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Abstract

This paper innovatively addresses the effect of cooperation on sequencing situations with position-dependent
effects. Specifically, we ensure the convexity of the associated sequencing games under the fulfillment of cer-
tain conditions related to the neighbor switching gains. Additionally, we propose two families of allocation
rules based on sharing the neighbor switching gains under two distinct procedures, each providing a path
from the initial order to an optimal order. From a theoretical point of view, an axiomatization of both fami-
lies of allocations is provided, and their stability is also ensured under the conditions related to convexity.

Keywords: game theory; position-dependent effects; neighbor switching gains; convexity; stable allocations

1. Introduction

The most basic sequencing situations naturally assume the processing of a collection of jobs on a
single machine. In these situations, each job is associated with an agent (a player). An initial order
of the jobs is assumed before processing begins. A common task in sequencing is to find an optimal
order that minimizes the total costs of processing for all players. Interactive (time or cost) saving
situations arise from the cooperation among players as they rearrange jobs from the initial order to
an optimal order.

In standard sequencing situations (cf. Smith, 1956), specified by a linear cost function of the
completion time of jobs, the nonincreasing order of the ratio of the linear cost coefficient to the
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processing time (the urgency index) minimizes the total costs. Curiel et al. (1989) defined a trans-
ferable utility cooperative game for each standard sequencing situation and analyzed its theoretical
properties. Specific allocations of the total cost savings, based on the equal division of gains from
switching two misplaced neighbors, are easily obtained using the so-called Equal Gain Splitting
rule (EGS-rule). Various studies have extended the analysis of standard sequencing situations by
relaxing or modifying some assumptions of the standard model. Borm et al. (2001) studied sev-
eral classes of these games. Borm et al. (2002) studied due date criteria, while van Velzen (2006)
assumed nonfixed processing times. Klijn and Sanchez (2006) introduced uncertainty in some pa-
rameters, and Estévez-Fernandez et al. (2008) incorporated repeated players. Research by Gerich-
hausen and Hamers (2009), Grundel et al. (2013), or Cift¢i et al. (2013) focused on the effects of
grouping players into families or batches. Musegaas et al. (2015, 2018) analyzed step out-step in
sequencing games and their convexity. Curiel (2015) introduced multistage sequencing situations,
and Liu et al. (2018) considered effects on machine availability. Yang et al. (2019) addressed co-
operation in sequencing situations with externalities. More recently, Saavedra-Nieves et al. (2020)
and Schouten et al. (2021) considered exponential and logarithmic cost functions in sequencing,
respectively. Instead of imposing constraints on the jobs, Calleja et al. (2002) and Slikker (2005)
analyzed cooperation in sequencing by extending the number of available machines. Slikker (2023)
studied relaxed sequencing games arising from the profit by rearranging coalitions, and van Beek
et al. (2023) analyzed standard sequencing problems from a noncooperative perspective.

Sequencing problems typically assume fixed job processing times. However, in practice, modeling
sequencing situations often requires additional assumptions to more closely approximate reality,
particularly when the processing position is critical. In many real-world problems, factors such as
machine deterioration or learning can cause the processing time of a job to be nonfixed. This is
common in industrial environments related to production or maintenance processes, or in firefight-
ing, where a delay in action increases the time and effort required to complete the task. Broadly,
two subclasses of sequencing problems arise based on these effects. Deterioration effects imply that
the later a job starts, the longer it takes to process. Conversely, learning effects mean that the actual
processing time of a job gets shorter the later the job is processed. Cheng et al. (2004) provide a sur-
vey on sequencing with time-dependent processing times, and Biskup (2008) gives an overview of
sequencing situations with learning effects. Gordon et al. (2008) analyzed the problems of minimiz-
ing the makespan or the total flow time under various positional effects on processing times. Rus-
togi and Strusevich (2012a, 2012b) reviewed sequencing problems with position-dependent effects.
Briskorn et al. (2021) studied sequencing problems involving an external resource for a noninter-
rupted period. Yang et al. (2020) analyzed cooperative sequencing problems considering potential
position effects.

Given the variety of real-world applications, this paper examines a common model for allocating
cost savings from cooperation in sequencing situations with position-dependent effects on the ma-
chine. To the authors’ knowledge, a cooperative perspective on this class of problems has not yet
been fully explored in the literature. Yang et al. (2020) provide a preliminary approach that serves
as a basis for generalization to a broader context. This generalization encompasses a wider fam-
ily of positional effects on processing times and allows for a broader range of objective functions,
beyond just minimizing total processing costs typically considered in game-theoretic contexts. In
contrast to standard sequencing situations, neighbor switching gains are now position dependent.
The problem of allocating joint savings under position-dependent effects is approached from a
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game-theoretic perspective, requiring additional conditions on neighbor switching gains to ana-
lyze them as sequencing games (cf. Curiel et al., 1989). First, we provide a sufficient condition
under which the games arising from these new sequencing situations are oy-component additive
(cf. Curiel et al., 1989), ensuring stable savings allocations. Additionally, following the ideas of
Saavedra-Nieves et al. (2020) and Schouten et al. (2021), we study the convexity of this new class
of transferable utility (TU) games. We define two allocation rules for general sequencing situations
with position-dependent effects, based on specific paths from the initial order to an optimal order.
These allocations use the ideas of the Gain Splitting rules for standard sequencing situations in
Hamers et al. (1996), which divide the neighbor switching gains at each step between the involved
players. This allows their characterization, consistent with Yang et al. (2020).

The structure of the paper is as follows. Section 2 introduces preliminaries on sequencing sit-
uations with position-dependent effects and TU games. Section 3 introduces sequencing games
with position-dependent effects and provides conditions under which convexity and oy-component
additivity are satisfied. In Section 4, we study the stability of the proposed allocation rules for the
resulting savings. Section 5 provides characterizations for each of these allocation rules. Concluding
remarks are presented in Section 6.

2. Preliminaries

In this section, we formally introduce some theoretical terminology on sequencing problems and
cooperative game theory to provide a better understanding of the rest of the article.

A sequencing situation with position-dependent effects is given by (N, oo, p, f, c¢), where N =
{1,2,...,n} is the set of jobs that need to be processed on a single machine. The order oy is the
initial order in which the jobs are arranged in front of the machine. Formally, an order is a bijection
o:N —{1,2,...,n}such that o (/) = k means that job i is at position k in the queue. IT1(N) is the
set of all orders of N. The vector p = (p;)eny € RY, indicates the original processing times of the
jobs; f:{l1,2,...,n} — R*" is a map that indicates the positional effect of processing a job i at
position k, and the function ¢ : IT(N) —> R represents the global cost objective function, which
evaluates the cost of processing jobs in N according to any order o € I1(/N) and is assumed to be
additive and regular. Following Curiel et al. (1994), the global cost of an order is the sum of the
individual costs of processing jobs, prescribed by a weakly monotonic function of the time each job
spends in the system. Let o € I1(N) be an order. The set of predecessors of i € N with respect to o
is denoted by P(o, i) and given by P(o, i) = {k € N : o(k) < o(i)}. The set of followers with respect
to o is denoted by F(o, i) and given by F(o,i) = {k € N : o (k) > o(i)}.

