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Abstract

In this paper we will consider a n-order linear operator T,[M], depending on a real
parameter M, coupled to different two-point boundary conditions, and we will study the
set of parameters for which certain partial derivatives of the related Green’s function are of
constant sign. We will do it without using the explicit expression of the Green’s function.
In particular, the set of parameters for which the derivatives of the Green’s function have
constant sign will be an interval whose extremes are characterized as the first eigenvalues
of the studied operator related to suitable boundary conditions. As a consequence of the
main result, we will be able to give sufficient conditions to ensure that the derivatives of
Green’s function cannot be nonpositive (nonnegative). These characterizations and the
obtained results can be used to deduce the existence of solutions of nonlinear problems
under additional conditions on the nonlinear part. In order to illustrate the obtained
results, some examples are given.

AMS Subject Classifications: 34B05, 34B08, 34B09, 34B15, 34B18, 34B27.
Keywords: Green’s function, Two-point boundary conditions, Spectral theory, Comparison
results, Constant sign.

1 Introduction

Many papers in the literature have studied the qualitative properties of solutions of differential
equations coupled with different boundary conditions. In particular, several techniques have
been used to ensure the existence, non-existence and multiplicity of solutions. Among them, we
highlight the method of lower and upper solutions, coupled with monotone iterative techniques
which, as it is very well-known, are equivalent to the constant sign of the Green’s function of
the corresponding linear problem. Moreover, the method of constructing suitable cones in



Banach spaces to apply the well-known Krasnosel’skii’s fixed-point theorem or the classical
index theory, see for instance [15,22}23,28], is a powerful tool to deduce the existence of
positive solutions of the nonlinear problem. Such cones are constructed using constant sign
properties of the Green’s function and some of its derivatives. So, the more information we
have about such constant signs, we may construct smaller cones, that allow us to ensure the
positiveness of both the solutions we are looking for, and some of its derivatives. Thus, for
instance, we may prove the existence of positive and convex solutions if both the Green’s
function and its second partial derivative with respect to ¢ are nonnegative on their square of
definition.

The study of the constant sign of the Green’s function has been studied for many authors
on the literature. Usually some sufficient conditions are obtained to deduce the constant sign
of such function and some of its partial derivatives with respect to the first variable. Different
kind of two-point boundary conditions have been considered and, usually, the differential linear
operator is assumed to be disconjugate or disfocal on a suitable interval. We refer to the
reader the classical works [6}/17-19,24-26] and the recent ones of Almenar and Jédar [1H5] and
references therein.

To be concise, in this paper, we consider the following n-order linear differential equation

To[M]u(t) = u™ () + Mu(t) =0, t € I :=[a,b], (1.1)
where M € R is a real parameter, coupled to the two-point boundary conditions

u(m)(a): :u(ok)(a) =0,
W) = - = uEnR)(B) =0,

with k € {1,...,n — 1} and the sets of indices {o1,...,01}, {1,...,en—k} C {0,...,n — 1},
satisfying that

0§01<02<-~-<0k§n—1, 0<eg1 << <epp<n-—1.

More concretely, this paper is devoted to study the set of parameters M for which certain
partial derivatives of the Green’s function gjs, related to problem 7, are of constant
sign. In particular, we develop our study without using the explicit expression of the Green’s
function since, in general, it is not possible to obtain such expression, specially for non constant
coefficients. Moreover, it is important to point out that the spectral characterization of the
constant sign of the related Green’s function to the general n-th order linear differential oper-
ator, with non constant coefficients, and coupled to the boundary conditions 7, has
been obtained in [12]. Such existence results generalize the ones obtained by the same authors
in [10] for the (k,n —k) boundary conditions. The main assumption on that references consists
on the disconjugacy property of the considered operator for a given value of the parameter M
and the, so-called, strongly inverse positive (negative) property of the Green’s function. Under
these assumptions, it is obtained the exact interval of parameters M for which the Green’s
function has constant sign. It is important to point out that such interval does not coincide
with the interval of parameters for which the considered equation is disconjugate (see [11] for



details). It must be noted that the arguments developed in references |10}/12] do not hold for
the partial derivatives of the Green’s function, because such derivatives are not the solution of
the homogeneous linear equation. This is the reason why we must restrict now our study to
the operator T,,[M].

For the particular case of equation , together with the boundary conditions (|1.2])—
, the interval of parameters for which the Green’s function has constant sign has been
characterized in [12, Theorem 8.1]. Also for boundary conditions of the type (k,n — k), i.e.,
oj=j—1forallj=1,...,k,ande; =j—1forall j =1,...,n—k, which are a particular case
of the previous ones, a characterization of the constant sign intervals of the Green’s function
is given in |10]. Moreover, the exact expression of the eigenvalues that characterizes these
intervals up to n = 8 is obtained.

As we have mention before, the main assumption is the disconjugacy character of the
considered operator. In our case, it is very well known that the operator T,,[M], is disconjugate
for the value M = 0 (see [10,/14,/16]) at any arbitrary interval [a,b]. In the literature, sufficient
conditions have been given to ensure the disconjugacy character of linear operators, we refer
to [14,[16,27,[29] and the references therein. A characterization of this property is proved in
[11], in which the optimal extremes of the intervals are given as the eigenvalues of suitable
(k,n — k) problems.

It is in this context where the corresponding spectral theory arises: we will prove that the
constant sign interval is characterized by the first eigenvalues of the studied operator, related
to suitable boundary conditions.

The study starts from conditions f and constructs the conditions satisfied by the
derivatives of gjs, defining the necessary hypotheses that we need to obtain the main results,
and deducing the relationships between the adjoint spaces of the respective related spaces. This
way, we will obtain results that characterize the constant sign interval of the corresponding
derivatives.

The novelty of the work is that the results generalize [12, Theorem 8.1] for the particular
operator T,[M] defined in . Also, as a consequence of these results, we will give suffi-
cient conditions under which the derivatives of the Green’s function cannot be of constant
sign. Furthermore, we will obtain a necessary condition that will allow us to ensure that the
corresponding derivatives are strictly positive (strictly negative) on the interior of its square of
definition. We point out that, in general, the interval of parameters M where the correspond-
ing partial derivative has constant sign does not coincide with the interval of values for which
the equation is disconjugate.

The paper is organized as follows: in a preliminary Section 2 we introduce the fundamental
concepts, the results and the main hypotheses that are needed in the development of the article.
Section 3 is devoted to prove the results that characterize the constant sign of the derivatives
of the Green’s function by distinguishing three cases. The main results are proved through
spectral theory. This section also includes a corollary that provides sufficient conditions for
derivatives to be nonpositive or nonnegative, a necessary condition to ensure the negative
(positive) sign of certain derivatives with respect to t of gps, and some examples of application
of our main results. Finally, Section 4 includes an application to ensure the existence of positive



solutions of nonlinear problems.

2 Preliminaries, hypotheses and main assumptions

In this section, we will make a survey of several results and properties that will be used along
the paper. The main part of these results are proved in [12], and many of them are given in
[10].

Let us consider the n''-order linear differential equation (1.1 coupled to the two-point

boundary conditions (1.2})—(1.3)).

Definition 2.1. We say that {o1,...,01} — {€1,...,en—r} satisfy property (N,) if
1+ 1>h, Vhe{l,....n—1}.
O’j<h 8j<h

Remark 2.2. We point out that condition (N, ) is a classical condition assumed when studying
the sign of the Green’s function coupled to a linear differential operator and with boundary con-
ditions 7, and its corresponding partial derivatives. See for instance [6]. In reference
[2] the authors denote such property as admissible conditions.

Notation 2.3. Let us denote

a=min{i €{0,...,n—1}: i¢ {o1,...,01}}, (2.1)
B=min{i€{0,....n—1}: i ¢ {e1,....,en—k}} - (2.2)
We introduce the following set of functions related to the boundary conditions (1.2)—(1.3):
xrent = {ue ) | (@) = = (@) = ul(b) = - = w0 (b) = 0}
Also, we define the following sets of functions:
X{{jiz:::i::?ﬁa} = {U ec™() | u(a)=--=ul""(a) =0, ul?(a) =0,u(b) = - ="M (b) = 0},
xprt ={uecn @) | u@ = =u W@ =0, «(@) = 0,4 (b) = - = w0 (b) = 0]
X{{z:iizili\}ﬁ} _ {u c Cn([) ‘ u(al)(a) = u(a’“_l)(a) _ 0711/(61)(()) = u(En—k)(b) =0, u(ﬁ)(b) _ O} ’
Xéji::Z?;k—l‘ﬁ} _ {u ecm(I) | u(al)(a) = u(U}c)(a) _ 07U(El)(b) - .= u(En—k—l)(b) =0, u(ﬂ)(b) — 0} )
Definition 2.4. Let us say that the operator T,,[M] satisfies the property (7}) in Xgii’;;k}
if, and only if, there exists the following decomposition:
d (Ti—1u(t)
Tout) =u(t), Tult)=—("L22) 1=1,...,n, tel, 2.3
vul) =ul0), Tiat) = 5 (T n (2.3

where v; > 0 on I, vy € C"(I), are such that



and, moreover, such decomposition satisfies the following equalities for every u € X {erenid,

{10k}
Tpu(a) = - =T, ula) =0, (2.4)
Teyub)= -+ =T, _,ub) =0. (2.5)

Remark 2.5. In |14, Chapter 3] it is proved that a linear differential equation admits a decom-
position of the type in some interval [ if and only if such linear equation is disconjugate
in I, i.e., every non trivial solution of the equation has less than n zeros on I, with multiple
zeros being counted according to their multiplicity.

We point out that condition (7}) introduced in Deﬁnition can be rewritten as: “Opera-
tor T,,[M] is disconjugate in I and satisties the additional boundary conditions - .”
We note that such boundary conditions may not hold for some disconjugate equation.

Remark 2.6. Note that decomposition (2.3 is not unique, it depends on the choice of vy
for k = 1,...,n. Throughout this work, for the operator T;,[0] u(t) = u(™(t) we choose the
following decomposition:

d

%uwzuw,tmmo:ﬁ<ﬂﬁuw

vk (t)

where vy = 1 on I. That is, Ty, u(t) = u¥)(t), t € I. In particular:

> ,k=1,...,n, tel,

T.[0]u(t) = vi(t) ... vp(t) Thu(t), tel,

and, moreover, this decomposition satisfies, for every u € X}ii’;;k b
T, u(a) = u")(a)

T2, u(b) = u)(b)

oy Th u(a) = u"(a) =0,
o T u(d) =uEnH(b) =0,

En—k

=0,
=0,
: {e15En—k}
mn X{O’l,.“,o'k} :

Lemma 2.7. [12, Lemma 3.8] Let M € R be such that T,[M] satisfies the property (Ty)
in X ekl e {o1,. ..o} —{e1,...,en_k} satisfy the property (Ng) if, and only if,

{o1,..-s0k }

M =0 is not an eigenvalue of T,[M] in xlevenok}

{01,-,01}

or, which is the same, T,,[0] satisfies property (7})

Let us denote by G the Green’s matrix related to the equivalent n-dimensional first order
system associated with ([1.1)—(1.3), which is given by the expression

gl(t7 S) g2(t78) e gnfl(ta S) gM(t7 S)
0 0 0 0
GM(tu S) = agl(tﬂs) &gQ(t, S) Tt agn—l(t7 S) agM(th) 5 (26)
8n_1 an—l an—l 871—1
ng(tu s) ng(t’ s) - %gn—l(tws) WgM(t’S)



where gps is the scalar Green’s function related to operator T,[M] in X{{ZZZ?} (see |7,

Section 1.4] for details). Moreover, by the axiomatic definition of Gps, we have that for all
s € (a,b), the following equality holds

%GM(t,s) =AGy(t,s), foralltel\{s}, (2.7)

denotes the matrix that defines the n-dimensional system equiv-

alent to problem ((1.1)—(L.3)), being I,,_; the (n — 1) dimensional identity matrix. In addition,
G s satisfies that
BGyp(a,s)+CGp(bys) =0, forall se(a,b), (2.8)

with B, C' € My, defined by bj 144, = 1forj=1,...,kand ¢jip 14, = 1forj=1,...,n —k;
otherwise, b;; = 0 and ¢;; = 0.

In particular, it is easy to see, using the expressions and (see |7, Section 1.4] for
details), that gy € C"~2(I x I). Moreover, it is a C™ function on the triangles a < s <t < b
and a <t < s < b, it satisfies, as a function of ¢ for any s € (a, b) fixed, the two-point boundary

value conditions (|1.2)-(1.3]), and it solves equation (1.1 for all ¢t € I\ {s}.

Moreover, for any t € (a,b) it satisfies that

n—1 n—1

0 _
WQM(#J) = o1 gum(t,t) + 1. (2.9)

Furthermore, studying the matrix Gy, it is proved in [10, page 13] that, for this particular
case, gn—;(t, s) may be expressed as a function of gas(t,s) as follows:

Y .
gn=i(t;8) = (1) 55 gu(t,s), j=1,...,n—1 (2.10)

On the other hand, the adjoint operator of T;,[M] follows the expression
T M]o(t) = (=)™ o™ (t) + M o(t), (2.11)

and it is defined on the domain
n—1 n—1
D(T;[M]) = {v eC™I) | Y (-1 e 0By u@(p) =Y (=) ol (@) ul(a) } :

for all u € D(T,,[M]).
Let us denote by g¢},(t,s) the Green’s function related to operator T,;[M]. The following
equality is satisfied (see |7}, section 1.4])

gt s) =gum(s,t), (t,s) el xI. (2.12)



Thus, if we define the following operator
To[(=1)" M] := (=1)" T;;[M], (2.13)
we have, according to the above equality, that
G-y m(tys) = (=1)" grs(t,s) = (=1)" gu (s, 1), (2.14)

where g(_1yn (%, 5) is the scalar Green’s function related to operator To[(=1)"M] in D (T*[M)).
As a particular case of the results obtained in |12} section 4], we can deduce that

D(T*[M]) = X*{al,...,En_k} — X{(Sl,...,ék}

{o1,- 08} {r15 -k}’
being {d1,...,0k},{71,..., -k} C {0,...,n — 1}, such that 6; < ;41 and 7; < Tj41, for
i=1,....,k—1land j=1,...,n—k— 1, satisfying:
{01,...,Jk,n—1—71,...,n—l—Tn,k}:{O,...,n—l},
{e1,.-,en—pym—1—=01,...,n—1=06}={0,...,n—1}.
Notation 2.8. Let us define n, v in the following way:
n=min{i € {0,...,n—1}: i & {m,...,Tn—k}}, (2.15)
y=min{i€{0,....,n—1}: i ¢ {d,...,0k}}. (2.16)

~

Analogously, let us denote by G(t,s) the Green’s matrix associated with the equivalent

n-dimensional problem of T},[(—1)" M]v(t) =0, v € X:{{fll’.':."f’“ik}, which is given by
gl(ta S) e gﬂ:—l(tas) g(—l)"M(ta 5)
~ 0 . 0 . 0 .
G(t,s) = agl(t,S) agn—l(ta s) 3¢ 9= m(t,s) , (2.17)
8n—1 R an—l R an—l R
ng(t,s) Wgn—l(tas) Wﬂ(ﬂ)nM(tS)

in X{él,...,ék}

where g(_1yn p/(%, 5) is the scalar Green’s function related to operator T\n[(—l)" M] (o o}

Similarly to (2.10]), we can deduce that

= ST
Gn—j(t,s) = (—1)j@9(—1)nM(ta$)- (2.18)

Moreover, by definition, G (t,s) satisfies the equality
BG(a,s)+CG(b,s) =0, forall se(a,b), (2.19)

where E, C e M xn, defined as (B\)i,ﬁ.“ =1lforti=1,...,n—k and (6)j+n_k71+5j =1 for

~ ~

j=1,...,k; otherwise, (B);; =0 and (C);; = 0.

