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We formulate the concept of weak cleft extension for a weak entwining structure in a br
monoidal categoryC with equalizers and coequalizers. We prove that ifA is a weakC-cleft extension,
then there is an isomorphism of algebras betweenA and a subobject of the tensor product ofAC and
C whereAC is a subalgebra ofA. Also, we prove the corresponding dual results and linking
information of this two parts we obtain a general property for a pair morphismsf :C → A and
g :A → C of algebras and coalgebras satisfying certain conditions. Finally, as particular inst
we get the results of Fernández and Rodríguez, the theorems of Radford, Majid and Besp
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Introduction

Weak entwining structures have been introduced by Caenepeel and de Groot [16]
a generalization of entwining structures defined by Brzeziński and Majid [14,15]. They
introduce the so-called entwining structures, consisting of an algebraA, a coalgebraC, and
an interwiningψ :C ⊗ A → A ⊗ C satisfying four technical conditions which have be
replaced for weaker axioms in the definition of Caenepeel and de Groot. In this con
weak entwined module is at the same time anA-module aC-comodule, with compatibility
condition given byψ . With this definition it is possible to unify some categories of modu
associated to a Hopf algebra or a weak Hopfalgebra, for example classical Doi–Ho
modules and weak Doi–Hopf modules defined by Böhm in [10].

On the other hand, the main result of [3] isa generalization, for weak Hopf algebr
living in a symmetric monoidal category with split idempotents, of the well-known re
due to Blattner, Cohen and Montgomery which shows that ifg :B → H is a morphism
of Hopf algebras with coalgebra splittingf , then there exists an algebra isomorphi
betweenB and the crossed productBH �σBH

H whereBH is the left Hopf kernel ofg and
σBH is a suitable cocycle (see Theorem (4.14) of [9]). In this generalization Alonso
González proved that ifg :B → H is a morphism of weak Hopf algebras and there ex
a morphism of coalgebrasf :H → B such thatg ◦ f = idH andf ◦ ηH = ηB , then using
the idempotent morphismqB

H = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B and an equalize
diagram it is possible to construct an algebraBH and morphismsϕBH :H ⊗ BH → BH ,
σBH :H ⊗ H → BH such that there exists a subobjectBH × H of BH ⊗ H isomorphic
with B as algebras and with algebra structure defined by a crossed product involvinϕBH

andσBH . Also, in [3] one can find the dual results and linking this information with the
obtained previously, we get a weak version of Radford’s theorem introducing the ca
of weak Yetter–Drinfeld modules. Radford’stheorem [27] gives equivalent conditions f
an objectA ⊗ H equipped with smash product algebra and coalgebra to be a Hopf al
and characterizes such objects via a bialgebraprojection. Majid in [24] interpreted thi
result in the modern context of Yetter–Drinfeld modules and stated that there is a
one correspondence between Hopf algebras in this category, denoted byH

HYD, and Hopf
algebrasB with morphisms of Hopf algebrasf :H → B, g :B → H such thatg◦f = idH .
Later on, Bespalov proved the same result for braided categories with split idempot
[5], and pursued further the development of Radford’s theory in joint work with Drab

In [1] Alonso and Fernández found a very short proof of Radford’s result using
notion of H -cleft comodule (module) algebras (coalgebras) for a Hopf algebraH in a
braided monoidal category. In some sense the approach of [1] is motivated by a c
terization of crossed products as a sort of cleft extensions and normal Galois exte
and it can be extended to the theory of entwined modules. In [20], using these idea
nández and Rodríguez obtained, for aC-(co)cleft extensionA in the braided categoryC,
a cross (co)product semi(co)algebra inC. As a direct consequence, they give an exam
of a crossed product by a coalgebra coming from the theory of coalgebra bundles
application to the case of two morphismsf :C → A andg :A → C of algebras and coa
gebras satisfying certain conditions. In particular, ifA andC are Hopf algebras, then w
have a braided interpretation of Radford’s theorem, i.e., the results of Majid and Bes



J.N. Alonso Álvarez et al. / Journal of Algebra 284 (2005) 679–704 681

-
nces

ng. In

een
uct

theory
evel-
two

s, we
he re-
bras
e, we

e-

o prove
or

e

The main goal of this paper is to find a good definition of cleft extension for weak en
twining structures and with it to obtain a general theory involving as a particular insta
the results of the last two paragraphs. The organization of our paper is the followi
Section 1, for a weak entwining structure, we introduce the notion of weakC-cleft exten-
sionAC ↪→ A, beingA an algebra,C a coalgebra andAC a subalgebra ofA. We prove
that if A is a weakC-cleft extension, then there is an isomorphism of algebras betw
A and a cross product algebra ofAC andC where the base object of this crossed prod
is a subobject of the tensor product betweenAC andC in the braided categoryC. In the
entwining case we recover the results of [20] and we also give an application of this
to weak Hopf algebras with coalgebra splitting obtaining, for example, the theory d
oped in [3]. In Section 2, we prove the dual results and linking the information of this
sections, in Section 3, we obtain an application to the case of two morphismsf :C → A

andg :A → C of algebras and coalgebras satisfying certain conditions. As example
obtain the results of [20] and in the case of Hopf algebras with projection we have t
sults of Majid, Bespalov (braided categories). Finally, if we work with weak Hopf alge
in symmetric categories with split idempotents we obtain the results of [3]. Of cours
have as a particular example Radford’s theorem.

1. Weak entwining structures and weak C-cleft extensions

We assume that the reader is familiar withthe machinery of braided monoidal cat
gories. Details may be found in [21]. In what follows we denote with(C,⊗,K, c) a strict
braided monoidal category with equalizers and coequalizers. It is an easy exercise t
that if we have equalizers and coequalizers, then there exist split idempotents, i.e., f
every morphismq :Y → Y such thatq = q ◦ q , the there exist an objectZ and morphisms
i :Z → Y andp :Y → Z verifying q = i ◦ p andp ◦ i = idZ .

An algebra inC is a tripleA = (A,ηA,µA) whereA is an object inC andηA :K → A

(unit), µA :A ⊗ A → A (product) are morphisms inC such thatµA ◦ (A ⊗ ηA) = idA =
µA ◦ (ηA ⊗ A), µA ◦ (A ⊗ µA) = µA ◦ (µA ⊗ A). Given two algebrasA = (A,ηA,µA)

and B = (B,ηB,µB), f :A → B is an algebra morphism ifµB ◦ (f ⊗ f ) = f ◦ µA,
f ◦ ηA = ηB . Also, if A, B are algebras inC, the objectA ⊗ B is also an algebra inC
whereηA⊗B = ηA ⊗ ηB andµA⊗B = (µA ⊗ µB) ◦ (A ⊗ cB,A ⊗ B).

A coalgebra inC is a tripleD = (D, εD, δD) whereD is an object inC andεD :D → K

(counit), δD :D → D ⊗ D (coproduct) are morphisms inC such that(εD ⊗ D) ◦ δD =
idD = (D ⊗ εD) ◦ δD, (δD ⊗ D) ◦ δD = (D ⊗ δD) ◦ δD . If D = (D, εD, δD) andE =
(E, εE, δE) are coalgebras,f :D → E is a coalgebra morphism if(f ⊗ f ) ◦ δD = δE ◦ f ,
εE ◦ f = εD. WhenD, E are coalgebras inC, D ⊗ E is a coalgebra inC whereεD⊗E =
εD ⊗ εE andδD⊗E = (D ⊗ cD,E ⊗ E) ◦ (δD ⊗ δE).

Definition 1.1. A right–right weak entwining structure onC consists of a triple(A,C,ψ),
whereA is an algebra,C a coalgebra, andψ :C ⊗ A → A ⊗ C a morphism satisfying th
relations

(i) ψ ◦ (C ⊗ µA) = (µA ⊗ C) ◦ (A ⊗ ψ) ◦ (ψ ⊗ A),
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(ii) (A ⊗ δC) ◦ ψ = (ψ ⊗ C) ◦ (C ⊗ ψ) ◦ (δC ⊗ A),
(iii) ψ ◦ (C ⊗ ηA) = (eRR⊗ C) ◦ δC ,
(iv) (A ⊗ εC) ◦ ψ = µA ◦ (eRR⊗ A),

whereeRR:C → A is the morphism defined byeRR = (A ⊗ εC) ◦ ψ ◦ (C ⊗ ηA). The
morphismψ is called interwining.

The definition of right–right weak entwining structure was introduced by Caenepeel
de Groot in [16] and is a generalization of the notion of right–right entwining structur
fined by Brzezínski and Majid in [14,15]. In the definition of these authors the morph
eRR= ηA ⊗ εC and, obviously, any right–right entwining structure is a right–right w
entwining structure. Moreover, a right–right weak entwining structure is a right–righ
twining structure if and only ifeRR= ηA ⊗ εC . Also, in a similar way, we can define th
notions of right–left, left–right and left–left weak entwining structures (see [16] for
details).

In this paper we only work with right–right weak entwining structures. For more
plicity we use the name weak entwining structure for substitution of right–right w
entwining structure.

Examples 1.2. (i) Let C be a symmetric monoidal category with split idempotents. W
Hopf algebras are generalizations of Hopf algebras and was introduced by Böhm, N
Szlachányi in [11,12]. The axioms are the same as the ones for a Hopf algebra, exc
the coproduct of the unit, the product of the counit and the antipode condition are replac
by weaker properties. The definition is the following.

