FOUR-DIMENSIONAL ALGEBRAIC SOLITONS ASSOCIATED
TO GEOMETRIC FLOWS

M. FERREIRO-SUBRIDO, E. GARCIA-RIO, R. VAZQUEZ-LORENZO

ABSTRACT. We determine all the algebraic solitons for the geometric flows
associated to the gradients of quadratic curvature functionals in dimension
four.

1. INTRODUCTION

The search for optimal metrics is usually stated in terms of variational problems
involving the invariants under consideration. Take for instance the Hilbert-Einstein
functional, g — [ 1 Tg dvoly, which is defined in terms of the scalar curvature 7. Its
gradient is given by the Einstein tensor %Tg — p, where p denotes the Ricci tensor,
so the critical metrics for variations with constant volume are the Einstein metrics.

Regarding Einstein metrics, the Ricci flow %gt = —2pg, is the most widely
investigated geometric evolution equation in an attempt to deform a given initial
metric into an Einstein one. It was introduced by Hamilton in [14] and has been
extensively used ever since. Self-similar solutions to the Ricci flow represent its
geometric fixed points (up to diffeomorphism and scaling) and are known as Ricci
solitons.

The classification of Ricci solitons is still an open problem, although partial
results are available in some special situations. In the homogeneous situation any
Ricci soliton is either rigid [23] or an algebraic Ricci soliton in low dimensions
[2, 18]. As a consequence, the description of four-dimensional homogeneous Ricci
solitons follows from the work in [19].

The scalar curvature is the only first-order scalar curvature invariant, but when it
comes to quadratic scalar curvature invariants there are more of them. The space
of such invariants has dimension four and is generated by {72, ||p|?, | R||?, AT},
where A7 denotes the Laplacian of the scalar curvature and R is the curvature
tensor, so it is also natural to consider the quadratic curvature functional associ-
ated to any quadratic curvature invariant. Note that quadratic curvature function-
als are homothetically invariant in dimension four. Moreover, it follows from the
Chern-Gauss-Bonnet Theorem that any such functional is equivalent either to the
functional S: g — | M 72 dvol, or to some functional

]:[t]:gr—>-/ {llpll* +tr*} dvoly, teR.
M
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The gradients of the functionals F[t] follow from the work by Berger [4], and one
has that

(1) VF[t] = —Ap+ (2t + 1) Hes(7) — 2 (AT)g — 2R[p] + 1 (||plI* + t7%) g — 2t7p,

where Hes(7) denotes the Hessian of the scalar curvature and R[p] is the contraction
of the curvature and the Ricci tensors R[p]ij = Rikjep". These gradients V.F[t]
are trace-free and divergence-free in dimension four.

Some special cases of the functionals above have been widely investigated. For
instance the functional F[—{] is equivalent to the one determined by the L?-norm
of the curvature tensor, F [—%] is equivalent to the functional determined by the
L2-norm of the Weyl tensor and F|[0] to the one given by the L?-norm of the Ricci
tensor. To completely describe the F[t]-critical metrics appears to be an unfeasible
task, but the low-dimensional homogeneous situation is quite manageable and they
have been completely determined in the three and four-dimensional homogeneous
cases [6, 7].

Motivated by the work on the Ricci flow, a program has been recently developed
to construct F[t]-critical metrics through the flow associated to the negative gradi-
ent of the corresponding functional, §F[t] = —VF|t], in dimension four. The Streets
flow, the Bach flow or the gradient flow of the norm of the Ricci tensor associated
to the functional §[t] for t = —1/4, t = —1/3 and t = 0, respectively, have received
special attention (see, for example, [16, 20, 25, 26, 31]) as well as some more general
situations [3, 5].

Self-similar solutions of the §[t]-flow are in correspondence with F[¢]-solitons (see
Section 2 below) and their classification significantly improves the understanding
of the corresponding flows. Since §[t]-flows are specially relevant in dimension four
(where the corresponding gradients are trace-free and divergence-free), our purpose
in this work is to investigate self-similar solutions of quadratic curvature flows by
focusing on the homogeneous case. We discuss Ricci solitons in Section 2, showing
that any four-dimensional homogeneous Ricci soliton is also an §|[t]-soliton for any
quadratic curvature functional F[t]. Hence we focus on the existence of strict
algebraic §[t]-solitons, i.e., those which are not Ricci solitons nor F[t]-critical, and
determine all the algebraic solitons for any quadratic curvature flow in dimension
four.

The Ricci operators of left-invariant metrics on four-dimensional Lie groups are
not hard to manipulate. Consequently four-dimensional algebraic Ricci solitons
are given in Remark 3.3, Remark 4.6 and Remark 6.5, making more explicit the
description in [19]. In contrast, the gradients of quadratic curvature functionals
are quite unmanageable expressions. This is why we approach the description of
§[t]-solitons from a more general point of view. To do so we consider the algebraic
solitons associated to an arbitrary isometrically invariant symmetric (0, 2)-tensor
field which is divergence-free, as it happens to the gradients §F[t]. This general
approach allows a simpler description of the underlying equations, which can be
written in terms of the components of the generic tensor field and explicitly solved
in every case.

Throughout this paper we will provide some graphic representations of the results
obtained which must be read as follows. Each row indicates the range of ¢ for the
corresponding family of strict algebraic §[t]-solitons. Intervals indicating the range
of t are represented with a segment for each homothetic class and are marked with
a dotting above if the number of homothetic classes is infinite. The arrow on the
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left (resp. on the right) indicates that the interval extends to —oo (resp. to +00).
An empty dot means that the point is not included in the interval, whereas a filled
dot indicates that the point belongs to the range of t. Finally, colours are used
to inform about the type of soliton. Thus, blue colour corresponds to expanding
algebraic §[t]-solitons and red colour to shrinking ones. Moreover the numbering
in the second column refers to the corresponding item in the classification result
for the semi-direct extensions of the Abelian Lie group R x R? (cf. Theorem 4.8)
and the Heisenberg Lie group R x H? (cf. Theorem 6.6).

Non-rigid strict algebraic §[t]-solitons
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FIGURE 1. Range of the parameter ¢.

As we have already mentioned, the description of Bach and Street solitons follows
from the study of §[t]-solitons for particular values of ¢. A direct application of the
results in Theorem 3.4, Theorem 4.8, Theorem 5.2 and Theorem 6.6 provides a
description of algebraic Bach solitons as follows.

Theorem 1.1. Any algebraic Bach soliton is a Ricci soliton, a Bach-flat space, or
otherwise it corresponds to one of the following:

(i) The product Lie group SU(2) x R with the product left-invariant metric
determined by

le1,ea] = 4des, [es,e1] = 4dea, [ez,e3] = ey.

(i) The semi-direct extension R x H> with left-invariant metric determined by

2
le1,e2] = e3, [e1,e4] = aer, [e2,e4] = %62, le3,e4] = © jles, a€(0,1),
where {e1,...,e4} is an orthonormal basis.

The algebraic Bach soliton in Theorem 1.1-(i) corresponds to the rigid Bach
soliton constructed by Helliwell in [15]. Furthermore, the algebraic Bach soliton on
ny constructed by Thompson in [27] is a Ricci soliton, as well as the Bach solitons
on $? x R? and H2 x R? given by Ho in [16]. Hence they are omitted in Theorem 1.1.

On the other hand, the existence of algebraic Streets solitons (i.e., algebraic
F[t]-solitons for ¢ = —1/4) is more restrictive and one has:
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Theorem 1.2. Any algebraic soliton for the gradient of the L?-norm of the cur-
vature tensor is a Ricci soliton, a space homothetic to S* x H?, or otherwise it
corresponds to the product Lie group SU(2) x R with the product left-invariant
metric determined by

le1,e2) = Hres,  [es,en] = Hea, ez, e3] = e,
where {e1,...,e4} is an orthonormal basis.

The left-invariant metrics on SU(2) in Theorem 1.1 and Theorem 1.2 correspond
to the Berger spheres determined by the only three-dimensional homogeneous F|[t]-
critical metrics for the L?-norm of the trace-free Ricci tensor for ¢ = —1/3, and for
the L2-norm of the curvature tensor for t = —1/4, respectively (see [7, 17, 24]).

We establish some relations between Ricci solitons and F([t]-solitons in Section 2,
showing that any Ricci soliton is an F[t]-soliton. Then the description of algebraic
F[t]-solitons is considered separately for non-solvable and solvable Lie groups from
Section 3. In every case, the description of algebraic §[t]-solitons is obtained by
using the structural results previously obtained for general algebraic T-solitons.

2. SOLITONS AND ALGEBRAIC SOLITONS ASSOCIATED TO GEOMETRIC FLOWS

Given a geometric evolution equation % g¢ = Ty, associated to an isometrically
invariant symmetric (0, 2)-tensor field T' on a manifold M, a solution that evolves
by scaling and diffeomorphisms is said to be a self-similar solution. These solutions
are of the form g; = o ()Y} g, where v, is a one-parameter family of diffeomorphisms
of M and o(t) is a positive real-valued function.

