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The onset of viscous fingering in the presence of a viscosity profile is investigated theoretically for
two immiscible fluids undergoing a time-dependent injection. Here, we show that the presence of a
positive viscosity gradient at the interface between both fluids stabilizes the interface facilitating the
spread of the perturbation. This effect is much more pronounced in the case of sinusoidal injection
flows. The influence of the viscosity gradient on the dispersion relation is analyzed. Numerical
simulations of the Navier-Stokes equation confirm the linear stability analysis.

INTRODUCTION

Saffman-Taylor instability [1] may arise when two flu-
ids of different viscosities are pushed by a pressure gra-
dient through two horizontal parallel plates (Hele-Shaw
(HS) cell). It is well known, both experimentally and
theoretically, that when a less viscous Newtonian fluid
displaces a more viscous one, a fingering instability de-
velops at the interface between both immiscible fluids [2].
For non Newtonian fluids, an unexpected propagation of
fractures may develop in the invaded fluid for specific
conditions [3–5].

Due to chemical and oil recovery applications, the pos-
sibility to control this interfacial instability has been
the subject of numerous studies in the last decades [6].
Chemical reactions occurring at the interface drive vis-
cosity changes that modulate the hydrodynamic viscous
fingering instability, both for unstable [7–10] or stable
[11] fronts. For the last case, for example, when a change
in pH is chemically induced at the interface, some fingers
may develop [12, 13]. Without using a chemical reaction,
the process involves displacing the most viscous fluid first
with some polymer-thickened fluid (usually an aqueous
phase containing water and polymer in appropriate pro-
portion to have the desired profile) followed by the less
viscous one. This strategy basically involves a three-layer
fluid with an intermediate layer of finite thickness con-
taining the polymer solution [14]. Other possibilities for
viscous fingering in the presence of non-monotonic vis-
cous profiles have also been studied [15, 16]. Other non-
chemical strategies to control this instability include, im-
posing a time-dependent injection rate, tapering the gap
between plates so they are no longer parallel [17, 18], re-
placing one of the plates with an elastic membrane [19],
rotating the HS cell while the inviscid fluid is injected
[25], or competition between gravity and viscous forces
[20], among others.

Experiments and numerical simulations involving the
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injection of a less viscous fluid into a more viscous one
in a radial HS cell showed that stronger injection rates
result in an enhancement of viscous fingering. Most of
the existing studies have focused on displacements under
constant injection. There are however numerous practi-
cal processes where the injection is actually time depen-
dent [21–26]. Most of these studies showed that better
recovery can be achieved through time-dependent injec-
tion schemes in comparison with constant injection ones
due to an attenuation of the finger instability. On the
other hand, several authors [27] demonstrated that for
a periodic injection on a radial HS cell the number of
fingers and their structures could be controlled. As op-
posite, other authors have shown that fingering destabi-
lization due to periodic injection favors fluid mixing in
confined systems, such as in microfluidic devices [28].

Based on the results reported, it is clear that injection
rates and periodicity play an important role to control
the flow behavior and interface instability. The objec-
tive of the present study is to analyze the combination of
imposing a time-dependent injection rate with the pres-
ence of non monotonic viscosity profiles at the interface.
While we observed that the periodic injection leads to a
resonance-like effect destabilizing the interface, the pres-
ence of a three-layer non-monotonic viscosity profile sta-
bilize the front achieving better recovery results for the
viscous fluid. In this work, we present a linear stability
analysis for the onset of viscous fingering for two immis-
cible fluids subject to a periodic injection and a viscosity
gradient at the interface. Viscous fingering has been ob-
served numerically confirming this analysis and the de-
pendence with parameters of the model studied.

LINEAR STABILITY ANALYSIS

The equation of motion of an incompressible Newto-
nian fluid is given by,

ρ
Dui

Dt
= − ∂p

∂xi
+

∂

∂xj
(2µeij) , (1)
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FIG. 1. Sketch of the Hele-Shaw cell (a) and the piecewise
viscosity profile µ(x1) (b) used here. L stands for the region
where a linear viscosity gradient is considered between both
fluids with constant viscosities µa and µb.