We consider positional effects on the processing times given by f(k), for every k € {1, ..., n},
satisfying that (1) = 1. Thus, the effective processing time of job i at position k in a given order is
exactly given, forall k € {1, ..., n}, by

pic = pif(k), with f(k) > 0.

Some models considering position-dependent effects under this scheme include those studied by
Gordon et al. (2008) and Rustogi and Strusevich (2012b). Hereafter, (N, oo, p, f, ¢) refers to a se-
quencing situation with position-dependent effects and the set of all these situations is denoted by
PSEQV.
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Take (N, 0y, p, f, ¢) € PSEQ". In this sequencing context, the main purpose is to minimize the
considered objective function ¢. The completion times of the jobs in N in an order o € TI(N) are
denoted by C;(0) and given by

Ci(0) = piciiy + Z Pko (k) forallie N.
keP(o.i)

Given a schedule for the jobs specified by an order o € TI(N), we denote the value of the cost
objective function by ¢(o). A useful example is the total flow time, which corresponds to the sum
of the completion times for N according to o. Thus, an order & is optimal for ¢ if it minimizes the
cost criterion ¢ considered over all orders of N. Note that the optimal order may not be unique.
Accordingly, the set of misplacements with respect to an optimal order & is given by the set of
pairs of players that are ordered inversely in oy and 6. Formally, for a sequencing situation with
positional effects (N, g, p, f, ¢) € PSEQ" and for an optimal order &, we have that

MP(oy,6)=1{(i,j) € N x N : op(i) < o9(j) and 6 (i) > 6())}. (1)

In practice, any optimal order is obtained from the initial order by recursively interchanging
pairs of consecutive jobs, because every permutation is the product of transpositions of pairs of
consecutive misplaced neighbors. Thus, a sequence of permutations from o to an optimal or-
der 6 is a path (oy, 01,07, ...,0, = &) if, for every k € {1,...,m}, o, € [I(N) and oy_; and oy
only differ in one pair of consecutive jobs. From now on, a path from oy to 6 will be denoted by
P(c). That is, there exist i and ji in N such that o;_1(ji) = ox_1(ix) + 1 and oy (ix) = ox_1(j),
01(jr) = oxk—1(ix) and oy (£) = oy_1(£) for every £ € N\ {i, ji}. We only consider those paths
P(6) = (09, 01, - .., 0,y = &) repairing all misplacements step by step.

In our context, the cost criterion considered varies in each step of a path from the initial or-
der to the optimal order. In this sense, the gain from switching two consecutive jobs corresponds
to the variation in the cost criterion of processing jobs. Let o € I[I(N) and i, j € N a pair of
jobs such that o (i) =k and o(j) =k + 1 for some k € {l,...,n— 1}. The gain from switching
these jobs in o is formally given by c¢(o) — ¢(t), where 7 € TI(N) is an order of N such that
(i) =0 (j), 1(j) =o(i)and t(£) = o (£), forall £ € N\ {i, j}. From now on, we denote g;;(c) as
the neighbor switching gain from switching the pair of consecutive jobs i, j of N in o. Since the
effective processing times of i and j change after switching, the neighbor switching gains become
position-dependent. Clearly, the completion times of the followers of j are also modified under
these circumstances even though they maintain their original positions relative to the machine.
Therefore, the gain from switching i/ and j also includes the corresponding variation in the global
cost caused by these changes in the completion times of the followers of job jin o.

For some specific sequencing problems, an optimal order 6 can be obtained if jobs are pro-
cessed according to the nondecreasing order of certain priorities assigned to them. If this condition
holds, we refer to the existence of an index policy. Two of the most popular index policies in se-
quencing problems are based on the processing times of jobs and are introduced below. Consider
(N, 00, p, f,c) € PSEQY and 6 € TI(N).
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» The Shortest Processing Time rule prescribes an optimal order 6 for ¢ if and only jobs with shorter
processing times are processed earlier. Formally, it satisfies that

Po1(1) = S Do 1k—1) S Po1k) S Poket) =00 = Do) (2

» The Largest Processing Time rule prescribes an optimal order ¢ for ¢ if and only if jobs with
longer processing times are processed earlier. Formally, it satisfies that

Po1(1) = " = Do1(k—1) = Po-1(k) = Po-1(k+1) = *** = Pé-1(n)- 3)

In sequencing situations, assuming that jobs belong to players, cooperation among the players is
key to reaching the optimal order from an initial order. Hence, TU games are useful. A TU game
is a pair (N, v), where N is the set of players and v is the characteristic function, that is, a map from
2V to R with v(#) = 0. In general, v(S) represents the worth of cooperation by players in S, for all
SCN.

A TU game (N, v) is superadditive if v(S U T') > v(S) + v(T') for every pair of coalitions S, 7" C
N with SNT =@. A TU game (N, v) is convex (cf. Shapley, 1971) if, for all i € N and for all
S c T C N\ {i,itsatisfies v(S U {i}) — v(S) < (T U {i}) — w(T).

TU games deal with coalitions and allocations, considering groups of agents willing to allocate
the joint benefits derived from their cooperation. Let (&, v) be a TU game, an allocation of (¥, v)
is an element x € RY. A solution concept (or a value) for TU games is a map v, which assigns to
every TU game (N, v) a subset of allocations ¥ (v) C RY. Two well-known solution concepts are
the Shapley value (Shapley, 1953) and the t-value (Tijs, 1981), among others. Additionally, the core
of a TU game (N, v) (Gillies, 1953) is given by

Core(v)={xeR" : ¥ "x;=v(N)and ) x; > v(S)forall S C N with S # @ ¢. 4)
ieN ieS

The core elements are considered efficient and stable, meaning that no coalition has an incentive to
split off from the grand coalition N. The fulfillment of specific properties of the cooperative game
is crucial. For instance, both the Shapley value and the r-value of any TU game belong to the core
if the game is convex.

