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We investigate the existence of solutions for a sequential integrodifferential equation of fractional order with some boundary
conditions. The existence results are established by means of some standard tools of fixed point theory. An illustrative example

is also presented.

1. Introduction

Nonlinear boundary value problems of fractional differential
equations have received a considerable attention in the
last few decades. One can easily find a variety of results
ranging from theoretical analysis to asymptotic behavior and
numerical methods for fractional equations in the literature
on the topic. The interest in the subject has been mainly due to
the extensive applications of fractional calculus in the mathe-
matical modeling of several real-world phenomena occurring
in physical and technical sciences; see, for example, [1-4]. An
important feature of a fractional order differential operator,
distinguishing it from an integer-order differential operator,
is that it is nonlocal in nature. It means that the future
state of a dynamical system or process based on a fractional
operator depends on its current state as well as its past states.
Thus, differential equations of arbitrary order are capable
of describing memory and hereditary properties of some
important and useful materials and processes. This feature
has fascinated many researchers, and they have shifted their
focus to fractional order models from the classical integer-
order models. For some recent work on the topic, we refer,
for instance, to [5-9]. Recently, in [10], the authors studied
sequential fractional differential equations with three-point
boundary conditions.

In this paper, we consider a nonlinear Dirichlet boundary
value problem of sequential fractional integrodifferential
equations given by

(‘D" + kD) ut) = pf (tLu®) +qlf g (t,u (1)),
0<t<l,

u(0) =0, u(l) =0, 2)

where °D” denotes the Caputo fractional derivative of order
a1 < a < 2, IP(:) denotes Riemann-Liouville integral with
0 < B < 1, f,g are given continuous functions, k # 0, and
D> q are real constants. We also study the fractional integro-
differential equation (1) subject to the following boundary
conditions:

W'(0)+ku(0)=a, u(l)=b, abeR, (3)

u) =a, u(©0)=u (1), acR. (4)

2. Linear Fractional Differential Equations

For o € (1,2], we consider the following linear fractional
differential equation:

(‘D" +k D Y u)=h(), (5)



where ‘D denotes the Caputo fractional derivative of order
«. Rewriting (1) as “D*(u(t) + k°D™'u(t)) = h(t), we can
write its solution as

u®)+kDlu) = FL“) Lt (t— ) 'h(s)ds+c, +qt,
(6)

where ¢, ¢; are arbitrary constants. Now, (6) can be expressed
as

u(t)= - Jtu(s)ds+—1(t ) h(s)ds

I'(a) (7)

+ ¢ + ¢t

Differentiating (7), we obtain

W (F) = —kus () + —— Jt(t—s)“*zh(s)dsm, )

IF'(e—-1) Jo
which can alternatively be written as

(u t) ekt), =M <ﬁ J (t-s)*"*h(s)ds+ cl>. 9)

Integrating from 0 to ¢, we have
t
u(t) = Ae ™+ J e X (s)ds + B, (10)
0

where A and B are arbitrary constants, and

a1 _ (t )
! h(t"L Fa-1)

Lemma 1. The unique solution of the linear equation (5)
subject to the Dirichlet boundary conditions (2) is given by

_ (1_3_}“) Y ks (s —x)""
- G e[

(ek-1) I'(x-1)
L okes ([ =)
+Le <J0 —F(a_l)h(x)dx>ds

Proof. Observe that the general solution of (5) is given by
(10). Using the given boundary conditions in (10), we find that

1 U okaes ([ s=x) )
—(1 p= Jo e (L Ta-D -1 h(x)dx |ds.

(13)

h (x) dx. (11)

h(x) dx) ds

(12)

A:—B:

Substituting the values of A and B in (10) yields the solution
(12). This completes the proof. O

In the next two lemmas, we present the unique solutions
of (5) with different kinds of boundary conditions. We do not
provide the proofs for these lemmas as they are similar to that
of Lemma 1.
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Lemma 2. The unique solution of the problem (5)-(3) is given
by
u(t) = 1

(bk-a) (' ka-s ([((s—x)
X[T_Le (J T _l)h(x)dx>ds]
Lok ([T =% a
+Le (L r(“_l)h(x)dx>ds+k

Lemma 3. The unique solution of (5) with the boundary
conditions (4) is

(1-*)
k(1-e)

Y ks ( S (s—x)*7?
x[kJ-Oe Jo—l"(oc—l)h
~ J-l (1 _S)(X—Z
0 F(oc - 1)

R o e e
+Le L —F(oc—l)h(x)dx ds + a.