7



Remark 2.9. From the previous definitions, as it is pointed out in |12, Remarks 4.1 and 4.2]
we have that a =n—1—7, p, =n—-1—-g,n=n—1—ocrandy=n—1—¢, .

Example 2.10. Let us consider operator T4[M] coupled with the boundary conditions
u(0) = 4/(0) = u"(0) =" (1) = 0.

In this case, {o1,09,03} = {0,1,2},{e1} = {2},{mn} = {0} and {d1,02,d3} = {0,2,3}. Thus,

we deduce that X*g’}m} = X}Sf’?’}. Moreover, « =3,6=0,n=1and v = 1.
Definition 2.11. Operator T,,[M] is said to be inverse positive (negative) on X{{iijﬁk} if
every u € X5k guch that To[M]u >0 on I, satisfies that u > 0 (u < 0) on I.

{0'1,‘..,0']6}

The above definition is equivalent to the constant sign of Green’s function g,s, as it is
shown in the following result whose proof is analogous to the one made in [12, Theorem 2.9].

Theorem 2.12. Operator T,,[M] is inverse positive (negative) in X}L{;i’i’;ik} if, and only if,

the Green’s function related to problem (1.1))—(1.3) is non-negative (non-positive) on its square
of definition.

. {517---75n—k}
mn X{O’l,.“,a'k}

if every u € x(Eenkd quch that T,[M]u 2 0 on I, satisfies that u > 0 (< 0) on (a,b) and,

{o1,-.,0}

moreover, u(®(a) > 0 (< 0) and (=1)%u(®(b) > 0 (< 0), where o and f8 are defined in (2.1))
and , respectively.

Analogously to Theorem [2.12], we have the following characterization:

Definition 2.13. Operator T,,[M] is said to be strongly inverse positive (negative)

Theorem 2.14. Operator T,,[M] is strongly inverse positive (negative) in X {Eteno} if, and

{o1,..,0x}

only if, the Green’s function related to problem f satisfies the following properties:
e gr(t,s) >0(<0) ae. on (a,b).
. gt—(;gM(t,s) > 0(<0) for a.e. s€ (a,b).
. (—1)5% gum(t,s) >0(<0) for a.e. s € (a,b).

Let u € X{{;Z’c;k} be such that T, [M]u(t) = 0, t € I. Then, differentiating equation

(1.1)) with respect to t, as a direct consequence of equations ([2.6)) and (2.7 we deduce that, for
q

any fixed s € (a,b), the ¢-th derivative vi[M](t) := 5 gum(t,s), with 1 < g < n — 1, satisfies

the equation T;,[M] vi[M](t) = 0, for all t € I\ {s}, together with the new boundary conditions

()W [M](a) = -+ = (@)*H[M](a) =0, (2.20)
WHEDMIB) = - = ()P [M](B) = 0. (2.21)



Here, the sets of indices {u{,...,ui}, {p{,...,pL_,} C{0,...,n— 1}, satisfy that
0<pi<pd<---<pi<n—-1, 0<pl<pl<.--<pl  <n-1,
and are defined in the following way:

o If A, ={ie{l,...,k}/ 0, >q} # O, then

W= 05—, 1 = 01—, - Mgy = Ok, Hy_(j_g) = O1—qHN, ., i = 0j1—q+n,

with
j=minA, > 1. (2.22)

o If A, =, then

wl=0i—q+n, i=1,....k.

e If B,={ie{l,....n—k}/ & >q} # @, then
Pl=cr—a, Py =cri1 = Py (1) = Enk — s Py g gy =EL— QT
Py =Er—1—q+n,
with
r =min By > 1. (2.23)

o If B, = 9, then

pg:z-:i—q—i—n, i1=1,....n—k.

Remark 2.15. The above process of calculating the boundary conditions of vZ[M] is valid for
both M # 0 and M = 0.

Taking into account previous computations, we may define ¢ as the function which maps the
space X}fii’;;’“ Y into the space of the boundary conditions that satisfies the first derivative,

1 1
that is, X {Z}”“’Z’{;k}. This way, we can extend this definition to the g-th derivative as
oM,

T IO S S I I
¢l=¢o-od: XN — Xy iy

In particular, we observe that ¢™ is the identity function.

Example 2.16. Consider the operator T5[M] defined in X {{8 22 };L}. Applying the above definition

of the spaces of the derivatives we obtain the following sequence of spaces:

{0,2} ¢ {1,4} ¢ {0,3} ¢ {2,4} ¢ {1,3} ¢ {0,2}
X{o,2,4} / X{1,3,4} / X{o,2,3} / X{1,2,4} ’ X{o,1,3} ’ X{o,2,4}'



Analogously to the Notation [2:3] let us define a4, 87 as follows:

o =min{i€{0,...,n—1}: i¢ {uf,....ui}}, (2.24)
Br=min{ic{0,...,n—1}: i ¢ {pf,....p1_,}}.

Remark 2.17. 1t is important to point out that for any ¢ > 1, the function vI[M] is not
q q
1Pnid i is due to the fact that

ey

the Green’s function related to operator T,,[M] in X
vi[M] € C"2749(I x I).

q q
Remark 2.18. The operator T,,[0] satisfies the property (7y) in Xiﬁé""’ZZ;k}
1ol

Remark we know that operator T,,[0] u(t) = u(™ (t) satisfies the following decomposition:

. Indeed, from

Tou(t) = u(t), Tku(t):i<W) Ck=1,....n,

where v, =1 on I and
T.[0]u(t) = vi(t) ... vn(t) Thu(t), tel,

that is, Ty u(t) = u®)(¢).

q q
Moreover, this decomposition satisfies, for every u € X {{zé""’Z’,};k}'
1ol
Ty u(a) = uD@) =0, ..., Tpau(a) = u#i)(a) =0,
Ty u(b) = ul?) (b) =0, C Ty u(b) = ulPrr)(b) =0

{Pgw--y,ﬂi_k}

Next we present a result concerning the spectrum of the spaces X s
1M

Lemma 2.19. )\ # 0 is an eigenvalue of T,,[0] in X {Een} if, and only if, X is an eigenvalue

{017--~70k}
S V5
of T,[0] in X, g 751" forallge {1,...,n—1}.
{,ul,...,,uk}
Proof. Suppose that A # 0 is an eigenvalue of T},[0] in X}L{EZ’;’“} So, there is u # 0 in [
such that u(™(t) + Au(t) = 0,t € I and u € ijiz:;k} Since u # 0 in I we have that

u(™ # 0 in I. Therefore, ul) £ 0 in I for all j € {1,...,n —1}.
Taking into account that T,,[0] ul) () = ul*™) (t) = —Xul)(¢) for all t € I and j € N, we
R

- ! f 11
{1 s} ora

have that u() is an eigenvector related to the eigenvalue \ such that ul9) € X

jed{l,...,n—1}.
For j = n, we have that u]' = o; foralli € {1,...,k} and pj' = ¢ foralll € {1,...,n—k}.
Therefore, the result holds. O

10



Remark 2.20. As a direct consequence of Remark [2.6] we have, from Lemma [2.7 that

{o1,... 01} —{e1,...,enp} satisfies condition (N,) if and only if M = 0 is not an eigen-
value of ©(™ in X{El"’”an—k}'
{01, 08}
{ptll""’pgtfk}

Remark 2.21. Note that if A = 0 is not an eigenvalue of 7,,[0] in X , then the spaces

{pdomi}
{517---7571—16} and X{ng---vﬂz_k}

q

(o1} 1t} have the same spectrum. However, it is very important to point

{p?7"'7p27k}

I T as it is shown in the

out that A = 0 can appear as an eigenvalue in some space X
following example.

Example 2.22. Let us consider again the Example As we know, the following sequence
of spaces is fulfilled:

{0,2} ¢ {1,4} @ {0,3} @ {2,4} ] {1,3} ¢ {0,2}
X{0,2,4} 4 X{1,3,4} 4 X{0,2,3} 4 X{1,2,4} ? X{0,1,3} ? X{o,2,4}'

In this case, we have that A = 0 is not an eigenvalue of T5[0] in x©02 - x {08 and

{0,2,4)> “4{0,2,3}
Xg:i}é}, while A = 0 is an eigenvalue of T5[0] in Xg:?i}z;} and X fi’i};}.

{P§a~~-vﬂi,k}

Now, we will show how to determine the adjoint space of X ()
TR k

from the adjoint

space of X{{;Z’Ek s We arrive to the next result.

q q
Theorem 2.23. The adjoint space of X{pé’m’pl}_k}
{nd,oni}

{rf, o b A{o], ... 08 € {0,...,n— 1} satisfy

0<r<rmg<--<tl,<n—-1, 0<6<d<---<dl<n—1,

Y where the indices
yeeeyly

s given by X

and are defined as follows:

o IfC,={ie{l,....n—k}/ i+q<n-—1}# 2, then

T{Z =T4+1+q—n, 7'51 =Ti42+q—n, "'77_27]@7[ =Tpn—k+tq—"n, TgfkflJrl =T1+q...,
TZ_]C =17 +q,
with
I =max (. (2.26)

o IfC, =, then
=r+q-n, i=1,...,n—k.
o IfDy={iec{l,....,k}/ 6i+q<n—1}# @, then
5(11 = 0pt1+q—n, 65 = Opt2+q—n, ...,5g_p =p+q—n, 5Z_p+1 = 51+q,...,5g = 0p+q,
with
p = max D,. (2.27)

11



o If D, =, then
6l=6+q—m, i=1,...,k

As a consequence, the following diagram

{61,...,5n7k} ¢q X{pllzzvpglfk}

{o1,.01} {udseomii}

l* l (2.28)
{61,00%} {69,...,69}
{T1sTnok} ¢4 X{Tf,...,fg_k}

18 commutative.

Proof. We will do the proof only for 7. For ¢7, the proof would be analogous.

Now, from the definition of 7;, we have that 7; < 7,41 for alli € {1,...,n — k — 1} and

{o1,...,op,n—1—7pj,...., n—1—71} ={0,...,n—1}.

q q
Taking into account the definition of X {Z(}""’ZZ;’“ ; we have that
T
1 q q q q
{o1,...;opn—=1—7Tpp,...,n—=1—m} —— {p],...,plin—1—71 . ....,n—1-1/},

with {pf,...,pf,n—1—-74 , ..., n—1-7{} ={0,...,n— 1} and 7{ fulfilling that
OST{]<T§<---<Tg_k§n—1.
To calculate them, we distinguish two cases:
1) If C; # @, then:
—Ifn—1—7,>q (ie,i<Il),n—1—7; becomes n —1— 7; — q by applying ¢%.
—Ifn—1—-7,<q(ie, i>1),n—1—7; becomes n —1— 7, — ¢+ n by applying ¢?.
Reordering the elements, we obtain that:
0<n—-1-nm—¢g<n—-1-7m_1—q¢q<---<n—-1—-71—¢q
<n—-1—-7pp—q+n<---<n—-1—-7m41—qg+n<n-1,
or, equivalently,
0<7mu+qg—nm<7m4s+qg—m< - <Tpp+qg—m<m4+qg<---<m+qg<n-—1.
Taking

q _ q _ q _ q _
T =T41+q—N, Ty =Ti42+q—", ...,T) 4 =Tnk+tq—"N, Tn7k7l+1—7'1+q,...

q —
Toer =TI+ ¢,

the first statement yields.
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2) If C; = @, then n — 1 — 7; becomes n — 1 — 7; — ¢ +n by applying ¢? and we obtain that
0<n—-1—-7 r—q+n<---<n—-1—-m—q+n<n—-1-m—-—q+n<n—1,
and, reordering, we infer that
0<T+q—n<mn+qg—n<- - <Tprt+qg—m<n-—1

Taking Tiq =7,+q—n, t=1,...,n—k, the second statement yields.

#{plspp 1} 61,00}
{wd,oni} {rd

Therefore, X ]

Remark 2.24. Note that, unlike the direct arrows between the leading spaces, the arrows
between the adjoint spaces are in the inverse direction.

Example 2.25. Consider the operator T4[M] coupled with the boundary conditions
u(a) = u’(a) = u'(b) = u"(b).

In this case, u € X}ég and X*Rgi = X{{(()):g]}:' Using the diagram ([2.28)), we get that

{1,2} ¢ {0,1} 1) {0,3} ) {2,3}
Xio2) » X(13) » X{02) » X103}

{0,3} {0,1} {1,2} {2,3}
Xogy <5 Xz “o Xz <o X

Using the fact that the adjoint operators have the same spectrum as the original one, from
Lemma [2.19] we arrive at the following result.

Lemma 2.26. \* # 0 is an eigenvalue of T,,[0] in x o 6’“}k} if and only if \* is an eigenvalue

{71,y Tr—
q q
of T,,[0] in X{{f}f”’i’;} ) for all ¢ € {0,...,n —1}. Moreover, for each fized q € {0,...,n — 1},
1Tk
_ q q
A € R is an eigenvalue of T,[0] in X{pé’m’pZ*k}
{nfsnid
X{(S‘f ..... 57}

{romi

if and only if X\ is an eigenvalue of T,[0] in

Following the line of Definition [2.13|and the characterization of Theorem we introduce
the following concept for vd[M].