A weak Hopf algebraH in C is an algebra(H,ηH ,µH ) and coalgebra(H, εH , δH )

such that the following axioms hold:

(a1) δH ◦ µH = (µH ⊗ µH ) ◦ δH⊗H .
(a2) εH ◦ µH ◦ (µH ⊗ H) = (εH ⊗ εH ) ◦ (µH ⊗ µH) ◦ (H ⊗ δH ⊗ H) = (εH ⊗ εH ) ◦

(µH ⊗ µH) ◦ (H ⊗ (cH,H ◦ δH ) ⊗ H).
(a3) (δH ⊗ H) ◦ δH ◦ ηH = (H ⊗ µH ⊗ H) ◦ (δH ⊗ δH ) ◦ (ηH ⊗ ηH ) = (H ⊗ (µH ◦

cH,H ) ⊗ H) ◦ (δH ⊗ δH ) ◦ (ηH ⊗ ηH ).
(a4) There exists a morphismλH :H → H in C (called antipode ofH ) verifying:

(a4-1) µH ◦ (H ⊗ λH ) ◦ δH = ((εH ◦ µH) ⊗ H) ◦ (H ⊗ cH,H ) ◦ ((δH ◦ ηH ) ⊗ H).
(a4-2) µH ◦ (λH ⊗ H) ◦ δH = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH )).
(a4-3) µH ◦ (µH ⊗ H) ◦ (λH ⊗ H ⊗ λH ) ◦ (δH ⊗ H) ◦ δH = λH .

As a consequence of this definition it is an easy exercise to prove that a weak
algebra is a Hopf algebra if an only if the morphismδH (coproduct) is unit-preservin
(i.e., ηH ⊗ ηH = δH ◦ ηH ) and if and only if the counit is a homomorphism of algeb
(i.e.,εH ◦ µH = εH ⊗ εH ).

If H is a weak Hopf algebra, the antipodeλH is unique, antimultiplicative, anti
comultiplicative and leaves the unitηH and the counitεH invariant, i.e.,λH ◦ µH =
µH ◦ (λH ⊗λH )◦cH,H , δH ◦λH = cH,H ◦ (λH ⊗λH )◦δH , λH ◦ηH = ηH , εH ◦λH = εH .

If we define the morphismsΠL , ΠR , ΠL andΠR by
H H H H
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ΠL
H = (

(εH ◦ µH) ⊗ H
) ◦ (H ⊗ cH,H ) ◦ (

(δH ◦ ηH ) ⊗ H
)
:H → H,

ΠR
H = (

H ⊗ (εH ◦ µH)
) ◦ (cH,H ⊗ H) ◦ (

H ⊗ (δH ◦ ηH )
)
:H → H,

ΠL
H = (

H ⊗ (εH ◦ µH )
) ◦ (

(δH ◦ ηH ) ⊗ H
)
:H → H,

ΠR
H = (

(εH ◦ µH ) ⊗ H
) ◦ (

H ⊗ (δH ◦ ηH )
)
:H → H.

It is straightforward to show (see [11]) that they are idempotent. Moreover, we hav
(see [16])ΠR

H ◦ΠL
H = ΠL

H , ΠL
H ◦ ΠR

H = ΠR
H, ΠL

H ◦ ΠR
H = ΠR

H , ΠR
H ◦ΠL

H = ΠL
H , ΠL

H ◦
ΠL

H = ΠL
H , ΠL

H ◦ ΠL
H = ΠL

H , ΠR
H ◦ ΠR

H = ΠR
H andΠR

H ◦ ΠR
H = ΠR

H . Also it is easy to
show the formulas:

ΠL
H = ΠR

H ◦ λH = λH ◦ ΠL
H, ΠR

H = ΠL
H ◦ λH = λH ◦ ΠR

H,

ΠL
H ◦ λH = ΠL

H ◦ ΠR
H = λH ◦ ΠR

H, ΠR
H ◦ λH = ΠR

H ◦ ΠL
H = λH ◦ ΠL

H .

A morphism between weak Hopf algebrasH andB is a morphismf :H → B which
is both algebra and coalgebra morphism. Iff :H → B is a weak Hopf algebra morphism
thenλB ◦ f = f ◦ λH (see 1.4 of [2]).

Let be the triple(H,H,ψ) whereψ = (H ⊗ µH) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH ). Then
(H,H,ψ) is a weak entwining structure witheRR= ΠR

H .
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal categoryC with split

idempotents. Letg :B → H be a morphism of weak Hopf algebras andf :H → B be a
morphism of coalgebras such thatg ◦ f = idH andf ◦ ηH = ηB . If we defineρB :B →
B ⊗ H and the interwiningψ :H ⊗ B → B ⊗ H by

ρB = (B ⊗ g) ◦ δB, ψ = (B ⊗ µH ) ◦ (cH,B ⊗ H) ◦ (H ⊗ ρB)

we have that(B,H,ψ) is a weak entwining structure whereeRR= ΠR
B ◦ f . Of course, the

previous example is a particular instance of this one forH = B andf = g = idH .
In [3], using the idempotent morphismqB

H = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B

and an equalizer diagram, Alonso and González proved that it is possible to const
algebraBH and morphismsϕBH :H ⊗ BH → BH , σBH :H ⊗ H → BH such that there
exists a subobjectBH × H of BH ⊗ H isomorphic withB as algebras and with algeb
structure (the crossed product) defined byηBH ×H = rB ◦ (ηBH ⊗ ηH ) and

µBH ×H = rB ◦ (µBH ⊗ H) ◦ (µBH ⊗ σBH ⊗ µH ) ◦ (BH ⊗ ϕBH ⊗ δH⊗H)

◦ (BH ⊗ H ⊗ cH,BH ⊗ H) ◦ (BH ⊗ δH ⊗ BH ⊗ H) ◦ (sB ⊗ sB),

wheresB is the inclusion ofBH × H in BH ⊗ H andrB the projection ofBH ⊗ H on
BH ×H . Of course, whenf :H → B is a morphism of weak Hopf algebras we recover
theory developed in [2] and ifH andB are Hopf algebras we obtain the result of Blattn
Cohen and Montgomery (see [9]). For this reason, the authors denoted the algebraBH ×H

by BH �σBH
H .

In this paper, we will prove that these results are particular instances of a more gene
theorems that we can obtain in the context of weak entwining structures.
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Definition 1.3. Let (A,C,ψ) be a weak entwining structure inC. We denote byMC
A(ψ)

the category whose objects are triples(M,φM,ρM), where(M,φM) is a rightA-module
(i.e., φM ◦ (φM ⊗ A) = φM ◦ (M ⊗ µA), idM = φM ◦ (M ⊗ ηA)), (M,ρM) is a right
C-comodule (i.e.,(ρM ⊗ C) ◦ ρM = (M ⊗ δC) ◦ ρM , (M ⊗ εC) ◦ ρM = idM ), and

ρM ◦ φM = (φM ⊗ C) ◦ (M ⊗ ψ) ◦ (ρM ⊗ A).

The objects ofMC
A(ψ) will be called weak entwined modules and a morphism

MC
A(ψ) is a morphism ofA-modules andC-comodules. If(A,C,ψ) is an entwining

structure then we find the category of entwined modules introduced by Brzeziński in [14].
Finally, in a similar way we define modules over right–left, left–right and left–left w
entwining structures (see [16]).

Examples 1.4. (i) Using entwining structures it is possible to unify some catego
of modules associated to a Hopf algebra as categories of entwined modules. For
ple, if C = H is a Hopf algebra,A is a rightH -comodule algebra andψ = (A ⊗ µH) ◦
(cH,A ⊗ H) ◦ (H ⊗ ρA) an objectM in MH

A (ψ) is a Hopf module [17]. IfC = A = H is
a Hopf algebra and

ψ = (H ⊗ µH) ◦ (H ⊗ H ⊗ µH ) ◦ (H ⊗ cH,H ⊗ H) ◦ (cH,H ⊗ H ⊗ H)

◦ (H ⊗ cH,H ⊗ H) ◦ (H ⊗ λH ⊗ δH ) ◦ (H ⊗ δH )

then an objectM in MC
A(ψ) is a Yetter–Drinfeld module [28,29]. Finally, letH be a

Hopf algebra. IfA is a rightH -comodule algebra,C is a rightH -module coalgebra an
ψ = (A ⊗ φC) ◦ (cC,A ⊗ H) ◦ (C ⊗ ρA) then an object inMC

A(ψ) is a Doi–Koppinen
module [18,22].

(ii) If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2 t
(B,φB = µB,ρB) belongs to the categoryMH

B (ψ).
(iii) The category of weak Doi–Hopf modules, introduced in [10] can be identify as

category of weak entwined modules (see [16]).

Proposition 1.5. Let(A,C,ψ) be a weak entwining structure such that there exists a c
tion ρA verifying that(A,µA,ρA) belongs toMC

A(ψ). If for all (M,φM,ρM) ∈ MC
A(ψ),

we denote byMC the equalizer ofρM andζM = (φM ⊗ C) ◦ (M ⊗ (ρA ◦ ηA)) and byiMC
the injection ofMC in M, we have the following:

(i) The triple(AC,ηAC ,µAC) is an algebra inC, whereηAC :K → AC andµAC :AC ⊗
AC → AC are the factorizations ofηA andµA ◦ (iAC ⊗ iAC) respectively, through th
equalizeriAC .