A triple (M, g, X) is a T-soliton if (M, g) is a Riemannian manifold and there is
a vector field X on M so that

where £ denotes the Lie derivative and A € R. The soliton is expanding, steady or
shrinking if A < 0, A =0, or A > 0, respectively. Moreover, a T-soliton is trivial if
T is a scalar multiple of the metric tensor.

Any self-similar solution gives rise to a T-soliton and the converse is true if
the tensor field T is homogeneous of degree d, i.e., T = kT for any homothetic
transformation § = kg (see [12, 30]). Since the Ricci tensor is homogeneous of
degree d = 0 and the tensors §[t] = —VF[t] are homogeneous of degree d = —1, it
follows that self-similar solutions are equivalent to solitons for both the Ricci and

§t] flows.

Remark 2.1. Let (M,g,X) be an §[t]-soliton (i.e., Lxg + F[t] = Ag), and let
g = kg be a homothetic deformation of the metric. Then setting X = x2X,

one has L7 + J[t] = k' Lxg + 7 '§[t] = k'A\g = k~2\g, which shows that
(M, kg, x~2X) remains an §[t]-soliton. Hence one has that §[t]-solitons are invari-
ant by homotheties, as well as F[t]-critical metrics (i.e., VF[t] = 0).

If a Riemannian manifold (M, g) admits two distinct T-solitons, i.e., two vector
fields X; so that Lx,g + T = \ig for i« = 1,2, then one has that £ = X; — X
satisfies L¢g = (A1 — A2)g and so & is a homothetic vector field. What is more,
if we assume that (M, g) is homogeneous, then either the manifold is flat or & is
a Killing vector field. This shows that, if they exist, T-solitons are unique (up to
Killing vector fields) in the homogeneous category.
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It was shown in [12] that in the compact case, if the tensor field T is assumed
to be trace-free and divergence-free, then T-solitons are trivial, since 7' = 0, which
immediately applies to compact F[t]-solitons. Hence, even though some of the T-
solitons constructed in this paper are realized on Lie groups admitting compact
quotients, the T-soliton structure does not descend to the quotient.

2.1. Ricci solitons and §[t]-solitons. Einstein metrics are F[t]-critical for all
functionals Ft] in dimensions three and four. In full analogy, Ricci solitons are
also §[t]-solitons for all ¢ in the four-dimensional homogeneous setting. Let (M, g)
be a four-dimensional homogeneous Ricci soliton. Then the underlying metric g
is critical for some functional F[tg] with zero energy, i.e., for some ¢y € R so that
llpl|?+to7? = 0 (see [6]). Homogeneity implies that the scalar curvature is constant,
so the gradient of such functional given by Equation (1) reduces to

VFto] = —Ap — 2R[p| — 2toTp.

Hence, the negative gradient of any quadratic curvature functional, F[t] = —V.F|[t],
in the homogeneous four-dimensional case becomes

3[t] = Ap+2R[p] — & (ol +t72) g + 2tmp = —5 (lpll* + t7°) g + 2(t — to)7p.

Now, let X be a Ricci soliton vector field, i.e., Lxg + p = Ag for some A € R.
Then setting X = 2(t — ¢p)7X one has

Lxg+3l] = 20— to)rLxg+2(t —to)ro— 5 (Il +17°) g
= 2t~ to)7{Lxg+p} =5 (Iol* +17°) g
= 20t —to)rrA—L(Ipl2+ )} g,

which shows that any homogeneous four-dimensional Ricci soliton is an §[t]-soliton
for any t € R.

As a possible converse of the above, note that the product S? x H? is F[t]-
critical for all quadratic curvature functionals without being a Ricci soliton since
all functionals F[t] have non-zero energy [6]. We therefore assume 7 # 0 in what
follows. Indeed for any Ricci soliton (M, g, X) one has that $Ax7 = At —||p||? (see
[10]), and thus the scalar curvature vanishes if and only if the manifold is flat. Now,
if a homogeneous four-manifold (M, g) is an §[t]-soliton for two-distinct gradient
functionals F[t;] and Flta] with ¢; # to, then there are vector fields X;, Xo on
M so that Lx,g + §[td] = Mg, (¢ = 1,2). Considering the difference vector field
& = X, — X, and subtracting the equations above one has

()\1 — /\z)g = Egg + S[tl] — S[tQ] = Egg + 2(t1 — tQ)Tp — %(tl — tQ)TZQ.
Thus Lzg+2(t1 — t2)7p = {(M = A2) + L(t1 — t2)7%} g. Since the scalar curvature

does not vanish, setting £ = ma one finally has

Leg+p = gutmr {0 = X2) + 5(t —t2)7°} g,

which shows that (M, g,€) is a Ricci soliton. Hence one has that

Homogeneous four-dimensional Ricci solitons are §[t]-solitons for
any quadratic curvature functional F[t]. Conversely, if (M,g) is a
homogeneous F[t]-soliton for two-distinct quadratic curvature func-
tionals then it is a Ricci soliton or locally homothetic to S* x H2.
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As a consequence, if a homogeneous §[t]-soliton is F|[v]-critical for some v, then
it is also a steady §[v]-soliton, and moreover if v # ¢, then it is a Ricci soliton or
locally homothetic to S? x H2, as above.

2.1.1. Ricci solitons and F[t]-solitons on symmetric spaces. Four-dimensional sym-
metric spaces are either Einstein, or locally isometric to a product of the form
N3(c) x R or NZ(c1) x Ni(cg) with ¢; # c3. Any four-dimensional Einstein
metric is F[t]-critical for any quadratic curvature functional, as well as the prod-
ucts N2(c1) x NZ(cg) with ¢; = —co. Hence they are trivial F[t]-solitons for any
t € R. The products N3(c) x R are locally conformally flat and thus JF|t]-critical
for t = —1/3 and moreover, they are rigid Ricci solitons and so they also are
§[t]-solitons for any ¢ € R. Products of two surfaces of constant Gauss curva-
ture NZ(c1) x N3(cz) with ¢2 # ¢ are rigid Ricci solitons if cjea = 0, in which
case they are F[t]-solitons for any ¢ € R as well. If ciea # 0, then products
NZ(c1) x N3(ca) are Ft]-critical, and thus trivial F[t]-solitons, for t = —1/2. Since
products NZ(c1) x N2(cz) are not Ricei solitons, they cannot be §|[t]-solitons for
any t # —1/2. Hence one has that

Any four-dimensional Riemannian symmetric space is a trivial F[t]-
soliton for some value of t € R. Moreover they are §[t]-solitons for
any t € R except the products N(ci) x N2(co) with cica # 0,
c? # ¢, that are §[t]-solitons only for t = —1/2.

2.1.2. Homogeneous gradient §[t]-solitons. Let (M, g, X) be a T-soliton. If the
vector field X is the gradient of a real-valued function, X = %V f, then the soliton
equation becomes Hes(f)+7T = Ag. In such a case we say that (M, g, f) is a gradient
T'-soliton and refer to f as the potential function of the T-soliton. A gradient Ricci
soliton (M, g) is rigid if the manifold M splits as M = N x RF so that (N, gn)
is Einstein and the potential function f is determined by the projection on the
Euclidean factor, f = %|/mg||?, which is the case of homogeneous gradient Ricci
solitons [23].

Petersen and Wylie showed in [22] that if (M,g) is a homogeneous manifold
and T is a divergence-free, symmetric, and isometrically invariant tensor field of
type (0,2), then any non-constant solution of Hes(f) = T induces a splitting of the
manifold as a product N x R¥, and f is a function on the Euclidean factor. For
a given T-flow, considering the tensor field T = Ag — T, it is a direct consequence
of the previous result that any homogeneous gradient T-soliton splits as a product
if the tensor field T" is divergence-free. The result above is no longer true if the
T-soliton is not a gradient.

A three-dimensional manifold (N, gy) is critical for a quadratic curvature func-
tional Ft], restricted to variations with constant volume (i.e., VF[t] = c[t]g for
some constant c[t]), if and only if (see for example [9, 29])

—Apn+(2t+1) HeS(’TN)f%(ATN)QN+%(||pN”2+tT]2V)gN*QRN[pN]72tTNpN =0.
Equivalently, in the homogeneous three-dimensional case one has
—Apn + 3([lon|1? + t73%)gn = 2BRN[pn] = 2ty = =g ([on]® + t75) 9w

For any such three-dimensional manifold (N, gy), the product M = N x R is a
rigid §[t]-soliton, just considering the potential function f = %H?TRHQ, where the
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soliton constant A = & (||pn||*> +¢7%) is determined by the energy of the three-
dimensional F[t]-critical metric. Indeed, for such a potential function, using that
7 = 7y and [|p||?> = ||pn]?, it follows from the expression of the gradient V.F[t]
in (1) that Hes(f) = At ® dt and §[t] = :(|lpn||* + t7%)gn, since the tensor
fields Ap = Apx @0 and R[p] = Ry[pn] @ 0 split according to the decomposition
M = N x R. Therefore Hes(f) + 3[t] = % (|lon||* + t7%)g, which shows that

Any three-dimensional homogeneous Ft]-critical manifold (N, gn)
determines a rigid §[t]-soliton on M = N xR. Moreover the soliton
is shrinking (resp., expanding) if and only if the energy of F|t] is
positive (resp., negative).