3. Sequencing games with position-dependent effects

This section analyzes sequencing situations with position-dependent effects from a game-theoretic
perspective. Let (N, 0o, p, f,c) € PSEQY be a sequencing situation with position-dependent ef-
fects. A sequencing game with position-dependent effects is represented by the TU game (&, v), where
players are identified with jobs (or each job is owned by only one player) and v(S) denotes the
maximal savings that coalition S achieves through admissible rearrangements of their jobs rela-
tive to oy. An order o € TI(N) is admissible with respect to oy for a nonempty coalition S C N,
if P(o,i) = P(oy, i) for all i € N\ S; that is, if the outsiders of S remain in exactly the same posi-
tions as in oy. The set of admissible orders for S with respect to oy € TI(N) is denoted by A(oy, S).
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Thus, the sequencing game with position-dependent effects associated with (N, oy, p, f, ¢) is for-
mally given by

y(S) = max {c(o0) — c(0)}, forall S € N with S # @. (5
(XS 00,

A coalition S C N is connected with respect to an order o € IT(N) if for all i, j € S and k €
N such that o (i) < o(k) < o(j), it holds that k € S. Moreover, for any S € N and o € TI(N), a
component of S with respect to o is a maximally connected subset of S with respect to o. The set
of all components of a coalition S € N, with S ## ¢, and an order o € I1(N) is denoted by S|, .

Example 1 illustrates the determination of sequencing games with position-dependent effects.

Example 1. Let (N, 09, p, f,¢) € PSEQY suchthat N = {1, 2, 3,4}, 00 = (1,2, 3, 4),and p; = 0.93,
P> =0.94, p; = 0.86, and py, = 0.9. Consider f(k) =" forallk e {1,...,n— 1}, with b = 1.6,
and c(0) = Y,y €. Below, we depict the global costs for all orders of N.

o c(o) o c(o) o c(o) o c(o)

(1,2,3,4) 4230.407 (2,3,4,1) 4693.391 (3,4,1,2) 5189.909 4,1,2,3) 4226.882
(2,1,3,4) 4205.141 (1,3,4,2) 4836.244 (3,4,2,1) 5115.430 4,2,1,3) 4186.802
(2,3,1,4) 4495.271 (3,1,4,2) 5043.412 (1,4,2,3) 4151.598 (4,2,3,1) 4627.304
(1,3,2,4) 4565.621 (3,2,4,1) 4923.845 (2,4,1,3) 4087.673 4,1,3,2) 4739.621
(3,1,2,4) 4761.181 (1,2,4,3) 3996.404 (2,4,3,1) 4517.729 4,3,1,2) 5066.987
(3,2,1,4) 4715.984 (2,1,4,3) 3972.538 (1,4,3,2) 4655.190 4,3,2,1) 4994.274

Let S ={1,2}and T = {3, 4}, two disjoint connected coalitions with respect to oy. By using (5),
we have v(S) = 25.266 and v(T") = 234.003. If we take SU T, we obtain v(SU T') = 257.869. We
directly check that the players in N have no incentives to cooperate because

25.266 + 234.003 = v(S) + v(T) > w(SU T) = 257.869.

That is, (&, v) is not superadditive.

The lack of superadditivity illustrated in the previous example indicates that sequencing games
derived from sequencing situations with position-dependent effects generally do not belong to the
class of ap-component additive games (cf. Curiel et al., 1993). Given oy € TI(N), a TU game is
called a op-component additive game if the following conditions hold:

* v({i}) =0, foralli e N;
* (N, v) is superadditive; and
*y(S)= > w(T)forall S C N, with S # ¢.

TeSl(70

Let (N, v) be the sequencing game with position-dependent effects associated with the sequenc-
ing situation with position-dependent effects (N, oy, p, f, ¢). Consider S € N as a nonempty and
connected coalition with respect to oy. Formally, 65 denotes an admissible optimal order for .S re-
sulting from only exchanging those pairs of players i, j € S that are misplaced. Thus, if 05 is the
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order in the path P(65) from oy to &5 in which 7 and j of S are consecutive and they switch their
positions,

v(S) = > gif(o). (6)

i,jeS: (i,j)eMP(0y.65)

If we further consider a condition on the position-dependent neighbor switching gains of mis-
placements, we can ensure that the associated sequencing game is a oy-component additive game.
Let (N, 09, p, f,¢) € PSEQV be a sequencing situation with position-dependent effects and con-
sider 7, j as a pair of players of N that are consecutive in a given order o, that is, if 6 (j) = o (i) + 1.
We say that the neighbor switching gains satisfy the property of strict position dependence if

gtj(a) = gi_j(f)’ (7

for any pair of orders of jobs o, T € I1(N) such that o (i) = 7(i) and o(j) = 7(j) for any pair of
consecutive players i and j of V. This property ensures that the gain from switching the consecutive
jobs i and j is not influenced by the processing times of the remaining jobs but depends solely on
their own parameters and position. Clearly, Example 1 does not satisfy this condition. It is enough
to consider the orders (1,2,3,4) and (1,2,4,3), determine the gains from the exchange of players 1
and 2, and observe that the amounts are different.

Theorem 1. Let (N, o9, p, f, c) € PSEQ" be a sequencing situation with position-dependent effects,
and let 6 € TI(N) be an optimal order. If the strict position dependence in (7) is satisfied for all pairs
of players i, j € N, then the corresponding sequencing game with position-dependent effects (N, v) is
a og-component additive game.

Proof. Let (N,v) be the sequencing game with position-dependent effects associated with
(N, 09, p, f, ¢) and take ¢ as an optimal order for the players in V.

Let S be a nonempty and connected coalition of N with respect to the initial order 0. We denote
65 as an optimal order for S resulting, respectively, from exchanging only those pairs of players
i, j € S that are misplaced in oy. That is, we can specify a path P(65) = (0y, ..., 65) by only repair-
ing pairs (i, j) € M P(oy, 65), respectively.

Let T, without loss of generality, be a connected coalition with respect to oy such that SN 7 = ¢
and oy (i) < oy(j) for every i € S and j € T. We denote 61 as an optimal order for 7" and denote
6sur as an admissible and optimal order for S U T', when considering oy as the initial order. Thus,
we can specify two different paths from oy to 6sur, prescribed by (oy, ..., 0s,...,07,...,0suT)
and (oo, ...,67, ..., 0sur), Where o7 is an optimal order for 7 when considering &5 as the initial
order. Moreover, &7 is an admissible order for S U T obtained by correcting those pairs of mis-
placed players of 7' with respect to 65 (and oy), following the steps of the sub-path from oy to
or.

By the property of strict position dependence, the values of the neighbor switching gains gi‘,-(o,.]T»)
are identical regardless of whether we take the path from oy or 65 to optimally order the players in
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T. Specifically, by construction, if aiJT. and 53]7 denote the steps in their respective paths where i and
Jj are consecutive, it holds that

W(T) = c(oo) — ¢(67)

= Z gi_j(ai?)

i,jeT: (i,j)eM P(09.67)

= Z £ij(3})

i,jeT: (i,j))eMP(6s,67)

®)

= c(d5) — c(07).