Definition 2.27. Let ¢ € {0,...,n — 1} be fixed. We say that the function vZ[M] is strongly
positive (strongly negative) on I x I if it satisfies the following properties:

e vi[M]>0(<0) a.e. on (a,b).
o (v)@[M](a) > 0(< 0) for a.e. s € (a,b), with a? defined in (2.24).
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o (=) (HBI[M](b) > 0(< 0) for a.e. s € (a,b), with 37 defined in (2.25).

Let us consider the following two conditions on gy introduced in |7, pages 78 and 86] as
follows:

(P,) Suppose that there is a continuous function ¢(t) > 0 for all t € (a,b) and ki, ko € L1(I),
such that 0 < k1(s) < ka(s) for a.e. s € I, satisfying

O(t) k1(s) < gm(t,s) < o(t) ka(s), forae. (t,s) el x1I.

(N,) Suppose that there is a continuous function ¢(t) > 0 for all ¢ € (a,b) and ky, ke € L*(I),
such that ki(s) < ka(s) < 0 for a.e. s € I, satisfying

o(t) k1(s) < gm(t,s) < o(t) ka(s), forae. (t,s) el xI.

As a particular case of [12, Theorem 5.1], the following result is attained.

Theorem 2.28. Suppose that {o1,...,01} —{e1,...,en—k} satisfies condition (N,). Then the
following properties are fulfilled:

{e1,En—k}

o [fn—k is even, then T,[0] is strongly inverse positive in X{ol,‘..,ak}

and, moreover, the
related Green’s function, go, satisfies (Py).

o Ifn—kis odd, then T,[0] is strongly inverse negative in xle

and, moreover, the
{o1,-.,01}

related Green’s function, go, satisfies (Ng).

Let us define {07, ...,08 },{e},... ,qu} c {0,...,n — 1}, in the following way:

{Ui],...jagq = {o1—¢...,o.—¢}N{0,...,n—q—1}, (2.29)
{5({,...,52(1} = {e1—¢q...,ent—qtN{0,...,n—q—1}. (2.30)

Remark 2.29. Taking into account that function vi(t) = % go(t, s) is the Green’s function

{efed, . .
{a%,-- J‘Zq , then operator 7T),_4[0] is strongly inverse

q q bl Cq
{sl,...,sdq}

{09,008}

related to operator T},_4[0] in the space X

if and only if it satisfies the Definition [2.13| with

positive (negative) in the space X

the same a? and (7 since

q q q q q q
1= 015 fig = 09y +oo s flye_ (1) = Oy
and
q q q q q q
P1 = €15 Py = €95 o Py (r—1) = Edy-

If {o1,...,01} —{e1,...,en_k} satisfies the condition (N,) then ¢, +d; < n—q. Moreover,
if cg+dg <n—qthen{of,...,0d }—{5,... ,egq} does not satisfy (N, ), and in this case A = 0
{51117"'753(1}

(08,08}

for the ¢g-th partial derivative of the Green’s function to have constant sign.

is an eigenvalue of X We will show now that ¢, +d; = n — ¢ is a necessary condition
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Lemma 2.30. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,06} — {e1,...,en—k} satisfies
condition (Ng). If there exists M € R such that %gM has constant sign on I x I, then
cq +dg =mn —q and gy has constant sign on I x 1.

Proof. If vi[M](t) = %gM(t, s) has constant sign, then v~ '[M](t) = g:q—:gM(t, s) is a mono-
tone and continuous function. Thus, vq_l[M | has at most one zero on 1.

By recurrence, we have that vl '[M](t) = g:T_,llgM(t, s) has at most [ zeros on I. In
particular, gas(+, s) has at most ¢ zeros on I.

Now, since condition (N,) implies that gps(-, s) has at least ¢ zeros of order smaller or equal
to ¢ on the boundary, we have, arguing as in the proof of |12, Theorem 8.1, Step 5], that the
existence of any of such zeros implies that function gps(+, s) lost one zero on the interior of I.
As a consequence, we deduce that:

e gr (-, 8) has exactly ¢ zeros of order smaller or equal to ¢ on the boundary, that is,
cgt+dg=mn—q.

e g+, s) cannot have any zero on (a,b), that is, gps has constant sign.

Next, for any ¢ € {1,...,n—1} we determine the positive (negative) sign of v{(t) := v[0](¢)
on the interval I.

Theorem 2.31. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,06} — {€1,...,en—k} Satisfies
condition (N,) and cq + dy = n — q. The following properties are fulfilled:

(a) If cq > 1 and dg > 1, then v is strongly positive on I x I if n —q — cq is even and v is
strongly negative on I x I if n —q — ¢4 is odd.

(b) Ifcg =n—qandd, =0, thenvi(t) > 0,..., 0771 (t) > 0in (s,b], vi(t) = - - =027 2(t) =0
in [a,s] and v?71(t) = 0 in [a,s).

(c) If cg =0 and dy =n —q, then vi(t) > 0 in [a,s) if g =n—1 with | even and vi(t) <0 in

a,s) if q=n—1 withl odd. Moreover, vi(t) = ---=v."“(t) =01 |s,b] and v} *(t) =
; [ withl odd. M 4 n—2 04 b] and v 1 0
in (s,b].
. : . feleg,t "
Proof. (a) In this case, it easy to verify that the space X (o ¢, satisfies the condition
07 5-0¢q
(Ng) since

> 1+ Y 1>h, Vhe{l,...,n—q-1}.

0;—q<h €;—q<h

So, taking into account the fact that v is the Green’s function related to operator T;,_4[0]
{etel, t

{o‘f,...,agq}’

in the space X we apply Theorem [2.28] and we have proved the first statement.
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(b) Since o™ (t) = 0 for all ¢ # 0, we have, by (2.9) and vgnfl)(a) = 0, that gtnn—__ll go(t,s) =0
if t <s and gt%:gg(t,s)zlift>s.

Since v”(a) = 0forall ¢ < h < n—2, and go € C"2(Ix 1), we deduce that 8% go(t,s) =0

s

if t < s and % go(t,s) > 0if t > s. So, we conclude the proof of second claim.

(c) In this case arguing as in the previous case, since e (b) = 0, we have that
g:ni__llgo(t,s) =0ift> s and g;i__llgo(t,s) =—lift<s.
As consequence, since v”(b) = 0 for all ¢ < h < n —2, and gg € C"2(I x I), we deduce,

S
by recurrence, that é%gg(t, s) =0 for all t > s and (—1)”_h%go(t, s) >0 forall t < s.
Thus, the third assertion holds.
O

As for the set of parameters of M in which the function v{[M], ¢ € {1,...,n—1} maintains
constant sign and monotony with respect to M, we have the following results:

Lemma 2.32. Let q1, g2 € {1,...,n— 1}, ¢1 < g2, be such that c¢q, + dg, = n — q1. Suppose

that {o1,...,0} — {e1,...,en—k} satisfies condition (N,). If there exists M € R such that

gt%gM has constant sign on I x I, then %QM has constant sign on I x I.

Proof. Reasoning as in Lemma we deduce that vI'[M](t) = g:qll gum(t, s) has at most
q2 — q1 zeros on I.

Now, condition ¢4 + dg, = n — ¢i implies that v'[M] has at least go — q1 zeros of or-
der belonging to the set {qi,...,q2 — 1} on the boundary. Thus, arguing as in the proof of
Lemma again, we deduce that v# [M] cannot have any zero on (a,b). Thus, v¥[M] has
constant sign. ]

Moreover, we recall the following facts:

o If n—k is even, then from Theorem and |7, Lemma 1.8.33] we have that gas(t,s) > 0
for all (¢, s) € (a,b)x(a,b)if and only if M € (A1, +00) or M € (A1, \2], and it is monotone
decreasing with respect to M on such interval, where A\; < 0 is the first eigenvalue of
T,[0] in X {enmenid gng A2 > 0 (if the interval is bounded) is not an eigenvalue of T,,[0]

{01,.-s0k }
in X{{Zi’;;’“} The value of Ay is characterized in [12, Sect.7 and Sect.8].

e If n—k is odd, then from Theorem [2.28and [7, Lemma 1.8.25] we have that ga(t,s) <0
for all (t, s) € (a,b)x (a,b) if and only if M € (—o0, A1) or M € [Xa, A1) and it is monotone
decreasing with respect to M on such interval, where A1 > 0 is the first eigenvalue of
T,[0] in xlErmenot and 35 < 0 (if the interval is bounded) is not an eigenvalue of T,,[0]

{o1,.-s0k }
in X{{;i’;;’“} The value of g is characterized in |12, Sect. 7 and Sect. 8].

Therefore, as a direct consequence of Theorem Lemma and |8, Theorem 3.6], the
following result is deduced.
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Lemma 2.33. The following properties hold:

o [fn—k is even and 3tng(t,s) > 0 on (a,b)x(a,b) for some M € R, then %gM(t, s)>0
if and only if M € (A1, My], with My < Xa. Moreover, %gM is momnotone decreasing
with respect to M € (A1, My].

o Ifn—k is even and %gM(t,s) < 0 on (a,b)x(a,b) for some M € R, then %gM(t, s) <0
if and only if M € (A, My], with My < Xa. Moreover, %QM is monotone increasing
with respect to M € (A1, Mg].

o Ifn—Fkis odd and atng( s) > 0 on (a,b) x (a,b) for some M € R, then %gM(t, s)>0
if and only if M € [Mg, A1), with My > A2. Moreover, %gM s monotone increasing
with respect to M € [Mq, A1).

o Ifn—Fkis odd and tng(t, s) < 0 on (a,b) x (a,b) for some M € R, then %gM(t, s) <0
if and only if M € [My, A1), with My > X2. Moreover, %gM is monotone decreasing
with respect to M € [My, \1).

Let ¢ € {0,...,n — 1} be fixed. Suppose that (—1)""9"% ¢{ is strongly positive on I x I.
Then, for each s € (a,b), we obtain the following limits:

(D" aud(t) (=1 (08) (o)

04 = i =
1(5) v (t—a)* (b—t)P adl (b — a)b* ’
1)n—a—c¢ g t -1 n—q—cq—p9 g (89)
A(s) = lim (1) : ”‘v()q:( ) (vq) (0)
t—b— (t —a)®* (b—t)P B (b — a)™
For each s € (a,b), let us consider the following function defined on I by
E?(s) ) t=a,
. (=1)r e vi(t)
q(¢ t b
ad(t) (t—a)™ (b—1)7" € (a,b),
0(s), t="o.

It is clear that @ > 0 on [a,b] for all s € (a,b).
Since g € C"2(I x 1), g;_llgo € C®((I xI)\ {(t,t) / t € I}) and there exists
hm 8t” 1go(t s) € R, we deduce that there exists K¢ > 0 such that a(t) < K for every

(t s) €I x1Iandqe({l,...,n—1}. Therefore, the following functions

k{(s) = minad(t I
1(s) tel}lu()’ sel,
ki(s) = maxad(t I
5(8) tgxu(), sel,

are continuous on I and positive in (a, b).

Taking ¢(t) = (t—a)®" (b—1t)?" > 0 on (a,b), the function vi(t) satisfies the condition (P,)
if n — g — ¢, is even, with ki(s) = kY(s) and ka(s) = k3(s), and condition (N,) if n — ¢ — ¢, is
odd, with ky(s) = —k3(s) and ko(s) = —kI(s).
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3 Study of the constant sign of the derivatives of the Green’s
function

In this section, for any fixed ¢ € {1,...,n — 1}, we will give a proof of the main result that

characterizes the constant sign of the partial derivative with respect to t of order ¢ of the
. {61,...,€n_k}
in X .

Green’s function related to operator T,,[M] (o1 o]

We distinguish three cases:
(a) ¢g>1 and dy > 1,
(b) ¢g=n—¢q and dy =0,
(c) ¢gq=0 and d; =n—gq,

where ¢, and d; are defined in (2.29) and (2.30) and satisfy ¢, +d, =n —q.

3.1 Case(a):cg+dy=mn—q,cq>1landd, >1

Lemma 3.1. Let ¢ € {1,...,n— 1} be fized. If cq+dy =n—q, ¢g > 1 and dy > 1, then the
indices z=k —(j—1) and h=n—k — (r — 1) are such that

pl+q+n=n—1, and p} +q+y=n—-1,

with j and r defined in (2.22)) and (2.23)), n and v defined in (2.15)) and (2.16)).

Proof. By the definition of u = M%_( since ¢, > 1, we have that u? = o, —¢ > 0. Similarly,

j=1)’

by the definition of p] = pszf( since dq > 1, we have that p} = e, — ¢ > 0. Using

r—1)’
Remark [2.9] we deduce that

pltg+n=or—q+q+n—1-o,=n-—1,
and
pltqgty=cnr—qtg+n—1—g, p=n—L1
O

Lemma 3.2. Letg € {1,...,n—1} be fized. If c,+dy=n—q,cq>1andd; > 1, thenz=1p
and h =1 with z and h defined in Lemma[3.1], p and | defined in (2.27) and (2.26)).

Proof. First, note that z = |A4,| is the cardinal of the set A, = {i € {1,...,k}/ 0, > q} and
p = |Dg| is the cardinal of the set Dy = {i € {1,...,k} / &;+q <n—1}. Moreover, by (2.29),
it is clear that ¢, corresponds with the number of o’s that are equal or greater than g, that is,
Z = cq.

On the other hand, we have that

{e1,. - yén—pyn—1—0g,...., n—1—01} ={0,...,n—1}.
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Among these n elements (all the numbers between 0 and n — 1) there are n — g elements that
are equal or greater than ¢q. By , we have that the number of €’s that are equal or greater
than ¢ is dg4. Therefore, the number of 0’s such that n —1 —6; > ¢ is n — ¢ — dy, that is,
p =n—q—dg. Since, ¢, +d,; = n — g, we have that z = p. In an analogous way, we can prove
that h = 1. O

Remark 3.3. It should be noted that in the previous proof, since j and r depend on ¢, we
have that z and h also depend on ¢, but we will omit such dependence in the notation for the
sake of simplicity.

q q
Remark 3.4. Indices z and h depend on the space X {zé’m’ZZ;’“} and are unique. Indeed, for
1ol
{pf,pl 1}

the rest of the components of space X{Mq uay we have that (u! +¢+n) mod n <n —1 for
9

i# zwithie{l,...,k} and (p] + ¢+~) modn <n—1forl #hwithl e {1,...,n—k}.