(ii) The pair(MC,φMC ) is a right AC -module, whereφMC :MC ⊗ AC → MC is the fac-
torization ofφM ◦ (iMC ⊗ iAC ) through the equalizeriMC .

Proof. The proof is easy and we leave the details to the reader.�
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Example 1.6. If H andB are weak Hopf algebras in the same conditions of (ii) of 1.2 t
the morphismqB

H = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B is an idempotent inC (see 2.1
of [3]). As a consequence, there exist an epimorphismpB

H , a monomorphismiBH and an
objectBH such that the diagram

�
���� �

��
B B

BH

qB
H

pB
H iBH

commutes andpB
H ◦ iBH = idBH . Also by 2.2 of [3] we have that the following diagram

an equalizer diagram inC:

� ��BH B ⊗ H .
iBH

ρB

(B⊗ΠL
H )◦ρB

B

Moreover, using the equalityΠR
H ◦ ΠL

H = ΠL
H , it is easy to show that

� ��BH B B ⊗ H
iBH

ρB

(B⊗ΠR
H )◦ρB

is an equalizer diagram inC.
Therefore, the object defined by the equalizer ofρB andζB is the same that the on

defined by the equalizer ofρB and(B ⊗ ΠR
H) ◦ ρB because, in this situation,(B ⊗ ΠR

H ) ◦
ρB = ζB .

Remark 1.7. Suppose that(A,C,ψ) be a weak entwining structure such that there exis
coactionρA verifying that(A,µA,ρA) belongs toMC

A(ψ). Then ifh ∈ HomC(C,A) is a
morphism of rightC-comodulesh ∧ eRR= h where∧ denotes the usual convolution, i.e
h ∧ eRR= µA ◦ (h ⊗ eRR) ◦ δC . Indeed:

h ∧ eRR= (µA ⊗ εC) ◦ (h ⊗ ψ) ◦ (δC ⊗ ηA)

= (µA ⊗ εC) ◦ (A ⊗ ψ) ◦ (
(ρA ◦ h) ⊗ ηA

)

= (A ⊗ εC) ◦ ρA ◦ µA ◦ (h ⊗ ηA) = h.

Definition 1.8. Let (A,C,ψ) be a weak entwining structure and suppose that(A,ρA) is
a rightC-comodule. ByRegWR(C,A) we denote the set of morphismsh ∈ HomC(C,A)

such that there exists a morphismh−1 ∈ HomC(C,A) (the left weak inverse ofh) verifying
h−1 ∧ h = eRR.

Let A be an algebra andC be a coalgebra inC. By Reg(C,A) we denote the set o
morphismsh :C → A such that there exists a morphismh−1 :C → A (the inverse ofh)
verifying h−1 ∧h = h∧h−1 = εC ⊗ηA = ηA ◦ εC . Of course, if(A,C,ψ) is an entwining
structure inC eRR= εC ⊗ ηA andReg(C,A) ⊂ RegWR(C,A).
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Definition 1.9. Let (A,C,ψ) be a weak entwining structure and suppose that(A,µA,ρA)∈
MC

A(ψ). We will say thatAC ↪→ A is a weakC-cleft extension if there exists a morphis
h :C → A in RegWR(C,A) of right C-comodules such that

ψ ◦ (
C ⊗ h−1) ◦ δC = ζA ◦ (

eRR∧ h−1)

whereζA = (µA ⊗ C) ◦ (A ⊗ (ρA ◦ ηA)) is the morphism defined in 1.5.

This definition is a generalization of the one used by Fernández and Rodríguez
in the context of entwined modules but changingReg(C,A) by RegWR(C,A) and adding a
new condition. In this paper we will show that the results obtained in [20] can be pro
you only work with the more general setRegWR(C,A). Also, using the definition of wea
C-cleft extension, we will involve the weak Hopf algebraic context and the weak entw
categories of modules in connection with it.

A classic result in Galois theory says that ifB ⊂ A is a finite Galois extension of field
with Galois groupH , thenA/B has a normal basis, i.e., there existsa ∈ A such that the
set {x.a;x ∈ H } is a basis forA over B. Afterwards, Kreimer and Takeuchi introdu
in [23] the notion of normal basis for extensions, associated to Hopf algebras in
gories of modules over a commutative ring, and in [19] Doi and Takeuchi characte
theH -Galois extensions with normal basis in terms ofH -cleft extensions. Recently, in th
work of Brzezínski [14] we can find a more general formulation of these last results i
context of entwining structures.

In [4], we formulate the definition of weakC-Galois extension with normal basis f
a weak entwining structure living in a braided monoidal category with equalizers an
equalizers and we characterize this extensions using the notion of cleftness introd
Definition 1.9. Of course, as a particular instances, we recover the results described
previous paragraph.

Remarks 1.10. (i) Suppose that(A,C,ψ) be a weak entwining structure such that th
exists a coactionρA verifying that (A,µA,ρA) belongs toMC

A(ψ). Then if h :C → A

is a morphism of rightC-comodules inRegWR(C,A), the interwiningψ is completely
determined in the following form:

ψ = (µA ⊗ C) ◦ (
A ⊗ (ρA ◦ µA)

) ◦ (((
h−1 ⊗ h

) ◦ δC

) ⊗ A
)
.

Indeed:

(µA ⊗ C) ◦ (
A ⊗ (ρA ◦ µA)

) ◦ (((
h−1 ⊗ h

) ◦ δC

) ⊗ A
)

= (µA ⊗ C) ◦ (
A ⊗ (

(µA ⊗ C) ◦ (A ⊗ ψ) ◦ (ρA ⊗ A)
)) ◦ (((

h−1 ⊗ h
) ◦ δC

) ⊗ A
)

= (µA ⊗ C) ◦ (µA ⊗ ψ) ◦ (
h−1 ⊗ h ⊗ C ⊗ A

) ◦ (C ⊗ δC ⊗ A) ◦ (δC ⊗ A)

= (µA ⊗ C) ◦ (eRR⊗ ψ) ◦ (δC ⊗ A)

= (A ⊗ εC ⊗ C) ◦ (ψ ⊗ C) ◦ (C ⊗ ψ) ◦ (δC ⊗ A)

= (
A ⊗ (

(εC ⊗ C) ◦ δC

)) ◦ ψ = ψ.
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In the last computations, the first equality it is true becauseA is an entwined module
The second one follows from the fact thath is a morphism of rightC-modules, the third
one by the coalgebra structure ofC and byh−1 ∧ h = eRR and finally, the fourth and th
fifth ones by the properties ofψ and the coalgebra structure ofC.

(ii) Let (A,C,ψ) be an entwined structure and suppose that(A,µA,ρA) ∈ MC
A(ψ). If

h ∈ Reg(C,A) is a morphism of rightC-comodules we have that

ψ ◦ (
C ⊗ h−1) ◦ δC = ζA ◦ h−1 = ζA ◦ (

eRR∧ h−1).

Then, as a consequence, aC-cleft extension for an entwining structure is a weakC-cleft
extension.

Example 1.11. If H is a Hopf algebraidH is an element ofReg(H,H) with inverseid−1
H =

λH . In the weak Hopf algebra caseidH ∈ RegWR(H,H) with left weak inverseλH and
idH ∈ Reg(H,H) if and only if H is a Hopf algebra.

If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2,f ∈
RegWR(H,B) because forf −1 = λB ◦ f we obtain thatf −1 ∧ f = ΠR

B ◦ f = eRR and
BH ↪→ B = (B,µB,ρB) is a weakH -cleft extension because

ψ ◦ (
H ⊗ f −1) ◦ δH

= (B ⊗ µH ) ◦ (cH,B ⊗ H) ◦ (
H ⊗ ((

λB ⊗ (g ◦ λB)
) ◦ cB,B ◦ δB ◦ f

)) ◦ δH

= (B ⊗ g) ◦ cB,B ◦ (
ΠL

B ⊗ λB

) ◦ δB ◦ f

= (
B ⊗ (

g ◦ ΠR
B

)) ◦ cB,B ◦ (
ΠL

B ⊗ λB

) ◦ δB ◦ f

= (
B ⊗ ΠR

H

) ◦ ρB ◦ f −1

= ζB ◦ f −1

= ζB ◦ (
ΠR

B ∧ λB

) ◦ f

= ζB ◦ (
eRR∧ f −1).

In the previous calculus, the first equality follows from the definition ofψ and by the
antimultiplicative nature ofλB . In the second one, we use the equalityg ◦ f = iH , the
condition of coalgebra morphism forf and the naturality of the braiding. The third equal
follows fromΠL

B = ΠR
B ◦ λB and in the fourth one we use the antimultiplicative nature

the antipode. In the fifth one we applyΠR
H ◦g = g ◦ΠR

B and(B ⊗ΠR
H )◦ρB = ζB . Finally,

in the sixth one we useΠR
B ∧λB = λB and in the seventh one(ΠR

B ∧λB)◦f = eRR∧f −1.
WhenH = B andf = g = idH we have the trivial example of weakH -cleft extension.

Proposition 1.12. Let (A,C,ψ) be a weak entwining structure such that there exis
coactionρA verifying that(A,µA,ρA) belongs toMC

A(ψ). Leth :C → A be a morphism
of right C-comodules in RegWR(C,A). The following are equivalent:

(i) AC ↪→ A is a weakC-cleft extension.
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(ii) For all object M in MC
A(ψ) the morphismqM

C = φM ◦ (M ⊗ h−1) ◦ ρM :M → M

factors through the equalizeriMC , i.e., there exists a morphismpM
C :M → MC such

that iMC ◦ pM
C = qM

C .

