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Abstract

We formulate the concept of weak cleft extension for a weak entwining structure in a braided
monoidal categorg with equalizers and coequalizers. We prove thatig a weakC-cleft extension,
then there is an isomorphism of algebras betwéemd a subobject of the tensor product4ef and
C where A¢ is a subalgebra ofi. Also, we prove the corresponding dual results and linking the
information of this two parts we obtain a general property for a pair morphign — A and
g:A — C of algebras and coalgebras satisfying certain conditions. Finally, as particular instances,
we get the results of Fernandez and Rodriguez, the theorems of Radford, Majid and Bespalov (in
the case of Hopf algebras with projection) and the ones obtained by Alonso and Gonzalez for weak
Hopf algebras living in a symmetric category with split idempotents, for example, the weak theorem
of Blattner, Cohen and Montgomery for weak Hopf algebras with coalgebra splitting is one of them.
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Introduction

Weak entwining structures have beetraduced by Caenepeel and de Groot [16] as
a generalization of entwining structures defined by Biizglzi and Majid [14,15]. They
introduce the so-called entwining structures, consisting of an alggtaaoalgebr&’, and
an interwiningy : C ® A - A ® C satisfying four technical conditions which have been
replaced for weaker axioms in the definition of Caenepeel and de Groot. In this context, a
weak entwined module is at the same timedamodule aC-comodule, with compatibility
condition given by . With this definition it is possible to unify some categories of modules
associated to a Hopf algebra or a weak Hajgfebra, for example classical Doi—Hopf
modules and weak Doi—Hopf modules defined by Béhm in [10].

On the other hand, the main result of [3]dsgeneralization, for weak Hopf algebras
living in a symmetric monoidal category with split idempotents, of the well-known result
due to Blattner, Cohen and Montgomery which shows thgt:iB — H is a morphism
of Hopf algebras with coalgebra splitting, then there exists an algebra isomorphism
betweenB and the crossed produBty ﬁos,, H whereBy is the left Hopf kernel og and
op, IS a suitable cocycle (see Theorem (4.14) of [9]). In this generalization Alonso and
Gonzalez proved that f : B — H is a morphism of weak Hopf algebras and there exists
a morphism of coalgebrag: H — B such thag o f =idy and f o ng = np, then using
the idempotent morphism’ = 115 o (B ® (Ag o f 0 g)) 0 85: B — B and an equalizer
diagram it is possible to construct an algel®a and morphismsg,, : H ® By — Bp,

o, - H ® H — By such that there exists a subobjé&@ x H of By ® H isomorphic

with B as algebras and with algebra structure defined by a crossed product inuagying
andop,, . Also, in [3] one can find the dual results and linking this information with the one
obtained previously, we get a weak version of Radford’s theorem introducing the category
of weak Yetter—Drinfeld modules. Radfordiseorem [27] gives equivalent conditions for

an objectA ® H equipped with smash product algebra and coalgebra to be a Hopf algebra
and characterizes such objects via a bialggsogection. Majid in [24] interpreted this
result in the modern context of Yetter—Drinfeld modules and stated that there is a one to
one correspondence between Hopf algebras in this category, denofégi’@y and Hopf
algebrasB with morphisms of Hopf algebrag: H — B, g: B — H suchthago f =idy.

Later on, Bespalov proved the same result for braided categories with split idempotents in
[5], and pursued further the development of Radford’s theory in joint work with Drabant.

In [1] Alonso and Fernandez found a very short proof of Radford’s result using the
notion of H-cleft comodule (module) algebras (coalgebras) for a Hopf algébiia a
braided monoidal category. In some sense the approach of [1] is motivated by a charac-
terization of crossed products as a sort of cleft extensions and normal Galois extensions
and it can be extended to the theory of entwined modules. In [20], using these ideas, Fer-
nandez and Rodriguez obtained, fof gco)cleft extensiom in the braided categorg,

a cross (co)product semi(co)algebralinAs a direct consequence, they give an example

of a crossed product by a coalgebra coming from the theory of coalgebra bundles and an
application to the case of two morphisrfisC — A andg: A — C of algebras and coal-
gebras satisfying certain conditions. In particulaidiind C are Hopf algebras, then we
have a braided interpretation of Radford’s theorem, i.e., the results of Majid and Bespalov.
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The main goal of this paper is to find a goodidiion of cleft extension for weak en-
twining structures and with it to obtain a general theory involving as a particular instances
the results of the last two paragraphs. The organization of our paper is the following. In
Section 1, for a weak entwining structure, we introduce the notion of Wealeft exten-
sion A¢ <— A, beingA an algebraC a coalgebra and ¢ a subalgebra ofi. We prove
that if A is a weakC-cleft extension, then there is an isomorphism of algebras between
A and a cross product algebra4f andC where the base object of this crossed product
is a subobject of the tensor product betwesnandC in the braided category. In the
entwining case we recover the results of [20] and we also give an application of this theory
to weak Hopf algebras with coalgebra splitting obtaining, for example, the theory devel-
oped in [3]. In Section 2, we prove the dual results and linking the information of this two
sections, in Section 3, we obtain an application to the case of two morplfisfis> A
andg: A — C of algebras and coalgebras satisfying certain conditions. As examples, we
obtain the results of [20] and in the case of Hopf algebras with projection we have the re-
sults of Majid, Bespalov (braided categories). Finally, if we work with weak Hopf algebras
in symmetric categories with split idempotents we obtain the results of [3]. Of course, we
have as a particular example Radford’s theorem.

1. Weak entwining structures and weak C-cleft extensions

We assume that the reader is familiar witte machinery of braided monoidal cate-
gories. Details may be found in [21]. In what follows we denote with®, K, ¢) a strict
braided monoidal category with equalizers and coequalizers. It is an easy exercise to prove
that if we have equalizers and coequalizergntithere exist split idempotents, i.e., for
every morphisng : Y — Y such that; = g o ¢, the there exist an obje@ and morphisms
i:Z—Yandp:Y — Zverifyingg=iopandpoi =idz.

An algebrainC is a tripleA = (A, na, ua) WhereA is an objectinC andns: K — A
(unit), ua:A® A — A (product) are morphisms ifi such thatuy o (A ® n4) =idyg =
pmao(ma®A), uao(A® ua)=pnaso(ua ® A). Given two algebragt = (A, na, La)
and B = (B,np,up), f:A — B is an algebra morphism ifip o (f ® f) = f o 4,
fona=ng. Also, if A, B are algebras ii’, the objectA ® B is also an algebra i@
wherenagp =14 ® np anduags = (ua @ up) o (A®cp A ® B).

A coalgebrairC is atripleD = (D, ¢p, §p) whereD is an objectirC andep: D — K
(counit),§p: D — D ® D (coproduct) are morphisms ifi such that(ep ® D) o §p =
idp=(D®ep)odp, p®D)odép=(DRp)odp.If D=(D,ep,8p) andE =
(E,eg,dg) are coalgebras,: D — E is a coalgebra morphism{ff ® f)odp =8go f,
eepo f =¢p. WhenD, E are coalgebras i, D ® E is a coalgebra i€ whereespgr =
ep ®ep andépgr = (D ®cp.g ® E) o (5p ® SE).

Definition 1.1. A right—right weak entwining structure @hconsists of a tripl€A, C, V),

whereA is an algebraC a coalgebra, an¢: C ® A — A ® C a morphism satisfying the
relations

() Yo (COuA)=Wa®C)o(ARY)o (Y ®A),
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(i) (A®3)oYy =W RC)o(CRY)o(5c ®A),
(i) ¥ o(C®na)=(err® C) o dc,
(iv) (A®ec)oy =pao(err® A),

whereerr: C — A is the morphism defined byrr = (A ® e¢) o ¥ o (C ® n4). The
morphismy is called interwining.

