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Abstract
We are concerned with Dirichlet systems involving the relativistic discrete
operator
Au(n —1)
1 —]Au(n —1)|?

uHA[ } (nef{l,...,T}).

Here, for u : {0,...,T+1} — RY, we denote Au(n—1) := u(n) —u(n—1).
Besides an ”universal” existence result for a system with a general nonlin-
earity, we obtain multiplicity of solutions for systems with parameterized
nonlinearities. Our approaches mainly rely on Brouwer degree arguments
and critical point theory for convex, lower semicontinuous perturbations
of C*-functionals.
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1 Introduction

By Z[p, q] we mean the discrete interval {p,p+1,...,q} for p,q € Z (p < q). The
usual Euclidean norm | - | is considered on RY. We denote by B, the open ball
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in RY centered in Og~ of radius ¢ and let ¢ : B; — R¥ be the homeomorphism

_ Y

In this paper, we firstly deal with Dirichlet systems of difference equations
having the general form

{ Afp(Au(n —1))] = f(n,u(n —1),u(n),u(n+1))  (n € Z[1,T]),

(y € By). (1.1)

w(0) = O~ = u(T + 1), (1.2)
where T' € Z is positive and fixed, Au(n — 1) := u(n) — u(n — 1) is the usual
forward difference operator and f : Z[1, T] x (RY)? — R¥ is continuous; notice,
the unknown function v is RV-valued. As emphasized in [13], the operator
A [p(Au(n — 1))] may be seen as a discretization of the acceleration in special
relativity, hence the name discrete relativistic operator.

In recent years, much attention has been paid to equations with singular
difference operators of type A [p(Au(n — 1))], with ¢ : B, — RY a homeomor-
phism, associated with classical boundary conditions such as Dirichlet, Neu-
mann, mixed or periodic. Results on this topic were achieved by using degree
theory, lower and upper solutions and variational methods and focus on the
cases when the unknown function is with either scalar values (most of them)
[2, 3, 4, 10, 11, 16, 19] or, as in our case, is RV -valued [1, 13, 14, 15]. It is worth
to point out that scalar unknown function (N = 1) correspond to the discrete
version of a scalar differential equation, while the more general case of vector
valued unknown function fits with discrete form of a differential system.

We prove that (1.2) is always solvable (Theorem 2.2), thus extending to
systems with vector valued unknown function a known result when the unknown
function is with scalar values [3, Theorem 1.2] (also, see [2, Theorem 1]). As
the arguments in [3] (or [2]) do not work when N > 1, the technique we employ
is different and essentially relies on Brouwer topological degree.

One of the main motivations of the present study originates from recent mul-
tiplicity results obtained in [12], concerning a Dirichlet autonomous differential
system of type

{ —[6()) = AVH(u) in [0,5], 13
U(O) = ORN = ’U/(b)7 '

where A > 0 is parameter and the C'-mapping H : RY — R is even. Thus,
if H has a certain at most quadratic asymptotic behavior near Og~, then the
existence of multiple distinct pairs of solutions for (1.3) is established in terms
of the eigenvalues of the scalar operator —u” with Dirichlet boundary conditions
(see [12, Theorem 4.1)).

In this paper, using critical point theory for convex, lower semicontinuous
perturbations of C''-functionals developed by Szulkin [20], we obtain multiplicity
of solutions for potential systems having the form

{ —Afp(Au(n —1))] = AVG(n,u(n))  (n € Z[1,T]),

w(0) = O~ = u(T + 1), (1.4)



where A > 0 is a real parameter, the mapping G(n,-) : RY — R is of class
C! for all n € Z[1,T] and VG stands for the gradient of G with respect to
the second variable. When G(n,-) is asymptotically superquadratic near Oy,
we prove the existence of at least two nontrivial solutions for all sufficiently
large values of the parameter A (Theorem 4.1). Here, a key ingredient is the
Mountain Pass Theorem. Then, when G(n,-) is even and has a certain at most
quadratic asymptotic behavior near Ogp~ (see (4.9)), we obtain multiple pairs
of nontrivial solutions, in terms of eigenvalues of the scalar operator —A? with
Dirichlet boundary conditions (Theorem 4.2); this is the discrete analogue of
[12, Theorem 4.1]. The proof make use of an extension of a result of Clark [5] to
Szulkin type functionals. As applications, we derive the existence/non-existence
and multiplicity of solutions for a Dirichlet problem involving parameterized
Fisher-Kolmogorov nonlinearities (Corollary 4.1) and also address the case of a
non-parametric system (Corollary 4.2).

