0.577)
vpio 0.81 (0.523) 2.88 (0.827) 6.485 (0.015) 4.254 (0.522)
UpiGP 0.749 (0.486) 2.814 (0.926) 1.538 (1.02) 1.15 (0.639)
VpIT 0.971 (0.908) 2.988 (1.508) 1.461 (0.795) 1.219 (0.735)
vLov 0.809 (0.536) 3.08 (1.038) 1.492 (0.664) 1.171 (0.626)
Model M13 M14 M15 M16

vppr 1 3.458 (1.045)  6.393 (1.207)  0.768 (0.246) 7.865 (0.14)
vppr s 1.941 (0.824) 2.061 (0.817)  0.86 (0.403) 2.611 (1.247)
vsTe:1  1.824 (0.708) 1.904 (0.731)  0.843 (0.374) 2.324 (0.805)
VRTT 10.874 (0.125)  8.182 (0.043)  0.85 (0.153) 7.837 (0.045)
vrrep  10.188 (0.552)  8.212 (0.073)  0.762 (0.193) 7.912 (0.136)
UpI1o 10.869 (0.132)  8.183 (0.043)  0.839 (0.156) 7.839 (0.067)
Up1cp 1.825(0.734) 2119 (1.332)  0.777 (0.227)  3.321 (2.314)
VprT 1.952 (0.969) 1.978 (0.916)  0.961 (0.557)  2.325 (0.917)
VLov 1.856 (0.732) 1.969 (0.78) 0.971 (0.552) 2.34 (0.849)
Model M17 M18 M19 M20

n = 100

VppI; 1 5.196 (1.59) 3.014 (0.64) 2.569 (0.581) 8.133 (0.815)
UDPL; 5 4.695 (1.767) 2.982 (0.745) 2.48 (0.749) 3.491 (0.977)
VSTE; 1 4.36 (1.822) 2.59 (0.958) 2.483 (0.62) 4.067 (0.893)
VRTT 7.93 (1.198) 3.563 (0.493) 3.875 (0.639) 10.961 (0.053)
Vrrgp  7.382 (1.148) 3.397 (0.484) 3.292 (0.545) 10.582 (0.258)
Up1o 7.906 (1.209) 3.561 (0.482) 3.888 (0.657) 10.96 (0.053)
VpIGP 6.258 (2.413) 3.413 (0.585) 2.56 (0.701) 4.028 (1.694)
UpiT 4.288 (1.82)  2.998 (1.069)  2.718 (1.026)  3.644 (1.176)
VLev 5.695 (1.949) 2.976 (0.83) 2.519 (0.686)  3.514 (0.899)

In bold, smallest average ISE. Smoothing parameters: proposed direct plug-in rule with Mpax = 1 (Vpp;1) and
with Mmax =5 (Vppr:5), solve-the-equation plug-in selector with Mmax = 1 (Vsrg:1), rule of thumb of Taylor
(2008) (vrrr), rule of thumb of Garcia-Portugués (2013) (vgrgp), plug-in rule of Oliveira et al. (2012) (vpo),
exact plug-in rule of Garcia-Portugués (2013) (vpigp), plug-in rule of Tenreiro (2022) (vpr), and likelihood
cross-validation of Hall et al. (1987) (v.cy)
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Alonso and Crujeiras (2022), the conclusion is that the “best”
parametric fitting is achieved by the wrapped skew nor-
mal density of Pewsey (2000). A representation of the fitted
wrapped skew normal density is provided in Fig. 1 (top, thick
solid line).