The definition of right—right weak entwingnstructure was introduced by Caenepeel and
de Groot in [16] and is a generalization of the notion of right—right entwining structure de-
fined by Brzeziski and Majid in [14,15]. In the definition of these authors the morphism
erRR= N4 ® &c and, obviously, any right-right entwining structure is a right-right weak
entwining structure. Moreover, a right—right weak entwining structure is a right-right en-
twining structure if and only ikrr= 14 ® e¢. Also, in a similar way, we can define the
notions of right—left, left—right and left—left weak entwining structures (see [16] for the
details).

In this paper we only work with right—right weak entwining structures. For more sim-
plicity we use the name weak entwining structure for substitution of right—right weak
entwining structure.

Examples 1.2. (i) Let C be a symmetric monoidal category with split idempotents. Weak
Hopf algebras are generalizations of Hopf algebras and was introduced by B6hm, Nill and
Szlachanyiin [11,12]. The axioms are the same as the ones for a Hopf algebra, except that
the coproduct of the unit, the product of theunit and the antipode condition are replaced
by weaker properties. The definition is the following.

A weak Hopf algebraH in C is an algebra H, ny, ny) and coalgebrdH, ey, 5y)
such that the following axioms hold:

(@l) Spopun =y ® LH) 0 SHRH-

(@2) epoppgo(up @ H) =(eg ®ep) o (U @ up)o(H @y ® H) =(ey ®epy) o
(ug @up)o(HR®(cypodn) @ H).

(@3) by ® Hyodygony=(HQuy @ H)o 6y ®8y) o (g ® ny) = (H ® (uy o
caH)@H)o(6g®n) o (nu @ ).

(ad) There exists a morphisky : H — H in C (called antipode off) verifying:
@4-1) ppo(H®Ag)odyg=(epopun) @ Hyo(H®cu,u)o (g onn) @ H).
(@4-2) pgoAg @ H)ody =(H Q@ (egoun))o(cny ® H)o (H ® (n onn)).
(@4-3) ppo(ug @®H) oAy @ HR®Ap)o By ® H)oby =Ap.

As a consequence of this definition it is an easy exercise to prove that a weak Hopf
algebra is a Hopf algebra if an only if the morphism (coproduct) is unit-preserving
(i.e.,ng ® ng =8y o ny) and if and only if the counit is a homomorphism of algebras
(ie.,egoug=cg Qeg).

If H is a weak Hopf algebra, the antipodg; is unique, antimultiplicative, anti-
comultiplicative and leaves the unijty and the counity invariant, i.e.,Ag o uy =
mHo(Ag @Ag)ocy g, 0goly =cgpo(Ag®@Ag)ody, Agony =N, EHOAH =€H.

If we define the morphism& L, X, T, andIT% by
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i =(Enopm)®H)o(H®cyn)o(Guonm) ®H):H— H,
IR =(H® (egomn)o(cn®H)o(H®@Byony)):H— H,
ﬁl[ilz(H®(8H°MH))°((5H°77H)®H):H—>H:

Y =(uoun) @ H)o (H® (uonm):H— H.

It is straightforward to show (see [11]) that they are idempotent. Moreover, we have that
(see [16DI o MTfy =1Tf, M o I =I5, Dy oIy =I5, Mol =M, Mo
nh=n%, nhont =nh, 08 ok =0% andnf o II% =1E. Also it is easy to
show the formulas:

Hé:ﬁllf[o)»hy:kyoﬁf_], Hg:ﬁZo)»HZAHoﬁZ,

Ohoaxy=mnhonk =ayonk, NEorxyp=0Fonh=xryomk.

A morphism between weak Hopf algebrAsand B is a morphismf : H — B which
is both algebra and coalgebra morphismf tfH — B is a weak Hopf algebra morphism,
thenig o f = f oAy (see 1.4 of [2]).

Let be the triple(H, H, y) wherey = (H Q ug) o (cg.n ® H) o (H ® 8g). Then
(H, H, V) is a weak entwining structure witkgr= IT5.

(i) Let H, B be weak Hopf algebras in a symmetric monoidal categbuwyith split
idempotents. Leg: B — H be a morphism of weak Hopf algebras afidH — B be a
morphism of coalgebras such that f =idy and f o ng = np. If we definepp: B —

B ® H and the interwining/: H ® B— B ® H by

pp=(B®g)odp, Y=(BQuy)o(cyp® H)o(H® pp)

we have thatB, H, ¥) is a weak entwining structure whesgr= 1'11’; o f. Of course, the
previous example is a particular instance of this oneHee B andf =g =idy.

In [3], using the idempotent morphisgf, = up o (B (kg o fog))odp:B — B
and an equalizer diagram, Alonso and Gonzalez proved that it is possible to construct an
algebraBy and morphismsg,, : H @ By — By, o, : H ® H — By such that there
exists a subobjedBy x H of By ® H isomorphic withB as algebras and with algebra
structure (the crossed product) definedy, x 7 =rg o (np, @ ng) and

WByxH =rgo(Upy ® H)o(up, ®op, @up)o(By @ ¢p,y @SHoH)
o(BH®HQ®cyp, ®H)o(By ®3y ® By ® H)o (sp Qsp),

wheresp is the inclusion ofBy x H in By ® H andrp the projection ofBy ® H on

By x H.Of course, wherf : H— B is a morphism of weak Hopf algebras we recover the
theory developed in [2] and i and B are Hopf algebras we obtain the result of Blattner,
Cohen and Montgomery (see [9]). For this reason, the authors denoted the #igebrd

by Bu oy, H.

In this paper, we will prove that these rédtsiare particular instances of a more general
theorems that we can obtain in the cexitof weak entwining structures.
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Definition 1.3. Let (A, C, ) be a weak entwining structure (h We denote b)ﬁ\/lg(l/f)
the category whose objects are tripl@g, ¢, par), Where(M, ¢y) is a right A-module
(i.e., om0 (pu ® A) =Py o (M ® pa), idy = duy o (M @ na)), (M, py) is a right
C-comodule (i.e.(oy @ C) o pyy = (M ® 8¢) 0 pyr, (M ® e¢) o pyr =idyy), and

pymodyu = (pu ® C)o (M @ V) o (pm ® A).

The objects Of./\/lg(l//) will be called weak entwined modules and a morphism in
Mg(w) is a morphism ofA-modules andC-comodules. If(A, C, ¥) is an entwining
structure then we find the categoryemtwined modules introduced by Brzagki in [14].
Finally, in a similar way we define modules over right—left, left—right and left-left weak
entwining structures (see [16]).

Examples 1.4. (i) Using entwining structures it is possible to unify some categories

of modules associated to a Hopf algebra as categories of entwined modules. For exam-
ple, if C = H is a Hopf algebraA is a right H-comodule algebra angt = (A ® ug) o

(cr,a ® H) o (H ® pa) an objectM in M# (y) is a Hopf module [17]. IC = A= H is

a Hopf algebra and

Y=HQRup)o(HOHQup)o(H®cyn@®H)o(ch.n ® HR H)
o(H®cyn®H)o(HRAy ®8u)o(H®6u)

then an objectV in Mg(w) is a Yetter—Drinfeld module [28,29]. Finally, |&¥ be a
Hopf algebra. IfA is a right H-comodule algebra is a right H-module coalgebra and
Y =(A® ¢c)o (cc.a® H) o (C ® pa) then an object inA/lg(l//) is a Doi—Koppinen
module [18,22].

(i) If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2 then
(B, ¢5 = g, pp) belongs to the categoryt (v).

(iii) The category of weak Doi—Hopf modes, introduced in [10] can be identify as a
category of weak entwined modules (see [16]).