Below we prove that (N, v) belongs to the class of op-component additive games as defined in
Curiel et al. (1993). First, from its definition in (6), it directly follows that v({i}) = O for alli € N. To
prove the additivity of connected components of (N, v), consider S U T, a nonconnected coalition
with respect to oy. It also holds that

v(S) +(T) = (c(oo) — ¢(65)) + (c(00) — c(d7))
= (c(00) — ¢(65)) + (c(d5) — c(o7))

= c(0p) — c(o7) ©)
= ¢(09) — c(dsu7)
=v(SUT).

These equalities in (9) are justified by the equality in (8), the fact that playersin N \ (S U T') occupy
the same positions in oy and 65 and that &7 is admissible for S U T by construction. However, this
order is also optimal for S U T since S U T is a nonconnected coalition. Therefore, the exchanges
of players between the two components are excluded. The case of more than two nonconnected
components readily follows.

Now, to prove the superadditivity of (&, v), assume that SU T is a connected coalition with
respect to og. Then, it holds that

v(S) + v(T) = c(og) — c(o7)
< ¢(09) — c(dsuT) (10)
=v(SUT).

Thus, the superadditivity of (N, v) is ensured by the arguments used to justify (9), and by the fact
that, since S U T is assumed to be connected, &7 is an admissible but not necessarily optimal order
for SUT.

Hence, we establish that (%, v) belongs to the class of op-component additive games. O

Note that the previous condition is sufficient but not necessary to ensure that sequencing games
belong to the class of op-component additive games. For instance, Example 2 illustrates that the
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sequencing game associated with the considered sequencing situation is a op-component additive
game, despite the fact that the condition in (7) is not satisfied.

Example 2. Take (N, o9, p, f,c¢) € PSEQ" such that N = {1,2,3,4}, oo = (1,2,3,4) and, p, =

0.62, p» = 0.69, p3 =0.91 and ps = 0.95. Consider again f(k)=5"forall ke {1,...,n—1},
with b = 1.51, and c¢(0) = 3, €“(®). The next table displays the global costs for all orders of N.

o c(o) o c(o) o c(o) o c(o)

(1,2,3.4) 1154.085 (2,3.4,1) 659.646 (3,4,1,2) 516.966 4,1,2,3) 770.622
(2,1,3,4) 1113.811 (1,3,4,2) 762.695 (3,4,2,1) 488.332 4,2,1,3) 731.397
(2,3,1,4) 895.094 (3,1,4,2) 658.719 (1,4,2,3) 910.670 4,2,3,1) 561.734
(1,3,2,4) 977.411 (3,2,4,1) 590.337 (2,4,1,3) 834.146 4,1,3,2) 626.639
(3,1,2,4) 843915 (1,2,4,3) 1107.871 (2,4,3,1) 640.426 4,3,1,2) 506.679
(3,2,1,4) 800.795 (2,1,4,3) 1069.218 (1,4,3,2) 740.296 4,3,2,1) 478.623

The sequencing game with position-dependent effects (N, v) associated with (N, oy, p, f, ¢) is
shown below.

S v {1} {2} {3} {4} {1,2} {1, 3} {1, 4}
v(S) 0 0 0 0 0 40.274 0 0
S {2,3} 2,4 3.4 {1,2,3} {1,2,4) {1, 3,4} {2,3,4} N
v(S) 176.674 0 46.214 353.289 40.274 46.214 413.789 675.462

It is easy to check that, in this case, (&, v) is superadditive. Hence, (N, v) belongs to the class of
op-component additive games since it also satisfies the other two required conditions.

In the following, we will focus exclusively on the analysis of sequencing situations with position-
dependent effects that satisfy the strict position dependence property. This condition implies that
the gains from switching a pair of consecutive jobs are independent of the parameters of the remain-
ing jobs. To simplify the notation in the rest of the paper, we will denote these neighbor switching

gains by g;;(k), where k is the position of job i in front of the machine. From now on, PSE QN refers
to the subset of all sequencing situations with position-dependent effects such that the associated
neighbor switching gains satisfy the property in (7). Although this property may seem restrictive,
common objective functions in sequencing such as the makespan or the total flow time result in
sequencing situations that fulfill this property.

Next, we study the convexity of sequencing games with position-dependent effects associated

with any (N, o9, p, f,¢) € PSE QN. This property ensures that the larger the coalition of jobs a
certain job joins, the larger the savings resulting from their optimal rearrangement. In general,
Borm et al. (2002) characterized the property of the convexity for the class of op-component addi-
tive games.

Proposition 1 establishes a condition that ensures the convexity of sequencing games with
position-dependent effects. Following the approaches in Saavedra-Nieves et al. (2020) and Schouten
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et al. (2021), such condition is also based on the study of the increasing (or not) character of the
neighbor switching gains, the fact that considerably simplifies the analysis of convexity with respect
to the condition of Borm et al. (2002).

Proposition 1. Let (N, oy, p, f,c) € PSE QN and let & be an optimal order such that
gij(k) = 0 for all (i, j) € MP(0y, ¢) and g;;(k) < 0 for all (i, j) ¢ M P(0o,5)

forallk e {1,...,n—1}. Take (N, v) as the associated sequencing game with position-dependent ef-
fects. Then, (N, v) is convex if

i) gij(k) > gij(k') for all (i, j)e MP(oy,6), for all ke {l,...,n—1}, and for all k' e {k+
1,...,n—1}, or

ii) gij(k) < gij(k') for all (i, j)e MP(oy,6), for all ke{l,...,n—1}, and for all k' € {k+
1,...,n—1}L

The previous result provides a sufficient condition for the convexity of the corresponding se-
quencing game. Ensuring convexity for the associated TU games is beneficial, as it guarantees that
some well-known allocation procedures belong to the core. However, computing some of these pro-
cedures can be a challenging computational task (e.g., the Shapley value). For this reason, we aim
to study simpler procedures for allocating the cost savings in general sequencing frameworks, as an
alternative to those mentioned above.