The rest of the paper is organized as follows. In Section 2 we prove the solv-
ability of (1.2). Section 3 is devoted to variational solutions for general potential
systems—which actually means that in (1.2) one has f(n,u(n — 1), u(n),u(n +
1)) = VE(n,u(n)), with F(n,-) : RY — R a C'-mapping for all n € Z[1,7].
Existence of multiple solutions as well as of multiple pairs of solutions for (1.4)
is discussed in Section 4; some illustrative examples of applications are also
provided in this section. For the reader’s convenience, in the final Section 5 we
gather some notions and results in the frame of Szulkin’s critical point theory
which are needed throughout this paper.

2 Solvability of problem (1.2)

In this section we prove the existence of solutions to problem (1.2). The ap-
proach is a topological one and involves Brouwer degree arguments and Brouwer’s
fixed point theorem.

Denote by Xt the space of all functions u : Z[1,T] — RY and let
X900 ={u:Z[0,T + 1] = RY | u(0) = Opn = u(T +1)}.

Both of the spaces X7 and X7, will be endowed with the inner product and
the corresponding norm
1/2

T
(u(d), (@), Nullr = ZIU(]’)IQ ;

(ufv)r =

M-

1

J

where (-,-) stands for the usual inner product in RV,
For ¢ € Xp, we define the operator E, : RV — RV by

T+1

n—1
Eyx) =Y ¢ "D ) +z| (zeRrY).
n=1 j=1



Notice, the inverse mapping ¢~ ! : RY — By is given by

Y

o (y) = \/TW

(yeRY). (2.1)

Since ¢ satisfies [9, Lemma 2.1]:
(6(2) = ¢(y)x —y) 2 le —y* (2,y € By),
it follows
E=no )=o) =167 ) —o > (&meRY),
showing that ¢! is strictly monotone.

Lemma 2.1 For any ¢ € Xp, the equation E¢(x) = Ogn has an unique solution
Q(¢) € RYN. Moreover, the mapping Q : X7 — RY is continuous and satisfies

1Q(0)| < 1+fz N +1, (2.2)

forall L € Xp.

Proof. The uniqueness of the solution Q(¢) follows from the strictly monotonicity
of the operator F,. To prove the existence, we use a topological degree argument.
With this aim, set

Yo=Y [,  Re=(1+vV2)yu+1

and, for any n € Z[1,T + 1], let ¢" := Z;L:_ll £(j); clearly, |¢™] < 7. Using that
the function [0,00) > t + t2/4/1 + 2 is strictly increasing and that |¢" + x| >

x| — |e|| for all x € RY, one has

o S (] el
Vit +22 7 1+ (o] = fen])?

(z e RY). (2.3)

Let z € RY with |z| = R,. From (2.3), we get

n 2 2 2
2
|c" + x| > (V27 +1) > (V2v +1) >’7€+§- (2.4)
V1ten +a] \/1+ V2y +1)2 \/2fw+1
On the other hand, it is easy to see that
" +2,e™) (25)

—_— < .
V14 |em + z)? 7



By virtue of (2.4), (2.5) and (2.1), we obtain that, for all z € RY with |z| = Ry,
it holds

1—|—|c"—|—x\2

T+1 n 2 n n
_ Z( | + x| ("t )2?(71_’_1).

(Ey(z), z)

VIt +z2 1+ [c" +af?
Next, we introduce the homotopy H : [0,1] x Br, — RY defined by
H(t,r) =tz + (1 —t)Ey(z), Vte[0,1], V€ Bg,.
For any ¢ € [0,1] and « € 0Bp,, we have

(H(t,z),x) = t|lz]* + (1 — t)(Ey(x),z) > tRZ + (1 — t)?(T—F 1) >0,

showing that Og~ & H([0,1] x 0Bpg,). Hence, by the invariance under a homo-
topy of the Brouwer degree [6, Theorem 1.2.2], it follows

deg [EfaBRUO]RN] = deg [H(07')aBRpORN] :deg [H(la')aBRgaORN]
= deg [IRN,BRE,ORN] =1

and consequently, the equation Fy(x) = Op~ has a (unique) solution Q(¥¢) and
(2.2) holds true.