Now, we present some results that provide sufficient conditions to ensure the constant sign

q q
of solutions of ([1.1)) in the spaces X {5(11"“’22;’“ }. Using Lemma [2.18], these results can be proved
1M

analogously to |12, Proposition 6.7] and [12, Proposition 6.9], respectively, and so we omit the
proofs.
Let us consider the following spaces

(A%, 187}

X{Mlllv v--vﬂz_l’ﬂz.t,_pmvﬂz} ’ if 2 # 17
X2 = (31)
{pgv"'vp?L7k|/gq} . _
\ X{ugv---,MZ} , if z=1,
{%, Pl i} .
Xl oot oillany 2 F L
X3 = (3.2)
q q
X{plv -~~7Pn,k} if 2 = 1’

{ud, s puflaa}?

q q aq q
( X{pla"'zphflzph+17"'7pn,k} ifh # 1
{ud, .., ullaa} ’ ’

Xy = (3.3)
Xpa ik, =1,
and . . . .
e A
X5 = (3.4)
Y T R

where z and h are defined in Lemma [B.1]
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Proposition 3.5. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,01} —{e1,...,en—k} satisfies
condition (Ng), ¢q+dg =n—q, cq > 1 and dy > 1. If u € C™(I) is a solution of (L.1)) on
(a,b), satisfying the boundary conditions:

WD (@) = - = w1 (@) = uii) (@) = .. =ul(@) =0,

WD)y = oo =ulD(p) =0,
then it does not have any zero on (a,b) provided that one of the following assertions is satisfied:

o Letn— k be even:

Ifk>1, ul # 2—1 and M € [N}, \l], where:
x A < 0 is the biggest negative eigenvalue of T,[0] in Xs.
x A > 0 is the least positive eigenvalue of T),[0] in Xs.
— Ifk>1, pd=2—1and M € [\, \]], where:
mn xlEtenil,

{o1,..,0k}

% A1 < 0 is the biggest negative eigenvalue of T,,[0]
* A > 0 is the least positive eigenvalue of T),[0] in Xo.
— Ifk=1, u} #0 and M € [N}, +00), where:

q q
x A\ < 0 is the biggest negative eigenvalue of T,[0] in X{{S}IZ}'""D”_I}, where a? = 0.

Ifk=1, uI =0 and M € [\1,+00), where:

{51’“-»571,71}

x A1 < 0 is the biggest negative eigenvalue of T, [0] in X{Jl}
o Letn —k be odd:

Ifk>1, ul # 2—1 and M € [N}, \], where:

x A > 0 is the least positive eigenvalue of T),[0] in Xs.

* \d < 0 is the biggest negative eigenvalue of T,,[0] in Xo.
Ifk>1, ul =2—1 and M € [N}, \1], where:

in X{elrnzan—k}

{o1,..,0k}

* A < 0 is the biggest negative eigenvalue of T,,[0] in X.
Ifk =1, p{ #0 and M € (—oco, A, where:

* A1 > 0 is the least positive eigenvalue of T,,[0]

q q
x A >0 is the least positive eigenvalue of T,,[0] in Xgi;;"’p"_l}, where a? = 0.

— Ifk=1, I =0 and M € (—o0, \1], where:

,€n71}

x A1 > 0 is the least positive eigenvalue of T,[0] in X‘i{ji}
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Proposition 3.6. Let g € {1,...,n — 1}. Suppose that {o1,...,01} —{e1,...,en—k} satisfies
condition (Ng), ¢q+dg =n—q, cq > 1 and dy > 1. If u € C™(I) is a solution of (L.1)) on
(a,b) satisfying the boundary conditions:

u(u‘f)(a) = .. =u(a) =0, (3.7)
u(ptll)(b) = o =P ) = U(PZ+1)(()) — = u(/’%—k)(b) =0,

then it does not have any zero on (a,b) provided that one of the following assertions is satisfied:

o Letn— k be even:

— If p} #h—1 and M € [X], \]], where:
* A2 < 0 is the biggest negative eigenvalue of T),[0] in Xs.
* A1 > 0 is the least positive eigenvalue of T,,[0] in Xy.

— If p} =h—1 and M € [\, N]], where:

* A1 < 0 is the biggest negative eigenvalue of T,,[0] in X {Eten}

{o1,...,0k}

x A\ > 0 is the least positive eigenvalue of T),[0] in Xy.
o Letn—k be odd:

—Ifk<n—1, p} #h—1 and M € [X], \l], where:

* A > 0 is the least positive eigenvalue of T),[0] in Xs.

x A < 0 is the biggest negative eigenvalue of T,,[0] in Xy.
—Ifk<n—1, p} =h—1 and M € [X], \1], where:
P Crmra

{o1,-,01}

x A < 0 is the biggest negative eigenvalue of T,,[0] in X4.
—Ifk=n—-1, p1 #0 and M € (—o0, Nl], where:

x A1 > 0 is the least positive eigenvalue of T),[0]

{7}
q

where B84 = 0.
{/"‘17“'7“;1171}’

* A > 0 is the least positive eigenvalue of T),[0] in X
— Ifk=n—-1, pl =0 and M € (—oo, \1], where:

x A1 > 0 is the least positive eigenvalue of T,,[0] in Xl

{01, s0n—1}"

Example 3.7. Let us consider the operator T4[M] with the boundary conditions:
W' (0) = u”(0) = u(1) = u'(1) = 0.

The hypotheses of Propositions [3.5] and [3.6] are satisfied only for the value ¢ = 1. Moreover,
z =2, h =1, and v}[M] satisfies the conditions of the space ngg;.
From Proposition [3.5] we can affirm that any nontrivial solution of the problem

Ty[M] =0, t €[0,1], u(0)=u(1)=u"(1)=0, (3.9)

21



does not have any zero on (0, 1) for M € [A}, \l], where A} < 0 is the biggest negative eigenvalue

of Ty[0] in X {{8 ﬁ and \J > 0 is the least positive eigenvalue of T4[0] in X {{%173}'

The eigenvalues of Ty[0] in X%{g’f}} are given by —A* where )\ is a positive solution of
sin (A\) = 0. The smallest positive solution of this equation is 7, so )\51)) = —7? is the biggest
negative eigenvalue of 74[0] in X%{g fi .

Similarly, the eigenvalues of Ty[0] in X{{%l’g} are given by A%, where ) is a positive solution

of
(—1 + eﬁm) cos (\%) + (1 + eﬂm> sin <\7§> ~0.

Denoting by mo the smallest positive solution of this equation, we deduce that
A = mj ~ 3.34% is the least positive eigenvalue of T4[0] in X%{gil’g'}.

It is easy to verify that the solutions of problem (3.9)) are given as multiples of the following
expression:

oIfM:—m4<0,

u(t) =cosh(m —mt) sin(m) — sin(mt¢) — cosh(m) sin(m — mt) — cos(m — mt) sinh(m)

+ sinh(mt) 4 cos(m) sinh(m — mt).

o If M =0,
u(t) =t —t.

o If M =m*>0,

ulty =% (0 (1 /2 o (MEZEDY (g g o) con (1))

+ 6_% (—1 + eﬁm> <—e\/§m + eﬂmt) sin (%) .

Analogously, from Proposition [3.6] we conclude that any solution of the problem
Ty[M]u(t) =0, t €[0,1], u(0)=u"(0)="(1) =0, (3.10)

does not have any zero on (0, 1) for M € [y, \}], where A\; < 0 is the biggest negative eigenvalue

of Ty[0] in X ffé}} and A} > 0 is the least positive eigenvalue of T4[0] in X {{37}172}.

The eigenvalues of Ty[0] in X ff ;;{ are given by —\*, where X is a positive solution of
sin(\) 4 cos(A) tanh(A) = 0.
Now, if mq is the smallest positive solution of this equation, then Ay = —m‘l1 ~ —2.36% is the

biggest negative eigenvalue of 74[0] in X}l{g 13}%» :
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On the other hand, the eigenvalues of Ty4[0] in X{{g}l,?} are given by A\*, where \ is a
V2

positive solution of cos (%) = 0. The smallest positive solution of this equation is 37, so

4

A= <§7r) is the least positive eigenvalue of T;[0] in X%{g’ }1 2}

It is immediate to show that the solutions of problem ([3.10)) are given as multiples of:

e If M =—-mi< 0,

u(t) = sin(mt) + cos(m) sech(m) sinh(m ).
o If M =0,
u(t) = t.
o If M =m*>0,
_mt -1+t 1+t
u(t) =e V2 ((—1 + eﬁm(lﬂ)) cos <m( + )> + <—e‘/§m + e\/imt> coS <m( + )>>
V2 V2

+aﬁg<@+eﬂm“”vsm<m*j;w>+(a@m+eﬂmﬁsm<m%;0>>.

Remark 3.8. It should be noted that in the above propositions we have used the fact (proven

{81,..‘,&?”,]@} and X{ptllvvpsz}

in Lemma [2.19) that the first nonzero eigenvalues of the spaces X e q
{0—17"‘70%} {u‘lr"vuk}

coincide.

Let us define the following spaces

{01,00502-1,0241, ., 0} &
T 1 , Hz# 1,

X5 = (3.11)
Xy, ifE=1,
and
Xy R,
X} = (3.12)
X o0 0k it h=1.

{72, s Tn—i }?
Lemma 3.9. X\ # 0 is an eigenvalue of T,[0] in X; defined in if and only if X is an
eigenvalue of T,[0] in Xo. In particular, (A\5)? = N where (A\3)9 # 0 is the least positive
(biggest negative) eigenvalue of T,,[0] in X5 and A\l # 0 is the least positive (biggest negative)
eigenvalue of T,,[0] in Xa.

Proof. Suppose that z # 1 (the case z = 1 is proved similarly). By the definition of adjoint

space of X{p({"“’pz”“} we have that
p {ud,uf}
i, oopd o wd o pwl ol —1—7 o on—1-7{}={0,...,n—1},
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and
{pl, ... on—1-6},...,n—1-06{}={0, ..., n—1}.

Since pf = o, — g and 7 =n — 1 — 6}, we deduce that

{ptllv"vpgl,k‘ﬂq} *

(69,69 3
q q q q — X a et
{va---1”2711/“624,17"'7”‘]“}

{ri, oy _pIn—1-or+aq}’

X (3.13)

q q
Using that n = n — 1 — oy, the definition of X%{é},’“"é’;} ) and the diagram ([2.28]), we infer
TLeosTh— ke
that

X{5L11,~~-75Z,1} @1 X{él’~~'»6p—176p+1:'~~76k}
{va“'vTZ_kln_l_o-kJ’_q} {7—17"'77—71,—]6'77} )

From Lemma we know that p = z and therefore

PO Oy x {0 Semn deay o (3.14)

{Tf,...,TgikhL—l—O'k—‘rq} {m1, s Tn_kn}

Considering Lemma and the fact that the adjoint spaces have the same eigenvalues, from
q q q
(3.13) and (3.14]), we obtain that the spaces X{pé’m’p"_kw ) 4y and X {01 Ot Oz Ok}

Byl ol g {715 s TnkIn}
have the same eigenvalues. In particular, (A\3)? = Ad. O

Using similar argument to the previous result, we arrive to the next one.

Lemma 3.10. A\ # 0 is an eigenvalue of T,,[0] in X defined in if and only if \ is
an eigenvalue of T,[0] in X4. In particular, (X})? = X1 where (X\})? # 0 is the least positive
(biggest negative) eigenvalue of T,,[0] in X} and N1 # 0 is the least positive (biggest negative)
eigenvalue of T,,[0] in Xy.

Next, we state and prove our main result, which gives the characterization of the set of

values of the parameter M where vd[M] is of constant sign.

Theorem 3.11. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,06} — {€1,...,En—k} Satisfies
condition (N,), ¢q+dq=n—q, cq > 1 and dg > 1. The following properties are fulfilled:

o Let2<k<n-—2andn—k be even:

— If n — q — ¢q is even, then vi[M] is strongly positive on I x I if, and only if,

M € (M, MY, and if n — q — ¢4 is odd, then vi[M] is strongly negative on I x I if,
and only if, M € (A1, \1] where:

* A1 < 0 is the biggest negative eigenvalue of T, [0] in X{{jiiz;k}
* X > 0 is the minimum between:

- A >0, the least positive eigenvalue of T,,[0] in Xo defined in (3.1)).
- Al > 0, the least positive eigenvalue of T,,[0] in X4 defined in (3.3)).
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o Let2<k<n-—2andn—k be odd:

— If n — q — ¢q is even, then vi[M] is strongly positive on I x I if, and only if,

M € [N, A1), and if n — q — ¢4 is odd, then vi[M] is strongly negative on I x I if,
and only if, M € (A%, \1) where:
in X [menid

* A1 > 0 is the least positive eigenvalue of T,,[0] (o1, on)

* X < 0 is the mazimum between:
- M <0, the biggest negative eigenvalue of T,,[0] in Xo.
- M <0, the biggest negative eigenvalue of T,,[0] in Xy.

o Letk=1 andn > 2 be odd:

— If n—q—1 is even, then v[M] is strongly positive on I x I if, and only if, M €
(A1, M, and if n—q—1 is odd, then vi[M] is strongly negative on I X I if, and only
if, M € (A1, \] where:

* A1 < 0 is the biggest negative eigenvalue of T,[0] in XEH"’E"‘I}.
* X'> 0 is the least positive eigenvalue of T,[0] in Xs.

o Letk=1 andn > 2 be even:

— Ifn—q—1 is even, then v[M] is strongly positive on I x I if, and only if, M €
A A1), and if n—q—1 is odd, then vi[M] is strongly negative on I x I if, and only
if, M € [N, \1), where:

* A1 > 0 is the least positive eigenvalue of T,,[0] in Xfiii"’an’l}.
* X < 0 is the biggest negative eigenvalue of T,,[0] in Xo.
° =n—1,n>2andn—q—c, =1, then vs 18 strongly negative on I X I if, an
Ik 1, n>2 and =1, then v4[M] i I we on I x I if, and
only if, M € [A], \1), where

* X1 > 0 is the least positive eigenvalue of T,,[0] in X

{0'17“-70'77.71}'

* X < 0 is the biggest negative eigenvalue of T,[0] in Xo.