4. Cost savings allocation rules under positional effects

In this section, we focus on allocating the savings obtained from optimally processing the jobs. For
this purpose, we introduce two different families of allocation rules that can be computed directly

for every sequencing situation with position-dependent effects (¥, oy, p, f, ¢) € PSE QN.
An allocation rule in this setting is formally defined as a mapping i, which assigns to

each sequencing situation with position-dependent effects (N, oy, p, f, ¢) € PSE QN an allocation
V¥ (N, o0, p, f,c) € RY. Below, we outline the steps to derive two new allocation rules within our
framework. Both are based on concepts similar to the Gain Splitting rules for standard sequencing
situations (Smith, 1956). Analyzing the game-theoretic properties that these allocations satisfy is
of particular interest. For instance, Curiel et al. (1989) proved the nonemptiness of the core for the
general class of op-component additive games, while Curiel et al. (1994) introduced and verified that
the B-rule specifies a core allocation in such class of TU games. In our context, we also investigate
whether our two new proposed allocations are at the core of the corresponding sequencing games
with position-dependent effects.

First, we describe two general procedures that form the basis for both definitions, specifying
paths from the initial order to an optimal one. The first procedure, named the latest misplacement
procedure, begins by swapping the latest pair of consecutive misplaced players in the initial order
relative to an optimal order. Subsequently, it identifies the latest pair of consecutive misplaced play-
ers in the resulting order from the previous step. This iterative process continues until all players are
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positioned according to the optimal order. Formally, the latest misplacement procedure is described
as follows:

Procedure 1 (Latest misplacement). Take (N, o9, p, f,c) € PSE QN and let 6 € I1(N) be an optimal
order. Fix k = 1.
Step 1: For the first step, set

j1 = argmax {oy(t) : (s,t) € MP(oy, 6), with op(s) = oo(t) — 1},

that is, (i1, j1) is the latest pair of misplaced players according to & such that oy(j;) = op(i;) + 1.
Take o, as the corresponding order of N obtained from switching the latest neighbors (i, j;) and
go to Step 2.

For k > 1 until k = |M P(0y, 6)|, do:

Step k: Take o;,_; and do

Jx = argmax {ox_1(?) : (s,1) € MP(0o, ), with oy_1(s) = oy—1(r) — 1},

that is, (i, ji) is the latest pair of misplaced players according to 6 such that ox_;(jx) = ox_1(ix) +
1. We obtain o as the corresponding order of N resulting from switching the latest neighbors
(i, jx). Go to Step k + 1.

The second procedure, named the earliest misplacement procedure, naturally reverses the idea
of the procedure above. Now, we start with the earliest pair of consecutive misplaced players. We
sequentially switch the earliest pair of consecutive misplaced players in each step with respect to the
optimal order. This procedure was initially introduced in Yang et al. (2020). Formally, the earliest
misplacement procedure is defined as follows:

Procedure 2 (Earliest misplacement). Take (N, oo, p, f,c) € PSE QN and let 6 € TI(N) be an opti-
mal order. Fix k = 1.
Step 1: For the first step, set

i1 = argmin {oy(s) : (s,7) € MP(oy, 6), with o(t) = oo(s) + 1},

that is, (i1, j1) is the earliest pair of misplaced players according to ¢ such that oy(j;) = op(i;) + 1.
Take o as the corresponding order of N obtained by switching (71, j;) and go to Step 2.

For k > 1 until k = |M P(0y, 6)|, do:

Step k: Take o;,_; and do

i = argmin {oy_1(s) : (s,7) € MP(0y,6), with o_1(t) = op_1(s) + 1},

that is, (i, ji) is the earliest pair of misplaced players according to & such that oy _1(ji) = ox_1(ix) +
1. We obtain oy as the corresponding order of N resulting from switching the earliest neighbors
(ix, jx). Goto Step k + 1.

Each procedure unequivocally determines a unique path from the initial order to an optimal one.
From the set of misplaced agents, it is possible to identify which agents need to be switched at each
step of the path from oy. Thus, after selecting a path from the initial order to an optimal order,
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we apply the concept behind the GS-rules from Hamers et al. (1996) to divide the corresponding
neighbor switching gains at each step along this path.

Definition 1. Tuke (N, o9, p, f,c) € PSE QN. Let 6 be an optimal order such that P(6) =
(00,01,02,...,6) is a path from oy to &, and let A be a collection {};;}i jen: i+; Such that A;; €
(0,1) for all i, j € N, i # j. Thus, the A-Gain Splitting rule for 6 (GS*F9)-rule) specifies for every
(N, o0, p, f, c) the following allocation:

|M P(c9.6)]

GS"PON, 00, p. fre) = Y (hicje - i (e 1) iy + (1= Xij)) - &ije(0e1 (i) 1),
=1

being (ig, jo) the pair of misplaced players switched in step £ of the path P(6), with €=
l,...,|MP(oy,6)|, and 1y € RN,for everyi € N, is such that, for allk € N,

1, ifk=1i;
(L = 0, otherwise.

From here onward, for technical convenience, A will denote the collection of weights given by
{Xij}ijen: izj, with A;; € (0, 1) for all i, j € N, i # j. The idea behind the family of the GS*-rules
is straightforward: the neighbor switching gain for every misplaced pair of players (i, j) is divided
between i and j with weights equal to A;; and 1 — 4,;, respectively. Specifically, the Equal Gain
Splitting rule for 6 (EGS”@)-rule) is defined by taking A;; = 1 for all i, j € N, i % j. This rule
generalizes the EGS-rule for standard sequencing situations (Curiel et al., 1989) to accommodate
general cost objective functions. From a game-theoretic perspective, the EGS-rule coincides with
the B-rule for the sequencing game associated with standard sequencing situations (Curiel et al.,
1994).

In contrast to Hamers et al. (1996), the position dependence of gains from switching players
implies that the path chosen from the initial order to a fixed optimal one influences the definition
of allocation rules. Therefore, we propose two types of allocation rules based on the two proce-
dures mentioned. For an optimal order 6 and each fixed choice of A, the allocation given by the
GS*7©)_rule, when using the latest misplacement procedure, is named the A-Gain Splitting Latest
rule (GS**9)-rule) and denoted by GS**“)(N, oy, p, f, ¢), where L£(6) denotes the path from oy
to ¢ specified by Procedure 1. Alternatively, for an optimal order ¢ and each fixed choice of A,
if the path is specified by the earliest misplacement procedure, the allocation is known as the A-
Gain Splitting Earliest rule (GS*¢©)-rule) and denoted by GS*¢)(N, oy, p, f, ¢), with £(&) being
the path from oy to 6 specified by Procedure 2. Now, due to the position dependence of neighbor
switching gain, the allocation specified by the B-rule does not necessarily coincide with either of the
two proposed allocation rules.