It remains to prove the continuity of the mapping Q : X7 — RY. For this,

let {{™} be a sequence in Xp such that ¢™ L1z g in Xr, as m — co. We show
that for any subsequence of {Q(¢™)}, still denoted by {Q(¢™)}, there exists a
subsequence {Q(£™*)} of {Q(¢™)} such that Q({™*) — Q(£), as k — oo. This
will conclude the proof. Since {¢™} is bounded in (X7, || - ||7) and using (2.2)
and the equivalence of the norms on the finite dimensional space Xp, we get
that {Q(¢™)} is bounded in RY; hence, there is a subsequence {Q(£™*)} of
{Q(¢™)} and some a € RY such that Q(¢™*) — «, as k — oo. Now, for all
n € Z[1,T + 1], one has

ZW )+ QM) —>Z€

which implies that

T+1 n—1 T+1 n—1
Do Do) + Qe —>Z¢ d i+ |,
n=1 j=1 = j=1

i.e., Opy = Epmi (Q({™*)) — Ey(a), as k — oco. Therefore, Ey(a) = Ogn and by
the uniqueness of solution Q(¢), we get o = Q(£). The proof is complete. |



Remark 2.1 When N = 1, Lemma 2.1 was proved by specific to this case
arguments in [2, Lemma 2] (also see the proof of Lemma 1.1 in [3]).

In the sequel Q(¥¢) will be understood as in Lemma 2.1.

Theorem 2.1 For any ¢ € Xp, problem

Alp(Au(n—1))] = n)  (n € Z[L,T)),
{ u(0) = O = u(T +1) (26)

has an unique solution uy € X%H and this is given by

n—1

u(n) =y ¢~ ZE (n € Z[0,T +1]). (2.7)

=0

Proof. We first prove the uniqueness. To do this, let u € X 1o be a solution of
(2.6). Using that

P(Au(i)) — o(Auli — 1)) = £(2), (i € Z[1,T]),

we get
k

$(Au(k)) —a =Y () (keZ[1,T)),

j=1

where a := ¢(Au(0)) = ¢p(u(l)) . So, we can write

k
Z((j) +al, (2.8)

for all k € Z[0,T]. Summing (2.8) between 0 and n € Z[0,T] we obtain

un+1)=> ¢ 'Y G +a]| (neZlo,T)). (2.9)
=0 j=1

This implies

T+1

i—1
Opny = u(T +1) = Z¢ > UG) +a | = Eefa)
j=1

and on account of Lemma 2.1, we necessarily must have that a = Q(¢). Then,

the uniqueness of the solution u = uy given by (2.7) easily follows from (2.9).
Finally, checking the fact that u, in (2.7) satisfies the difference equation in

(2.6) is straightforward. u



Now we can prove the following ”universal”’ existence result.

Theorem 2.2 For any continuous function f : Z[1,T] x (RV)? — RY | problem
(1.2) has at least one solution.

Proof. We consider the Nemytskii type operator Ny : X9, — X defined by
Ny(u)(n) = f(n,u(n = 1),u(n),u(n +1)) (0 € Z[1,T])

and let D : X9, — X9, be given by

D)) =367 [ SN @G) + Q) | (n ez T+ 1))

It is a simple matter to check that the operator D is well defined and continuous
(as Ny and @ are continuous). Also, since |D(u)(n)] < T, we deduce that
|ID(w)||7 < TVT. Thus, Brouwer’s fixed point theorem implies that D has a
fixed point u € X%Jrz. Then, from

um) = 307" [ 30 Nr(w) + QU ()

and Theorem 2.1 with £ = N;(u) we get that u satisfies
Afp(Au(n —1))] = Ny(u)(n) (n € Z[1,T]),

which ends the proof. [ |

Remark 2.2 In the case N = 1, Theorem 2.1 was proved in [3, Lemma 1.1].
The arguments therein do not work in the case N > 1 because they make use
of the order relation in R. In this respect, Theorem 2.1 is new, both as a result
and as a proof — based on Brouwer degree (Lemma 2.1). Also, when N = 1,
Theorem 2.2 is known to hold true from [3, Theorem 1.2] (also, see [2, Theorem
1]), where its proof, among others, again invokes the order in R. Thus, besides
the fact that Theorem 2.2 is more general, the operational approach in its proof
is different. We note, however, that both proofs rely on Brouwer’s fixed point
theorem.