Proof. First, it has been shown in Theorem that v{ satisfies the property (P,) if n—q—¢q

is even and the property (Ny) if n — ¢ — ¢4 is odd. In addition, from Lemma we know
that if v{[M] has constant sign then the first eigenvalue Ay of T,[0] in XE;ZZ? is one of
the extremes of the interval where v¢[M] holds that sign.

Again, taking into account Lemma on the monotony of UZ[Jy ] with iespect to M,
€1y-En—k
{o1,-.s0k }

the constant sign starts/ends at the first eigenvalue A; of 7,[0] in X
Theorems 2.28 and 2.3T] we conclude that:

. Thus, from

e If n—k and n — ¢ — ¢4 are even, and M < 0, then v{[M] is strongly positive on I x [ if,
and only if, M € (A1,0].
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e If n—kis even, n — ¢ — ¢4 is odd and M < 0, then vI[M] is strongly negative on I x I
if, and only if, M € (A1,0].

e If n—kisodd, n—q—c4is even and M > 0, then vi[M] is strongly positive on I x I
if, and only if, M € [0, \1).

o If n—k and n — ¢ — ¢4 are odd, and M > 0, then vi[M] is strongly negative on I x I if,
and only if, M € [0, \1).

We now need to determine the other extreme of the constant sign interval of v¢[M] using
Definition Propositions and We divide the proof into five steps assuming that
n—k and n — g — ¢4 are even, and 2 < k < n — 2. For the rest of cases the proof is done in an
analogous way.

Step 1. Study of v{[M] at s = a.
Step 2. Study of v{[M] at s = b.
Step 3. Study of vi[M] at t = a.
Step 4. Study of vi[M] at t = b.
Step 5. Study of v{[M] on (a,b) x (a,b).

Let us denote by
gh(t:s), a<s<t<b,

gu(t,s) =

g?\/l(t,s), a<t<s<b,

the Green’s function related to T,[M] in X (Ermmenot

{o1,.--s0k}
Step 1. Study of the function v[M] at s = a.
Let us consider the function
on s 04
= (ko)
wina®) = 5 (Gaobi9),

where 7 has been defined in ([2.15)).
If n > 0, since {0,...,n—1} C {m,...,Th—k}, using the equality (2.12) we obtain that

0 o1
g]1\4(t7a) - %ghG?a) == Wg]l\/[(ta) =0, for all t € (CL,b].

Therefore, for all ¢ € (a,b] and ¢ € {1,...,n — 1} we infer that

o7 o7 /0 o1 f o1
i (00 = 553 (5594 ) _, == 5 (mnohe(t9) _, =0,

[s=a
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and, equivalently,

07 007 4 B _6”_1 07 _
@QM(t,a) = %(@QM(L 3))‘8:(1 = ... = w(%gM(t,S)>|S:a =0.

Note that it is necessary that wpr, > 0 to guarantee the strongly positive sign of the
function v[M]. Indeed, if there exists t* € [a,b], such that wys,(¢t*) < 0, then there exists
p(t*) > a such that vI[M](t*) < 0 for all s € (a, p(t*)), which contradicts the strongly positive
sign.

Since the function vZ[M] is a solution of T,,[M]vi[M](t) = 0 for ¢ # s, we have that

N
5an (InIM]VEIM]()) s— = Ta[M]warg(t) =0, t € (a,8],
that is, the function wpy 4 solves the equation T, [M]u(t) =0, t € (a, b].
It remains to obtain the boundary conditions satisfied by the function wpy 4.
Using the matrix of the Green’s function given in (2.6)), the equality (2.8]), the expression
of gn—j, j=1,...,n — 1 given in (2.10), and the following identity

q q
0 (iGM(t,s)) :Aa—GM(t,s), forall t € I\ {s},qe{1,...,n—1},

ot \otd ota
it follows that
orita OHitatl OHitatn
—_— =0, ——— =0, ..., (-1 ——¢? —.=0.
atut{_i_ng(tv s)|t—a 0, 8t“l{+qang(t7 3>|t—a 0, ’ ( ) 8t“§+‘185779M(t7 8)|t—a 0

Since (n+ u{ +¢) mod n < n — 1, then we have that none of the previous partial derivatives

o1
is an element of the diagonal of %G M(t, s), and taking into account that the above equalities

are satisfied for s = a, by continuity, we deduce that

gHita

mg}w(t’ 3)\(t,s)=(a,a) =0,

OHit+atl

- mgjl\/[(t, 3)\(t,s):(a,a) =0,

oHitatn
"

(=1)

1 _
\ m%ﬂﬂ 3)\(t,s)=(a,a) =0.

Therefore,

() ritaty

1 _
Mg (a) = mQM(t’ 3)\(t,s)=(a,a) =0.
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Making a similar reasoning we deduce that
2 (ne_1) (1241) (%)
wg\‘fq)(a) =-=wyy(a) =wy M (a) == w]\l}fq(a) =0.

For pul, we have the following equalities

orita gritatl gritatn
mgM(ta 8)jt=a = 0, *mgjw(ta S)t=a = 0, ..., (=1 nmgM(tv 8)jt=a = 0.
oritatn
By assumption, we have that n + ul +qg =n —1, so mgM(t, s)|t:a is an element
91
of the diagonal of %G M (t,s), and taking into account again that the previous equalities are
q
satisfied for s = a and that %G M (t,s) has a jump equal to 1 on the diagonal we infer that
oni+a .
Othi+a gM(ta 8)|(t,s):(a,a) =0,
oritatl .
a 8t#g+qang(ta 8)|(t,s):(a,a) =0,
. oritatn .
1) - =1.
| Y Trag e 9 (b 8t~
Therefore,
I4q+n
W, y_ O 1 _
Whr g (a) = mgM(t7 S)|(t,s):(a,a) = (=1)".

Let us see what conditions wyy 4 satisfies at ¢ = b. To do this, proceeding with the previous
argument we obtain that

orita oritatl . Pi+atn

1 — _ E—
(t78)|t=b_07 7( 1) 075"({”08’7

1

t,8)=p = 0.
atp({Jrqang I ( )|t_b

The above equalities are satisfied at s = a and since b # a we have that

1 — —_
atpf{Jrng(ta 8)ji=» = 0,

) oritatn

1
ag(0) = mgz\/l(tas)l(t,s):(b,a) =0.

Analogously we obtain that

q
W) =+ = wi ) = 0.



If n» = 0 then, from the matrix argument we made earlier, it follows that the function
wg(t) = % g1, (t, a) satisfies the same boundary conditions (3.5)~(3.6).

Then, from Proposition and Theorem we conclude that wysq > 0 on (a,b) for all
M € [0,A\]].

Now, let us see that v[M] cannot be positive for M > A1.
Suppose that there exists M > A such that vI[M] is positive. Then, by monotony of
q

ve[M] we have that Wi, S Wirg < Whg g for every M € [\, ]/\4\] In particular, it occurs that

q q q . . q q q . .
w%/?; (b) > wg\g,q) (b) > wg\g; (b) = 0 if 57 is even and w](/\;q) (b) < w](g’q) (b) < wg\gq)(b) =0 if g7 s

odd.
If w](éqq)(b) # 0, then there exists p > 0 such that wﬁq(t) < 0 for all t € (b — p,b), which

2
contradicts our assumption. Hence,

B4 B4 B4 —
0= w(b) = wii®) = wighv), VM e\, M),

and this fact contradicts the discrete character of the spectrum.
Thus, we conclude that, if M € [0, \]], then

Vt € (a,b), Fpl(t) >0 | vI[M](t) >0Vs € (a,a+ pi(t)).

Moreover, if M > A, then vI[M] is not positive.

Step 2. Study of the function v{[M] at s = b.

We study the following function by applying a similar reasoning to Step 1. In this case we
consider

a7 01
0= Z (),
mna®) = 5 (Gaohile9)
where v has been defined in (2.16).
Using analogous arguments to Step 1, we obtain that if v > 0, then

91 _ 0 5 _ o _otor, _
gt 8) = ot ey = - = o (bt =0

Moreover, if v is even, then yys, > 0, and if v is odd, then yy;, < 0.
Again, we have that
TH[M]yM,q(t):Ov Vit e [(I,b).

o1
In the same way than above, studying — G/ (%, s) to determine the boundary conditions

. ata
of Y4, we infer that
a q
g (@) = - =y (@) =0,
a ( Q_ ) ( q ) ( ;17‘_ )
o) ==l o = il o) = =l e =0,
q
u(b) = (—1)7+
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Analogously, if v = 0, then yp4(t) = %g%\/l(t,b) satisfies the conditions f by an
argument similar to the case v > 0.

Then, from Proposition and Theorem we conclude that yar, > 0 on (a,b) if 7 is
even, and yu,q < 0 on (a,b) if v is odd, for all M € [0, A]].

As in the previous step, it can be seen that for M > A1, the function v[M] is never positive.
Therefore, we conclude that, if M € [0, A]], then

Vt € (a,b), Fpl(t) >0 | vI[M](t) >0Vse (b—pi(t),b).
Moreover, if M > A1, then vI[M] cannot be positive.
Step 3. Study of the function v[M] at t = a.

Let us denote

§(1_1)nM(t73)7 a<s<t<b,

g—1yrm(tss) =

b\(Q_l)nM(t,S)7 a<t<s <b,

the Green’s function related to T},[(—1)"M] in D G e B ¢ LS LU
{o1,...,0} {71y sT—k }
In this case, reasoning similarly to Step 1, we study the following function:
o'ta
. n ~
wM,q(t) = (_1) asoﬂ—i-qg(*l)nM(t’ 3)|s:a ’
which is equivalent, using equality (2.14)), to study the function

o' ta 0" 1 91
Warq(s s) = WQ%A )|t=a: Ha? <8tng( ))lt:a’ sel.

In this case, if a? > 0, using that {0,...,a% — 1} C {u],..., u}}, we have

9 90, B 9’1 99 B
g9 = 5 (o)) _ == g e (gt 9) L =00 Vs (ab).

As in the Steps 1 and 2, we can deduce that

Tu[(—1)"M] @arg(t) =0, t € (a,b].
Using the arguments of Step 1, we can affirm that if there exists t* € (a,b) such that

Warq(t*) <0, then vd[M] is not positive.
By the ﬁrst row of (2.19) and (2.18]) we deduce that:

q
o™ 2 87'1"1‘1 B )aq+q omitat+a o

81571 1)"M(t 5)\26 a=0,- 9t 05 9( 1)nM(t 8)\15 a=0,....( Wg(fl)nM(tvg)lt:a =0.
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Since (11 + a? + q) mod n < n — 1, none of the previous partial derivatives is an element
of the diagonal of the matrix Green’s function. Hence the previous equalities are satisfied for
s = a, and we obtain:

( o™ ~1
%9(_1)71]\4(& 8)|(ts)=(aa) =0,

omitl 4
_mg(fl)”M(t’ 8)\(t,s):(a,a) =0,

oltq gritaitq 4
(_1) Wg(—l)"M(t’ 8)\(t,s):(a,a) =0.

\

So, we conclude that @](\?31(&) =0.
Analogously we obtain that

irla) = - = @y (@) = 847 (0) = - = B (a) = 0.

For 73, we have the following equalities

87‘}1 aTh+1 aig 87—h,+0‘q+q N

%@\(2,1)”]\/[(75, 5)\t:a = 0, —m/g\%fl)n]\/[(t, 5)\t:a = 0, ceey (_1)(1 Wg(il)n,]\/[(t, S)|t:a =0.

In this case, since 1, +a?+q = n—1, we reach a diagonal element of G (t,s) given in (2.17)),
and as consequence we obtain the following equalities for s = a:
o™ __

%g(lfl)n]\/[(ta 8)|(t,s):(a,a) =0,

87‘h+1 4
gt S)iws)=(aa) =0,

athraq +q

~1

Wg(,l)nM(ta 8)|(t,s)=(aa) = L-

-1yt

\

Therefore, @5\}2(@ = (_1)n—aq—q.
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Now, let us study the behavior of @y, at t = b. Studying the (n — k + 1) row of (2.19)),
we have for all s € (a,b):

q
851 851+1 aiq 851+a +q

@@\(1_1)n1\/1(t7 8)jt=b = 0, _mg(l—l)"M(tv 8)j=p = 0,...,(=1)*

~1
Wﬂ(—l)nM(ta 3)|t:b =0.

The above equalities are satisfied at s = a and, since b # a, we have that ﬂ}g\?;(b) =0.
Analogously we obtain that

~ (& ~(9
BYLg(b) = - = iy (6) = 0.

Note that if a? = 0 then, from the same argument than before, we deduce that the function
Wg(s) = % g3;(a, s) satisfies the same boundary conditions:

i) = o =aihe) =0.

From and we deduce that
T [0]o(t) = (~1)" T [0] v(t) = T 0] v(d).

Hence, using similar arguments to Step 1, we conclude that wyrq > 0 on (a,b) for all

M € [0, (A})?], where (A})? > 0 is the least positive eigenvalue of T,[0] = T,[0] in X 1 defined
in @12).

From Lemma we know that (\;)? = A{. Thus, from this step we have that, if
M € [0, \]], then

Vs € (a,b), pi(s)>0 | vI[M](t) >0 Vte (a,a+pi(s)).
Step 4. Study of the function vI[M] at t = b.

In this case, we study the following function by applying similar reasoning to Step 3
N " o81+a 5
vaq(t) = (_1) 886q+qg(—1)nM(t7 8>|S=b7
which is equivalent, using equality (2.14]), to studying the function

R 987+a a8 , 91
yM,q(S) = Wﬂﬂ(ta 5)|t:b = W(%gﬁ/[(ta 5))

Since {0,...,89} C {p%,..., pn_g} if B2 > 0, we obtain that

o4 q ob1—1 ( o4

0 /0
%gM(b’t) N &(%W“’ s))\t:b T g %gM(t’ S))\t:b =0
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Moreover, using analogous arguments to Step 1 we obtain that ¥y, > 0 if 57 is even and
Ym,q < 0if 59 is odd.
Again, we have that

To[(=1)"M] Giarg(t) =0, Vt€ [a,b).