Proof. (i) ⇒ (ii). We have that

ρM ◦ qM
C

= (φM ⊗ C) ◦ (M ⊗ ψ) ◦ (
ρM ⊗ h−1) ◦ ρM

= (φM ⊗ C) ◦ (
M ⊗ (

ψ ◦ (
C ⊗ h−1) ◦ δC

)) ◦ ρM

= (φM ⊗ C) ◦ (
M ⊗ (

ζA ◦ (
eRR∧ h−1))) ◦ ρM

= (φM ⊗ C) ◦ ((
φM ◦ (M ⊗ eRR) ◦ ρM

) ⊗ (
ζA ◦ h−1)) ◦ ρM

= (φM ⊗ C) ◦ ((
φM ◦ (

M ⊗ h−1) ◦ ρM

) ⊗ (ρA ◦ ηA)
)

= ζM ◦ qM
C .

In the last computations the first equalityfollows from the weakentwined condition
for M, the second one by the comodule structure ofM and the third one by the cle
condition. In the fourth one we use the comodule structure ofM and in the fifth one we
applyφM ◦ (M ⊗ eRR) ◦ ρM = idM . Finally, in the sixth one we use the module struct
of M.

Therefore, there exists a morphismpM
C :M → MC such thatiMC ◦ pM

C = qM
C .

(ii) ⇒ (i). ForM = A we have the following:

ψ ◦ (
C ⊗ h−1) ◦ δC

= (µA ⊗ C) ◦ (
A ⊗ (ρA ◦ µA)

) ◦ (((
h−1 ⊗ h

) ◦ δC

) ⊗ A
) ◦ (

C ⊗ h−1) ◦ δC

= (µA ⊗ C) ◦ (
A ⊗ (

ρA ◦ qA
C

)) ◦ (
h ⊗ h−1) ◦ δC

= (µA ⊗ C) ◦ (
h−1 ⊗ (

(µA ⊗ C) ◦ (
µA ⊗ (ρA ◦ ηA)

) ◦ (
A ⊗ h−1) ◦ ρA ◦ h

)) ◦ δC

= (µA ⊗ C) ◦ (
µA ⊗ (ρA ◦ ηA)

) ◦ (µA ⊗ A) ◦ (
h−1 ⊗ h ⊗ h−1) ◦ (δC ⊗ C) ◦ δC

= ζA ◦ (
eRR∧ h−1).

Note that in the last computations, the first follows by the expression ofψ calculated in
1.10 and the third one by the factorization condition forqA

C . �
Remark 1.13. Let (A,C,ψ) be a weak entwining structure such that there exists a coa
ρA verifying that(A,µA,ρA) belongs toMC

A(ψ). If g :C → A is a morphism inC, the
following assertions are equivalent:

(a1) The morphismg verifieseRR∧ g = g andψ ◦ (C ⊗ g) ◦ δC = ζA ◦ (eRR∧ g).
(a2) The morphismg verifiesψ ◦ (C ⊗ g) ◦ δC = ζA ◦ g.
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Indeed,(a1) ⇒ (a2) is trivial. On the other hand,(a2) ⇒ (a1) is true because:

g = (µA ⊗ εC) ◦ (g ⊗ ρA) ◦ (C ⊗ ηA) = (A ⊗ εC) ◦ ψ ◦ (C ⊗ g) ◦ δC = eRR∧ g.

Let AC ↪→ A be a weakC-cleft extension with associated morphismh :C → A. The
morphismg = eRR∧ h−1 verifies the following:

(b1) g ∧ h = eRR.
(b2) eRR∧ g = g.
(b3) ψ ◦ (C ⊗ g) ◦ δC = ζA ◦ (eRR∧ g).

Indeed, (b1), (b2) are trivial. The proof for (b3) is the following:

ψ ◦ (C ⊗ g) ◦ δC

= (µA ⊗ C) ◦ (
h−1 ⊗ ρA

) ◦ (
C ⊗ h ∧ eRR∧ h−1) ◦ δC

= (µA ⊗ C) ◦ (
h−1 ⊗ ρA

) ◦ (C ⊗ µA) ◦ (
C ⊗ h ⊗ h−1) ◦ (δC ⊗ C) ◦ δC

= ψ ◦ (
C ⊗ h−1) ◦ δC

= ζA ◦ (
eRR∧ h−1)

= ζA ◦ (eRR∧ g).

Then using the equivalence(a1) ⇔ (a2), we obtain that (b1), (b2) and (b3) are equiv
lent with (a1) andψ ◦ (C ⊗ g) ◦ δC = ζA ◦ g. Therefore, in Definition 1.9 we can suppo
without loss of generality thateRR∧ h−1 = h−1.

Example 1.14. If H andB are weak Hopf algebras in the same conditions of (ii) of
then the morphism introduced in the last proposition is the morphismqB

H defined in 1.6.
The morphismqB

H was used by Bespalov [5], in the context of braided categories with
idempotents, for to obtain a braided version of the Radford’s theorem (see [27]) for
algebras with projection (see also [6–8]). The first result in this direction was stat
Majid [24] using the notion of Yetter–Drinfeld modules and the bosonization process

Proposition 1.15. LetAC ↪→ A be a weakC-cleft extension withh :C → A the morphism
of right C-comodules in RegWR(C,A). Then the morphismϕA :C ⊗ A → A defined by

ϕA = µA ◦ (
µA ⊗ h−1) ◦ (h ⊗ ψ) ◦ (δC ⊗ A)

factors through the equalizeriAC . Moreover, ifϕ′
A is the factorization ofϕA, we have the

following equality:

µAC ◦ (
ϕ′

A ⊗ ϕ′
A

) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A) = ϕ′
A ◦ (C ⊗ µA).
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Finally, if we define the morphismϕAC :C ⊗ AC → AC by ϕAC = ϕ′
A ◦ (C ⊗ iCA) we

obtain:

µAC ◦ (
ϕ′

A ⊗ ϕAC

) ◦ (C ⊗ ψ ⊗ AC) ◦ (
δC ⊗ iCA ⊗ AC

) = ϕAC ◦ (C ⊗ µAC ).

Proof. LetϕA :C⊗A → A be the morphism defined byϕA = µA ◦ (µA ⊗h−1)◦ (h⊗ψ)◦
(δC ⊗A). Then if we putϕ′

A = pA
C ◦µA ◦ (h⊗A), wherepA

C is the unique morphism suc
thatiAC ◦ pA

C = qA
C , we obtain thatiAC ◦ ϕ′

A = ϕA.
On the other hand,

iAC ◦ µAC ◦ (
ϕ′

A ⊗ ϕ′
A

) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A)

= µA ◦ (µA ⊗ µA) ◦ (
µA ⊗ h−1 ⊗ µA ⊗ h−1) ◦ (h ⊗ ψ ⊗ h ⊗ ψ)

◦ (δC ⊗ A ⊗ δC ⊗ A) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A)

= µA ◦ (µA ⊗ A) ◦ (µA ⊗ A ⊗ µA) ◦ (
h ⊗ A ⊗ eRR⊗ A ⊗ h−1)

◦ (C ⊗ ψ ⊗ ψ) ◦ (δC ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A)

= µA ◦ (
µA ⊗ h−1) ◦ (µA ⊗ ψ) ◦ (µA ⊗ eRR⊗ C ⊗ A) ◦ (h ⊗ A ⊗ δC ⊗ A)

◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A)

= µA ◦ (
µA ⊗ h−1) ◦ (µA ⊗ µA ⊗ C) ◦ (h ⊗ A ⊗ A ⊗ ψ) ◦ (C ⊗ A ⊗ ψ ⊗ A)

◦ (C ⊗ ψ ⊗ A ⊗ A) ◦ (δC ⊗ A ⊗ ηA ⊗ A)

= µA ◦ (
µA ⊗ h−1) ◦ (h ⊗ ψ) ◦ (δC ⊗ µA)

= iAC ◦ ϕ′
A ◦ (C ⊗ µA).

In the last computations, the first equality follows fromiAC ◦ ϕ′
A = ϕA and by the defini-

tion of ϕA, the second one by the properties ofψ and the associativity ofA, the third, the
fourth and the fifth ones by the properties ofψ . Finally, the sixth equality is trivial.

Therefore,

µAC ◦ (
ϕ′

A ⊗ ϕ′
A

) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗ A) = ϕ′
A ◦ (C ⊗ µA).

Finally, if we compose in this equality withC ⊗ iAC ⊗ iAC , we have that

µAC ◦ (
ϕ′

A ⊗ ϕAC

) ◦ (C ⊗ ψ ⊗ AC) ◦ (
δC ⊗ iCA ⊗ AC

) = ϕAC ◦ (C ⊗ µAC ). �
Examples 1.16. (i) In Proposition 2.10 of [20] we can find a similar result in the cont
of C-cleft extensions for entwining structures.