3 Variational solutions

In order to treat problem (1.4), we introduce in this section a variational for-
mulation for a potential Dirichlet problem having the form

{ —A[p(Au(n —1))] = VF(n,u(n)), (n€Z1,T)), (3.1)

U(O) = O]RN = U(T + 1),



where F(n,-) : RV — R is a mapping of class C* for all n € Z[1,T]. We
shall see that one of the solutions of (3.1) always appears as a minimizer of the
associated energy functional. For this, denoting |Au|s := max,ezo,71 |Au(n)|,
we introduce the set

K:={ue X} ,: |Aul <1}.

Obviously K is convex and, as for v € K and any n € Z[1,T], one has

2
n—1 T—-1
() = > Au()| <T Y |Au(i)Z < T?
=0 =0
which yields
Jullr < TVT, (3.2)

it follows that the closed set K is compact in X%+2' Then, setting ®(y) :=
1—+/1—|y|? (y € B1), we consider the functionals

T
> o ®[Auy)], ifueK,
j=0

v X’%+2 — (—00, +00], V(u) = (3:3)
+o0, ifueX) ,\K,
and T
FiXbo 0B Fu)=-) F(u(),
j=1

It is not difficult to check that W is proper, convex and lower semicontinuos,
while F is of class C!, its derivative being given by

T
F'(u)(v) = =Y (VF(j, (u(f)),v(i)) (w0 € XF,). (3.4)
j=1
Now, the action functional I : X9, — (—o0, +00] associated to (3.1) will be
I=9+F,

which fits the structure required by Szulkin’s critical point theory [20] (also, see
Appendix section).

Lemma 3.1 If ¢ € Xp, then uy from Theorem 2.1 is the unique solution in K
of the variational inequality

1M

T
{@[Av(5)] - @[Au(h)]} + Z@(j),v(j) —u(j) =20 (vekK). (35



Proof. Tt will be useful hereafter the summation by parts formula:

m—+n
> (Aa(k = 1),b(k)) = {a(m +n),b(m +n)) = (a(m — 1),b(m))
k=m
m—+n
— Y lalk—1),Ab(k — 1)), (3.6)
k=m+1

for any a, b:7Z — RY and m,n € N.

Using that U is convex, (3.6) and that w, is solution for problem (2.6), we
get that, for all v € K it holds

T T
> {@[Av()] — @[Au(i)]} > D (D(Aue(h)), Av(j) — Aue(j))
3=0 j=0
T+1
= Z<¢(Aue(j 1)), Aw(j — 1) — ug(j — 1))
= —Z<A[¢(Aué(j — 1))}, 0(j) — ue(j Z 7) — ue()),

i.e., uy verifies (3.5). Next, defining J : K — R by

T T
:ZQAU +Z ) (ue K),

j=0 j=1

it is clear that u € K is a solution of the variational inequality (3.5) if and only
if it is a minimum of J on K. Then, using that J is strictly convex, we deduce
the uniqueness of the solution of (3.5). |

The main result of this section is the following

Theorem 3.1 Any critical point of I is a solution of problem (3.1). Moreover,
I satisfies the (PS) condition, is bounded from below and attains its infimum at
some ug € K, which solves problem (3.1).

Proof. Let w € K be a critical point of I. On account of (3.4), for any v € K,
one has

>_{@lAv()] = @[Aw(]} = 3 (VF(yw(i)), o) = w(i) = 0,

j=1

i.e., w is a solution of the variational inequality

T T
> {2[Av()] = AW} + Y (lw(d),v(i) — w(i)) 20, VveK, (3.7)
=0 j=1
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with ¢,, € X given by £,,(n) = —VF(n, (w(n)) (n € Z[1,T)). Then, by Lemma
3.1 we infer that actually w solves problem (3.1).