An analogous study to Step 3 leads us to the fact that yj/ 4 satisfies the boundary conditions

Joida) = - = Gy (a) =0,
@(&1’3}(& == @\1(\6/[:1)(1)) /\(531)(()) ce= 3//\](\6/1]2((7) =0, (3.15)
5. g
Yy )(b) = (1) Pttt

Analogously, if 39 = 0, then yar4(s) = % g3,(b, s) satisfies the conditions (3.15).
Thus, we deduce that yasq > 0 on (a,b) if 89 is even and yarq < 0 on (a,b)
for all M € [0, (N\5)9] , where (A5)? > 0 is the least positive eigenvalue of T, 0] =

defined in (3.11)).
Again, from Lemma we have that (A5)? = A\]. Therefore, we conclude from this step

that, if M € [0, A], then

if 8
T,[0] in X3

Vs € (a,b), Fp(s) >0 | vI[M](t)>0 Vte (b—pit),b).
Step 5. Study of the function v[M] on (a,b) x (a,b).

In this step we verify that the function v[M](¢) > 0 for all (¢,s) € I x I if M belongs to the
given intervals. Let us denote u$,(t) = gm(t,s), for all s € (a,b).
The function v[M](¢) is in C"~279(I) and it satisfies the boundary conditions (2.20)-(2.21)).
Using the definition of v{[M], the following equality holds for all s € (a, b):

T g[0]0I[M](t) = —M usy (), ¥ tel\{s} (3.16)

Let us see that for the values of the parameter M for which v[M](t) has constant sign on
I, it cannot have a double zero in (a,b). In particular, this implies that the change of the sign
must occur at t = a or t = b, and the result would be proven.

We do the proof for n — k even (the case n — k odd is similarly proved). In this case, we
study the behavior of vi[M](t) for M > 0 and u$,; > 0. From (3.16]), we have that

dn—1 o

din—a ’U'Z[M}(t) = % gM(t, S) < 0.
Therefore, using the condition (7}), since v = --- = v, = 1, we have that

dn—q—l an—l

W”Z[M](t) = WQM(ES)
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n—q—1

dtnqul

Figure 1: vé[M](t), maximal oscillation with ¢ € I = [0, 1].

is a decreasing function, with two continuous components and a jump +1 at ¢ = s. Then, it
has at most two zeros on I (see Figure [1)).

Now, we have that
dn—q—2 n—2

) vl[M](t) = 2 gum(t,s)

is a continuous function with at most four zeros on I (see Figure [2)).

dn—q—l
pm——) vd[M](t), maximal oscillation with ¢t € I = [0, 1].

Figure 2:
By recurrence, we have that

dnqul anfl
IR—] —
T VM) =

gm(t, s)
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has at most [ + 2 zeros on I. In particular, v{[M] has at most n — ¢ + 2 zeros on I. Moreover,
since

WD M](a) = - = (v1) ") [M](a) =

0,
@HEDDIB) = - = ()5 (M) (b) =0,
vd[M] has ¢, + d; = n — q zeros on the boundary. Thus, v{[M] has at most two zeros on (a,b).
Now, making an argument similar to the one made in [12, Theorem 5.1, we deduce that
the maximal oscillation (that is, the maximal number of zeros) is possible if and only if

(@D [M](a) <0, ifn—q—cqis even,
(3.17)
(@D [M](a) >0, ifn—q—c,is odd.

Since we are in the case m — g — ¢4, even, the maximal oscillation is only possible if
()@ [M](a) < 0. However, by definition, (v{)(@)[M](a) # 0 and, since vI[M] is non-
negative and af denotes the order of the smallest derivative at ¢ = a which is different from
zero, necessarily (v1)(@*)[M](a) > 0. Therefore the maximal oscillation can not happen (that
is, vd[M] cannot have two zeros on (a,b)). Thus, v¢[M] has at most one simple zero on (a, b),
which is not possible due to the constant sign of v¢[M], and we conclude that vI[M] does not
have any zero on (a,b).

From this step we deduce that if M > 0 and w3, > 0, then v[M] > 0 on (a,b).

In conclusion, from the previous steps the result is proved. ]

In the sequel, we present some examples of application of the previous result.

Example 3.12. Consider again the fourth order operator Ty[M] coupled with the boundary
defined in Example [2.10

conditions X {{g,}lﬁ}

The functions %QM and g—;gM satisfy the conditions of the spaces X}é}’l’?)} and X§87}273},
respectively.

In this case k =3 and n —k =1 is odd. For ¢ =1, we have that ¢, =2,d; =1, 2 =2 #1
and B! = 0. From Theorem it follows that %gM is strongly negative on [0,1] x [0, 1] if,
and only if, M € [A}, A1), where

* A1 > 0 is the least positive eigenvalue of T,[0] in ng}i 2}

* A < 0 is the biggest negative eigenvalue of Ty[0] in X fg;;f )

The eigenvalues of T4[0] in X 2

{0.1,2} A€ given by A%, where ) is a positive solution of

tanh ()\\/§> + tan (\%) =0.
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Let us denote by m; the smallest positive solution of this equation. Then, A\; = m] is the least

positive eigenvalue of T4[0] in Xj[{g }1 2y

In the same way, the eigenvalues of T4[0] in X {{8 é}} are given by —\*, where X is a positive
solution of sin(A) = 0.

In this case, )\}nin = 7 is the smallest positive solution of this equation. Then, A} =
—( AL

L)t = —7* is the biggest negative eigenvalue of T4[0] in X%g:;; :

By numerical approach, it can be seen that A\ = mj ~ 3.34%.

For ¢ = 2, we have that ¢, =n—q¢—1=1,d;=1,z=1and % = 1. Again, from Theorem
it follows that g—;gM is strongly negative on [0,1] x [0,1] if, and only if, M € [A3, \1),
where

* A1 > 0 is the least positive eigenvalue of T4[0] in Xf{{g}l oy
* A3 < 0 is the biggest negative eigenvalue of Ty[0] in X {{gé}} .

The eigenvalues of Ty[0] in Xg é]}f are given by —\*, where \ is the least positive solution

of
2e2* + (e + 1) cos(\) = 0.
Denoting the smallest positive solution of this equation by 2. = we have that \3 =
—(A2,, )% is the biggest negative eigenvalue of T4[0] in X}ES ;}} .

In this case, A\3 = —(\?

min

)4~ —1.874

Example 3.13. Consider the fourth order operator Ty[M|] defined in the space of the boundary

conditions X{{é f s
In this case k = 2 and n — k is even. For ¢ = 1 we have that ¢, =1, d; =n—q¢—c¢; = 2,
z=1,h=2and o' = 8 = 1. Moreover, the function %QM satisfies the conditions of the

space X %{8 g]}:

From Theorem we obtain that % g is strongly positive on [0, 1] x [0, 1] if, and only
if, M € (A1, \!], where

* A1 < 0 is the least positive eigenvalue of T4[0] in X g ’ﬁ ,

* A > 0 is the minimum between:
- A > 0, the least positive eigenvalue of T4[0] in X}gilz}‘

- A} > 0 is the least positive eigenvalue of Ty[0] in Xf{{g}l 33

By numerical approximation, we obtain that A\; ~ —2.36% A} ~ 2.22% and \} ~ 4.44%.
Therefore, %gM is strongly positive on [0, 1] x [0, 1] if, and only if, M € (—2.36%,2.224].

As a consequence of Theorem we arrive at the following result.
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Corollary 3.14. Let g € {1,...,n —1}. Suppose that {o1,...,06} —{€1,...,En—k} satisfies
condition (Ng), cq+dqg =n—q, cq > 1 and dy > 1. If either o, = q+cq—1 orep_i, = q+dg—1,
we have the following properties:

o If n— q—cq is even, then there is not any M € R such that vi[M] is strongly negative
on I xX1I.

o Ifn—q—cqis odd, then there is not any M € R such that vi[M] is strongly positive on
I x1I.

Proof. f o), =q+cy—1,thenn=n—-1—-0,=n—q—cq.
We consider
o 01
= g1 (g (©:9) -
defined in Step 1 of the proof of Theorem [3.11
We know that this function satisfies the following boundary conditions:

w,q(t)

1 (nl_)) () q
wif@) = =l @ = i @) = = ol o) =0,
q
wlffao) = - = i P o) =0,

wlfiy (@) = (~1)7 = (=10

Hence, if n—qg—c, is even, then there exists p > 0 such that wps 4(t) > 0 for all t € (a,a+p).
So, vi[M] cannot be negative for any real M.

Now, if n — ¢ — ¢, is odd, then there exists p > 0 such that wys4(t) < 0 for all t € (a,a+p).
Thus, vd[M] cannot be positive for any M € R.

Analogously, if ¢, = q¢+dy—1,then y=n—¢,_ —1=n—q—d; = c4. In this case,
we consider the function

)= 2 (2 gt s)
UM 957 \gra IM "

|s=b ’

defined in Step 2 of the proof of Theorem [3.11
We know that for all M € R, the function yus 4 satisfies the following boundary conditions:

q q
y(M”L)(a) =...= y]((/}fq)(a) =0,

q (Q_) (q ) (Z_)
WO = =i ) = o) = = ) =0,

q
uil () = (1)

Hence, if n — ¢ — ¢4 and ¢, are even, then there exists p > 0 such that yas4(t) > 0 for all
t € (b—p,b). So, vi[M] cannot be negative for any real M.

Moreover, if n — ¢ — ¢, is even and ¢, odd, then there exists p > 0 such that yas4(t) <0
for all t € (b — p,b). So, vi[M] cannot be positive for any real M.
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Now, if n — ¢ — ¢, is odd and ¢, even, then there exists p > 0 such that yas4(t) < 0 for all
t € (b—p,b). So, vi[M] cannot be positive for any real M.

Finally, if n — ¢ — ¢4 and ¢, are odd, then there exists p > 0 such that yas4(t) > 0 for all
te(b—p,b).

As consequence, v{[M] cannot be negative for any real M. O

Now, we give a necessary condition for the nonpositive (nonnegative) sign of v¢[M]. In
particular, we will give an interval in which we can ensure that vI[M] has nonpositive (non-

negative) sign and whose infimum or supremum is given by the first eigenvalue of T,,[M] in
{e1)sEn—i}
{o1,.-s0k}
Theorem 3.15. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,06} — {€1,...,en—k} satisfies
condition (Ng), ¢q+dqg =n—q, ¢g > 1 anddg > 1. If p2 # 2z —1 and p} # h — 1, then the
following properties are fulfilled:

o Letn—k be even:

— If n— q — ¢q is even and vi[M] is nonpositive on I x I, then M € [Al,\1), and if
n —q— cq is odd and vi[M] is nonnegative on I x I, then M € [X{, A1), where

n X{alr--»an—k’}

{017"'70k}

* A1 <0 is the biggest negative eigenvalue of T,[0]

* A\ < 0 is the mazximum between:
- M <0 is the biggest negative eigenvalue of T,[0] in X3 defined in (3.2)).
- A <0, the biggest negative eigenvalue of T,,[0] in X5 defined in (3.4).

o Letn —k be odd:

— If n — q — ¢4 is even and vi[M] is nonpositive on I x I, then M € (A, \l], and if
n —q— cq is odd and vi[M] is nonnegative on I x I, then M € (A1, \l] where

* X1 > 0 is the least positive eigenvalue of T,[0] in X‘i{i”ff:;k}
* A > (0 is the minimum between:
- M'> 0, the biggest negative eigenvalue of T,,[0] in Xs.

- A >0, the biggest negative eigenvalue of T,,[0] in X5.
Proof. Since pf # z—1 and pj # h—1 we have, from Propositions and that there are

eigenvalues A and A with corresponding related eigenfunctions of constant sign. We suppose
that both n — k and n — g — ¢, are even. For the other cases the proof is done in an analogous
way.

Let us assume that there exists M* ¢ [A!, A1), such that vI[M*] is nonpositive on I x I.
From Theorem we can affirm that M* < A\;. So, M* < Al and for all M € [M*, \1) the
function v{[M] is nonpositive on I x I because the set where it takes nonpositive values is an

interval. By the monotone decreasing character of vi[M] we infer that

vs[MI(#) < o [M](t) < of[M7](t) < 0.
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So, in particular
w/\qu(t) S UJM’q(t) S wM*ﬂ(t) S O,

and
y/\g”q(t) < Yng(t) < ym=q(t) <0, if v is even,

0 < ynmrq(t) < ynrg(t) < y)\g,q(t) , if v is odd.

If AL = \{, then w(§")(a) = 0. So, we conclude that, for all M € [M*, A), w(j")(a) =0,
which contradicts the discrete character of the spectrum of T,,[0] in X3.

If Al = A\, then yg\gq;(b) = 0. So, we conclude that, for all M € [M* \}), y](\gjlq)(b) =0,

which contradicts the discrete character of the spectrum of 7,,[0] in Xs.
This way we arrive to a contradiction, and thus the result is proved. ]

Next, we present an example to illustrate the previous result.

Example 3.16. Consider the operator T5[M] defined in the space of the boundary conditions

{1.3}
X023y

ForqzlWehavethath:2,n—q—cq:dq:2iseven,z:h:2,a1:0andﬁlzl.

Moreover, the function % g satisfies the conditions of the space X }L{IO 22 }4}. From Theorem [3.15

if %gM is nonpositive on [0,1] x [0, 1], then M € [AL, \!), where

* A1 < 0 is the biggest negative eigenvalue of T5[0] in X fé 3 2},

* Al < 0 is the maximum between:
- A\ <0, the biggest negative eigenvalue of T5[0] in X{{gfil}.
- A} <0 is the biggest negative eigenvalue of T5[0] in X f{{f”;’}zl}.
By numerical approximation, we obtain that \; ~ —2.23%, )\é ~ —3.67° and A% ~ —2.88°.
Thus, if %gM is nonpositive on [0, 1] x [0, 1], then M € [-2.88%, —2.23%).
3.2 Case(b):cy=n—qgandd;, =0

In this subsection we deal with the constant sign of vi[M] for the case ¢, =n — g and d, = 0.
We arrive to the next theorem.

Theorem 3.17. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,06} — {€1,...,en—k} satisfies
condition (Nyg), ¢g+dqg=n—q, cq =n—q and dy = 0. The following properties are fulfilled:

o Ifn —k is even, then vi[M] is nonnegative on I x I if, and only if, M € ()\1,0], where
. {e1,sEn—r}
m X .

{01,508}

A1 < 0 is the biggest negative eigenvalue of T, 0]
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o If n—k is odd, then vi[M] is nonnegative on I x I if, and only if, M € [0, 1), where
. {e1,En—i}
mn X .