(ii) Let H , B be weak Hopf algebras in a symmetric monoidal categoryC with split
idempotents. Letg :B → H be a morphism of weak Hopf algebras andf :H → B be a
morphism of coalgebras such thatg ◦ f = idH andf ◦ ηH = ηB . In these conditionsϕBH

is the morphism defined in Proposition 2.4 of [3]. The morphismϕBH verifies
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(1) ϕBH ◦ (ηH ⊗ BH ) = idBH .
(2) ϕBH ◦ (H ⊗ ηBH ) = ϕBH ◦ (ΠL

H ⊗ ηBH ).
(3) µBH ◦ (ϕBH ⊗ BH ) ◦ (H ⊗ ηBH ⊗ BH) = ϕBH ◦ (ΠL

H ⊗ BH ).
(4) ϕBH ◦ (H ⊗ µBH ) = µBH ◦ (ϕBH ⊗ ϕBH ) ◦ (H ⊗ cH,BH ⊗ BH) ◦ (δH ⊗ BH ⊗ BH ).
(5) µBH ◦ cBH ,BH ◦ ((ϕBH ◦ (H ⊗ ηBH )) ⊗ BH ) = ϕBH ◦ (ΠL

H ⊗ BH).

By 1.15 we can add to the last equalities the new property

(6) ϕBH ◦ (H ⊗ µBH ) = µBH ◦ (ϕ′
B ⊗ ϕBH ) ◦ (H ⊗ ψ ⊗ BH ) ◦ (δH ⊗ iBH ⊗ BH ),

whereψ is the entwining defined in (ii) of 1.2.
Moreover, iff is a morphism of algebras(BH ,ϕBH ) is a leftH -module (see Propos

tion 2.5 of [2]).

Proposition 1.17. LetAC ↪→ A be a weakC-cleft extension withh :C → A the morphism
of right C-comodules in RegWR(C,A). Then the morphismσA :C ⊗ C → A defined by

σA = µA ◦ (
µA ⊗ h−1) ◦ (h ⊗ ψ) ◦ (δC ⊗ h)

factors through the equalizeriAC . Moreover, ifσAC is the factorization ofσA, then

σAC = pA
C ◦ µA ◦ (h ⊗ h).

Proof. We have thatσA = ϕA ◦ (C ⊗ h) whereϕA is the morphism defined in 1.15. The

ρA ◦ σA = ρA ◦ ϕA ◦ (C ⊗ h) = ζA ◦ ϕA ◦ (C ⊗ h) = ζA ◦ σA.

Therefore, there exists an unique morphismσAC :C⊗C → AC such thatiAC ◦σAC = σA.
The morphismσAC verifies thatσAC = pA

C ◦µA ◦ (h⊗h) becauseiAC ◦pA
C ◦µA ◦ (h⊗h) =

σA. �
1.18. Let AC ↪→ A be a weakC-cleft extension with morphismh ∈ RegWR(C,A) and

let M ∈MC
A(ψ). The morphisms

ωM :MC ⊗ C → M, ω′
M :M → MC ⊗ C

defined byωM = φM ◦ (iMC ⊗ h) and ω′
M = (pM

C ⊗ C) ◦ ρM verify the equalityωM ◦
ω′

M = idM becauseωM ◦ ω′
M = φM ◦ (M ⊗ eRR) ◦ ρM = idM . Notice that the equality

ω′
M ◦ ωM = idMC⊗C it is not true in general. In the following proposition we clarify t

meaning of the identityω′
M ◦ ωM = idMC⊗C .

Proposition 1.19. LetAC ↪→ A be a weakC-cleft extension withh :C → A the morphism
of right C-comodules in RegWR(C,A) and letM ∈ MC

A(ψ). Then,ω′
M ◦ ωM = idMC⊗C if

and only ifMC ⊗ εC = pM ◦ ωM .
C
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As a consequence, ifA = M we have thatω′
A ◦ ωA = idAC⊗C if and only ifh ∧ h−1 =

εC ⊗ ηA. Therefore, ifω′
A ◦ ωA = idAC⊗C , the left weak inverse ofh is unique.

Proof. First note that:

ω′
M ◦ ωM

= ((
pM

C ◦ φM

) ⊗ C
) ◦ (M ⊗ ψ) ◦ ((

ρM ◦ iMC
) ⊗ h

)

= ((
pM

C ◦ φM

) ⊗ C
) ◦ (φM ⊗ ψ) ◦ (

iMC ⊗ (ρA ◦ ηA) ⊗ h
)

= ((
pM

C ◦ φM

) ⊗ C
) ◦ (

iMC ⊗ (
(µA ⊗ C) ◦ (A ⊗ ψ) ◦ (

(ρA ◦ ηA) ⊗ h
)))

= ((
pM

C ◦ φM

) ⊗ C
) ◦ (

iMC ⊗ (
(h ⊗ C) ◦ δC

))
.

In the last computations, the first equality follows from the weak entwined modul
condition forM, the second one by the properties ofiMC , the third one by theA-module
structure ofM and finally, in the fourth one we use the weak entwined module cond
of A and the properties ofh.

Then, ifω′
M ◦ ωM = idMC⊗C , composing withMC ⊗ εC in the equality

ω′
M ◦ ωM = ((

pM
C ◦ φM

) ⊗ C
) ◦ (

iMC ⊗ (
(h ⊗ C) ◦ δC

))

we obtain thatMC ⊗ εC = pM
C ◦ ωM . Conversely, ifMC ⊗ εC = pM

C ◦ ωM we have

ω′
M ◦ ωM = (

pM
C ⊗ C

) ◦ ρM ◦ ωM = ((
pM

C ◦ ωM

) ⊗ C
) ◦ (MC ⊗ δC) = idMC⊗C.

In the particular instance,A = M it is easy to show that ifω′
A ◦ ωA = idAC⊗C then

h ∧ h−1 = εC ⊗ ηA. On the other hand, ifh ∧ h−1 = εC ⊗ ηA, by the usual arguments, th
following equalities hold:

iAC ◦ pA
C ◦ ωA

= µA ◦ (
A ⊗ h−1) ◦ ρA ◦ µA ◦ (

iAC ⊗ h
)

= µA ◦ (
µA ⊗ h−1) ◦ (A ⊗ ψ) ◦ ((

ρA ◦ iAC
) ⊗ h

)

= µA ◦ (
µA ⊗ h−1) ◦ (µA ⊗ ψ) ◦ (

iAC ⊗ (ρA ◦ ηA) ⊗ h
)

= µA ◦ (
µA ⊗ h−1) ◦ (

iAC ⊗ (ρA ◦ h)
)

= µA ◦ (µA ⊗ A) ◦ (
iAC ⊗ ((

h ⊗ h−1) ◦ δC

))

= µA ◦ (
iAC ⊗ (

h ∧ h−1))

= iCA ⊗ εC.

Therefore,pA
C ◦ ωA = AC ⊗ εC and thenω′

A ◦ ωA = idAC⊗C .
Finally, letg ∈ HomC(C,A) verifyingg∧h = eRRandψ ◦(C⊗g)◦δC = ζA◦(eRR∧g).

Then,h ∧ g = εC ⊗ ηA andg = g ∧ h ∧ g = eRR∧ g = h−1 ∧ h ∧ g = h−1. �
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Example 1.20. Let H , B be weak Hopf algebras inC. Let g :B → H andf :H → B be
morphisms of weak Hopf algebras such thatg ◦ f = idH . As a consequence of 1.19 w
obtain thatωB is an isomorphism if and only ifH is a Hopf algebra. This result was prov
in Proposition 2.10 of [2].

1.21. Let AC ↪→ A be a weakC-cleft extension with morphismh ∈ RegWR(C,A) and
let M ∈ MC

A(ψ). The morphismΩM = ω′
M ◦ ωM is an idempotent and then we have

commutative diagram

�
�
�
�
��� �

�
��	









� �

�
���

MC ⊗ C MC ⊗ C

M

MC × C

ωM ω′
M

rM sM

ΩM

whererM ◦ sM = idMC×C . Therefore, the morphismbM = rM ◦ ω′
M is an isomorphism o

right C-comodules with inverseb−1
M = ωM ◦ sM . The comodule structure ofMC ×C is the

one induced by the isomorphismbM and it is equal to

ρMC×C = (rM ⊗ C) ◦ (MC ⊗ δC) ◦ sM,

because(ωM ⊗ C) ◦ (MC ⊗ δC) ◦ sM = ρM ◦ ωM ◦ sM . In the particular caseA = M we
have thatbA is an isomorphism of algebras where the algebra structure is the one in
by bA:

ηAC×C = bA ◦ ηA, µAC×C = bA ◦ µA ◦ (
b−1
A ⊗ b−1

A

)
.

In the next proposition we obtain thatµAC×C can be identified in other way.

Proposition 1.22. Let AC ↪→ A be a weakC-cleft extension with morphismh ∈
RegWR(C,A). ThenµAC×C = µ

AC �
χA
πA

C
where

µ
AC �

χA
πA

C
= rA ◦ (µAC ⊗ C) ◦ (µAC ⊗ πA) ◦ (AC ⊗ χA ⊗ C) ◦ (sA ⊗ sA)

and

πA = (
ϕ′

A ⊗ C
) ◦ (C ⊗ ψ) ◦ (δC ⊗ h), χA = (

ϕ′
A ⊗ C

) ◦ (C ⊗ ψ) ◦ (
δC ⊗ iAC

)
.