This real dataset constitutes a good example where we
would recommend employing the proposed direct plug-in
smoothing selector, with Mp,x = 1, to estimate the density
function as the sample size is “small” (n = 85) and unimodal-
ity cannot be rejected for this sample. In Fig. 1 (top), we show
the estimated density function employing this direct plug-in
rule (DPI; 1), the proposed solve-the-equation plug-in selec-
tor (STE; 1), the rule of thumb of Taylor (2008) (RTT), and
the plug-in rule of Oliveira et al. (2012) (PIO). We give the
values of the smoothing parameters in Table 2. If we take the
wrapped skew normal density as a reference, we can visu-
ally see that the closest kernel estimation is provided by the
direct plug-in rule. This can be confirmed by computing the
ISE (its expression is given in Equation (S1.1) in the Sup-
plementary Material), replacing the “true” f with the fitted
wrapped skew normal density. In Table 2, we computed the
ISE obtained by different smoothing parameters proposed
in the literature (see Section S1). There, we can observe that
the “best” fitting (smallest ISE) is obtained with the proposed
direct plug-in rule.

Finally, another application of the results derived in this
paper can be found when the interest is in the density deriva-
tive estimate. As before, we will focus on the results obtained
with the direct plug-in rule, with Mp,x = 1. In that case, the
smoothing parameter for the kernel estimator can be derived
with Algorithm 1 (with r = 1). The obtained estimator, with
the von Mises kernel, for the car accident data is plotted in
Fig. 1 (bottom). There, one can see that the derivative esti-
mation is positive between 13:29 and 20:25 and it is negative
during the remaining times of the day. Thus, if one wants to
answer the question of when the peak of car accidents is pro-

Table2 Value of different smoothing parameters and ISE (x 100) com-
puted from the car accident data, taking the fitted wrapped skew normal
density as the reference density f in (S1.1)

Rule Vppr; 1 VsTE; 1 VRTT VRTGP
Value 6.07 11.17 1.65 291
ISE(v) (x100) 0.26 0.51 1.13 0.49
Rule Vrio Vpigp Vpit VLev
Value 39.29 3.01 2.50 7.81
ISE(v) (x100) 1.77 0.47 0.62 0.32

Smoothing parameters: proposed direct plug-in rule with Mp,x = 1
(vppr:1), solve-the-equation plug-in selector with Mpax = 1 (Vsre:1),
rule of thumb of Taylor (2008) (vgrr), rule of thumb of Garcia-Portugués
(2013) (Vgrap), plug-in rule of Oliveira et al. (2012) (vp0), exact plug-in
rule of Garcia-Portugués (2013) (vpigp), plug-in rule of Tenreiro (2022)
(vprr), and likelihood cross-validation of Hall et al. (1987) (v cv)

Car accidents data (density estimation)

o] —— wrapped skew-normal /'“
v --- KDE (RTT) ay
84 )\ ---- KDE (DPI;1) -\
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G | pulal v KDE (PIO) '\\
N\ | Histogram oy
3 :?‘\\“ W
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|
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Time of the day

Car accidents data (density derivative)

0.00 0.05 0.10 0.15 0.20
|

-0.05
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Oh 3h 6h 9h 12h 15h 18h 21h 24h
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Time of the day

Fig. 1 Car accident data. Top, rug plot (with tick marks) and density
estimation: fitted wrapped skew normal density (thick solid line), his-
togram (grey rectangles), and kernel density estimator with the von
Mises kernel and different smoothing parameters. Smoothing parame-
ters: rule of thumb of Taylor (2008) (RTT, dashed line), proposed direct
plug-in rule with Mpy.x = 1 (DPI; 1; dot-dashed line), proposed solve-
the-equation plug-in rule with Mp.x = 1 (STE; 1; thin solid line), and
plug-in rule of Oliveira et al. (2012) (PIO, dotted line). Bottom (solid
line): kernel density derivative estimation, with a von Mises kernel and
the proposed two-stage direct plug-in smoothing selector (Mpax = 1).
Bottom (dotted lines): estimated location of the modal and antimodal
directions
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duced, we see that, according to this estimator, one can find
a modal direction at 20:25. The antimodal (valley) direction
is achieved at 13:29. This is also remarkable as these values
are close to the nonparametric modal (20:18) and antimodal
(13:35) estimators by Ameijeiras-Alonso et al. (2019).

