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�When you express an idea, you give it an order it does not possess origi-nally. Somehow, you must give it a coherent, synthetic and understandableform for everyone else. As long as you just think of it, it can carry on beingthe wonderful mess it is. However, once you make up your mind to expressit, you start to rule out some things, to assume some other, to illustrate thisand to cut out that, to order the whole by giving it some logic: you work onit a while and eventually you have something the people can understand. Aclear and de�ned idea. In the beginning your intention is to do everythingas it should be: you try not to get rid of too many things, you would like tosave the in�nity of the idea you had in your head. You try it�Alessandro Baricco, City





Acknowledgments�And �nally Achilles wins by a (in�nitesimal) head to the turtle!� A happy ending, isn'tit? Who knows if Zeno was not actually a Ph.D. student of Parmenides and its paradoxa hint or just the product of the despair because of a never-ending thesis (�The Being, isit or is it not? Does it matter?�). Well, let us put aside the speculations and go straightto one of the main sections of any thesis, the Acknowledgments, that rear window thatallows us to check that inside every scientist there is also a heart that beats and makespoum, poum. Sobriety and style, Dani.Let us start by the beginning: the Family. Thank you for your constant and uncondi-tional support, for giving me such strong foundations to build on any personal adventure,for a love that does not �nish ½Un bico moi grande!½Friends!, both those of my o�ce and surroundings and those I have spread aroundthe outer space: you also deserve here your piece of the cake. Without your company,without your support, without our discussions, without you, in short, I would not havefaced this huge work with the same will and spirit. Since I know many of you would havepreferred a more explicit mention, I o�er to you a solution: to print this sheet and to �llin the dots.Just thinking of you, ½Thanks a lot,.......................!I would like to make a special mention to several persons that have helped me through-out this work: the professor George Smith, good friend and researcher who supervisedmy work in Australia; the professor Leon Garner, who did the same in New Zealand;José Albino Vázquez Aldrey, to whose generosity I owe most of �my crystalline lenses�;and to professor Jer R. Kuszak, who has been so kind as to allow me to use some of hispictures and graphs in my thesis.I owe another special, very special, mention to my thesis supervisor, Eva. If I haveever stopped being just a graduate to become a scientist is thanks to her, endless sourceof friendship, knowledge, stress, laughter and many other things, all compacted in nomuch more than one meter and a half (She will not forgive me!)



Finally, I would like to thank the regional government (Xunta de Galicia) for its eco-nomic support throughout my years of doctorate by means of di�erent grants. Likewise,I would like to point out this work has been carried out within the research project�nanced by the Ministerio de Educación y Ciencia (Ref. AYA2004-07773-C02-02).



ContentsIntroduction 11 The crystalline lens 51.1 Embryology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61.2 Histology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91.2.1 Capsule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91.2.2 Anterior epithelium . . . . . . . . . . . . . . . . . . . . . . . . . . . 101.2.3 Fibers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101.3 Form and layout of the secondary �bers . . . . . . . . . . . . . . . . . . . 121.3.1 The sutures and their patterns . . . . . . . . . . . . . . . . . . . . 131.4 Metabolism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191.5 The crystalline lens as an optical element . . . . . . . . . . . . . . . . . . 201.6 Rotational symmetry of the gradient index of the crystalline lens . . . . . 222 Methods of measurement of the gradient index in crystalline lenses 252.1 Destructive methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252.2 Non destructive methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292.2.1 Ray de�ectometry . . . . . . . . . . . . . . . . . . . . . . . . . . . 292.2.2 Interferometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322.2.3 Fitting of ocular and visual parameters . . . . . . . . . . . . . . . . 332.3 Hybrid methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34Need of a new method of reconstruction of the gradient index in crystalline lenses 353 Theoretical bases of a tomographic algorithm 373.1 Light propagation under the approximation of geometrical optics . . . . . 373.1.1 Propagation of rays of light in media with rotationally symmetricalgradient index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393.2 Tomography basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403.3 Formulation of a tomographic algorithm on the basis of the geometricaloptics and tomography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42i



Contents4 Tomographic algorithm of reconstruction of the gradient index 474.1 Ray de�ectometry applied to tomography . . . . . . . . . . . . . . . . . . 474.2 Gradient index model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 514.3 Tomographic inversion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 524.3.1 The piston K and its in�uence on the retrieval of the gradientcoe�cients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 584.4 Logical sequence of the tomographic algorithm . . . . . . . . . . . . . . . 614.4.1 Monopolynomial reconstruction . . . . . . . . . . . . . . . . . . . . 614.4.2 Bipolynomial reconstruction . . . . . . . . . . . . . . . . . . . . . . 635 Numerical simulations of the tomographic algorithm 655.1 Accuracy of the tomographic algorithm . . . . . . . . . . . . . . . . . . . . 655.1.1 Qualitative estimation of the error in the tomographic retrieval . . 675.2 Numerical simulations of reconstruction of gradients with spherical sym-metry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 685.3 Numerical simulations in gradient indices with non spherical rotationalsymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 776 Collection, processing and analysis of experimental data 896.1 Assembly and operation of an experimental setup of ray de�ectometry . . 906.1.1 Experimental protocol for the collection of experimental data . . . 956.2 Image processing and collection of the input data of the tomographic al-gorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 976.2.1 Processing of laser beam images . . . . . . . . . . . . . . . . . . . . 976.2.1.1 Sources of error in the processing of laser beams . . . . . 1016.2.2 Processing of the images of the surface of the crystalline lens . . . 1046.2.2.1 Sources of error in the characterization of the surfaces ofthe lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1076.2.3 Collection of the input data of the tomographic algorithm . . . . . 1116.3 Calibration of the experimental setup . . . . . . . . . . . . . . . . . . . . . 1116.3.1 Checking and re�nement of the correction of the distortion in MC 1116.3.2 Search of the best threshold for the detection of the rays . . . . . . 1126.3.3 Detection and minimization of misalignments . . . . . . . . . . . . 1137 Experimental results 1197.1 Teleost �sh lenses (spherical symmetry) . . . . . . . . . . . . . . . . . . . 1197.1.1 Analysis of the spherical symmetry in teleost �sh lenses . . . . . . 124ii



Contents7.1.1.1 Pro�le of the sagittal plane . . . . . . . . . . . . . . . . . 1247.1.1.2 Distribution of the sines of de�ection at the exit of the lens1257.1.1.3 Study of the phase at the exit of the lens by means of theinterferometry . . . . . . . . . . . . . . . . . . . . . . . . 1267.2 Pig lenses (rotational symmetry) . . . . . . . . . . . . . . . . . . . . . . . 1287.2.1 Reconstruction of the gradient index . . . . . . . . . . . . . . . . . 1307.2.1.1 Analysis of the retrieved gradient indices . . . . . . . . . 1347.2.2 Optical behaviour of the retrieved gradient indices . . . . . . . . . 1377.2.3 Analysis of the rotational symmetry in pig lenses . . . . . . . . . . 1397.2.3.1 Symmetry of the surfaces of the lens . . . . . . . . . . . . 1407.2.3.2 Pro�le of the eye lens in two di�erent meridional planes . 1407.2.3.3 Distribution of the sines at the exit of two di�erent merid-ional planes . . . . . . . . . . . . . . . . . . . . . . . . . . 1417.2.3.4 De�ection of the rays in the meridional plane . . . . . . . 1427.2.3.5 Optical characterization of the crystalline lenses by inter-ferometry . . . . . . . . . . . . . . . . . . . . . . . . . . . 1437.3 Discussion of the results. Comparison with other methods. . . . . . . . . . 145Conclusions 149A Worst tomographic reconstruction (�sh) 151B Better tomographic reconstruction (�sh) 157C Worst tomographic reconstruction (pig) 163C.1 First projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167C.2 Second projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171C.3 Third projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175D Best tomographic reconstruction (pig) 179D.1 First projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183D.2 Second projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187D.3 Third projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191E On axis optics of the average pig lens 195F Optics of a crystalline lens with a homogeneous refractive index 199F.1 First projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201iii



ContentsF.2 Second projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204F.3 Third projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207Bibliography 211Papers published during this research 219

iv



Tomographic reconstruction ofgradient indices with rotationalsymmetry. Application tocrystalline lenses.





IntroductionGradient index media, or GRIN media, have been one of the more outstanding objectsof study throughout the history of Optics. Such media are characterized by a refractiveindex that changes from one point to the other. As a result, the trajectory of the raysinside these media is generally curved. Throughout the last decades the importance ofthese media has increased with the development of technologies that have allowed theimplementation of such gradients in di�erent optical elements [Iga84]. However, it is notnecessary to think of elements of arti�cial origin to �nd examples of GRIN media. Verywell known optical phenomena, like mirages, are due to the existence of gradient indicesof natural origin. Another example, discovered in the 19th century and that might haveinspired Maxwell for the �rst theoretical model of a GRIN lens [Fer90], is that of thecrystalline lens.The crystalline lens is one of the two lenses that compose the ocular system of anyvertebrate, where the other one is the cornea. Due to a variable concentration of a specialtype of proteins, the crystalline lens is not a homogeneous optical medium, but a GRINone. This feature has important consequences on its optical behaviour. It allows todecrease its optical aberrations in relation with those the lens would present if the indexwere constant [Chr91, p. 96] and also to obtain higher e�ective paraxial indices thanthe maximum value the refractive index might reach in a crystalline lens [Gar01], thusincreasing its paraxial power.A �rst reason to tackle the reconstruction and study of such gradient is to determinewith accuracy the contribution of that gradient index in the optical properties of theeye lens. With that information the theoretical modeling of a schematic eye could becompleted. This would be useful to predict with some accuracy the outcomes of all kindof ocular surgery. The importance of this goal is better understood if it is taken intoaccount the crystalline lens is the ocular component that undergoes the biggest changesthroughout life and accommodation, the re�ex action whereby the eye is able to focusobjects at di�erent distances. On the other hand, assuming a previous knowledge of thedependence of the refractive index with the histological and biochemical properties of thelens, the characterization of the gradient index may be very useful for a non invasive study1



Introductionof those properties. Likewise, it might be of big help for a better design of intraocularlenses aimed at replacing the eye lens. Ophthalmological instrumentation is another �eldthat would also bene�t from a method for the reconstruction of the gradient index ofthe crystalline lens. An example would be the correction of ophthalmoscopic images andanother that of the correct measurement of the ocular dimensions in techniques like theoptical coherence tomography [Tom05] or Scheimp�ug photography [Dub05], with resultsthat depend on the assumed refractive index of the eye lens.The main topics of this work will be the formulation and experimental implementationof a new method for the reconstruction of the gradient index of the crystalline lens. Asthe title states, in the formulation of this method we will assume the refractive indexfollows a tridimensional distribution with a rotational symmetry such
n = n (ρ, z) ,where z is the coordinate along the optical axis of the eye lens (also the axis of symmetry)and ρ the radial coordinate in the orthogonal plane. The reasons of this approximation,as well as that of the rotational symmetry of the geometry of the lens, will be explainedand analyzed in several sections of this work. We will start with the histological rea-sons in chapter 1, where we will also provide an overview of the eye lens as a biologicalstructure. Hence, its embryology, metabolism and main structural features will explainits most outstanding optical properties. In chapter 2 we will make a brief review of themethods that have been developed for the measurement of the gradient index of the lens,distinguishing between those that imply an alteration of its original structure and thosethat do not, among which the method we propose is included. The theoretical basis of thenew method, light propagation in the approximation of geometrical optics and tomogra-phy, and how the fundamentals of this method are obtained from the relationship of both�elds will constitute chapter 3. In the following chapter these fundamentals give way toa more detailed formulation, paying special attention to the tomographic algorithm thatconstitutes the mathematical core of the proposed method. Its precision and sensitivityto experimental error are analyzed in chapter 5, with numerical simulations that considerboth gradient indices with rotational symmetry and the particular case of gradient indexof spherical symmetry, of special interest for the characterization of teleost �sh lenses.Chapter 6 is completely focused on the experimental implementation of the method ofreconstruction, describing both the experimental setup and the obtaining and processingof the experimental data. Special attention is paid to the main sources of error, how theyare minimized and the �nal magnitude of these errors. Finally, the experimental results2



obtained for two di�erent types of crystalline lenses, those of teleost �sh and those ofpigs, are presented and analyzed in the last chapter, along with their precision. In bothcases the goodness of the assumed symmetries, spherical and rotational respectively, isstudied with di�erent techniques, as well as how it would a�ect the lack of symmetry tothe retrieved gradient indices.

3





1 The crystalline lensThe main goal of this chapter 1, besides o�ering an overview of the eye lens as a bio-logical structure, is to provide the basis of the assumption of the rotational symmetryin the crystalline lens. Assumed this symmetry, this chapter is not essential for the un-derstanding of this work and it is possible to go on the following chapter. Nevertheless,we have deemed necessary its inclusion in this thesis to better understand the biologicalmechanisms that explain the optical properties of the eye lens, among which the gradientindex stands out.

Figure 1.1: Sections of a) A human eye and b) A �sh eye.The crystalline lens, a biconvex lens suspended between the cornea and the retina (seeFig. 1.1), is an optical element common to all vertebrate eyes. Such lens is held withinthe eyeball by means of the accommodation muscular system, the mechanism whereby1This chapter is, with the exception of the punctual references throughout the text, a compilation andsummary of references [Chr91, Rob04, Kus04a, Bas04, Pat94, Kau94] 5



1 The crystalline lensthe ocular system can focus objects at di�erent distances. Its anterior surface is immersedin the aqueous humour of the anterior and posterior chambers of the eye, whereas theposterior surface is immersed in the vitreous humour. The shape of the eye lens can beapproximated by that of a spheroid asymmetrical about its equatorial plane and with adegree of asymmetry that varies depending on the species, the age of the individual and,in many cases, of the state of accommodation.From the optical point of view, the crystalline lens has two relevant functions: asthe dioptric element that complements the focusing action of the cornea and that ofproviding the eye with the possibility of imaging objects at di�erent distances by meansof the mechanism of accommodation. In both cases, the quality of the resulting imageis due to the geometry and two optical properties of the lens: its transparency withinthe range of the visible spectrum and the existence of a gradient of the refractive indexwithin the volume of the lens. The �rst property stems from the special histologicalfeatures of the crystalline lens, made up by multiple cell layers arranged with a veryprecise order, and the second property from the variable concentration of a speci�c typeof crystalline lens proteins, the crystallins, that can achieve high concentrations withoutaggregating and causing light scattering. Any alteration of these features involves animmediate degradation of the eye lens as an optical element. That is why the studyof its optical properties would be incomplete without referring to the structural ones.Hence, throughout this chapter a brief review of the embryology and histology of thecrystalline lens will be done. It will be also studied the arrangement of the lens cells andits possible variations, considering the consequences that these variations may have onthe optical and physiological properties of the lens. Besides, after reviewing the mostrelevant aspects of the crystalline metabolism, each one of the functions of the eye lensas an optical element of the ocular system will be explained. Finally, based on the formerpoints we will argue the assumption of rotational symmetry of the gradient index of thelens about its optical axis.1.1 EmbryologyThe vertebrate crystalline lens has its origin in the embryo surface ectoderm, like thecorneal epithelium and the skin. For this reason, like these tissues, the crystalline lensgenerates new cells throughout life, although with an important di�erence: since it cannot get rid of the older cells, these cells are kept inside the lens, making it larger andforcing it to develop the necessary metabolic strategies in order to prevent this fact fromcompromising the optical quality of the lens.6



1.1 Embryology

Figure 1.2: Di�erent stages in the embryonic development of the crystalline lens.
7



1 The crystalline lensThe development of the crystalline lens in the embryo starts with the interaction oftwo bilateral areas of its head surface ectoderm with two internal structures namedoptic vesicles, embryonic origin of the future retina (see Fig. 1.2.a). As a result of theinteraction, those areas di�erentiate themselves into lens placodes (Fig. 1.2.b), a singlelayer of columnar cells that invaginates gradually, forming the lens pit (Fig. 1.2.c) andinvaginating also the vesicle, what forms the optic cup upon which the embryonic lensis settled. The process of invagination follows until the lens pit separates itself fromthe ectoderm and is closed o�, forming the lens vesicle, where the basal portions of thecells face outward (Fig. 1.2.d). As a product of the secretion of these basal portions,components of the basal lamina are synthesized and deposited externally throughout life,encasing the lens with a membranous envelope that will eventually form the capsule. Atthe same time, a vascular net, the tunica vasculosa lentis, is formed around the embryoniclens. The aim of this net is to provide nutrients to the lens until the anterior chamberand the aqueous humour are operational. Once they are, that vascular net disappears,leaving the lens without blood supply for the rest of life.Once the lens vesicle splits o� from the surface ectoderm, which later on will form thecorneal epithelium, its posterior cells start to elongate until they �ll in all the emptyspace of the vesicle and contact the apical portions of the anterior cells. These elongatedcells are named primary �bers (Fig. 1.2.e). Regarding the anterior cells, they increasein number and di�erentiate into a single layer of cubic cells named lens epithelium. Thisdi�erentiation between anterior epithelium and �bers, as well as their spatial location,will be maintained throughout life. Gradually, primary �bers lose their intracellularorganelles and nuclei, whereas epithelial cells maintain all their organelles. However,the mitotic activity of epithelial cells ends up largely restricted to the preequatorialepithelium, which make up the germinative zone of the lens. This name is due to thefact the new cells generated in this zone are displaced toward the lens equator, giving riseto parallel rows of cells in the meridian of the lens that elongate toward the poles andmove away from the equator, forming the secondary �bers. With the continual addition ofnew �bers, the primary �bers become separated from the epithelium anteriorly and fromthe capsule posteriorly, forming eventually the embryonic nucleus of the lens. Regardingthe secondary �bers, they will keep on adding on former layers of �bers as they aregenerated in the germinative zone of the epithelium, making up the cortex of the lens.In this process of addition, their nuclei migrate forward until they eventually disappearalong with most of the intracellular organelles.8



1.2 Histology1.2 HistologyThe basic cellular structure that can be found in any vertebrate crystalline lens is madeup of a densely and neatly arranged bulk of crystalline �bers and an anterior epithelium,both enveloped by an acellular and elastic membrane, the capsule (see Fig. 1.3). Next,we will explain the features of each one of these tissues and how they are interrelated.

Figure 1.3: Diagram of the histological structure of the crystalline lens.1.2.1 CapsuleThe capsule is a basal membrane like that of other epithelia that envelops completely thecrystalline lens. Due to its elasticity it contributes to shape the lens and in some species toconvey the tensions exerted upon it by the musculature in charge of the accommodation.The main capsule components are the collagen and a 10% of glycosaminoglycans. Theirsynthesis takes place mainly in the anterior surface of the crystalline lens, in the basal tipsof the anterior epithelium cells, and to a lesser extent in the posterior surface, throughthe basal tips of the crystalline �bers that migrate along such surface. This asymmetryin the capsular growth is the cause of a variation of the thickness of the capsule alongthe surface of the lens, being thicker in the anterior pole (from 11 to 15 µm in the caseof the human being) than in the posterior one (3.5 µm of average in the human being).Although permeable to low molecular weight components, the capsule limits the move-9



1 The crystalline lensment of colloidal materials of larger size.1.2.2 Anterior epitheliumAs it has been mentioned in the Embryology section, the growth and development of thelens throughout life is equivalent to that of any strati�ed epithelium, where the anteriorepithelium of the lens would constitute the basal layer. However, unlike a normal strati-�ed epithelium, the mitotic activity of the anterior epithelium is restricted to a reducednumber of cells located in its preequatorial portion, which constitutes the germinativezone of the crystalline lens. These cells divide actively throughout life, di�erentiatinga part of them into secondary crystalline �bers. Regarding the remaining epithelium,which normally has not mitotic activity, plays two important roles for the whole of thelens: to synthesize capsular material and to mediate in the transport of di�erent solutesbetween the crystalline lens and the aqueous humour.Since it is made up by one single layer of cells, the thickness of the anterior epitheliumis determined by their height, from 5.5 to 8 µm.1.2.3 FibersAs it has been previously mentioned, there are primary and secondary �bers. Primary�bers are those produced from the posterior epithelial cells of the lens vesicle and theyconstitute the embryonic nucleus. Essentially parallel oriented to the anteroposterioraxis of the lens, their thickness varies largely from one �ber to another. In the adult lens,their metabolism is reduced to a minimum.Secondary �bers are those which are produced throughout life from epithelial cells ofthe germinative zone, close to the equator, and that constitute the cortex of the lens. Thedi�erentiation of the epithelial cells into secondary �bers gives rise to multiple structuraland molecular changes which allow us to distinguish four di�erent stages in such a processof di�erentiation:
• Fiber cell precursors: those produced by mitosis in the germinative zone and thatat the equator of the lens start to change their columnar shape and to elongate, insuch a way the apical tips move forward and the basal backward, without losingcontact with the capsule.
• Elongating �ber cells: in this stage �bers still concentrate most of their cell junctionsin their apical and basal tips, whereas the remaining cell membrane is relatively10



1.2 Histologysmooth and regular. The �ber cell basal membrane is �rmly attached to the poste-rior capsule in order to resist possible tensions due to the accommodation. Throughthe basal membrane is also secreted the capsule substrate upon which the �ber mi-grates until, when contacting with the basal tip of another �ber, it separates fromthe capsule and joins to that other tip. Regarding the apical tip, the �ber keepsa direct contact with the anterior epithelium, upon which it migrates at a slowerrate than upon the capsule. Once it reaches the apical tip of other �ber, it joinsto it after losing contact with the epithelium. The geometric locations formed bythese unions between secondary �ber tips are called sutures and both their patternsand their optical and physiological relevance will be discussed later. Regarding thecause of the �ber elongation in this stage, it is thought to be due to the accumula-tion of crystallin and non crystallin polypeptides that start to be synthesized fromthe beginning of the di�erentiation process of the �bers.
• Maturing �ber cells: this stage starts at the moment the �ber has completely elon-gated once each one of its tips reaches a suture. Like other common epithelialtissues, the separation of the �bers from its basal lamina (the capsule) is the start-ing sign for a whole series of biochemical and cellular changes. One of them is theincrease of the interdigitations among the cellular membranes, as well as an impor-tant increase of di�erent types of cell junctions in such membranes. For instance,in some regions of the crystalline lens, gap junctions comprise between 30% and60% of the membrane surface, when in most of tissues is not higher than a 4%.This higher complexity in the intercellular communications responds to a higherisolation of the �bers in relation with the nutrients that can reach them by passivedi�usion, what forces the tissue to develop new strategies to increase the commu-nication among the bulk of cells inside the lens and the relatively small numberof metabolically active cells in its surface. On the other hand, a higher number ofinterdigitations is useful to stabilize the crystalline cells in those accommodationprocesses that involve changes in the lens shape. Another relevant change thattakes place at the �ber in this maturing stage is the sudden loss of most of theirorganelles at a constant distance from the lens surface. Although more slowly, the�bers nuclei end up disappearing too. Such a cellular degradation is a feature thatother strati�ed epithelia share, like the skin. In the case of the crystalline lens, thisfact allows to increase the transparency by decreasing the possible sources of lightscattering. For instance, certain pathologies where the transparency of the lens islow are due to the persistence of those organelles in the mature crystalline �bers,like in the case of the human congenital cataract. Another factor in the decrease of11



1 The crystalline lensthe lens transparency, the intercellular space, is also minimized by partially fusingthe cellular membranes, leaving spaces of just 20 nm. Once the �ber has lost itsorganelles, it starts a process of compaction of the �ber that in the case of primatesproduces a decrease in the �ber section to one third of its original size. This com-paction is due to a dehydration of the cells and the modi�cation and interaction ofthe crystallins, the proteins that cause the gradient index in the lens.

Figure 1.4: Cross-sectioned secondary �bers of the crystalline lens [Kus96] (Courtesy ofJ.R. Kuszak).
• Mature �ber cell: it is the �ber that results from all processes formerly explainedand that ends up being part of the growing lens nucleus, more hardened than thesurrounding cortex.1.3 Form and layout of the secondary �bersThe secondary �bers of the crystalline lens are generally hexagonal in their cross-section(see Fig. 1.4), with two wide faces parallel to the lens surface and four narrow faces. Thedistance between the wide faces is named �ber thickness and that between the anglesformed by the narrow faces is named �ber width. In spite of the large variations of size incrystalline lenses, the thickness and the width of secondary �bers is relatively constant.Therefore the di�erence in the size of the lens is mainly due to the its number of �bers.In the equator, the �ber width is roughly 10-12 µm and its thickness 1.0-1.5 µm, being abit thicker in the posterior segment of the crystalline lens, what would explain the largerproportion of this segment in most of species [Kus96].12



1.3 Form and layout of the secondary �bers

Figure 1.5: Equatorial cross section of the crystalline lens, where it can be seen how thesecondary �bers are arranged in radial cell columns. Note the presence ofpentagonal �bers in those points where one of those columns splits into two[Kus04b] (Courtesy of J.R. Kuszak).In a equatorial cross section of the lens (see Fig. 1.5) it can be seen how, at a certaindistance from the surface, the �bers are arranged in radial cell columns, perfectly packed.This very high degree of packing and order might be the main reason for the hexagonalshape of the �bers, the most optimum con�guration to minimize the extracellular spaceand the surface of the membranes, both very important aspects in the transparency ofthe resulting tissue. The only exception to this pattern are some �bers with a pentagonalshape (see Fig. 1.5), that occur when a radial cell column splits into two as a result ofthe continuous growth of the dimensions of the eye lens.1.3.1 The sutures and their patternsAs it was mentioned in a former section, crystalline �bers start their maturing stage whenthey stop elongating and that happens when their tips contact those of another �ber or�bers. These unions are not randomly distributed inside the crystalline lens. Instead,they describe lines or surfaces perfectly de�ned named sutures and with a pattern thatis limited to four possibilities:
• Umbilical suture lenses (see Fig. 1.6): it is simples type of lens, that we can �ndin �sh, birds and some reptiles, mainly snakes and turtles. Their secondary �bers13



1 The crystalline lenselongate along the meridians of the lens, becoming narrower as they converge on theanterior and posterior poles. The continuous superposition of new layers of �bersproduces two umbilical sutures, anterior and posterior, extending like two linesfrom the surface of the embryonic nucleus, which has not sutures, to the respectivepoles of the crystalline lens.
• Line suture lens (see Fig. 1.7): in this case it can be distinguished two types ofsecondary �bers depending on the orientation of their tips in relation with thepoles of the lens. Firstly, there are straight �bers that, like in the umbilical suturelens, elongate along one of the meridians, although in this case just one of theirtips reach a pole, whereas the other stops halfway (Fig. 1.7.c). The second typeof �ber, the S-shaped �ber, is the most common and its two tips are curved inopposite directions, without reaching their respective poles and giving to the �bera S-shape when it is observed from the equator of the lens (Fig. 1.7.a). Therefore, itis a �ber that does not extend along a plane that also contains the anteroposterioraxis of the lens (Fig. 1.7.h). Next, the arrangement of these two types of �beris described. In each layer of �bers there are two pairs of straight �bers. Eachpair of �bers is joined at one of the poles, one �ber at 180o of the other, and endshalfway of the opposite hemisphere. These pairs are rotated 90o between them,forming a cross. In each hemisphere the tips of the straight �bers that do notreach the poles de�ne a straight line, at 90o the line of one hemisphere in relationwith the line of the other hemisphere. The opposite tips of the S-shaped �bers arearranged along each one of these de�ned straight lines (see Fig. 1.7.d-f). Thus,each layer of �bers shows two sutures, one orthogonal to the other, that give riseto two isosceles triangles, orthogonal one to the other and that extend from thesurface of the embryonic nucleus to the surface of the lens. This type of suturepattern is found in amphibians and some small mammal, like the rabbit.
• Y suture lens (see Fig. 1.8): the type of lens found in most of mammals (mice, rats,hamsters, guinea pigs, dogs, cats, sheep, cows, pigs, etc). In this lens there are alsostraight and S-shaped �bers (Fig. 1.8.a). However, in this case each layer of thecrystalline lens contains six straight �bers, three in each hemisphere joined at thecorresponding pole and angularly equidistant (120o) (Fig. 1.8.c). The two trios of�bers are rotated 60o between them. As a result, the tips of the straight �bers thatdo not reach the poles de�ne in each hemisphere a Y-shaped suture, rotated 60obetween them. (Fig. 1.8.b,d,e-h).14



1.3 Form and layout of the secondary �bers

Figure 1.6: Layout of the secondary �bers in an umbilical suture lens, disposed alongthe meridians (a) over the embryonic nucleus (b) and giving rise to layers of�bers that converge on the anterior and posterior poles of the crystalline lens(c-d) [Kus04b] (Courtesy of J.R. Kuszak). 15



1 The crystalline lens

Figure 1.7: Layout of secondary �bers in the line suture lens [Kus04b] (Courtesy of J.R.Kuszak).16



1.3 Form and layout of the secondary �bers

Figure 1.8: Layout of secondary �bers in the Y suture lens [Kus04b] (Courtesy of J.R.Kuszak). 17



1 The crystalline lens
• Star suture lens (see Fig. 1.9): it is the most complex pattern and it is exclusiveto the primates. Throughout its fetal period of development, the crystalline lensshows a Y suture lens pattern. However, after birth three star suture patterns,each one more complex than the former, are gradually formed through childhood,adolescence and adulthood, respectively. This process starts when, in a new layerof secondary �bers, one pair of straight �bers overlay S-shaped �bers of the layerunderneath. Since, as it has been shown, the tips of straight �bers delimit sutures,new groups of S-shaped �bers are de�ned at both sides of the new straight �bers,producing two little sutures that converge on one the original sutures and forminga Y at its periphery. As new longer straight �ber superpose, two new suturesthat reach the pole end up forming. This process occurs in the whole of the lens,producing at the end of childhood a star suture pattern with six branches in eachhemisphere, rotated 30o between them. This pattern becomes more complex duringadolescence, with nine branches stars, and eventually in the adulthood the last starcon�guration is formed, with twelve branches in each hemisphere. As a result of allthis process, the adult lens shows discontinuous suture planes from the embryonicnucleus to the periphery of the lens. Such discontinuities explain those observed inthe primate crystalline lens with the slit lamp.
As we have seen before, the dense packing of crystalline �bers, as well as the loss oftheir intracellular organelles, turns the lens into a structure of minimum di�raction andscattering (the light scattered by the lens is about 5% of the incoming light). However,the fact the �ber tips are not uniform, neither in their shape nor in their size, makes thelens not so optically good at the suture planes. This e�ect becomes more important withage, as the lack of uniformity of the �bers in such planes increases. It is though that thiswould be the reason that would justify the discontinuity of the suture planes in primates,by reducing and distributing their optical e�ect and improving the optics of the whole.In the last years there have been speculations on the role of sutures in the transportof metabolites and nutrients in the crystalline lens. If the tips of secondary �bers, likethose of other epithelial cells, show an important number of cell junctions, the sutures,composed by these tips, should allow the di�usion and transport of metabolites andnutrients. Hence, the more complex the suture pattern, like in primates, the more e�cientthat transport system.18