We refer to [7] for a complete description of homogeneous F[t]-critical three-dimen-
sional manifolds.

The structural result in [22] shows that any homogeneous gradient F[t]-soliton is
a product N x R¥ with potential function depending only on the Euclidean factor.
If K =2, then N is a surface of constant Gauss curvature due to homogeneity and
hence N x R? is a rigid Ricci soliton which is flat in the steady case. Moreover if
k =1, then the Hessian of the potential function Hes(f) = 0® f” and the Laplacian
Af = f” =0 just tracing on the steady soliton equation Hes(f) + §[t] = 0. This
shows that §[t] = —VF[t] =0 and M = N x R is F|[t]-critical. It is still an open
question whether the analogous result remains true in the non-gradient case. As an
application of our analysis, one has that any steady algebraic F[t]-soliton is F|t]-
critical. We refer to [13] for a proof that (strictly) extended steady T-solitons are
T-flat, provided that T is divergence-free and trace-free.

2.2. Algebraic T-solitons. Let T be a left-invariant symmetric (0, 2)-tensor field
on a Lie group (G, (-,-)) that is endowed with a left-invariant Riemannian metric
and denote by T its associated (1,1)-tensor field. Throughout this work, we will
assume that T is divergence-free and isometrically invariant. (G, (-,-)) is said to be

an algebraic T-soliton if
T=pld+D

for some derivation ® of the corresponding Lie algebra g and some p € R, and it will
be expanding, steady or shrinking if 4 < 0, 4 = 0, or p > 0, respectively. Moreover,
if a simply connected Riemannian Lie group (G, (-, -)) is an algebraic T-soliton, then
it is a T-soliton (cf. [18, 30]), where the soliton vector field is determined by the
one parameter group of automorphisms associated to the derivation ©. Hence the
T-soliton is a self-similar solution of the T-flow whenever T' is homogeneous under
homotheties (see [30]). This immediately applies to algebraic Ricci solitons and
algebraic §[t]-solitons.

2.3. Notation. We say that an algebraic T-soliton is trivial if T' = k (-, -) for some
real constant k (or equivalently, T and D are multiples of the identity). Note
that trivial algebraic Ricci solitons correspond to Einstein spaces, while trivial
algebraic §[t]-solitons are precisely F|t]-critical metrics. Moreover, we will say that
an algebraic §[t]-soliton is strict if it is neither trivial (i.e., F[t]-critical) nor a Ricci
soliton. In particular, any symmetric four-manifold is a non-strict F[t]-soliton as
shown in § 2.1.1.
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3. ALGEBRAIC SOLITONS ON SA’E(Q,R) x R AND SU(2) xR

Milnor proved in [21] that there exists an orthonormal basis {e1, ez, e3} of the
Lie algebras s[(2,R) and su(2) in terms of which their Lie brackets can be written
as [e1, ea] = Aszes, [e2,e3] = Aieq, [es,e1] = Agea. We complement the above basis
to an orthonormal basis {e1, e2, e3,e4} of s[(2,R) x R or su(2) x R so that

[e1, e2] = Azes, [e1, €3] = —Aze2, e, €3] = Aren,
(2) e1, e4] = kzAzez — k2 Azes, e, e4] = k1Azes — k3Aieq,

e3, €4] = ka2Aie1 — k1Azez,
where A\ A2A3 # 0. The associated Lie group corresponds to SU(2) x R if A1, Ao
and Az have the same sign, and to SL(2,R) x R otherwise (see [6]).

Remark 3.1. S’E(Q, R) x R is never locally symmetric while SU(2) x R is locally
symmetric if and only if A\; = Ay = A3, in which case it is homothetic to S? x R.

3.1. Algebraic T-solitons on S’E(ZR) x R and SU(2) x R. The existence of
algebraic T-solitons on SL(2,R) x R and SU(2) x R is a very restrictive condition

which is essentially given by the decomposition of T according to the product such
that its restriction to the semi-simple Lie algebra is a multiple of the identity.

Theorem 3.2. 5’13(2, R) xR or SU(2) xR is a non-trivial algebraic T-soliton with
soliton constant p if and only if

~

T= dlag[u7 oy [y T44]7 T44 7é Hy
and the left-invariant metric is a product one, i.e., k1 = ko = k3 = 0.
Proof. Let {e1,e2,e3,e4} be a basis of g = s[(2,R) x R or g = su(2) x R. The

endomorphism ® = T — p Id is a derivation of the corresponding Lie algebra g if
it satisfies the condition

@[ei,ej]—[C‘Dei,ej]—[ei,@ej] :O7 i,j:1,...,4,
which, when expressed with respect to the basis {e1, es, €3, 4}, is equivalent to
Bijr = Defei’ —Difey” — @i =0,
where ©," = ﬁ’“f;uisr and the structure constants cijf are given by [e;, e;] = c,;jzeg.

Note that T,.s = T(e,,es) = 24 T "(ea,es) and therefore fsr = T, since the

a=1"o
basis {e1, €2, €3, €4} is orthonormal.

First of all, note that the vanishing of the divergence of T' leads to
(A2 — A3)To3 — k3 AoTos + ko A3T34 = 0,
(A1 = A3)T13 — ks Tha + k1 A3T34 = 0,
(A1 = A2)Th2 — ko AiTha + k1 A2T2g = 0,
k3(A1 — A2)T12 — ka(A1 — A3)T13 + k1 (A2 — A3)Ta3 = 0.

(3)

The conditions for ® = T— 1 Id to be a derivation amount to a system of twenty four
— up to duplicity — polynomial equations on the soliton constant p, the structure
constants (2) and the components T;;, corresponding to {;;, = 0}, where the
polynomials ;. are given by

Poi1 = — (A1 + A3)T1s + ks AT,
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Poiz = —(A2 + A3)Tas + ks AoToa,
Poiz = A3(Th1 + Too — Tz3 — k1Tha — koToa — ),
Po1sa = —A3T34,

P11 = (A1 + A2)T12 — koA Ty,

Pai2 = —Aa(T11 — Tog + T33 — k1T14 — k334 — p),
Pai1z = (A2 + A3)Ta3 — kaAsT34,

Ps1a = AaTo4,

Pao1 = —A1(T11 — Tog — T3z + koToy + k3T34 + p),
Paaz = —(A1 + X2)T12 + k1 ATy,

Paaz = —(A1 + A3)T13 + k1 A3T34,

Ps2a = —A17114,

Parr = —ks(A1 + A2)T12 + ka(A1 + A3)T13,

Parz = ksAo(T11 — Tog + Tag — p) — k1 A2T13 + koA3Toz — Ao T34,
Paiz = —koA3(Ti1 — Tsz + Tug — p1) + k1 A3T12 — kaAaToz + A3Tha,
Para = —ksAaToy + kaA3 T34,

Paor = ks (T11 — Tog — Tug + p) — k1 A3T13 + koA Toz + A T4,
Pazz = k(M1 + A2)Ti2 — k1( A2 + A3) T3,

Pazz = k1A3(Tag — T33 + Taa — p) — ko A3Th2 + k3A1T13 — A3Th4,
Paza = kaAiT14 — k1 A3T34,

Paz1 = —ko A1 (T11 — T3 — Tug + p1) + k1 A2T12 — ks Toz — ATy,
Pazz = k1A (Tog — T3z — Taa + p) — koM Th2 + k3AaT13 + AoTha,
Pazz = —k2 (A1 + A3)T13 + k1 (A2 + A3)Tas,
Paza = —koA1T1a + k1 A2Toy.
We start by considering the polynomials
Paoa = —AM1T1a, Para = AoToa, Pora = —A3T34,
Pao1 = —A1(T11 — Tog — T3z + koToy + k3T34 + p),
Pa12 = —Aa(T11 — Tog + T3z — k114 — k3T34 — p),
Poiz = A3(T11 + Tog — T3z — k1114 — koTog — p),
from where it follows that
(4) Tig=Toy =T34 =0, T3 =Ts=T33=p.
Under the conditions above we obtain

Ps11 = (A1 +A2)T12, Porr = —(A1 + A3)T1s,  Poiz = — (A2 + A3)Tas,

and now the necessary conditions for the vanishing of the divergence of T', given by
Equation (3), lead to

(A= A2)T12 =0, (A1 —A3)T13 =0, (A2 —A3)Tp3=0.
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Since A1 A2z # 0, it follows that
(5) Tio = T3 =Ths = 0.