By the compactness of K it is easy to see that I is bounded from below and
satisfies the (PS) condition. Finally, from [20, Theorem 1.7] (see Theorem 5.1
in Appendix section) it follows that I attains its infimum at some ug € K and
ug is a critical point of I. The proof is now completed. [ ]

4 Multiplicity results for system (1.4)

To establish multiplicity of solutions for the parameterized potential system
(1.4), we make use of some spectral properties of the operator —A? on the
space X, of all scalar functions u : Z[0,7 +1] — R with u(0) = 0 = u(T'+1).
A number A € R is said to be an eigenvalue of —A? on X ,, if there is some
ue X))\ {OX¥+2} such that

~A%u(n —1) = du(n) (n € Z[1,71)) (4.1)

and, in this case, u will be called an eigenfunction corresponding to the eigen-
value \. It is straightforward to see that the eigenvalues of —A? on X2 Lo are
precisely the characteristic roots of the T x T tridiagonal matrix

2 -1 0 0 0 0
-1 2 -1 0 0 0
0 0 0 -1 2 -1
0 0 0 0o -1 2

and from [7, p. 45] we know that these are

mm

Am = 4sin® ———
sin 2T+ 1)

(m € Z[1,T)).

Notice that 0 < A\ < Ay < ... < Ap < 4. Also, observe that multiplying
equality (4.1) by an arbitrary v € X2 1o and using summation by parts formula
(3.6) (with N = 1), one has that if A is an eigenvalue and u is an eigenfunction
corresponding to A, then it holds

~

u(f)o() (v € Xpp,). (4.2)

T
=1

> Au(f)Av(f) = A
j=0 J

1

We shall need to consider an orthonormal basis e!,... el in X2 4o, such that

¥ is an eigenfunction corresponding to A, (k € Z[1,T]). From (4.2), we get
T .
> A (G)AEF(j) = Mdir (i k € Z[1,T)), (4.3)

J=0
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where §;; stands for the Kronecker delta function. Also, from [8, Theorem 9]
we know that the following discrete Poincaré inequality holds true:

T 1 T
S0P € - SA0G)? (e XD)

i

<.
Il
—

this yields
1 I
lull < 5~ Do lAu() (we XPys). (4.4)
J=0
Next, with U defined in (3.3), the energy functional associated with (1.4)
will be now I : X2, , — (—00, +00] given by
Iy =9+ Gy,
with
T
Gy Xppp 2R, Ga(w) = -A) G uj).
j=1

Here and below, G(n,-) : RN — R is of class C*, for all n € Z[1,T] - as assumed
in the introductory part. Notice that, by virtue of Theorem 3.1, system (1.4) is
solvable, I satisfies the (PS) condition, is bounded from below and any critical
point of I is a solution of (1.4), for all A > 0.

First, we provide a result concerning the existence of at least two nontrivial
solutions (a ground-state and a mountain pass type solution) for system (1.4),
when the null solution is know to exist.

Theorem 4.1 Assume that G(-,0gn) = 0 and that there is some n € RN \

T

{Op~} with |n] <1 and ZG(j,n) > 0. If
j=1

G(n,x)

lz|—=0  |x|?

=0 (nez[,T]), (4.5)

then there exists A > 0 such that (1.4) has at least two nontrivial solutions for
all X > A. If, in addition, G(n,-) : RN — R is even for all n € Z[1,T], then
(1.4) has at least two distinct pairs of nontrivial solutions, for all A > A.

Proof. First, we prove the existence of a constant A > 0 such that, for all A > A,
one has

inf Ty <0. (4.6)

XT+2

Then, as I/\(OX%+2) = 0, Theorem 3.1 and (4.6) will ensure that (1.4) has a

solution which is a nontrivial minimizer of I. Let u7 € X3, be with u”(n) = 7,
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for all n € Z[1,T). Since |n| < 1, we see that u” € K and ¥(u") = 2—2,/1 — |n|?.
Choosing
- S
22/ T= o _

Z?:1G(J}77) T

we have

T
L) =2=2/T=[n2 =AY _G(jm) < (A =X G(n) <0
j=1 j=1
for all A > A, and (4.6) follows.

Next, let A > A be fixed and uy; € K be the corresponding (nontrivial)
minimizer of I, with
In(uxq) < 0. (4.7)

To produce a second nontrivial critical point of I, we will use [20, Theorem 3.2]
(see Theorem 5.2 in the Appendix section). Accordingly, on account of (4.7)
and the fact that Iy satisfies the (PS) condition, it suffices to show there exist
a>0and p € (0, [|ux1|r), with

I(u) > «, forall u € K, with |lul|lz = p.

