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1. Introduction

The study of the thermoelectric and magnetoelectric properties
in nonzero Berry curvature compounds has gathered great inter-
est during the past years.[1–13] These advances are a consequence
of the particular and favorable transport properties that these sys-
tems share and that have a direct implementation through
graphene-like systems, topological insulators (TIs), Chern insu-
lators (CIs), and Weyl semimetals.[14–20] Graphene-like systems
are included because, despite not being necessarily topological,
introducing terms such as a spin-orbit coupling and/or a stag-
gered on-site potential in a honeycomb lattice we also have finite
Berry curvatures.[21–24] For its part, TIs or CIs apply to a wider
variety of structures and the dimensions of the space–time
and the intrinsic symmetries of the system are essential
elements.[25–27] Generally, most of the previous works focus

on 2D materials, where the Abelian Berry
curvature allows a simple determination
of the system s topology by means of the
first Chern number C.[28] In contrast, a gen-
eralization to higher dimensional systems
is not immediate since this process
involves dealing with non-Abelian terms
in our calculations.[1,2]

Throughout different formalism, it has
been shown how some properties of these
systems such as the Berry curvature,
density of states, orbital magnetic moment,
and energy behave when applying a
magnetic field.[4,7,9,10,12,13] The last effort
provides analytical expressions to show
how these magnitudes depend on the
external magnetic field for a gapped
Dirac spectrum.[12] Thus, it can be seen
how an external magnetic field modulates

the shape of the Berry curvature and the intrinsic orbital dynam-
ics of the system. However, these calculations apply to any 2D
nonzero Berry curvature material with a linear dispersion law
while 2D and 3D TIs thin-films usually present non-negligible
parabolic terms in their spectra.[16,17] To introduce such a term
and study the orbital magnetization and susceptibility as well as
other transport properties in an accurate way one needs to reach
second-order corrections. This is done because some properties
as the susceptibility or conductivities involve second derivatives
in the energy with respect to the electromagnetic fields and the
corrections become non-negligible at relatively low external fields
due to the low energy nature of the relativistic models working on
these materials.[9,12,13] In contrast, while an exact solution in
terms of Landau levels can be achieved for a constant mass in
an external magnetic field this method is likely to result tortuous
when considering other interactions compared with the other
specified formalisms.[29]

In this study, we introduce the role of the momentum-
dependent mass term in the corrections to the Dirac Hamiltonian
in presence of a magnetic field. Reaching second-order correc-
tions to all the physical magnitudes involved, our calculations
break the current scenario in which both inverted and normal
band structures have an equivalent orbital magnetic response.
In this line, we observe that the trivial insulator has a limited
response to this parameter while a nontrivial insulator is predicted
to show an anomalous response which can be written in terms of
the square of the quantum magnetic flux. As an immediate
consequence, it is shown how the intrinsic orbital magnetism
of topologically non-trivial Berry curvature systems can be
enhanced by increasing the parabolic dependence of their energy
spectrum.
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2D compounds with nonzero Berry curvature are ideal systems to study exotic
and technologically favorable thermoelectric and magnetoelectric properties.
Within this class of materials, the topological trivial and nontrivial regimes have
to present very different behaviors, which are encoded for the orbital suscepti-
bility and magnetization. To try to reveal them, it is found that it was necessary to
introduce a k-dependent mass term in the relativistic formalism of these
materials. Thus, while a topologically trivial insulator is predicted to have a very
limited response, in the nontrivial regime, a singular contribution to the orbital
magnetic susceptibility, which is inversely proportional to the square of the
quantum magnetic flux is unveiled. In this scenario, besides determining the
measurement conditions a new route for enhancing the intrinsic orbital mag-
netism of topological materials widening the range of temperatures and magnetic
fields without involving tiny bandgaps is found.
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2. Results

Our starting point is a solid-state version of the Dirac
Hamiltonian used to describe 2D and 3DTIs[30]