1.4 Metabolism

Figure 1.9: Layout of secondary �bers in the star suture lens of a child (�rst row), of anadolescent (second row) and of an adult (third row) [Kus04c] (Courtesy ofJ.R. Kuszak).1.4 MetabolismThe lens metabolism is essential for the maintenance of a proper transparency. Anyalteration can cause the aggregation of proteins, hydration changes, separation of phasesof cellular components and/or cytoskeletal changes, all factors that can lead to cataract.That is why so important the role played by the system of cell junctions to guaranteeall of them have access to nutrients that arrive from the aqueous and vitreous humour.Passive di�usion by itself would not be enough to supply nutrients to the whole of thelens, just to the periphery. For this reason, it has been proposed the existence of anactive transport system that would make use of that network of cell junctions and thatwould generate a circulating �ux of ions and water that would carry metabolites andnutrients from the poles to the equator.Regarding the energy production in the crystalline lens, it depends almost completelyon glucose, obtaining 70% of the energy from anaerobic glycolysis. Although it is less19



1 The crystalline lense�cient than the aerobic one, that takes place essentially in the epithelium, it is a goodsolution to the lack of oxygen inside the lens.Another important contribution of the lens metabolism to the tissue transparency isthat of the regulation of the electrolytic equilibrium to maintain a proper hydrationdegree, which in the case of an adult human is about a 65%, much less than what isnormal in other tissues. An important amount of this water does not di�use freely inthe crystalline lens but it is associated to di�erent molecular structures, mainly proteins,which make up 35% of the wet weight of the eye lens.The protein synthesis of secondary �bers has a big relevance when explaining two im-portant optical features of the crystalline lens: its gradient index and the existence ofrefractive indices as high as 1.56 [Gar01]. This is achieved by means of a special typeof proteins, the crystallins, where it can be distinguished alpha, beta, gamma and deltacrystallins (this last type just present in reptiles and birds). These proteins are charac-terized for being able to reach high concentrations without aggregating and scatteringlight and due to variations in their synthesis along the di�erentiation of secondary �bersthe crystalline lens shows a gradient index.1.5 The crystalline lens as an optical elementThe refractive power of the lens depends on the power of the other lens of the ocularsystem, the cornea, and this power itself on the refractive index of the surroundingmedium. For instance, in aquatic vertebrates, like �sh, the refractive power of the corneais negligible because of the little di�erence between its refractive index (1.376) and thatof the water (1.333), as well as its low curvature. Therefore, �sh have very powerfulcrystalline lenses, with almost spherical geometries and values of the refractive indexhigher than those of any terrestrial animal. This con�guration, which also occurs in thelarval stage of amphibians, changed with the adaptation of vertebrates to life on theemerged land. A larger di�erence between the air refractive index and that of the corneamade the cornea the main lens of the ocular system, what would explain the decrease inthe anteroposterior axis of the eye lens. As a result, in the case of the human eye, forinstance, for far vision, the lens contributes with about one third of the refractive powerof the eye, with about twenty diopters.The gradient index plays an important role in the quality of the image produced bythe lens. For instance, in the case of the almost spherical �sh lens, if its refractiveindex were homogeneous the spherical aberration would be so high that it would notallow to resolve properly any detail. However, when the optical quality of these lenses is20



1.5 The crystalline lens as an optical elementtested, it is observed a very good correction of the spherical aberration that can only beattributed to the gradient index. Likewise, this gradient is also partially responsible forthe refractive power of the lens, along with its geometry. Another property of the gradientindex, according to some researchers [Kro99], is to generate multifocal lenses in somespecies that would compensate the chromatic aberration by means of the monochromaticspherical aberration, in such a way each concentric third of the lens would form a correctimage in the retina for each one of the main wavelengths to which their cones are sensitive.The eye lens is also essential in the accommodation, the mechanism through whichthe ocular system can form in the retina a good image for objects placed at di�erentdistances. The accommodation amplitude, or range of the object space that can beproperly focused, and the mechanism in charge of providing it changes depending on thespecies and the need that this species may have of modifying the refractive power of itsocular system.The most simple fashion of accommodation is moving the lens, as it occurs in themost primitive vertebrates. The most representative case is that of the �sh, with a rigidlens that it would be very di�cult to deform. In the teleost �sh, the most commonones, the lens is moved both along the visual axis and orthogonally to it by means of aretractor muscle (see Fig. 1.1), reaching accommodation amplitudes up to 20 D. It mustbe pointed out that in those cases where the movement is con�ned to the pupil plane,objects places at di�erent distances are imaged at di�erent parts of the retina. Othertype of vertebrates that also move their lenses to accommodate are the amphibians andthe snakes. The latter have some muscular �bers in the base of the the iris that exertpressure on the vitreous humour when contracted, pushing the lens forward.The most common mechanism of accommodation in mammals, birds and most ofreptiles is that of the modi�cation of the shape of the lens. In these last two cases, thatmodi�cation is due to the direct pressure exerted on the lens by the ciliary body and theiris, what increases the curvature of the anterior surface of the lens generating a iridogeniclenticone. A good contact of the ciliary processes with the crystalline lens is ensured witha pad produced by the anterior epithelium in the region of the equator, as well as a correctdistribution of the exerted forces. In cases like those of the aquatic birds the amplitudeof accommodation can reach values up to 50 D (cormorants) or more, since once in thewater they compensate the loss of refractive power of the cornea by increasing that of thelens. In primates, the crystalline lens modi�es its shape by means of the tensions exertedby some �bers inserted in its equatorial capsule (zonular �bers) and which are connectedthemselves to the ciliary muscle. According to the Helmholtz theory of accommodation,when the ciliary muscle is relaxed, the zonular �bers are tensioned and the lens increases21



1 The crystalline lensits diameter and �attens, decreasing its refractive power. However, if the zonular �bersare relaxed and the lens becomes rounder and gets closer to the cornea, its refractivepower is increased. Among mammals, primates show one of the largest amplitudes ofaccommodation, which in the case of human beings is about 14 D in the childhood.The eye lens also works in the ocular system as a ultraviolet �lter, preventing thisdamaging radiation from reaching the retina. Almost all light with a wavelength withinthe range of 300 and 400 nm is transmitted through the cornea up to the lens, where ismostly absorbed. This absorption is due to the reactivity of the aminoacid residuals ofits proteins, as well as to the presence of pigments and �uorophores. As a result, the lensbecomes yellowish with age, although other more dangerous e�ects include the cellularDNA damage, which may end up giving rise to cataractogenic processes.1.6 Rotational symmetry of the gradient index of thecrystalline lensAs it can be ascertained from what has been explained in the former sections, the re-fractive index in a given point of the lens depends on the concentration of crystallins inthe cellular cytoplasm [Mof02a]. Since this concentration depends itself on the proteinsynthesis that occurs in the di�erentiation process of crystalline �bers from their stageof �ber cell precursors in the epithelium until their stage of mature �bers, the symmetryof the gradient index, as well as the shape of the lens, will be a re�ection of the layout ofthe di�erent layers of crystalline �bers. Therefore, according to what has been explainedin section 1.3, there are just two factors that might produce deviations in relation withthe assumption of rotational symmetry of the gradient index and geometry of the lensabout its optical axis:
• the perturbations generated by the sutures in the distribution of the refractiveindex.
• the deviations of the actual lenses regarding the ideal models described in section1.3.Thus, as a �rst approximation, rotational symmetry seems to be the most adequate oneto describe both the geometry and the gradient index of the crystalline lens. Besides, asit will be shown later, this feature simpli�es the mathematical formulation of the recon-struction of the gradient index. For both reasons, in the formulation of the new methodof reconstruction that it is presented in this work we will consider the gradient index and22



1.6 Rotational symmetry of the gradient index of the crystalline lensthe geometry of the crystalline lens rotationally symmetrical about its optical axis. Lateron, in the last chapter, we will discuss the degree of goodness of this approximation onthe basis of the experimental data obtained by di�erent techniques.
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2 Methods of measurement of thegradient index in crystalline lensesThere have been several methods applied or developed for the measurement of the dis-tribution of the refractive index in the crystalline lens since Thomas Young proposed theexistence of such variable index in 1801 [You01]1. The aim of this chapter is to do a re-view of all these methods, explaining their main features and limitations. These methodsof measurement can be classi�ed depending on the need of altering or not the structuralintegrity of the eye lens to perform the measurement of the gradient. A �rst group wouldcomprise the destructive methods, the �rst ones to be used and that in all cases carryout a zonal reconstruction (point by point) of the distribution of the refractive index. Asecond group would be that of the non destructive methods, a group that includes the newmethod proposed in this work and of special interest for not implying the destructionof the lens. As it will be shown, in these methods the reconstruction of the gradientindex may be both zonal and modal (calculation of the coe�cients of a functional seriesexpansion). Finally, in a third group would be the hybrid methods, zonal methods thatrequire a previous calibration that implies the destruction of one or several crystallinelenses. Nevertheless, once properly done, the results of the calibration can be used forlater measurements of the gradient index without causing any structural alteration ofthe studied lens.2.1 Destructive methodsAbbe refractometerThe �rst scientist in measuring the variation of the refractive index inside the lens wasLudwig Matthiessen [Mat82]. In order to do so, he took samples of the lens in di�er-ent zones and measured their refractive index with an Abbe refractometer. Until the1Throughout this work we will call algorithm the mathematical protocol through which some experi-mental data are processed with the aim of reconstructing the refractive index and method the wholeof the experimental technique used to obtain the data and the algorithm. 25



2 Methods of measurement of the gradient index in crystalline lensessixties of the former century this was the only method used for the characterization ofthe crystalline gradient index [Hug48, Wea63]. Although easy to implement, it has twoimportant drawbacks. The �rst of them is the fact of measuring a refractive index ina sample with a non constant value. The stronger the gradient, the less representativethe measurement. On the other hand, and this is a drawback of the other destructivemethods, the fact of sectioning or extracting samples of the lens implies a very aggres-sive modi�cation of the conditions of osmotic and metabolic equilibrium that guaranteelocally the existence of given concentration of crystallins, as well as their proportion andsolubility (see section 1.4).Schlieren interferometry
M

SC
L1 L2 C L3

PFigure 2.1: Diagram of the schlieren interferometer for the measurement of the gradientindex in the lens, where M represents for the monochromatic source of light,
L1 y L2 two condenser lenses, SC a frozen section of the lens, C a blade y
L3 the lens that projects the interferogram on the screen P .The �rst alternative to the Abbe refractometer was the use of the schlieren interfero-metry [Bru65] with plane-parallel sections of formerly frozen crystalline lenses [Nak68,Nak69]. This type of interferometry is based on the interposition of an optical inhomo-geneity (the lens section) in the trajectory of a plane wavefront to be focused. Dependingon the gradient index in a given zone of the section, light that traverses that zone willbe deviated more or less from its ideal focus in case no inhomogeneity were placed (seeFig. 2.1). By measuring such deviations at the focal plane a map of the gradient indexcorresponding to that lens section can be reconstructed. In the case of references [Nak68]and [Nak69], that measurement was carried out with a technique similar to the Foucaultknife edge and afterwards the distribution of the index in that studied section was ob-tained by numerical integration of the map of gradients. To perform such an integration26



2.1 Destructive methodsthe refractive index at the center of the section was used as an initial value, obtainingthat index with an Abbe refractometer. This method, more elaborate than the formerone, in addition to involve the freezing and cut of the lens has the disadvantage of beingvery sensitive to any misalignment or lack of plane-parallelism of the sections of the lens.Protein densitometryA third destructive method makes use of the the protein densitometry to relate theconcentration of proteins in a zone of the lens with a refractive index. The theoreticalbase of this method is relatively simple. The index n of a solution and the concentration
C of its solute can be related for many solutes [Bar57] by linear expressions like

n = n0 + αC (2.1)where n0 is the solvent medium index, α is a constant that depends on the natureof the solute named speci�c refractive increment and C is expressed in mass of soluteby unit of volume of the solution. In the speci�c case of the protein solutions, theirrefractive index is determined by an expression like that of the equation 2.1 (in references[Bar57, Pie87] we can �nd values of the constant α for di�erent types of proteins). Hence,by measuring in a zone of the lens the protein concentration it is possible to obtain a�rst approximation of its refractive index. By using the microradiography on frozensections of eye lenses, several works [Phi68, Fag81] show protein concentration mapsof those sections. Afterwards, and by means of the equation 2.1, the correspondingindex distributions are calculated. Besides the mentioned error due to the freezing andcut of the lens, this method does not distinguish the optical contribution of di�erenttypes of biological compounds like the lipoproteins, polypeptides or minerals and in thementioned works all dry mass detected by microradiography is considered as solubleprotein. Likewise, it is not determined how the proportion of concentrations of thedi�erent types of crystallins a�ect the gradient index [Pie95].Pulfrich refractometryPulfrich refractometry is based on the phenomenon of total re�ection to determine therefractive index of a given substance. This substance is placed in contact with one of thecatethi of a rectangular prism, of which the index is known and it is higher than that ofthe substance (see Fig. 2.2). By illuminating tangentially this side of the prism, somelight enters the prism with the critic angle that corresponds to the relationship of theindices of the prism and the substance to be measured. When light ends up emerging27



2 Methods of measurement of the gradient index in crystalline lensesthrough the opposite side of the prism, the measurement of the exit angle along with theknowledge of the dimensions and the index of the prism allows to calculate the refractiveindex of the substance. This method was applied by W.S. Jagger [Jag90] to sections oflenses frozen for the cutting and unfrozen to be measured, with the aim of obtainingmaps of their isoindicial lines. Some of its main drawbacks, besides the alterations thatmay take place in the lens, are the indetermination of the borders of such isoindicial linesbecause of the �nite size of the aperture of the registering camera and the refraction thatmay occur to the incoming light in the lens gradient index before entering the prism,producing as a result wrong measurements.
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Figure 2.2: Diagram of a Pulfrich refractometer, where LT represents the beam of lightthat enters tangentially the prism P , in contact with the half of the crystallinelens, and that enters the prism with the critic angle θc which corresponds tothe relationship between the indices of the prism and that of the lens atthe point of refraction. Light exits the prism forming an angle ψ, which isregistered by an optical system S.O.Re�ectometryThe newest of the destructive methods applied on the measurement of the gradient indexof crystalline lenses is based on re�ectometry. It makes use of a monomode optical �ber asa sensor to measure the re�ectance that occurs at di�erent points of the lens for the lightguided for such a �ber [Pie93, Pie97]. Although not as invasive as the former methods,the fact that the sensor, with a �at head, is gradually introduced inside the lens makeshighly possible that the �bers accumulate on its tip, a�ecting the measurements. It canalso be told that the algorithm that retrieves the index of the examined point assumes28



2.2 Non destructive methodsnormal incidence of light. This might be a source of error in those zones of strongergradient of the index.2.2 Non destructive methodsAn alternative for the retrieval of the distribution of the refractive index is the mea-surement of certain quantitative parameters of the optical behaviour of the lens and itsposterior processing with an algorithm that takes into account the existing relationshipbetween such optical behaviour and the refractive index. Depending on which are thoseoptical parameters three groups of non destructive methods can be distinguished: thosethat use data from ray de�ectometry, from interferometry and from the �tting of ocularparameters.2.2.1 Ray de�ectometryRay de�ectometry (usually named laser scanning or laser ray-trace method) is based onthe characterization of the de�ection produced at the exit of a lens for a collection ofincoming laser beams. This characterization is based on the obtaining of the parame-ters of the trajectories of the incoming and outgoing beams, their correlation and thecalculation of their intersection with the surface of the lens.Abel integral inversionThe �rst method that used ray de�ectometry for the measurement of the gradient in-dex in crystalline lenses implemented an algorithm designed originally for optical �berpreforms [Chu77]. Such an algorithm stems from the mathematical relationship betweenthe incidence height of the ray, x, and its de�ection angle at the exit of the preform, ϕ.For a gradient index with a radial dependence n (ρ) in a circular section orthogonal toits axis, from the ray equation [Mar78, cap. 2] it is deduced the following relationshipbetween the height x at which a ray parallel to the optical axis enters the preforms andthe angle ϕ that it forms with such an axis at its exit
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if next = n (b) , (2.2)where b is the section radius, next the index of the external medium and ρ0 a functionof x (see Fig. 2.3). Inverting equation 2.2 by means of an Abel integral inversion, n (ρ)can be expressed as a function of, ϕ (x), a measurable variable [Cam84]. Therefore,29



2 Methods of measurement of the gradient index in crystalline lensesmatched next and n (b) and known the de�ection function ϕ (x) for x ∈ [0, b], the radiallysymmetrical function n (ρ) can be reconstructed point by point from the border of theoptical element.

Figure 2.3: Ray de�ected by a cross section of a preform with surface and external indicesmatched.With this formulation this method has been used for the determination of the gradientindex of teleost �sh lenses [Kro94, Kro01, Kro96]. Since, such lenses can be assumedto be spherical, the method is applicable to any meridional plane of the lens and theresult can be generalized to three dimensions. However, in most of the vertebrates thegeometry of the crystalline lenses is not spherical and for these cases two strategies havebeen considered to apply this de�ectometric method:
• To assume the existence of a plane of the lens with a radially symmetrical geometryand gradient index where the method can be applied (in those works which havedone so, such a plane is the equatorial plane of the lens, orthogonal to the opticalaxis [Cha88, Pie89]). Afterwards, the result is projected to the rest of the lens byassuming that the retrieved isoindicial surfaces are sections in the equatorial planeof ellipsoids concentric with the surface of the lens.
• To generalize the method for slightly elliptical sections and index pro�les [Brl78].According to this generalization, gradient indices of meridional planes of slightlyelliptical lenses could be retrieved [Cam84].Another constrain of this method is the matching of next and n (b), what means anaccurate knowledge of n (b). This limitation was studied in the work [Cha88], whereassuming a little di�erence between both indices, maintaining the radial symmetry andknowing next a series of approximations were proposed to estimate n (b).30



2.2 Non destructive methodsIn spite of these modi�cations regarding the geometry and index matching, this de-�ectometric method show important shortcomings for its generalized application to allkind of crystalline lenses. On the one hand, the assumed gradient index model is tooconstrained, with isoindicial surfaces that have to be concentric with the surface of thelens and circular or almost circular at the measurement plane. On the other hand, ex-ternal indices must be matched or almost matched to the surface index, what makesmore di�cult the experimental implementation of the measuring process and involves aprevious knowledge of such a surface index.Optimization algorithmsA second de�ectometric method is based on the use of optimization algorithms for thereconstruction of the distribution of the refractive index. By assuming rotational sym-metry, it is considered a description of the gradient as a linear combination of a base offunctions fi (ρ, z) that satis�es
n (ρ, z) =

N
∑

i=1

aifi (ρ, z) (2.3)where ai are the coe�cients that the optimization algorithms have to calculate. It is,thus, a modal reconstruction of the gradient index, unlike the zonal reconstruction of theformer method.The �rst work that it could be included within this group is that of the reference[Axe88], which made use of very simple models of the index distribution. From the �ttingof certain experimental data to some paraxial equations some initial coe�cients ai wereproposed. By using a numerical ray tracing, incoming rays were traced with the sameparameters as the experimental ones and depending on the di�erence of the parametersof the theoretical and experimental exit rays those coe�cients ai were changed by trialand error until the the parameters of the propagated exit rays converged with thoseof the experimental ones. This procedure was re�ned later with the implementationof real optimization algorithms [Gar01, Bro04], like that of conjugate directions, thatautomatized the process of variation of the coe�cients ai and allowed to work with morecomplex gradient models.A �rst drawback of this method is the need of implementing a numerical ray tracing, ademanding computational process if a good accuracy is expected. The second drawbackcan be extended to all optimization algorithms used so far in this �eld of research: thelack of unicity of the solution. If the initial coe�cients ai are too far from the real ones,31



2 Methods of measurement of the gradient index in crystalline lensesif the algorithm does not vary them properly in each iteration and/or if the topologicalspace de�ned by the merit function is too complex (what increases with the number ofcoe�cients), the likelihood of falling in a local minimum of the merit function increases,as well as the time of convergence. All these factors have made no possible to apply thismethod to crystalline lenses with more complex symmetries than the spherical one.Characterization of the internal ray trajectoriesA particular case based on ray de�ectometry is that published by Beliakov and Chan in1998 [Bel98]. Instead of considering the trajectory of the rays outside the lens they use,as initial data, the images of the internal ray trajectories in a meridional plane of thelens with rotational symmetry. Since these trajectories are seen through a semilens ofvariable index, the registered trajectories are not the real ones but their images as formedby the lens. Thus, the method has to take into account this fact when, by invertingthe ray equation, retrieves the gradient index from the ray trajectories. With somemathematical complexity, the main drawback of this method is the high computationalcost of its implementation. Regardless of the numerical simulations performed in thementioned reference, this method has never been put into practice.2.2.2 InterferometryInstead of optically characterizing an element from the gradient of the phase at its exit(rays), it is possible to directly measure that phase by using interferometry. This ex-perimental technique has been the basis of di�erent methods used for the reconstructionof the gradient index at cross sections of optical �bers [Iga78, Chu79]. In the case ofeye lenses its use has been rare and limited to one group of researchers [Nil83, Nil05]focused on the study of gradient indices of invertebrate lenses. From the interferogramformed by an interference microscope, the positions of maxima and minima of the phasemap corresponding to a cross section of the lens are obtained, with the axis of symme-try orthogonal to the optical axis of the microscope. Such a cross section is supposedto be radially symmetrical and made up by a series of concentric rings within whichthe refractive index varies linearly, being the distribution continuous but not necessarilydi�erentiable between rings. The radial position of each ring, as well as their extremeindices, is calculated by using an iterative algorithm that involves the re�nement of aray tracing, initially assumed straight. Such a iterative re�nement is function of thedi�erence between the distribution of the phase for that ray tracing and that of the ex-perimental case. This method is specially sensitive to the error in the calculation of the32



2.2 Non destructive methodsgradient in the most peripheral rings, since the calculation of such a gradient in each oneof the rings depends on that calculated in those more external. In fact, in the publishedworks the error in the calculation of the index increases towards the center of the lens,reaching values up to the second decimal digit of the index over a total variation of the�rst decimal digit of the index between the periphery and the center of the lens.
2.2.3 Fitting of ocular and visual parametersOne way of obtaining quantitative parameters of the optical properties of the lens is tocharacterize previously the whole of the ocular system and to leave out the e�ect of allwhat is not crystalline lens, that is, cornea, intraocular distances and refractive indicesof the vitreous and aqueous humour, which are supposed to be perfectly parametrized bymeans of in vivo or in vitro measurements. In 1984 it was published a �rst work that madeuse of this method to characterize the gradient index of the human lens [Pom84]. It wasmodeled as a rotationally symmetrical lens about the optical axis and asymmetrical aboutits equatorial plane, made up by multiple aspheric layers with an increasing refractiveindex towards the nucleus. As a result, the lens was de�ned by 33 variables that hadto be calculated, through a minimization algorithm, from the above mentioned ocularparameters and the average axial spherical aberration measured in 100 emmetropic eyes,as well as some initial data of the lens, as its central index, curvature radii in the polesand thickness. Besides using a not very elaborate minimization algorithm, this method istoo ambitious in its modeling of the lens taking into account the limitations in its inputoptical data: the approximated position of the circle of least confusion and the axialspherical aberration. With 33 variables and those input data it can not be guaranteedthe unicity of the solution and that it is the closest to the real gradient, mainly out ofaxis.This method was reformulated some years later with a more simple lens model [Hem95].In this case, assuming as known the central index, it was proposed a polynomial gradientindex depending on one single parameter β. Besides, the aim was just to characterizethe gradient on axis. To do so, the mathematical relationships among the di�erentparameters which were available to calculate β were linearized and such a parameter wasobtained by �tting. Without discussing the validity of these linearizations, this methodwas limited by the paraxial nature of its reconstruction. 33



2 Methods of measurement of the gradient index in crystalline lenses2.3 Hybrid methodsAs it has been de�ned in the introduction of this chapter, a hybrid method includes acalibration procedure which is destructive but other measurement procedure which isnot and is based on the data obtained in the calibration. Nowadays, the only hybridmethod that has been developed for the retrieval of the lens gradient index is based onthe technique of magnetic resonance imaging, MRI [Mof02a, Jon05]. This method makesuse of the linear relationship that exists for a wide range of protein solutions betweenthe transverse relaxation time T (or its inverse R = 1/T ) of the hydrogen protons andthe protein concentration [Hil89]. As it was shown in section 2.1, there is also a similarlinear relationship for the refractive index of a protein solution (see Eq. 2.1). Therefore,by assuming that R in the lens cells is mainly in�uenced by the proton exchange betweenthe intracellular water and proteins, once known the empirical relationship between therefractive index n and R, from the measurement of the latter for a section of the lensthe gradient index of such a section can be obtained. The obtaining of this empiricalrelationship between n and R constitutes the calibration stage of the method. In this stagea certain number of crystalline lenses are decapsulated and its internal tissue homogenizedwith a spatula. Afterwards, the resulting tissue is gradually dehydrated. The outcomeof this process is essentially a concentrate of crystalline proteins. Thus, by dilutingsamples of this concentrate in arti�cial aqueous humour it can be obtained the wholepossible range of protein concentrations within the crystalline �bers. Once prepared thesamples, the value of n and R are measured. Since the experimental devices used in themeasurement of R in the samples and later in the lens are di�erent, in the calibrationstage is also necessary to measure R in each one of the samples with both devices andcheck that the result is the same, as well as the margin of error.Once there are reliable calibration data, these data can be used in a measurement stageto calculate the refractive index distributions that correspond to the R maps obtainedfor sections of 1 mm thickness of intact lenses immersed in biocompatible solutions.This method, the newest of the above mentioned, has the following shortcomings:
• The �rst is to assume that with a physical procedure like that of the spatula thecell walls can be broken up and a homogeneous protein solution be generated inorder to use it in the calibration stage.
• From the study of the empirical relationship between n and R and the calibrationof the two experimental devices used in the measurement of R it can be deducedthat for indices higher than 1.40 the measurement error is in the second decimaldigit [Jon05].34



2.3 Hybrid methods
• The maps of R obtained in the crystalline lens correspond to average values withina section of 1 mm of thickness, that is, about a 10% of the equatorial diameter ofthe lens.
• In the the images of R shown in some of the works [Jon05] there is a noise in thebiocompatible solution that makes R to reach values like those of the periphery ofthe lens. Inside the lens, this might generate errors of about the second decimaldigit in the retrieval of the gradient index.
• In the comparison of the numerical ray tracing of the retrieved gradient indices withthe data obtained by ray de�ectometry there is not a good correlation [Jon05].
• Finally, even without considering the calibration stage, the experimental setupneeded to implement this method is very expensive.Need of a new method of reconstruction of the gradientindex in crystalline lensesOnce all methods applied for the reconstruction of the gradient index of crystallines lenseshave been put forward, the question of the need of the development of a new one raises.To answer this question, the features that should have an ideal retrieval method will belisted next, as well as in which degree the methods already developed satisfy them:1. Minimal alteration of the lens tissue and, therefore, of its gradient in the measurementprocess: as it has been shown, the main drawback of the destructive methods isthat they do not ful�ll this condition.2. Minimal constrains in the modeling of the gradient index and that, in case there aresome, they limit as less as possible the application of the method to the lens: thisis not the case of the de�ectometric method based on the Abel integral inversion,the non destructive interferometric and that of axial reconstruction of the gradientindex from ocular and visual parameters.3. Unicity of the solution obtained from the experimental data: it has already men-tioned that the lack of unicity is a problem that a�ects all methods that haveused optimization algorithms, because of the type of the algorithms that have beenimplemented. 35



2 Methods of measurement of the gradient index in crystalline lenses4. Average precision in the third decimal digit of the index in the retrieval of the gradient:from the results obtained with all the former methods it is clear that the variationof the refractive index in any lens is within the order of the �rst decimal digit(�sh) or the second decimal digit (mammals). Hence, it is reasonable to ask for anaverage error in the retrieval no higher, at least, than the third decimal digit. Sofar, none of the applied methods has been able to guarantee the ful�llment of thiscondition.5. Reproducibility of the optical behaviour of the lens by the reconstructed gradientindex, both on axis and out of axis: the optical reproducibility out of axis has notbeen studied by any method and when it has been studied on axis [Jon05, Kro94]the results are not good either.6. Simple experimental implementation: the need of matching external and surfaceindices in some of the de�ectometric methods or the high cost of the MRI devicesmakes di�cult their experimental implementation.7. Low computational cost: the implementation of a precise numerical ray tracing(internal ray de�ectometry, optimization algorithms) slows down the mathematicalprocess of the retrieval of the gradient index.Since none of the methods applied so far is able to ful�ll these seven conditions, thepossibility of developing one that does ful�ll them would imply a clear improvement inrelation with the current situation. This is the aim of this work.
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3 Theoretical bases of a tomographicalgorithm of reconstruction ofrotationally symmetrical gradientindicesThroughout this chapter we will show the theoretical bases upon which a new tomo-graphic algorithm of reconstruction of the gradient index will be formulated. Thesebases include concepts both from geometrical optics and tomography. Hence, �rstly itwill be necessary to do a brief introduction in both �elds and how these are interrelated.The �rst section of the chapter will be a review of the most important concepts of thelight propagation under the approximation of geometrical optics in a dielectric, inhomo-geneous and isotropic medium. Amid those concepts two will stand out: ray of lightand optical path. Later, a brief introduction to tomography will be done, since it is amathematical tool that will constitute the core of the new algorithm. Finally, in a thirdsection, from the relationship of the formerly mentioned concepts of geometrical opticsand tomography, the basic idea for the theoretical formulation of the algorithm will beexplained.3.1 Light propagation under the approximation ofgeometrical opticsLet us assume a monochromatic wave V (~r, t) = A (~r) exp {−ig (~r)}exp{iωt} which prop-agates in a dielectric and isotropic medium. If for a generic point of that medium with aposition vector ~r0 it is veri�ed that for a region of the order of magnitude of its wavelengththe medium can be considered homogeneous and that
A (~r) ≈ A (~r0)

g (~r) ≈ g (~r0) + (~r − ~r0) • ∇g (~r0)
(3.1)37



3 Theoretical bases of a tomographic algorithmthen the wave can be locally expressed in that region [Mej99] as
V (~r, t) = A (~r0) exp

{

−ik0~r∇L̂ (~r0)
}

exp {iωt} (3.2)where A (~r0) is the wavelength amplitude, k0 the angular wave number and L̂ (~r) afunction named eikonal and that veri�es the following equation of the same name
[