In general, it would be desirable for allocation rules to guarantee core elements. The following
result ensures that for every fixed optimal order  and every fixed choice of A, the GS**“)-rule, and
GS™¢@) _rule lead to allocations in the core, provided that the conditions on the position-dependent
neighbor switching gains ensuring convexity for the associated sequencing game are met.
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Theorem 2. Let (N, 00, p, f,¢) € PSEQN, and let & be an optimal order such that
gij(k) = 0 for all (i, j) € MP(0o,6) and g;j(k) < 0 for all (i, j) ¢ M P(0o, )

forallk € {1,...,n—1}. Take (N, v) as the associated sequencing game with position-dependent ef-
fects and take a fixed choice of A.

i) If gij(k) < gi;j(k") for all (i, j) € MP(oy,6), for all ke {1,...,n—1}, and for all k' € {k+
1,...,n—1}, then GS**C)(N, o9, p, f, c) provides a core element.

ii) If gij(k) > gij(k') for all (i, j) € MP(oy,0), for all k€ {1,...,n—1}, and for all k' € {k +
1,...,n—1}, then GSA*S(&)(N, o0, P, [, ¢) provides a core element.

Proof. Let (N,v) be the sequencing game with position-dependent effects associated with
(N, 00, p, f, ¢) and take 6 as an optimal order for the players in N. Thus, £(6) and £(6) denote
the paths specified by the latest and earliest misplacement procedures, respectively. Take S C N a
nonempty and connected coalition with respect to the initial order oy, and take a fixed choice of A.

By definition, the allocations prescribed by the GS™*®)-rule and the GS**©)-rule for &, de-
noted by GS*“C)(N, oy, p, f, ¢) and GS»¢C)(N, oy, p, f, ), respectively, are efficient. Then, it only
remains to check coalitional stability for those coalitions connected by o(. Take 65 as the op-
timal order for S resulting from only exchanging of those pairs of players i, j € S such that
(i, j) € M P(0y,6). We denote kf/. as the position in which i and j of S switch in a given path from
oy to Og.

Take (i, j) € M P(0y, 6) such that i, j € S. In both cases, we obtain a direct expression for kfl.
when considering the latest and the earliest procedures.

a) Using the latest misplacement procedure (Procedure 1), to determine the position where i and j
are interchanged, we start from the initial position of i in oy and move backward. At each step,
we check if there is a player between i and j in oy who follows j in &, or if a follower of j in oy
precedes jin 6. Then,

ki, = |P(00, )| + 1 + | P(09, j) N F(00, ) N P(6, j) N S| + | F (00, j) NP6, j)N S|.

Here, we establish that kf, < kf.y , since S is connected. This follows because P(oy, j)N
F(oy,i)N PG, j)NS = P(oy, j) N F(oy,i)NP(6, j) and F(og, j)N PG, j)NS C F(op, j)N
P(6, j). Therefore, the nondecreasing character of g;;(k) under condition (i) ensures that
gij(kfsj) = gij(k,}‘j)-

b) Using the earliest misplacement procedure (Procedure 2), to determine the position where i and
j are interchanged, we start from the position of 7 in oy. We move backward each time a player
between i and j in oy precedes i in 6, and move forwards each time a predecessor of 7 in oy
follows i in . Then,

k3 = |P(00. i)l + 1 + |P(00, j) N F(00, i) N P(6, 1) N S| — |P(0o, i) N F(6,i) N S].
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Furthermore, &/} < k7, because S is connected. This is evident from P(oo, j) N F (0o, 7) N
P(G,i))NS = Py, )N F(o, i) N P(G,) and  P(oy, )N F(S,i)NS C P(oy, i) N F(&, ).
Therefore, the nonincreasing nature of g;;(k) under condition (ii) ensures that g; j(kfj) < gij (k).

As a consequence, for both statements, we have that

> gk = Do gk =wS).

i,jeS: (i,))eM P(c9,6) i,jeS: (i,j)eMP(0y,6)

Finally, note that for every (i, j) € M P(0y, 6) with i, j € S, the corresponding neighbor switch-
ing gain g,-_,-(kg) is divided among players i and j. Thus, by summing the allocations prescribed by

the GS**)_rule or the GS*¢“)-rule, we find that

Y GSFUN, 00, p, fr0) = Yoo gk

ieS i,jeS: (i,j)eM P(0y,6)
and
AE(6
> GSHE N, 00, p. f.0) = > gij(ki)),
ieS i,jeS: (i,j)e M P(0y,6)

regardless of the fixed choice of A considered. Thus, it immediately follows that

> GSHON, 00, p. f. €)= ¥(S)
ieS

and

> GSFEON, 0. p. f. 0) = W(S),

ieS

for statements (i) and (ii), respectively, concluding the proof.

5. A characterization of the cost savings allocation rules

In this section, we aim to characterize the allocations prescribed by the GS**@)_rule and the
GS*¢@)_ryle for every optimal order & and every fixed choice of A, for any sequencing situation

with position-dependent effects in PSEQ . To achieve this, we utilize a set of natural and compre-

hensive properties imposed on the rule prescribed by each procedure, for every fixed 6 and every

fixed A, extending those originally introduced in Yang et al. (2020) in various aspects. These prop-

erties provide additional insights into the characteristics of the proposed allocations and enable
comparisons with alternative allocations within the typically wide core. Specifically, we provide

characterizations within a framework encompassing general positional effects on processing times,

addressing cases not previously considered, such as allocations specified by the latest misplacement
procedure and scenarios involving nonequalitarian and general weight distribution A.
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Consider (N, 0y, p, f,c) € PSE Q]v and, from now on and for technical reasons, take an optimal
order 6 and a fixed choice of A specified by a collection {A;;}; jen: i=; such that A;; € (0, 1) for
all i, j € N, i # j. We begin by examining the A-Gain Splitting Latest rule (GS**%)-rule). Now,
we introduce some necessary properties. U(oy, i) denotes the set of predecessors of player i that
are ordered inversely in oy and in &, defined as U(ay, i) = {k € N : (k, i) € M P(0y, 6)}. Player i is
termed a U -equivalence player with respect to sequencing situations with position-dependent effects
(N, 00, p, f,¢) and (N, o1, p, f, ¢) if P(oy, i) = P(o1, i) and for any pair of players /, /" € U(oy, i),
oo(l) < oo(I') implies o1(!) < o1(!"). A pair (J, i) is termed a tail pair with respect to (N, oy, p, f, ¢)
if (j, i) € M P(oy, 6), 0o(i) = oo(j) + 1 and for any k € F(oy, i), (i, k) ¢ M P(oy, &).