H ¼ MðkÞβ þ vFðα� pÞ (1)

where the Fermi velocity vF substitutes the speed of light
c, β ¼ σz ⊗ I2�2 and αi ¼ σx ⊗ σi are the Dirac matrices which
are defined in terms of the Pauli matrices σi and the 2� 2 iden-
tity matrix I2�2, p ¼ ℏk the momentum of the particles and
MðkÞ ¼ M � Bk2 a k-dependent diagonal term, where M and
B depend directly on the on-site energies and second-neighbor
hopping elements. This effective Hamiltonian allows a simple
determination of the system s topology, especially on its 2D ver-
sion, where we can easily differentiate between the topological
nontrivial and trivial regimes by looking at the relative sign
between the parameters M and B. That is, it reduces to a
Bernevig–Hughes–Zhang (BHZ) model with two noninteracting
time-reversal copies ðMðkÞ ! �MðkÞÞ of a 2D Dirac
Hamiltonian H2D ¼ MðkÞσz þ vFσ � p.[28,30] Thus, we have
MB > 0 for the nontrivial regime and MB < 0 for the trivial
one that fixes the integer Chern number C to be 1 or 0, respec-
tively. Notice that B is usually negative as the energy tends to
grow when increasing k and the energy spectrum of
Equation (1) is given by ξ ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðM � Bk2Þ2 þ ℏ2v2Fk

2
p

. So essen-
tially the topology depends on the sign of M, which for the
particular case M < 0 (inverted band structure) results in non-
trivial. In Figure 1a we can find a representation of the energy
spectra and spin-configuration of the bands of both nontrivial
and trivial regimes in H2D. For the full Hamiltonian
Equation (1), Dirac hyperbolae shall be plotted twice to take
into account spin degeneracy. A similar Hamiltonian can be
obtained from a Kane–Mele model on a honeycomb lattice

although with a different topological constraint for the MB
parameters.[22]

Introducing a perpendicular magnetic field B ¼ Bẑ on H2D

causes a correction in the eigenstates of the systems that can
be written as[9,12]

jni ! jni þ eB
ðξn � ξmÞ

1
ℏ
ð ∂kyξmAmn

x � ∂kxξ
mAmn

y Þjmi (2)

where�e is the electron charge, Amn
j ¼ ihmj ∂kj ni, jni and jmi are

the eigenstates of the bands n and m with energy ξn and ξm.
These corrections represent the coupling effects between the
magnetic field and Berry curvature of the bands, which induce
corrections to the Berry potential, Berry curvature, particle s
velocity, density of states, orbital magnetic moment, and
energy.[12] Thus, for the Berry potential An ¼ i nj ∂knh i we find
from Equation (2) that

An
j ! An

j þ 2ReAnm
j

ℏωn
z

ðξn � ξmÞ (3)

being ωn
z ¼ εzrs

eBz
ℏ

1
ℏ ∂kr ξ

mAmn
s .[9,12] These expressions involve

quite tedious calculations especially if we want to take into
account the role of the parameter B in our Hamiltonian or deal
with a particle-hole antisymmetric system. We are going to focus
on the first case given that as the current literature indicates,
there are no differences in the orbital magnetic susceptibility at
zero-field χorbðB ¼ 0Þ between the trivial and nontrivial regimes
when we consider a gapped Dirac dispersion.[10,12,13,29,31] This is
quite impressive given that both regimes present clear differen-
ces in their curvatures and χorb is directly related to it (Figure 1b).
Remember that at zero temperature χorb ¼ � ∂2E= ∂B2 being