∇L̂ (~r)
]2

= n2 (~r) (3.3)being n (~r) the refractive index of that medium [Bor59].As it will be seen next, under this approximation it is possible to move from a wavedescription of light to a geometrical one, where it is considered that the light propagatesfollowing lines named rays and that the laws that rule their behaviour are geometrical.Nevertheless, it is important to note, as it can be deduced from the conditions 3.1, thatsuch an approximation has no validity in those cases where there are sudden changes ofthe intensity or the phase is not continuous, di�erentiable and univaluated en regionsof the order of magnitude of λ, for instance, di�ractive and interferential phenomena orcaustics.From the study of the equation 3.2 it can be seen that the wave has locally the samefunctional structure as a plane wave, where the direction of the vector ∇L̂ would bedirection of propagation of the planes of constant phase and luminous energy. Therefore,if it is de�ned as ray of light the curve with tangents at each of its points with the samedirection of propagation than the luminous energy in these points, there is a �rst linkbetween the geometrical and wave descriptions of light. The tangent direction at eachpoint of the ray would �t in, for locally plane waves, with that of ∇L̂. Hence, the unitaryvector ŝ tangent at each one of its points can be written as
ŝ =

∇L̂
∣

∣

∣
∇L̂

∣

∣

∣

=
∇L̂
n

(3.4)On the other hand, given the position vector ~r (s) of a point P of the curve that representsthe ray of light, where s is the arc length measured along the ray (see Fig. 3.1), ŝ canalso be written as
ŝ =

d~rds (3.5)38



3.1 Light propagation under the approximation of geometrical optics

Figure 3.1: Representation of a ray of light.From these last two expressions we obtain the following relation
n
d~rds = ∇L̂ (3.6)This relation is known as the ray equation since it determines their trajectories, orthogonalto the surfaces that verify that

L̂ (~r) = constant, (3.7)named geometrical wavefronts.Another important concept in the framework of geometrical optics is that of the opticalpath. The optical path between two points A and B of a curve described by a ray of lightin a medium with a refractive index n (~r) is de�ned as the integration
S (AB) =

∫ B

A

n (~r) ds (3.8)Since, as it can be deduced from the equation 3.6, dL̂ = n (~r)ds, the optical path coveredby a ray of light gives the variation of the eikonal function along its trajectory.3.1.1 Propagation of rays of light in media with rotationally symmetricalgradient indexAs it was mentioned in section 1.6, in this work crystalline lenses are going to be supposedmedia of rotationally symmetrical gradient. Thus, it is interesting to know how this39



3 Theoretical bases of a tomographic algorithmsymmetry a�ects the propagation of rays and to do so it is necessary to study such ane�ect in the ray equation. This equation can be expressed as a function of the refractiveindex n [Bor59] in the following waydds (

n
d~rds)

= ∇n (3.9)From the study of this equation for the particular case of the gradient index withrotational symmetry, n (ρ, z) = n
(

√

x2 + y2, z
), the following invariant condition in thepropagation of rays is obtained [Mar78, cap. 9]

c = xq − yp = x0q0 − y0p0, (3.10)where x, y, p and q are the position coordinates and the optical director cosines in x andin y of a ray at any point of its trajectory, respectively (with the subscripts 0 we note thevalues of these magnitudes in the initial point of the trajectory of the ray). For any raythat enters the gradient in such a way the value of the invariant c (or skewness invariant)is zero, its trajectory will be contained within a single plane of the gradient [Mar78, cap.9], which contains the initial point of the ray (x0, y0) and the axis z. This plane, as allthose that contain the axis of symmetry of the distribution, is named meridional plane ofthe gradient.3.2 Tomography basicsIt is named tomography the reconstruction of the distribution of a given physical magni-tude, f (x, z), by means of measurements that are line integrations of such a magnitude.The basic tool of tomography is an operator named Radon transform, <, that representsthe integration of the function f (x, z) along a line characterized by its distance to theorigin of the coordinate system, p, and its angular position regarding that system, θ.Assumed a surface ∑, like that of �gure 3.2, within which a certain magnitude f (x, z)of compact support is distributed, the Radon transform of f (x, z) at the point (p, θ)(transformed space) is de�ned [Her80] as
[<f ] (p, θ) =

∫ ∞

−∞

∫ ∞

−∞
f (x, z) δ (p− z cos θ − xsinθ)dx dz (3.11)where δ (p− z cos θ − xsinθ) is the Dirac delta function in the line de�ned by (p, θ)[Pap81].40



3.2 Tomography basicsAn important concept in tomography is that of projection. Given an angle θ, a pro-jection is de�ned as the set of values of the Radon transform for p ∈ [p1, p2], where p1and p2 are the extreme values of p that verify a line traverses the surface ∑ (see Fig.3.2). Once known the values of the projections for all angles θ ∈ [0, π) it can be shownthat the distribution f (x, z) can be tomographically retrieved [Her80]. In practice theavailable information for the reconstruction is discrete, regarding both the number anddistribution of projections and the measurements that correspond to each one of thoseprojections. Depending on the degree of discretization of these input data the type ofalgorithm to be used for the tomographic reconstruction is di�erent.
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Figure 3.2: Surface ∑ where a Radon transform is calculated along the line de�ned bycoordinates (p, θ).A �rst type are the transform algorithms. These are zonal reconstruction algorithmsthat numerically implement the Radon inverse transform for the calculation of f (x, z)at each point of the surface ∑. The existence of the inverse transform 1, <−1, is shownfor all square integrable function f (x, z) with compact support:
[

<−1<f
]

(x, z) = f (x, z) (3.12)The implementation of these transform algorithms requires a very complete set of input1The operator <
−1 is made up by a sequence of more simple operators �

<
−1 = −

1

2π
BHpDp

�, where
Dp is the partial di�erentiate with respect of the �rst variable, Hp the Hilbert transform with to its�rst variable and B the backprojection operator [Her80]. 41



3 Theoretical bases of a tomographic algorithmdata, close to the theoretical ideal of having projections and transforms for all θ and p.In case of having a much more discretized and incomplete input information the al-ternative are the series expansion algorithms. These are modal reconstruction algorithmsthat, to compensate the lack of information, assume that the distribution f (x, z) can beapproximated by a linear combination of a series of base or modal functions bi (x, z):
f (x, z) =

N
∑

i=1

aibi (x, z) (3.13)being the aim of these algorithms to calculate the values of the modal coe�cients ai.The reconstruction of the function f (x, z) as a series expansion is based on the prop-erties of linearity and continuity of the Radon transform, since it can be stated that
<f =

N
∑

i=1

ai<bi (3.14)The calculation of the coe�cients ai from the input data provided by the di�erentprojections of the distribution f (x, z) can be performed by using di�erent minimizationalgorithms, like Bayesian estimation, least variance �tting or least squares �tting .3.3 Formulation of a tomographic algorithm on the basis ofthe geometrical optics and tomographyLet us consider a surface ∑ like that of �gure 3.3 that shows a distribution of therefractive index n (x, z) that is intended to be measured. According to the expression3.11, the Radon transform of the gradient index n (x, z) at the point (p, θ) is de�ned as
[<n] (p, θ) =

∫ xo

xi

∫ zo

zi

n (x, z) δ (p− z cos θ − xsinθ)dx dz =

∫ Po(p,θ)

Pi(p,θ)
n (x, z) dl (3.15)By comparing the expression 3.15 with that of 3.8, it is noticed that the Radon trans-form of n (x, z) for a given direction is equivalent to the optical path covered by a hypo-thetical ray of light that propagates along that direction

S (PiP0) = [<n] (p, θ) =

∫ Po(p,θ)

Pi(p,θ)
n (x, z) dl (3.16)However, that direction of propagation may not agree with the trajectory a ray wouldreally follow in such a medium.42



3.3 Formulation of a tomographic algorithm on the basis of the geometrical optics and tomographyIf now the Radon transform is rede�ned along curves (generalized transforms [Ram96,p. 63]) and, speci�cally, curves that agree with the real trajectory of the rays inside thebidimensional gradient n (x, z) (see Fig. 3.4), the optical path covered by a ray and the(generalized) Radon transform along its trajectory become equivalent concepts.

Figure 3.3: Surface ∑ with a gradient index n (x, z) where a Radon transform de�nedby the coordinates (p, θ) is calculated.

Figure 3.4: Trajectory of a ray within the gradient index n (x, z) of the surface ∑.Thus, given a set of parallel rays that, having entered the surface ∑ with an entry43



3 Theoretical bases of a tomographic algorithmangle θ, traverses all its points, the registration of the optical path covered for each oneof the rays inside the lens provides the measurements corresponding to a tomographicprojection of n (x, z) at an angle θ. Hence, a projection is de�ned as a function ofthe incidence angle of the incoming rays. Finally, gathered all data corresponding toall possible projections and having guaranteed that every point of the surface ∑ hasbeen traversed by rays in all directions, it is theoretically possible a point by pointtomographic reconstruction of n (x, z). In our case the tomographic reconstruction willhave several limitations. Firstly, and regarding the experimental input data, there will bejust a relatively small number of projections, with a angular distribution limited in theirmaximum values. In addition, such data will shown experimental noise. Besides, thetrajectory of the rays inside the gradient will not be known a priori. We will tackle the�rst of the problems, the discretization of the tomographic information, by using seriesexpansion algorithms, which also have the advantage of its more immediate application togeneralized transforms than the transform algorithms. However, the remaining problemswill need other type of strategies that will be explained in the next chapter.A rotationally symmetrical distribution results from the rotation about its axis ofsymmetry of the distribution of each one of its meridional planes. In section 3.1.1 it wasexplained that in the case of lenses with rotationally symmetrical gradients every incidentray contained within one of its meridional planes will not leave such a plane along itstrajectory, both inside and outside the lens. We deduce, hence, that the tridimensionaltomographic reconstruction of the gradient index in rotationally symmetrical lenses canbe limited to a bidimensional reconstruction of the distribution n (ρ, z) shown by eachone of its meridional planes, where ρ is the radial coordinate and z the coordinate ofthe axis of symmetry. In the following chapters we will show that in order to calculate
n (ρ, z) it will be enough with illuminating one of those planes with sets of meridional raysarranged in a limited number of incidence angles, obtaining at their exit the optical pathcovered by each one of them inside the lens and adapting the a tomographic algorithmdesigned for the inversion of those data. Since ρ is de�ned like ρ2 = x2 + y2, hereinafterall calculations and reasonings can be done for Y = 0 without loss of generality, using
n (x, z) instead of the equivalent n (ρ, z).Finally, given the equivalence of optical path and phase, it is important to pointout that any experimental technique that measures the phase accumulated by the raysdirectly (interferometry) or indirectly (curvature, Hartmann-Shack, ray de�ectometry)would be potentially useful for its use along the tomographic algorithm. Nevertheless, asit will be explained in the following chapter, the technique that shows more advantagesin the case of rotationally symmetrical lenses is ray de�ectometry, also known as laser44



3.3 Formulation of a tomographic algorithm on the basis of the geometrical optics and tomographyscanning. Because of this, this work will deal with the development and implementationof the tomographic algorithm from the experimental data provided by ray de�ectometry,naming the whole tomographic method of reconstruction of gradient indices.
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4 Tomographic algorithm ofreconstruction of the gradient indexIn the former chapter we have presented the initial idea of the formulation of a new to-mographic algorithm for the reconstruction of rotationally symmetrical gradient indices.Such an algorithm would use as input data the measurements of optical path accumu-lated inside the lens by sets of rays projected at di�erent entry angles. At �rst sight, thisidea does not seem very di�erent to that which underlies tomographic algorithms usedin other �elds, like medicine [Ram96, p. 6]. However, its application to the particularcase of the measurement of a gradient of the refractive index show some speci�c featuresand di�culties that will be explained and tacked throughout this chapter. Firstly wewill deduce the theoretical relationships that link the measurements provided by ray de-�ectometry with the optical path covered by the rays. Afterwards, we will deal with theissue of the functional model of the gradient index proposed for its modal tomographicreconstruction. From there we will move on the tomographic inversion, that from thecalculated optical paths and through an iterative process will retrieve the index n (x, z).In this section we will study and solve a series of di�culties of this retrieval, like the apriori ignorance of the trajectory of the rays inside the lens.4.1 Ray de�ectometry applied to tomographyAs it has been explained in section 2.2.1, ray de�ectometry is based on the characteriza-tion, at the exit of a lens, of the de�ection undergone by a set of incoming laser beams.An advantage of this technique compared with others that measure phase is its experi-mental simplicity: a priori just a laser, a holder for the lens and a system of acquisitionand processing of images are required. Once characterized the ray de�ections, we willsee that it is possible to calculate the optical paths covered by each one of them insidethe lens from the theoretical relationships that we explain next.Let us consider the case of rotationally symmetrical lens with a thickness t, immersedin a homogeneous medium of refractive index next, with a gradient index n (x, z) at anyof its sagittal or meridional planes and illuminated with a set of parallel rays inclined an47



4 Tomographic algorithm of reconstruction of the gradient index
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Figure 4.1: Sagittal plane of a lens with refractive index n (x, z) illuminated by a set ofparallel rays inclined an angle θ with respect to the axis of symmetry Z.angle θ (see Fig. 4.1). By using the de�ectometry technique the entry and exit rays areregistered in order to obtain the positions of the points of intersections B and C with theanterior and posterior surfaces, respectively, the entry angle θ and the angles of de�ection
α at the exit. From these data the distribution of the sines of the angles of de�ection,sinα (x, z), can be calculated at any plane, for instance, z = t. On the other hand, thisset of parallel rays at the entry of the lens can be seen, under the wave description oflight, as its corresponding plane wavefront W, orthogonal to all of them, entering thelens with an angle θ. As a result of the propagation of this wavefront inside the lens,the eikonal shows at the plane z = t a distribution that we will denote as L̂ (x, t). Thisdistribution and that of the sines of the angles of de�ection of the rays, sinα (x, z), canbe related, through the ray equation (see Eq. 3.6), by means of the following expression

nextsinα (x, t) =
∂L̂ (x, t)

∂x
(4.1)Integrating this equation we have that

L̂ (x, t) = next

∫ x

0
sinα (x, t)dx+ L̂ (0, t) (4.2)48



4.1 Ray de�ectometry applied to tomographySince the optical path S (P1, P2) between two points P1 and P2 has been de�ned asthe di�erence of the value of the eikonal between those two points (see section 3.1), then
S (AD) = L̂ (D) − L̂ (A)

S (AoDo) = L̂ (Do) − L̂ (Ao)
(4.3)and, since A and Ao are points of the same wavefront W, we have that

L̂ (A) = L̂ (Ao) (4.4)Thus, the equation 4.2 can be rewritten as
S (AD) = S̃ (AD) +K (4.5)where S̃ (AD) ≡

∫ x

0 sinα (x, t) dx and K = S (AoDo). Therefore, from the experimentalmeasurement of the de�ection angles is possible to calculate S̃ (AD), that represents theoptical path covered by each ray from an initial position of the wavefront W up to theexit plane z = t1 but an additive constant K, usually named piston.The following step is to calculate S (BC) from S̃ (AD). As it can be seen in �gure 4.1,the optical path accumulated by a ray that goes from a point A to another point D isgiven by
S (AD) = nextAB + S (BC) + nextCD (4.6)To obtain S (BC) is necessary to calculate �rst the length of the segments AB and

BC. At this point it stands out the main advantage of the ray de�ectometry whencompared with other techniques of phase measurement for the tomographic retrieval ofrotationally symmetrical gradient indices. In de�ectometry, because of characterizingboth entry rays and their corresponding exit rays, the calculation of B and C for eachray is trivial once the lens surfaces are known. This is not the case of other techniquesof phase measurement, where, usually, it is not possible to assign to each exit ray itscorresponding entry ray, with its point of intersection B with the anterior surface of thelens.As it has been shown in section 3.1, the optical path S (BC) is de�ned as
S (BC) =

∫ C

B

n (x, z) ds (4.7)where ds is the di�erential arc length di�erential along the ray. Applying equations 4.51It is important to point out that this exit plane can be any plane and not necessarily z = t. 49



4 Tomographic algorithm of reconstruction of the gradient indexand 4.7 to the equation 4.6 we get
S (BC) =

∫ C

B

n (x, z) ds = S̃ (AD) +K − next

(

AB +CD
)

, (4.8)which allows to de�ne a new magnitude S̃ (BC), which represents the optical path cov-ered by each ray inside the lens but a piston K and that can be calculated from theexperimental data obtained by ray de�ectometry:
S̃ (BC) ≡

∫ C

B

n (x, z) ds−K =

∫ x

0
sinα (x, t) dx− next

(

AB + CD
) (4.9)Therefore, from the de�ectometry data what we will obtain is S̃(BC) and not directly

S (BC), as it was intended in the initial formulation of the tomographic algorithm (seesection 3.3). This will imply that in the tomographic reconstruction of n (x, z) it willbe necessary to take also into account the existence of an additive unknown constant Kthat will be the same for all rays of a given projection. Thus, for the projection p at anangle θ we will have a number N of measured values of S̃ (BrCr) (one value for each ray
(r = 1, . . . , N)) and an unknown piston Kp, that according to equation 4.9 are related as

S̃ (BrCr) = S̃ (ArDr) − next

(

ArBr + CrDr

)

=

∫ Cr

Br

n (x, z) dsr −Kp (4.10)These values S̃ (BrCr) measured for each ray of each projection are the input datafrom which the tomographic algorithm will retrieve the distribution of the refractiveindex n (x, z), as well as the values of the constants Kp corresponding to each projection.As we had explained in section 3.3, having those values S̃ (BrCr) for all possible rays andprojections, a point by point tomographic reconstruction of n (x, z) can be carried out.However, in the case of a tomographic characterization of a crystalline lens this type ofreconstruction is not feasible because of the following three reasons:
• The projections are limited both in their number and in their angular distribu-tion. As we will explain in section 4.2, this limitation can be compensated withthe implementation of series expansion algorithms, that is to say, with a modalreconstruction of the gradient index.
• A priori ignorance of the ray trajectories inside the lens. In section 4.3 it willbe explained the procedure through which we will try to get the best possibleapproximations to those trajectories.50



4.2 Gradient index model
• Lack of knowledge of pistons Kp and of their in�uence in the reconstruction of thegradient index. This issue will be tackled in section 4.3.4.2 Gradient index modelWe already saw previously that the available number of data for the tomographic recon-struction will be limited. The main e�ect of this limitation is the lack of enough informa-tion to carry out the tomographic reconstruction. By using a series expansion algorithmwe can compensate that lack of information with the proposal of a functional model ofthe gradient index approximated to that we wish to retrieve. Thus, a general model fora rotationally symmetrical distribution of the refractive index about the optical axis Zis the following Taylor series expansion of an even function in ρ [Moo71, Bla80, Smi91]:

n (ρ, z) = n0 (z) + n1 (z) ρ2 + n2 (z) ρ4 + . . . =

M
∑

i=0

ni (z) ρ
2i, (4.11)where

ni (z) =

2(M−i)
∑

j=0

nijz
jand2

ρ2 = x2 + y2We will make use of this series expansion throughout this work. A slight variationof this model that we will also explore is that of considering two di�erent segmentsof the lens, anterior and posterior, each one with its own refractive index distributiondescribed by the the equation 4.11, nant (x, z) y npos (x, z), respectively 3. The union ofboth segments would take place at a plane z = zH , where continuity and di�erentiabilityconditions of nant (x, z) y npos (x, z) are determined by the arrangement of the crystalline�bers (see section 1.2.3): formed at the equator of the lens and generators of its gradientdue to its process of cellular di�erentiation, these �bers extend both to the anterior andposterior poles of the lens without sudden variations on their shape [Kus96]. As a result,both the anterior and the posterior segments share the same �bers, without having beennoticed on them any discontinuity that implies that their cellular features are di�erent inevery segment, just their arrangement. Therefore, since the gradient index is the result2As it was previously mentioned (see section 3.3), all calculations will be carried out at the plane Y = 0without loss of generality.3Hereinafter we will call this model bipolynomial and the former monopolynomial. 51



4 Tomographic algorithm of reconstruction of the gradient indexof such features, speci�cally of their protein concentrations, and of its layout within thelens, it seems very plausible and not restrictive to assume the following two conditionsof continuity and di�erentiability [Jag90]:
nant (x, zH) = npos (x, zH)

∂nant (x, zH)

∂z
=
∂npos (x, zH)

∂z
(4.12)In this case, the tomographic algorithm will have to retrieve not only the coe�cients nant

ijy npos
ij , but also zH . It must be noted that the position of this plane of continuity hasnot necessarily to agree neither with the equatorial plane of the crystalline lens nor theplane where the derivative of the index has a given value. The surface z = zH has just amathematical sense and not a physiological one, that of providing a geometrical degreeof freedom that allows the best possible calculation of the gradient index in two di�erentsections by satisfying always the conditions of continuity 4.12. To do so, we place zH inthe position of the optical axis where the distribution of the refractive index reaches a aglobal maximum.Besides the gradient index model described by the expression 4.11 for the eye lens,other two functional forms have been proposed in literature: an elliptical or biellipticalmodel [Jag90, Cha88, Smi91], which is a particular case of 4.11 (or its bipolynomialexpression) and an exponential model, with a variation of the index characterized by asingle parameter [Alh95, Pop98], what makes it a bit limited.

4.3 Tomographic inversionFrom all what has been previously mentioned it is inferred that the ultimate goal ofthe tomographic algorithm will be to retrieve the values of the coe�cients nij in thecase of the model of monopolynomial gradient or nant
ij , npos

ij and zH in the case of thebipolynomial one, in addition to the pistons Kp for each projection. Since there is nota previous statistic that can be implemented in a more complex minimization process,we have considered that a good option to obtain those values is a least squares �tting.Thus, according to the equation 4.10, for the monopolynomial case it would be necessaryto minimize the following di�erence:52



4.3 Tomographic inversion
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, (4.13)where P represents the total number of projections, Np the number of rays per projectionand dspr the di�erential arc length along the ray r of the projection p. At this point we�nd an important di�culty: we do not know the trajectories of the rays along which takeplace the integrations of the equation 4.13. Therefore, to continue with the formulation ofthe tomographic algorithm is necessary to �nd an approximation, as accurate as possible,to this trajectories that allow to uncouple the index n (x, z) and the trajectories of therays and to guarantee the accuracy of the reconstruction of the gradient.A �rst approximation, appropriate for very weak gradients, is to consider straight linesjoining points Bpr and Cpr. However, although the lenses do not show large variationsin the refractive index [Nak68, Cam84, Gar01, Aco05, Jon05], this approximation con-siderably limits the range of possible gradients for which the algorithm would provide anaccurate result. The result obtained with straight lines, nrct (x, z), can be a very good�rst estimation of n (x, z), but if we wish to ensure the versatility of the algorithm forits application to the widest possible range of gradients it is necessary to consider othermore complex approximations for the ray trajectories that allow to re�ne that result.The possibilities are two:
• To consider more complex functional forms than straight lines, like parabolas, sines,etc. In a certain type of eye lenses this alternative o�ers good results, as we haveshown by using parabolas in spherical symmetrical gradients [Aco05], also useful inoptical �ber preforms [Aco02]. However, its application to more general gradientsrequires more complex functional forms than those we can work with according tothe available experimental data..
• To approximate the ray trajectories as a �nite series of straight line segments.This second option has as main advantages its �exibility to approximate the raytrajectories with very di�erent geometries and the fact of working with functionsas simple as the straight lines. That is why we have chosen this second alternativeto improve the result obtained with the approximation of rays as straight lines.The implementation of this second method implies an approximate knowledge of someintermediate points of the trajectory of the rays inside the lens. Since we can have a�rst estimation of n (x, z), nrct (x, z), by means of a numerical ray tracing algorithm a53



4 Tomographic algorithm of reconstruction of the gradient index�rst estimation of such intermediate points can be also obtained and, by joining themwith straight lines, to approximate the actual trajectory of the rays and to obtain anew estimation of the index. This is the basis of an iterative procedure where we willassume that the approximation to the actual trajectory of the rays is more accurate ateach iteration, yielding a more accurate retrieved gradient too. This assumption dependsmainly in how accurate is the �rst estimation of the gradient with the approximationof the rays as straight lines. Since we have not found strong variations of the eye lensrefractive index in the related literature, it is reasonable to expect this �rst estimationto be good.For the interpolation of the intermediate points of the ray trajectories, any of theexisting numerical ray tracing algorithms can be used. Because of its good ratio ofcomputational cost versus result precision, we have chosen the algorithm designed bySharma et al. [Sha82]. This algorithm solves the di�erential ray equation (see Eq. 3.9)by using the Runge-Kutta method [Pre99, p. 710] with a proper change of variable thatallows to achieve very accurate outcomes with relatively large steps.An important issue to notice in the iterative procedure is the number of intermediatepoints interpolated for each ray. The higher this number, the longer the time of computa-tion, since it involves using smaller steps of the numerical ray tracing. According to whathas been explained, the less deviated the ray trajectories from a straight line, the lowerthe number of interpolated points needed to approximate those trajectories. Therefore,rays curvature and number of interpolated points are going to be strongly related. Thus,for those gradients where the rays are very curved, that we will call strong gradients,the necessary number of points will be larger than in those gradients where the rays arehardly curved, that we will call weak gradients. Assuming that anyway the crystallinegradients will never be very strong, from the point of view of the computational time themost reasonable strategy is to increase gradually the number of interpolated points ateach iteration (or, equivalently, to gradually use smaller steps in the numerical ray trac-ing algorithm). Thus, if the gradient that is intended to be retrieved is not too strong,just a few iterations and a limited use of the numerical ray tracing will be needed. It isimportant to note that this di�erence between strong and weak gradient can be justi�edaccording to the functional form of n (x, z), since from the di�erential ray equation wededuce that the ray curvature depends on the following two factors: the variation of
n (x, z) between its extreme values and the maximum values reached by the gradient ofthis distribution, ∇n (x, z).With the aim of �xing the positions of entry and exit of each ray (Bpr and Cpr, respec-tively) it is necessary that the intermediate points are calculated from both positions, so54



4.3 Tomographic inversionthat the number of point will always be even. Let us consider, for instance, the followingiteration to the approximation of the rays as straight lines (Q = 0), that we will labelas iteration Q = 1 and where two intermediate points are interpolated for the trajectoryof each one of the rays (see Fig. 4.2). Once calculated n0 (x, z) ≡ nrct (x, z), a �rstpoint is interpolated from the entry angle and point of the ray in the lens, θp and Bprrespectively, and the second from its exit angle and point, αpr and Cpr. Regarding theposition of these interpolated points, it is necessary to take into account that the Sharmaet al. algorithm does not work with spatial coordinates. By considering, for instance, anapproximate average index of n̄ = 1.4 for the case of the human lens [Pie89, Jon05] andtaking the length BprCpr from Bpr to Cpr, the step of the numerical ray tracing [Sha82]for Q = 1, where each straight line segment should comprise approximately one third ofthe whole trajectory of the ray, can be written as
∆τ =

BprCpr/3

n̄
=
BprCpr

4.2 (4.14)At following iterations the number of interpolated points will increase in two by two, sothat for iteration Q the used step in that tracing will be
∆τ =

BprCpr/ (2Q+ 1)

n̄
, (4.15)paying special attention to prevent the propagated rays from Bpr and Cpr to cross, since,as it was mentioned, the Sharma et al.'s algorithm does not work with spatial coordinates.
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p of each pro-jection, it is necessary to minimize the equation 4.13, that we can now write in a fashion55



4 Tomographic algorithm of reconstruction of the gradient indexwe can work with:
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fQ

ijpr represents the line integrations along the 2Q+ 1 interpolated segments used to ap-proximate the trajectory of the rays. In the equation 4.17 Bq
pr denotes the qth interpo-lated point from Bpr

(

B0
pr ≡ Bpr

), Cq′

pr the q′th interpolated point from Cpr

(

C0
pr ≡ Cpr

)and dlq, dlQ y dlq′ the line elements for the segments joining Bq
pr and Bq+1

pr , BQ
pr and

CQ
pr and Cq′

pr and Cq′+1
pr , respectively (see Fig. 4.3). It is important to point out thelinearization of the problem of tomographic inversion that can be noticed in equations4.16 and 4.17, consequence of the performed approximation to the ray trajectories andthrough which we can minimize the expression 4.13.

Figure 4.3: Interpolation of two points, B1
pr and C1

pr, in the iterative procedure to obtainan approximated trajectory (dashed line) to that of the actual ray (solid line)from Bpr and Cpr.As new estimations of the gradient are calculated at each one of the iterations of thealgorithm, we use the root mean square, rms , of the di�erence of the obtained gradients56



4.3 Tomographic inversionat two consecutive iterations to evaluate the convergence of the iterative procedure. Thus,we say the algorithm converges when such a di�erence
• reaches a minimum,
• tends to a given value,
• or reaches a value (convergence tolerance) that is considered indicative of a goodresult, for instance, a value one order of magnitude lower than the accuracy weexpect in the gradient retrieval.Once the iterative procedure converges and retrieves a monopolynomial gradient index

n (x, z), this distribution must be used to assess the quality of the result in optical terms.This is due to the fact that in the description we have given so far of the tomographicalgorithm there is not strictly speaking a merit function that provides an estimation ofthe di�erence between experimental measurements and the results obtained in a giveniteration, what would be the case if we minimize directly the expression 4.13. In our case,we work with an approximation of that expression (see Eq. 4.16) and what we do is tocompare the results obtained at two consecutive iterations. Therefore, from the numericalray tracing and by using the experimental θp and Bpr, it is necessary to propagate therays through the retrieved gradient n (x, z) to obtain the corresponding distributions ofthe optical path Ŝp (x, t) at the plane z = t. Once added the retrieved piston Kp to theexperimentally obtained distributions S̃p (x, t), we calculate the di�erences ∆Sp (x, t),that we de�ne as
∆Sp (x, t) =

[

S̃p (x, t) +Kp

]

− Ŝp (x, t) (4.18)These di�erences show with which precision n (x, z) reproduces the optical behaviour ofthe eye lens. Thus, if those di�erences are lower than the measurement error of S̃p (x, t),the tomographic algorithm can be halted at this point. Nevertheless, if those di�erencesare larger or within the same order of magnitude than the error in S̃p (x, t), the result ofthe monopolynomial retrieval can be used to start a second stage in which a bipolynomialgradient index is considered.From n (x, z) an initial estimation of the plane z = zH can be obtained by calculatingthe position z ∈ (0, t) where n (0, z) reaches a global maximum (this is why a previousmonopolynomial retrieval is needed before performing a bipolynomial one). Otherwise,the same iterative procedure previously described is applied again at this stage of thebipolynomial reconstruction. The only changes will be those that need to be carried outin equations 4.16 and 4.17 to take into account the existence of two refractive index dis-tributions at both sides of zH with their own coe�cients nant
ij and npos

ij and the continuity57



4 Tomographic algorithm of reconstruction of the gradient indexconditions set in 4.12. Besides, the length of the steps ∆τ must be adjusted to ensurehalf of the interpolated points lie within each one of the segments of the lens delimitedby zH .