3. Existence Results for
the Nonlinear Problems

(14)

u(t)= —

(x) dx) ds
(15)

h(s) ds]

Let 2 = C(]0, 1], R) denote the Banach space of all contin-
uous functions from [0, 1] into R endowed with the usual
norm defined by ||x|| = sup{|x(¢)|,t € [0,1]}.

In view of Lemma 1, we transform problem (1)-(2) to an
equivalent fixed point problem as

u=7u, (16)
where 7" : & — P is defined by
(77u) (t)
(1-¢™) kg [ [F 5= %)
- T L e (;;L ey Seout)ds
(S _ x)oc+/3—2
+qjo I‘((X+[3— 1)

x g (x,u(x)) dx) ds

f(xu(x)dx

L

s (S_x)oc+/3—2
+qJ-o F(oc+/3—1)

x g (x,u(x)) dx) ds
(17)
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In a similar manner, we can define a fixed point operator
7, : P — P for the nonlinear problem (1)-(3) as follows:

(7u) (1)

_ 1
_ k- [(bk a J oK)
k 0

(s—x)
X(PL I'(x
s (S_x)oc+ﬁ—2
+qjo T(a+p-1)

x g (x,u(x)) dx) ds]

f (x,u(x))dx

+ J: e ki ( P J: (F( 2l f (2, u (x)) dx
s (S_x)lirﬁfZ
i Jo I[(a+B-1)

X g(x,u(x))dx) ds+ %.

(18)

A fixed point operator 7, : P — P for the nonlinear
problem (1)-(4) is defined by

(7u) (1)
B (1 3 e—kt)
k(1-e)

1
—k(1=s) (s—x)*"
X[kjoe (PJ;) I'(ax-1)
x f(x,u(x))dx
js (s_x)oc+/3—2
0 r((x+ﬂ—l)

x g (x,u(x)) dx) ds
(19)

(1_ )0(2
_pL e f@u@»m

(1 _5)06+[3—2
_qjo F(oc+[3—l)g

" k(-9 S(s—x)*?
+Joe (pjo —r(a_l)f(x,u(x))dx

(s,u(s)) ds]

(5 _ x)ot+ﬁ—2
+qL11a+ﬁ_u

x g (x,u(x)) dx) ds+a.

We only present the existence results for the problem (1)-
(2). Observe that problem (1)-(2) has solutions if the operator
equation (16) has fixed points.

For computational convenience, we introduce the follow-
ing constant:

2|1 —e_k| [p|T (+B) +
|kIT (o + B) T ()

Iﬂrmﬂ_ (20)

Theorem 4. Assume that f,g:[0,1] x R — R are continu-
ous functions satisfying the following condition:

(A1)
lg(tuw)—g (&) < Lylu—v],
L,L,>0, u,veR.

|f tw) = f &) < Lylu—v,
vie[0,1], (21

Then, the boundary value problem (1)-(2) has a unique solution
if L < 1/Q, where L = max{L,, L,} and Q is given by (20).

Proof. Let us define M = max{M,, M,}, where M, M,
are finite numbers given bY. supcolf(L0) = M,
SUP;c(o1719(t, 0)| = M,. Selecting r > (QM)/(1 — LQ), we
show that 7B, ¢ B,, where B, = {u € & : |lul| < r}. For
u € B,, we have

1_ekt
(7w < sup ”ﬁ

te[0,1] €

1 s o2
—k(1-s) (s—x)
XLe OMLFM—D
X | f (x,u (x))| dx

(S x)oc+/3—2
] e

X |g(x,u (x))|dx>ds

N Lt RG]
(s—x)""
(l |L (1)
X| f (o, u (x))|dox

yra
0 F(oc + /3 - l)