∂ui

∂xi
= 0 (2)

where D/Dt is the material derivative, ρ is the constant
density, ui the velocity field, p the pressure, µ the dy-
namic viscosity, and eij = (∂ui/∂xj + ∂uj/∂xi)/2 is the
strain rate tensor. For a non monotonic viscosity profile
µ = µ(xi), Eq. (1) becomes,

ρ
Dui

Dt
= − ∂p

∂xi
+ µ

∂2ui

∂xj∂xj
+ 2eij

∂µ

∂xj
(3)

We consider the case where a viscous fluid with vis-
cosity µa is pushing a more viscous one µb in the x1-
direction between closely spaced parallel plates separated
some distance h as it is shown in Fig. 1(a), subject to
a perturbation at the interface x1 = ξ(x3, t). In be-
tween both fluids a region with a viscosity gradient is
considered, Fig. 1(b). In the basic HS flow, we sup-
pose a constant negative pressure gradient along the x1

axis so that the flow goes from the left (x1 < 0) to the
right (x1 > 0) with velocity field [u0

1(x2), 0, 0]. Follow-
ing the standard decomposition in normal modes, we
perturb the system of equations (3). Thus, the per-
turbed velocity field is [u0

1(x2) + ϵu1
1(xi, t), 0, ϵu

1
3(xi, t)],

the pressure P 0 + ϵP 1(xi, t), and the interface equation
is x1 = ξ0(t) + ϵξ1(x3, t) (ϵ ≪ 1). Assuming a sinusoidal
perturbation along the x3 axis, the perturbed quantities
can be written as,

ξ1(x3, t) = ξ exp(ık3x3 + ωt)

u1
1(xi, t) = ua,b(x2) exp(ık3x3 + ωt) exp (±k1x1)

u1
3(xi, t) = wa,b(x2) exp(ık3x3 + ωt) exp (±k1x1)

P 1(x1, x3, t) = Pa,b exp(ık3x3 + ωt) exp (±k1x1)

where ± stands for the left (a) and right (b) fluids with
viscosities µa and µb, respectively. ξ, u(x2), w(x2), and P
are the amplitudes of the normal modes of the perturba-
tion. The problem is completed by the no-slip boundary
condition at the plates ui = 0 for x2 = 0, h. Without
loss of generality, from now on, we assume a piecewise
viscosity profile µ = µ(x1) as depicted in Fig. 1(b).
Rewriting Eq. (3) at zero order we obtain,

u0
1(x2) =

G

2µa,b

(
x2
2 − hx2

)
(4)

with G the negative pressure gradient along the x1

axis. Averaging in the x2 direction, the Darcy’s law
U = ⟨u0

1⟩ = −Gh2/12µa,b is obtained. The interface
between the two fluids is x1 = ξ0(t) with ξ0(t) = Ut.

At first order, the amplitudes of the normal modes ua,b

are given by,

ρ (ωua,b ± Ukua,b) = ∓Pa,b −
12µa,b

h2
ua,b ± 2µ′

a,b(x)kua,b

(5)
with µ′

a,b(x) = ∂µa,b/∂x, and we have used the incom-
pressibility of the flow to show that k = k1 = k3. A
similar equation can be obtained for the mode wa,b.

Three conditions must be imposed at the interface,
namely the kinematical condition and the condition of
continuity of normal and tangential stresses,

u1
1(x2)a,b =

∂ξ1

∂t
,(

P 0
a + P 1

a

)
−

(
P 0
b + P 1

b

)
= −γ

∂2ξ1

∂x2
3

, (6)

µa
∂ua

∂x2
= µb

∂ub

∂x2

where γ is the surface tension at the interface, and P 0 is
obtained integrating the Darcy’s law.

Solving analytically the above equations, we obtain the
dispersion relation,

ω(k) =
Uk(µb − µa)− γh2

12 k3

µa + µb +
kh2

6 (µ′
a − µ′

b)
(7)

Note that the classical Saffman-Taylor dispersion rela-
tion (µb > µa) [2] is recovered for µ′

a,b = 0. An im-
provement of the stability (lower values of ω(k)) is ob-
tained for µ′

a − µ′
b > 0 compared to the Saffman-Taylor

case. Fig. 2 shows this improvement as the viscosity gra-
dient increases for µ′

a = (αµb−µa)/L (α = µ(0)/µb) and
µ′
b = 0.