Proposition 1.5. Let (A, C, ¥) be a weak entwining structure such that there exists a coac-
tion p, verifying that(A, wa, pa) belongs taM§ (y). If for all (M, ¢ur, pu) € MG (W),

we denote byl the equalizer opy; and gy = (¢ @ C) o (M ® (pa o na)) and byiéﬂ

the injection ofM¢ in M, we have the followirg

(i) The triple(Ac,nac.ac) iS an algebrainC, wherena.: K — Ac andua. 1 Ac ®
Ac — Ac are the factorizations ofj4 and 4 o (ig‘ ® ig‘) respectively, through the
equalizeriy.

(if) The pair(Mc, ¢um.) is a right Ac-module, wherepy,. : Mc ® Ac — Mc is the fac-
torization of¢y o (¥ ® i2) through the equalizei .

Proof. The proofis easy and we leave the details to the reader.
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Example 1.6. If H andB are weak Hopf algebras in the same conditions of (ii) of 1.2 then
the morphismy 2 = ug o (B® (Ago f0g)) 0 85: B — B is an idempotent i€ (see 2.1

of [3]). As a consequence, there exist an epimorphjigin a monomorphisniZ and an
objectBy such that the diagram

commutes ang? o i8 =idg, . Also by 2.2 of [3] we have that the following diagram is
an equalizer diagram i6:

,'f[ PB
(B®I5)0pp

Moreover, using the equalitif &} o I75, = T}, it is easy to show that

PB

i
By —%~ B B®H

(BRI R )opp

is an equalizer diagram id.

Therefore, the object defined by the equalizepgfand ¢ is the same that the one
defined by the equalizer @fz and(B ® ITX ) o pp because, in this situations ® IT% ) o
pB =1{B.

Remark 1.7. Suppose thatA, C, ¢) be a weak entwining structure such that there exists a
coactionp, verifying that(A, w4, pa) belongs tQA/lg(l//). Then ifh e Homg(C, A) is a
morphism of rightC-comodules: A err= h WhereA denotes the usual convolution, i.e.,

h Aerr= 4o (h® erR) odc. Indeed:

hAerr=(1a ®@ec)o(h®V¥) o (5c ®na)
=(na®ec) o (A®Y) o ((paoh)®na)
=(A®ec)opaopnpo(h®na)=h.

Definition 1.8. Let (A, C, ) be a weak entwining structure and suppose tHatp,) is
a right C-comodule. ByRed"R(C, A) we denote the set of morphismss Hony(C, A)
such that there exists a morphigm! € Homy(C, A) (the left weak inverse of) verifying
hiAah= €RR

Let A be an algebra and' be a coalgebra i€. By ReqC, A) we denote the set of
morphismsi: C — A such that there exists a morphigm':C — A (the inverse of:)
verifyingh*Ah=hAh™Y=ec @na =naoec. Of course, if(A, C, ¥) is an entwining
structure inC err= ec ® 4 andRegC, A) c Red"R(C, A).
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Definition 1.9. Let (A, C, ) be a weak entwining structure and supposethaji 4, pa) €
Mﬁ(x//). We will say thatA¢ — A is a weakC-cleft extension if there exists a morphism
h:C— AinRed"R(C, A) of right C-comodules such that

Yo(C®h™)odc=¢ao(errnh™?)
wherets = (ua ® C) o (A ® (pa o n4)) is the morphism defined in 1.5.

This definition is a generalization of the one used by Fernandez and Rodriguez in [20]
in the context of entwined modules but changiReg C, A) by Red"R(C, A) and adding a
new condition. In this paper we will show that the results obtained in [20] can be prove if
you only work with the more general seed'R(C, A). Also, using the definition of weak
C-cleft extension, we will involve the weak Hopf algebraic context and the weak entwined
categories of modules in connection with it.

A classic result in Galois theory says thaifc A is a finite Galois extension of fields
with Galois groupH, thenA/B has a normal basis, i.e., there exigte A such that the
set{x.a;x € H} is a basis forA over B. Afterwards, Kreimer and Takeuchi introduce
in [23] the notion of normal basis for extensions, associated to Hopf algebras in cate-
gories of modules over a commutative ring, and in [19] Doi and Takeuchi characterized
the H-Galois extensions with normal basis in termgbfcleft extensions. Recently, in the
work of Brzezihski [14] we can find a more general formulation of these last results in the
context of entwining structures.

In [4], we formulate the definition of weak'-Galois extension with normal basis for
a weak entwining structure living in a braided monoidal category with equalizers and co-
equalizers and we characterize this extensions using the notion of cleftness introduced in
Definition 1.9. Of course, as a particular instances, we recover the results described in the
previous paragraph.

Remarks 1.10. (i) Suppose thatA, C, ) be a weak entwining structure such that there
exists a coactiomw, verifying that(A, ua, pa) belongs toMg(w). Thenifh:C — A

is a morphism of rightC-comodules inRed"R(C, A), the interwiningy is completely
determined in the following form:

¥ =a®C)o(A®(paoua))o(((ht@h)odc)®A).

Indeed:

(1A ®C)o (A (paopa))o((hT®h)odc)® A)
=(ua®C)o (AR ((na®C)o(ARY) o (pa®A))) o ((RF®h)osc)® A)
=(Ua®C)o(ua®Y) o (h1@h®C®A) o (CR8c®A)o (5c ® A)
=(ua®C)o(eRR®O Y) o (5c ® A)
=(AQec®C)o(YRC)o(CRY)o(8c ®A)
=(A®(ec®C)odc)) oy =y,
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In the last computations, the first equality it is true becatisse an entwined module.
The second one follows from the fact thats a morphism of rightC-modules, the third
one by the coalgebra structure 6fand bys =1 A h = err and finally, the fourth and the
fifth ones by the properties af and the coalgebra structure Gf

(ii) Let (A, C, ¥) be an entwined structure and suppose tAatu 4, pa) € Mg(w). If
h € ReqgC, A) is a morphism of righC-comodules we have that

Yo(C®h Y odc=¢aoh™ =ta0(errARTY).

Then, as a consequence; ecleft extension for an entwining structure is a weakleft
extension.

Example1.11. If H is a Hopfalgebréd g is an element oRed H, H) with inverseidl’j,l =
Ay . In the weak Hopf algebra casey € RedVR(H, H) with left weak inverse.y and
idy € RedH, H) if and only if H is a Hopf algebra.

If H and B are weak Hopf algebras in the same conditions of (ii) of 1f2¢
Red"R(H, B) because forf 1 = A5 o f we obtain thatf 2 A f = T8 o f = err and
By — B = (B, up, pp) is a weakH -cleft extension because

Yo(H® f ) odu
=BQuu)o(cys®H)o(H® ((Azg®(gorp))ocppodpo f))ody
=(B®g)ocppo (175 ®)\B) oépo f
=(B® (goﬁg))oclg,go (17{,5@)\3)0530]”
=(B®ﬁ§)opgof*1
=¢pof 1
=B O(ng/\)»B)Of
=¢po(errA f77).

In the previous calculus, the first equality follows from the definitionjoéind by the
antimultiplicative nature of.g. In the second one, we use the equality f = iy, the
condition of coalgebra morphism fgrand the naturality of the braiding. The third equality
follows from IT5 = 17X o A5 and in the fourth one we use the antimultiplicative nature of
the antipode. In the fifth one we applyX o g = go ITX and(B® ITR ) 0 pg = ¢p. Finally,

in the sixth one we usB X A 15 = A5 and in the seventh or@ & Aixp) o f = errA £ 1.
WhenH = B and f = g = idy we have the trivial example of wedk-cleft extension.

Proposition 1.12. Let (A, C, ) be a weak entwining structure such that there exists a
coactionpy verifying that(A, 4, p4) belongs IQ/\/lg(I//). Leth:C — A be a morphism
of right C-comodules in R&YR(C, A). The following are equivalent

(i) Ac — A is a weakC-cleft extension.
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(i) For all object M in MS () the morphisnyY = ¢y o (M @ ™Y o py:M — M
factors through the equalizey?, i.e., there exists a morphispy? : M — M¢ such
thatiX o p¥ =g M.