Hence, Equations (4) and (5) imply that T = diag[p, o, p, Tyq) and T is divergence-
free. Moreover, the system {;;x = 0} reduces to

ki(Taa —p) =0, ko(Taga —p) =0,  k3(Taa — p) =0,

from where the proof immediately follows. O

Remark 3.3. A direct calculation from Theorem 3.2, using the expression of the
Ricci tensor of any left-invariant metric on SL(2,R) x R or SU(2) x R, shows
that any algebraic Ricci soliton is homothetic to the metric determined by the Lie
algebra (2) with k1 = k2 = k3 = 0 and Ay = Ay = A3 = 1, which corresponds to the
rigid Ricci soliton S3 x R.

3.2. Algebraic F[t]-solitons on SL(2,R) x R and SU(2) x R. The next result
shows that the non-solvable Lie groups 5’1(2, R) x R and SU(2) x R provide strict
algebraic §F[t]-solitons for the gradient of any quadratic curvature functional F[t]
with t # —3, —%,% which are in one to one correspondence with the F[t]-critical

metrics on SL(2,R) and SU(2) (see [7]) as pointed out in Section 2.1.2.

Theorem 3.4. A left-invariant metric on 5’1(2,[@) X R or SU(2) x R is a strict
algebraic F[t]-soliton if and only if it is isomorphically homothetic to one of the
following:
(1) [e1,e2] = Aes, [es,e1] = Aea, [ea,e3] = e1, with A € R\ {O,l, %} In this
case, [l = i)\ and t = —f&—j.
(2) [61,62] = MAzes, [63,61] = )agea, [62,63] = ey, with Ay € (—1,—%(,0) @]
(0,271, where o = £(1 4+ /5) is the Golden number. For a fized A,
the parameter A3 corresponds to the only real solution of the equation

A= M+ DA = Mo+ 1) A3+ N — 12N +1)=0
satisfying —1 < Ao < A3 < 1. In this case, p = %)\2/\3()\2 + A3+ 1) and

2(A3+A3+1)

t=— )\§+)\§*2(/\2)\3+)\2+)\3)+1 :

Remark 3.5. The strict algebraic F[t]-solitons in Theorem 3.4 are realized on
SL(2,R) x R or SU(2) x R as indicated in Figure 2 below.

_3 9-5v8 1 _1 _1 _1 1 9455

| ? | \2 \3 \4 ? 2\

- | I D L ¢
( ) SL(Q,R) x R Q T T Q | |

SU@2)xR <0 L e b Lo

| | | | | |
SL(2,R) x R | C— | | |
SU(2) x R l L | | o

| | |

FIGURE 2. Range of the parameter t for strict algebraic F[t]-
solitons on SL(2,R) x R and SU(2) x R.
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A straightforward calculation shows that the homothetic invariants {t, ||p||? 772,
|RIIZT=2, [Vpl|? 772, | VR||?>7=3} suffice to prove that there are no homotheties
between metrics in the two families in Theorem 3.4. Moreover, it follows from the
restrictions on the parameters in each one of the two families that different values
of the parameters correspond to different homothety classes. Furthermore, for each
admissible value of ¢ € R\ {—3, -, 1} there is a single strict algebraic F[t]-soliton
(up to homotheties) for each family in Figure 2.

Note that none of the algebraic F[t]-solitons in Theorem 3.4 is trivial (i.e.,
VF[t] # 0) just comparing with the results in [6] where all homogeneous F[t]-
critical metrics on four-dimensional Riemannian manifolds were described.

Remark 3.6. It follows from the results in Section 2.1.2 that the rigid §[t]-soliton
on SU(2) x R for t = —1/3 corresponds to the rigid Bach soliton obtained by Hel-
liwell in [15]. This soliton is determined by the only non-Einstein homogeneous

F[—3]-critical metric constructed by Sekigawa, where F[—1] is the functional as-

sociated to the L2-norm of the traceless Ricci tensor in dimension three [7, 24].

In a completely analogous way, the F[t]-soliton corresponding to ¢ = —1/4 is
obtained as a rigid soliton from the only non-Einstein homogeneous F[—1]-critical
metric constructed by Lamontagne in [17].

Proof of Theorem 3.4. Since a strict algebraic §[t]-soliton must be non-symmetric,
the structure eigenvalues A1, Ao and A3 are not all equal (see Remark 3.1). We make
use of Theorem 3.2 to study the existence of non-trivial algebraic F[¢]-solitons in
this setting. Hence the only non-zero components of the symmetric (0,2)-tensor
5[t] must be §[t];;, where

St = Sltloz = Sltlss = p,  S[tlaa # p-
Besides, k1 = ks = k3 = 0 so that the metric is the product one. In what follows

we work modulo isomorphic homotheties by assuming A\; = 1. In this situation, a
straightforward calculation shows that §[t];; = 0 for all ¢ # j, and

8F[thir = (A3 + (A3 — 1) = 2X2(As + 1)) ((BA2 + 2)A2 + (3As +2)As — 6A2As — 5)t
+ (923 — 43 — 22 +12) Aa + (923 — 423 — 2Xs + 12) A3
—2(6A3 4+ 623 — 3A2ds — 2X2 — 223 +2) oAz — 15

—85[tla = (A5 + (A3 — 1)® = 2X2(As + 1)) (5A3 — 3(As — 1)> —2X2(As + 1)) t

+ (15A3 — 1203 +2X2 +4) A2 — 3 (3A3 —4A3 + 23 — 4) As
—2(6A3 — 2X3 — A2ds — 2X2 4+ 2X3 + 2) A2A3 — 9,

83F[t]ss = (A3 + (A3 —1)> = 2X2(As + 1)) (3(A2 = 1)* = BAF +2(A2 + 1)As) ¢
+3(3A3 —4A3 + 222 —4) A2 — (15A3 — 1203 + 2X3 +4) As
—2(2A3 — 623 + A2As — 222 + 223 — 2) A2 A3 + 9,

while §[t]as = —F[t]11 — Flt]22 — F[t]33 since F[t] is trace-free. Bearing in mind the
relation between the components §[t];;, we consider the following linear combination

0= (A2 — 1) (8[tl22 — Sltlas) + (A2 — A3) (F[th1 — Ftla2)
(6) =—-2(X2 = A3)(A2 = 1)(A3 = 1)
X (A3 +A3—2(X2d3+ A2+ XA3) +1)t+2(M+ A3 +1)).

This expression gives us four cases in terms of the vanishing of each factor.
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3.2.1. Case A2 = A3. We have
— 83[tli1 = (16A3 — 24X + 5) t + 8A3 — 24X, + 15,
83[t]22 = 8F[t]ss = (16A3 — 16X2 +3) ¢ +8A3 — 16Xz + 9,
so the condition §[t]11 = F[t]22 gives
M —1)((4Xa = 1)t +2X3 — 3) = 0.
Since the case A\ = 1 corresponds to the symmetric situation (see Remark 3.1) we

only need to analyse when the second factor of the expression above vanishes. If
Ay = %, clearly there are no algebraic §[t]-solitons. Therefore, for \s ¢ {O, 1, i} we

can take t = —ii;j’ eR\ {—3, —%, %}, so that

g[t] - %diag[A27)\27)\27_3)\2]a M= %7
and the corresponding left-invariant metric is given by
le1, e2] = Ages,  [er,e3] = —Xoe2, ez, €3] =e1.
A direct calculation shows that these metrics are never critical [6], so we get strict
shrinking algebraic §[t]-solitons on SU(2) x R when ¢t € (—oco,—3) U (—3,3) U
(3,400) and strict expanding algebraic [t]-solitons on SL(2,R) x R when the
parameter t € (—3, —%) These metrics correspond to Family (1).

3.2.2. Case Ay = 1. We proceed as in the previous case and obtain that the
left-invariant metric

le1,e2] = Azes, [e1,e3] = —ea, [ea,e3] =e1, A3 ¢ {0,1,4},
3Az—=2
)\374 :
tion (eq, eq, es,eq) )%3(63, €2, —e1, e4) is an isomorphic homothety between these
metrics and the ones in the previous case.

determines a strict algebraic §[t]-soliton for t = — Now, the transforma-

3.2.3. Case A3 = 1. Proceeding exactly as in the previous cases we get that the
left-invariant metric

le1,e2] =e3, [e1,e3] = —Agea, ez e3] =e1, A2 ¢ {0,1,4},

determines a strict algebraic §[t]-soliton for t = — 3;‘22__42

mation (e1,eq,e3,e4) — (e1,—e€3,€2,e4) is an isomorphic isometry between these
metrics and the ones in the previous case.