Figure 4.4: Sagittal plane of a lens illuminated by a set of rays on axis when the indicesof the external medium and that of the lens surface are matched..4.3.1 The piston K and its in�uence on the retrieval of the gradientcoe�cientsAs we will see in this section, the lack of knowledge of the additive constant or piston
K (see Eq. 4.5) force us to reconsider some relevant aspects of the application of clas-sical tomographic techniques to the particular case of the reconstruction of the gradientindex in crystalline lenses. To better understand this, �rstly it is necessary to study thecondition of matching between indices next and n (x, z) in the surface of the lens. Let usassume the ideal case of having matched both indices for a lens illuminated with a set ofparallel rays on axis, θ = 0o (see Fig. 4.4). At its exit there would be other continuousset of refracted rays from x = Req up to x = −Req, where Req is the equatorial radius ofthe lens. The equation 4.5 could be then reformulated as

S (AD) =

∫ x

−Req

sinα (x, t)dx+K, (4.19)where K would be in this case the optical path covered by the ray tangent to the inferiorborder of the lens that goes from At = (−Req, 0) up to Dt = (−Req, t), i.e. K = tnext.
K would be so a known variable for each one of the projections and, from equation 4.8,58



4.3 Tomographic inversionthe optical paths S (BprCpr) could be directly calculated. Unfortunately, this matchingcondition is extremely unlikely, not just because of the experimental di�culty to ensureit, but also because the surface of the lens may not have a constant index. This wouldgive rise to two important problems regarding a classical tomographic reconstruction:
• For reasons of biocompatibility, the external indices we will work with are lowerthan the super�cial index of the lens. As a result, when entering the lens the raysare refracted in a way the periphery of the lens is never illuminated (see Fig. 4.5).The area of this peripheral zone will depend on the magnitude of di�erence betweenthe external and super�cial indices. Since the classical mathematical formulation oftomography tackles the reconstruction from the possibility of sampling completelythe distribution to retrieve [Her80, Ram96], the existence of this non sampled zonemakes more di�cult from the onset the reconstruction of the gradient. This fact,added to the discretization and limitation in the number of experimental mea-surements, makes more necessary to work with tomographic algorithm of modalreconstruction like the one proposed, which compensates the lack of tomographicinformation with a good model of the gradient index. It is important to pointout that these �peripheral gaps of information� also a�ect to zonal reconstructionalgorithms, like those used in ray de�ectometry (see 2.2.1), where the index isreconstructed from the surface towards the center.

next

Figure 4.5: Sagittal plane of a crystalline lens illuminated by a set of rays on axis withan external index next lower than the index of the lens surface. As a resultof this di�erence, the periphery of the lens can not be scanned by any ray oflight (striped zones).
• Studying the equation 4.5 it is noticed that the value of K for a given projectionvaries depending on the point of the plane z = t that we choose as origin to59



4 Tomographic algorithm of reconstruction of the gradient index

Figure 4.6: Surface of radius R with a refractive index distribution n (x, z) where raysare propagated (solid lines).integrate the sines of the angles of de�ection. This raises the question of whetherthis can a�ect and how to the unicity of the set of coe�cients that we retrievetomographically. In order to illustrate this issue we will consider the particularcase of a circular surface with a distribution n (x, z), where we approximate thetrajectory of the rays as straight lines (see Fig. 4.6). For each one of those raysthe optical path, but the piston, that they accumulate from the entry point Bi =

(xi,−zi) up to the exit one Ci = (xi, zi) can be written as
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∫
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g (x, z) dz = K ∀x ∈ [0, R] (4.21)Taking into account the properties of the line integrations in circular domains[Cor64], it can be shown that for this case g (x, z) has the following form
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, (4.22)60



4.4 Logical sequence of the tomographic algorithmthat is no longer analytical in the circular domain in x2 + z2 = R2. For the mostgeneral case of rotationally symmetrical geometries and realistic ray tracings isobvious that g (x, z) will have other functional form, much more complex and thatin the case of applying tomographic transform algorithms would be necessary toknow. However, it is also obvious that, whatever the form, it will maintain itsnon analytical nature, since it is the only way of satisfying a condition like that ofthe equation 4.21, i.e. that regardless of how small is the path over which g (x, z)is integrated, the result has to be constant. This very fact, the non analyticityof g (x, z), makes possible to include directly K in the least squares �tting andcalculate it along with the modal coe�cients of n (x, z) without a�ecting its unicity,since there is no linear combination of powers in x and z that can contribute to thevalue of the piston, avoiding so the singularity of the �tting inversion matrix too.In other words, the non existence of a refractive index with a functional dependencelike that of equation 4.22 makes possible that the retrieval of the piston does nota�ect that of the gradient index.4.4 Logical sequence of the tomographic algorithmNext, each one of the steps that make up the tomographic algorithm and its logicalsequence are explained in order to provide a clear and concise idea of how to implementthe algorithm. To do so, we use �ow charts, one for the monopolynomial reconstructionand other for the bipolynomial one.4.4.1 Monopolynomial reconstructionEach one of the following points explains one of the steps of the �ow chart of �gure 4.7:
• INPUT DATA : these are the data provided by the de�ectometry ray technique for Pprojections and Np rays per projection: θp, Bpr, Cpr and sinαpr (x, t) (p = 1, . . . , Pand r = 1, . . . , Np).
• PROCESS 1 (Optical path calculation, but Kp) : by using the data obtained byde�ectometry and the equations 4.5 and 4.10, the set of values S̃ (BprCpr) is cal-culated.
• PROCESS 2 (Monopolynomial GRIN retrieval - commencement of the iterative proce-dure) : with the calculated values of S̃ (BprCpr), the equation 4.16 is minimized to61



4 Tomographic algorithm of reconstruction of the gradient indexobtain the coe�cients nij and the pistons Kp, by assuming 2Q interpolated points(see Eq. 4.17).

Figure 4.7: Flow chart of the tomographic algorithm for the monopolynomial reconstruc-tion of the gradient index.
• PROCESS 3 (GRIN check) : This calculates the rms of the di�erence between therefractive index distribution retrieved at the current iteration, nQ (x, z), and thepreceding one, nQ−1 (x, z) and compares it with the previous values of the rms. Ifthe evolution of this magnitude does not meet any of the conditions set in section4.3, another iteration Q = Q + 1 starts by performing PROCESS 4. In this case,the algorithm ends the iterative procedure and goes on to PROCESS 5. For the�rst two iterations, this check is inactive.62



4.4 Logical sequence of the tomographic algorithm
• PROCESS 4 (Point interpolation) : the core of the iterative procedure, making useof the Sharma et al.'s ray tracing algorithm to interpolate 2Q points for each ray byusing the refractive index distribution previously retrieved and incremental stepsas expressed in equation 4.15.
• PROCESS 5 (Numerical ray tracing) : to obtain the optical path di�erences ∆Sp (x, t)from which we can infer how accurately the retrieved function n (x, z) reproducesthe experimental optical data and decide whether to re�ne the result with a bipoly-nomial reconstruction. For this reason the incremental step of this ray tracing mustbe small enough to reproduce the optical behaviour of the lens with an accuracyequal or higher than the experimental errors in the measurement of the opticalpath distribution at the exit of the lens.
• OUTPUT DATA : consist of the retrieved monopolynomial gradient index n (x, z)and the optical path di�erences ∆Sp (x, t).4.4.2 Bipolynomial reconstructionIn the event that the monopolynomial retrieval does not provide a good result as de�nedpreviously, the tomographic algorithm could be improved with a second stage of theretrieval (see Fig. 4.8) in which a bipolynomial model of the gradient index is considered:
• INPUT DATA : the experimental points Bpr and Cpr, the set of values S̃ (BprCpr)and the n (x, z) retrieved at the monopolynomial stage.
• PROCESS 6 ( zH calculation and point interpolation - commencement of the iterativeprocedure) : point interpolation is carried out as in PROCESS 4, but taking intoaccount that half of the interpolated points fall into each of the lens segments,

(0, zH) and (zH , t) respectively. Two points for each ray are interpolated at the�rst iteration.
• PROCESS 7 (Bipolynomial GRIN retrieval) : the only di�erence in terms of theminimization performed at PROCESS 2 is that in equation 4.16 both the anteriorand posterior proposed refractive index distributions, nant (x, z) and npos (x, z),must be included. Likewise, such a division must also be taken into account in theintegrations of equation 4.17. As a result of the subsequent least squares �tting,coe�cients nant

ij and npos
ij and pistons Kp are retrieved.

• PROCESSES 4 and 5 : they operate as in the monopolynomial retrieval. 63



4 Tomographic algorithm of reconstruction of the gradient index

Figure 4.8: Flow chart of the tomographic algorithm for the bipolynomial reconstructionof the gradient index.
• OUTPUT DATA : they consist of the retrieved bipolynomial gradient index de-scribed by distributions nant (x, z) and npos (x, z) and the optical path di�erences

∆Sp (x, t).Finally, a parameter that has not been discussed so far is order of the polynomial ex-pansion of the refractive index distributions, M in the monopolynomial case and Mantand Mpos in the bipolynomial one (see Eq. 4.11). The logical procedure we follow isto start running the tomographic algorithm with low orders and then try to re�ne theresults with increasing order value, checking the signi�cance of the added coe�cients bymeans of an F -test [Bev92, pp. 205-209] of the tomographic inversion.64



5 Numerical simulations of thetomographic algorithmOnce formulated the tomographic algorithm of reconstruction of the gradient index, thefollowing step is to study the theoretical accuracy of this algorithm. In order to do so,it is necessary to previously analyze on which factors such an accuracy depends. Thisanalysis and the deduction of a qualitative relationship between the magnitude of theexperimental error and that of the retrieval accuracy will constitute the �rst part of thischapter. Next we will present and study the results of di�erent numerical simulationsfor representative models of the gradient index in di�erent types of lenses. With thesenumerical simulations we aim at quantifying the order of magnitude of the dependenceof the accuracy of the algorithm regarding the formerly mentioned factors, by payingspecial attention to the propagation of experimental errors. Due to reasons we willexplain later, we will distinguish two cases: the particular case of the reconstructionof spherically symmetrical gradient indices and the more general of gradients with nonspherical rotational symmetry.5.1 Accuracy of the tomographic algorithmFrom the tomography basics explained in section 3.2 and the formulation of the tomo-graphic algorithm of reconstruction of the gradient index (see chapter 4) we infer theexistence of four factors that in�uence the accuracy of this algorithm:1. Modal reconstruction of the gradient index : the approximation of the distributionof the actual refractive index as a given functional form involves a systematic errorin the modal tomographic reconstruction of n (x, z) (see section 3.2). This erroris the main reason of the likely divergence between accuracy and precision in ourtomographic retrieval of the gradient index [Bev92, p. 2]. This is why so importantto use a model of the gradient general enough as that proposed in the equation4.11, with the only constraints of the rotational symmetry and its analyticity inthe area for which it is de�ned. 65



5 Numerical simulations of the tomographic algorithmThe chosen functional model can also a�ect the tomographic inversion describedin section 4.3. Depending on the number of modal coe�cients and on the order ofits modes, the minimization of the expression 4.16 might be ill conditioned (closeto singularity), mainly if the experimental tomographic data show a large error.For this reason the propagation of errors is especially sensitive to the order of thepolynomial expansion used to model the gradient (see Eq. 4.11).2. Approximation to the actual ray trajectories : as it was explained in section 4.3,there is not a previous knowledge of the actual ray trajectories inside the lens.Because of this, an iterative procedure has been implemented in the tomographicalgorithm to approximate such trajectories as a �nite series of straight line seg-ments. Nevertheless, this procedure does not guarantee that we eventually obtaina good approximation of the actual trajectories. It is important that the �rst ofthe iterations, that where the trajectories are approximated as straight lines, pro-vides an initial results that allows the approximation to become more exact at thefollowing iterations. An outstanding role is played here by the strength of the gra-dient, which we had de�ned as a function of the curvature this gradient causes onthe rays that propagate through the gradient (see section 4.3). The curvature ofthese trajectories is, in turn, function of the maximum variation of n (x, z) withinthe lens and the maximum values reached by its �rst derivatives. Thus, the largerthese values, the stronger the gradient and the more curved the ray trajectories,so that its approximation as straight lines will be less accurate. As a result, theiterative procedure can end up diverging or yielding an outcome without physicalmeaning.3. Number and distribution of the tomographic data : like in any tomographic method,the larger and the more distributed the number of data, the more accurate will bethe tomographic reconstruction. This is achieved by increasing:a) The number of rays and projections.b) The scanned area of the lens, that will depend on the illuminated section ofthe lens, on the relationship between the indices of the external medium andthe surface of the lens and on the distribution of the projections.4. Error or noise in the experimental tomographic data : the larger this error, the lowerthe accuracy of the reconstruction. Throughout this chapter we will quantify thise�ect for di�erent cases by means of numerical simulations, since a linear propaga-tion of errors is not possible due to the fact the trajectory of the rays depends on66



5.1 Accuracy of the tomographic algorithmthe refractive index through coupled di�erential equations.5.1.1 Qualitative estimation of the error in the tomographic retrievalBy assuming that the error in the tomographic retrieval of n (x, z), εn, is due essentiallyto the experimental error, it is possible to obtain a qualitative estimation at �rst orderof the error εn as a result of the error εsin in the measurement of the sines of the anglesof de�ection, sinαpr (x, t). To deduce this relationship between error in the index anderror in the sine, we use as a starting point the equation 4.10. Thus, from this equationand by denoting σf the standard deviation of the least squares �tting through which thegradient and the pistons, n̂ (x, z) and K̂p (see Eq. 4.16), are retrieved
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n̂ (x, z) dli ≈ S̃ (BprCpr) + K̂p + σf , (5.2)being Q the �nal number of iterations needed to obtain n̂ (x, z). By considering theexperimental errors ∆S̃ (BprCpr) and the relations n̂ (x, z) = n (x, z) + ∆n (x, z), where
∆n (x, z) denotes the error in the calculation of the gradient we try to retrieve, n (x, z),the equation 5.2 can be written as

2Q+1
∑

i=1

[

∫ Cpr

Bpr

n (x, z) dli +

∫ Cpr

Bpr

∆n (x, z) dli] ≈ S̃ (BprCpr) + ∆S̃ (BprCpr) + K̂p + σf(5.3)By assuming that the approximation of the ray trajectories as a series of straight linesegments allows to state that
2Q+1
∑

i=1

∫ Cpr

Bpr

n (x, z) dli ≈ S̃ (BprCpr) + K̂p, (5.4)then we get
2Q+1
∑

i=1

∫ Cpr

Bpr

∆n (x, z) dli ≈ ∆S̃ (BprCpr) + σf (5.5)67



5 Numerical simulations of the tomographic algorithmBesides, if it is assumed that ∆n (x, z) and ∆S̃ (BprCpr) do not vary substantiallyalong the integration domain, i.e. ∆n (x, z) ≈ εn and ∆S̃ (BprCpr) ≈ εS̃ , the followingestimation of εn can be provided:
εn ∼ εS̃ + σf

t
, (5.6)where t is the thickness of the lens.On the other hand, the error in the measurement of the optical paths, εS̃ , and theerror in the measurement of the sines of the angle of de�ection, εsin , can be related fromthe equation 4.5, so that it can written that

εS̃ ∼ nextεsinReq, (5.7)where Req is the equatorial radius of the lens. By replacing this expression in 5.6 thequalitative relation between εn and εsen is �nally obtained:
εn ∼ nextεsinReq + σf

t
(5.8)From this equation 5.8 and the numerical simulations that we will show next, we wantto do something that we have not usually found in literature: to justify the provided ac-curacy of the retrieved gradient indices and to relate it with the errors of the experimentaldata.5.2 Numerical simulations of reconstruction of gradientswith spherical symmetryThe crystalline lenses of teleost �sh, the most common one [Wik], are generally approxi-mated as lenses of spherical symmetric gradient [Fer90, Siv90, Jag92]. This means that,under this assumption, any of its meridional planes shows a gradient index with a radialsymmetry n (r) and a functional form that can be written as a particular case of theequation 4.11:

n (r) = n0 + n1r
2 + n2r

4 + . . . =
M
∑

i=0

nir
2i, (5.9)where r =

√
x2 + z2 is the radial coordinate. This fact alone should not be enough tojustify the performance of some speci�c numerical simulations. Any result obtained foreye lenses with a gradient with generic rotational symmetry n (x, z) could be extrapolated68



5.2 Numerical simulations of reconstruction of gradients with spherical symmetryto the particular case of spherical symmetry. Nevertheless, there is a speci�c feature inthe eye lenses that indeed justi�es a particular study for this case: the variation of therefractive index between the nucleus and the surface of the lens. Whereas in the case ofthe teleost �sh this variation, quite constant in all species and sizes, is about 0.16-0.21[Axe88, Jag92, Kro94, Kro01, Gar01], for the human case the larger of the measuredvariations has been about 0.07 [Mof02a]. As it was explained in section 1.5 the �shlenses need to be much more powerful that those of the vertebrates, what explains sucha large variation of the index as well as its geometry.For the numerical simulations we have used as models of gradients those obtained inliterature for di�erent species and with di�erent methods [Axe88, Kro94, Gar01]. How-ever, in this work we show the results of just one of them, illustrative enough of theothers: the gradient index retrieved by using optimization algorithms and ray de�ectom-etry for the Allocytus Niger [Gar01]. This gradient is described by the coe�cients oftable 5.1 (see Eq. 5.9), de�ned for a radius R of the lens normalized to unity. Given thespherical symmetry, for the reconstruction of this type of gradients just one projectionis needed. By using a numerical ray tracing [Sha82] we obtain at the exit of the lens theoptical path distribution corresponding to one projection for a variable number of rays,
S (BrCr). In order to simulate the lack of knowledge of the piston in the experimentaldata we add to the distribution S (BrCr) an arbitrary constant value K = 6, obtaining
S̃ (BrCr) (the use of other values of K, both positive and negative, does not modifythe results obtained in the numerical simulations). Regarding the refractive index of theexternal medium, next, we choose that of a 0.9% sodium chloride solution (physiologicalsaline solution) for λ = 633 nm at 22 oC, next = 1.3332.

n0 n1 n2 n3 ns1.543 -0.121 -0.033 -0.021 1.368Table 5.1: Coe�cients ni of the Allocytus Niger lens gradient index, as well as its super-�cial index ns.Without adding any noise in the input data S̃ (BrCr), we �rst check the in�uence ofthe number of rays in the tomographic retrieval. Thus, we retrieve the gradient index fora variable number of parallel rays equally spaced in an entrance aperture of the 99% ofthe lens diameter. The accuracy of the retrieval is measured by using the peak-valleydi�erence between the retrieved an the theoretical index, PV∆n, and the root meansquare of such a di�erence, rms∆n. These data are given in table 5.2 for 25, 50, 100 and200 incoming rays. For all cases the results are practically the same. The convergence in69



5 Numerical simulations of the tomographic algorithmthe iterative procedure used to approximate the ray trajectories is essentially identicaltoo. In absence of experimental noise and by assuming that the approximation of thetrajectories is reasonably good, no many rays are needed to retrieve with an almostnegligible error a gradient index like the one used. Thus, the order of magnitude of the�nal error is 105 times lower than the variation of the index from the nucleus to thesurface. 25 rays 50 rays 100 rays 200 rays
rms∆n 6.0 × 10−7 6.1 × 10−7 6.3 × 10−7 6.2 × 10−7

PV∆n 1.5 × 10−6 1.7 × 10−6 1.7 × 10−6 1.7 × 10−6Table 5.2: Precision of the retrieval of the Allocytus Niger lens gradient index for a dif-ferent number of rays.Once set the external index, the tomographed area depends on the aperture used for theincoming set of rays . In �gure 5.1 it is shown the result of the retrieval of the gradientindex for 50 rays and three di�erent apertures: 99%, 90% and 80% of the lens diameter.As it can be seen, as this aperture decreases, the accuracy decreases too, mainly at thelens periphery. This is related with what has been mentioned in section 4.3.1 about thenature of piston K and the associate non analytical function g (x, z). The smaller theaperture, the lower the accuracy of the retrieval, above all in the higher order terms, andthe higher the possibility the piston K that has not been properly calculated a�ects sucha retrieval with a non analytical component that makes the accuracy to diverge at thelens periphery. Even so, it must be noticed that the accuracy of the retrieval is higherthan the fourth decimal digit of the index for apertures larger than the 60% of the lensdiameter.As it has been previously mentioned, the gradient of the lens of the Allocytus Nigeris very similar to that obtained in other species of teleost �sh lenses and with othermethods. Nevertheless, we want to check that the tomographic algorithm is useful andaccurate for a widest possible range of hypothetical �sh gradients. In order to producealternative but physiological plausible models of gradients it must be taken into accountthat:
• The values retrieved for n (r) at r = 0 and r = R are quite constant for di�erentspecies and reconstruction methods: the valued of n (0) is around 1.54-1.57 andthat of n (R) around 1.36-1.38 for λ = 633 nm [Axe88, Jag92, Kro94, Kro01,Gar01]. Since the protein concentrations and other metabolic conditions of the most70



5.2 Numerical simulations of reconstruction of gradients with spherical symmetryexternal and internal cells of the lens can be supposed to be constant throughoutlife, the values of n (r) at r = 0 and r = R can also be supposed not to vary overthat time.
• As it is inferred from what has been explained in the �rst chapter, n (r) is amonotonically decreasing function, due to the gradual increase of the protein con-centration towards the center of the lens.
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5 Numerical simulations of the tomographic algorithm
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5.2 Numerical simulations of reconstruction of gradients with spherical symmetrythe convergence of the tomographic algorithm for the reconstruction of the gradient indexin teleost �sh lenses.
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5 Numerical simulations of the tomographic algorithm
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5.2 Numerical simulations of reconstruction of gradients with spherical symmetry
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Figure 5.6: Distributions of normalized probability of the peak-valley (a) and rms (b)di�erence between the retrieved and theoretical gradient indices for the par-ticular case of nA (r) with an error of σsin = 1 × 10−3 and 500 incident rays.Upper (S) and lower (I) bounds de�ne an interval that includes approximately68% of the cases around the mode.results. This results consist of the PV∆n and rms∆n distributions that correspond toeach case. Given the asymmetry of these distributions (see Fig. 5.6), instead of theirmean and standard deviation we found it to be more representative to provide the modeand the extremes of the interval that include approximately the 68% of the cases aboutthe mode (see Figs. 5.7 and 5.8). From the analysis of the results it can be inferred that:1. As the error increases, the accuracy of the tomographic algorithm for the distrib-utions nA (r) and nB (r) becomes more similar, with an order of magnitude of thethird decimal digit in the worst of cases represented. Due to the formerly explainedrepresentativeness of nA (r) and nB (r), this result can be extended to very widerange of likely gradients of teleost �sh lenses.2. The number of rays has a relatively small in�uence in the value of the obtainedmodes, although it contributes to shift the distributions towards lower values of
PV∆n and rms∆n. 75



5 Numerical simulations of the tomographic algorithm3. The relationship that can be noticed in �gure 5.7 between rms∆n and σsin seemsto con�rm that deduced for εn and εsin in the expression 5.8. Thus, for an addederror of σsin = 1× 10−3 we have that σf ∼ 10−4 both for nA (r) as for nB (r), fromwhat an average estimated error in the index of εn ∼ 7 × 10−4 is obtained (R = 1and t = 2), not very di�erent to the modes achieved for the corresponding cases.
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5.3 Numerical simulations in gradient indices with non spherical rotational symmetry
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Figure 5.8: Peak-valley di�erence between the retrieved and theoretical gradient indicesfor 100 (a) and 500 (b) incident rays and errors of di�erent magnitude in thesines of de�ection. The results are shown for the distributions nA (r) (circles)and nB (r) (squares).5.3 Numerical simulations in gradient indices with nonspherical rotational symmetryIn this section we will tackle the more general case of lenses with non spherical rotationalsymmetry. Most of the terrestrial vertebrates have lenses that show a larger or lowerdeviation regarding the spherical geometry, with an anteroposterior axis shorter thanthe equatorial diameter of the lens. This geometric modi�cation has an equivalent e�ecton the refractive index distribution, for reasons already mentioned in the �rst chapterof this work. A representative lens of this more general symmetry is that of the humanbeing. For this reason and for being the lens with more abundant data in literature,it is the lens we use in the numerical simulations we will show throughout this section.77



5 Numerical simulations of the tomographic algorithmHowever, it is important to point out that the obtained results, along with those shown forthe �sh lenses, can be extrapolated to any other vertebrate lens that has the mentionedsymmetries.In section 5.2 we check that the accuracy of the tomographic algorithm, speciallythe iterative procedure of approximation to the actual ray trajectories, depends on theanalyzed strength of the gradient. From the existing data in literature it is di�cult toassign a pro�le to the derivatives of the index in the human lenses. This di�culty iseven more if we take into account that the lens substantially modi�es its geometry andhence its gradient in the process of accommodation. In order to ensuring the accuracyand functionality of the algorithm, we have carried out the numerical simulations byconsidering two models of the gradient index, one weak and other strong, that representedthe extremes of the range of plausible refractive index distributions in the human lens.The weakest gradient index referred to in literature is that proposed by Gullstrand[Gul09] in 1909 for the accommodated lens (see Fig. 5.9). The calculation of this gradientwas based on the measurements of the refractive index at the poles, nucleus and equatorof the lens, the anterior and posterior vertex radii of curvature (Rant = −Rpos = 5.333mm) and the power of the lens. With a thickness of t = 4 mm, both the anteriorand posterior surfaces are assumed to be spherical, and while this is now known to beinaccurate, it does not a�ect the aim of these simulations. As for the refractive indexdistribution proposed by Gullstrand, its corresponding coe�cients nij (see Eq. 4.11) fora coordinate system centered at the anterior vertex of the lens are shown in table 5.3.Regarding the strong gradient, we produced our own model using data from the twosources:
• Gradient index data were extracted from the magnetic resonance imaging measure-ments made by Mo�at et al. [Mof02b] (see section 2.3), as some of their subjectshad the strongest gradient index reported in literature. However, for the geomet-rical data related to the lens shape we needed another reference since that papershowed only paraxial parameters.
• Geometrical data were extracted from the work carried out by Koretz et al. [Kor02].The thickness of the lens and the shapes of the anterior and posterior surfacesup to height of x = ±4 mm were obtained. Assuming that in moving from theaccommodated to the unaccommodated state there is only a renormalization of therefractive index distribution to the new dimensions of the lens, and therefore theunaccommodated lens would have a stronger gradient index, we decided to use thegeometrical data referring to the unaccommodated state. For that case, the anterior78



5.3 Numerical simulations in gradient indices with non spherical rotational symmetryand posterior surfaces are described by the following parabolas, respectively:
z = 0.027x2 (5.10)

z = −0.064x2 + 3.47 (5.11)

Figure 5.9: (a) Pro�le at x = 0 of the weak (solid line) and strong (dashed-dotted for theanterior segment, dashed for the posterior) gradient indices, where z showsthe distance from zH to the periphery. (b) Pro�le at zH of the weak (solidline) and strong (dashed line) gradient indices.With regard to the proportions of the anterior and posterior segments of the lens, wedecided to place such a division in zH = 1.37 mm, approximately a 40% of the lensthickness, t = 3.47 mm, and then �t the refractive index values of each segment asdescribed in the reference [Mof02b] into a fourth-order polynomial (see Eq. 4.11 andconditions of continuity 4.12). The coe�cients nij of each segment for a coordinatesystem centered at the anterior vertex of the lens are shown in table 5.3.Since we showed previously the e�ect of the number of rays and the tomographed areaon the tomographic retrieval without added experimental noise, it is not necessary toshow equivalent simulations for the proposed models of human gradient. We proceed,79



5 Numerical simulations of the tomographic algorithmStrong GradientCoe�cients Weak Gradient Anterior Posterior
n00 1.386 1.371 1.4171
n01 3.4994 × 10−2 9.9541 × 10−2 3.7893 × 10−2

n02 −2.3742 × 10−2 −4.0986 × 10−2 −2.6831 × 10−2

n03 7.4969 × 10−3 3.3996 × 10−3 9.4904 × 10−3

n04 −9.3711 × 10−4 −6.2037 × 10−4 −1.7318 × 10−3

n10 −3.2806 × 10−3 −2.2983 × 10−3 −2.9183 × 10−3

n11 2.1085 × 10−3 1.3492 × 10−3 2.2543 × 10−3

n12 −5.2712 × 10−4 −4.9241 × 10−4 −8.2272 × 10−4

n13 −3.4996 × 10−5 −9.7711 × 10−5 −9.7711 × 10−5Table 5.3: Coe�cients nij of the weak (monopolynomial) and strong (bipolynomial) gra-dients for fourth-order polynomials.thus, to analyze the outcome of the application of the tomographic algorithm to the dataobtained for three projections (0o, 20o y 40o) on each one of the models, considering anaperture of 90% of the diameter of the lens and 100 incoming rays equally spaced withinthe aperture diameter. Like in the previous simulations, the input data were the opticalpaths covered by the rays inside the lens S (BprCpr) as calculated with the Sharma etal.'s algorithm [Sha82] plus a randomly chosen constant Kp for each projection.In �gure 5.10 the evolution of rms∆n for the tomographic retrieval of the weak andstrong gradients is shown. In the �rst case, only the monopolynomial phase of theretrieval was applied. It can be observed that because of its weak gradient the algorithmconverges much faster and with greater accuracy than in the case of the strong gradient.Thus, with just six interpolated points its rms∆n is lower than 1× 10−5. For the stronggradient, both monopolynomial and bipolynomial phases of the tomographic retrievalneed to be applied. In the �rst phase the algorithm converges very fast. However,once reached a solution very close to the best monopolynomial approximation of thebipolynomial distribution the tomographic algorithm can not improve the result. Atthat point the bipolynomial phase is applied, improving the accuracy of the retrieval at80



5.3 Numerical simulations in gradient indices with non spherical rotational symmetry
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Figure 5.10: Evolution of the tomographic retrieval for the weak (circles) and strong(squares for the monopolynomial retrieval, stars for the bipolynomial) gra-dient indices.each iteration and reaching values lower than 1×10−5 with 42 interpolated points. Alongwith the �nal results of the tomographic retrievals, in table 5.4 we can see the retrievedgradients are able to reproduce the optical behaviour of the theoretical ones for each oneof the projections and with which accuracy. This accuracy is shown by the root meansquare of the di�erence between the distributions of the original optical paths and thoseobtained by numerical ray tracing in the retrieved gradients, rms∆S.In the simulations we analyze next we will consider the whole e�ect of the followingthree factors on the tomographic retrieval:1. A Gaussian error added to the sines of de�ection sinαpr (x, t) with zero mean anda standard deviation σsin with values 1× 10−5, 1× 10−4 and 1× 10−3 to simulatethe experimental error εsin (we propagate this error in the sines of de�ection to thepoints of intersection of the exit rays with the lens, Cpr).2. Setting the number of projections in 3, the retrievals for each one of the followingangular distributions are performed: (0o, 5o, 10o), (0o, 15o, 30o), (0o, 25o, 50o)and (0o, 35o, 70o). We limit to three the number of projections because, as wewill explain in the following chapter, this is the number of projections we will workwith experimentally. 81