Proof. (i) = (ii). We have that

;OMOt]g[
=@y ®C)o(M@Y) o (py ®h ™) 0 py
=@ ®C)o(M® (Yo (C®h ) odc))opu
=(pu®C)o(M® (¢ao(errARTY))) 0 oy
= (¢ ®C) o ((¢m o (M Q err) 0 pu) ® (£ Oh_l)) o pM
=(@u®C)o((pmo(Mh™Y) 0 py) ® (pa 014))
=y oql.

In the last computations the first equalftyllows from the weakentwined condition
for M, the second one by the comodule structurevbfand the third one by the cleft
condition. In the fourth one we use the comodule structur&/adnd in the fifth one we
apply s o (M ® erR) o py = idy. Finally, in the sixth one we use the module structure
of M.

Therefore, there exists a morphigrf : M — Mc such thatX o p¥ =g

(i) = (i). For M = A we have the following:

Yo(C®h™)osc
= (ua®C)o(A® (paopa)o((h®@h)osc)®A)o(C®hY)o0sc
=ua®C)o(A® (paogd))o(h@h™Y) obc
=(ua®C)o (1 ® ((ra®C)o(1a® (paona))o(A®h ™) opsoh))ode
=(ua®C)o(1na® (paona))o(ua®A)o(h ' @h@h™)o@dc®C)odc

={p0 (eRR/\ hil).

Note that in the last computations, the first follows by the expressignadiculated in
1.10 and the third one by the factorization conditiondgr O

Remark 1.13.Let (A, C, ¥) be aweak entwining structure such that there exists a coaction
pa verifying that(A, w4, pa) belongs tQ/\/lg(w). If g:C — Ais a morphismirC, the
following assertions are equivalent:

(al) The morphisng verifieserrA g =g andy o (C ® g) 08¢ =4 o (eRRA &).
(a2) The morphismg verifiesy o (C® g) odc =¢a0g.
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Indeed,(al) = (a2 is trivial. On the other handa?2) = (al) is true because:

g=(ua®ec)o(g®pa)o(CR®Na)=(AQec)oyo(CRg) odc =errNg.

Let Ac — A be a weakC-cleft extension with associated morphigmC — A. The
morphismg = errA h 1 verifies the following:

(bl) gANh=eRrr
(b2) errA g =¢.
(b3) ¥ o (C®g) 0dc =¢a 0 (eRRA Q).

Indeed, (b1), (b2) are trivial. The proof for (b3) is the following:

Yo(C®g odc
=(,U«A®C)0(hil®pA)0(C®h/\eRR/\hil)°5C
=(ua®C)o(h ™ ®pa)o(CO®ua) o (CRRRI )0 (Bc®C)odc
=y o(C®h ™) odc
= a0 (eRRA hil)

=40 (erRA 8).

Then using the equivalengal) < (a2, we obtain that (b1), (b2) and (b3) are equiva-
lent with (al) and) o (C ® g) o 8¢ = ¢4 o g. Therefore, in Definition 1.9 we can suppose
without loss of generality thatrp A At = AL,

Example 1.14. If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2
then the morphism introduced inetHast proposition is the morphisgf, defined in 1.6.

The morphism],’j was used by Bespalov [5], in the context of braided categories with split
idempotents, for to obtain a braided version of the Radford’s theorem (see [27]) for Hopf
algebras with projection (see also [6-8]). The first result in this direction was stated by
Majid [24] using the notion of Yetter—Drinfeld modules and the bosonization process.

Proposition 1.15. Let A¢ < A be a wealC-cleft extension witlh : C — A the morphism
of right C-comodules in R&YR(C, A). Then the morphisma : C ® A — A defined by

pa=pao(ua®h Hoh®@y)o(dc®A)

factors through the equalize‘é. Moreover, ify/, is the factorization ofp4, we have the
following equality

paco(¢h®¢))o(COYRA) 0B ®A®A) =g, o(C R ua).
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Finally, if we define the morphis@u,.:C ® Ac — Ac by pa. = ¢/, o (C ® i) we
obtain

tac o (94 ®¢ac) o (COY®Ac)o (8¢ ®i§ ® Ac) =pac o (C® pac).

Proof. Letg,:C®A — A be the morphism defined gy = pu40 (ua ®h o (h@y)o
(8¢ ® A). Then if we puip/, = p2 o ua o (h ® A), wherep is the unique morphism such
thati? o p2 = g2, we obtain that2 o ¢/, = 4.
On the other hand,
idopaco (@ ®@))o(CRY®A) (B RARA)
=pao(UaA®ua)o(a®h 7 Qua®h™)oh®@Y @h )
0(bc®ARIC®A)(CRYR®A)o(Bc®ARA)
=pao(ua®A)o(ua®A®us)o(h®AR®eRR® A® M T)
c(CRYRY)o(Bc®Y ®A)o(Bc ®AR® A)
=pao(pa®h™)o(ua®v¥)o(ua®eRRAOC®A) o (h® AR S ® A)
c(CROYR®A)o(BcRAR®A)
=pao(pa®h ™) o(Ua®uA®C)o(h®ARARY) 0 (CRARY ® A)
C(CRYRARA)c(Bc®ARNAR®A)
=pao(ua®h ™) o(h@y)o (8¢ ® 1a)
=il o¢,o(C®ua).
In the last computations, the first equality follows frégho ¢/, = ¢4 and by the defini-
tion of g4, the second one by the propertiesjofand the associativity of, the third, the

fourth and the fifth ones by the propertiesyof Finally, the sixth equality is trivial.
Therefore,

aco (P ®¢))o(COY®A)o(Bc®AR®A)=¢) o (C® pa).
Finally, if we compose in this equality with ® i ® i2, we have that

Haco (@) ®¢ac) o (COY®AC) o (Sc®if ® Ac)=gaco(COuac). O

Examples 1.16. (i) In Proposition 2.10 of [20] we can find a similar result in the context
of C-cleft extensions for entwining structures.

(i) Let H, B be weak Hopf algebras in a symmetric monoidal categbuwyith split
idempotents. Let: B — H be a morphism of weak Hopf algebras afidH — B be a
morphism of coalgebras such thad f =idy and f o ng = np. In these conditiongg,,
is the morphism defined in Proposition 2.4 of [3]. The morphisip verifies
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(1) ¢y o (ny @ By) =idp,,.

(2) ¢By o (H® nBH) = @By © (H[I.} X nBH)-

(3) 1By o (9B, ® Bu) o (H @ np, ® By) =g, o (T} @ Bn).

(4) @By o (H® ppy) =1y o (ppy ®¢py) o (H®ch gy, ® Bu)o(dy ® By ® By).
(5) By ©cBy.By o (@B, o (H®Np,)) ® By) =¢p, o IT5 ® By).

By 1.15 we can add to the last equalities the new property
(6) 9B, o (H® [ipy) =B, o (9 ®¢p,)o(H®Y ® By)o(dy il ® By),
wherey is the entwining defined in (ii) of 1.2.
Moreover, if f is a morphism of algebra®u, ¢p,,) is a left H-module (see Proposi-

tion 2.5 of [2]).

Proposition 1.17. Let Ac — A be a wealC-cleft extension withk : C — A the morphism
of right C-comodules in R&YR(C, A). Then the morphismi : C ® C — A defined by

oa=pao(ua®h ™ oh@y)odc®h)
factors through the equalize}g‘. Moreover, ifo4.. is the factorization ob 4, then
OAc =péouA o(h®h).
Proof. We have thaty = ¢4 o (C ® h) whereg, is the morphism defined in 1.15. Then
paooaA=paopao(CQh)=Ca0ps0(C®h)=Cs004.