3.2.4. Case A2 # 1, A3 # 1 and Ay # As. In this case, Equation (6) implies
that

. In this case, the transfor-

A3+ A3 —2(N2As+ A2+ A3) + 1) t+2(A3+ A5+ 1) =0.
If the coefficient of ¢ vanishes, which occurs if Ay > 0 and A3 = (1 & v/A2)?, then
we have

Sltlee — Slthi = 4V A2 (/\3 — 1) (3\/)\2 +2(X\y + 1)) ;
which does not vanish for Ay > 0, A2 # 1. Therefore there are no algebraic §[t]-
solitons if the coefficient of ¢ vanishes, so we assume A3 # (1 + v )\2)2 and obtain

B 2(A§+/\§+1)
PUEIVIT5 V5 VI VNS W Wi

(7) t=
In this situation, since Ay # 1, the vanishing of
S[t]u — &[t]gz = ()\2 — 1) ()\g — ()\2 + 1))\% — ()\2 + 1)2)\3 + ()\2 — 1)2()\2 + 1))
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implies that
(8) A= Qe+ DA — Qo+ 1)*As+ (A2 — 1)*(Aa +1) = 0.
A straightforward calculation using this condition shows that
Sl = hads(ha + As + D diag1, 1,1,-3],  p = hadag(Aa + Ag + 1),
so the corresponding left-invariant metric, which is given by
[e1,e2] = Azes, [e1,e3] = —Aaea, [e2,e3] = ey,

is an algebraic §[t]-soliton whenever Equation (8) is satisfied, where Ay # 0,1, A3 #

0,1, A2 and, if Ay > 0, A3 # (1 + \/E)Q A straightforward calculation shows that
these metrics are never critical (see [6]). Moreover, (e, €2, e3,e4) — (e1,€3, —€2,€4)
defines an isomorphic isometry which interchanges (A2, A3) and (As, A2), while the
isomorphic homothety (eq, es, €3, e4) +— %3(—63, es, €1, e4) interchanges (A2, Az) and

(’A\—;, %3) Thus, we can restrict the parameters Ay and A3 to —1 < Ao < A3 < 1

satisfying Equation (8). Indeed, for a fixed Ay € (—1, —1%/5) U (O, —1*4—‘/5), the

parameter A3 corresponds to the only real solution of the Equation (8) satisfying
—1 < A2 < A3 < 1. Besides, the parameter t given by Equation (7) belongs to

(%‘/57 —1) U (%, —|—oo), and the strict algebraic §F[t]-solitons are expanding
and realized on S”E(2,R) X R when t € (&2‘/5, —1), while they are shrinking on
SU(2) xR when t € (%, +oo). These metrics correspond to Family (2), which

concludes the proof. O

4. ALGEBRAIC SOLITONS ON R x R3

Proceeding as in Section 3, the expression of left-invariant metrics on semi-direct
extensions of the Abelian Lie group follows from [6, 21]. They depend upon six
parameters as follows:

[e1,e4] = aer +bea +ces,  [ea,eq] = —ber + fea + hes,
(9) _
€3, e4] = —ce1 — hea + pes,
where {eq, ea, e3,e4} is an orthonormal basis of the Lie algebra. Considering the
endomorphism 1 associated to the semi-direct extension of the Abelian Lie group,
R x, R3, the parameters a, f,p correspond to the eigenvalues of the self-adjoint
part of v, while b, ¢, h denote the components of the skew-symmetric part on the
basis of eigenvectors of 1.

Remark 4.1. A left-invariant metric on R x R? is locally symmetric if and only
if it is Einstein (which corresponds to the case when the self-adjoint part of the
derivation determining R x R3 is a multiple of the identity, i.e., a = f = p), in
which case it is homothetic to H?, or otherwise it is isomorphically isometric to a
metric described by (9) with a = f = ¢=h =0, p # 0 (thus being homothetic to
H? x R?), or with a = f # 0, p=c = h = 0 (thus being homothetic to H? x R).

In the Abelian case any metric is flat and any tensor field T is an algebraic T-
soliton. Hence, we will exclude this case in what follows and assume that at least
one of the structure constants in (9) is non-zero.
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Remark 4.2. Note that there are some specific isomorphic isometries that al-
low us to simplify our study by eliminating redundancies in the different cases we
consider. The isomorphic isometry determined by (e1, ea,e3,e4) — (e2,e1,€3,€4)
implies that (a, f,p,b,¢,h) ~ (f,a,p,—b,h,c), and (e1, ez, e3,e4) — (e3,€2,€1,€4)
gives (a, f,p,b,c,h) ~ (p, f,a,—h,—c,—b). Analogously, the isomorphic isometry
(e1,e9,€3,e4) — (€1, €3, €2, e4) shows that (a, f,p,b,¢c,h) ~ (a,p, f,c,b,—h).

4.1. Algebraic T-solitons on R x R3. Recall that we are assuming that the left-
invariant tensor field T is divergence-free, so the following conditions hold:

(2a+ f+p)T14 + bTo4 + T34 = 0,
bT'y — (a+2f +p)Tog — hT34 = 0,
Ty + hToy — (a+ f+2p)T34 =0,
aTiy + fTas +pT33 — (a+ f + p)Tas = 0.

(10)

The conditions for ® = T — 1 Id to be a derivation are determined by a system
of polynomial equations (proceeding as in the proof of Theorem 3.2) on the soli-
ton constant u, the structure constants in (9) and the components T;;, given by
{PBijrx = 0}, where

Pa11 = b1 +aTos, Porz = —fT1a + VT4, Porz = —hTig + Ty,

Ps11 = T4 +alzy, Psio = hily + 0134,  Pziz = —pliy + T3y,

Paor = cTog — T34, Pzoz = hToa + fT34,  Psoz = —pTas + hT34,

PBar1 = a(Tys — p) — 20T12 — 2cTy3,

Parz = 0(Th1 — Too + Tys — p) — (a — f)Ti2 — hT13 — cThs,

Parz = c(Th1 — Tzz + Tys — pp) + hT12 — (a — p)Ti3 — b3,

Para = —aT1y — by — T3y,

Paor = b(T11 — Tog — Tya + p) + (@ — f)T12 — hT13 — T3,

PBaoz = f(Taa — p) + 26115 — 2R3,

Paoz = h(Too — T33 + Tag — p) + cTia + 0113 — (f — p)Tas,

Paza = bT14 — fTog — hT3y,

Pas1 = c(Th1 — T3 — Tua + p) + T2 + (a — p)Tig — bTos,

PBazz = h(Tog — T33 — Tyy + p) + T2 + 0T13 + (f — p)T2s,

PBazs = p(Taa — p) + 2cT13 + 2hTo3,

PBazs = cT1g + W2y — pTag.

In order to determine all the algebraic T-solitons in this case the distinguished
direction span{es} plays an essential role, since it must be an eigenspace of the

endomorphism 7" in most cases.
Lemma 4.3. Let R x R3 be an algebraic T-soliton with soliton constant . Then
the following relations hold.

(a) With no further assumptions, either e4 is an eigenvector of f, (i.e., Tyy =
Toy =T54,=0), ora, f and p are all distinct with afp =0 and bch = 0. In
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the latter case, the original metric is isomorphically isometric to a metric
witha =0 andb=c=0. _

(b) If eq is an eigenvector of T with associated eigenvalue Tyy # w, then a +
f+p=0. Moreover, if a, f and p are all distinct, then afp = 0 and
the original metric is isomorphically isometric to a metric with a = 0 and

f=-p
Proof. We prove each assertion separately in what follows.
4.1.1. The proof of Assertion (a). Let us assume that e4 is not an eigenvector
of T', which means that at least one of the components T}4, To4 and T34 does not

vanish. Firstly, we show that a, f and p are necessarily different. If two of them
are equal, by Remark 4.2 we may assume that f = a, and

Po11 = T4 +alsy, Paio = —aliy + blsy.

Hence, either T4y = Toy =0ora=b=0. If Ty4, = To4 = 0 then
Ps11 = al3q, Paza = =T34, Parz = 0T34, P31z = T34, Pazz = M3y,
and the fact that T54 # 0 implies that the Lie group is Abelian. If either T74 or Toy
does not vanish, then a = b =0, and
PB3ziz + Para = —pTha,  Pazz + Paos = —plag,
together with
Ps11 = cT1g, Pazr = a4, Psrz = AT, Psaz = Az,

imply that p = ¢ = h = 0, so that the Lie group is Abelian. This shows that a, f
and p must be different.
Secondly, we show that bch = 0 and afp = 0. The linear combinations

PBa13 — Paiz — Pa21 = —2hT14,
Poi1z + Paiz + Psa1 = 2cTy,
P13 + Paiz — Paar = 26734,
clearly lead to bch = 0. If b = 0, then
Poiz = —fT14,  Ponr = alos, [Pz + cPorz = afTsa.
Consequently, afp = 0. The same conclusion is obtained if ¢ = 0, since
PBs1z = —pTia,  pPorr + P13 = apToa, Ps11 = alsy,
or if h = 0, using
pPoiz +bPaog = —fpTia,  Psaz = —pTha, Paoo = fTi4.