5 Numerical simulations of the tomographic algorithmGradientmodels Interpolatedpoints rms∆n
rms

∆S(0o)(mm) rms
∆S(20o)(mm) rms

∆S(40o)(mm)Weak 70 2.9 × 10−7 1.4 × 10−7 1.4 × 10−7 1.9 × 10−7

Strong 6 (monopolyno-mial) 8.9 × 10−4 1.6 × 10−3 1.6 × 10−3 1.6 × 10−374(bipolynomial) 3.2 × 10−6 2.9 × 10−6 2.8 × 10−6 2.2 × 10−6Table 5.4: Results of the tomographic retrieval for the weak and strong gradients whenusing data from 0o, 20o and 40o projections.3. Di�erent number of rays per projection: we consider two possible cases, with 100and 500 rays equally spaced within an aperture of 90% of the diameter of the lens.For each one of the combinations of factors and each one of both gradients the tomo-graphic algorithm has been simulated 2000 times. As in the simulations of the formersection, the resulting distributions of PV∆n and rms∆n are asymmetrical (see Fig. 5.11).Therefore, also in this case, instead of the mean and the standard deviation, we foundit to be more representative the mode and the extremes S and I of the interval thatcomprises approximately 68% of the cases about the mode. These values are shown inthe graphs of �gures 5.12-5.15, where we can easily analyze the whole e�ect of the errorin sines, angular distribution of projections and number of rays on the reconstruction ofthe weak and strong gradients.The most important conclusions that can be taken from study of the graphs of �gures5.12-5.15 are these:1. The weaker the gradient, the higher the tolerance to errors and the lower the numberof rays and projections needed to obtain an accurate reconstruction. Likewise, theprojections need not to be as widely distributed as in the case of a strong gradient.2. Although a larger number of rays per projection increases the accuracy of the re-82
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Figure 5.11: Distributions of the normalized probability of the peak-valley (a) and rms(b) di�erence between the retrieved and theoretical gradient indices for theparticular case of the weak gradient with an error of σsin = 1 × 10−3, pro-jection at (0o,25o,50o) and 100 incident rays. The upper (S) and lower (I)bounds de�ne an interval that includes approximately 68% of all cases aboutthe mode.trieval, the in�uence of a higher and more distributed number of projections is moreimportant, since it provides a better sampling of the refractive index distribution.3. As error increases, a larger number and distribution of rays and projection is neededto obtain a given degree of accuracy.In the particular case of the weak gradient, even with an error such as σsin = 1 ×
10−3 accuracies of PV∆n ∼ 10−3 and rms∆n ∼ 10−4 can be obtained with projectionsdistributed up to 70o and 100 incident rays. If we consider the same number of rays butwith projections up to 30o we still get a good accuracy, rms∆n ∼ 10−3 . By decreasingthe error and increasing the number of rays, this accuracy can reach values as low as
PV∆n ∼ 10−5 and rms∆n ∼ 10−6 for σsin = 1 × 10−5, for instance. Nevertheless,the strong gradient is much more demanding, since the maximum acceptable error foran accuracy of PV∆n ∼ 10−3 is σsin = 1 × 10−4 with projections up to 50o. Evenso, an accuracy of rms∆n ∼ 10−3 is feasible for σsin = 1 × 10−3 if projections reach83



5 Numerical simulations of the tomographic algorithmthe 70o. Besides the strength of the gradient, the lower accuracy in the retrieval ofthe strong gradient is strongly related to its bipolynomial nature. As it was previouslymentioned, the results of the monopolynomial phase of the retrieval are limited by howaccurately the actual bipolynomial distribution can be �tted with a monopolynomialfunction. In addition, the bipolynomial retrieval involves the calculation of a highernumber of coe�cients and, thus, a higher sensitivity to the experimental errors in thetomographic inversion, specially if the previous monopolynomial reconstructions was notvery accurate. This is why, as seen in �gures 5.14 and 5.15, the angular distribution ofprojections need to be large enough and the error small enough to make the bipolynomialreconstruction to improve the result of the monopolynomial reconstruction in terms ofstatistically signi�cance, as checked with the F -test.
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Figure 5.12: Root mean square of the di�erence between the retrieved and theoreticalweak gradient index for σsin = 0 (circles), σsin = 1 × 10−5 (diamonds),
σsin = 1 × 10−4 (squares) and σsin = 1 × 10−3 (stars). The error barsrepresent the upper and lower bounds, S and I, respectively. (a) and (b) arethe results for 500 and 100 incident rays, respectively.84



5.3 Numerical simulations in gradient indices with non spherical rotational symmetry
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Figure 5.13: Peak-valley di�erence between the retrieved and theoretical weak gradientindex for σsin = 0 (circles), σsin = 1 × 10−5 (diamonds), σsin = 1 × 10−4(squares) and σsin = 1 × 10−3 (stars). The error bars represent the upperand lower bounds, S and I, respectively. (a) and (b) are the results for 500and 100 incident rays, respectively.
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5 Numerical simulations of the tomographic algorithm
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Figure 5.14: Root mean square of the di�erence between the retrieved and theoreticalstrong gradient index for σsin = 0 (circles), σsin = 1 × 10−5 (diamonds),
σsin = 1 × 10−4 (squares) and σsin = 1 × 10−3 (stars). The error barsrepresent the upper and lower bounds, S and I, respectively. (a) and (b) arethe results for 500 and 100 incident rays, respectively.
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5.3 Numerical simulations in gradient indices with non spherical rotational symmetry
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Figure 5.15: Peak-valley di�erence between the retrieved and theoretical strong gradientindex for σsin = 0 (circles), σsin = 1 × 10−5 (diamonds), σsin = 1 × 10−4(squares) and σsin = 1 × 10−3 (stars). The error bars represent the upperand lower bounds, S and I, respectively. (a) and (b) are the results for 500and 100 incident rays, respectively.
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5 Numerical simulations of the tomographic algorithmIn the last section of chapter 2 we showed a series of ideal features a new method ofreconstruction of the gradient index in crystalline lenses should have. Amid them, it waspointed out the aim of reaching average accuracies of εn ∼ 10−3. Assuming that theactual lens is an intermediate case of the extreme examples we have worked with, withthe numerical simulations we have shown that our tomographic algorithm can provideeven higher accuracies, depending on the type of gradient, the tomographic data and theerrors. Due to the lack of reliable statistics, in the lab we can just evaluate these lasttwo factors, but according to relation 5.8 and the numerical simulations we will be ableto obtain quite a good estimation of the maximum accuracy we can aim for. In fact, forthis reason we have tried to include in the simulations cases that corresponded to thosewe will �nd in the lab, by considering, for instance, an error in sines of 1× 10−3, a set ofapproximately 100 rays per projection or a maximum number of three projections.A last issue regarding the numerical simulations is the time of computation needed toretrieve a gradient index. This time mainly depends on two factors: the total numberof rays used in the tomographic retrieval and the number of computed iterations. Asa result, the time of computation includes values from �ve seconds in the case of thespherical symmetric gradient, where just one projection and no more than 100 rays wereneeded, up to approximately 90 seconds in the case of working with 3 projections and 500rays per projection (these values correspond to those obtained with a computer with aPentium 4 processor at 2.4 Ghz with 1 gigabyte of RAM and the algorithm programmedin Matlab).
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6 Collection, processing and analysis ofexperimental dataOnce laid the foundations of the tomographic algorithm it is possible to move on tothe last part of this work, focused on its experimental implementation. To do so itwill be necessary to explain �rst the procedure followed for obtaining the input dataof the tomographic algorithm. This includes the assembly and operation of an ownexperimental setup of ray de�ectometry, as well as the obtaining of the input data throughthe processing of the images recorded with such a setup. Likewise, a previous study ofthe sources of error will be indispensable too, comprising the detection, minimizationand estimation of the order of magnitude of the error those sources produce on theexperimental data.

Figure 6.1: Illustration of the input data of the algorithm, θp, Bpr, Cpr and sinαpr (x, t),for a given projection p in a crystalline lens with a gradient index n (x, z) andthickness t.
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6 Collection, processing and analysis of experimental data6.1 Assembly and operation of an experimental setup of rayde�ectometryAs it was explained in section 4.1, the tomographic algorithm is designed to work witha set of parameters of the de�ection caused by an eye lens on rays of light entering thelens at di�erent angles and heights. Speci�cally, and for a given projection p, these inputdata of the algorithm are:
• The angle of incidence θp of these rays (which are supposed to be parallel).
• Their entry points Bpr on the surface of the lens (where the subscript r representseach ray).
• The exit points Cpr.
• The distribution of the sines of their angles of de�ection on a plane z = t, sinαpr (x, t),where t is the thickness of the lens (see Fig. 6.1).To obtain these data, to do it with the highest possible accuracy and for a wide rangeof values of θ are the main aims of the experimental setup we have designed for thereconstruction of the gradient index in crystalline lenses.In �gure 6.2 a diagram of the experimental setup is shown:

Figure 6.2: Diagram of the experimental setup as seen from the measurement camera.In the former diagram we distinguish the following parts (see Fig. 6.3):1. A laser diode (0.9 mW; λ = 633 nm) �xed to a rotational platform that allows torotate it 360o with an accuracy of 5 minutes of arc. The diode has a special feature:90



6.1 Assembly and operation of an experimental setup of ray de�ectometryit has an adjustable lens that allows to focus the laser beam from 150 mm to thein�nite. By varying this distance we can narrow the beam up to 100 µm in thearea of analysis of the eye lens.

Figure 6.3: Picture of the experimental setup, where we can distinguish the laser diode(1), the motorized travel stage fastened to a rail (2), a glass cell that containsthe lens (3), the alignment camera (4), the measurement camera (5) and thewhite LED di�use backlight (6).2. The system laser-rotational platform is mounted on a motorized travel stage witha range of movement of 254 mm. Once �xed the angular position of the laser,we can displace it by moving the stage for each one of the projections in order tosample the whole aperture of the lens. The travel stage is fastened itself to a railof 750 mm, on which we slide the stage to modify its position from one projectionto the other. Since both the position of the lens and the height of the systemlaser-rotational platform are �xed, each time we rotate the laser it is necessary tohorizontally displace such a laser to illuminate once again the lens.3. A glass of cell of 137 × 72 × 92 mm contains the lens immersed in a biocompatiblesolution (BSS Plus R© of Alcon [Bss]). Some drops of milk are added to the solution91



6 Collection, processing and analysis of experimental datato make visible by scattering the trajectory of the laser beams. With the aim ofobserving the laser beams before entering the lens and correcting small misalign-ments of its position we have designed a supporting system of the lens to be coupledto the glass cell (see details in Fig. 6.4).

Figure 6.4: Components of the supporting system of the lens. To the left (A) there isa 0.5 mm thick steel plate with �ve holes to ease its immersion and anotherhole to support the lens. The diameter of this sixth hole varies from one plateto another, comprising values from 8 up to 11 mm, which are those formerlymeasured in pig and some �sh lenses. In order to see the laser beams atboth sides of the lens, this hole is extended with two lateral slots. Besides, todecrease the portion of the lens hidden to the measurement camera becauseof the plate A, the width of this plate has been reduced in this area. On theother hand, there are other two plates that leans on the superior surface ofthe glass cell, one of them shown to the right of the image (B). Each oneof them has two screws with a polished area at their end. Those areas areinserted in each one of four lateral notches of the plate A, in order to hold it.By means of the screws we can change the height and the inclination of thelens inside the cell.4. An alignment CCD camera (AC), with a resolution of 768×576 pixels (8 bits/pixel),is used to check the level of the glass cell, the orthogonality of the laser beam withthe base of the glass cell and that throughout each one of the projections such abeam is aligned with the meridional plane of the lens to be tomographed (see Fig.6.5).92



6.1 Assembly and operation of an experimental setup of ray de�ectometry

Figure 6.5: Views of the de�ection of a laser beam caused by an eye lens as seen fromthe measurement camera (a) and the alignment camera (b). This secondcamera is used to check such a de�ection is contained within the tomographedmeridional plane.5. A measurement CCD camera (MC), orthogonal to the alignment camera and witha resolution of 1344 × 1024 pixels (12 bits/pixel), is used to record the images ofthe beams de�ected by the eye lens at each one of the projections (see Fig. 6.6).6. A di�use source of illumination, made up by white LED's, is used to backilluminatethe lens and obtain by contrast an image of its pro�le with MC (see Fig. 6.7), whichis placed in front of the LED lamp. The speci�c use of the di�use illumination allowsto avoid the presence of shadows or areas of half-light that might distort the pro�leof the lens. In fact, this technique is also used in other areas of knowledge thatrequire a very accurate determination of the surface of some objects [Hol02].We will obtain the input data of the tomographic algorithm from the processing of theimage of the lens pro�le (see Fig. 6.7) and those recorded for each one of the projectionsby MC (see Fig. 6.6). Except for the system motorized travel stage-rail and the whiteLED backlight, all the other elements are mounted on platforms that allow to minimizeany tip and/or tilt. 93



6 Collection, processing and analysis of experimental data
a)

b)

c)

Figure 6.6: Images of the de�ections produced at three projections, spaced about 20oamong them.
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6.1 Assembly and operation of an experimental setup of ray de�ectometry

Figure 6.7: Image of a lens pro�le obtained from the measurement camera with a back-ground di�use illumination. The anterior surface of the lens, the closest oneto the cornea, is oriented upwards and the posterior surface downwards.6.1.1 Experimental protocol for the collection of experimental dataIn order to minimize the errors due to misalignments and guarantee the quality of thedata, when taking measurements we have followed some steps that make up the followingexperimental protocol:1. We level both cameras and the glass cell by using levels and by analyzing the imagesof the cell base and the solution level recorded from each one of the cameras (thedetails of this analysis, as well as of all those performed on the recorded images,will be explained in a subsequent section).2. Once �xed the laser on a given angular position, its beam is focused to make itas narrow as possible in the area of analysis of the lens. By means of the imagesobtained from AC we check the orthogonality of the laser beam with the baseof the cell and we displace it towards the exact center of the image. By doingso we prevent the parallax errors from distorting the detection of possible lateralmovements of the laser beam as we displace it along a projection, since the lens ofAC is not telecentric [Edm].3. A crystalline lens is extracted and, from a previous estimation of its diameter witha rule, we choose a supporting plate with a diameter a bit lower and we place it inthe cell. Next, we put the lens on the corresponding hole of the plate, always withthe most curved surface downwards to minimize the lack of data due to the portion95



6 Collection, processing and analysis of experimental dataof the lens hidden by the plate. Since the ultimate aim is to scan a meridionalplane of the lens, it is necessary to align the lens so that the laser beam propagatesalong such a plane. To do so, by displacing the glass cell and tilting the supportingsystem, we search for the plane of the lens orthogonal to the object plane of ACthat contains both the incoming laser beam and the de�ected beam, which is thecondition that de�nes a meridional plane of a rotationally symmetrical optic system.We verify such a condition for three positions of the incoming laser beam equallyspaced along the meridional plane. A more thorough check is not done due to thesensitivity of the lens to the modi�cation of the external biological conditions (seesection 1.4). This is why it is necessary to reduce as much as possible to total timeof data gathering and alignment, although without compromising their accuracy.4. Once �nished the former step, it is necessary to ensure that the meridional planeof the lens and the laser beam are properly imaged by MC.5. We switch on the LED lamp to obtain a �rst image of the lens pro�le. Afterswitching it o�, we use MC to record the images that correspond to one projection.By displacing the motorized travel stage at equal intervals, the whole lens and itsadjacent regions are scanned. Once the scanning is done, another image of thepro�le of the lens is taken to detect any possible displacement or modi�cation ofits shape.6. Once �nished the image recording of one projection, the laser is rotated and themotorized travel stage slid along the rail up to the position from where the lenscan be scanned. Once fastened the stage to the rail, the laser beam is focusedagain to decrease as much as possible the beam width at the area of analysis of thelens. This set of operations (rotation, displacement, focusing) misaligns the laserbeam and it is necessary to realign it so that its position and inclination agree withthat of the former projection. Thus, we guarantee the beam is once again in theobject plane of MC and aligned with the same meridional plane of the lens that wasscanned at the former projection. Hereinafter steps 5 and 6 are repeated as manytimes as projections are needed. Given the con�guration of the experimental setup,the theoretical limit to the entry angle θ, without considering possible inclinationsof the lens, is provided by the following function
θmax = arcsin(

1

next

) (6.1)where next is the index of the biocompatible solution. Any of the solutions used in96



6.2 Image processing and collection of the input data of the tomographic algorithmliterature [Cam84, Kro94, Vil01, Aco05] would allow to achieve up to 49o. However,due to the vignetting produced by the setup itself, we will not exceed the 40o(According to the numerical simulations of section 5.3, three projections distributedfrom 0o to 40o should guarantee an average accuracy of the order of 10−3 − 10−2in the reconstruction of the gradient).7. The last step is the measurement of next for the laser wavelength (λ = 633 nm)with an Abbe refractometer. To the error in the measurement of the refractometer,0.0002, we have to add that of the possible variation of the temperature of the lab-oratory during the data collection. With a thermometer we have checked that thisvariation rarely exceeds two degrees. Therefore the �nal error in the measurementof next is still in the fourth decimal digit [Qua95].Regarding the time needed for each one of the projections, the average is about 25minutes, where 10 of them corresponds to the projection strictly speaking and the re-maining 15 to the alignment procedure.Finally, it is important to point out that throughout this research alternative exper-imental setups have been assembled and from their study and improvement results theone we present in this work. Among these alternative setups stands out that used inreference [Vaz06].6.2 Image processing and collection of the input data of thetomographic algorithmThe collection of the input data of the tomographic algorithm (θp, Bpr, Cpr and sinαpr (x, t)),as well as those needed to detect and correct all misalignments mentioned in the formersection, requires a previous processing of the images recorded by MC and AC, respec-tively. As we will see next, this processing is di�erent depending on the fact the imageis that of a laser beam or that of the lens surface.6.2.1 Processing of laser beam imagesFrom the application of the Ehrenfest's theorem to optics [Coo75] a very useful propertyin the characterization of the propagation of light beams is inferred: in a weakly inho-mogeneous optical medium the centroid of such a beam propagates like a paraxial rayin an e�ective refractive index that corresponds to the transverse gradient of the refrac-tive index averaged over the irradiance pro�le of the beam. In a homogeneous medium,97



6 Collection, processing and analysis of experimental datalike that of the biocompatible solution, this means the centroid of a beam follows astraight line, so that in our case we can approximate the trajectory of the laser beam asthe ray characterized by the parameters of this straight line, slope and intercept. Thismakes possible to �come back� to the approximation of geometrical optics under whichwe have formulated the tomographic algorithm and to relate our experimental measure-ments with its input data, which are also of geometrical nature. Therefore, the ultimateaim of the processing of laser beam images will be that of calculating their centroids andthe parameters of the straight line they �t the best. To do so, we follow the next steps:1. For obtaining the data of just a beam or those of all entry and exit beams, wede�ne the regions of the images where we will carry out the processing (see Fig.6.8). This has two objectives: to prevent other illuminated zones of the image,like the lens, from a�ecting the calculation of the centroids in the following stepsand to decrease the time of computation by reducing the areas of the image to beanalyzed.2. For each image of a ray and for each row of its corresponding region of analysis theposition of the maximum of intensity (or level of gray, equivalently) is searched andfrom that point, rightwards and leftwards, the pixels where the intensity falls belowa threshold previously de�ned by us (see Fig. 6.9). With the values of the intensityand the positions of the pixels contained by these threshold pixels the centroids ofintensity of the ray for each row is calculated, imposing a condition: the numberof pixels in between must be higher than two. This condition is intended to avoidthe detection of false centroids due to glares of particles in suspension.The choice of a suitable threshold is essential for an accurate and precise calculationof the centroids. With the aim of automatizing the process of calculation of thisthreshold, in the beginning we used �lters of gradient, like those of Sobel [Gon93].This technique is useful for laser beams with a small divergence in the region ofanalysis and a very homogeneous pro�le in its propagation. However, the refractiondue to the lens along with the focalization of the laser (see section 6.1) cause animportant divergence on the beams that must be taken into account (see Fig. 6.10).Hence, we have decided to set a threshold intensity to distinguish the ray from theimage background both in the positions where the waist is very straight and inthose where it has widened, with the corresponding drop in the maximum levelsof intensity. The choice of the value of this threshold intensity will be explainedin the �nal section of this chapter, focused on the calibration of the experimentalsetup.98



6.2 Image processing and collection of the input data of the tomographic algorithm

Figure 6.8: Combination of images of several laser beams de�ected by the lens where tworegions of analysis (dashed line) are de�ned: one for the entry beams (E) andother for the exit beams (S).

Figure 6.9: Image of a laser beam (a) where the centroid is calculated at the positionmarked by the white line. In the intensity pro�le that corresponds to this po-sition (b), it can be seen the positions of its maximum (square), of a thresholdlevel of gray of 310 (circles) and of the centroid calculated for that threshold(vertical dashed line).
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6 Collection, processing and analysis of experimental data

Figure 6.10: Image of a laser beam at the exit of a lens (a) where the pro�le of theintensity is analyzed for the two points of its trajectory marked with twothick white lines. These pro�les are shown in graph (b), where it can be seenhow the beam has diverged as well as a possible estimation of a thresholdfor the calculation of centroids (horizontal solid line).3. Once calculated the centroids of a beam along its trajectory, they are �tted to astraight line to obtain the parameters of such a line: the slope b and the intercept
a (see Fig. 6.11). To decrease the in�uence of wrong values of those centroidsbecause of accidental glares, this �t is performed by using a robust least squares�tting [Mtl].It is important to notice that in the case of the incoming rays the �tting is di�erent.In order to have a widest possible section of the exit beams and of the lens in theimage, we have decided to reduce that of the incoming beams. Since, theoretically,the slope of these beams is the same along the projection, what we do is to takeseveral images of non deviated rays at both sides of the lens. Afterwards, with arobust �tting, we obtain their average slope. From this value and the centroids ofthe incoming beams, we calculate the intercepts of these beams by assuming theyall have that same slope.The processing of the laser beams is applied to both the images taken by MC for thecollection of the input data of the tomographic algorithm and to those taken by AC todetect and to correct all misalignments mentioned in section 6.1.1. In table 6.1 it can beseen the results obtained for a study of the precision of the processing of 500 and 100images of the same laser beam recorded from MC and AC, respectively. These resultsare representative of those obtained for di�erent angles of the beam, as well as of the100



6.2 Image processing and collection of the input data of the tomographic algorithm

Figure 6.11: Portion of a laser beam where it can be seen its centroids of intensity (points)and the straight line they �t the best (solid line).statistical distributions of the slope b and the intercept a. These distributions, except forslight asymmetries that may be due to small tilts of the system laser-rotational platform(see section 6.1), can be approximated as Gaussian, like the error added in the numericalsimulations of chapter 5. It is important to point out that whereas the intercept of thebeams characterized from MC is given in microns, that of AC is given in pixels. This isbecause the beams recorded from MC always show the same magni�cation, since theyare at the same plane, and those of AC are moved within a range of distances of about10 mm in relation to the camera. Within this range the magni�cation includes valuesbetween 67 and 80 µm/pixel, what makes more practical to give the value of the intercept
a in pixels.6.2.1.1 Sources of error in the processing of laser beamsNext, we will list the main sources of error in the processing of the laser beams and the�tting of the evolution of their centroids to a straight line:

• Geometrical distortion of the image: for both cameras the distortion is assessed withan array of dots equally spaced 500 µm that occupies all their �eld of view. In thecase of AC the only noticeable distortion is that due to the rectangular shape oftheir pixels, that requires a correction of 2% in one of the dimensions of the imagein relation to the other. Regarding MC, the distortion is exclusively due to itsobjective. From the image of the array of dots, the detection of their centroids by101



6 Collection, processing and analysis of experimental dataCamera Analyzedsegment of thebeam SDb PVb SDa PVa

MC Whole image 2 × 10−5 2.1 × 10−4 0.5 µm 3.7 µmHalf image 6 × 10−5 3.7 × 10−4 0.7 µm 4.4 µmAC Whole image 1 × 10−4 7.4 × 10−4 0.04 pixels 0.16 pixelsHalf image 2 × 10−4 1.3 × 10−3 0.04 pixels 0.24 pixelsTable 6.1: Precision in the characterization of the laser beams as straight lines. This pre-cision is provided by means of the standard deviation (SD) and the peak-valley(PV) in the calculation of the slope b and the intercept a. The analysis hasbeen done for the beam occupying the whole image along its larger dimensionand also for the case it occupies just half of the image.using an own developed software and the application of a bilinear transformationbetween the positions of the centroids in the image and in the original array [Hol02]a �lter of correction is obtained to correct most of the distortion of the image. In�gure 6.12 it is shown the result of the correction of the distortion for the �tting ofthe centroids of a given beam, thus decreasing the standard deviation of the �ttingfrom SD = 0.46 pixels ≈ 8.5 µm to SD = 3 µm and modifying the value of thecalculated slope in ∼ 1 × 10−3. Since the correction of the distortion is carriedout for an object plane of the objective of the camera, any defocus decreases theaccuracy of this correction.
• Value of the threshold of the level of gray used in the calculation of centroids:theoretically the variance of a centroid should become lower by decreasing thevalue of the threshold, since the number of positions of the pro�le of intensityconsidered it its calculation would increase. However, when reducing too much thethreshold the inclusion of pixels with a low ration signal-noise can increase thatvariance [Are04]. For this reason, it is necessary to search for the range of values102



6.2 Image processing and collection of the input data of the tomographic algorithm

Figure 6.12: In graph (a) it can be seen the �t of the centroids obtained for a distorted im-age of a laser beam from MC, whereas in (b) it is shown the �t by previouslycorrecting the distortion.of the threshold that satis�es that the �tting of the beams to straight lines is asprecise and accurate as possible As we have mentioned before, we will analyze thisissue thoroughly in the last section of this chapter.
• Validity of the calculation of centroids: theoretically, the calculation of centroidsshould be performed in planes orthogonal to those of the direction of propagationof the beams, whereas we have performed it along the rows of pixels of the images.The less symmetric the distribution of intensity in these orthogonal planes and thehigher the inclination of the beams, the larger the error in the calculation of thecentroids should be according to the way we have carried it out. However, in ourcase, due to the resolution in pixels and the remaining non corrected distortion,there is not a signi�cant di�erence by performing the calculation one way or theother. On the other hand, it is also necessary to consider the e�ect that might havethe projection of a tridimensional distribution of intensity to just two dimensions.Taking into account we will work in theoretically meridional planes, the beamsshould be symmetric about that plane and its projection on it should not a�ect thecalculation of the position of the centroid.
• Resolution of the image: the higher the resolution in pixels of the image, the moreaccurate the calculation of centroids. Besides, a higher resolution, as a larger size ofthe image of the beam for the same resolution, implies a larger number of calculated103



6 Collection, processing and analysis of experimental datacentroids, what should mean a better �t.
• Noise in the image: with a dynamic range higher than 60 dB, the noise due to MCis much less important than that produced by the accidental glares caused by milkparticles in suspension. With the aim of reducing its e�ect it was implementedthe capture of several images for each beam and a subsequent average [Vaz06].Nevertheless, after several tests we have checked that the use of a robust leastsquares �tting rules out the need of that step, thus decreasing the time needed toscan a crystalline lens.
• Maximum values of the pro�les of intensity: due to the low power of the laser, thedivergence of the beams and the need to work with not very long exposition times,we could not use all the dynamic range of MC. Thus, the pro�les of the beams donot exceed in any case the level of gray 1900 out of a maximum of 4095.
• Approximation of a laser beam as a ray of light: the wider the beam and the closerto regions of caustics, the less representative the approximation of a laser beamde�ected by a lens as a ray. We have minimized the �rst of factors by focusingthe laser beam in the region of the lens, so that we always work with beam widthsbetween 100 and 300 µm.
• Variation of the slope of the incoming beams along a projection: it has been checkedthat for the apertures used in the scanning of the eye lens the rms variation of thatslope is of the order of 1 × 10−3.6.2.2 Processing of the images of the surface of the crystalline lensThe characterization of the surface of the lens is carried out through the detection and�tting of the pro�le of the scanned meridional plane, assuming that the result can be ex-tended to three dimensions given the assumption of rotational symmetry. In the process-ing of the images of the surface we distinguish the following three stages:1. Detection of the pixels that correspond to the surface of the lens from the imageobtained from MC with di�use background illumination. Due to the refraction thattakes place in the lens, when it is illuminated with a di�use source of light thereis a strong contrast between the portion of the image occupied by the lens and therest of the image (see Fig. 6.7). Thus, the levels of gray fall sharply at the edge ofthe lens, so that the surface of the lens can be approximated by the line formed bythose points where the module of the gradient of those levels of gray is higher than104



6.2 Image processing and collection of the input data of the tomographic algorithma given threshold of detection. The detection of such points is possible by using�lters of gradient, among which that of Sobel stands out due to its minimizationof noise [Gon93]. However, even modifying the threshold of detection, the use ofthese �lters ends up including many points that do not form part of the surfaceof the lens, like the edges of the plate and remains of ciliars and vitreous humourwhich are yet stuck on the lens. For this reason, we just apply the �lters on thatzone of the image occupied by the lens and later we re�ne the result by eliminatingmanually those points that do not belong clearly to its surface (see Fig. 6.13).
a) b)Figure 6.13: Application of the Sobel �lters to an image of the pro�le of a lens (a), wherethose points that do not belong clearly to its surface are eliminated manually(b).2. From the previously obtained �lters of correction (see section 6.2.1.1) the distortionof the points of the surface of the lens are corrected.3. Fitting of the points of the surfaces according to the following steps:a) Fitting of the anterior surface: in previous works [Aco05, Vaz06] it was shownthat surfaces of �sh and pig lenses (species we work with) �t to ellipses andcircles, respectively. For this reason, to detect and to leave out later therotation, as well as the centering, in the �tting of the anterior surface we havedecided to initially use a least squares �tting algorithm speci�cally designedfor ellipses, whatever their orientation [Hal98].Once rotated and translated the coordinate system to the center of the �ttedellipse, by using a Levenberg-Marquardt algorithm [Pre99, p. 683] and ac-cording to a F -test [Bev92] and to the standard deviation the best �t to the105



6 Collection, processing and analysis of experimental datafollowing function is calculated:
z =

Ra −
√

R2
a − (1 +Qa)x2

(1 +Qa)
+

N
∑

i=1

cai x
i (6.2)This is a conic with polynomial terms where, in absence of such terms, Rrepresents the radius of apical curvature and Q the asphericity (z denotesthe direction along the optical axis of the lens and x the orthogonal directioncontained within the image of the surface).b) Fitting of the posterior surface, where we consider three possibilities:i. Assuming that the lens is rotationally symmetric, the rotation of theposterior surface should �t with that of the anterior one, as well as itscenter in x. Therefore, according to the coordinate system given by the�tting of the anterior surface, we �t the points of the anterior surface tothe following function:
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i (6.3)It is obvious that if the lens is rotationally symmetric and the data of thesurfaces are well centered and rotated, their �t should not show signi�cantodd polynomial coe�cients.ii. Assuming that the posterior surface has the same rotation as the ante-rior one we allow a decentering in x, what implies a lack of rotationalsymmetry:
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i (6.4)iii. Finally, by using the original coordinates of the image we apply to the pos-terior surface an elliptical �tting identical to that of the anterior surfaceand according to the resulting coordinate system (x′, z′) we �t to
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6.2 Image processing and collection of the input data of the tomographic algorithmAs it was mentioned, a rotationally symmetric lens would just admit a �t of theposterior surface as the one expressed by the equation 6.3 without odd polynomial termsand this is the only �t we will consider for the retrieval of the gradient index (see Fig.6.14). However, according to the F -test and the standard deviation, we will also analyzewhich is the best of all �ttings in order to study possible deviations of the rotationalsymmetry.