Proof. Using the equalities:

(A1) µA ◦ (µA ⊗ µA) ◦ (h ⊗ A ⊗ h−1 ⊗ h) ◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (δC ⊗ A) =
µA ◦ ((h ∧ eRR) ⊗ A)
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(A2) µA ◦ (µA ⊗ µA) ◦ (h ⊗ A ⊗ eRR⊗ eRR) ◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (δC ⊗ iAC) =
µA ◦ (h ⊗ iAC )

we obtain

b−1
A ◦ µ

AC �
χA
πA

C

= µA ◦ (µA ⊗ µA) ◦ (
A ⊗ iAC ⊗ iAC ⊗ h

) ◦ (
A ⊗ ϕ′

A ⊗ ϕ′
A ⊗ C

)

◦ (A ⊗ C ⊗ A ⊗ C ⊗ ψ) ◦ (A ⊗ C ⊗ ψ ⊗ h) ◦ (
iAC ⊗ δC ⊗ iAC ⊗ C

) ◦ (sA ⊗ sA)

= µA ◦ ([
µA ◦ (

A ⊗ (
µA ◦ (µA ⊗ A) ◦ (

h ⊗ A ⊗ h−1) ◦ (C ⊗ ψ) ◦ (δC ⊗ A)
))]

⊗ [
µA ◦ (µA ⊗ µA) ◦ (

h ⊗ A ⊗ h−1 ⊗ h
) ◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (δC ⊗ A)

])

◦ (A ⊗ C ⊗ ψ ⊗ A) ◦ (
iAC ⊗ δC ⊗ iAC ⊗ h

) ◦ (sA ⊗ sA)

= µA ◦ ([
µA ◦ (

A ⊗ (
µA ◦ (µA ⊗ A) ◦ (

h ⊗ A ⊗ h−1) ◦ (C ⊗ ψ) ◦ (δC ⊗ A)
))]

⊗ [
µA ◦ (

(h ∧ eRR) ⊗ A
)]) ◦ (A ⊗ C ⊗ ψ ⊗ A) ◦ (

iAC ⊗ δC ⊗ iAC ⊗ h
) ◦ (sA ⊗ sA)

= µA ◦ (µA ⊗ A) ◦ (
µA ⊗ (eRR∧ eRR) ⊗ A

) ◦ (A ⊗ µA ⊗ C ⊗ A)

◦ (
iAC ⊗ h ⊗ ψ ⊗ h

) ◦ (
AC ⊗ δC ⊗ iAC ⊗ C

) ◦ (sA ⊗ sA)

= µA ◦ (µA ⊗ A) ◦ (
iAC ⊗ [

µA ◦ (µA ⊗ µA) ◦ (h ⊗ A ⊗ eRR⊗ eRR)

◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (
δC ⊗ iAC

)] ⊗ h
) ◦ (sA ⊗ sA)

= µA ◦ (µA ⊗ A) ◦ (
iAC ⊗ [

µA ◦ (
h ⊗ iAC

)] ⊗ h
) ◦ (sA ⊗ sA)

= µA ◦ (
b−1
A ⊗ b−1

A

)
.

In the last computations, the first and the second equalities follows by definition
third one by the equality (A1), the fourth and the fifth ones by the properties ofψ , the sixth
one by (A2) and finally, the seventh one is a trivial calculus.

Therefore,µAC×C = µ
AC �

χA
πA

C
. �

Examples 1.23. (i) If we work with entwined structures, the last result is Proposition 2.
of [20]. In this context× = ⊗ and the algebraAC �

χA
πA

C, called the cross product algeb
was studied by Brzeziński in [13].

(ii) Let H , B be weak Hopf algebras in a symmetric monoidal categoryC with split
idempotents. Letg :B → H be a morphism of weak Hopf algebras andf :H → B be a
morphism of coalgebras such thatg ◦ f = idH andf ◦ ηH = ηB . Under these condition
it is possible to prove, using similar computations to the ones developed in 4.2 of [3
the morphismΩB = ω′

B ◦ ωB admits the following new formulation:

ΩB = (ϕBH ⊗ µH ) ◦ (H ⊗ cH,BH ⊗ H) ◦ (
(δH ◦ ηH ) ⊗ BH ⊗ H

)
.
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Therefore, the objectBH × H is the tensor product ofBH andH in the representatio
category ofH . This category is denoted byRep(H) and were studied in [12] and [26] (se
also [25]).

Moreover, ifσBH is the morphism obtained in 1.17, we can define the following m
phisms

ηBH �σBH
H :K → BH × H, µBH �σBH

H :BH × H ⊗ BH × H → BH × H,

ρBH �σBH
H :BH → BH × H ⊗ H

by

ηBH �σBH
H = rB ◦ (ηBH ⊗ ηH ),

µBH �σBH
H = rB ◦ (µBH ⊗ H) ◦ (µBH ⊗ σBH ⊗ µH) ◦ (BH ⊗ ϕBH ⊗ δH⊗H )

◦ (BH ⊗ H ⊗ cH,BH ⊗ H) ◦ (BH ⊗ δH ⊗ BH ⊗ H) ◦ (sB ⊗ sB),

ρBH �σBH
H = (rB ⊗ H) ◦ (BH ⊗ δH ) ◦ sB .

If we denote byBH �σBH
H (the crossed product ofBH andH ) the triple

(BH × H,ηBH �σBH
H ,µBH �σBH

H ),

thenBH �σBH
H is an algebra,(BH × H,ρBH �σBH

H ) is a rightH -comodule and the mor

phismbB :B → BH �σBH
H is an isomorphism of algebras and rightH -comodules (see

Theorem 2.8 [3]). Theorem 2.8 of [3] is the weak version of the result obtained by
tner, Cohen and Montgomery in [9]. Moreover, in the Hopf algebra case, iff is an algebra
morphism, we haveσBH = εH ⊗ εH ⊗ ηBH and thenBH �σBH

H is the smash product o
BH andH , denoted byBH �H . Observe that the product ofBH �H is

µBH �H = (µBH ⊗ µH ) ◦ (
BH ⊗ (

(ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (δH ⊗ BH )
) ⊗ H

)
.

In the weak Hopf algebra case, iff is a morphism of algebras,σBH = pB
H ◦ΠB

L ◦f ◦µH

and then

µBH �σBH
H = rB ◦ (µBH ⊗ µH )

◦ (
BH ⊗ (

(ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (δH ⊗ BH )
) ⊗ H

) ◦ (sB ⊗ sB).

As a consequence, for analogy with the Hopf algebra case, whenσBH = pB
H ◦ ΠB

L ◦ f ◦
µH , we will denote the tripleBH �σBH

H by BH �H (the smash product ofBH andH ).
Finally, Proposition 1.22 implies that the productµBH �σBH

H is equal toµ
BH �

χB
πB

H
where

µ χB = rB ◦ (µBH ⊗ H) ◦ (µBH ⊗ πB) ◦ (BH ⊗ χB ⊗ H) ◦ (sB ⊗ sB)

BH �πB

B
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πB = (
ϕ′

B ⊗ H
) ◦ (H ⊗ ψ) ◦ (δH ⊗ f ), χB = (

ϕ′
B ⊗ H

) ◦ (H ⊗ ψ) ◦ (
δH ⊗ iBH

)
.

2. Weak cocleft coextensions

In this section we study the dual results of the previous one. If we particularize
results to the case of entwining structures we obtain the theory developed in Sec
of [20]. In this section, the arguments and computations are similar to the ones u
Section 1, but passing to the opposite category, and then we leave the details to the

Proposition 2.1. Let(A,C,ψ) be a weak entwining structure such that there exists a ac
φC verifying that(C,φC, δC) belongs toMC

A(ψ). If for all (M,φM,ρM) ∈ MC
A(ψ), we

denote byMA the coequalizer ofφM andβM = (M ⊗ (εC ◦ φC)) ◦ (ρM ⊗ A) and bylMA
the projection ofM onMA, we have the following:

(i) The triple(CA, εCA, δCA) is a coalgebra inC, whereεCA :K → CA andδCA :CA →
CA ⊗ CA are the factorizations ofεC and (lCA ⊗ lCA) ◦ δC respectively, through th
coequalizerlCA .

(ii) The pair (MA,ρMA) is a right CA-comodule, whereρMA :MC → MC ⊗ CA is the
factorization of(lMA ⊗ lCA) ◦ ρM through the coequalizerlMA .

Example 2.2 (See Section3 of [3] for more details). Let H , B be weak Hopf algebras in
symmetric monoidal categoryC with split idempotents. Letj :H → B be a morphism o
weak Hopf algebras andt :B → H be a morphism of algebras such thatt ◦ j = idH and
εH ◦ t = εB . If we defineφB :B ⊗ H → B and the interwiningψ :B ⊗ H → H ⊗ B by

φB = µB ◦ (B ⊗ j), ψ = (H ⊗ φB) ◦ (cB,H ⊗ H) ◦ (B ⊗ δH )

we have that(H,B,ψ) is a weak entwining structure whereeRR = t ◦ ΠR
B . Also,

(B,φB, δB) belongs to the categoryMB
H (ψ).

The morphismkB
H :B → B defined by

kB
H = φB ◦ (

B ⊗ (t ◦ λB)
) ◦ δB

is idempotent inC and, as a consequence, we obtain that there exist an epimorphislBH ,
a monomorphismnB

H and an objectBH such that the diagram

�
���� �

��
B B

BH

kB
H

lBH nB
H
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commutes andlBH ◦nB
H = idBH . Moreover, the next diagrams are coequalizer diagramsC

�
� �

φB

φB◦(B⊗ΠL
H )

lBH
B ⊗ H B BH ,

�
� �

φB

φB◦(B⊗ΠL
H )

lBH
B ⊗ H B BH .