NUMERICAL SIMULATIONS

Two-dimensional (x1, x3) direct numerical simulations
(DNS) of the Navier-Stokes equations (3) have been used
with boundary conditions ui = 0 for x3 = 0, xmax

3 ,
and ∂1ui = 0 for x1 = 0, xmax

1 . At the interface be-
tween both fluids, the kinematical condition and the
condition of continuity of normal and tangential stresses
hold. Eqs. (3) were integrated using an implicit Crank-
Nicholson method for the advection and diffusion terms.

Pressure is obtained by means of a fractional-step, or
time-splitting scheme [29, 30]. Process of solving the mo-
mentum and the pressure Poisson equations is repeated
until the velocity field is divergence free at each instant
of time. The pressure gradient is assumed to oscillate as
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FIG. 2. Maximum growth rate ωmax as a function of α, µ′
a =

(αµb − µa)/L, for the unstable case (µb > µa). Dashed line
corresponds to the Saffman-Taylor case. Set of parameters:
h = 10−3 m, U = 0.01 m/s, water µa = 0.896 · 10−3 Pa s,
glycerine µb = 0.95 Pa s, γ = 29.06 ·10−3 N/m, L = 0.01, and
µ′
b = 0

∂1P = G+P ′ sin(Ωt) with G the negative pressure gradi-
ent along the x1-axis. The pressure boundary conditions
are of Neumann type on x3 = 0, xmax

3 .

The assumed rectangular computational domain is dis-
cretized on a staggered Cartesian grid when pressure P
and velocities are determined on three grids shifted rela-
tive to each other. So, P is located in the center of each
cell, the x1-component velocity u1 is on the middle points
of vertical faces, and the x3-component velocity u3 is on
the middle points of horizontal faces.

The convergence of the code was first tested by varying
the spatial resolution from 1000 × 100 to 4000 × 400.
Accordingly, the time step was changed from 0.001 to
0.1, and nearly the same time evolution of fingers were
obtained. To ensure a good numerical convergence and
relatively shorter calculation time, a spatial resolution of
2000 × 200 and a time step ∆t = 0.01 were adopted for
the range of parameters examined throughout this study.

Initially we suppose an inlet front of viscosity µa push-
ing periodically another fluid with viscosity µb > µa and
the interface between both fluids has an initial sinusoidal
perturbation (amplitude 20 and wavenumber π/50) and
a viscosity gradient µ′

a.

RESULTS

It is well known that for HS flows, under unstable con-
ditions (µb > µa) the interface between both fluids be-
comes unstable and some fingers develop. This process
is enhanced under a pulsating inlet flow. Figure 3 shows,
for two instants of time, the fluids interface for three dif-

FIG. 3. Interface fronts between fluids for three forcing fre-
quencies Ω, with (blue and green dashed lines) and without
periodic forcing (red dot-dashed line). Green dashed interface
corresponds to an intermediate time. α = 0.4, G = −1 Pa/m,
P ′ = 1 Pa/m and rest of parameters as in Fig. 2. From left
to right, Ω = 0.004, 0.012, 0.026, respectively.

FIG. 4. Time evolution of the surface ratio Sf for two values
of the ratio α = µ(0)/µb. Ω = 0.012.

ferent forcing frequencies Ω compared to the case without
forcing. Note that in all cases the interface has advanced
faster under forcing, and the net displacement depends
on the forcing frequency. For an intermediate value of Ω
the front advances faster than for the other two frequen-
cies. The ratio of the surfaces Sf covered by the flow
interface, with and without forcing, allows us to quan-
tify the effect of forcing, and can be considered propor-
tional to the ratio between the linear growth rates for
both cases. Figure 4 shows the time evolution of Sf for
two values of α for the intermediate frequency shown in
Fig. 3. Note that the front accelerates with time, faster
as α diminishes.



4

Figure 5 shows the ratio Sf as a function of the forcing
frequency Ω for the same instant of time as in Fig. 3.
Note the significant enhancement of the flow instability at
certain intermediate frequencies that was clearly visible
in Fig. 3. For very small and large forcing frequencies,
Sf → Sf (P

′ = 0) = 1. Maximum Sf value was attained
always for the same resonant frequency Ωres for any value
of the ratio α = µ(0)/µb, and seems to be the signature of
a resonant behavior between the characteristic time scale
of the flow, ratio of the surface tension and the viscous
(pressure drop) forces,

tch ≡ γ

U∆P
∝ γ

µb − µa
(8)

and the forcing frequency. A further investigation of this
phenomenon was carried out for other values of viscos-
ity µb and surface tension γ. Changing these parameters
modifies the structure of the interface (for example, in-
creasing γ leads to a smoothing of the front), however,
the phenomenon of resonance was found in all examined
cases, although a change in the resonant period Tres was
observed (Fig. 6) consistent with tch (8). The previous
results show that at the resonant frequency, the interface
can be characterized by an increased instability, which
appears to emerge earlier and be stronger than for the
other flow periods.