Let o € (0, \1). From (4.5) there exists § > 0 such that

GG, < L7

<=5 |22, for all j € Z[1,T] and x € RY, with |z| <6. (4.8)

This, together with the elementary inequality

2

1-V1-s2>2 (s €]0,1))

and (4.4) give

)\1—0'
2

)\1
2
— > 22

lull7 —

T Au(PE M -0
Z| ()l

g
lell3 = Ziul3,

for all u € K satistying |lul|z < d. Then, taking p € (0, min{4, ||ux1|lr}), one
has that Iy(u) > a := gp?/2 > 0, for all u € K with |lul|z = p. Therefore,
Mountain Pass Theorem ensures the existence of a nontrivial critical point uy 2
of I, with I(uy2) > 0. Obviously, ux1 # ux,2.

If G(n,-) is even (n € Z[1,T]), then so is Gy. It follows that —ux 1, —ux 2
are critical points of I and, thus, (ux1,—ux1), (uxz2, —uxz2) will be distinct
pairs of nontrivial solutions. The proof is complete. [ ]
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Remark 4.1 The reader will emphasize that if G(-,0g~n) = 0 and (4.5) holds
true - as in Theorem 4.1, then (1.4) always has the null solution. This easily
follows from (4.8).

Example 4.1 If w : Z[1,T] — R is such that 0 Z w > 0 and ¢ € R is a
constant, then there exists A > 0 so that the system

w(n) (Ju(n)[u(n); + au(n)?})

~Alg(Au(n—1))] = A ; (n € Z[1,T)),
w(n) (Ju(m)lu(n)x + au(n)})

w(0) = Ogny = uw(T + 1)

has at least two nontrivial solutions for all A > A. Theorem 4.1 applies with
w(n) S

G(Tl,:ﬂ) = T <|3’]|3 + afo’) (III = (xla e 7xN) € RN? ne Z[LTD
i=1

If a = 0 then at least two distinct pairs of nontrivial solutions exist, for all
A> A

More about the existence and multiplicity of pairs of nontrivial solutions will
be obtained in the sequel.

Theorem 4.2 Assume that the C* mapping G(n,-) : RN — R is even, G(n,Ogn) =
0 and that o
lim inf M
lz[—0 2|2

Then, the following hold true:

(1) if X\ > 2\, for some m € Z[1,T], then (1.4) has at least mN distinct pairs
of nontrivial solutions;

>1  (nezZ[1,T)). (4.9)

(i) if X > A1, then (1.4) has at least one pair of nontrivial solutions.

Proof. (1) On account of Theorem 3.1 and as ¥ and G are even, we can apply
[20, Theorem 4.3] (also, see Theorem 5.3 in the Appendix section). Accordingly,
it suffices to prove that

inf I 0. 4.10
LJof itelg A(v) < (4.10)

Since A > 2\,,, we can choose € € (0,1) so that A > 2),,,/(1 — ) and by (4.9),
there exists 6 € (0,1/2] such that

2G(j,x) > (1 —¢)|z|?, forall j € Z[1,T] and z € RY, with |z| <4§. (4.11)
Next, in X% 4+, we consider the subspace

E,, = {alel + .. 4a™e™ ol ame RN},
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equipped with the norm

m %
Halel—k...—i—amemHE = <Z|ak|2> .
" k=1

Notice that E,,, = e!RY @ e?RY @ .- @ e™RY and hence, dim E,, = mN. We

set
Ap(p) ={v € Ep: |vlEe, = p},

with p € (0,6]. Then, it is easily seen that the odd mapping H : A,,(p) —
SmN=1 given by

H iakek = (O&,...7a]1\’7...’ain7...,O‘TNn)
k=1 p P p P

is a homeomorphism between A,,(p) and S™¥~1 (= the mN — 1 dimension unit
sphere in the Euclidean space R™"). Hence, we estimate the genus y(A,,(p)) =
mN and so, 4,,(p) € TN

Let v = >, a¥e* € A,,(p). Using (4.3), one has

A (i a’“e’“(j)) =2 1> (i afﬁek(ﬂ))

2

k=1 i=1 \k=1

T T
Dol = Y
=0 =0

D (@)P(AF () + D aFalAet () A ()
1\ k=1 k=1
1#£k

I
B
] =

<.
Il
=)