Thus, afp = 0 and bch = 0. Finally, by Remark 4.2 we can take a = 0 working, if
necessary, with an isomorphically isometric metric. Now, if b = 0, we compute

Pa11 = cT1a, Pazor = Iy, Paig = —cT34,

so necessarily ¢ = 0. If ¢ = 0, then b = 0 since

Po11 = 0T, Paia = =0T, Psor = —bT34.
Finally, if h = 0 we use
Por1 = 0T, Poiz = — Ty + 0Ty, Paiz = bT34,

to obtain that b = 0 and, therefore, necessarily ¢ = 0. This proves Assertion (a).
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4.1.2. The proof of Assertion (b). Given the linear combination

PBar1 + Paze + Pazz = (a + f +p)(Tua — p),
and the assumption that Tyy # p, it follows that a + f + p = 0. Therefore, we set
p = —a — f, and obtain

Pazr — Parz = 2 ((a — f)T12 — b(Tas — 1)),

PBas1 — Parz =2((2a + f)Tis — c(Taa — 1)) ,

Pazz — Pazz = 2 ((a +2f)Taz — M(Tas — p)) -

Since p = —a — f, assuming that a, f, p are different, we have a— f # 0, 2a+ f # 0
and a + 2f # 0, so

T =

25 (Tua =), Tz = 5355 (Taa — ), Toz = o7 (Taa — ).

Since e4 is an eigenvector of f, we set T4 = Toy = T34 = 0. In order to show that
afp =0, (or equivalently af(a + f) = 0), we compute the polynomials

2 2
Pa1 = (a - fﬁf - ziif> (Tha — p),

2 2
PBaoz = (f - a2+h2f + ﬁf) (Tys — ),

2 2
(11) Pazz = ((a + f) - QZi-f o a2-:l2f) ('u o T44)’
3ch(a

Paz1 = b(T11 — Ta2) — m(ﬂm — 1),
Pz = (T — Ts3) + %(TM — ),
Pazz = h(Tae — T3) + m_?ﬁi@%m(Tu — 1)

We now split our analysis into two different cases depending on whether bch = 0
or not. If bech = 0, it immediately follows that af(a+ f) = 0. For instance, assume
that b = 0. Hence, Pa11 = P22 = 0 in Equation (11) imply that either ch # 0 or
af = 0. Now, if ch # 0, P41 = 0 in the same equation leads to a + f = 0. Thus,
in any case, af(a + f) = 0. One proceeds similarly in the cases ¢ =0 and h = 0.

Next we analyse the case bch # 0. We assume that af(a + f) # 0 and argue
for a contradiction. At this point, we consider Equation (10), which characterizes

the vanishing of the divergence of T'. A direct calculation shows that such equation
reduces to

(12) a(T11 - T33) + f(TgQ - T33) = 0.

Since ch # 0, we can isolate T71 — T33 and Thy — T33 in the equations given by
PBa1z = 0 and Pyzo = 0 in (11), respectively. Replacing them in Equation (12) we
get

abf(Tys — p) ((a+2f)c® + (2a+ f)h*) =0
and therefore (a + 2f)c? + (2a + f)h? = 0, which leads to
2= _(2a+f)h2
a+2f
Finally, using this last expression in 433 in Equation (11) we obtain
PBazs = —(a+ f)(Taa — p),

which leads to a contradiction since the polynomial 433 above does not vanish.
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We have shown that afp = 0. Now, according to Remark 4.2, we can take
a = 0 working, if necessary, with an isomorphically isometric metric. This proves
Assertion (b). O

The information provided by the previous lemma significantly simplifies the proof
of the following classification result.

Theorem 4.4. Let R x R? be not Einstein. Then it is a non-trivial algebraic
T-soliton with soliton constant u if and only if one of the following holds.

(i) The self-adjoint part of ad(eq) has two equal eigenvalues. In this case, the
space is isomorphically isometric to a Lie group given by a = f # p, and

Tiw T2 0 O
* T22 0

T =
* * T33

7é H <" '>7

= © O

* * *
with
bT1o =0, b(T11 —To2) =0, a(Ti1+ Ta2) + pT33 — (2a+p)p =0,
(T — Ts3) + hTio =0, h(Tae — T33) + cTi2 = 0.
(ii) The self-adjoint part of ad(eq) has three different eigenvalues and the tensor
field T is diagonal,
T = diag[Th1, Too, Taz, 1] # p 1d,
with
b(Th1 —Taz) =0, c(T1y —T33) =0, h(Ta —T33) =0,
alyy + fTog +pTsz — (a+ f+p)u=0.
(iii) The sElf—adjoz'nt part of ad(eq) has three different eigenvalues and the tensor

field T is not diagonal. In this case, the space is isomorphically isometric
to a Lie group given by one of the following:

(iii.a) a=0,p=—f#0,c=b, 20> — f2+h? =0, and

T4 —?(T44 — 1) %(T44 —u) 0

T — * TQQ 2f (T44 u) 0 7
* * T22 0
* * * Ty

with
Tya # py b(2f(T11 — Toz) — 3h(Tay — p)) = 0.
(iiib) a=0,p=—-f#0,b=c=0, h=f and

1 O 0 0
T_ *  Toy 5(Taa—p) Ta
* * Too —Toy |’
* * * Tys

with Tay # 0.
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Remark 4.5. Following the notation in [1], the underlying Lie algebra in Theo-
rem 4.4-(iii.a) is isomorphic to nyg, and that in Theorem 4.4-(iii.b) is isomorphic to
R x h3 and the metric is the product one. Hence both situations also appear as
semi-direct extensions of the Heisenberg group in Theorem 6.3.

Proof. We consider the self-adjoint part of —ad(e4), given by diag[a, f,p], and anal-
yse separately the case of two-equal eigenvalues and that of three-distinct eigenval-
ues. Recall that the metric is Einstein if a = f = p (see Remark 4.1), and if two of
the structure constants a, f, p are equal, we may assume a = f # p just working,
if necessary, with an isomorphically isometric metric (see Remark 4.2).

4.1.3. Case a = f # p. By Lemma 4.3—(a), we know that T74 = Toy = T34 = 0.
If we now consider the linear combination
(13) Par1 + Pazo + Pazz = (a + f +p)(Taa — p),

we see that there are two different possibilities depending on whether T4 = u or
a+ f+p=0. In what follows we study these two cases separately.

4.1.3.1. Case Tyy = p. Considering the linear combinations
Pazr — Paiz = 2(a — p)T13, Pazz — Pazz = 2(a — p)Tas,
one has that

Now, a direct calculation shows that the system of polynomial equations {;x = 0}
is determined by

Pago = 20112 = 0, Pao1 = b(Th1 — Ta2) =0,
Parz = (T — Tsz) + hTi2 =0, Paoz = h(Tae — Ts3) + cT12 =0,

while the vanishing of the divergence of the tensor T given by Equation (10) reduces
to

CL(T11 —+ T22) —|—pT33 — (2& +p)ﬂ = O
This proves Assertion (i).

4.1.3.2. Case Tyy # pu and a+ f 4+ p = 0. In this case we set f = a and p = —2a,
with a # 0. A direct calculation now shows that

Pao1 — Parz = —2b6(Tus — p),

Paz1 — Paz = 6aT13 — 2¢(Tuy — p),

Pazz — Pags =  6aTh3 — 2h(Tyy — 1),
and the conditions Ty4 # p and a # 0 imply that

b=0, Tis=5(Tu—p), Toz=3=(Tus — p).

Now, the polynomials B421, Ba11 and Pyss reduce to

Paor = — = ch(Tas — ),

Pan = 35(3a? —2¢%)(Tuy — p),

Pass = — (30> — @ — h?)(Tua — ),

which imply

ch=0, 3a2-22=0, 3a>—-c*—h2=0.
Since a # 0 these equations are incompatible, so we conclude that there are no
algebraic T-solitons in this case.
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4.14. Case a # f # p and a # p. If a, f and p are all distinct we distinguish
two possibilities depending on whether e4 is an eigenvector of ﬁ i.e., T4, To4 and
T34 are all zero or not. In the former case we analyse the two cases given by Tyy = p
and Tyy # u, separately.

4.1.4.1. Case Ty =Ty =T34 =0 and Tyy = p. Since Tyy = p, one has that
PBaor — Paiz = 2(a — )T,
PBas1 — Paiz = 2(a — p)Ths,
Pasz — Pazs = 2(f — p)Tos,

and so
Tio =Ti3 =Te3 =0.
Applying these relations, a direct calculation shows that the tensor T is diagonal,
T = diag[Ti1, Too, T33, 41,
and the vanishing of the divergence of T' (see Equation (10)) is given by
aTyy + fToe +pT33 — (a+ f+p)u=0.
The system of polynomial equations {9;;, = 0} is now determined by
Parz = b(T11 — Tz2) = 0,
Pz = (T — T33) = 0,
Pazz = h(Te — T33) = 0.
This proves Assertion (ii).