Using these definitions, we can immediately formalize the following two properties, which are
considered as variations of equivalence and switch properties for the EGS-rule (Curiel et al., 1993).
Let (N, 0o, p, f, ¢)and (N, o1, p, f, ¢) be two sequencing situations with position-dependent effects

in PSE QN, and let ¢ be any allocation rule defined on this class of problems. Using the previous
notions, the following two properties can be immediately formalized.

o U-equivalence. If some player i € N is a U-equivalence player with respect to (N, oy, p, f, ¢) and
(N, o1, p, f,c), then ¢;(N, 09, p, f,c) = ¢i(N, o1, p, f, ¢).

o A-Latest switch property. Take i, j € N such that o¢(i) = 0¢(j) + 1, 01(i) = 00(j), 01(j) = 00(i),
and o(k) = oo(k) for any k € N \ {i, j}. If (j, i) is a tail pair with respect to (N, oy, p, f, ¢),

Xji(@i(N, o1, p, f, ¢) — ¢i(N, 00, p, f,¢)) = (1 = 4;)(¢;(N, o1, p, [, ¢) — d;(N, 00, p, f ©)).

In addition, allocation rules for sequencing situations with position-dependent effects inherit
some fundamental properties from cooperative game theory. A player i € N is said to be a
dummy player in a sequencing situation with position-dependent effects (¥, oy, p, f, ¢) € PSE QN if
00(j) > op(i) implies that (i, j) ¢ M P(oy, 6) and oy(k) < oy(i) implies that (k, i) ¢ M P(op, ). In
other words, player i does not contribute to the cost savings.

* Dummy property. A division rule ¢ defined for sequencing situations with position-dependent
effects satisfies dummy property if ¢;(N, o9, p, f, ¢) = 0 for any dummy player i € N.

* Efficiency property. A division rule ¢ in this setting satisfies efficiency if ) ,_\ ¢i(N, 0o, p, f, ¢) =
(V).

The following result ensures that, for every optimal order 6 and a fixed choice of A, the A-Gain
Splitting Latest rule for 6 (GS**®)-rule) satisfies efficiency, dummy player property, U-equivalence,
and A-latest switch property. It is important to note that the result holds similarly for any A consid-
ered, with adjustments made for the specific A-latest switch property accordingly.

Theorem 3. Let (N, 00, p, f,¢) € PSE QN, and let 6 be an optimal order. Take a fixed choice of M.
Then, the GS**©)-rule is the unique allocation satisfying efficiency, dummy player, U-equivalence,
and \-latest switch property.

Proof. Take (N, oy, p, f,c) € PSE QN, ¢ as an optimal order for N, a fixed choice of 2, and the
allocation prescribed by the GS**@)-rule for &, that is denoted by GS**)(N, oy, p, f, ¢). The
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fulfillment of efficiency and dummy player for the GS**(®)-rule is straightforward. Therefore, we
only need to prove the properties of U-equivalence and A-latest switch property.

Fix any i € N. Take (N, o1, p, f,¢) € PSE QN such that P(oy, i) = P(oy, i) and for each pair of
players [, I € U(oy, i), oo(l) < oo(!") implies o1(]) < o1(I"). Take U(oy, i) = {s1, ..., s,} such that
oo(s1) > ... > oo(s,) and, thus, we have that o1(s1) > ... > o1(s,). Thus, GSA 'C(”)(N oo, p, f,¢) =
GSZM(&)(N, o1, p, f, ¢) by construction.

Below, we prove the A-latest switch property. Take (N, oy, p, f, ¢) € PSE QN and (J, i) a tail pair
with respect to (N, oy, p, f, ¢). Now, take (N, o1, p, f,¢) € PSEQN such that o1 (i) = 0o(j), 01(j) =
o0(7) and o(k) = oy(k) for any k € N\ {i, j}. Take U(oy, i) = {51, ..., s,} satisfying that op(s;) >

- > oo(sy,), s1 = j and, thus, that U(oy, i) = U(0y, i) \ {j}. For player i, as (J, i) is a tail pair, it
holds that

|U(o0.0)| |U(00.1)|

GSI DN oo, p. fre)= D (1 =ny) - goilk)) = (1 = 1gi(k) + Y (1= Agi) - g5k
=1 =2

(11)
for A, and being
kY, = |P(00, s0)| + 1+ |P(00, i) N F (00, s¢) N P(6, )| + |F (00, 1) N P8, i)
the position where s, and i, with £ = 1, ..., |U(0y, i)|, interchange their positions when using Pro-
cedure 1. Additionally, it also holds that
. 1U (00,0
GSI DN, ov,p fre) =D (1= hgi)- guilkd,) (12)

for (N, 00, p, f,¢), with £(6) being the path from o; to & that is obtained by repairing,
step by step, the misplacements as in £(6), with the exception of (j,i). Then, it holds that
GS NN, 00, p. f. ¢) = GSIEOUN, 01, p. fr€) = (1 = hji)g i),

For player j, we must consider those followers of j in oy that are misplaced with respect to j.
That is, D(oy, j) ={k € N : (j, k) € MP(oy,6)} = {t1, ..., ty}, with t; = i. We now assume that for
any pair of players s, ¢ € D(oy, j), it holds that (s, ) € M P(0y, 6), and for each pair of players
s,t € D(oy, 1), (s,t) ¢ MP(0p,6). Thus, it holds that

|D(00,/)I |U(00,)|
L(6
GST DN, oo, p. foe) =Nji- gk + D M- gin )+ D (1= 25) - g kD)
=2 (=1
and
| D(o9. ) |U (00,1)|
Aﬁ(r
GS AN, o1, p. f Z Mo &in KN+ D (L= Rg) - g (KD ).
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In addition, we also have that GS7““(N, 09, p. . ¢) — GS_}’5<&>(N, o1 p. [ 0) = hji - giikY).
Using these previous equalities, it directly satisfies that

Mi(GSTEOW. 01 p S ) = GSIEO N0 p S ) =
= (1 — )\ji) <GS_)}’E(&)(N, o, p f,c)— GS;’E(&)(N, oo, o, [ c))
and that
GS“CO(N, 0. p. £, ¢) — GS"“CO(N, o1, p. [ ©)
+ GS™ YN, o0, p. f.¢) = GS*EON, o1, p. f.¢) = g (k). (13)

It only remains to be checked that this is the unique allocation rule fulfilling these properties.
Take ¢ as an allocation rule for sequencing problems with position-dependent effects in PSEQ

satisfying the four considered properties. For any (N, oy, p, f,¢) € PSE QN and 6 an optimal or-
der, we define M,, = {(s,1) € MP(0y,6): oo(s) =op(t) — 1}. We use a proof by induction on
the cardinal of M,,. If [M,,| =0, ¢:(N, 00, p, f, ¢) = GS}"* (N, 00, p, f,¢) =0 for all i € N by
the dummy property. Now, suppose that for any |M,,| < m, it satisfies that ¢(N, oy, p, f, ¢) =
GSMEO(N, o9, p, f, c).