3

NE
MZI

Il
-

T
(af)? ) _(Aef(5))?
=0

~
Il
—

7

m N T
+ ) |Doakal Yy Ack(j)Ad ()
j=0

J

Lk=1 |i=1
I#£k
= > P < Anlollh,, = Amp®. (4.12)
k=1

This gives |Av]e < vVAmp < 26 < 1, meaning that A,,(p) C K. Also, it is clear
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that

m N
= Y@ =Y fah = (4.13)

Then, from |[v(j)| < p < § (j € Z[1,T)), together with (4.11), (4.12) and (4.13),
we estimate Iy on A4,,(p) as follows

Iy(v) = P@)+Ga(v) < Z |Av(5)[? 1 —€ Z
=0 i=1
< = 21—t = 52\ —)\(1—5)<0

This yields
inf sup [l sup I (v) <O,
AelmN ueg )\( )_ UEAmP(p) )\( )
showing that (4.10) holds true and the proof of (i) is accomplished.

(ii) Let d € RN \ {Og~} be such that ¢, := de! satisfies |Ap1]oo < 1. Then
w1 € K\{ORN} and

T T
S 1A ()P =MD e ()P
=0 =1

We have
T T
- s|A

S[-VITREAGF] Y 2ol
. j=0 . = 1—|3A801( )l
lim = lim =X\. (4.14)
s—0t 1 T o s—0t o

52 lse1(d)] SZ\%(J)\
j=1 j=1

Now, let A > A; and let us fix some € > 0 with Ay < A — . From (4.14)
there exists s; = s1(\, &) € (0,1) such that

1~ VI FBnGP] <2

(s€(0,81)). (4.15)

i0-
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On the other hand, from (4.9), there is some § = §(A, &) > 0 so that
. = 2 . N .
2G(j,z) > (1 — )\) ||, for all j € Z[1,T] and z € R, with |z| <. (4.16)

Then, choosing so = s3(A, €) € (0,s1) with

a <4
et |s2p1(n)] <9,

from (4.15) and (4.16), we infer

T
As2p) <3 1= VT [s2B010) }—ZBM ()P < 0= I(0xx)

Jj=0

and hence, if A > A\{, the even functional I attains its infimum at some u) €
K \ {Og~}. Therefore, by Theorem 3.1 system (1.4) has a pair of nontrivial
solutions (uy, —uy) and the proof is now complete. |

As an application of Theorem 4.2, we obtain existence/non-existence and
multiplicity of nontrivial solutions for the Dirichlet system involving Fisher-
Kolmogorov type nonlinearities

{ u(0) = Ogy = u(T +1), (4.17)

where ¢ > 0 is fixed and and w : Z[1,T] — R. Note that, in this case, one has

|z

G(n,z) = E

q+2
wimy 2
q+2

Corollary 4.1 (i) If A > 2X,, for some m € Z[1,T], then (4.17) has at least
mN distinct pairs of nontrivial solutions.

(it) If X\ > A1, then (4.17) has at least one pair of nontrivial solutions.
(i5i) If X € (0, \1] and w > 0, then the only solution of (4.17) is the trivial one.

(x e RN, n € Z[1,T)). (4.18)

Proof. Statements (i) and (i) are immediate by Theorem 4.2 and (4.18). To
prove (ii7) we proceed by contradiction. Assume that, for some A € (0, )], a
function u € X, is a nontrivial solution of (4.17). Then, using the summation
by parts formula (3.6) and Poincaré inequality (4.4), one gets

T
AZIU w(f)u)|?) == (Alg(Au(i — 1)), u(f))
j=1
T T Au(j)
= Au
j;)@( (7)) jz — |Au =7

MH

G)? > )\12 lu(j) (4.19)

<.
I
=)
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This implies

T T
Z (72 > _’\Z

and, in the case 0 < A < A1, we obtain the contradiction

T
=N 3 )P

If A= Ay, from (4.19) it follows

>\1Z|U |2>/\1Z|U w(f)u(5)]*)

Au(
-5 A= S = S

7=0 7=0

and so, we have

T 1
AP | ——————— —1] =0,
> <J>|< — )

which yields Au(0) = Au(l) = ... = Au(T) = Og~. This means that u is a
constant vector and then, as u € K, we infer that u = Ogpy — a contradiction,
again. Thus, (4.17) has only the trivial solution and the proof is complete. ™

We end this section by a result of existence and multiplicity of nontrivial
solutions for the non-parametric system (3.1).