Therefore, there exists an unigue morphisip : C ® C — A¢ suchthatf oo, =0a.
The morphisnw 4. verifies thab s, = p2 o ua o (h®h) becauseé? o p2ojao(h@h) =
op. O

1.18. LetAc — A be a wealC-cleft extension with morphisrh € Red"R(C, A) and
let M € MS (). The morphisms

oy McQ®C — M, a);VIZM—>Mc®C

defined bywy = ¢u o (¥ ® h) andw), = (p¥ ® C) o py verify the equalitywy o
w), = idy becausevy o ), = ¢y o (M ® erp) o py = idy. Notice that the equality
w), o wy =idy g itis not true in general. In the following proposition we clarify the
meaning of the identitw), o wy =idy gc-

Proposition 1.19. Let Ac — A be a wealC-cleft extension witlk : C — A the morphism
of right C-comodules in R&YX(C, A) and letM € M§(¥). Thenw), o oy = iduegc if
and only ifMc ® ¢ = pM o wpy.
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As a consequence, #f = M we have that, o ws =ids.gc if and only itz A ht=
ec ® na. Therefore, i, o wa =ida.gc, the left weak inverse df is unique.

Proof. First note that:

W)y o vy
=((pt' cdm) ®C) oM@ Y) o ((omoil’) @ h)
=((p o) ®C) o (pm @ ¥) 0 (i ® (pa 0 na) ® h)
=((p& opm) ®C) o (i ® (ra ®C) o (A®Y) o ((pa 0na) ®N)))
=((pc' o pm) ® C) o (i @ ((h® C) 0 6c)).

In the last computations, the first edjyafollows from the weak entwined module
condition for M, the second one by the propertiesigi‘f, the third one by thed-module
structure ofM and finally, in the fourth one we use the weak entwined module condition
of A and the properties df.

Then, ifw), o wy = idy.ec, cOMposing withMc ® ec in the equality

iy oom = (P 063) ® C) o i © (18 C) 05c))
we obtain thaMc ® ec = p¥ o wy. Conversely, itMc ® ec = pM o wy we have

a);w ocwpy = (pé/l ® C) o pMOWYy = ((pé/l oa)M) ® C) o(Mc ®8c)=idy ec-

In the particular instanced = M it is easy to show that i), o ws = ids.ec then
hAh~™=ec ® na. Onthe other hand, i A h~1 = ec ® 04, by the usual arguments, the
following equalities hold:

ié o pé owa
=pao(A®h Y opsopso (i ®h)
=pao(na®h™)o(A®Y)o((pacil)®h)
=pao(na®h ™) o(ua®@y)o (id ® (paona) ®h)
=pao(ua®h ) o (i ® (paoh))
=paoua®A)o (i@ ((h®@h™t)osc))
= o (i@ (h A7)

=iA Rec.

Thereforep2 o wa = Ac ® ec and thenw/, o wa = ida qc-
Finally, letg € Hom (C, A) verifyingg Ah = errandy o (C®g)odc = {a0(eRRAZ)-
ThenhAng=ec@naandg=gAhAg=errAg=h"TAhAg=h"1 O
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Example 1.20. Let H, B be weak Hopf algebras ifi. Letg: B — H andf:H — B be
morphisms of weak Hopf algebras such that f = idy. As a consequence of 1.19 we
obtain thatwp is an isomorphism if and only iff is a Hopf algebra. This result was proved
in Proposition 2.10 of [2].

1.21. Let Ac — A be a wealC-cleft extension with morphisrh € RedVR(C, 4) and
let M e Mg(w). The morphism2y; = ), o wy is an idempotent and then we have a

commutative diagram
M
2m

Mc®C Mc®C

N

Mc x C

wherery o sy =idy. xc. Therefore, the morphisiby, = ry; o @), is an isomorphism of
right C-comodules with inversb/gl = wys o sy. The comodule structure af - x C is the
one induced by the isomorphisby, and it is equal to

PMexc =y ® C)o (Mc ®68¢) osm,
becauséwy ® C) o (Mc ® 8¢) o sy = pm o wy o sy - In the particular casd = M we
have that 4 is an isomorphism of algebras where the algebra structure is the one induced
by by:
-1 -1
NAcxC =ba ona, Macxc =baopao (b ®b,").

In the next proposition we obtain thaty . xc can be identified in other way.

Proposition 1.22. Let Ac — A be a weakC-cleft extension with morphism €
Red"R(C, A). Thenpa.xc = Itap 54 ¢ Where
TA

Hpcgiac=TA0 (Mac ®C)o(ua- ®ma)o(Ac ® xA Q@ C) o (54 ®s4)
and
TA=(Ph®C)o(CO®Y)oBc®h),  xa=(9s®C)o(CR®Y)o (3¢ ®if).
Proof. Using the equalities:

(A1) pao(pAa®@ ua)oh@ARh T®h) o (CRY®C)o (bc ® W) o (bc ®A) =
pnao((hAerr) ® A)
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and

(A2) pao(ua®pa)o(h® AQ®err® erRI 0 (CR® Y ® C) o (8¢ ® ¥) o (8¢ ® i) =
paoh®if)

we obtain

bgloﬂActifA}c
=pao(Ua® ) o (ARIE®iIE®h) o (AR ¢, ®¢,®C)
C(ARCR®ARCRY)o(ARCRY®h) o (if ®8c ®if ®C)o(ss®sa)
=pao([rac(A® (rao(ua®A)o(h®@ARR ) o (COY)o(Bc®A)))]
®[paoua®ua)o(h® AR @h)o(COYRC)oBc®@Y)o (e ®A)])
C(ARCRY @A) o (i ®c®if @h)o(sa®sa)
=pao([nac(A® (rao(a®A)o(h®@A®K™) o (CRY) o (B ® A)))]
®[pao((hrnerR ®A)]) o (ARCR®Y ®A) o (il @c ®id ®h)o(sa®s4)
=pao(ua®A)o(ua® (eRRAECRR @A) o (AQ uaA®C® A)
c(i®h@Y®h)o(Ac®Sc ®id ®C)o(sa®sa)
=pao(ua®A)o(if ®[mao(a®pa)o(h®A® errR® erR)
o (CRY®C)oBc®Y)o (8¢ ®il)|®h)o(sa®sa)
=pao(ua®A) o (i ®[pao(h®il)]|®h)o(sa ®s4)
=pao (bt ®byY).
In the last computations, the first and the second equalities follows by definition, the
third one by the equality (A1), the fourth and the fifth ones by the propertigs tife sixth

one by (A2) and finally, the seventh one is a trivial calculus.

Thereforepa-xc = Hacs c: O
Examples 1.23. (i) If we work with entwined structwgs, the last result is Proposition 2.11
of [20]. In this contextx = ® and the algebra ¢ #54 C, called the cross product algebra,
was studied by Brzeaski in [13].

(i) Let H, B be weak Hopf algebras in a symmetric monoidal categbuwyith split
idempotents. Let: B — H be a morphism of weak Hopf algebras afidH — B be a
morphism of coalgebras such thad f =idy and f o ny = np. Under these conditions
it is possible to prove, using similar computations to the ones developed in 4.2 of [3], that
the morphism2p = w); o wp admits the following new formulation:

2p = (¢, @ uu)o(H®cupy, ® H)o (6 onu) ® By ® H).
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Therefore, the objecBy x H is the tensor product oBy and H in the representation
category ofH . This category is denoted e H) and were studied in [12] and [26] (see
also [25]).

Moreover, ifog,, is the morphism obtained in 1.17, we can define the following mor-
phisms
nBHtaBHH:K_)BHXH’ /LBHﬁUBHHZBHXH@BHXH—)BHXH,

pBHﬁUBHH:BH_)BHXH@)H
by

By oy, H =78 ° Ny @NH),

WBp oy, H =780 (kB ® H) o (s, @0, ® k) o (B @ ¢p, ®SneH)
o(BH ® HQcH,py ® H)o (B ® 6y @ By @ H) o (sp ® sB),

PBy oy, H= (B @ H)o(Br ®dn)oss.