4.1.4.2. Case Tyy = Tog =T34 =0, Tyy # pu. Lemma 4.3—(b) allows us to consider
a=0and p = —f # 0 and work, if necessary, with an isomorphically isometric
metric. Now, we consider the following linear combinations

Pazr — Paiz = =2 (fT12 + b(Tys — 1)),
Pazi —Paiz = 2(fT3 — c(Tya — 1)),
Pazz — Paos = 2(2fTo3 — M(Tua — 1)) ,

to obtain
Tip = *?(TM —p), Tis=$(Taa—p), Taz= %(TM — ).
Using these expressions, the condition divT = 0 given by Equation (10) reduces to
f(Taa —T33) = 0,
and
Par1 = % (0> = ¢*) (Tua — ).
As a consequence
T22 = T33, Cc = 61)7 with 62 = 1,

and a direct calculation shows that the system of polynomial equations {;;x = 0}
reduces to

Paiz = eParz = Pa21 = e Puz1 = %fb (2f(T11 — Taa) — 3eh(Tyy — 1)) = 0,
Paoo = —Puzz = —% (26 — f2 + h?) (Tug — p) = 0.
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Now, the associated left-invariant metric is given by
[e1, e4] = bes + €bes,
[e2, e4] = —be1 + fea + hes,
[es, e4] = —cbe; — hesy — fes,

and the isometry es — —es interchanges (e, f,b,h) and (—e¢, f,b, —h), so we can
take e = 1 and work with an isomorphically isometric metric if necessary. Thus
Assertion (iii.a) is obtained.

4.1.4.3. Some of T14, Toy and T34 does not vanish. According to Lemma 4.3—(a) we
can assume that a = b = ¢ = 0 and work, if necessary, with an isomorphically iso-
metric metric. In this situation

P12 = —fT1a,  Paiz = —pTha
and, since f # p, it follows that
(14) T4 =0.

Now, we compute
Paaz =  hlog + fT54, Psaz = —pTag + hlsa,
Paga = —[Tog — W14, Pasa = hTog — plsa.
Since T4 and T34 cannot vanish simultaneously, we have f? = p? = h?. Moreover,
f#pand fp # 0 lead to
(15) p=—f#0, h=¢f, Tsa=—-cT #0,

where 2 = 1.
Using Equations (14) and (15), the condition divT = 0 reduces to

f(Tza — T33) = 0,
and
Parz = f(T12 —€Tis), Pazn = —f(Tr2 +eT13), Paszz = f(2eTog — Tya + ).
Therefore,
(16) Toy =T33, Tia=Ti3=0, Toz3=5(Tys—p),
and we obtain an algebraic T-soliton with associated left-invariant metric given by
[e2,e4] = fea +cfes, [es,eq] = —cfea — fes.

Note that the isometry es — —egs interchanges € and —e. Thus, working with an iso-
morphically isometric metric if necessary, we can take ¢ = 1. Now Equations (14),
(15) and (16) lead to the proof of Assertion (iii.b). O

Remark 4.6. Following Theorem 4.4, non-trivial algebraic Ricci solitons on R x R?
occur in the following situations:

(i) If the self-adjoint part of the derivation determining R x R3 has two equal
eigenvalues, then the metric is determined by

[e1, e4] = aei+bes, [e2,e4] = —bej+aes, [es,eq] = pes, with p= —2a>—p?,

where a # p. If a = 0 or p = 0 then the space is locally symmetric and
homothetic to H2 x R? or H3 x R, respectively.
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(ii) If the self-adjoint part of the derivation has three-distinct eigenvalues as in
Theorem 4.4-(ii), then its skew-symmetric part vanishes and the metric is

determined by

[61764} = €1, [62764} = fea, [6’3764] = pe3, with u= *(fQ +P2 + 1),

where {(f,p) € R?; -1 < f<p<1}\{(~1,p); -1 <p < 0}.

(iii) If R x R? is two-step nilpotent or three-step nilpotent as in case (iii.a) of

Theorem 4.4, then the metric is determined by

(ifl.a.1) [ea,e4] = ea+e3, [e3,e4] = —ea —e3, with u = —6, or
(iii.a.2) [61764] = %(62 + 63) [62,64] = —%61 + es [63,64] = —%61 -
with = —3.

€3

We determined in Theorem 4.4 the algebraic T-solitons in the non-Einstein case.
Even though the Einstein case can usually be handled directly when dealing with
particular tensor fields as in the case of our analysis, we consider this situation in

the following result for the sake of completeness.

Theorem 4.7. Let Rx R3 be Einstein. Then it is a non-trivial algebraic T-soliton
with soliton constant p if and only if it is isomorphically isometric to a metric with

a=f=pand
Ty T2 Tizs O
x T T 0
ro | e I,
* * S
with
a(Thy + Toz + T33 — 3u) = 0, b(T11 — Ta2) — hT13 — cTa3 = 0,
bT12 + cl13 =0, c(Th — Ts3) + hTia — bT53 =0,
¢T3 + hTs3 =0, h(Tag — T33) + cTia + bT13 = 0.

Proof. Recall that R x R? is Einstein if and only if a = f = p (see Remark 4.1) so

according to Lemma 4.3-(a), T14 = Toy = T34 = 0. The combination

Pair + Paoz + Pass = 3a(Tas — 1)
shows that either Tyy = p or a = 0.

If T4y = p, then the condition divT = 0 given by Equation (10) reduces to

a(Tiy + T + T3 — 3p) =0,

and a direct calculation shows that the system of polynomial equations {;;x = 0}

is determined by
Par1 = —2(bT12 + cT13) = 0,
Pazz = 2(cT13 + h1z3) = 0,
Parz = b(T11 — Ta2) — hT13 — cTr3 = 0,
Parz = c(T11 — Tz3) + hT12 — bTz3 = 0,
Paoz = h(Tao — Ts3) + cT12 + bT13 = 0.

Assume now that T4y # p and a = 0. Since either b, ¢ or h must be non-zero,
Remark 4.2 implies that we can assume that b # 0 (working, if necessary, with an

isomorphically isometric metric). Now, a direct calculation shows that
Parz — Pazr = 26(Tus — p),
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which implies that this situation cannot occur, thus completing the proof. ([

4.2. Algebraic §[t]-solitons on RxR3. In addition to the Ricci solitons described
in Remark 4.6, the algebraic F|[t]-solitons on R x R? are given as follows.

Theorem 4.8. A left-invariant metric on R x R? is a strict algebraic §[t]-soliton
if and only if it is isomorphically homothetic to one of the following:
(1) [e1,eq] = e1, [e2, 4] = —2e2 — Kea, [e3, e4] = Kea + e3,

with k € (0,400) \ {%} In this case, p =35 (2k* —9) and t = —#,

4243 _
—T+€2 — Kes, [es, eq] = Kea + e3,

(2) le1,ea] = e, [e2,€4] =
with k € (0,400) \ {%} In this case, the soliton constant is given by

__ 1,2 2 2 _ 16k*4+168k%2481
p=—zr" (4r" +9)% and t = 2(16r% —24k2+81) *

(3) [e1,e4] = aeq, [ea,e4] = (1 — §)ea + hes, [e3,eq] = —hea — (1 + §)es,
with a € [0,400) \ {2} and h € (0,400). Moreover the soliton constant

p=—3(3a*(h? + 1) — 4(h® — 1)) is not null, and t = —%.

(4) [e1,eq] = aeq, [e2,eq] = fea + hes, [e3,e4] = —hez + (1 —a — f)es,
with a € R\{3} and h > 0 satisfying 9a*> —6a—4h* # 0. For a and h fized,

the parameter f = % (1 —a+V4h? + 1), In this case, i = —(3a — 1)2h?

— _3a°—2a412h>+2
and t = — 5=

(5) [e1,e4] = e1 + ces, [e2,e4] = —(p+ 1)es + hes, [es,es] = —ce; — hea + peg,

with p € (—=2,0)\ {—%} and ¢ > 0 satisfying that (2p+1)(2p* +p—c?) < 0.
The soliton constant

1= 5oy (20 +1) (8" + 15> +3p + 1) + *(p+2) (5p° —p — 1))

1s different from zero and for any ¢ and p fixed, the parameter h is the only
positive solution of the equation (2p+ 1)h? — (p—1) (2p2 +p— 02) =0. In

_ (2p+1)(12p°+4p+5)+(p+2)c?

this case, the parameter t = 1Cp ) (P> +p11)

(6) [e1,e4] = €2 +e3, [e2,e4] = —e1 + fea + hes, [e3,eq] = —e1 — hea — fes,

with h # 0. For h fixed, the parameter f is the only positive solution of
2 =h?+2. In this case, p = —30(h* +2) and t = —3.