Figure 6.14: Fits of the points of the anterior (up) and posterior (down) surface wherethe �ts are shown as black solid lines and the points as gray dots.Finally, it is important to point out that the detection of the rotation is initiated inthe anterior surface because of its higher asphericity in non spherical lenses, what impliesa lower error in such a detection. If the detection is initiated in the posterior surface,the resulting error considerably worsens the �tting of the anterior one assuming equalrotation. On the other hand, when the lens is spherical, as it can be the case in some �sh,we �t directly to a circumference with least squares �tting by using polar coordinates[Lop02, Appendix II].6.2.2.1 Sources of error in the characterization of the surfaces of the lensThe main sources of error in the detection and �tting of the surfaces of the lens:
• Remains of the vitreous humour on the posterior surface of the lens: after extracting107



6 Collection, processing and analysis of experimental datathe lens from the eye ball we try to eliminate all vitreous humour stuck on theposterior surface. In this process it is very important not to produce any damageto the capsule, since that would cause a rapid loss of transparency of the lens.
• Non corrected distortion: in section 6.2.1.1 this point was already explained. De-pending on the accuracy of the �lter of correction and on the possible defocus ofthe image, there will be a residual non corrected distortion.
• Time of exposition of the image recording and threshold of the Sobel's �lters: byensuring the highest possible contrast between the periphery of the lens and thesurrounding image we decrease the error in the detection of the surface due to theuse of the Sobel's �lters. On one hand, this causes the variation of the levels ofgray to occur in few pixels and, on the other hand, the range of possible values ofthe module of the gradient on the edge is reduced. However, it is important notto saturate the pixels outside the lens, since we might be also saturating pixels ofthe edge that re�ect or refract some light, thus �shrinking� the lens. Therefore, itis important to �nd a time of exposition that guarantees levels of gray as highestas possible but without coming to their saturation.
• Resolution of the image: the higher the resolution of the image, the higher theaccuracy in the characterization of the surface of the lens. However, it is alsonecessary that in such an image we can record large enough sections of the incomingand outgoing beams as to ensure an accurate �t of such beams. In the experimentalresults that will be shown in this paper a resolution of ∼ 18.5 µm/pixel is used forMC (this is an average resolution, since distortion makes it to change throughoutthe image).
• Geometrical modi�cation of the lens throughout the image capture: in spite of nothaving found any related comment in the literature of optical characterization ofthe lens, we have noticed that the lens swells throughout the whole experimentalprocedure. According to what was explained in section 1.4, this fact is not re-ally surprising, given the metabolic dependence of the lens regarding its externalmedium. In fact, this swelling is much more visible in its anterior surface, where theepithelium plays an essential role in the transport of solutes between the aqueoushumour and the interior of the lens (see section 1.2.2). Therefore, the choice of aproper biocompatible solution is important to reduce as much as possible the vari-ation of the shape of the lens during the data collection. Throughout our researchwe have used three di�erent solutions:108



6.2 Image processing and collection of the input data of the tomographic algorithm� A 0.9% NaCl solution in distilled water [Pri99].� A phosphate-bu�ered saline solution (pH = 7.4) (P-4417 [Sgm], Sigma) [Axe88,Gar01, Jon05].� A solution specially designed for surgery purposes in the anterior chamber ofthe eye (BSS Plus R© [Bss], Alcon), that, besides of the bu�er (pH = 7.6),has several essential metabolites among which stand out the glutation (anantioxidant) and the glucose.To compare the e�ect of each one of the solutions in the pig lens we have studiedthe swelling produced by them in an interval of 50 minutes. This is the approximateelapsed time between the images of the lens recorded before the �rst and the thirdprojection, since this is the maximum number of projections we will work with. Asit can be seen in �gure 6.15 and in table 6.21, the solution that produces a largerswelling is the phosphate-bu�ered solution, which in many cases also causes lack oftransparency. This latter point is not surprising if such a swelling is caused by animportant alteration in the exchange of solutes and liquids between the lens andthe outside. On the other hand, the solution that produces a lower variation ofthe shape of the lens is the BSS Plus R©, because of being more chemically similarto the humours in which the lens is immersed in the eye ball. Nevertheless, thefact that there is still a noticeable swelling and that the solution BSS Plus R© losesome of its features six hours after its preparation force us to reduce as much aspossible the procedures of alignment (see section 6.1.1), as well as the number ofprojections and rays that constitute them. In the retrieval of the gradient indexwe will use as surfaces of the lens those obtained in the second projection so thatthe average variation of the shape of the lens does not exceed 20-30 µm.In the case of the �sh lens the noticed swelling is much lower, as well as its demandsregarding the solution of immersion. Thus, for the phosphate-bu�ered solution theswelling noticed in an interval of 50 minutes is of the order of 0.1%, much lowerthan in the case of the pig lenses. Besides other metabolic reasons, the main reasonmight be the higher rigidity of the �sh lenses, that would not allow modi�cationsof its shape as noticeable as those of the mammals.
1Although the results are those obtained for a crystalline lens in each one of the solutions, such resultsare representative of more cases. 109



6 Collection, processing and analysis of experimental data
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c)Figure 6.15: Points of the anterior surface detected by Sobel's �lters in an interval of50 minutes (black line in the beginning and red points at the end of theinterval). The results are shown for three di�erent solutions: (a) phosphate-bu�ered saline solution (P-4417, Sigma); (b) saline solution (0.9% NaCl indistilled water); (c) BSS Plus R© solution of Alcon.Solution ∆ant. sur.

(µm)

∆pos. sur.

(µm)

Swelling (%)Bu�ered salinesolution 108.6 64.5 2.3Saline solution 68.0 42.5 1.5BSS Plus R© 28.7 10.6 0.5Table 6.2: rms variation of the anterior surface (∆ant. sur.) and of the posterior surface(∆pos. sur.) of the lens in an interval of 50 minutes, as well as the resultingswelling in relation with the thickness of the lens.
110



6.3 Calibration of the experimental setup6.2.3 Collection of the input data of the tomographic algorithmOnce obtained the slopes and the intercepts of the entry and exit rays and the surfacesof the lens, all data have to be referenced with regard to the same coordinate system.Thus,we can calculate the points of intersection of the beams with those surfaces andobtain θp, Bpr, Cpr and sinαpr (x, t).Other data that are obtained from the anterior processings are those of the entry beamsas seen from AC, useful to align the setup. Besides, this processings are also useful tocharacterize the edges of the glass cell and the level of the solution. With this informationit is possible to level the cameras and the glass cell.6.3 Calibration of the experimental setupThroughout the previous sections we have explained di�erent sources of error that willa�ect the accuracy of our measurements. It is obvious that if we wish a good tomographicreconstruction of the gradient index we have to quantify and minimize the e�ect of thosesources of error in a previous calibration of the experimental setup. The best way to doit is to use a lens of which we have an accurate knowledge of its optics and geometryand to reproduce with it all the experimental procedure in the same fashion we would doit with an actual lens. All discrepancy between the theoretical and experimental resultswill be indicative of errors we will have to correct or, at least, take into account. To carryout the calibration, we have worked with a spherical BK7 lens with known diameter andrefractive index (∅ = 10000 ± 5 µm; n (λ = 633 nm) = 1.51509). In this calibration wewill consider the following three points:1. Checking and re�nement of the correction of the distortion in MC.2. Search of the best threshold for the detection of the rays.3. Detection and minimization of misalignments.None of the published works where ray de�ectometry has been used in crystalline lensesshow accurate data of the calibration of the setup. However, to make a realistic estimationof the accuracy and validity of the retrieved gradients a correct previous calibration ofthe setup is needed.6.3.1 Checking and re�nement of the correction of the distortion in MCIn section 6.2.1.1 we explained that the distortion is corrected by using an array of dotsequally spaced 500 µm, with dots of a diameter of 200 µm. This array was created111



6 Collection, processing and analysis of experimental datawith a graphic design software and afterwards printed with a laser printer at its higherresolution (1200 points per inch ' 21 microns/point). To verify the spacing between dotswe �rstly used a microscope with an accuracy of 10 µm and we measured the spacingin random positions of the array, obtaining an average value of 500 ± 20 µm. By usingthis information as an initial value we took several images of the calibration lens and�tted its surface as it is explained in section 6.2.2. As a result of the �tting we obtainedan average value of the radius of the lens of ∅̄ = 10031.4 ± 0.6 µm. According to thisvalue and to the theoretical diameter we could determine better the spacing between thedots of the array of correction of the distortion, with a �nal value of 493.5 ± 0.4 µm.Besides, we could also check the good performance of the correction of the geometricaldistortion, with standard deviations of 7 µm in the �tting of the pro�le of the lens toa circumference, of the same order than the accuracy of the diameter provided by themanufacturer.6.3.2 Search of the best threshold for the detection of the raysWe had seen that the calculation of the beam centroids depends on the level of gray chosenas threshold between the background of the image and the laser beam (see section 6.2.1).Depending on the chosen level of gray the approximation of the beam as a straight linewill more or less accurate, what reveals its importance. In our case, we have used thespherical lens to �nd the best threshold. Once known the external index and the radiusand index of the lens, we can calculate the parameters of the exit ray that correspondsto any entry ray. According to the di�erence between the theoretical and experimentalexit ray we can quantify the in�uence both of the threshold used in the �tting of thelaser beams and the misalignments of the experimental setup. Therefore, to characterizeboth e�ects we carried all the experimental procedure with the spherical lens as it wasan actual crystalline lens, analyzing later the di�erence between the theoretical and theexperimental behaviour of the lens for di�erent thresholds.According to the experimental protocol explained in section 6.1.1 and once immersedthe lens in deionized water (next (λ = 633 nm; T = 19o C) = 1.3318 ± 0.0002), we tookthe images corresponding to three projections spaced about 20o (θ1 = 0.56o±0.02o, θ2 =

21.21o ± 0.05o, θ3 = 38.90o ± 0.04o), scanning the 90% of the aperture of the lens withlaser beams equally spaced 125 µm. In addition, we recorded the images of 15 beamsat each side of the lens for the calculation of its entry slope (see section 6.2.1, point3). Once characterized the surface of the lens, we �tted the entry and exit beams withdi�erent thresholds, with values that range from 250 (slightly above the level of gray of theimage background) and 625 (slightly above the minimum value that reach the maxima of112



6.3 Calibration of the experimental setupintensity of the beams). Later, for each threshold and each projection we calculated theroot mean square of the di�erence between the theoretical and experimental distributionsof sines of de�ection at the exit of the lens (see Fig. 6.16). From the analysis of thatdi�erence we decided to select the threshold value of 437, because of producing a lowand stable error in relation with the closer levels of gray. For the camera AC we followa similar procedure.
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Figure 6.16: Variation with the threshold of the rms error in the sines of de�ection at theexit of the lens for θ1 (solid line and circles), θ2 (dashed line and squares)and θ3 (dotted line and triangles).6.3.3 Detection and minimization of misalignmentsOnce selected a threshold, the data of the previous procedure were used to detect themisalignments of the experimental setup. Among these misalignments we are interestedin two:
• The misalignment between the meridional plane of the lens and that containing thelaser beams throughout one projection [Lop02, cap. 4].
• The misalignment between those two planes, that theoretically should be the same,and the object planes of the alignment and measurement cameras [Lop02, cap. 4].In �gures 6.17, 6.18 and 6.19 (see pages 116-117) the error in the experimental sines ofde�ection on the exit surface of the lens is shown. From its study it is inferred that:113



6 Collection, processing and analysis of experimental data1. Whereas for the �rst projection the error does not seem to follow a de�ned trend,there is one at the extremes of the distributions of the second and third projection.This trend is di�erent in each of the two cases. Therefore, the most likely reason is avariable misalignment between the meridional plane of the lens and that containingthe entry beams. As it was explained in section 6.1.1, we check both planes arealigned in the �rst projection, by displacing the lens so that its meridional plane�ts in with the plane of the laser beams. In the following projections we just placethe entry beam within that same plane, of which we know its relative positionregarding AC. According to table 6.1, the error in this repositioning of the entrybeam can reach the third decimal digit in the slope and 0.2 pixels in the position,what might explain the noticed misalignment. Other factor to take into accountis the variation with θ of the accuracy of the �tting of the laser beams. As θincreases, AC images a beam that extends partially along its optical axis so that itdoes not end up properly focused in all its length. Although no variation is noticedin the precision of the �tting in relation with θ ' 0o, the �tted beam show di�erentintensity distributions in each case and that a�ects the accuracy of the �tting.In fact, throughout each projection, when comparing from AC the variation of theslope and the intercept at the exit of the lens with regard to the non de�ected beam,such a variation is larger in the second and third projections, with rms values of
∼ 5 × 104 and ∼ 0.1 pixels, respectively.2. The error in the distribution of sines at the exit of the lens rises with θ as a resultof the misalignment between the meridional plane and the laser beam (see table6.3). Even so, its rms value is not higher than 2.3 × 10−3 for an aperture of 90%and when this is reduced to 80% the e�ect of the misalignment is not noticeable,with an rms error lower than 1 × 10−3 in the three cases.3. The experimental data of each one of the projections can be used to retrieve thevalue of the refractive index of the lens by using the tomographic algorithm. In thiscase just one projection is needed, due to the spherical symmetry, and one iteration,since the approximation of the trajectories as straight lines is exact. Therefore, theretrieved index provides an idea of the accuracy the algorithm can achieve withall the required tomographic information and once known the trajectories of therays inside the lens, as well as its ability to calculate the piston and the indexseparately. In fact, this case is exactly the one proposed in section 4.3.1 (see Fig.4.6) to explain the in�uence of the piston K on the calculation of the refractiveindex, where the rays were supposed to be straight lines. Thus, the equation 4.20114



6.3 Calibration of the experimental setupwould be written in this case as
S̃ (BiCi) =
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]dz,(6.6)As it can be seen in table 6.3, for θ1 the error in the retrieved refractive index inrelation with the actual one is that of a commercial Abbe refractometer. For θ2and θ3, this error rises due to the higher error in the experimental data, but it doesnot become higher than 1 × 10−3. By applying the Snell's law to each pair (entryray)-(exit ray) the index of the lens can be also calculated by least squares �tting[Mar78, Lop02, cap. 4], obtaining in this case results up to one order of magnitudeworst than the tomographic ones, although the error is not yet higher than thethird decimal digit of the index.
∆sin90% ∆sin80% ∆nSnell ∆ntomo

θ1 8.9 × 10−4 8.9 × 10−4 1 × 10−3 2 × 10−4

θ2 2.2 × 10−3 9.3 × 10−4 9 × 10−4 4 × 10−4

θ3 2.3 × 10−3 9.8 × 10−4 3 × 10−3 7 × 10−4Table 6.3: For each one of the projections the rms error of the sines of de�ection is shownfor a 90%, ∆sin90%, and a 80%, ∆sin80%, of the aperture of the lens, as wellas the error in the calculation of the homogeneous index by Snell, ∆nSnell,and the tomographic algorithm,∆ntomo, from the experimental data.4. According to the errors obtained for the sines of de�ection and the results of thenumerical simulations (see chapter 5) we can make a initial estimation of the orderof magnitude of the rms error in the retrieval of the gradient index in crystallinelenses. Thus, in �sh it is reasonable to expect gradients with a maximum error ofthe third decimal digit of the index. In lenses like those of human beings or similar,this upper bound of the error could reach up to a very low second decimal digit in115



6 Collection, processing and analysis of experimental datathe worst of cases, but accuracies in the third decimal digit are also possible, themore possible the weaker the gradient index.In order to ensure the experimental errors are within the mentioned orders of magnitude,we have calibrated the experimental setup each time we have used it, although just forone projection. Besides, to avoid wasting the biocompatible solution and to make use ofthe alignment that results from the calibration, such a calibration has been carried outwith deionized water that is removed with a syringe at the end of the calibration. Thus,we have not moved neither the glass cell nor the rest of the setup. With another syringewe have added the biocompatible solution where the lens is eventually immersed.
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Figure 6.17: Distribution of the theoretical (solid line) and experimental sines of de�ec-tion (circles) at the exit of the lens (b), as well as the di�erence betweenboth (a) for the case of θ1.
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6.3 Calibration of the experimental setup
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Figure 6.18: Distribution of the theoretical (solid line) and experimental sines of de�ec-tion (circles) at the exit of the lens (b), as well as the di�erence betweenboth (a) for the case of θ2.
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7 Experimental resultsIn this last chapter we will show the results obtained with the experimental implementa-tion of the tomographic method of reconstruction of the gradient index. A �rst sectionwill be focused on the teleost �sh lenses, which, as it was mentioned before (see section5.2), are approximated as spherical symmetric gradient index lenses. Next, we will studythe most general case of the rotational symmetry through the gradients retrieved for piglenses. For each case, �sh and pigs, we will analyze the accuracy with which the retrievedgradients reproduce the optical behaviour of the lenses, as well as the approximation ofspherical and rotational symmetry, respectively.7.1 Teleost �sh lenses (spherical symmetry)Besides its availability, the spherical symmetry makes the teleost �sh lenses a perfectlens to carry out an initial check of the tomographic method. By assuming accurate thissymmetry, any of the meridional planes of the lens shows a radially symmetrical gradientindex n (r) with a functional form that can be written as a particular case of the equation4.11:
n (r) = n0 + n1r

2 + n2r
4 + . . . =

M
∑

i=0

nir
2i, (7.1)where r =

√
x2 + z2 is the radial coordinate. Consequently, the tomographic inversion ofthe algorithm is simpli�ed because of reducing the number of the modal coe�cients of thegradient, what, on the other hand, should make this inversion more robust against theexperimental errors. In addition, no more than one projection is needed to perform theinversion, what simpli�es not just the experimental procedure but the mounting neededto implement it. For these reasons, the �rst experimental works we carried out wereaimed at retrieving the gradient index of this kind of eye lenses [Vaz03, Aco05]. We didnot start the experimentation on lenses with a more general rotational symmetry, �nalobjective of this work, until we did not show the good performance of the method forthe particular case of the spherical symmetric lens.In table 7.1 it can be seen the data corresponding to �ve �sh lenses, representatives119



7 Experimental resultsof those used throughout our experiments. The three species to which they belong areincluded in three di�erent taxonomic families (centrolophidae (1-3), polyprionidae (4) andberycidae (5)) and two di�erent taxonomic orders (perciformes (1-4) and beryciformes(5)). This should make the sample more representative as for the possible evolutivesolutions of the gradient index. For each one of the lenses, we tomographed 90% oftheir equatorial plane (that orthogonal to the optical axis) with 80 equally spaced laserbeams (λ = 594 nm), being the lenses immersed in a phosphate-bu�ered saline solution(next = 1.3345, measured for λ = 589 nm at 22 oC). In all cases we see the best �ttingof the equatorial plane is a circumference (SDajuste ' 30 µm). Thus, it is reasonableto assume that, at least at this plane, such lenses show a gradient with a functionalform that follows that of the expression 7.1. Therefore, in the tomographic inversion (seeEq. 4.16), instead of a more general form 4.11, we consider directly the expression 7.1,calculating its coe�cients ni by least squares �tting.Lens Species R (mm) dcp (R=1)1 Hyperoglyphe antarctica 12.225 ± 0.002 1.35 ± 0.032 Hyperoglyphe antarctica 12.140 ± 0.002 1.36 ± 0.043 Hyperoglyphe antarctica 13.368 ± 0.002 1.35 ± 0.034 Polyprion Oxygeneios 8.304 ± 0.002 1.38 ± 0.035 Beryx Decadactylus 8.631 ± 0.003 1.33 ± 0.03Table 7.1: Features of �ve representative crystalline lenses, where R is its radius and dcpthe distance between the point where the rays intersect the optic axis and theposterior vertex of the equatorial plane of the lens (Hyperoglyphe antarctica:Bluenose; Polyprion Oxygeneios: Hapuka; Beryx Decadactylus: Alfonsino).By applying the tomographic algorithm to the experimental data of each one of thelenses we obtained their respective coe�cients ni, with around 5 iterations (10 interpo-lated points) (see section 4.3). In table 7.2 the resulting ordersM are given for each case,as well as the standard deviation of the tomographic �tting, SDtomo. Besides, with theobtained geometries and gradients, we propagated the experimental entry beams and wecompared the resulting optical behaviour with that experimentally recorded through thefollowing optic parameters:
• rms∆S, the rms error of the distribution of the optical path in the straight line120



7.1 Teleost �sh lenses (spherical symmetry)tangent to the exit lens vertex (z = t), where the piston retrieved by the algorithmis included.
• PV∆S , the peak-valley error of that same distribution of optical paths.
• rms∆sin, the rms error in the distribution of the sines of de�ection of the exit raysat z = t.
• PV∆sin, the peak-valley error of that distribution of sines.
• ∆dcp, the relative average error in the posterior vertex distance, i.e. the distancebetween the posterior vertex1 of the equatorial plane of the lens and the pointwhere the rays intersects the optic axis.Lens 1 Lens 2 Lens 3 Lens 4 Lens 5

M 2 2 2 2 3
SDtomo (λ) 11.5 14.1 7.6 4.8 1.1
rms∆S (λ) 11.1 12.8 7.4 4.4 1.1
P V∆S (λ) 23.2 25.9 16.5 11.0 4.1
rms∆sin 5.5 × 10−3 5.7 × 10−3 6.5 × 10−3 4.2 × 10−3 2.2 × 10−3

P V∆sin 3.3 × 10−2 2.6 × 10−2 3.2 × 10−2 3.2 × 10−2 1.7 × 10−2

∆dcp (%) 2 ± 2 2 ± 2 3 ± 2 1 ± 1 1 ± 1Table 7.2: List of the parameters indicative of how accurately the retrieved gradientindices reproduce the optical behaviour of the eye lenses.(In Appendices A and B it can be seen all data and graphs resulting from the tomographicretrieval and optical propagation for the crystalline lenses that give rise to the worst andbest tomographic retrieval, lens 3 and 5, respectively).From the analysis of the results of table 7.2 we deduce that:1. Both in the �nal order of the retrieved gradient and the accuracy of the reproductionof the optical behaviour, lenses 1-4 are di�erent to 5. This can be due to:1In this section, the term posterior is referred to the surface of the lens through which the rays leavethe lens. 121



7 Experimental resultsa) Experimental errors: as it was explained, the experiments with �sh lenses cor-respond to the �rst stages of this research. Because of this, the experimentalsetup used with these lenses do not correspond exactly with that described inchapter 6. As a result, the magnitude of the experimental errors is higher inthe �rst analyzed lenses (1-4) that in the last ones (5), where the setup wasmore similar to that used with pig lenses.b) Di�erences among species: when studying the distribution of sines of de�ectionat z = t (see Appendices A and B) it stands out the existence of an importantchange in the de�ection of the rays that takes place in a radial position quiteconstant among species, x (z = t) ' 0.4 (R = 1) [Vaz03]. This behaviour maybe related with the multifocality proposed in reference [Kro99] in order too�set the chromatic aberration. It might also be due to degenerative processesinside the lens, although in the shown cases we have always tried to work withlenses as fresh as possible. Anyway, this �bump� in the de�ection angles seemsto be di�erent among species and in the case of lenses 3 and 5 it is clear it issharper and more irregular in the �rst than in the second of cases, where itchanges more monotonically (see distributions of posterior vertex distances inAppendices A and B). Such changes in the distribution of sines can be di�cultto follow by a relatively smooth model of gradient, as that proposed in 7.1,what a�ects negatively to the accuracy of the retrieval. The alternative wouldbe to use a model like that of 7.1 but ring-wise, assuming a continuity of atleast class 0 between rings.2. In the expression 5.8 the average error in the sines of de�ection was related withthe average error in the calculation of the gradient index. From the application ofthis relationship to the error of the sines in table 7.2 we deduce that the error inthe calculation of n (r) is of the order of the high third decimal digit in lenses 1-4and in the low third in lens 5. This conclusion is supported by the calculation ofthe average gradient of the �ve retrieved cases and their standard deviation (seeFigs. 7.1 and 7.2), where such a deviation is of that order of magnitude. The factthat the error is higher at the surface (see table 7.3) could be explained accordingto what was explained in section 4.3.1 about the in�uence of the piston on theretrieval of the gradient index. Indeed, �gure 7.2 shown a similar behaviour tothat shown in chapter 5 (see Fig. 5.1), where it was shown that the accuracyof the retrieval was lower at the surface. A variability among species can not beruled out either, but that would require a very detail study of much more cases.122



7.1 Teleost �sh lenses (spherical symmetry)Anyway, it is outstanding the high resemblance of the gradient index obtained forthree di�erent species, what would con�rm the idea of a �unique solution� sharedby all of them with slight variations, as it might be the mentioned multifocality.From a physiological point of view this is not so odd if we consider that, once setthe geometry, the only thing that could a�ect the distribution of the refractiveindex is the metabolic rate of generation of the di�erent crystallin proteins in theprocess of cellular di�erentiation, the proportion among them and the �nal resultingconcentration. If theses three parameters are not too di�erent among species, greatchanges in the gradient index should not be expected.
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Figure 7.1: Average gradient obtained from those of lenses 1-5, with con�dence intervalsthat represent the standard deviation of the index value at each point.
n0 n1 n2 n3 nc ns1.5380 -0.1183 -0.0264 -0.0143 1.538 ± 0.002 1.379 ± 0.006Table 7.3: Coe�cients ni of the average gradient index �tted to the expression 7.1(SDfit = 2.8 × 10−8), as well as the average values of the central, nc, andsurface index, ns.
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7 Experimental results
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Figure 7.2: Standard deviation of the values of the average refractive index at each pointof r.7.1.1 Analysis of the spherical symmetry in teleost �sh lensesSo far we have just shown results obtained for the equatorial plane of the lens. This isnot by chance. Throughout our experiments we could realize that, if we did not take intoaccount the orientation of the lens, the distribution of the sines at its exit was not alwayssymmetrical about the optic axis, even once corrected the misalignments and the entryangle of the laser beams. When checking how that symmetry changed with the shape ofthe pro�le of the lens, we noticed that its origin was in the lack of spherical symmetryof the �sh lenses. This made us to think about how accurate was the approximation ofspherical symmetry and the error this approximation involved in the optical behaviourof the lens. Next, we show three evidences with which we assess the degree of nonsphericity of the teleost �sh lenses and with which we analyze this lack of symmetryfrom the di�erent but complementary perspectives: the determination of the pro�le ofthe sagittal plane (the plane that contains the optic axis), the study of the distributionof the sines of de�ection at the equatorial and sagittal planes and the analysis of theinterferograms at the exit of the lens.7.1.1.1 Pro�le of the sagittal planeFor each one of lenses 1 to 5 we also recorded an image of their sagittal plane, that whichcontains the optic axis and, therefore, has a great importance in the optical behaviour of124



7.1 Teleost �sh lenses (spherical symmetry)the lens. After �tting their anterior and posterior pro�les according to what was explainedin section 6.2.2 we found out that the best �t for each one of them was a semiellipse withthe parameters shown in table7.4. These results shown clearly that the sagittal pro�le isnot spherical, with asphericities signi�cantly di�erent from zero. Indeed, whereas in thecase of lens 4 the sagittal plane could be approximated as a unique ellipse, in the othertwo lenses the plane is bielliptical with a posterior asphericity lower than the anteriorone. This fact agrees with what is notices in pig lenses, as it will be shown later, as wellas in many other animal species. These data are representatives of those calculated forthe sagittal planes of other teleost �sh lenses.Lens 2 Lens 3 Lens 4
Req (mm) 12.140±0.002 13.368±0.002 8.304 ± 0.002
Rsag ant (mm) 12.934±0.001 14.279±0.001 8.727 ± 0.001
Qsag ant 0.156 ± 0.008 0.17 ± 0.01 0.12 ± 0.01
Rsag post (mm) 12.638±0.001 14.096±0.001 8.786 ± 0.001
Qsag post 0.100 ± 0.009 0.128 ± 0.007 0.13 ± 0.02Table 7.4: Anterior and posterior sagittal asphericities and radii of crystalline lenses 2-4,as well as their equatorial radius.