If we denote byBy fop, H (the crossed product &y and H) the triple
(BH X H7 NBy I:"BH H> 1By I:“BH H)7

thenBy ﬁ(,BH H is an algebra(By x H, pp, flop,, g) is a rightH-comodule and the mor-
phismbg:B — By ﬁaBH H is an isomorphism of algebras and rigitcomodules (see
Theorem 2.8 [3]). Theorem 2.8 of [3] is the weak version of the result obtained by Blat-
tner, Cohen and Montgomery in [9]. Moreover, in the Hopf algebra cageisfan algebra
morphism, we haves, = ¢y ® ey ® np, and thenBy 5, H is the smash product of
By andH, denoted byBy £ H. Observe that the product &fy ft H is

1y in = (s, ® 1n) o (Bu ® ((¢p, ® H) o (H®cp,py) o 5y ® Bu)) ® H).

In the weak Hopf algebra case fifis a morphism of algebrasg,, = p5 ol1f o foun
and then
By oy, H =T8O (LB © [LH)

) (BH ® (((pBH ®H)o(H®cH,By)o (B ® BH)) ® H) o(sp ®sB).

As a consequence, for analogy with the Hopf algebra case, wifer- pf, o Hf ofo
wH, we will denote the tripleBy ﬁaBH H by By #t H (the smash product d&#; and H).
Finally, Proposition 1.22 implies that the prodycg, o, H is equal topyg, 184
where i

Kpy s p="8 o(upy ® H)o(up, ®mp) o (By ® xp® H) o (sp ® sp)
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and

mp=(pp @ H)o(H®Y)oBu®f), xp=(pp®@H)o(H®Y)o (8u®if).

2. Weak cocleft coextensions

In this section we study the dual results of the previous one. If we particularize these
results to the case of entwining structures we obtain the theory developed in Section 3
of [20]. In this section, the arguments and computations are similar to the ones used in
Section 1, but passing to the opposite category, and then we leave the details to the reader.

Proposition 2.1. Let (A, C, ) be aweak entwining structure such that there exists a action
¢c verifying that(C, ¢c, 8c) belongs taM§ (). If for all (M, ¢u, pu) € MS (), we
denote byM* the coequalizer opy and By = (M ® (ec 0 ¢¢)) o (pu ® A) and byl

the projection off on M4, we have the following

(i) The triple(CA, eca, 8¢4) is a coalgebra inC, wheres-a: K — C4 anddga:C4 —
CA ® C* are the factorizations ofc and (I ®$) o 8¢ respectively, through the
coequalizer§.

(i) The pair(M4, p),4) is a right CA-comodule, where,,a : Mc — Mc ® C4 is the
factorization of (¥ ®1$) o pu through the coequalizér!.

Example 2.2 (See SectioB of [3] for more detail}. Let H, B be weak Hopf algebras in a
symmetric monoidal category with split idempotents. Lej : H — B be a morphism of
weak Hopf algebras and B — H be a morphism of algebras such thatj = idy and
eg ot =¢p. Ifwe definegp : B® H — B and the interwiningy:B® H - H ® B by

¢p=upo(B® j), Y =(HQ¢p)o(cgn ®H)o(B®Sy)
we have that(H, B, ¥) is a weak entwining structure whergr =t o 1'11’;. Also,

(B, 5, 8p) belongs to the categotyt? (v).
The morphisnk? : B — B defined by

kfy=¢po(B® (tohrp))ods

is idempotent irC and, as a consequence, we obtain that there exist an epimor;ﬂmism
a monomorphism2 and an objecB* such that the diagram
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commutes anty on® =id 3. Moreover, the next diagrams are coequalizer diagrar@s in

o8 lfl
B®H B B,
$po(BRITE)
] lfl
B®H B B,
ppo(BRITY)

Therefore, the object defined by the equalizer¢gf and g5 is the same that the
one defined by the equalizer ¢f and ¢p o (B ® 17%,) because, in this situation,

$po (BRI =Bs.

Remark 2.3. Let (A, C, ¢) be a weak entwining structure. If there exists an actben
verifying that(C, ¢¢, 8¢) € Mg(l/f) andh’ € Home(C, A) is a morphism of righA-mo-
dules, we have thdt’ A err="H'.

Definition 2.4. Let (A, C, ) be a weak entwined structure and suppose(fiadc, 5¢) €
MS (). We will say thatC — C# is a weakA-cocleft coextension if there exists a mor-
phismh’ € Red'R(C, A) of right A-modules such that

pao(A®K ™oy =(errAh 1) o Be

wherefc = (C ® (ec o ¢c)) o (¢ ® A) is the morphism defined in 2.1. Also, as in 1.13,
we can suppose without loss of generality thgg A h'~1 = '~

Remarks 2.5. (i) Let (A, C, ¥) be a weak entwining structure. If there exists an action
¢c verifying that (C, ¢c, 8¢) € Mg(l//) and ' € Homy (C, A) is a morphism of right
A-modules such that’ in RedVR(C, A), the interwiningy is completely determined in
the following form:

¥ =((nao (W @) ®C)o(C®©Bcope))ode® A).

(i) Let (A, C, ) be a entwining structure and suppose tt@toc, ¢) € Mﬁ(w). If
' € RedC, A) is a morphism of righA-modules we have

Ao (A Q h/fl) oY = 1o Bc = (eRR/\ h/fl) o fc
and then a cocleft coextension in the seiwf [20] is a weak cocleft coextension.

Example 2.6. Let B and H be weak Hopf algebras in the same conditions of 2.2, then
t € Red"R(B, H) with inverser~1 =t o A andB = (B, ¢, 83) — B is a weakH -co-
cleft coextension. Whe#t/ = B and f = g = idy we have the trivial example of weak
H -cocleft coextension.
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Proposition 2.7. Let (A, C, ¢) be a weak entwining structure such that there exists an
action ¢¢ verifying that(C, ¢c, é¢) € Mﬁ(w). Letn':C — A be a morphism of right
A-modules in ReYR(C, A). The following are equivalent

(i) € — C4 is aweakA-cocleft coextension.

(i) For all object M in M (y) the morphismkX! = ¢y o M @ W' Yo py:M - M
factors through the coequalizél, i.e., there exists a morphisaf! : M4 — M such
thatnﬁ’l ol/’X[ =kﬁ/[.

Example 2.8. Let H, B be weak Hopf algebras in a symmetric monoidal category with
split idempotentg’. Let j: H — B be a morphism of weak Hopf algebras andd — H

be a morphism of algebras such thatj = idy andey ot = ¢p. In these conditions, for
M = B, the morphisn’kf, is the one defined in Example 2.2.

Proposition 2.9. Let C — C4 be a weakA-cocleft coextension with’': C — A the mor-
phism of rightA-modules in ReR(C, A). Then the morphismc:C — A ® C defined
by

rc=pa®C)o (W ®y)o(8c@h 1) odc

factors through the coequalizej. Moreover, ifr(. is the factorization of¢, we have the
following equality

(HA®CRC)o(AQRY ®C)o(re®rp)odea=(A®Sc)or.

Finally, if we define the morphismp:C4 — A ® C4 by rea = (A ®15) o 1. we
obtairn

(Ha®IS®CH) o (AR Y ®C*) o (re ®rca)odea=(A®Sca)orca.

Examples 2.10. (i) In Proposition 3.5 of [20] we can find a similar result in the context of
A-cocleft coextensions for entwining structures.

(i) Let H, B be weak Hopf algebras in a symmetric monoidal category with split idem-
potentsC. Let j: H — B be a morphism of weak Hopf algebras and3 — H be a
morphism of algebras such thaé j =idy andey o = ¢p. In these conditions;z# is
the morphism defined in Section 3 of [3]. The morphisga verifies

(1) (8H®BH)OVBH =idgn.