E ¼ ∫ dk
ð2πÞ2 Dξ̃ the density of energy, D ¼ 1þ eB�Ω̃

ℏ the modified

density of states, Ω̃ the modified Berry curvature and
ξ̃ ¼ ξ 1� eB⋅Ω

ℏ þOðB2Þ� �
the corrected energy resulting from

Figure 1. 2D features of low energy relativistic models. a) Energy spectra of a 2D Dirac Hamiltonian H2D for the trivial (M > 0, B < 0) and nontrivial
(M < 0, B < 0) cases. The color gradient indicates the z component of the k-dependent spin texture of each regime. In this configuration, the red color
stands for spin down and blue for spin up, b) Berry curvature of the conduction band ofH2D for different values of B ranging from 0 to�300 eVÅ in steps
of 10 eVÅ2. The arrows indicate the change in Ω when increasing B. c) Zero-field orbital magnetic susceptibility at B ¼ 0 (gapped Dirac dispersion) as a
function of M.
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the application of the magnetic field.[9] Then, one would expect to
observe some differences although under linear dispersion con-
ditions there are not (Figure 1c). Introducing B and after some
algebra, it can be shown that the corrections of the Berry curva-
ture Ωn ¼ �2Imh ∂kx nj ∂ky niẑ ¼ ∇� A, obtained by applying
Equation (2) or (3) to the eigenstates of H2D, are
given by

Ω̃ ¼ Ωþ 2
eBΩ
ℏ

Ω
M � Bk2

ðM þ Bk2Þ2 Fðk
2Þ � ℏ2v2Fk

2

ðM þ Bk2Þ2 Gðk
2Þ

� �
(4)

being ξ ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðM � Bk2Þ2 þ ℏ2v2Fk
2

p
, Ω ¼ �ℏ2v2FðM þ Bk2Þ=

ð2ξ3Þ and

Fðk2Þ ¼ M � ξ2B
ℏ2v2F

� BðM � Bk2ÞðM þ Bk2Þ
ℏ2v2F

(5)

Gðk2Þ ¼ 1� 6B
M � Bk2

ℏ2v2F
þ 6B2 ðM � Bk2Þ2

ℏ4v4F
� 2B2 ξ2

ℏ4v4F
(6)

Equation (4–6) generalizes the results obtained for linear dis-
persions introducing B, which is essential to define properly the
Chern number C ¼ 1=ð2πÞ∫Ωdk as an integer and distinguish
the topological regime from the trivial one.[12,28] In fact, it can
be tested numerically that the Chern number of the system is
fixed for any given value as long as we maintain the sign of
MB invariant.

Having Ω̃ and hence D, we only need to calculate the second-
order corrections for the energy induced by the perpendicular
magnetic field B, which comes entirely from the coupling of
the orbital magnetic moment of the electrons with the magnetic
field in absence of Zeeman corrections.[9] Remember that
the eigenstates corrections are obtained by introducing the mag-
netic field through the Peierls substitution in the Dirac
Hamiltonian.[12] Then, the resulting perturbation ΔH to H2D

is not other than the product of the magnetic field and the orbital
magnetic moment operator ΔH ¼ eB

2 ðx̂v̂y � ŷv̂xÞ ¼ �m̂zB. This
allows us to compute directly the elements njΔHjnh i and
njΔHjmh i and obtain the energy corrections

ξ̃ ¼ ξ�mBþ 1
2
ðmBÞ2

ξ

ℏ2v2Fk
2

ðM þ Bk2Þ2 1� 2B
ðM � Bk2Þ

ℏ2v2

� �2
(7)

where m ¼ e
ℏ ξΩ is the orbital magnetic moment of the electrons

in both conduction and valence bands of H2D
[28]. With these ele-

ments, it is straightforward to show how the orbital magnetiza-
tion at zero-temperature ℳorb ¼ � ∂E= ∂B is a function of the
magnetic field B given by ℳorb ¼ ℳ1Bþℳ2B2 þℳ3B3.
Or equivalently, we have an orbital magnetic susceptibility
χorb ¼ χ0 þ χ1Bþ χ2B2, where

χ0 ¼
e2v2Fð�1þ ð1� 2rsÞβ þ 10ð1þ rsÞβ2Þ

6πð1� 4βÞM (8)