Corollary 4.2 Assume that, for all n € Z[1,T], the C'-mapping F(n,-) :
RY — R is even and F(n,Ogn) = 0.

(¢) If, for some m € Z[1,T), F satisfies

lim inf Fn,z) > Am (n € Z[1,TY)), (4.20)

lz|-0  |z|?

then (3.1) has at least mN distinct pairs of nontrivial solutions.

(i) If

>Z2L (mezp,T), (4.21)

holds true, then (3.1) has at least one pair of nontrivial solutions.
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Proof. By (4.20), there exists A > 0 such that

lim inf 2, z)
lz|»0  |z|?

>A>2\, (n€Z[1,T).

From Theorem 4.2 (i) we have that problem
Awmmnnﬂxv<mem»> (n € Z[1, 7)),
w(0) = O~ = u(T + 1)

has at least m N distinct pairs of nontrivial solutions. A similar argument works
when (4.21) is fulfilled. ]

Remark 4.2 Theorem 4.2, Corollaries 4.1 and 4.2 are nonautonomous discrete
variants of Theorem 4.1, respectively, Corollaries 4.2 and 4.4 (i), (i%) in [12].
For analogous results regarding the multiplicity of periodic solutions of a system
with discrete relativistic operator in the case of N = 1, we refer the reader to
[11].

5 Appendix

We briefly recall here some notions and results in the frame of critical point the-
ory for convex, lower semicontinuous perturbations of C''-functionals, developed

by A. Szulkin [20].

Let (Y, || - ||) be a real Banach space and Z : Y — (—o00, +00] be a functional
having the structure

T=F+1, (5.1)

with F € CY(Y,R) and v : Y — (—o0, +00] proper, convex and lower semicon-
tinuous. An element u € D(v) is said to be a critical point of T if it satisfies
the variational inequality

(F'(u),v —u) + ¥(v) —p(u) 20 (v € D(4)).

A number ¢ € R such that Z~!(c) contains a critical point is called a critical
value of the functional Z. A sequence {u,} C D(v) is called a (PS)-sequence if
Z(up) — r € R and

(F'(un),v = un) +9(0) = ¥(un) 2 —enllv —unl| (v € D)),

where €, — 0. The functional Z is said to satisfy the (PS) condition if every
(PS)-sequence possesses a convergent subsequence in Y.
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Theorem 5.1 ([20, Theorem 1.7]) If Z is of type (5.1), satisfies the (PS) con-
dition and is bounded from below, then

c:=inf7Z
%
is a critical value of T.

The following theorem extends for functionals of type (5.1) the classical
Mountain Pass Theorem.

Theorem 5.2 ([20, Theorem 3.2]) Assume that T has the structure (5.1), sat-
isfies (PS) condition and that

(i) Z(0) = 0 and there exist a, p > 0 such that Z(u) > o if |Ju| = p;
(i1) Z(e) <0 for some e €Y, with |e|| > p.
Then, I has a critical value ¢ > o which can be characterized by

c=inf sup Z(6(t)),
0€9O te(o,1] (6)

where © = {6 € C([0,1;Y) : 6(0) =0, 6(1) =e}.

Let X be the collection of all symmetric and closed subsets of Y\ {0}. The
Krasnoselskii genus of a nonempty set A € X, denoted (A), is defined as being
the smallest integer k£ with the property that there exists an odd continuous
mapping h : A — R¥\ {0}. If such an integer does not exist, then y(A) := +o0.
It is known that if A € ¥ is homeomorphic to S*~1 (= the k — 1 dimension unit
sphere in the Euclidean space R¥) by an odd homeomorphism, then y(A) = k
(see e.g. [18, Corollary 5.5]). For other properties and more details of the
notion of genus we refer the reader to [17, 18]. Denoting by I" the collection of
all nonempty compact, symmetric subsets of Y, endowed with the Hausdorff-
Pompeiu distance and setting

Tp:i=cd{AecT: 0& A, v(A) >k}

(cl is the closure in T'), the following theorem is an immediate consequence of
[20, Theorem 4.3].

Theorem 5.3 Let Z be of type (5.1) with F and ¢ even. Also, suppose that T
is bounded from below, satisfies the (PS) condition and Z(0) = 0. If

inf supZ(v) < 0,
Az, sup(v)

then the functional T has at least k distinct pairs of nontrivial critical points.
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