Therefore, the object defined by the equalizer ofφB and βB is the same that th
one defined by the equalizer ofφB and φB ◦ (B ⊗ ΠL

H ) because, in this situation
φB ◦ (B ⊗ ΠL

H ) = βB .

Remark 2.3. Let (A,C,ψ) be a weak entwining structure. If there exists an actionφC

verifying that(C,φC, δC) ∈ MC
A(ψ) andh′ ∈ HomC(C,A) is a morphism of rightA-mo-

dules, we have thath′ ∧ eRR= h′.

Definition 2.4. Let (A,C,ψ) be a weak entwined structure and suppose that(C,φC, δC) ∈
MC

A(ψ). We will say thatC � CA is a weakA-cocleft coextension if there exists a mo
phismh′ ∈ RegWR(C,A) of right A-modules such that

µA ◦ (
A ⊗ h′−1) ◦ ψ = (

eRR∧ h′−1) ◦ βC

whereβC = (C ⊗ (εC ◦ φC)) ◦ (δC ⊗ A) is the morphism defined in 2.1. Also, as in 1.1
we can suppose without loss of generality thateRR∧ h′−1 = h′−1.

Remarks 2.5. (i) Let (A,C,ψ) be a weak entwining structure. If there exists an ac
φC verifying that (C,φC, δC) ∈ MC

A(ψ) and h′ ∈ HomC(C,A) is a morphism of right
A-modules such thath′ in RegWR(C,A), the interwiningψ is completely determined i
the following form:

ψ = ((
µA ◦ (

h′−1 ⊗ h′)) ⊗ C
) ◦ (

C ⊗ (δC ◦ φC)
) ◦ (δC ⊗ A).

(ii) Let (A,C,ψ) be a entwining structure and suppose that(C,φC, δC) ∈ MC
A(ψ). If

h′ ∈ Reg(C,A) is a morphism of rightA-modules we have

µA ◦ (
A ⊗ h′−1) ◦ ψ = h′−1 ◦ βC = (

eRR∧ h′−1) ◦ βC

and then a cocleft coextension in the sense of [20] is a weak cocleft coextension.

Example 2.6. Let B andH be weak Hopf algebras in the same conditions of 2.2, t
t ∈ RegWR(B,H) with inverset−1 = t ◦ λB andB = (B,φB, δB) � BH is a weakH -co-
cleft coextension. WhenH = B andf = g = idH we have the trivial example of wea
H -cocleft coextension.



698 J.N. Alonso Álvarez et al. / Journal of Algebra 284 (2005) 679–704

an
t

ith

r

t of

em-
Proposition 2.7. Let (A,C,ψ) be a weak entwining structure such that there exists
action φC verifying that(C,φC, δC) ∈ MC

A(ψ). Let h′ :C → A be a morphism of righ
A-modules in RegWR(C,A). The following are equivalent:

(i) C � CA is a weakA-cocleft coextension.
(ii) For all object M in MC

A(ψ) the morphismkM
A = φM ◦ (M ⊗ h′−1) ◦ ρM :M → M

factors through the coequalizerlMA , i.e., there exists a morphismnM
A :MA → M such

thatnM
A ◦ lMA = kM

A .

Example 2.8. Let H , B be weak Hopf algebras in a symmetric monoidal category w
split idempotentsC. Let j :H → B be a morphism of weak Hopf algebras andt :B → H

be a morphism of algebras such thatt ◦ j = idH andεH ◦ t = εB . In these conditions, fo
M = B, the morphismkB

H is the one defined in Example 2.2.

Proposition 2.9. Let C � CA be a weakA-cocleft coextension withh′ :C → A the mor-
phism of rightA-modules in RegWR(C,A). Then the morphismrC :C → A ⊗ C defined
by

rC = (µA ⊗ C) ◦ (
h′ ⊗ ψ

) ◦ (
δC ⊗ h′−1) ◦ δC

factors through the coequalizerlCA . Moreover, ifr ′
C is the factorization ofrC , we have the

following equality:

(µA ⊗ C ⊗ C) ◦ (A ⊗ ψ ⊗ C) ◦ (
r ′
C ⊗ r ′

C

) ◦ δCA = (A ⊗ δC) ◦ r ′
C.

Finally, if we define the morphismrCA :CA → A ⊗ CA by rCA = (A ⊗ lCA) ◦ r ′
C we

obtain:

(
µA ⊗ lCA ⊗ CA

) ◦ (
A ⊗ ψ ⊗ CA

) ◦ (
r ′
C ⊗ rCA

) ◦ δCA = (A ⊗ δCA) ◦ rCA.

Examples 2.10. (i) In Proposition 3.5 of [20] we can find a similar result in the contex
A-cocleft coextensions for entwining structures.

(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category with split id
potentsC. Let j :H → B be a morphism of weak Hopf algebras andt :B → H be a
morphism of algebras such thatt ◦ j = idH andεH ◦ t = εB . In these conditions,rBH is
the morphism defined in Section 3 of [3]. The morphismrBH verifies

(1) (εH ⊗ BH ) ◦ rBH = idBH .

(2) (H ⊗ εBH ) ◦ rBH = (ΠL
H ⊗ εBH ) ◦ rBH .

(3) (H ⊗ εBH ⊗ BH ) ◦ (rBH ⊗ BH ) ◦ δBH = (ΠL
H ⊗ BH ) ◦ rBH .

(4) (H ⊗ δBH ) ◦ rBH = (µH ⊗ BH ⊗ BH ) ◦ (H ⊗ cBH ,H ⊗ BH) ◦ (rBH ⊗ rBH ) ◦ δBH .
(5) (((H ⊗ εBH ) ◦ rBH ) ⊗ BH) ◦ cBH ,BH ◦ δBH = (ΠL

H ⊗ BH ) ◦ rBH .

By 2.9 we can add to the last equalities the new property
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(6) (µH ⊗ lBH ⊗ BH ) ◦ (H ⊗ ψ ⊗ BH ) ◦ (r ′
B ⊗ rBH ) ◦ δBH = (H ⊗ δBH ) ◦ rBH ,

whereψ is the entwining defined in 2.2.
Moreover, ift is a morphism of coalgebras(BH , rBH ) is a leftH -comodule (see Propo

sition 2.5 of [2]).

Proposition 2.11. LetC � CA be a weakA-cocleft coextension withh′ :C → A the mor-
phism of rightA-modules in RegWR(C,A). Then the morphismγC :C → A ⊗ A defined
by

γC = (
µA ⊗ h′) ◦ (

h′ ⊗ ψ
) ◦ (

δC ⊗ h′−1) ◦ δC

factors through the coequalizerlCA . Moreover, ifγCA is the factorization ofγC , then

γCA = (
h′ ⊗ h′) ◦ δC ◦ nC

A.

2.12. Let C � CA be a weakA-cocleft coextension with morphismh′ ∈ RegWR(C,A)

and letM ∈ MC
A(ψ). The morphisms

�M :MA ⊗ A → M, � ′
M :M → MA ⊗ A

defined by�M = φM ◦ (nM
A ⊗ A) and� ′

M = (lMA ⊗ h′) ◦ ρM verify the equality�M ◦
� ′

M = idM because we have�M ◦ � ′
M = φM ◦ (M ⊗ eRR) ◦ ρM = idM . Also, the equality

� ′
M ◦ �M = idMA⊗A it is not true in general and the dual version of Proposition 1.1

the following:

Proposition 2.13. Let C � CA be a weakA-cocleft coextension withh′ :C → A the
morphism of rightA-modules in RegWR(C,A) and letM ∈ MC

A(ψ). Then,� ′
M ◦ �M =

idMA⊗A if and only ifMA ⊗ ηA = � ′
M ◦ nM

A .
As a consequence, ifM = C we have� ′

C ◦ �C = idCA⊗A if and only if h′ ∧ h′−1 =
εC ⊗ ηA. Therefore, if� ′

C ◦ �C = idCA⊗A, the left weak inverse ofh′ is unique.

2.14. Let C � CA be a weakA-cocleft coextension with morphismh′ ∈ RegWR(C,A)

and letM ∈ MC
A(ψ). The morphismΥM = � ′

M ◦ �M is an idempotent and then we ha
a commutative diagram

�
�
�
�
��� �

�
��	









� �

�
���

MA ⊗ A MA ⊗ A

M

MA � A

�M
� ′

M

uM vM

ΥM
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whereuM ◦ vM = idMA�A. Therefore, the morphismdM = uM ◦ � ′
M is an isomorphism

of right A-modules with inversed−1
M = �M ◦ vM . The module structure ofMA � A is the

one induced by the isomorphismdM and it is equal to

φMA�A = uM ◦ (
MA ⊗ µA

) ◦ (
� ′

M ⊗ µA

) ◦ (
nM

A ⊗ A ⊗ A
) ◦ (vM ⊗ A).

In the particular caseC = M we have thatdC is an isomorphism of coalgebras whe
the coalgebra structure is the one induced bydC :

εCA�A = εC ◦ d−1
C , δCA�A = (dC ⊗ dC) ◦ δC ◦ d−1

C .

In the following proposition we obtain thatδCA�A can be identified using a cross
coproduct.