χ1 ¼ � 3e3ℏv4F
64πM3ð1� 4βÞ3=2 ΛðβÞ (9)

χ2 ¼
e4ℏ2v6F

420πM5ð1� 4βÞ3 ΘðβÞ (10)

We defined β ¼ MB=ℏ2v2F , s ¼ sgnðMÞ and r ¼ sgnðBÞ.
A complete expansion of the functions ΛðβÞ and ΘðβÞ can be
found in the Supporting Information. Notice that χorb is given
in units of amperes (A) per tesla (T) being typical to represent
it as a dimensionless quantity by using a normalization parame-
ter χn as the inverse of effective magnetic permeability μ in two
dimensions. That is, e2avF=ð6π2ℏÞ for the particular case of a
honeycomb lattice with lattice constant a.[10,13] In Figure 2 we
can see that χ2 is practically paramagnetic for any value of M
and B, although a detailed inspection reveals a paramagnetic
region defined by the condition 4MB > ℏ2v2F (β > 1=4) for the
nontrivial topological regime (Supporting Information). This
term is liable to play an important role only for tiny gaps and/
or high magnetic fields, where corrections due to Zeeman effects
should also be considered. That is, for a typical gap
j2Mj ¼ 50meV, vF ¼ 6� 105 m s�1, and a field B ¼ 1T whose
equivalent energy (ℏω) does not exceed this gap we have that
jχ2=χ0j � 10�3 and jχ2=χ1j � 10�2. Attending to χ1, its contribu-
tion to the orbital magnetization and susceptibility is opposite for
both regimes resulting in paramagnetic for the topological non-
trivial and diamagnetic for the normal state when B is positive.
Compared to χ0 the ratio between both is close to 10�1 under the
same prior conditions and hence becomes to be non-negligible at
relative low-magnetic fields depending on the band gap 2M of the
system. Its dependence on B can be explored in more detail in
the Supporting Information. Thus, besides it is evident that χ2
and χ1 have a weaker dependence on this parameter compared
with M (Figure 2b,c), for a fixed gap both regimes show a very
different response, with a nearly constant dependency for the
trivial regime and strong for the topological one. Finally, note
that for time-reversal symmetric systems such as Equation (1)
in 2D the contribution of the two Chern species
cancels each other and χ1 will be zero while the even powers
in the magnetic field for the susceptibility appear with a spin-
degeneracy factor g ¼ 2.

A significant result is obtained when analyzing the zero-field
orbital susceptibility χ0. A first look at Figure 2a indicates that
there are clear differences with the current scenario in which
χ0 manifests the same behavior when considering gapped linear
dispersions (Figure 1b). However, we can go further by subtract-
ing the common background term at zero B displayed in
Figure 1c from Equation (8). This factor is obtained by different
methods and it is equal to χM ¼ � e2v2

6πjMj.
[10,12,13,29,31] In this way,

we find that it appears a continuum spectrum for χ0 � χM with a
ratio 5

6π
e2
ℏ2 given in fundamental units when plotted versus B

(Figure 3). This unexpected behavior belongs uniquely to
the topological regime while for the trivial we have a non-
homogeneous dependence on B. In general formulae, we can
write the zero-orbital magnetic susceptibility for both topological
and nontrivial

χ0 ¼ � e2v2

6πjMj þ
5e2

6πℏ2 B ðM < 0,B < 0Þ (11)

and trivial phases
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χ0 ¼ � e2v2ðℏ2v2F � 3MBÞ
6πjMjðℏ2v2F � 4MBÞ ðM > 0,B < 0Þ (12)

by introducing in the same expression the principal parameters
M, B, and vF for the topology and transport which are directly
related to the different hopping elements. Thus, roughly speak-
ing for the simplest case of a square lattice with complex spin-
dependent first-neighbor hopping it1 and staggering potential for
the on-site energies ξv and second-neighbor hopping t2 we can
reach for the topological regime that

μχ0 ∝ �C1
t1

jξv � 4t2j
� C2

t2
t1

(13)

obtaining from the tight-binding that vF ¼ 2at1=ℏ,M ¼ ξv � 4t2,
B ¼ �2t2a2, μ�1 ∝ e2vFa=ℏ. Numerical factors accompanying
these relations will depend on the crystal structure of the system
which determines the coefficients C1 and C2.