2) (H®83H)orBH=(H£I®SBH)OVBH.

() (H®egn ® B)o (rgn @ BH) 08z = (ITL @ By orgu.

(4) (H®dgn)orgn =(uuy ® B! @ By o (H® cpn g @ B) o (rgn ® rgn) odpn.
(5) (H®egn)orgn)® BM)ocyu guodpn =115 @ BTy orgn.

By 2.9 we can add to the last equalities the new property
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(6) (uu®Ilp @BT)o(HRY ®BT)o(ry ®rpn)odpgn =(H®38gn)orgn,

whereys is the entwining defined in 2.2.
Moreover, ift is a morphism of coalgebra8y, rpr ) is a left H-comodule (see Propo-
sition 2.5 of [2]).

Proposition 2.11. Let C — C* be a weakA-cocleft coextension with' : C — A the mor-
phism of rightA-modules in RefiX(C, A). Then the morphismc:C — A ® A defined

by
ve=(ua®n)o(h ®@y)o(dc®h ) odc
factors through the coequalizéj Moreover, ify-a is the factorization ojc, then
Yea= (W ®h)odcon§.

2.12. LetC — C4 be a weakd-cocleft coextension with morphisii € RedVR(C, A)
and letM € M§(y). The morphisms

ZD'M:MA®A—>M, w//l,,:M—>MA®A

defined bywy = ¢u o (Y ® A) andw}, = (1Y ® h') o py verify the equalitym o

w,, =idy because we hawe o @, = ¢y o (M ® erR) 0 py = idy. Also, the equality
w), o wy =Iidyug, itis not true in general and the dual version of Proposition 1.19 is
the following:

Proposition 2.13. Let C — C4 be a weakA-cocleft coextension with’:C — A the
morphism of rightA-modules in R&§R(C, A) and letM € MS (). Then,w}, o oy =
idy g, if and only ifMA @ ny =@}, onld.

As a consequence, M = C we havew/. o wc = idcagy, if and only if i’ A n'~1 =
ec ®@ na. Therefore, ifo /. o wc =idcag 4, the left weak inverse @f is unigque.

2.14. LetC — C“4 be a weakd-cocleft coextension with morphisii € Red'R(C, A)
and letM e Mi(w). The morphisn®y; = w), o wy is an idempotent and then we have

a commutative diagram
M
20X
Tm

MAR A MA® A

A

MATA
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whereuy o vy = idyam,. Therefore, the morphisaly, = uy o @, is an isomorphism
of right A-modules with inversdl‘}l = o vy. The module structure of/4 [ A is the
one induced by the isomorphist#y, and it is equal to

¢MAE|A:uMo(MA®;LA)o(zzr/’w@)MA)o(n%@A@A)o(vM@A).

In the particular cas€ = M we have that!/c is an isomorphism of coalgebras where
the coalgebra structure is the one induced/py

8CAE|A:8Cchl, Scama = (dc ®dc)05cod61.

In the following proposition we obtain tha{-1,4 can be identified using a crossed
coproduct.

Proposition 2.15. Let C — C4 be a weakA-cocleft coextension with morphisii e

Red"R(C, A). Thenscamy =38, o , Where
oL A

5 = (uc ®uc) o (C*®6c ® A) o (5¢4 ® 5¢) ® (3¢a ® A) 0 ve

crola
and
§c=(MA®h')o(A®1//)o(r'C®A), Gcz(uA®lg)o(A®1//)o(ré®A).

Examples 2.16. (i) In the entwined case, the last result is Proposition 3.6 of [20]. In this
context® = [J and the coalgebra4 @i@ A, called the cross coproduct coalgebra, is the
dual of the one studied by Brzémki in [13].

(i) Let H, B be weak Hopf algebras in a symmetric monoidal category with split
idempotents. Let : H — B be a morphism of weak Hopf algebras and3 — H be a
morphism of algebras such thaé j =idy andey ot = ep. Let yzu be the morphism
defined in 2.11 and put

. pH . pH H H
8BH@VBHH.B DH—)K, SBH@VBHH.B LJH— B BH@B BH,

Vgno, n:B"EHH®H—>B"OH
B

8BH®VBHH =(8BH ®8H)OUB,
Sgro, . =wup®up)o (B @uy @ B" @ H)o (B" @ H®cpn yy ® H)

o (BH Qrgn @ wHeH) o Bgn ® yen @8r) o (Szn @ H) o vg,
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Then, if we denote bp* ©, , H (the crossed coproduct & andH) the triple
H
(B BH:gBH@yBHHyaBH@yBHH)s

we have tha3 ! Oy, H isacoalgebraandg: B — B ©y,x H is anisomorphism of
coalgebras and righf -modules.

Proposition 2.15 implies that the coprodagbey W H is equal tos where
B

BHOL H

8 = (up ®@up)o(B" @6p @ H) o (Spn ® 5p) ® (8n ® H) o vp

BHOX H
and
sp=uu®No(H®Y) o(ry®H), 0= (uu®Ip)o(HRY)o(ry® H).

In the Hopf algebra caseH( and B Hopf algebras) this result is the dual of the one
obtained by Blattner, Cohen and Montgomery. In this caseisfa coalgebra morphism,
we haveygn = egn @ nu ® nu and thenB” o, . H is the smash coproduct @

andH, denoted byB” © H. In B¥ © H the coproductis
Spron=(B" @ (un ® B") o (H®cgn y)o(rpn ® H)) @ H) 0 (851 @ 8p).

Finally, whenr is a morphism of weak Hopf algebras we haye: =8y o IT5 ot on%,
and then the expression &, L H is:
B

5BH®VBHH =(up®@up)o (BH ® ((/,LH ®BH) o(H®cgu y)o(rgn ®H))®H)
o(bgn ®8p) ovp.

As a consequence, for analogy with the Hopf algebra case, whenr= 3y o 17[’ o

t ony;, we will denote the tripleB” ©, , H by B © H (the smash coproduct af”
andH).

3. Themixed case

3.1. Let A andC be algebras coalgebrasdnhlLetg: A — C andf:C — A be mor-
phisms of algebras and coalgebras such that

(i) fog=idc.
(i) There exists a wealentwined structurg A, C,v) in C such that(A, ua, pa =
(A®g)08a) € MG(W).
(iii) There exists a weak entwined structuf€, A, ') in C such that(A, ¢ = s o
(A® f).84) € MAW).
(iv) f eRed"R(C, A), g e Red"R(4, C) and
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Yo (C®f ) odsc=2¢ao0(errn 1),
pao(A®g ) oy = (errAg ) 0 Bc.

Under these conditionsA¢c — A is a weak C-cleft extension with morphism
f e Reg"R(C, A) and A — A€ is a weakC-cocleft coextension with morphism e
Red"R(A, C). Therefore, there exist two isomorphisms, defined in 1.21 and 2414 —

Ac x C,da:A— ACDC, and, as a consequendg, o b, *: Ac x C — AC I Cisan
isomorphism.

Moreover, if f o g™t = =10 g we obtain thay? = k2 and then, there exists an unique
morphismy’, : A€ — A¢ such thaty/, o I8 = p2 andil o y/, = n{. Finally, defining
ya:ACEC — Ac x C by ya=ra 0 (¥, ® C) o va, We obtain thatds o b, )~ = ya.
Indeed:

1

dAobzloer(y;‘@C)ovA=dAoa)Aoa)/Aoa)Ao(y2®C)ovA
=dAop,Ao(ié®f)o(y2®C)ovA
=dAo,u,Ao(né(X)f)ovA:quononvA

=UAOVAOUAOVHL :idACDC'

Example 3.2. Let H, B be weak Hopf algebras in a symmetric monoidal categowith
split idempotents. Suppose thatB — H and f : H — B are morphisms of weak Hopf
algebras such thgto f =idy. Then

(i) The triple (B, H, ¥) is a weak entwining structure whete= (B ® pa) o (cu.p ®
H)o (H ® pp) andpp = (B ® g) 0 8p. Also, (B, up. pp) € M ().