A1 > 0 is the least positive eigenvalue of T, [0] (o1 o]
Proof. Let us assume that n—Fk is even. For the case n—k odd the proof is done in an analogous
way. We know, from Theorem that vl € XY0,....c,) satisfies an initial problem and it is
nonnegative on [a,b]. Moreover, v(t) = %gg(t, s) > 0if s <t and vi(t) = %go(t, s) =0 if
s> t.

Taking into account Lemma we obtain that v{(t) = %go(t,s) > 0 on (a,b) x (a,b)
if and only if M € (A1, M), with M, > A;. Moreover, %QM is monotone decreasing with
respect to M € (A1, M,).

Let us see that M, = 0. Using the monotone decreasing character of vI[M] with respect
to M € (A1, My, since vi(t) = Sug0(t,s) = 0 if s > ¢, we have that vi[M](t) < vi(t) = 0 if
M, > 0. On the other hand, if s < t then there exists (t*,s*) € (a,b) x (a,b) with s* < ¢*
such that 0 < vL [M,)(t*) < vl (t*) if My > 0. Thus, v[M] changes sign for M, > 0 and this
completes the proof. O

Example 3.18. Consider the operator Ty[M]| coupled with the boundary conditions in the
space X{{S;}% .

In this case n — k is even. For ¢ = 2 we have that ¢, = n — ¢ = 2 and d; = 0. Then, by
Theorem we have that g—;gM is nonnegative on [0,1] x [0, 1] if, and only if, M € (A1,0],
where \; < 0 is the biggest negative eigenvalue of T4[0] in Xg;; .

By numerical approximation, we obtain that A\; ~ —1.8751%. Thus, g—;gM is nonnegative
on [0,1] x [0,1] if, and only if, M € (—1.8751%, 0.

For ¢ = 3 we have that ¢, =n — ¢ =1 and d; = 0. Again, by Theorem we have that
g—;gM is nonnegative on [0, 1] x [0, 1] if, and only if, M € (—1.8751%,0].

3.3 Case(c):cg=0andd;,=n—q

In this section, arguing in a similar manner than in the previous one, we can characterize the
constant sign of vi[M] for the case ¢, = 0 and d; = n — q.

Using Theorem 231} Lemma [2.33] and reasoning in an analogous way to the proof of
Theorem |3.17], we get to the next result.

Theorem 3.19. Let ¢ € {1,...,n — 1}. Suppose that {o1,...,0k} — {€1,...,en_k} Satisfies
condition (Ng), ¢ +dqg =n—gq, ¢g =0 and dg = n — q. Then, the following properties are
fulfilled:

o Letn—k be even:

— If n — q is even, then vi[M] is nonnegative on I x I if, and only if, M € (\1,0],
,L-n X{Elvnzsnfk}

{o1,0, 06}
— Ifn—q is odd, then vi[M] is nonpositive on I x I if, and only if, M € (A1, 0], where
. {81,...,57,,7]6}
mn X .

{o1,..,0k}

where A1 < 0 is the biggest negative eigenvalue of T,,[0]

A1 < 0 is the biggest negative eigenvalue of T, 0]
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o Letn—k be odd:

— If n — q is even, then vi[M] is nonnegative on I x I if, and only if, M € [0, 1),

where A1 > 0 is the least positive eigenvalue of T,[0] in X%{;iz,;k}

— Ifn—q is odd, then vi[M] is nonpositive on I x I if, and only if, M € [0, A1), where
; {e15En—k}
m X .

A1 > 0 is the least positive eigenvalue of T),[0] (o1 o0}

Example 3.20. Consider the operator T5[M]| coupled with the boundary conditions in the
space X%{é”gf"r)}.

In this case n — k = 4 is even. For ¢ = 3 we have that ¢, = 0 and dy = n — ¢ = 3 is
odd. Then, by Theorem we have that g—; gn is nonpositive on [0, 1] x [0, 1] if, and only if,

M € (A\1,0], where A\; < 0 is the biggest negative eigenvalue of T5[0] in Xgé’§i4’5}.

By numerical approximation, we obtain that \; ~ —1.953%. Thus, g—; g 1s nonpositive on
[0,1] x [0,1] if, and only if, M € (—1.953%,0].

For ¢ = 4 we have that ¢, = 0 and d; = n — ¢ = 2 is even. Again, from Theorem we
have that g—;gM is nonnegative on [0, 1] x [0, 1] if, and only if, M € (—1.9535,0].

Finally, for ¢ = 5 we have that ¢, = 0 and d; = n—¢ = 1is odd. Then, %gM is nonpositive
on [0,1] x [0,1] if, and only if, M € (—1.953°,0].

4 Application to Nonlinear Problems

In this section we will study the existence of a nontrivial positive solution of the following
nonlinear problem

T[MJu(t) = f (L ult),...,u" (1)), ter,
wo(a) = - = ul"(a) = 0, (4.1)
uE () = - = ulEk) () = 0,
with f: I x[0,00) x R™ — [0, 00) a continuous function that satisfies some adequate conditions
that we will detail later.
The existence of positive solutions of the nonlinear problem (4.1)) will be deduced from the
index theory applied to compact operators defined in suitable cones.
Suppose that there are r derivatives of constant sign of the Green’s function gjs related

to the corresponding linear problem of (4.1), with » € {1,...,n — 1}. Let us denote by
q1,---,qr € {1,...,n — 1} the indices of such derivatives, with

qg < g2 <---<qr

Moreover, let us denote by
S:=s usiusiu{on

where
St={{a.--.a}/ cq +dy =n—aq,cq =1 and dy > 1},
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Sé ={as1,-- a0}/ Cqpp =N —qi41 and dqz+1 = 0},
Sg ={as1,-- @}/ Cqp =0 and dg, =n — Q+1}

and {0} denoting the constant sign of the Green’s function gy.

It is clear that either SI = @ or SI" = @. We assume that SI = @ and S{ # @ (for the
other cases, i.e., SI" = @ and either SI = @ or S{ # @, the arguments are analogous).

Along this section, we will assume that n — k is even (for n — k odd an analogous reasoning
could be made). We know, from Lemma and Theorem that for any ¢ € 51, % gm
has constant sign for all M € (A1, \%] (the constant sign interval of the largest derivative of S
which belongs to S7), with A\; and A% characterized in Theorem

Moreover, for all M € (A1, A%] we have that

04

gu(t,s) >0 and (—1)% v

gu(t,s) >0 forall i€ {1,...,1},

where dy;, =n —q; — ¢y, fori =1,..., L
Let us consider the following condition introduced in |13, page 182] as follows:

(P,,) Suppose that there are continuous functions ¢, ki and k such that ¢(s) > 0 for all
s € (a,b) and 0 < ky(t) < ka(t) for all ¢ € (a,b), satisfying:

6(s) ki (t) < G(t,5) < 6(s) ka(t), for all (t,s) € I x I,
where G is a suitable integral kernel of certain integral operator.

Using the characterization of |12, Theorem 8.1] and Theorem with a similar argument
to the one made in |13, Theorem 5.2], the following result is proved.

Lemma 4.1. Suppose that n — k is even. Then, for any M € (A1, %), the functions g,
(—1)%a: gfgz gu, © € {1,...,1}, satisfy the condition (P,,), that is, there exist continuous func-
tions ¢, ki, ka2, 0 < ki(t) < ka(t) for all t € (a,b), satisfying

d(s) k1(t) < gn(t,s) < @(s) ka(t), forall (t,s) € I x I,

and k¥, kI, with 0 < kT (t) < k3 (t) for all t € (a,b) and i € {1,...,1} such that

qi

Bls) K (8) < (~1)%

where ¢(s) = (s —a)" (b — )Y, with n and v defined in (2.15) and (2.16)).

Proof. We make the proof only for the function gas. The same argument holds for the functions
(—1)% (%q;i gm, it =1,...,1, by taking the same function ¢ and using Steps 1 and 2 of Theorem
B.I1
For all M € (A1, A%), we know from Steps 1 and 2 of |12, Theorem 8.1] that
a" a7

%QM(t,S)b:a >0 and (—1)7 %QM(t, 8)js=p > 0, for all t € (a,b).

am(t,s)(t, s) < @(s) k3 (t), forall(t,s)elxI, i=1,...,1,
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Let us define the following function

t s) = gM(tﬂS)
(5) (s—a)1(b—s)r

It is clear that vf,(s) > 0 on (a,b) x (a,b) for all M € (A1, A%). Moreover, for each ¢ € (a,b)
we have that

il S)|s=a

hl (t) = SE}?—&- (3 —g(i\;n(t(?ljsz 5)7 - at:’ﬁ]g)(i a))lfy S (O’ CO),
1)y 2~ ) s

ha(t) = sligl* (s —95)47’(?1)81 sy — V?t(;)gfg; e € (0, 00).

For each t € (a,b), let us define fﬁw as the continuous extension of ”5\4 to the interval I,
that is

hi(t), s =a,
Ohy(s) =< i, (s), se€(a,b),
ha(t), s=b

Then, 9%,(s) > 0 on [a,b] for all ¢ € (a,b). Therefore, the following functions
ki(t) = mi}lﬁf\/l(s), tel,
s€
kao(t) = mafﬁ}f\/[(s) , tel,
s€
are continuous on I and positive on (a,b).
Taking ¢(s) = (s —a)?(b— )" > 0 on (a,b), the function gps satisfies the condition
(Py)- O

Let us consider I} = [ay,b1] and I = [af',b]'], i = 1,...,l, subintervals of I such that
|k1(t)] > 0 for all t € I and |k (¢)| > O for all ¢ € I{". Notice that, due to their continuity
on I, such functions have constant sign on their corresponding intervals. Furthermore, let us

define

ki = meaxlkl()\, my :?éin|k1(t)], ko = mgx|k2( )|,

= e k(0] K= ma k(1)

fore=1,...,1
We assume that the nonlinear part of equation satisfies the following conditions:
t ...
(Hl) lim m f( zy, 7'1"71) — +oo.
max{|z1],.. ,\mn\}—m tel |x1| 4+ -+ |z
t e
(H2) lim sup max f( » L1, ,xn) _

min{|z1],...,Jan|} oo TEL |561| +oot |l'n| B
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Let X = (C™(I),]| -||) be the real Banach space endowed with the norm
||ul| = max{|[ul|oo; - . ., [[u™]|c}, forall ue X,

where ||u||oo = maxser{|u(t)|}, and consider operator Ly : X — X defined as

b
Ly u(t) == / gu(t,s) f (S,u(s), e ,u("fl)(s)) ds, tel. (4.2)

We will apply the fixed point index theory to the operator £; to guarantee the existence of a

fixed point of such operator.
Let us define the following cone:

u(t) >0, (=1)% w9 () >0,ie{1,...,1}, ()" U a9 @) >0, je{l+1,...,r}, t e,

K={ueX: it v kI (t) v ,
u(t) 2 = oo, (1) u® (1) 2 S [y i € {1, 1) tE T
2

—~
~—

Remark 4.2. Note that if S = @ and SI # @ we take the following cone defined as:

u(t) >0, (—1)% w9 () >0,ie{1,..., 01}, w9 () >0, je{l+1,...,r}, tel,

K'=J{ueX: K1 (t) K9 (t)

u(t) > - w|oo, (—1)%a ul90)(t) > i w9 ||, i € {1,... 0}, t el

On the other hand, if S = @ and SI" = @ we have that [ = r and we work with the cone
defined as:

u(t) >0, (=1)%: u(9)(t) >0,ie{1,...,1}, t e,

. K (1)

K={uecX: ki (t
utt) > B ulc, (1)) > i 1t e
2 2

Remark 4.3. Note that we can take the following family of cones K,,, C K defined as:

w(t) >0,...,(—=1)%m @) () >0, tel,
Ky, =queX: ki(t)
ko

k$m (¢
s (1o w0 1) > B putom o v
2

u(t) >0, (=1)% w9 () > 0,5 e {1,...,0}, (~1)" % ul9)(t) >0,j € {I+1,...,m}, t e,

K, =queX: Ky (t k¥ (t
q O o, (-1 w @) 2 LD i 1,0 v e T
2 2

ifl<m<r.

Remark 4.4. If n—k is odd, using a similar argument to Lemma [4.1] we obtain that functions

gy and (—1)% gt[?i gu, 1 € {1,... 1}, satisfy the following condition (with obvious notation):
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(Ng,) Suppose that there are continuous functions ¢, k; and ks such that ¢(s) > 0 for all
s € (a,b) and k1 (t) < k2(t) < 0 for all ¢ € (a,b), satisfying:

o(s) ki(t) < G(t,s) < ¢(s) ka(t), forall (t,s) el x1I.
In this case, we would look for a nontrivial positive solution of the following nonlinear problem

T, [Mu(t) + f (t,u(t), . .,u(”*”(t)) =0, tel,
u(al)(a) - = u("k)(a) =0,
WED(b) = - = En=k) (b) = 0.

In order to prove an existence result of problem we introduce the following definition
and preliminary results.

Definition 4.5. Let X be a Banach space, {2 C X open and T : 2 — X a continuous map.
We say that T is compactly fixed if the set of fixed points of T is compact.

We will denote by Fix(T) the set of fixed points of T'.

Next lemma compiles some classical results regarding the fixed point index formulated in
[20, Theorems 6.2, 7.3 and 7.11] in a more general framework.

In particular, given X a Banach space, K C X a cone and €} C K an arbitrary open subset,

0 ) will denote the boundary of € in the relative topology in K, induced by the topology of
X.

Lemma 4.6. Let X be a Banach space, K C X a cone and Q) C K an arbitrary open subset
with 0 € Q. Assume that T: Q — K is a compact and compactly fixed operator such that
x # Tx for all x € 09Q.

Then the fized point index ix (T,Y) has the following properties:

1. If x # uTx for all x € 9Q and for every p < 1, then ix(T,Q) = 1.

2. If Q is bounded and there exists e € K \ {0} such that © # Tx + Xe for all x € 0Q and
all X > 0, then ix(T,Q2) = 0.

3. If ig(T,Q2) #0, then T has a fized point in €.
4. If Q1 and Qg are two open and disjoint sets such that Fix(T) C QU Qo C Q, then

ik(T,Q) = ix(T, ) + ik (T, Q).

Remark 4.7. Note that, in Item 2 in previous lemma, it is required that €2 is bounded.
However, the other assertions hold for an arbitrary open set, which might be unbounded.