We can also observe by computing the large B limit
(MB >> ℏ2v2F) that χ0 grows linearly for the topological regime
while it saturates in a finite value � e2v2

8πM (M > 0) for the trivial
insulator with a softer dependence on this parameter
(Figure 3b). The role of B opens a new possibility for tuning

(a)

(b) (c)

Figure 2. Orbital magnetic susceptibility in non-zero Berry curvature systems. a) Zero-field orbital magnetic susceptibility of the trivial and nontrivial
topological regimes. B ranges from 0 to �300 eVÅ2 and vF is set to 6� 105 m s�1 . In contrast to the current scenario displayed in Figure 1c, the
introduction of the parabolic dependence at large k given by B determines a drastic change in the behavior of both regimes: b,c) Linear (χ1) and quadratic
(χ2) coefficients in the magnetic field of the orbital susceptibility.

(a) (b)

Figure 3. Normalized zero-field orbital magnetic susceptibility. a) χ0 � χM versus M for different B ∈ ½�300, 0� eVÅ2. b) χ0 � χM versus B for different
values ofM ranging from 10 (blue line) to 50 meV (purple line). The upper panel represents the behavior of the normalized zero-orbital susceptibility in a
trivial insulatorMB < 0 whereas the lower panel stands for a topologically nontrivial insulator (MB > 0). This latter case exhibits no dependence on the
gap giving a linear diamagnetic contribution to the zero-orbital susceptibility.
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the orbital magnetization and susceptibility in topological mate-
rials breaking the current scenario in which we need to employ
materials with a tiny gap for maximizing the response.
This could be experimentally unpleasant given that then you
are limited to working with a small frame of temperature
and/or magnetic fields. Notice that the orbital susceptibility, also
known as geometrical, is dominant only inside the bandgap and
decays to zero as the Fermi level enters the conduction and
valence bands.[10] In other words, a more robust parabolic depen-
dence in the energy spectra causes an enhanced orbital magnetic
response in topological materials.

The present results have another direct experimental conse-
quence. In contrast, directly from Equation (12), it is straightfor-
ward to note that the dependence on B in the trivial regime
seems to be weak, as one can verify it by computing the ratio
ðℏ2v2F � 3MBÞ=ðℏ2v2F � 4MBÞ under the high Fermi velocity
and small gap conditions that these systems feature. Typically,
these are in the range of 105 � 106 m s�1 for the velocity while
the gap is in the order of meV.[17,30,32] In contrast, a topological
nontrivial insulator shows a ratio ∝ e2

πℏ2 independent of such
parameters which can be related directly to the quantum mag-
netic flux Φ0 ¼ h=ð2eÞ. Thus, varying B we expect a change in
the orbital magnetic susceptibility Δχ0 ∝ π=Φ2

0. This result
seems to connect perfectly with the concept of orbit for the topo-
logical electrons developed in 2D and 3DTI thin films by trans-
lating the topological information contained in the Berry
curvature into a topological effective field b.[11] In this theory,
the topological quantization through C and the low energy nature
of the topological electrons are employed to associate a quantized
flux to each orbit and determine an effective magnetic field b and
area ΔS for these electrons

b � ð2Þm2v2F
ℏe

ΔS � hℏ
ð2Þm2v2F

(14)

Here m is the effective mass and factor (2) vanishes when
redefining the orbital magnetic moment.[12] That is, matching
b with the solid-state version of the Schwinger critical field.[33]