7.1.1.2 Distribution of the sines of de�ection at the exit of the lensAs we mentioned before, in our experiments we could notice the distribution of sines atthe exit of the lens varied with its orientation. This can be seen in �gure 7.3, where itis shown that the di�erence in the sines of de�ection at the exit of the lens between theequatorial and sagittal plane can come to be of the order of the second decimal digit.Therefore, any model of the gradient of �sh lenses that intends to reproduce its opticalbehaviour with a higher accuracy can not keep on assuming a spherical symmetry, atleast not for any �sh. Taking into account the expression 5.8 and the results obtainedin the numerical simulations of section 5.2, not to take into account the lack of sphericalsymmetry could lead to errors of up to the second decimal digit of the index in theretrieved gradient index. 125



7 Experimental results
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Figure 7.3: Comparison of the distributions of the sines of de�ection at the exit of lens 4at its equatorial (circles) and sagittal plane (stars). Because of being obtainedboth distributions for laser beams with the same entry angle and being thisangle slightly di�erent from zero, none of them is centered at (0,0).7.1.1.3 Study of the phase at the exit of the lens by means of the interferometryIn the former points we have studied the lens at just one of its planes, working alwayswith bidimensional incident wavefronts. However, by using a modi�ed point di�ractioninterferometer [Aco06] it is possible to study and to characterize the whole phase at theexit of a lens for tridimensional incident wavefronts. This way is much easier and moreimmediate to study a lack of symmetry in the optical behaviour of the lens. The proce-dure is similar to that used in reference [Aco06]. The di�erence is that in this case thecrystalline lens is the lens used to focalize a plane wavefront on a semitransparent platewith a di�raction hole (or on a point nearby such a hole). The recorded interferogramis the result of the interference of the wavefront that leaves the lens with a sphericalwavefront centered at the proximities of the focus of the eye lens. In our case, we illumi-nated with a plane wavefront the crystalline lenses of two species, Trachurus trachurus(Horse mackerel, Fam. Carangidae, Order Perciformes) and Pagellus Bogaraveo (Seabream, Fam. Sparidae, Order Perciformes), with radii comprised withing the range of4 and 5 mm. In both species, when the sagittal plane contained the optic axis of theinterferometer it was always noticed that the resulting interferogram was very radiallysymmetrical (see Fig. 7.4). However, when the equatorial plane contained such an op-tic axis, the fringes of the interferogram became elliptical, with axes that followed the126



7.1 Teleost �sh lenses (spherical symmetry)rotation produced on the eye lens..

Figure 7.4: Interferograms at the exit of a lens of Pagellus Bogaraveo as this lens isrotated from a position where the optic axis of the interferometer is containedby its equatorial plane up to other where it is contained by the sagittal one.From the analysis of the most internal fringes of the interferograms we havecalculated the rms deviation of the wavefront regarding a radially symmetricinterferogram: ε = 2.2 λ (a), ε = 0.99 λ (b), ε = 0.66 λ (c) and ε = 0.3 λ (d).Other feature that can be seen in the interferograms of �gure 7.4, and that a priorihas nothing to do with the lack of symmetry of the lens, is the existence of di�erent focalzones.Taking into account all what has been previously show it is obvious that in the futureit will be necessary to consider and to study more general models than those sphericallysymmetrical to describe the teleost �sh lenses. A rotationally symmetrical model aboutits optic axis is a good �rst option.Once checked the good performance of the tomographic method in a radially symmetricdistribution of the refractive index we go on the last part and �nal aim of this work: toapply the method in a crystalline lens similar to the human one and to study the obtained127



7 Experimental resultsresults, as well as their accuracy.7.2 Pig lenses (rotational symmetry)The pig lens, like that of many other mammals, is asymmetrical about its equatorialplane, with clearly di�erent anterior and posterior surfaces 2. Besides, the fact the pighardly accommodates is related to a more rigid crystalline lens that is easier to handlethan that of animals with a larger accommodation, like the human beings [Vil01]. Forthese reasons and its availability, we have chosen the pig lens to experimentally check theaccuracy of our tomographic method in the retrieval of rotationally symmetrical gradientindices.The eye lenses used in our experiments were extracted from the eye ball in a timeno longer than 8 hours after the death of the animal in the local abattoir. Before theextraction, the experimental setup (see chapter 6) was calibrated as it is explained in sec-tion 6.3, by using deionized water as immersion medium of the homogeneous lens. Once�nished the calibration, the water was replaced by BSS Plus R© (next = 1.3338, measuredfor λ = 633 nm at 20 oC), a biocompatible medium that minimizes the degradationof the lens and that keeps its properties for six hours after its preparation. Since eachprojection means about 25-30 minutes including the alignment and the data collection,in order to tomograph at least three eye lenses the number of projections was limitedto three (θ1 ∼0o, θ2 ∼20o, θ3 ∼40o) and the number of rays per projection to aboutseventy (see table 7.5). This decision is justi�ed in the numerical simulations of section5.3, where we showed that in these conditions it is possible to obtain gradient indiceswith an average accuracy that in the worst of cases would be of the order of the seconddecimal digit of the index. Regarding the aperture of each one of the projections, intable 7.5 it can be seen that this aperture3 diminish for larger incidence angles, due tothe vignetting produced by the lens itself and the remains of the ciliary body. On theother hand, as it was explained in section 6.1.1, the most curved surface of the lens, theposterior one, was oriented always towards the base of the glass cell to prevent as muchas possible the supporting plate from a�ecting the characterization of the lens pro�le (seeFig. 7.5). As a result, the propagation of the laser beams is the opposite to the naturaldirection of light in the ocular system, since they enter the lens by its posterior surface2In this section we label as anterior surface of the lens that which is oriented towards the cornea andposterior surface that which is oriented towards the retina.3We de�ne aperture as the portion of the entrance pupil illuminated by the laser beams, regardless ofthe position of this portion in relation with the axis of the lens. Thus, as θ increases the aperturedecreases and it becomes more eccentric.128



7.2 Pig lenses (rotational symmetry)and they leave the lens by its anterior surface, something that does not a�ect at all thetomographic retrievals.
1stprojection 2ndprojection 3rdprojection

θ (o) 3 ± 3 21 ± 3 39 ± 3

Aperture (%) 93 ± 2 82 ± 7 60 ± 6Number ofrays 73 ± 4 71 ± 7 70 ± 7Table 7.5: Average parameters of the projections, where the angle θ is referred to theoptic axis of the lens and the aperture to its equatorial diameter.In the beginning of the �rst projection and at the end of all an image of the lenspro�le was recorded (see Fig. 7.5 in page 131). Whereas the whole of the images allowsto determine how much the pro�le has changed between projections, it is the imagerecorded for the second projection the one we use to mathematically characterize it.Thus, according to what was explained in section 6.2.2 we �tted the anterior and posteriorsurfaces. Since in the pig lenses we checked that the best �tting always involved a
Q > 0 for both surfaces, we modi�ed the equations 6.2-6.5 to directly �t an ellipse pluspolynomial terms, yielding a lower standard deviation. In table 7.6 it can be seen theaverage and extreme values of the obtained geometrical and optical values for the 14 piglenses used to retrieve their gradient indices:

• ∅eq , the equatorial diameter.
• t, the thickness.
• Rant, Qant and SDfit ant, the radius and the asphericity of the anterior surface, aswell as the standard deviation of its �tting.
• Rpost, Qpost and SDfit post, the radius and the asphericity of the posterior surface,as well as the standard deviation of its �tting.
• the detected swelling between one projection and the other in relation with thetotal thickness of the lens.
• dca, the anterior vertex distance4. 129



7 Experimental results Averagevalue Minimum Maximum
∅eq(mm) 9.6 ± 0.2 9.3 ± 0.1 10.2 ± 0.1
t (mm) 7.5 ± 0.2 7.10 ± 0.09 7.8 ± 0.1
Rant (mm) 7.5 ± 0.2 7.00 ± 0.05 7.98 ± 0.05
Qant 1.4 ± 0.2 1.11 ± 0.02 1.81 ± 0.02
SDfit ant (µm) 6.5 ± 0.5 6 7.4
Rpost (mm) 5.2 ± 0.2 4.86 ± 0.02 5.40 ± 0.05
Qpost 0.10 ± 0.05 0.02 ± 0.02 0.163 ± 0.006
SDfit post (µm) 40 ± 20 14.8 69.3Swelling (%) 0.2 ± 0.1 0.14 0.76
dca (t = 1) 3.0 ± 0.1 2.9 3.3Table 7.6: Geometrical and optical parameters of the used pig lenses.In the following sections we will study the results obtained in the retrieval of the 14gradient indices, as well as the accuracy with which they reproduce the experimentaloptical behaviour of the crystalline lenses. Finally, we will analyze the validity of theapproximation of rotational symmetry according to di�erent experimental evidences.7.2.1 Reconstruction of the gradient indexFrom the tomographic data obtained for each one of the 14 lenses, we apply the tomo-graphic algorithm to retrieve in each case the coe�cients nij of the expression
n (x, z) = n0 (z) + n1 (z) x2 + n2 (z) x4 + . . . =

M
∑

i=0

2(M−i)
∑

j=0

nijx
2iz

j

, (7.2)both in its monopolynomial and in its bipolynomial expression (see section 4.2). In twelveof the lenses the best obtained gradient (in terms of the signi�cance of the tomographic4This parameter is shown in table 7.6 for the projection with the lower angle of incidence.130



7.2 Pig lenses (rotational symmetry)

Figure 7.5: Image of the lens pro�le obtained from the measurement camera with back-ground di�use light. The anterior surface of the lens is oriented upwards andthe posterior one downwards.�tting and the accuracy in the reproduction of the experimental optical behaviour) was amonopolynomial gradient of orderM = 2, whereas in other two it was a monopolynomialgradient of order M = 1.The fact some gradient were retrieved with order M = 1 seems to be mainly relatedwith a lower degree of rotational symmetry of such a gradient and, in a lower degree, alarger swelling of the crystalline lens. It is also interesting to question why it was notretrieved any bipolynomial gradient. The answer lies in the fact the asymmetry betweenboth segments of the lens is perfectly �ttable by an expression of order M = 2. Indeed,in those case where we obtained a plausible bipolynomial gradient of order M = 1, wealso obtained a monopolynomial gradient of order M = 2 with a better optical betteroptical behaviour.Other important aspect of the retrieval is the number of necessary interpolated pointsto the algorithm to converge. In the retrieved gradients this number varied dependingon the case, being higher in those of order M = 2 than in those of order M = 1, withan average value of 14 ± 8. Regarding the convergence, in all cases such a convergenceoccurred when the rms variation of the retrieved index at an iteration in relation withthe former one was lower than 10−4.With all the retrieved gradients is possible to calculate an average distribution ofrefractive index, as well as the standard deviation at each point (see Figs. 7.6, 7.7 and131



7 Experimental results7.8) and the coe�cients nij that better �t this average distribution (see table 7.7). Toobtain this average gradient the coe�cients nij of each one of the retrieved gradientswere normalized for t = 1 and, with the average geometrical values of table 7.6, thevalues of the refractive index calculated from these normalized coe�cients were averagedat each point of the lens. In the Appendix E the optical properties on axis of this averagegradient are studied for the actual sense of propagation of light inside the eye, i.e. fromthe anterior towards the posterior surface of the crystalline lens.

Figure 7.6: Average gradient index (the posterior vertex is placed in (0,0) and the anteriorin (0,1)).
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7.2 Pig lenses (rotational symmetry)

Figure 7.7: Standard deviation of the refractive index at each point of the crystallinelens.
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Figure 7.8: Pro�les of the average gradient index at the optic axis (a) and at z = zH (b)with con�dence intervals that represent the standard deviation of the valueof the index at each point.
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7 Experimental results Average gradient index
n00 1.3716 n12 -0.4202
n01 0.3736 n20 -0.0670
n02 -0.9807 zH (t = 1) 0.58
n03 1.2951 nn 1.434 ± 0.003
n04 -0.6954 np 1.37 ± 0.01
n10 -0.2444 na 1.36 ± 0.01
n11 0.4237 neq 1.361 ± 0.006Table 7.7: Normalized coe�cients nij (t = 1) of the average gradient �tted to the ex-pression 7.2 (SDfit = 7.7 × 105), as well as the position of the plane zH(maximum of the gradient at the optic axis). The average values of the nu-cleus (nn = n (0, zH )), posterior index (np), anterior vertex (na) and equatorial

(neq = n (∅/2, zH )) indices are also shown.7.2.1.1 Analysis of the retrieved gradient indicesFrom the analysis of the retrieved results, both at individual and at average level, wededuce that:1. In �gure 7.7 it is shown the standard deviation of the refractive indices found ateach point of the lens, with an average value of 5×10−3. Within this magnitude theerror in the retrieval of the gradient and the variability among cases are included.Therefore, we can assume that the average accuracy in the tomographic retrieval isof the order of the third decimal digit of the gradient. On the other hand, both inthe anterior and in the posterior poles of the eye lens it can be noticed an increaseof the deviation up to values about 1×10−2. Although it might be due to variationsof each one of the lenses in their processes of cellular di�erentiation, this increasesresembles that observed in �sh in �gure 7.2, i.e. to the e�ect the pistons Kp havein the retrieval of the gradient (see section 4.3.1). It would be, hence, reasonableto assume that in the case of the pig lenses the residual error in the calculation of
Kp involved an increase of the error in the calculation of the gradient in the polesof the lens.134



7.2 Pig lenses (rotational symmetry)2. The total variation of the index in the average gradient of �gure 7.6 is very similarto that proposed for the strong gradient in the chapter of Numerical simulations(see Fig. 5.9). Thus, the variation between the index at the surface and at thenucleus5 of the lens is around 0.07, a bit less than half of what was detected for �shlenses (see Fig 7.1). The main di�erence with the strong gradient of chapter 5 isthe thickness, that in the case of pig lenses is a bit more than double. This meansthat the maximum local values of the derivative of the index should be lower inthe case of the pig and, thus, the trajectories of the rays less curved. As a result,a more accurate tomographic retrieval is expected or, at least, less interpolatedpoints will be needed to have a good approximation of the ray trajectories insidethe lens.3. Except for the most immediate zone to the anterior and posterior poles, the isoindi-cial surfaces have a di�erent geometry to that of the surfaces of the lens, gettingmore curved as they are closer to the nucleus (see Fig. 7.6). This is due to a histo-logical fact, since the crystalline �bers are also more curved in that region [Kus96].It is also important to point out the asymmetry of the isoindicial surfaces betweenthe anterior and posterior segments of the lens, �atter in the former than in thelatter, as it occurs with the respective surfaces of the lens. As it was explained insection 1.3, this di�erence might have its origin in the bigger thickness of the �bersof the posterior segment.4. When examining the pro�le of the average distribution of the index along the opticaxis (see Fig. 7.8) we distinguish two regions at its extremes where the index steeplyfalls towards the poles. This fall is a bit smoother in the posterior segment, whatmight be also related with the bigger thickness of the �bers in the posterior segment.It can be also noticed a central region where the index varies more slowly, reachingits maximum at a position (z = zH) decentered towards the anterior vertex. This�atter central zone would correspond with those �bers that have completed theirstage of cellular di�erentiation, the secondary mature �bers (see section 1.2.3).The detection of this region requires a polynomial of order M = 2, since one oforder M = 1 just obtains a parabolic pro�le, generally centered at the geometricalcenter of the lens. Finally, it should be also noticed that, since the process ofcellular di�erentiation is completed at a �xed number of layers from the surface(see section 1.2.3), it is expected that that �at region of the gradient takes up a5Even if it is not a bipolynomial gradient, we use the variable zH to label the position of the nucleusof the lens, i.e. the position z ∈ (0, t) for which n (0, z) reaches a global maximum. 135



7 Experimental resultslarger proportion of the lens as it ages.5. Like in �sh lenses, the nucleus index shows a lower standard deviation than theindex at the surface (see table 7.7). As it was previously mentioned, in additionto individual variations, this behaviour would be related with the in�uence of thepistons in the retrieval. However, it is interesting the similarity of the surfaceindices in pigs (1.36-1.37) and �sh lenses (1.379), what might have its origin invery similar cellular metabolisms in the younger �bers of both groups of animals.Nevertheless, the central index in �sh lenses is much higher, what is necessary toachieve larger dioptric powers (see section 1.5). Finally, it is worth commentingthat the results seem to point to a posterior vertex index slightly higher than theanterior one.
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Figure 7.9: Line formed by the points where (∂n (x, z) /∂z) = 0 (thick dashed line), inrelation with z = zH (thin dotted line) and the surfaces (thick solid lines).6. Both at the average gradient and at the retrieved gradients of order M = 2 theline formed by the points where (∂n (x, z) /∂z) = 0 does not follow a straight line(a plane in 3-D), but the mathematical expression obtained from such a derivativeand that crosses the optic axis at z = zH . In the particular case of the averagegradient the result is shown in �gure 7.9. We guess, thus, that is not very likelythe existence of a supposed equatorial plane where such a derivative is always zeroso that any ray that enters it do not leave that plane [Cha88, Pie89]. On the otherhand, both in �gure 7.9 and in �gures 7.8 and 7.6 it is noticed that the nucleus of136



7.2 Pig lenses (rotational symmetry)the lens (z = zH) it is not at the geometrical center of the lens but at 0.58t. Bytaking into account the lens is made up by a continuous deposit of �bers formedat the equator and that such a equator is displaced towards the anterior surface,it seems reasonable to expect the nucleus also to be displaced towards the anteriorsurface.7.2.2 Optical behaviour of the retrieved gradient indicesWith the retrieved gradients and by using a numerical ray tracing [Sha82] we can de-termine the accuracy with which these gradients reproduce the experimental opticalbehaviour of the crystalline lenses. To perform the study of this accuracy we analyzefour di�erent magnitudes:1. rms di�erence between the experimental and propagated distributions of optical pathat z = t (rms∆S): as it can be noticed in table 7.8 this error is of the order of
λ, like the average error in the tomographic �tting (SDtomo = 4 ± 2 λ). In table7.8 it can be noticed that the best result is obtained for the second projection.This could be due to the e�ect of the lens swelling in the retrieval of the gradient,since the geometry used to characterize its surfaces is that of the second projection.Taking into account that such a swelling is around 15 − 20 µm ' 24 − 32 λ andthat the di�erence in rms∆S between the third and �rst projections and the secondone is about 1 λ, we can assume that most of the swelling is homogeneous enoughin terms of optical path as to be �absorbed� by the pistons Kp. An explanationwould be that the swelling, instead of changing the shape of the gradient index,generated a region of more or less constant index at the periphery of the lens witha very similar thickness along each one of the surfaces.

Average value

rms∆S1
(λ) 5 ± 3

rms∆S2
(λ) 2 ± 1

rms∆S3
(λ) 3 ± 2Table 7.8: Average of the rms di�erences between the experimental and propagated dis-tributions of optical paths at z = t for the 14 retrieved gradients. The resultsare shown for each one of the three projections.
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7 Experimental results2. rms di�erence between the experimental and propagated distributions of sines of de-�ection at z = t (rms∆sin): in table 7.9 it can be noticed that the error in the sinesis in the third decimal digit. The fact this error decreases as the projections aremore out of axis can be mainly due to a lower aperture of such projections.
Average value

rms∆sin1
(10−3) 2.7 ± 0.9

rms∆sin2
(10−3) 2.2 ± 0.6

rms∆sin3
(10−3) 2.0 ± 0.5Table 7.9: Average of the rms di�erences between the experimental and propagated dis-tributions of sines of de�ection at z = t for the 14 retrieved gradients. Theresults are shown for each one of the three projections.

This error in the third decimal digit of the sines and of λ in the optical pathscon�rms what was already mentioned when explained the standard deviation ofthe average gradient: the average accuracy in the tomographic retrieval of thedistributions of the refractive indices is also in the third decimal digit (see equations5.6-5.8 in section 5.1). This accuracy, on the other hand, �ts with that predicted bythe numerical simulations (see chapter 5.3) for an error in the experimental data ofthe third decimal digit in the sines of de�ection, which is the one we have estimated(see section 6.3).
3. Average relative error in the anterior vertex distance (∆dca): in table 7.10 the valuescorresponding to this magnitude for each one of the projections are provided. Likein the optical paths and in the sines, it is seen that the error is larger for theprojection close to axis as a result of working with larger apertures as θ decreases(see table 7.5) .138



7.2 Pig lenses (rotational symmetry)
Average value

∆dca1 (%) 2 ± 2

∆dca2 (%) 2 ± 1

∆dca3 (%) 2 ± 1Table 7.10: Average relative errors in the anterior vertex distance of the retrieved gradi-ents for each one of the projections.To perform the calculation of the anterior vertex distance for each one of the pro-jections we previously calculated the position of an optic axis of reference. To do so,we �tted the distribution of the sines of de�ection at z = t and we searched for theposition at which the angle of de�ection is equal to the entry angle of the incominglaser beams. This position and the entry angle de�ne the optic axis of referencefor each projection. To carry out the comparison between the experimental caseand that of the retrieved gradient index, in both cases we used the reference axisobtained for the experimental case.To study with more detail the optical behaviour of the retrieved gradients, in Appen-dices C and D we show the results obtained for the two cases with the worst and the bestreproduction of such a behaviour in terms of their optical paths and sines of de�ection.Likewise, in Appendix E we provide the optical properties on axis of the average retrievedgradient, by considering the actual sense of propagation of light inside the eye, i.e. fromthe anterior surface towards the posterior surface of the crystalline lens. Finally, in Ap-pendix F an e�ective homogeneous index is retrieved by tomography for one of the eyelenses and its experimental optical behaviour is compared with that it would have in caseof having a homogeneous index and not a gradient.7.2.3 Analysis of the rotational symmetry in pig lensesLike in the case of the �sh lenses, throughout the experiments carried out with pig lenseswe have found out several evidences that question the initial symmetric model, in this casethe rotational one. This fact, rather than to doubt about the results obtained, should beuseful to set an upper bound to how accurately a rotationally symmetrical model of thelens can reproduce the optical behaviour of an actual crystalline lens. For reasons of timeand minimization of the metabolic damage, we were not able to characterize the gradient139



7 Experimental resultsof the same lens for more than one plane. However, as we have mentioned, we haveobtained di�erent evidences that have allowed us to shown in which degree the pig lensesare not rotationally symmetrical. These evidences are referred to both the geometry ofthe eye lens (best �tting of its surfaces at the same and at di�erent meridional planes)and the characterization of its optical behaviour (for just one meridional plane and forall the aperture of the lens by means of point di�raction interferometry).7.2.3.1 Symmetry of the surfaces of the lensAs it was explained in section 6.2.2, the �rst �tted surface is the anterior and afterwards,centered with anterior surface and its same angle of rotation, the posterior surface is�tted. If the crystalline lens were a rotationally symmetrical object this procedure shouldprovide the best �t of both surfaces. Nevertheless, in the performed �ttings we havenoticed that whereas the �tting of the anterior surface shows a constant and low standarddeviation, that of the posterior surface is higher and, above all, more variable ( seetable 7.6 on page 130). This is due to the lack of symmetry between both surfaceand such a lack of symmetry seems to vary depending on the plane of the lens to becharacterized. Thus, out of the 14 analyzed lenses, in 13 the best �tting of the posteriorsurface requires non rotationally symmetrical terms, of which the statistical signi�canceis checked for each one of the cases with an F -test. With these terms it is possible toreduce and make more constant the average standard deviation of the posterior �tting ,going from 40 ± 20 µm in the rotationally symmetrical �tting to 13 ± 2 µm in the nonrotationally symmetrical one.7.2.3.2 Pro�le of the eye lens in two di�erent meridional planesWe have analyzed in two eye lenses their pro�les in two di�erent meridional planes,assuming once again rotational symmetry in the �tting of the anterior and posteriorsurfaces. To obtain the images of these two di�erent meridional planes, one of the lenseswas rotated about 45o (Lens 1) and the other about 90o (Lens 2). The results of the�ttings are shown in table 7.11, where it can be noticed that the standard deviation of theposterior surface changes in the same lens from one plane to the other. This fact wouldexplain why in the lenses used for the tomographic retrievals such a deviation variesso much from one case to the other, since it depends on the chosen meridional plane.Regarding the curvature radii and the asphericities, the variation of these parameters inthe posterior surface is low and within the range of the error of measurement. However,the variation is stronger in the anterior surface, mainly in Lens 2, where the angle of140



7.2 Pig lenses (rotational symmetry)rotation is higher. It seems, thus, that the anterior surface is the main cause of the lackof rotational symmetry of the geometry of the pig lens.Position 1 Position 2
Rant (mm) 7.40 ± 0.04 7.50 ± 0.03

Qant 1.35 ± 0.02 1.50 ± 0.01

SDfit ant (µm) 7.1 5.9LENS 1
Rpost (mm) 5.16 ± 0.05 5.19 ± 0.04

Qpost 0.09 ± 0.02 0.14 ± 0.01

SDfit post (µm) 64.1 37.5
t (mm) 7.4 ± 0.1 7.41 ± 0.07

Rant (mm) 7.43 ± 0.03 7.07 ± 0.03

Qant 1.44 ± 0.02 1.22 ± 0.02

SDfit ant (µm) 6.4 6.3LENS 2
Rpost (mm) 5.17 ± 0.02 5.16 ± 0.02

Qpost 0.136 ± 0.007 0.140 ± 0.006

SDfit post (µm) 29.2 14.8
t (mm) 7.45 ± 0.03 7.46 ± 0.03Table 7.11: Geometrical parameters of the pro�le of lenses 1 and 2 for two di�erentangular positions (with a di�erence of about 45o in Lens 1 and about 90o inLens 2).7.2.3.3 Distribution of the sines at the exit of two di�erent meridional planesIn addition to study the pro�le, in each one of the former cases we analyzed the opticalbehaviour of the meridional planes for incoming rays at θ ' 0o. To make signi�cativethe comparison between planes of the same lens, we tried to prevent θ from varying fromone plane to the other as a result of an unwanted inclination of the lens. The inclination141



7 Experimental resultswe could not correct manually was corrected by rotating the distribution of sines at theexit of the lens to match the entry angles of the rays in both planes. Once rotated, wecompared the distributions of the two di�erent planes of the same lens. Both in Lens 1and in Lens 2 the di�erence between these two distributions of sines is of the order of thethird decimal digit of the index (and of λ in optical paths), without noticing any trenddue to the noise. We deduce hence that the di�erence that there may be in the opticalbehaviour between one plane of the lens and the other is masked by the experimentalerror in the measurement of the sines of de�ection but also that such a di�erence is notlarger than the third decimal digit in sines and of the order of λ in the optical paths.7.2.3.4 De�ection of the rays in the meridional planeIn a rotationally symmetrical optical system the rays contained in one of its meridionalplanes propagate themselves along such a plane along its whole trajectory (see section3.1.1). Therefore, if the crystalline lens were rotationally symmetrical we would expectthe alignment camera to record at the exit of the lens a de�ection of the laser beamsno larger than that recorded in the calibration with the homogeneous spherical lens (seesection 6.3). As it is shown in table 7.12, the di�erence is not very big, but even so in thecase of the crystalline lenses the average de�ection is slightly the double of that recordedin the homogeneous lens. It has been noticed too, in both cases, that this error increaseswith the angle of projection. As this angle increases, the trajectory of rays inside the lensalso increases. Therefore, it is reasonable to expect that any deviation of the rotationalsymmetry becomes more evident with larger angles of projection. Anyway, this evidenceis not totally conclusive. The homogeneous lens, because of its spherical symmetry, doesnot have the problems of alignment of the crystalline lens, which we have to align aswell as possible with a laser beam and within a reasonable time to minimize any possibledegradation.
θ1 θ2 θ3Slopehomo

(

10−4
)

4 ± 2 6 ± 4 8 ± 4Slopecryst

(

10−3
)

1.0 ± 0.6 1.4 ± 0.6 2 ± 1Table 7.12: Average slope of the rays at the exit of the crystalline lens and the homo-geneous lens for each one of the projections, measured from the alignmentcamera.
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7.2 Pig lenses (rotational symmetry)7.2.3.5 Optical characterization of the crystalline lenses by interferometryAs in the case of the �sh lenses, the use of a modi�ed point di�raction interferometerallows to widen the study of the optical behaviour of the crystalline lenses from two tothree dimensions, making more clear the lack of symmetries. Thus, once illuminatedthe lens with a plane wavefront inciding on its posterior surface, like in the tomographicsetup, we recorded the obtained interferograms (see Fig. 7.10). Later, and from theanalysis of their fringes, we calculated the Zernike modes that �t the best the phaseof the studied wavefront. Assuming that all inclination of this wavefront is due to amisalignment of the lens in the interferometer, the contribution of the remaining nonradially symmetrical modes will be indicative of the lack of the rotational symmetry ofthe lens. In a representative case, like that of �gure 7.10, that contribution is of 3.8 λ.This value is of the order of error in optical paths of the retrieved gradients (see table 7.8),from what we deduce that such gradients (and the �tted surfaces) are able to reproducethe optical behaviour of the rotationally symmetrical component of the crystalline lens.

Figure 7.10: In the image (a) it is shown the interferogram obtained for a pig lens illu-minated on axis with a plane wavefront, as well as the circumference thatlimits the area of the phase we will characterize. The result of its �tting toZernike modes (SD = 0.1 λ) is shown in the reconstruction of the image (b).Finally in (c) the non rotationally symmetrical components of the interfer-ogram are also shown, mainly astigmatism, coma and trefoil (we assume allinclination of the wavefront due to a misalignment of the crystalline lens).143



7 Experimental resultsIn addition to by transmission, the point di�raction interferometer can be used byre�ection, by interfering a spherical wavefront with that re�ected by the surface weintend to optically characterize. When we used this technique to study the surfaces ofthe lenses we obtained again a very similar result to that commented in point 7.2.3.2.Once again it is noticed a high degree of radial symmetry in the posterior surface, whereasthe anterior one shows a clear astigmatism and coma (see Fig. 7.11). Although theseresults correspond to lenses of just one species, it is reasonable to assume that this lackof symmetry can be generalized to many other species. An evidence of this is given inreference [Man04], where a corneal topographer was used to characterize the surfaces ofthe human lens. In this work it was also shown that the surfaces of the human lens arenot rotationally symmetrical, although in this case a higher asymmetry was obtained inthe posterior surface.