Using Items 1 and 2 in Lemma [4.6] it is possible to deduce the following corollary. The
proof would be analogous to that of [21, Theorem 2.3.3].
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Corollary 4.8. Let X be a Banach space, K C X a cone and  C K an open set such that
0 € Q. Assume that T: Q — K is a compact and compactly fixed operator such that x # Tx
for all x € Q2. Then

1. If Tx % x for allx € O then ix (T, Q) = 1.
2. If Q is bounded and, moreover, T x A x for all x € O, then ix(T,Q) = 0.
Next, we prove the following theorem to ensure the existence of positive solutions.

Theorem 4.9. Suppose that conditions (Hy) and (Hz) hold. Then, the nonlinear problem
(4.1)) has at least a nontrivial solution w € K for all M € (A1, A], where

3 0, if I <,
TN if L=

Proof. Consider the operator L, defined in . Since gy > 0 for all M € (Aq, A], f >0 and
the fixed points of the operator Lj; coincide with the solutions of problem , we deduce
that these solutions are nonnegative.

We show that £y is well-defined in K, that is, £L;(K) C K.

Let u € K, it is immediate to verify that Ly u > 0 on I. Moreover, we have that:

b qi
(—1)%i (L U)(qi)(t) = / (—1)%a aatqi gu(t,s) f (S,U(s), .. ,u(”’l)(s)) ds >0,

Laru(t) : = /ab gr(t,s) f <s,u(s), - ,u("fl)(s)> ds
> /ab k(1) 9(s) 1 (s.u(s)......u" D (s)) ds
= k;:(;) /ab ko o(s) f (s,u(s), e ,u(”fl)(s)> ds
b
> kl(t)/a {mang(t,s)} f <s,u(s),...,u("_1)(s)> ds

]{72 tel
ki(t) ’ (n—1) ki(t)
> e =
= Ty I?éafx{/a gM(tvs)f (S,’U,(S), y U (S)> ds ko ||£Mu||ooa
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and

b z-
(1% (Lar )0 = [ (1% Tgui(t.s) £ (s.u(s)e...u V(o)) ds

> / b K9 (t) () f(s,u(s),...,u("_l)(s)) ds
= kiig(f) /b k¥ o(s) f (s,u(s), .. .,u("*l)(s)> ds

a

qu'(t) b 9% -
> = —1)% D)
=0 [ fam v St 5 (a0 000)
> }Cq(’)stu?{/ <_1)dqi atqz'gM(t’ s) f (S,U(s),...,u(n 1)(3)> ds}

2 S a

kY (t . K% (¢ _

= 5O 1yt (2@ oo = D 20 @0,

2 2

forallt e I and i€ {1,...,1}.
On the other hand, for j € {{+1,...,r} and t € I, we have that

b 4
(=1)""% (L u)(qj)(t) =/ (—=1)"% 0 gm(t,s) f (s,u(s), ... ,u("*l)(s)) ds > 0.

Otdi
Thus, ,CM(K) C K.
By the continuity of f and using standard techniques, one can prove that operator Ly is
compact.
Consider v € K N 0. Let us choose

ko
by
m? o(s)ds

al

€1 >

From assumption (H;), there exists p > 0 such that when ||u| < p we have that
f (t,u(t), .. ,u<n*1>(t)) > 6 <\u(t)] Fot \u<n*1>(t)y) , forall tel.
Now, we show that Ly u £ u for all u € K N9, with
O ={uecK: [lul <p},

for some p > 0. Here < denotes the order induced by the cone K.
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Then, we have that for £ € I,
Lault) = | gar(t,5) 1 (5,u(s), .- () ds
> [ h@006) 1 (50060 00V s
> " ka0606) £ (3005) - w0 (0))

al

A\

a

mi B o(s) f (s,u(s), e ,u("*l)(s)) ds

Y

mi €1 /b1 o(s) <|u(s)\ 4ot |u(n—1)(5)\> ds

ay

Y

by
mi €
L[ o) (s) o s
2 a1l

2
1

v

by
my €1
L Jull [ o(s)ds >
2 a1l

Therefore, Ly u(t) > u(t) for all t € I and so it is proved that Lys u A u for all u € KNoQ.
As a consequence (see |21, Theorem 2.3.3]), we have that

iK(ﬁM, Ql) =0.

On the other hand, the regularity of the Green’s function ga; allows us guarantee that there
exist No, Ny, € R, i € {1,...,7}, with Ny > 0 and Ny, > 0, such that

b b oY
max/ gu(t,s)ds < Ny and Sup/ (—1)% ——gpr(t,s)ds < N, i€{l,...,7}.
tel Jq tel Ja otdi
Let us choose
< mi L e, n
€ <min{ ——,——: 1 T
2 TLN()’ ani ’
By hypothesis (H>), there exists M > 0 such that if min {|u(?)],...,[u" "V (#)|} > M we

have that

f (t,u(t),...,u(”_l)(t)) < e <|u(t)| bt |u(”_1)(t)|) <neul, foral tel.

Consider g > {p, M } and let us define the following subset of K

,
_ - mi i)
) —ZL:JO{U € K: 1{161}1|u(q )] < q}.
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Since the set (25 is unbounded in the cone K, as we have pointed out earlier, the fixed point
index of operator £js with respect to 29 is only defined in the case that the set of fixed points
of operator £y in Q, that is, (id —£y;)~1({0}) N Q, is compact.

Arguing as in the proof of [9, Theorem 3.2], we can assume that ix (L, Q2) can be defined
in this case. Indeed, since id —L )y is a continuous operator, it is obvious that (id —£7)~*({0})N
Q9 is closed. Moreover, if such set is unbounded, we would have infinite fixed points of operator
Ly on 29 and, as a direct consequence, problem would have an infinite number of positive
solutions on 5. Thus, we may assume that such set is bounded, and, from this hypothesis, it
is not difficult to verify that (id —Ly;)~1({0}) N Q2 is equicontinuous.

Now, we prove that ||Lys ul| < ||| for all u € K N 0Qs.

If u € K NOQy, then

min{r}lei}ﬂu(q")(tﬂ RS {0,...,r}} =q> M.

Therefore,

b b
_ (n—1)
|21 ulloe = max / gur(t,5)  (s5,0(s), . u"D(s) ) ds < mea |l max / gar(t, ) ds

< né full No < luf,

and
b .
9%
(gi) _ (n=1)
I(Lar u)' % || stlellla ‘/a 8tqig]\/[(t,s)f(s,u(s),...,u (s)) ds‘
b .
9%
< —1)%; YY)
<nelulsp [ (05 (9 F (su(s) ) ds
<nellull Ny, < |lull,
foralliel,...,r.

Thus, [|[La u|| < |Ju]| for all u € K N 0Qs and, as a consequence (see |20, Corollary 7.4]),
we deduce that

irc(Lar, Qo) = 1.

Therefore, we conclude that the operator £ has a fixed point in K N (g \ €;) which is

a solution of problem (4.1).
Thus, in both situations ((id —£7)~1({0}) N Q2 bounded or unbounded), we may ensure

that there is a nontrivial solution of problem (4.1)) on the cone K. O

In the sequel, we present an example to illustrate our result.

Example 4.10. Let us consider again the space studied in Example(3.13 X}l{é fi . In this case,

we have from [12, Theorem 8.1] that gas > 0 on [0, 1] x [0, 1] if, and only if, M € (A1, A2], where

* A1 < 0 is the least positive eigenvalue of T4[0] in X g f]}: ,
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* Ao > 0 is the minimum between:

- Ay > 0, the least positive eigenvalue of T4[0] in X §8i1’3}.

- A4 > 0 is the least positive eigenvalue of T4[0] in X{{ol,}1,2}'

Since X*}é,}lﬂ} = X{{g]’,l’?’}, we have that X}gil’g} and X{{&}I,Q} have the same eigenvalues.

So, Ay = A\J. The eigenvalues of Ty[0] in X%{gil’g} are given by A%, where X is a positive solution
of the equation sin <%> =0.

Then, m; = 7/2 is the smallest positive solution of this equation and so N\, = \j = 474 ~
389.636 is the least positive solution of 74[0] in X {013}

{o}
By numerical approach, we have that A\; ~ —2.36* ~ —31.2852. Thus, gps > 0 on [0,1] x

[0, 1] if, and only if, M € (—2.364%, 474].

Therefore, the function gy satisfies the property (Py,) for all M € (—2.36%, 474].

We know from Example|3.13|that %QM(t, s) > 0on [0,1]x[0, 1] if, and only if, M € (—2.364,2.22%].
So, the function 2 g/ satisfies the property (Py,) for all M € (—2.36%,2.224).

In particular, both go(¢, s) and %go(t, s) satisfy the property (P,).

The function g—;gM (t, s) changes sign because %gM (t, s) vanishes at points t = 0 and t = 1.

On the other hand, we have from Theorem that g—;gM (t, s) is nonpositive on [0, 1] x [0, 1]
if, and only if, M € (A1,0]. Thus, g—;gM(t, s) < 0on [0,1]x[0,1] if, and only if, M € (—2.36%,0].
Let us study the following nonlinear problem for the particular case of M =0

1
In(e + [u(t)] + |/ ()] + [u” ()] + [ ()])

u(4)(t) _ (t4 + 1) (e\/(“(t))2+(u’(t))2+(u”(t))2+(u”'(t))2 n > te [O, 1]’

(4.3)

In this case, the function f(t, 21, xo, x3,24) = (t*+1) (e_ Vaitasteitag
is continuous and satisfies conditions (Hp) and (Hz).
From the adjoint boundary conditions, we have that n = 2 and v = 0 and so ¢(s) = 5.
By direct integration, we calculate the expressions of the Green’s functions and we have
that go(¢, s) is given by

+ 1
In(e+|z1|+|z2|+|z3]+|zal])

1
—552(2s+3(t—2)t), 0<s<t<1,

gO(t7S): 1
E152(—3(3—2)5—%), 0<t<s<l.
Moreover, we have that
1
—5 s +3(-2t),  0<s<t<l,
5—2(—3(5—2)3—%), 0<t<s<l1t#1,
S
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where 0(t, s) is the continuous extension of ggj(t’s)

W to (0,1) X [0, 1]
Since )
g~(t )_ _67 OSSStS]-a
as VT 18

8§(2t_35)’ 0<t<5§1,

is negative for all (¢,s) € (0,1) x [0, 1], we have that 0(t, s) is decreasing as a function of s for
all t € (0,1). So,

2

t
ki(t) = mino(t,s) =0(t,1) = — (3 — 2t
1() Iglel}lv(?‘g) U(? ) 12 ( )7
1
ko(t) = maxo(t,s) = 0(t,0) = =t (2 —t).
sel 4
Taking into account that these two functions are increasing on [0, 1], we have that
b= ki (1) = © and ko = k(1) = +
g = — aln = = —.
1 1 5 2 = k2 1
Let us choose I = [%,1]. Then, we have that
1 1
=min ki(t) =k =—.
m = min k() =k <6> 162
The first derivative of go(t,s) is given by the expression
s2(1—-1), 0<s<t<l

P -
ot go(t, 5) = %
§t(s(2—s)—t), 0<t<s<l

Analogously, it is not difficult to verify that

1
S (1-1), 0<s<t<l,
CHODERE I
532 (s(2—s)—1t), 0<t<s<l,
s
]
where (¢, s) is the continuous extension of %S’S) to (0,1) x [0, 1].
Since ]
0 — 0 <s<t< 17
7{)1(% S) - 2
0s

S—g(t—s), 0<t<s<l,

is negative for all (¢,s) € (0,1) x [0, 1], we have that #!(¢, s) is decreasing as a function of s for
all t € (0,1). So,

1
Ei(t) = mino'(¢t,s) =o' (¢, 1) = = (1 — ¢
l() 1'51&?’0(,8) U(v) 2( )7

1
k(t) = ol (t,s) =o' (t,0) == (1 —1t).
2(t) rggfv(,S) v (t,0) 2( )
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In this case, we have that

1 1
Ef =k} <2>:6 and k3 = k3(0) = =

Therefore, the cone K that we use to localize the solution is given by

w(t) >0,d'(t) >0,u"(t) <0 tel01],
K=SueC3I): 1,
u(t) > §t (3 —2t) lulloo, w'(t) >t (1 —t) ||u/||

Thus, from Theorem there is at least one nontrivial solution u € K of problem (4.3)).

Finally, if we consider the following nonlinear problem for M € R:

(4) _ \/(u(t))z+(u/(t))z+(u”(t))2+(u”'(i))2 1 )
U + Mu(t) = t +1) + , te
®) ( (e + [ + [0 (0] + [ (O] + [ (D)) [
u(0) = /(0) = 0,
W (1) = < )=o.

As we have pointed out at the beginning of this section, we know that g satisfies the property
(Py,) for all M € (—2.36%, 47 for suitable functions ki[M](t) and ko[M](t), t € [0,1

depend on the value of the parameter M.

Also, gM satisfies the property (P,,) for all M € (—2.36%,2.22%] for adequate functions

K M)(1) and ky[M](#), t € [0,1].
Let us denote ka[M] = maxep 1] [k2[M](t)| and k3[M] = maxye)o 1) |3 [M](¢)].

In this case, we have three situations depending on the value of M. They are given by the

following cases:

o If M € (—2.36% 47%], we consider the cone

u(t) >0 telo,1],
Koy=RueC(): ki[M](t)
u(®) 2 < el
o If M € (—2.36% 2.22%], we consider the cone
u(t) >0,4'(t) >0 tel0,1],
Ky = ueCi(l) i [M] (1) s HRE)
utt) = B Tl 0) = S )
o If M € (—2.36%,0], we consider the cone
u(t) >0, (t) >0,d"(t) <0 tel0,1],
Ky = jue C(D): R [M] (1) > MW
u(t) = TholM] [ulloc, w'(t) = }{%[M] [ oo

0,1],



Therefore, from Theorem [1.9] there is at least one nontrivial solution u € K; for each i €
{0,1,3} of problem according to the values of the parameter M.

Notice that, if M € (—31, 2852, 0], we can ensure the existence of a solution of problem ,
which is positive and increasing on (0, 1] and whose first derivative is concave in I.

Moreover, we can ensure the existence of a positive and increasing solution on (0,1] of
problem , whenever M € (—31.2852,24.2891].

Finally, if we look for positive solutions, not necessarily increasing, we can ensure their
existence for all M € (—31.2852, 389.636].

Obviously, the more restrictive the imposed conditions on the solutions are, the smaller
will be the interval of parameters M for which we can ensure the existence of solutions. In
this sense, we point out that A\, ~ 16 - Al.
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