In summary, it can be defined as a magnetic field b from the
Berry curvature on each band of a TI or Chern insulator with
a net value of zero in presence of time-reversal symmetry.
Physically, it is straightforward to connect these results with
the ones obtained for the orbital magnetic susceptibility.
Looking at the energy dispersion it is obvious that varying B
makes it more localized/delocalized in the k-space and modifies
the effective mass m of the particles. Therefore, as long as the
topology is the same (sgnðMBÞ) remains invariant), this will just
change the effective area of the electrons ΔS and also the field b
associated with each band but keeping its flux invariant. This will
redefine the orbit, its related properties (Berry curvature, energy,
particle s velocity…) and also the orbital magnetic response of the
system. However, given that this maintains the same quantized
nature, it is expectable to get an orbital magnetic susceptibility
which grows with this flux and also no variations in the topologi-
cal trivial regime due to the absence of orbits associated to their
trivial Berry curvatures (C ¼ 0).

Further corrections can be taken into account implying that
the numerical factor accompanying π=Φ2

0 in the second term

of Equation (11) should experiment changes. Notice that by con-
sidering B in our Hamiltonian we are introducing a k-dependent
mass term in our system. So the perpendicular magnetic field
should also give a diagonal contribution to the perturbed
Hamiltonian that could be introduced in Equation (2). This
would lead to more accurate expressions but from the physical
point of view, this would also imply the necessity to consider
Zeeman corrections. Nevertheless, if one performs the simple
calculation associated with first-order corrections of this term
to the energy it is easy to show that njΔHzjnh i ¼ eB

2ℏB being
ΔHz ¼ eB

ℏ Bσzðkxy � kyxÞ. Comparing this factor with the first-
order term �m � B, we can verify that at low energy
eBB=ℏ
eBξΩ=ℏ � MB

ℏ2v2 is again negligible for a wide range of parameters

that typically characterize these materials.

3. Conclusion

All materials respond as paramagnetic or diamagnetic under an
applied external magnetic field although their physical origins
are very different. For example, diamagnetism depends mainly
on the atomic number and the orbital electron radius, while para-
magnetism strongly depends on the temperature and magnetic
momenta of the ground state within the first-order approach.
This last condition can be overcome by introducing higher order
perturbative terms as occurs with van Vleck paramagnetism
when also considering the magnetization of excited states.
However, in 2D materials with nonzero Berry curvature, new
orbital magnetizations emerge from this property. In this con-
text, as we show in Figure 2 and 3, we found new terms in
the orbital magnetic susceptibility of the topological nontrivial
regime which is susceptible to bemeasured and open a new form
to modulate the intrinsic orbital magnetism of topological
materials.

Concretely, we theoretically analyzed the orbital dynamics of
2D nonzero Berry curvature systems by introducing the natural
k dependence in the energy dispersion and mass that the Dirac
electrons have in condensed matter. Given the crucial role of
this term for a proper definition of the topological invariant
Chern number, the analytical expressions which result from
this perturbative analysis of the Dirac Hamiltonian in presence
of a perpendicular magnetic field are able to disentangle the
topological orbital effects besides extending the previous results
using linear dispersion to a broader variety of compounds. The
new scenario which arises involves drastic differences in the
orbital magnetic response of the topological trivial and nontriv-
ial regimes. Thus, while a trivial insulator is predicted to have a
limited dependence on B based on the common values that
these materials have, its topological counterpart features an
unexplored term in the zero-field orbital magnetic susceptibility
which is given in fundamental units and is inversely propor-
tional to the square of the quantum magnetic flux. The results
obtained go further in the study of singular physics of these
materials approaching it to the quantum phase transition
phenomenology and enabling different paths to modulate the
orbital magnetization and susceptibility in these materials.
As well, they establish the basis to treat directly other nonlinear
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thermoelectric and magnetoelectric properties of nonzero Berry
curvature systems.
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