X |g(x, u(x)) |dx>ds]>



(Il 22

x (| f (6, u(x)) - £ (x, 0)]
+]f (x,0)])dx

s (S_x)a+ﬁ—2
+lal L T(a+f-1)

x (g (x, u (x)) - g (x,0)|

sup <l|1 e
refoq] L[ 1—ek

+|g(x,0)|)dx> ds

N Lt k(=)
(s—x)*"
(l | Jo [(a—-1)

x (| f (e u(x) = f (x,0)|

+|f (x,0)]) dx
x)a+,8—2
Iql .[o F(a+p-1)

x(|g(x, u(x))- g(x,0)|

+]g (x, 0)|)dx) ds]»

< |p|(Lyr+ M)

1-e™
X sup —

te0,1] 1-e
1 s a2
xj e k19 <J G-x)"" dx) ds
0 0 r (oc - 1)
t s _ a2
+ J ekt (J G=x"" dx)ds}
0 0 T ((X - 1)

+|a| (Lyr + M)

1okt
X su
te[og] H 1-e*
1 s a2
X J e k=9 (J %dx) ds
0 ol (06 + ‘3 — 1)
t
N J o K(E=9)
0
s o+ - 2
(] L2
o f)™
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2[1-e™*|[|p|T (o + B) +|q| T ()]
k| T (a + B) T ()

<(Lr + M)

=(Lr+M)Q<r,
(22)

which means that 7'B, C B,.
Now, for u, v € 9, we obtain

Z7u—-7|
1 okt
< su
relon] {I 1-e*
1
—k(1=s) (s —x)*
X e _
Jr e (ol ) 2

x| f (s,u(s)
- f(sv(s)|dx

s (S_x)om—ﬁ—z
+|‘1|L T(atp-1)

x|g (s,u(s))

-g(s,v(s)| dx) ds

N Lt RG]
(s—x)""
(' | «[0 Fa-1)
X |f(s,u(s)) - f(s,v(s))| dx

s (S_x)(x+ﬁ—2
+|q|L T(atp-1)

X |g(s, u(s))—g(s, v(s))|dx>ds}

2[1 - || (a+ B) + Ja| T @]
|kIT (e + B) T (a)

< llae = vl
= LQ|u—-vIl.
(23)

By the given assumption, L < 1/Q, 7" is a contraction. Thus,
the conclusion of the theorem follows by the contraction
mapping principle (Banach fixed point theorem). O

Our next existence result relies on Krasnoselskii’s fixed
point theorem.

Lemma 5 (Krasnoselskii, see [11]). Let M be a closed, convex,
bounded, and nonempty subset of a Banach space X. Let A, B
be the operators such that (i) Ax+By € M whenever x, y € M,
(ii) A is compact, and continuous, and (iii) B is a contraction
mapping. Then, there exists z € M such that z = Az + Bz.
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Theorem 6. Let f,g : [0,1] x R — R be continuous
functions satisfying assumption (A ), and
(4) |fewlsm®, |gtw|<um®),
V(tu) € [0,1] xR, py,p, € C([0,1],R7).

Then, the problem (1)-(2) has at least one solution on [0, 1]
provided that

1= e[ [|p| ]| T (e + B) + |a] 2] T (0)]
|kIT (e + B) T (e0)

<1, (25

where sup; (o 1l = il i = 1,2.
Proof. Let us fix

2 1= lpl | T (o + B) + la] Jea| T )]

(26)
[KIT (e + B)T ()

and consider B; =
y, and y, on B; as

{u € & : ||lul| <7}. We define the operators

t a2
= [0 (p [ S22 utnas

(S_x)oc+[3—2
+qu T(as 1)

x g (x,u(x)) dx) ds,

tel0,1],

B e—kt)

1
(you) (1) = m

1 s
—k(1-s) (s —x)"
X L ¢ (p L T (a
_ x)lx+ﬁ—2

(s
+qu F((x+ﬁ—1)

f (x,u(x))dx

x g (x,u(x)) dx) ds,

€[0,1].
(27)
For u, v € By, we find that
“‘//1’/‘ + 1//2"“
_ k
2 L= llpl @B+ lal el T@]

[KIT (o + B) T ()
<.