Take (N, o0, p, f,¢) € PSEQN such that |M, | =m+ 1. Take i € N such that (j,7) is a tail
pair with respect to (N, oo, p, f, ¢). We denote 6 as an optimal order for (N, oy, p, f, ¢). Take
(N,o1,p, f,c) € PSEQ/v such that oy(j) = o1(i), o0(i) = 01(j), and op(k) = o1(k) for any k €
N\ {i, j}. Immediately, we have that |M,, | = m. From the U-equivalence property and the induc-
tion assumption, it holds that

Oc(N, 00, p, £, ¢) = ¢(N, a1, p, f, ¢) = GS; "N, o1, p, f, ¢) = GS; (N, 00, p, £ €)

for all ke N\ {i, j}. Besides, by efficiency and the induction hypothesis, it holds that

¢i(N, 00, p, f, ) + ¢;(N, 00, p, [, ¢) — gi(k}) = ¢i(N, 01, p, f, ¢) + ¢;(N, o1, p, f, ¢). The A-latest
switch property implies that there is a fixed choice of A = {A;;}; jen: ixj, With A;; € (0, 1) for all
i, j € N,i# j,such that

Lji(@i(N, o1, p, [, ¢) — ¢i(N, 00, p, f, ) =
= (1—-1;) (qb[(N, 0, p. f+¢) = ¢i(N, o1, p, [ ¢) — gk )
Now, using the previous equation, the induction assumption, and Expression (13), we have that
9i(N.0o. p. f.¢) = (N, o1, p. f. ) + (1 = 1) (k)
= GS?’E(&)(N, on p fro)+ (1= )k
= GS}"M (N, 00, p. f. ©)
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for the fixed choice of A considered. Similarly, we have that

¢j(N.oo,p, [, ¢) = GS;'L((%)(N, o1, p, [, )+ Ajigji(o0()))-

Hence, ¢(N, 0o, p, [, ¢) = GS**OU(N, 00, p, [ ©). O

Similarly, we now characterize the allocations prescribed by the A-Gain Splitting Earliest rule for
6 (GSH¢©) _rule), denoted by GS*C)(N, oy, p, f, ) for every optimal order & and every fixed
choice of A, specified by the earliest misplacement procedure (Procedure 2). As mentioned previ-
ously, Yang et al. (2020) introduced this procedure for a specific sequencing problem and character-
ized the corresponding allocation. Now, we generalize the properties considered therein to a much
broader context as follows. v

Take (N, 09, p, f, ¢) as a sequencing situation with position-dependent effects in PSEQ , and let
6 be an optimal order. We denote D(oy, 7) as the set of followers of player i that are ordered inversely
in oy and in &, that is, D(0y, i) = {k € N : (i, k) € M P(0y, 6)}. Player i is said to be a D-equivalence
player with respect to sequencing situations with position-dependent effects (N, oy, p, f, ¢) and
(N, o1, p, f,c¢) if F(oy,i) = F(o1, i) and for any pair of players /,!" € D(oy, i), oo(l) < oo(l') im-
plies that o1(/) < o1(!"). We refer to (i, j) as a head pair with respect to (N, oo, p, f,¢) if (i, j) €
M P(0y, 6), 0o(i) = 0p(j) — 1 and for any k € P(oy, i), (k, i) ¢ M P(0y, 5).

Take (N, oo, p, f,¢)and (N, o1, p, f,c) in PSE QN, and take ¢ as any allocation rule defined for
sequencing situations with position-dependent effects.

* D-equivalence. If player i € N is a D-equivalence player with respect to (N, oy, p, f,¢) and
(N, o1, p, f,c), then ¢i(N, 09, p, f,¢) = ¢i(N, 01, p, [, ).

e A-Earliest switch property. Take i, j € N such that oy(i) = o9(j) — 1, 01(i) = 00(j), 01(j) = 00(i),
and o1(k) = op(k) for any k € N\ {i, j}. If (i, j) is a head pair with respect to (N, oo, p, f, ¢),

(1 - )\ij)((bi(N’ o1, P, f’ C) - ¢5(Nv 00, P, f’ C)) = )\ij((»bj(N» o1, P, f? C) - ¢_j(Na 00, P, f’ C))

Note that for the case of the EGS-rule (cf. Curiel et al., 1989), prescribed by setting ;; = %
for all i, j € N,i+# j, this property generalizes the head switch property introduced in Yang
et al. (2020).

The next result ensures that the allocations specified by A-Gain Splitting Earliest rule for an
optimal order 6 and for a fixed A (GS™¢)-rule) satisfy efficiency, dummy player, and the properties
above. This theorem generalizes the one already presented by Yang et al. (2020) to a wider family
of sequencing problems and a more general family of allocations of the cost savings. The structure
of the proof is quite similar to that of the previous theorem and, for the sake of readability, we
omit it.

Theorem 4. Let (N, 0y, p, f,¢) € PSE QN, and let 6 be an optimal order. For a fixed choice of A,
the GS™¢©) _rule is the unique allocation satisfying efficiency, dummy player, D-equivalence, and \-
earliest switch property.
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6. Concluding remarks

In this paper, we analyze the cooperation among jobs in sequencing situations with position-
dependent effects. First, we establish a sufficient condition to ensure that the associated sequencing
games belong to the class of op-component additive games, a property that is not always guaranteed
in this context, and we study its convexity. Second, we specify a broad family of savings allocation
rules for this class of sequencing situations, based on the concept of distributing gains among
agents who have exchanged their positions due to misplacement. Specifically, our focus is on allo-
cations defined by paths from the initial order to the optimal one, as prescribed by the earliest and
the latest procedures. From a theoretical standpoint, the stability of these allocations is guaranteed
under conditions that also ensure convexity. Additionally, we provide an axiomatization of these
savings allocation rules. Within this family, a notable case occurs when the splitting coefficients are
equal to 1/2.

It is noteworthy that the earliest and the latest procedures align with the principles underlying
the growing tail procedure and the growing head procedure discussed in Schouten et al. (2021).
The positions where players i and j in N switch during each step of the paths induced by the
growing head and the growing tail procedures correspond to those associated with the latest and
the earliest procedures, respectively. Consequently, allocations prescribed by the GS*-rules along
paths specified by the latest and the earliest misplacement procedures coincide with those induced
by the growing head and the growing latest procedures when applied to sequencing situations with
positional effects, for every optimal order and every fixed choice of A.

Furthermore, the results presented here on convexity and the stability of savings allocations are
applicable to a wide range of sequencing situations with position-dependent effects, including those
discussed in Yang et al. (2020), as well as scenarios involving positional effects and the cost objective
functions, such as the total flow time or makespan, as discussed in Wang and Xia (2005) or Gordon
et al. (2008).
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