Figure 7.11: Interferograms by re�ection obtained for the anterior (a) and posterior sur-faces (b) of a pig lens.According to what was exposed in the four former points we have shown the lens isnot a rotationally symmetrical element. It is not both in its geometry and in its gradientindex, something reasonable given the implications the geometry of the lens has in thearrangement of the crystalline �bers. However, it is also deduced that if our aim is toreproduce the optical behaviour of the lenses with an accuracy of up to the third decimaldigit in the sines of de�ection or of the order of λ in optical paths, the approximationof rotational symmetry is still good enough. Related to this, we have shown that thegradients we have retrieved, with an accuracy of the third decimal digit of the index, areable to reproduce all the optical behaviour due to the rotationally symmetrical component144



7.3 Discussion of the results. Comparison with other methods.of the lens, both in axis and out of axis. It is just if we wish higher accuracies than thosementioned that is necessary to consider a non rotationally symmetrical model of the lens.7.3 Discussion of the results. Comparison with othermethods.The obtained results, both for �sh and pigs lenses, allow us to assure the tomographicmethod we have developed and applied is able to obtain average accuracies of the thirddecimal digit in the refractive index for sines of de�ection with an experimental error inthe third decimal digit (or, equivalently, optical paths with an error of the order of λ).Likewise, these gradients can reproduce the optical behaviour of the crystalline lenseswith an accuracy of the third decimal digit in the sines of de�ection (or, equivalently,optical paths with an error of the order of λ). We have also seen that this is the limitallowed by the assumption of rotational symmetry of the gradient index. Therefore, anyimprovement would imply not just a reduction of the experimental error but necessarily anon rotationally symmetrical model without which such a reduction would be pointless..At this point it is worth questioning if the accuracy of the tomographic method issimilar or better than that of the other non destructive or hybrid methods developed andapplied in the reconstruction of the gradient index of crystalline lenses (see sections 2.2and 2.3):
• Ray de�ectometry and Abel integral inversion [Chu77, Cam84, Cha88, Pie89, Kro94,Kro96, Kro01]: both this method and the rest do not shown a thorough study ofthe in�uence of the experimental errors in the accuracy of the obtained gradients.Besides, a clear and detailed comparison of the optical behaviour of the retrievedgradient and that of the experimental one is not done either, what makes di�cult todetermine the accuracy of the reconstructions. For instance, in references [Kro94,Kro01, Kro96] the comparisons are done with averaged results or the lens of oneeye is used to retrieve the gradient and that of the contra lateral eye is used tocharacterize the experimental optical behaviour. Even so, from the data of one ofthose references [Kro96], it is deduced that its error in the prediction of the posteriorvertex distance for a �sh, ∆dcp, is around 4-5 %, a bit higher than what has beenobtained by us (see table 7.2 on page 121). In any case, as it was explained in section2.2, this method is limited by the need of working with external indices very similaror identical to the surface index and the fact that just spherical gradients, or slightlyelliptical, concentric with the surface can be retrieved. Therefore, their use would145



7 Experimental resultsbe limited to �sh lenses, as long as its lack of symmetry were not higher than thattolerated by the method and the isoindicial surfaces were concentric. Regardingthe possibility of using this method to characterize the gradient at the equatorialplane of a mammalian lens and then to extrapolate the result to the rest of the lensby assuming isoindicial surfaces concentric with the surface of the lens [Cha88], wehave already shown in points 3 and 6 of section 7.2 that the result would not berealistic.
• Ray de�ectometry and optimization algorithms [Gar01]: in the speci�c case of thisreference, the merit function used in the optimization should provide a good ideaof how accurately the retrieved gradient reproduces the experimental optical be-haviour. However, in the mentioned reference these data are not provided, whatmakes di�cult to estimate the accuracy of this method in the reconstruction of thegradient index. Besides, no result has been published for models of gradient witha more complex symmetry than the spherical one.
• Interferometry [Nil83, Nil05]: this method has been just applied in small inverte-brates lenses and from its results it is deduced that its error increases towards thenucleus, being of the order of the second decimal digit.
• Fitting of ocular and visual parameters [Pom84]: this method, as it was applied, doesnot guarantee the unicity of the solution. Besides, it can not be determined theaccuracy of the retrieved gradient since its optical behaviour can not be comparedwith the experimental one.
• MRI (Magnetic Resonance Imaging) [Mof02a, Mof02b, Jon05, Jon04]: in section 2.3we explained several reasons according to which we expect errors of about thesecond decimal digit in the measurement of the index, both in the periphery andin the nucleus of the lens. When studying how accurately the gradients retrievedby this method reproduce the optical behaviour of the lens [Jon05] we see that thisaccuracy is one order of magnitude lower than ours, what would con�rm that thegradient retrieved with MRI has an average accuracy of the second decimal digit.In fact, the gradient retrieved for a pig lens in reference [Jon04] agrees with ourswithin that range of error. A result of this error would be also the fact that �ttingthe sagittal pro�le of a pig lens gradient to a polynomial of sixth grade they donot obtain a similar pro�le to that we have always obtained with gradients of order
M = 2 (fourth grade in z), i.e. maximum displaced towards the anterior vertexand a �atter zone in the center.146



7.3 Discussion of the results. Comparison with other methods.In short, we can state that our method has currently enough objective merits to beconsidered as the most accurate of those applied so far for the reconstruction of thegradient index in crystalline lenses. Likewise, it is the only method that has made aqualitative estimation of the accuracy of its retrievals by means of a complete collectionof numerical simulations. Thanks to these simulations, we can a priori estimate theaccuracy of the results of the retrievals for a wide set of factors: angular distribution ofprojections, number of rays, strength and symmetry of the gradient or order of magnitudeof the experimental error. Besides, from the obtained experimental results we have shownthat the method is able to retrieve all the rotationally symmetrical component of the eyelens, of which we have studied its contribution in the optical behaviour of the lens.Finally, but not least important, it must be pointed out that ours is the only work wherethe optical behaviour of the lens out of axis has been characterized and reproduced.
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ConclusionsThe main conclusions that can be drawn from the work presented in this thesis are thefollowing:1. A new algorithm has been developed for the reconstruction of the gradient indexin crystalline lenses, by using concepts from tomography and geometrical optics.The algorithm has been designed to retrieve gradient indices with two features:rotational symmetry, according to the histological features of the lens, and analitic-ity. No other constraints have been considered, neither a particular layout of theisoindicial surfaces nor a given index for the surface of the gradient.2. The unicity of the obtained solution by the tomographic algorithm has been guar-anteed. By using a least squares �tting, the method retrieves the gradient that�ts the best the experimental data according to the trajectories simulated by theiterative procedure of the tomographic algorithm. Neither it is necessary to startfrom some initial values nor it exists the risk of falling in local minima, as it mightbe the case if having used minimization algorithms.3. It has been shown in the numerical simulations that the theoretical accuracy ofthe tomographic method is much higher than the third decimal digit of the index.Besides, both in these simulations and in the experimental results, it has been alsoshown that in real experimental conditions the method retrieves gradient indiceswith an average error in the third decimal digit. As it has been proved in theexperimental results, this accuracy is the maximum one admitted by a rotationallysymmetrical gradient index model, at least in the lenses that have been studied.It is inferred, thus, that this tomographic method can retrieve all or most of therotationally symmetrical component of the gradient index of the crystalline lens.4. For all retrieved gradients it has been checked how accurately they reproduce theexperimental optics of the lens, both in axis and out of axis. In all cases thisaccuracy is of the order of 10−3 in sines of the angles of de�ection and of theorder of λ in optical paths (reaching orders of 10λ in the larger �sh lenses). In the149



Conclusionsexperimental results it has been shown that this accuracy is the maximum admittedby a rotationally symmetrical model of the lens. To obtain higher accuracies itwould be necessary to consider non rotationally symmetrical models of the lens.5. A low computational cost has been achieved. Once obtained the data of the surfacesand the entry and exit rays, the algorithm, programmed in Matlab, takes no longerthan a few seconds to obtain a solution in a current computer (Pentium 4, 1 GBRAM).6. It has been shown, by achieving the former objectives, that this method implies anobjective improvement in relation with all developed so far.7. Gradient indices of �sh and pig lenses have been retrieved. For each one of thecases it has been provided an average gradient. Likewise, we have studied theirmain features. Finally, we have also analyzed in which degree are applicable to thegradients of each one of the cases the symmetries generally assumed: spherical for�sh and rotational for mammals.
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A Worst tomographic reconstruction ofa �sh gradient indexAs it was shown in table 7.2 (page 121), the gradients retrieved for �sh lenses 1, 2 and 3reproduce the optics of their corresponding crystalline lenses worst than lenses 4 and 5.Among those three lenses, we show the data of lens 3 as a representative case of a notvery accurate retrieval of a gradient index with the tomographic method.The comments and explanations of the results are shown in the caption of each one ofthe tables and �gures. Hyperoglyphe Antarctica (Lens 3)
n0 n1 n2 ns R (mm)1.5376 -0.1128 -0.0434 1.381 13.368 ± 0.002Table A.1: Coe�cients ni of the gradient index retrieved for lens 3, as well as the indexof the surface and its radius.
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Figure A.1: Retrieved gradient index.
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A Worst tomographic reconstruction (�sh)
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Figure A.2: Graphic illustration of the equatorial plane of the crystalline lens and of theexit and entry rays �tted to straight lines. At the center a zone without rayscan be noticed. This zone is due to the di�raction generated at this point bythe suture (in �sh lenses the suture line is approximately formed along theoptical axis, orthogonal to the plane here depicted). Some caustics insidethe set of exit rays can also be noticed, being such caustics indicative of astrong variation of the de�ection of the rays.
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A Worst tomographic reconstruction (�sh)
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Figure A.5: Experimental distribution of the optical path at the exit of the crystalline lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient (solid line).
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Figure A.6: Di�erence between the experimental and the propagated distributions of theoptical path at the exit of the lens, ∆S (rms∆S = 7.4 λ and PV∆S = 16.5 λ).By studying such a di�erence, it seems to be essentially due to a small tiltof the wavefront that the retrieved gradient is not able to reproduce andspherical aberrations as those that produce the formerly mentioned caustics.
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Figure A.7: Experimental variation of the posterior vertex distance dcp with the heightof entry of the rays in the lens (circles) and that obtained in the retrievedgradient (solid line), as well as the di�erence between both ∆dcp (rms∆dcp
=
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= 1.9×10−1 (R=1)). The calculation of this di�erenceis done for all ray such |xEntry| > 0.05, since in the paraxial region theerror in the calculation of dcp tends to in�nity. It is noticed again that theretrieved gradient can not reproduce the strong variations of the posteriorvertex distance at the periphery.
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B Better tomographic reconstruction ofa �sh gradient indexIn this appendix we show di�erent data and graphs resulting from the tomographicretrieval of the gradient index of the lens 5, as well as those of its optical behaviour(see section 7.1). Because of its accuracy at reproducing the experimental optics (seetable 7.2, page 121) we have chosen this case as representative of a good tomographicreconstruction of the gradient index of a �sh lens.The comments and explanations of the results are done in the caption of each one ofthe tables and �gures. Beryx Decadactylus (Lens 5)
n0 n1 n2 n3 ns R (mm)1.5406 -0.1374 0.0356 -0.0716 1.367 8.631 ± 0.003Table B.1: Coe�cients ni of the gradient index retrieved for lens 5, as well as the indexof the surface and its radius.
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Figure B.1: Retrieved gradient index. 157



B Better tomographic reconstruction (�sh)
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Figure B.2: Graphic illustration of the equatorial plane of the crystalline lens and of theexit and entry rays �tted to straight lines. Besides not noticing di�ractionat the center of the lens, other important di�erence regarding �gure A.2 ishow the de�ection of the rays changes at the periphery. In this case such avariation has the same sign, giving rise to a clear positive spherical aberration
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Figure B.4: Di�erence between the experimental and propagated distributions of thesines of de�ection at the exit of the lens, ∆sin (rms∆sin = 2.2 × 10−3 and
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B Better tomographic reconstruction (�sh)
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Figure B.5: Experimental distribution of the optical path at the exit of the crystalline lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient (solid line).
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Figure B.6: Di�erence between the experimental and the propagated distributions of theoptical path at the exit of the lens, ∆S (rms∆S = 1.1 λ and PV∆S = 4.1 λ).By studying such a di�erence, it seems to be essentially due to high orderspherical aberrations and experimental noise.
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Figure B.7: Experimental variation of the posterior vertex distance dcp with the heightof entry of the rays in the lens (circles) and that obtained in the retrievedgradient (solid line), as well as the di�erence between both ∆dcp (rms∆dcp
=

1.5×10−2 and PV∆dcp
= 9.7×10−2 (R=1)). The calculation of this di�erenceis done for all ray such |xEntry| > 0.05, since in the paraxial region the errorin the calculation of dcp tends to in�nity. Unlike �gure A.7, in this casethe monotonic variation of dcp can be reproduced by the retrieved gradientindex.
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C Worst tomographic reconstruction ofa pig gradient indexIn this appendix we show the data and graphs that correspond to the case for which theworst tomographic reconstruction of section 7.2 is obtained, as well as the worst opticalbehaviour of the resulting gradient index. We name the worst tomographic reconstructionthat which reproduces the worst the experimental optics of the crystalline lens accordingto the following magnitudes:
• rms∆S: the rms error in the distribution of the optical path in the straight linetangent to the exit vertex of the lens (z = t), where it is included the pistonretrieved by the algorithm.
• PV∆S : the peak-valley error of that same distribution of optical paths.
• rms∆sin: the rms error in the distribution of sines of de�ection of the exit rays at
z = t.

• PV∆sin: the peak-valley error of that distribution of sines.
• ∆dca: the average relative error in the anterior vertex distance1 (the calculation ofthis parameter is explained in section 7.2.2, point 3).The comments and explanation of the results are done in the captions of each one of thetables and �gures.

1Like in section 7.2, in this appendix we name anterior vertex of the crystalline lens that one that isplaced closer to the cornea in the eye ball and at the exit of the rays in the experimental setup.163



C Worst tomographic reconstruction (pig)
∅eq(mm) 9.7 ± 0.1
t (mm) 7.67 ± 0.02
Rant (mm) 7.69 ± 0.05
Qant 1.43 ± 0.02
SDfit ant (µm) 6
Rpost (mm) 5.24 ± 0.02
Qpost 0.094 ± 0.006
SDfit post (µm) 18.1Swelling (%) 0.16Table C.1: Geometric parameters of the crystalline lens: ∅eq , equatorial diameter; t,thickness; Rant, Qant and SDfit ant, the radius and asphericity of the an-terior surface, as well as the standard deviation of its �tting; Rpost, Qpostand SDfit post, the radius and asphericity of the posterior surface, besides thestandard deviation of the �tting; the swelling detected between one projectionand another in relation with the total thickness of the eye lens.

1stprojection 2ndprojection 3rdprojection
θ (o) −1.23 ± 0.02 19.25 ± 0.05 36.88 ± 0.05
Aperture (%) 97.3 90.0 64.1Number ofrays 75 75 73Table C.2: Parameters of the projections.
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n00 1.3855
n01 0.2004
n02 -0.2052
n10 -0.1636
nn 1.434
np 1.386
na 1.381
neq 1.369
zH (t = 1) 0.49Table C.3: Coe�cients nij of the gradient normalized to t = 1, as well as the index of thenucleus (nn = n (0, zH )), of the posterior vertex (np), of the anterior vertex

(na) and equatorial (neq = n (∅/2, zH )). It is also provided the position of theplane zH (maximum of the gradient in the optic axis) in relation with theposterior vertex of the crystalline lens.

165



C Worst tomographic reconstruction (pig)

Figure C.1: Retrieved gradient index.
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Figure C.2: Pro�les of the retrieved gradient index along the optic axis (a) and at z = zH(b).
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C.1 First projectionC.1 First projection
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Figure C.3: Graphic illustration of a meridional plane of the eye lens and of the exit andentry rays �tted to straight lines (θ1 = −1.23o ± 0.02o). It can be clearlynoticed the existence of a strong negative spherical aberration.
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C Worst tomographic reconstruction (pig)
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 (mm) Figure C.4: Experimental distribution of the sines of de�ection at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient (solid line) [First projection].
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Figure C.5: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 4.3×10−3 and
PV∆sin = 4.3 × 10−2). It can be noticed how the error rises at the extremesof the lens as a result of the remaining misalignments of the experimentalsetup. [First projection].
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C.1 First projection
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Figure C.6: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [First projection].
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Figure C.7: Di�erence between the experimental and the propagated distributions of theoptical path at the exit of the eye lens, ∆S (rms∆S = 6.9 λ and PV∆S =
22.3 λ), standing out in this di�erence the presence of a tilt of the wavefrontnot properly reproduced by the retrieved gradient index [First projection].
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C Worst tomographic reconstruction (pig)
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Figure C.8: Experimental variation of the anterior vertex distance dca with the heightof entry of the rays in the lens (circles) and that obtained with the re-trieved gradient index (solid line), as well as the di�erence between both
∆dca (rms∆dca

= 0.91 mm and PV∆dca
= 4.78 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [First projection].

170



C.2 Second projectionC.2 Second projection
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Figure C.9: Graphic illustration of a meridional plane of the eye lens and of the exit andentry rays �tted to straight lines (θ2 = 19.25o ± 0.05o).
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C Worst tomographic reconstruction (pig)
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Figure C.11: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 3.0 × 10−3and PV∆sin = 1.5 × 10−2) [Second projection].
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C.2 Second projection
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Figure C.12: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [Second projection].
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Figure C.13: Di�erence between the experimental and the propagated distributions ofthe optical path at the exit of the eye lens, ∆S (rms∆S = 5.3 λ and
PV∆S = 16.0 λ) [Second projection].
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C Worst tomographic reconstruction (pig)
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Figure C.14: Experimental variation of the anterior vertex distance dca with the height ofentry of the rays in the lens (circles) and that obtained with the retrievedgradient index (solid line), as well as the di�erence between both ∆dca(rms∆dca
= 0.76 mm and PV∆dca

= 4.89 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [Second projection].
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C.3 Third projectionC.3 Third projection
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Figure C.15: Graphic illustration of a meridional plane of the eye lens and of the exitand entry rays �tted to straight lines (θ3 = 36.88o ± 0.05o).
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C Worst tomographic reconstruction (pig)
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 (mm) Figure C.16: Experimental distribution of the sines of de�ection at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient (solid line) [Third projection].
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Figure C.17: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 3.2 × 10−3and PV∆sin = 1.8 × 10−2) [Third projection].
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C.3 Third projection

−2 −1 0 1 2 3 4 5 6
11

12

13

14

15

16

17

18

 x
z=t

 (mm) 

 S
 (

m
m

) 

Figure C.18: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [Third projection].
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Figure C.19: Di�erence between the experimental and the propagated distributions ofthe optical path at the exit of the eye lens, ∆S (rms∆S = 3.4 λ and
PV∆S = 16.3 λ) [Third projection].
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C Worst tomographic reconstruction (pig)
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Figure C.20: Experimental variation of the anterior vertex distance dca with the height ofentry of the rays in the lens (circles) and that obtained with the retrievedgradient index (solid line), as well as the di�erence between both ∆dca(rms∆dca
= 0.61 mm and PV∆dca

= 2.70 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [Third projection].
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D Best tomographic reconstruction of apig gradient indexIn this appendix we show the data and graphs that correspond to the case for which thebest tomographic reconstruction of section 7.2 is obtained, as well as the best opticalbehaviour of the resulting gradient index. We name the best tomographic reconstructionthat which reproduces the best the experimental optics of the crystalline lens accordingto the following magnitudes:
• rms∆S: the rms error in the distribution of the optical path in the straight linetangent to the exit vertex of the lens (z = t), where it is included the pistonretrieved by the algorithm.
• PV∆S : the peak-valley error of that same distribution of optical paths.
• rms∆sin: the rms error in the distribution of sines of de�ection of the exit rays at
z = t.

• PV∆sin: the peak-valley error of that distribution of sines.
• ∆dca: the average relative error in the anterior vertex distance1 (the calculation ofthis parameter is explained in section 7.2.2, point 3).The comments and explanation of the results are done in the captions of each one of thetables and �gures.

1Like in section 7.2, in this appendix we name anterior vertex of the crystalline lens that one that isplaced closer to the cornea in the eye ball and at the exit of the rays in the experimental setup.179



D Best tomographic reconstruction (pig)
∅eq(mm) 10.2 ± 0.1
t (mm) 7.8 ± 0.1
Rant (mm) 7.98 ± 0.05
Qant 1.46 ± 0.02
SDfit ant (µm) 6.6
Rpost (mm) 5.32 ± 0.06
Qpost 0.03 ± 0.02
SDfit post (µm) 69.3Swelling (%) 0.14Table D.1: Geometric parameters of the crystalline lens: ∅eq, equatorial diameter; t,thickness; Rant, Qant and SDfit ant, the radius and asphericity of the an-terior surface, as well as the standard deviation of its �tting; Rpost, Qpostand SDfit post, the radius and asphericity of the posterior surface, besides thestandard deviation of the �tting; the swelling detected between one projectionand another in relation with the total thickness of the eye lens.

1stprojection 2ndprojection 3rdprojection
θ (o) 0.44 ± 0.01 20.96 ± 0.06 38.64 ± 0.06
Aperture (%) 95.2 86.3 67.5Number ofrays 76 76 77Table D.2: Parameters of the projections.
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n00 1.3669 n12 -0.4405
n01 0.4077 n20 -0.0766
n02 -1.0172 nn 1.434
n03 1.2613 np 1.367
n04 -0.6483 na 1.370
n10 -0.2535 neq 1.365
n11 0.4657 zH (t = 1) 0.56Table D.3: Coe�cients nij of the gradient normalized to t = 1, as well as the index of thenucleus (nn = n (0, zH)), of the posterior vertex (np), of the anterior vertex

(na) and equatorial (neq = n (∅/2, zH )). It is also provided the position of theplane zH (maximum of the gradient in the optic axis) in relation with theposterior vertex of the crystalline lens.
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D Best tomographic reconstruction (pig)

Figure D.1: Retrieved gradient index.
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Figure D.2: Pro�les of the retrieved gradient index along the optic axis (a) and at z = zH(b).
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D.1 First projectionD.1 First projection
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Figure D.3: Graphic illustration of a meridional plane of the eye lens and of the exit andentry rays �tted to straight lines (θ1 = 0.44o ± 0.01o). It can be clearlynoticed the existence of a strong negative spherical aberration.
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D Best tomographic reconstruction (pig)
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Figure D.5: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 2.1 × 10−3and PV∆sin = 1.8 × 10−2) [First projection].
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D.1 First projection
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Figure D.6: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [First projection].
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Figure D.7: Di�erence between the experimental and the propagated distributions of theoptical path at the exit of the eye lens, ∆S (rms∆S = 1.2 λ and PV∆S =
5.6 λ) [First projection].
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D Best tomographic reconstruction (pig)
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Figure D.8: Experimental variation of the anterior vertex distance dca with the heightof entry of the rays in the lens (circles) and that obtained with the re-trieved gradient index (solid line), as well as the di�erence between both
∆dca (rms∆dca

= 0.48 mm and PV∆dca
= 3.04 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [First projection].
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D.2 Second projectionD.2 Second projection
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Figure D.9: Graphic illustration of a meridional plane of the eye lens and of the exit andentry rays �tted to straight lines (θ2 = 20.96o ± 0.06o).
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D Best tomographic reconstruction (pig)
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Figure D.11: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 1.8 × 10−3and PV∆sin = 1.2 × 10−2) [Second projection].
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D.2 Second projection
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Figure D.12: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [Second projection].
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Figure D.13: Di�erence between the experimental and the propagated distributions ofthe optical path at the exit of the eye lens, ∆S (rms∆S = 1.4 λ and
PV∆S = 6.8 λ) [Second projection].
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D Best tomographic reconstruction (pig)
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Figure D.14: Experimental variation of the anterior vertex distance dca with the height ofentry of the rays in the lens (circles) and that obtained with the retrievedgradient index (solid line), as well as the di�erence between both ∆dca(rms∆dca
= 0.46 mm and PV∆dca

= 2.83 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [Second projection].
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D.3 Third projectionD.3 Third projection
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Figure D.15: Graphic illustration of a meridional plane of the eye lens and of the exitand entry rays �tted to straight lines (θ3 = 38.64o ± 0.06o).
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D Best tomographic reconstruction (pig)
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 (mm) Figure D.16: Experimental distribution of the sines of de�ection at the exit of the eyelens (circles) and that obtained by propagation of the entry rays in theretrieved gradient (solid line) [Third projection].
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Figure D.17: Di�erence between the experimental and the propagated distributions ofsines of de�ection at the exit of the eye lens, ∆sin (rms∆sin = 1.9 × 10−3and PV∆sin = 1.1 × 10−2) [Third projection].
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D.3 Third projection
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Figure D.18: Experimental distribution of the optical path at the exit of the eye lens(circles) and that obtained by propagation of the entry rays in the retrievedgradient index (solid line) [First projection].
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Figure D.19: Di�erence between the experimental and the propagated distributions ofthe optical path at the exit of the eye lens, ∆S (rms∆S = 2.3 λ and
PV∆S = 7.4 λ) [Third projection].
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D Best tomographic reconstruction (pig)
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Figure D.20: Experimental variation of the anterior vertex distance dca with the height ofentry of the rays in the lens (circles) and that obtained with the retrievedgradient index (solid line), as well as the di�erence between both ∆dca(rms∆dca
= 0.41 mm and PV∆dca

= 1.73 mm). The calculation of thisdi�erence is done for all rays but the ten rays closest to the optic axis ofreference (see section 7.2.2, point 3), since in this paraxial region the errorin the calculation of dca tends to in�nity [Third projection].
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E On axis optics of the average pig lensIn section 7.2.1 the average gradient index of the 14 analyzed pig lenses is shown (seeFigs. 7.6 and 7.8), as well as the coe�cients nij that �t the best that gradient (see table7.7). By using these coe�cients and the average geometric parameters of table 7.6, wehave numerically propagated a plane wavefront that enters the lens through its anteriorsurface with θ = 0o. From the study of the wavefront at its exit we have obtained aparaxial posterior vertex focus fpost = 21.172 mm = 2.823 (t = 1), that correspondsto a posterior vertex power Fpost = 62.96 D (for an vitreous humour index of 1.333 at
λ = 633 nm [Siv82]).Next, we show several graphs of the on axis optical behaviour of this average pig lens.
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Figure E.1: Graphic illustration of the de�ection of the rays at the exit of the averagecrystalline lens for an on axis projection (θ = 0o), where entry rays illuminatethe anterior surface of the lens.
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E On axis optics of the average pig lens
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Figure E.2: Variation of the posterior vertex distance, dcp, with the height of entry of therays in the average lens. Like in the previous �gure, it stands out a strongnegative spherical aberration. The study of the geometry of the cornea inpigs would be very useful to determine if this strong aberration has anycompensating role of that produced by the cornea.
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F Optics of a crystalline lens with ahomogeneous refractive indexA very important topic in the study of the crystalline lens is the analysis of the roleplayed by the gradient index in its optical behaviour. To carry out this analysis in thisappendix we will compare the experimental optical behaviour of an eye lens with thatit would have if it had a homogeneous refractive index. We perform the calculation ofthis e�ective homogeneous index by applying the tomographic algorithm to the sameinput data we have used to retrieve the gradient index. In table F.1 it can be seen theindices obtained for the lens studied in Appendix D by considering di�erent options forthe input data: by using all projections, just one of them or di�erent selections of the�rst projection. If just the most central rays of the �rst projection are taken into accountthe standard deviation of the tomographic �tting is of the order of that obtained for thecalculation of the gradient (SDtomo = 1.4 λ). We infer, thus, that this central regioncould be approximated as a lens with a homogeneous index n ' 1.5, higher than themaximum index retrieved in the gradient (nn = 1.434) and close to that of the glass(n = 1.51509 at λ = 633 nm for BK7 glass). On the other hand, when just using thedata from the most peripheral rays of the �rst projection, the e�ective index falls up to
n = 1.4331 and the �tting deviation rises considerably since the inhomogeneous natureof the refractive index becomes more noticeable in this region. The order of this standarddeviation does not change when we calculate the e�ective index of each one of the threeprojections and for all of them together. The calculated e�ective homogeneous index forthis last case, n = 1.4575, is the one we use to compare the experimental optics of the lenswith that it would have if it were a homogeneous index lens. Next, we show the graphsthat result form this comparison for the three projections carried out in the laboratory,as well as a list of the main optical properties that can be ascribed to the existence of agradient index (as we have mentioned before, the experimental data correspond to thoseof the crystalline lens in the Appendix D).
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F Optics of a crystalline lens with a homogeneous refractive index
Input data SDtomo (λ) nhomocentral 25% θ1 0.6 1.4995central 50% θ1 1.7 1.4944peripheral 50% θ1 24.9 1.4331

θ1 36.7 1.4515
θ2 31.3 1.4600
θ3 32.0 1.4691

θ1, θ2 and θ3 35.5 1.4575Table F.1: Homogeneous indices indices, nhomo, and standard deviations of the tomo-graphic �t, SDtomo, obtained for di�erent sets of input data: data from thethree projections, from each one of them and from particular cases of the �rstprojection (the most central 25% and the 50% of the rays of that projectionand the most peripheral 50%).
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F.1 First projectionF.1 First projection
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Figure F.1: Graphic illustration of the de�ection of the rays at the exit of the homoge-neous eye lens for the �rst projection (θ1 = 0.44o ± 0.01o). It can be clearlynoticed the existence of a strong spherical aberration, of di�erent sign andstronger than the experimental case (see Fig. D.3).
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F Optics of a crystalline lens with a homogeneous refractive index
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 (mm) Figure F.2: Experimental distribution of the sines of de�ection at the exit of the eye lens(circles) and that obtained by propagation of the entry rays through the ho-mogeneous index (solid line). Here it is also noticeable how the homogeneousindex changes the sign of the spherical aberration at the exit of the lens andbecomes stronger [First projection].
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Figure F.3: Di�erence between the experimental distribution of the optical path at theexit of the lens and that obtained by propagation in the homogeneous index,
∆S. At �rst glance, important di�erences in defocus and spherical aberrationcan be seen [First projection].
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F.1 First projection
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Figure F.4: Experimental variation of the anterior vertex distance dca with the entryof height of the rays in the crystalline lens (circles) and that obtained withthe homogeneous index (solid line). In this graph it can be also noticed theworst behaviour of the homogeneous index, as well as the opposite sign ofthe spherical aberration (Because of the di�erence between the optic axes ofreference of the experimental and homogeneous case, dca has been calculatedby using the optic axis obtained for each one of the cases) [First projection].
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F Optics of a crystalline lens with a homogeneous refractive indexF.2 Second projection
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Figure F.5: Graphic illustration of the de�ection of the rays at the exit of the homoge-neous eye lens for the second projection (θ2 = 20.96o ± 0.06o). In relationwith the experimental case, the optics are clearly worst with a homogeneousindex, as it can be seen in its larger circle of minimum confusion (see Fig.D.9).
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F.2 Second projection
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 (mm) Figure F.6: Experimental distribution of the sines of de�ection at the exit of the eyelens (circles) and that obtained by propagation of the entry rays through thehomogeneous index (solid line). Like in the former projection, also in thiscase the homogeneous index causes a change of sign and a larger sphericalaberration at the exit of the lens [Second projection].
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Figure F.7: Di�erence between the experimental distribution of the optical path at theexit of the lens and that obtained by propagation in the homogeneous index,
∆S. As in the former projection, there are also important di�erences indefocus and spherical aberration [Second projection]. 205



F Optics of a crystalline lens with a homogeneous refractive index
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Figure F.8: Experimental variation of the anterior vertex distance dca with the entryof height of the rays in the crystalline lens (circles) and that obtained withthe homogeneous index (solid line). In this graph it can be also noticed theworst behaviour of the homogeneous index, as well as the opposite sign ofthe spherical aberration (Because of the di�erence between the optic axes ofreference of the experimental and homogeneous case, dca has been calculatedby using the optic axis obtained for each one of the cases) [Second projection].
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F.3 Third projectionF.3 Third projection
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Figure F.9: Graphic illustration of the de�ection of the rays at the exit of the homoge-neous eye lens for the third projection (θ3 = 38.64o ± 0.06o). The circle ofminimum confusion is clearly larger than in the experimental case (see Fig.D.15).
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F Optics of a crystalline lens with a homogeneous refractive index
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 (mm) Figure F.10: Experimental distribution of the sines of de�ection at the exit of the eyelens (circles) and that obtained by propagation of the entry rays throughthe homogeneous index (solid line) [Third projection].
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Figure F.11: Di�erence between the experimental distribution of the optical path at theexit of the lens and that obtained by propagation in the homogeneous index,
∆S [Third projection].
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F.3 Third projection
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Figure F.12: Experimental variation of the anterior vertex distance dca with the entryof height of the rays in the crystalline lens (circles) and that obtained withthe homogeneous index (solid line). In this graph it can be also noticedthe worst behaviour of the homogeneous index, as well as the opposite signof the spherical aberration (Because of the di�erence between the opticaxes of reference of the experimental and homogeneous case, dca has beencalculated by using the optic axis obtained for each one of the cases) [Thirdprojection].From the analysis of the previous �gures we can deduce the following optical propertiesstemmed from the existence of the gradient index in the crystalline lens:1. Minimization of the optical aberrations, more noticeable as we go further from theoptic axis, as well as a change of sign of the aberration in relation with a homo-geneous index. This second feature might have something to do with a possiblecompensation of the aberrations of the cornea.2. Higher paraxial dioptric power, with an equivalent index higher than the maximumvalue of the gradient index.3. Better optical behaviour for objects out of axis, with circles of minimum confusionmuch smaller than those that would correspond to the case of a homogeneous lens.209



F Optics of a crystalline lens with a homogeneous refractive index4. Di�erences of the order of 10−2 in sines and 10λ in optical paths at the exit of thecrystalline lens regarding the homogeneous lens.
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