Thus, y,u + y,v € Bp. It follows from assumption
(A,) together with (25) that y, is a contraction mapping.

Continuities of f and g imply that the operator v, is con-
tinuous. Also, ¥, is uniformly bounded on B; as

lvu

_ - pl e T G+ B+ lal fral T (@] - 32
) KIT (@ + B)T (@) ‘

Now, we prove the compactness of the operator y,. In view of
(A,), we define

sup | f (t,u)] = £, sup g (tw)| =

(t,u)€[0,1]xBy (t,u)€[0,1]xB;
(30)

Consequently, we have

"(1/’1”) (t;) = (yyu) (tl)”
—kt, kt1 (s- x)zx—Z
<|e™ - ” ('P”L fa-n™

(s— x)oc+ﬁ—2
Iqlgj —(Mﬁ_l)dx)ds

- J K k(=)
tl
_rs (S _ x)lx—Z
x(lplfjo—r(a_l) dx+

which is independent of u and tends to zero ast, — ¢,.Thus,
y, is relatively compact on B;. Hence, by the Arzeld-Ascoli
theorem, v, is compact on B;. Thus, all the assumptions of
Lemma 5 are satisfied. So, by the conclusion of Lemma 5,
problem (1)-(2) has at least one solution on [0, 1]. O

Now, we show the existence of solutions for the problem
(1)-(2) via Leray-Schauder alternative.

Lemma 7 (nonlinear alternative for single valued maps, see
[12]). Let E be a Banach space, C a closed, convex subset of
E, U an open subset of C, and 0 € U. Suppose that F : U — C
is a continuous, compact (that is, F(U) is a relatively compact
subset of C) map. Then, either

(i) F has a fixed point in U, or

(ii) there is a u € OU (the boundary of U in C) and A €
(0,1) withu = AF(u).

Theorem 8. Let f,g : [0,1] x R — R be continuous
functions and the following assumptions hold.

(A;) There exist functions 0,0, € C([0,1],R"), and
nondecreasing functions v, v, : R™ — RY
such that |f(t,u)l < o)y lul), lglt,w)] <
oy (O, (lull), for all (t,u) € [0,1] X R.



(A,) There exists a constant M > 0 such that
Mx ((2[1= e[ [lplya A T (@ + B) foul

+ gy, () o T (@)]) (32)

(KT (@+B)T@)™") " >1.

Then, the boundary value problem (1)-(2) has at least one
solution on [0, 1].

Proof. Consider the operator 7" : & — P withu = 7u,
where
ekt )

@F-1)

1
—k(1-s) (s—x)*"
one (pL T(a-1)

X f (x,u(x))dx

(Zu) (1) =

(S _ x)ochﬁ—Z
+qL1(a+ﬁ-n

x g (x,u(x)) dx) ds

t o2
" L efk(tfs) (p L (;(_ x) f (x, u (x)) dx

J~5 (S— x)a+[3—2
0 F((X+ﬁ— 1)

x g (x,u(x)) dx) ds.
(33)

We show that 7° maps bounded sets into bounded sets
in C([0, 1], R). For a positive number r, let B, = {u €
C([0,1],R) : ||u|| < r} be a bounded set in C([0, 1], R). Then,

[(Z"u) ()]
1
J o k1=5)
0

(1o [ 2 ol an

_\atp2
o[ “x—))|g<xu<x>|dx)

r(
e ([ F2

x)oc+ﬁ—2
|q|J T

X |g (x,u (x))| dx> ds

kt

< 1-¢e
“k

Tll-e

|f(x u(x))| dx

Journal of Function Spaces and Applications

§ 1-— e—kt
—k

Tll-e

1 a—2
(1-s) (S X)
XLe O'er )