Proposition 2.15. Let C � CA be a weakA-cocleft coextension with morphismh′ ∈
RegWR(C,A). ThenδCA�A = δ

CA�θC
ςC

A
where

δ
CA�θC

ςC
A

= (uC ⊗ uC) ◦ (
CA ⊗ θC ⊗ A

) ◦ (δCA ⊗ ςC) ⊗ (δCA ⊗ A) ◦ vC

and

ςC = (
µA ⊗ h′) ◦ (A ⊗ ψ) ◦ (

r ′
C ⊗ A

)
, θC = (

µA ⊗ lCA
) ◦ (A ⊗ ψ) ◦ (

r ′
C ⊗ A

)
.

Examples 2.16. (i) In the entwined case, the last result is Proposition 3.6 of [20]. In
context⊗ = � and the coalgebraCA �θC

ςC A, called the cross coproduct coalgebra, is
dual of the one studied by Brzeziński in [13].

(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category with
idempotents. Letj :H → B be a morphism of weak Hopf algebras andt :B → H be a
morphism of algebras such thatt ◦ j = idH andεH ◦ t = εB . Let γBH be the morphism
defined in 2.11 and put

εBH �γ
BH

H :BH � H → K, δBH �γ
BH

H :BH � H → BH � H ⊗ BH � H,

ψBH �γ
BH

H :BH � H ⊗ H → BH � H

where

εBH �γ
BH

H = (εBH ⊗ εH ) ◦ vB,

δBH �γ
BH

H = (uB ⊗ uB) ◦ (
BH ⊗ µH ⊗ BH ⊗ H

) ◦ (
BH ⊗ H ⊗ cBH ,H ⊗ H

)

◦ (
BH ⊗ rBH ⊗ µH⊗H

) ◦ (δBH ⊗ γBH ⊗ δH ) ◦ (δBH ⊗ H) ◦ vB,
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Then, if we denote byBH �γ
BH

H (the crossed coproduct ofBH andH ) the triple

(
BH � H,εBH �γ

BH
H , δBH �γ

BH
H

)
,

we have thatBH �γ
BH

H is a coalgebra anddB :B → BH �γ
BH

H is an isomorphism o
coalgebras and rightH -modules.

Proposition 2.15 implies that the coproductδBH �γ
BH

H is equal toδ
BH �θB

ςB
H

where

δ
BH �θB

ςB
H

= (uB ⊗ uB) ◦ (
BH ⊗ θB ⊗ H

) ◦ (δBH ⊗ ςB) ⊗ (δBH ⊗ H) ◦ vB

and

ςB = (µH ⊗ t) ◦ (H ⊗ ψ) ◦ (
r ′
B ⊗ H

)
, θB = (

µH ⊗ lBH
) ◦ (H ⊗ ψ) ◦ (

r ′
B ⊗ H

)
.

In the Hopf algebra case (H andB Hopf algebras) this result is the dual of the o
obtained by Blattner, Cohen and Montgomery. In this case, ift is a coalgebra morphism
we haveγBH = εBH ⊗ ηH ⊗ ηH and thenBH �γ

BH
H is the smash coproduct ofBH

andH , denoted byBH � H . In BH � H the coproduct is

δBH �H = (
BH ⊗ ((

µH ⊗ BH
) ◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H)

) ⊗ H
) ◦ (δBH ⊗ δH ).

Finally, whent is a morphism of weak Hopf algebras we haveγBH = δH ◦ ΠL
H ◦ t ◦ nB

H

and then the expression ofδBH �γ
BH

H is:

δBH �γ
BH

H = (uB ⊗ uB) ◦ (
BH ⊗ ((

µH ⊗ BH
) ◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H)

) ⊗ H
)

◦ (δBH ⊗ δH ) ◦ vB.

As a consequence, for analogy with the Hopf algebra case, whenγBH = δH ◦ ΠH
L ◦

t ◦ nB
H , we will denote the tripleBH �γ

BH
H by BH � H (the smash coproduct ofBH

andH ).

3. The mixed case

3.1. Let A andC be algebras coalgebras inC. Let g :A → C andf :C → A be mor-
phisms of algebras and coalgebras such that

(i) f ◦ g = idC .
(ii) There exists a weakentwined structure(A,C,ψ) in C such that(A,µA,ρA =

(A ⊗ g) ◦ δA) ∈MC
A(ψ).

(iii) There exists a weak entwined structure(C,A,ψ ′) in C such that(A,φA = µA ◦
(A ⊗ f ), δA) ∈ MA

C(ψ ′).
(iv) f ∈ RegWR(C,A), g ∈ RegWR(A,C) and
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f

ψ ◦ (
C ⊗ f −1) ◦ δC = ζA ◦ (

eRR∧ f −1),

µA ◦ (
A ⊗ g−1) ◦ ψ ′ = (

eRR∧ g−1) ◦ βC.

Under these conditions,AC ↪→ A is a weak C-cleft extension with morphism
f ∈ RegWR(C,A) and A � AC is a weakC-cocleft coextension with morphismg ∈
RegWR(A,C). Therefore, there exist two isomorphisms, defined in 1.21 and 2.14,bA :A →
AC × C, dA :A → AC � C, and, as a consequence,dA ◦ b−1

A : AC × C → AC � C is an
isomorphism.

Moreover, iff ◦g−1 = f −1 ◦g we obtain thatqA
C = kA

C and then, there exists an uniq
morphismy ′

A :AC → AC such thaty ′
A ◦ lAC = pA

C and iAC ◦ y ′
A = nA

C . Finally, defining
yA :AC � C → AC × C by yA = rA ◦ (y ′

A ⊗ C) ◦ vA, we obtain that(dA ◦ b−1
A )−1 = yA.

Indeed:

dA ◦ b−1
A ◦ rA ◦ (

y ′
A ⊗ C

) ◦ vA = dA ◦ ωA ◦ ω′
A ◦ ωA ◦ (

y ′
A ⊗ C

) ◦ vA

= dA ◦ µA ◦ (
iAC ⊗ f

) ◦ (
y ′
A ⊗ C

) ◦ vA

= dA ◦ µA ◦ (
nA

C ⊗ f
) ◦ vA = uA ◦ � ′

A ◦ �A ◦ vA

= uA ◦ vA ◦ uA ◦ vA = idAC�C.

Example 3.2. Let H , B be weak Hopf algebras in a symmetric monoidal categoryC with
split idempotents. Suppose thatg :B → H andf :H → B are morphisms of weak Hop
algebras such thatg ◦ f = idH . Then

(i) The triple (B,H,ψ) is a weak entwining structure whereψ = (B ⊗ µA) ◦ (cH,B ⊗
H) ◦ (H ⊗ ρB) andρB = (B ⊗ g) ◦ δB . Also, (B,µB,ρB) ∈ MH

B (ψ).
(ii) The triple (H,B,ψ ′) is a weak entwining structure whereψ ′ = (H ⊗ φB) ◦ (cB,H ⊗

H) ◦ (B ⊗ δH ) andφB = µB ◦ (B ⊗ f ). Also, (B,φB, δB) ∈ MB
H (ψ ′).

Then, by 3.1, we obtain thatBH ↪→ B � BH is a weakH -cleft extension with
morphismf ∈ RegWR(H,B) and is a weakH -cocleft coextension with morphismg ∈
RegWR(B,H). In this situationqB

H = kB
H and the morphismy ′

B is an identity,BH = BH .
Thus

� ��BH B B ⊗ H
iBH

ρB

(B⊗ΠL
H )◦ρB

is an equalizer diagram and

�
� �

φB

φB◦(B⊗ΠL
H )

pB
H

B ⊗ H B BH

is a coequalizer diagram.
Moreover,ωB = �B , ω′ = � ′ and thenBH × H = BH � H .
B B
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The objectBH is an algebra coalgebra and in Proposition 2.8 of [2] we prove that th
triple (BH ,ϕBH , rBH ) belongs toHHWYD whereH

HWYD denotes the category of left wea
Yetter–Drinfeld modules overH defined in [2].

As a consequence, we have the following theorem, the weak version of Radford’s
rem, proved in [2].

Theorem 3.3. Let H , B be weak Hopf algebras in symmetric monoidal category w
split idempotentsC. Letg :B → H andf :H → B be morphisms of weak Hopf algebr
such thatg ◦ f = idH . Then there exists an objectBH living in H

HWYD such thatB is
isomorphic toBH ×H as weak Hopf algebras, being the(co)algebra structure inBH ×H

the smash(co)product. The expression for the antipode ofBH × H is

λBH ×H = rB ◦ (ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (
(δH ◦ λH ◦ µH) ⊗ λBH

)

◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H) ◦ sB .

3.4. As a particular instance of 3.1, we obtain the results of [20] for the entwi
context. Also, we recover the central theorem about Hopf algebras with projectio
the Majid’s bosonization process in braided monoidal categories. In this case we m
change the weak Yetter–Drinfeld modules by the usual Yetter–Drinfeld modules.

Theorem 3.5. Let H , B be Hopf algebras in braided monoidal category with split ide
potentsC. Let g :B → H and f :H → B be morphisms of Hopf algebras such th
g ◦ f = idH . Then there exists an objectBH living in H

HYD such thatB is isomorphic
to BH ⊗ H as Hopf algebras, being the(co)algebra structure inBH ⊗ H the smash
(co)product. The expression for the antipode ofBH ⊗ H is

λBH ⊗H = (ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (
(δH ◦ λH ◦ µH ) ⊗ λBH

)

◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H).

Proof. The line of this proof is the one developed in 3.2 but adapted to the braided
for example see [1]. �
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