9 Concluding remarks

The main contributions of this paper are the new plug-in
smoothing parameters for circular kernel density (and its
derivatives) estimation. In the past, some papers provided
data-driven smoothing parameters for estimating the circu-
lar density function, but still, a Sheather and Jones (1991)
plug-in rule was missing in the circular literature. This paper
fills that gap by providing all the theoretical results needed
to derive an [-stage direct and solve-the-equation plug-in
smoothing selectors for a general kernel satisfying some
assumptions. The needed constants to obtain the optimal
smoothing parameter are given for the “most-popular” circu-
lar kernels. Besides that, following the optimality criterion
of Muller (1984), this paper also discusses kernel choice.
The conclusion is that the optimal kernel for circular density
estimation is the wrapped Epanechnikov.

An interesting point for future research would be to
analyse the asymptotic relative rate of convergence of the
smoothing selectors. However, it is worth noting, at least
in the linear case (see Jones et al. 1996), that achieving
better asymptotics does not always translate to improved
performance in real scenarios, especially with small sam-
ple sizes. In this paper, we decided to include a simulation
study to compare the different proposed selectors. This study
confirms that the suggested plug-in rules yield competitive
smoothing parameters when compared with other proposals
available in the statistical literature, particularly for small or
moderate sample sizes.

Although not done in this paper, the presented ideas could
be extended to the multivariate toroidal setting, using the
product kernel of Di Marzio et al. (2011). In that case, the
optimal smoothing parameter could be derived if the same
kernel and mean resultant length are employed in all the
dimensions. Thus, in principle, one could obtain an explicit
expression of the optimal smoothing parameter for the kernel
estimators of the density derivative and the density function-
als. Then, a similar scheme to that provided in Algorithms 1
or 2 could be employed to obtain a two-stage or a solve-the-
equation plug-in rule for the toroidal kernel density (and its
derivatives) estimator.

10 Availability

The proposed [-stage direct plug-in rule and the solve-
the-equation selector have been added to the R library
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NPCirc (Oliveira et al. 2014). Given a dataset x, the
two-stage plug-in rule, described in Algorithm 1 (with
Mmax = 95), for density estimation, can be obtained with
the function bw.AA (x, method=‘dpi’). The solve-
the-equation smoothing selector, described in Algorithm 2
(with Mpa,x = 1), for density estimation is computed
withbw.AA (x) orbw.AA (x, method=‘ste’).Thus,
bw . AA is the circular equivalent of the function bw. SJ of
the stats R package.

The kernel density derivative estimate for circular data was
also added to the NPCirc package, inside the kern.den
.circ function. By default it employs, as the smoothing
parameter, the proposed solve-the-equation plug-in selector
(with M. = 1). A representation of the circular kernel den-
sity estimator, using the von Mises kernel and that smoothing
parameter, for a sample x could be obtained as follows.

R> library ("NPCirc")
R> fderhat <- kern.den.circ(x)
R> plot (fderhat, plot.type="line")

Some other extra possibilities are available by changing
the arguments in the functions bw.AA and kern.den.ci
rc. This includes, among others, the kernel K, choice
(argument kernel) or the derivative order r (argument
deriv.order). More details are provided in Section S2
of the Supplementary Material. There, also some additional
examples of how to use the bw . AA function are included.

Supplementary information

This article has the following accompanying supplementary
files.

Supplementary Material for the article: It contains the full
results of the simulation study in Sect.7, further com-
ments about the available software (see Sect. 10), and the
proofs of the theoretical results in Sects.3 and 4. (.pdf
file)

bw.AA and kern.den.circ R functions: The R
package NPCirc contains, in its function bw. A2, the
code to perform the proposed [-stage direct plug-in rule
and the solve-the-equation selector. The R code for
kernel density derivative estimate for circular data is pro-
vided in kern.den.circ. Available on the website
https://CRAN.R-project.org/package=NPCirc. (GNU
zipped tar file)

Car-crashes-data:  The dataset containing the 85 car
crashes that happened in El Paso County (Texas, USA) in
2018 is available on the website https://github.com/jose-
ameijeiras/Car-crashes-data. (.csv and.RData file)
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