S (e A\¥tp-2
+Mm§;%fﬁmmmww9a

*L tQOﬂLﬁ;ﬁjﬂgm%mM)

oy (%) gy (lull) dx

S (s-— x)(x+ﬁ—2
+M”;FW+ﬁ—U

X 0, (x) ¥, (||u||)dx> ds
< |plyy ) |l
1- e—kt 1 k(1) s (S _ x)vc—Z
X[’l—e_k Le (JO r(“—l)dx as
Lok ([ s= 07
+Le (Jo [(a-1) dx)ds]

e—kt

el 0| [ =5
1 a+p-2
—k(1-s) (s—x)
xLe (Jo T(a+p-1) )d

C g (5 (s = x) P ) ]
+J-0e (Jo F(oc+ﬁ—1)dx ds
< 2t =e*| ol (D T (o + B) o |

+1q) vl oz ()] )
x (k| T (a+ B)T ().

(34)
Consequently,

17l < (2]1- ¢
x [|p] v lul) (e + B) [l |
+ gl vy (lull) oo | T (@)] )

% (k| T (a+ B)T ()"

(35)

Next, we show that 7" maps bounded sets into equicon-
tinuous sets of C([0, 1], R). Let t,,t, € [0,1] with ¢; < £, and
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u € B,, where B, is a bounded set of C([0, 1], R). Then, we
obtain

(7w (t,) - (7w (t,)]

_ektr 4 okt

k

1-e"

1
<[ e (1w ol

X J-S Gk )" dx

o T@-1)
+lal v, () |
x L lfs(;f—);iﬁ_:)dx) ds
+ 'eiktz - eiktll

t
<[ (el 1l

———dx

y J~s (S_x)oc—Z
o I'(e—1)

+al v, (1) o]

s (S— x)(x+ﬁ—2
X J;] de) ds

t, S (s—x)*7
[F e (1 ool [ S

+lalyz () ez

s (5 _ x)(x+/3—2
X JO mdx) ds.

Obviously, the right hand side of the previous inequality tends
to zero independently of u € B, ast, —t; — 0. As ¥
satisfies the previous assumptions, therefore it follows by the
Arzeld-Ascoli theorem that 77 : C([0,1],R) — C([0,1],R)
is completely continuous.

The proof will be complete by the application of the Leray-
Schauder nonlinear alternative (Lemma 7) once we establish
the boundedness of the set of all solutions to equations u =
AZufor A € (0,1).

Let u be a solution. Then, for t € [0,1], and using the
computations in proving that 7" is bounded, we have

u () = A7) (1)
< (2]1-¢|
x (1ol w1 (lul) T (o + B) o | (37)
+ lgl v (lul) o2 T (@)])

x (KT (a+ B) T (o).

Consequently, we have
loall < (2|1 =™ [ y1 () Da+ ) o |
+lalya(lul) oo T@])  (38)

x(kT(e+ AT@) ") < 1.
In view of (A,), there exists M such that [u| # M. Let us set
U={uecC(0,1],R): [lull <M}. (39)

Note that the operator 7 : U — C([0,1],R) is continuous
and completely continuous. From the choice of U, there is
nou € OU such that u = AZ'(u) for some A € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder

type (Lemma 7), we deduce that 7" has a fixed point u € U
which is a solution of the problem (1)-(2). This completes the
proof. O

Example 9. Consider a boundary value problem of integro-
differential equations of fractional order given by

(‘D +2 D) u )
=%fUJ“ﬂ)+ﬂﬂgUJNﬂ), 0<t<1, (40)

u(0) =0, u(l) =0,

whereaw = 3/2,k =2, p=1/2,9=1,8=1/2, f(t,u) =
(lul+ul)/(B(1+|ul))+4t, g(t,u) = (1/4)tan u+cos’t+t>+
5. With the given data, it is found that L, = 2/3,L, = 1/4 as
[f(t,w)—f(t, V)] < (2/3)lu—vl, |g(t,u)—g(t,v)| < (1/4)|lu-vl,

and
2 |1 —e_k| [|p|T (e +B) +|q| T ()]
IKIT (o + )T (o)
Clearly, L = max{L,,L,} = 2/3 and L < 1/Q. Thus, all
the assumptions of Theorem 4 are satisfied. Hence, by the

conclusion of Theorem 4, the problem (40) has a unique
solution.

~1.3525. (41)
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