The dependence of the flow instability enhancement
at the resonance peak on the values of α and the length
of the middle layer L is shown in Fig. 7. Note that in-
creasing p (L), increases (decreases) the viscosity gradi-
ent µ′

a = (αµb−µa)/L at the interface, and Sf diminishes
(increases) as expected from the theoretical dispersion re-
lation, Eq. (7) (Fig. 2). Increasing the gradient leads to
stabilize the front diminishing the growth rate of insta-
bilities at the interface. For α → µa/µb the classical
two-layer Saffman-Taylor instability is obtained but the
risk of interface breakup increases. For smaller ratios
µb/µa than those used here, it is possible to reach that
limit without the interface eventually breaks up. Note in
Fig. 3 the formation of plumes or spikes when periodic
forcing is applied. When no periodic forcing is consid-
ered, the initial sinusoidal perturbation evolves into a
single finger and no cusps were observed. These plumes
smooth out as surface tension increases. As α diminishes,
the interface moves faster, increasing inertial forces com-
pared to surface tension (large Weber number), favouring
the formation of elongated plumes and the interface may
break up as it has been observed in other interfacial in-
stabilities [31]. Thus, we may assume that periodic forc-
ing increases inertial forces as the interface moves faster
than without forcing, and cusps/plumes appear before
the interface breaks up. Once this happens our numerical
algorithm is not stable. Different numerical approaches
should then be undertaken but they are beyond the scope
of this paper.

FIG. 5. Surface ratio Sf covered by the fluid interfaces, with
and without periodic forcing, as a function of the forcing fre-
quency Ω for two values of the ratio α = µ(0)/µb. Parameters
as in Fig. 2.

FIG. 6. Resonant period Tres as a function of the viscosity
(a) and the surface tension γ (b). In all cases, the behavior of
Tres coincides with the characteristic time of the flow tch ∝
γ/(µb − µa). γ = 29.06 · 10−3 N/m (a) and µb = 0.2 Pa s (b).
α = 0.4 and µa = 0.89 · 10−3 Pa s in all cases.

CONCLUSIONS

The onset condition of viscous fingering for a fluid dis-
placing a more viscous one in a Hele-Shaw cell undergoing
time-dependent injection in a homogeneous medium has
been studied in the presence of a non monotonic viscos-
ity profile in the direction of motion. For wave numbers
above a critical one, perturbations at both sides of the
interface spread in the same direction, destabilizing the
interface. The spreading velocity is modulated by the
term exp (ωt) that broads the fingering in the direction
of motion. The growth instability rate is smaller when
the viscosity profile has a positive slope on the inter-
face, Eq. (7). Periodic forcing enhances formation of a
single finger displacing the more viscous fluid, while the
presence of an intermediate layer with a positive viscous
gradient stabilizes the interface preventing breakage.
For a critical value of the injection period the inter-

face between both fluids grows significantly if compared
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FIG. 7. Maximum surface ratio Sf as a function of the ratio
α = µ(0)/µb (a) and the length L of the middle layer (b). In
panel (b) lines correspond to α = 0.4 (circles and blue solid
line), α = 0.5 (squares and dot-dashed red line) and α = 0.8
(triangles and dashed green line). Parameters as in Fig. 2.

to other examined periods. This critical value of the
period is suspected to be associated with a resonance-
like dynamics between the external injection forcing and
the characteristic time scale of the flow (ratio of the sur-
face tension and the viscous (pressure drop) forces). The
effect of a viscous linear gradient at the interface was
studied numerically and the results qualitatively coincide
with those obtained from the linear stability theory.

These results open new possibilities for experiments on
viscous fingering under periodic forcing in the presence
of a non-monotonic viscosity profile for immiscible fluids.
Another perspective of this work is to perform new nu-
merical simulations of the observed plumes to understand
the mechanism that eventually may lead to the interface
breaks up.
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