(i) The triple (H, B, ¢) is a weak entwining structure whete = (H ® ¢p) o (cg.n ®
H)o(B®38y) andgp = jup o (B ® f). Also, (B, ¢g, 85) € ME ().

Then, by 3.1, we obtain thaBy — B — B is a weak H-cleft extension with
morphism f € Red"R(H, B) and is a weakH -cocleft coextension with morphism €
Red"R(B, H). In this situationg? = k5 and the morphisny}, is an identity,By = BY.
Thus

PB

i
By —~ B B®H

(B®I5)opp

is an equalizer diagram and

B
B® H B

$po(BRITE)

By

is a coequalizer diagram.
Moreoverwp = wg, )y = wy and thenBy x H=BY [ H.
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The objectBy is an algebra coalgebra and inoposition 2.8 of [2] we prove that the
triple (Bu, s, r,) belongs td? WY D where WY D denotes the category of left weak
Yetter—Drinfeld modules ovell defined in [2].

As a consequence, we have the following theorem, the weak version of Radford’s theo-
rem, proved in [2].

Theorem 3.3. Let H, B be weak Hopf algebras in symmetric monoidal category with
split idempotents. Letg: B — H and f : H — B be morphisms of weak Hopf algebras
such thatg o f =idy. Then there exists an objeB living in £WYD such thatB is
isomorphic toBy x H as weak Hopf algebras, being tfep)algebra structure inBy x H

the smaslfco)product. The expression for the antipodeByf x H is

AByxH =780 9By ® H)o (H®cp ) o ((3n 0 A o jur) ® Apy)

o(H®cpy,g)o(rpy; @ H)osp.

3.4. As a particular instance of 3.1, we obtain the results of [20] for the entwining
context. Also, we recover the central theorem about Hopf algebras with projection and
the Majid’s bosonization process in braided monoidal categories. In this case we must to
change the weak Yetter—Drinfeld modules by the usual Yetter—Drinfeld modules.

Theorem 3.5. Let H, B be Hopf algebras in braided monoidal category with split idem-
potentsC. Let g: B — H and f: H — B be morphisms of Hopf algebras such that
g o f =idy. Then there exists an objesty living in ZyD such thatB is isomorphic

to By ® H as Hopf algebras, being th@o)algebra structure inBy ® H the smash
(co)product. The expression for the antipodef ® H is

AyoH = 9By ® H) o (H® ch ) o ((Omornoun) @ rpy)
o(H®cpy,u)o (rp; ® H).

Proof. The line of this proof is the one developed in 3.2 but adapted to the braided case,
for example see [1]. O

Acknowledgments

The authors would like to thank the referee for his constructive and interesting com-
ments.

The authors have been supported by Ministerio de Ciencia y Tecnologia, by Xunta
de Galicia and by FEDER, Projects: BFM2003-07353-C02-01, BFM2003-07353-C02-02,
PGIDITO4PXIC32202PN, PGIDITO4PXIC20703PN.



704 J.N. Alonso Alvarez et al. / Journal of Algebra 284 (2005) 679-704

References

[1] J.N. Alonso Alvarez, J.M. Fernandez Vilaboa, Cleftamsions in braided categories, Comm. Algebra 28 (7)
(2000) 3185-3196.

[2] J.N. Alonso Alvarez, R. Gonzélez Rodriguez, J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva
Novoa, Weak Hopf algebras withgjection and weak smash bialgebra structures, J. Algebra 269 (2) (2003)
701-725.

[3] J.N. Alonso Alvarez, R. GonzéleRodriguez, Crossed products foeak Hopf algebras with coalgebra
splitting, J. Algebra 281 (2) (2004) 731-752.

[4] J.N. Alonso Alvarez, J.M. Fernandez Vilaboa, Ror@alez Rodriguez, A.B. Rodriguez Raposo, Weak
cleft extensions and weak Galois extensions, preprint, 2004.

[5] Y. Bespalov, Crossed modules and quantum groups amded categories, Appl. Categ. Structures 5 (2)
(1997) 155-204.

[6] Y. Bespalov, B. Drabant, Cross product bialgebras I, J. Algebra 219 (2) (1999) 466-505.

[7] Y. Bespalov, B. Drabant, Cross produmalgebras Il, J. Algebra 240 (2) (2001) 445-504.

[8] Y. Bespalov, B. Drabant, Hopf (bi-)modules andssed modules in braided monoidal categories, J. Pure
Appl. Algebra 123 (1998) 105-129.

[9] R. Blattner, M. Cohen, S. Montgomery, Crossed praguamnd inner actions of Hopf algebras, Trans. Amer.
Math. Soc. 298 (2) (1986) 671-711.

[10] G. Bohm, Doi—-Hopf modules over wealodf algebras, Comm. Algebra 28 (2000) 4687-4698.

[11] G. Béhm, F. Nill, K. Szlachanyi, Weak Hopf algebras, I: Integral theory@hebtructure, J. Algebra 221 (2)
(1999) 385-438.

[12] G. Bohm, K. Szlachanyi, Weak Hopf algebras, II: Representation theory, dimensions and the Markov trace,
J. Algebra 233 (2000) 156-212.

[13] T. Brzeziski, Crossed products by a coalgebComm. Algebra 25 (11) (1997) 3551-3575.

[14] T. Brzezirski, On modules associated to coalgebedo extensions, J. Algebra 215 (1999) 290-317.

[15] T. Brzezirski, S. Majid, Coalgebra bundles, Comm. Math. Phys. 191 (1998) 467—492.

[16] S. Caenepeel, E. de Groot, Modules over weak e structures, Contemp. Math. 267 (2000) 31-54.

[17] Y. Doi, On the structure of relativelopf modules, Comm. Algebra 11 (3) (1983) 243-255.

[18] Y. Doi, Unifying Hopf modules, J. Algebra 153 (2) (1992) 373-385.

[19] V. Doi, M. Takeuchi, Cleft comodule algeds for a bialgebra, Comm. Algebra 14 (1986) 801-817.

[20] J.M. Fernandez Vilaboa, A.B. Rdduez Raposo, Entwined modules am)tleft extensions, preprint,
2004.

[21] A. Joyal, R. Street, Braided montail categories, Adv. Math. 102 (1993) 20-78.

[22] M. Koppinen, Variations in the smash product wigbpéications to group-graded rings, J. Pure Appl. Alge-
bra 104 (1) (1995) 61-80.

[23] H.F. Kreimer, M. Takeuchi, Hopf algebras and Galekxtensions of an algebra, Indiana Univ. Math. J. 30
(1981) 675-691.

[24] S. Majid, Cross products by braided growgel bosonization, J. Algebra 163 (1) (1994) 165-190.

[25] D. Nikshych, L. de Vainerman, Finite quantum grougsand their applications, in: New Directions in Hopf
Algebras, in: MSRI Publ., vol. 43, 2002, pp. 211-262.

[26] D. Nikshych, V. Turaev, L. de Vainerman, Invanta of knots and 3-manifodfrom quantum groupoids,
Topology Appl. 127 (2003) 91-123.

[27] D.E. Radford, The structure of Hopf algas with a projection, J. Algebra 92 (1985) 322-347.

[28] D.E. Radford, J. Towber, Yetter—Drinfeld categories associated to an arbitrary bialgebra, J. Pure Appl. Al-
gebra 87 (1993) 259-279.

[29] D.N. Yetter, Quantum groups and representatiohmonoidal categories, Math. Proc. Cambridge Philos.
Soc. 108 (2) (1990) 261-290.