Remark 4.9. Metrics in Theorem 4.8-(4) with a = 0, in which case t € (=3, 1),
given by

1
[e2,e4] = fea + hes, [e3,ea] = —hea + (1 — fles, with f = 3 (1 + V/4h? + 1) ;

correspond to product metrics on R x (R x, R?) where R x, R? is a non-unimodular
Lie group determined by a derivation ¢ = ad(e4) of the two-dimensional Abelian Lie
algebra with det(p) = 0. It follows from the work in [28] (see also [8]) that R x, R?
is homothetic (although not isomorphically homothetic) to a left-invariant metric
on SL(2,R). Hence, although the algebraic § [t]-soliton in Theorem 4.8-(4) for a =0
and the algebraic §[t]-soliton corresponding to Theorem 3.4-(1) for 4h?\ = —1 are
not isomorphic, the induced §[t]-solitons are equivalent at the Riemannian level.



FOUR-DIMENSIONAL ALGEBRAIC SOLITONS 23

Remark 4.10. The Lie algebra structure in Theorem 4.8-(6) is determined by a
three-step nilpotent derivation of R3. Hence it is isomorphic to the Lie algebra ny
determined by [e4, e1] = ea, [e4, €3] = e3, which is also a semi-direct extension of
the Heisenberg Lie algebra.

Remark 4.11. The range of the parameter t in each family of Theorem 4.8 is
indicated in Figure 3 below.
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FIGURE 3. Range of the parameter t for strict algebraic F[t]-
solitons on R x R3.

Proceeding as in Remark 3.5, the homothetic invariants {t, ||p||*> 72, || R||*> 772,
IVpl|? 773, [[VR||>7—3} show that there are no homotheties between metrics in dif-
ferent families of Theorem 4.8 and, moreover, that different values of the parameters
in any of the families give rise to different homothetic classes.

Besides, for each value of t € (—o0, — 1)\ {—12} there is a single strict algebraic
F[t]-soliton (up to homotheties) for Family (1) in Figure 3. In Family (2) there
are two-distinct homothety classes for any value of ¢ € (—g, —%) Finally, for each
admissible value of ¢ € (—oo, —2 ) there is an infinite number of non-homothetic

strict algebraic §[t]-solitons in each Family (3)-(6).

Proof of Theorem 4.8. First of all note that a strict algebraic F[t]-soliton on R x R?
must be non-Einstein. Hence, in what follows we will analyse the four cases obtained
in Theorem 4.4 separately. Moreover, a direct calculation shows that, with no
further assumptions,

Fltla = F[t]2a = F[t]sa =0,
so Case (iii.b) in Theorem 4.4 is not possible. Next we examine the remaining
possibilities.

4.2.1. Case (i) in Theorem 4.4. Take a = f # p. The conditions that give an
algebraic §[t]-soliton are determined by the vanishing of the polynomials

Q1 = 3§[ths, Q2 =3Ftles, Q3 =>03[the, Q4=0(F[tln —Jtl22),
(17) Qs = ¢ (Fth1 — §ltlss) + ~S[the, Qe = h(F[tlaz — §[tlss) + ¢ Flthi2,
Q7 = J[t]aa — 1, Qs = a(S[tl1 + Fltle2) +pFltlss — (2a + p)p,
and a straightforward calculation shows that
021 =(p—a) (40(3(12 +p? + 2ap)t + c(a2 +2p? — Gap + b% + 4(02 + h2)) — 2bh(2a + p)) ,
Qs = (p— a) (4h(3a® + p* + 2ap)t + h(a® + 2p* — 6ap + b*> + 4(c* + h*)) + 2bc(2a + p)) ,
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Q3 = b(p — a) (3b(c® — h?) — 4ch(2a + p))
Q4 = 4b(a — p) ((¢* — h*)(2a + p) + 3bch) ,
Q5 = (a —p) (4c(2a + p)(3a® + p° + 2ap)t

+2¢(2a + p)(2a® + p* + 4(c® + h?)) + 3bh(c® + h?)),
Q6 = (a —p) (4h(2a + p)(3a® + 2ap + p*)t

+2h(2a + p)(2a® + p* + 4(c® + h*)) — 3be(c® + h?))

Q7 = (a—p)® (23a® +p* + 2ap)t + 2a* + p* + 3(c> + h?)) — p,
Qs = (2a + p)Qr.

Considering now the combination
hQy — Qs = 2b (2 + h?) (2a + p)(a — p),

it gives rise to different possibilities depending on the vanishing of each factor (note
that a — p # 0).

4.2.1.1. Case ¢ = h = 0. In this case the left-invariant metric, given by
[e1,e4] = aey + bea, [ea,eq] = —bey + aes, [es,eq] = pes,

is an algebraic Ricci soliton with soliton constant —2a? — p? (see Remark 4.6).
4.2.1.2. Case p= —2a and c® + h? # 0. Since p = —2a and a # p, then necessarily
a # 0. Computing the polynomials £2; and Qs in Equation (17) we get

Q1 = —3ac (122t + 21a? + b* + 4(c* + h?)) ,

Qy = —3ah (124t + 21a® + b* + 4(c* + h?)) ,
so it follows that 12at + 21a? + b? + 4(c? + h?) = 0 and therefore
21a? + b2 + 4(c + h?)

12a? '

(18) t=—
At this point we have
Q5 = 9abh(c®* + h?), Qg = —9abe(c? + h?),

so b = 0 and a direct calculation shows that the polynomial system {Q; = 0}
determined by Equation (17) reduces to

297 = —9a® (9a* — 2(c* + h?)) — 2 = 0.

Hence the left-invariant metric, determined by

[e1,eq] = aey + ces, [ea,eq] = aea + heg, [es,eq] = —cer — hea — 2aes,
is an algebraic F[t]-soliton with soliton constant p = —3a? (9a® — 2(c* 4 h?)) for
2 2 2
the parameter ¢t = —%ﬂrh) given by (18). Moreover these metrics are not
algebraic Ricci solitons, and they are critical for the value of ¢ determined by p = 0,
which corresponds to t = —12 (see [6]). Since a # 0, we may take a = 1 and work

with an isomorphically isometric metric. Besides, we set k2 = ¢? + h2, so that
k ¢ {0, i%}, and consider the orthonormal basis

_ 1 _ _ 1 _
€1 = —(her —cez), e =e3, é3=—(ce1+hey), €s=ey,
whose non-zero brackets are given by

[€1,€4] = €1, [E2,64] = =262 — K3, [€3,€4] = KE2 + €3.
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Now, the isomorphic isometry és +— —és interchanges the sign of x, so we may
assume K > 0, kK # % In this setting, the soliton constant p = %(2&2 —9) and the
parameter t = 74“217'2"21 € (—o0o, — 1)\ {—12} determine strict algebraic F[t]-solitons,
which are shrinking when ¢ € (—oo, —13) and expanding when t € (=22, — 7). These

1 4071
metrics correspond to Family (1).

4.2.1.3. Caseb=0, p# —2a and c® + h? # 0. In this case, the polynomials Q5 and
Q6 in Equation (17) transform into

Q5 = 2c(a — p)(2a + p) (2(3a® + p? + 2ap)t + 24 + p? + 4(c* + h?)) ,
Q6 = 2h(a — p)(2a + p) (2(3a* + p* + 2ap)t + 2a* + p* + 4(c* + h?)) ,
and since p # a it follows that 2(3a? + p? + 2ap)t + 2a% + p? +4(c* + h?) = 0. Note

that the coefficient of ¢ vanishes if and only if a = p = 0 which is not possible.
Thus, we get

B 2a% + p* + 4(c* + h?)

t =
2(3a? + p? + 2ap)

Now, the two conditions

Q1 = c(a—p) (3a® + 6ap + 4(c* + h?)),
Q5 = h(a —p) (3a® + 6ap + 4(c* + h?)) ,
imply that 3a? + 6ap + 4(c®> + h?) = 0. In this situation, a cannot vanish — this
would lead to ¢ = h = 0, which is not possible in this case — and so we obtain
3 3a% + 4(c® + h?)
6a '

Thus, p # a is satisfied while the condition p # —2a means 9a% —4(c? +h?) # 0. At
this point, the polynomial system {Q; = 0} given by Equation (17) is determined
by

—36a*Q7 = (9a® + 4(c* + hz))2 (¢® + h?) + 36a°p,
from where we determine the soliton constant p.

Therefore, the left-invariant metric

3a2+4(c2+h2) e

le1,e4] = aey +ces, [e2,eq] = aea + hes, [e3,eq] = —cer — hey — 6o 3,

9 2+4( 2+h2) 2 21 p2
(a c 36a2) (c ) ) and

Moreover, a direct calculation

is an algebraic §[t]-soliton for the soliton constant p = —
16(c>+h?)2+168a>(c*+h?)481a*
32(c?2+h?)2—48a?(c2+h?)+162a* "
shows that it is strict. As in the previous case, we work at the homothetical level to
take a = 1 and set k? = ¢® + h%. Since c or h is non-zero and 9a? — 4(c* + h?) # 0,
we have r ¢ {0,£3}. Taking the same orthonormal basis as in the previous case,
the non-zero brackets are given by

the parameter t = —

2
[61,e4) = &1, [62,e4] = — 455126, — ks, [e3,64] = Ko + E3.

The isomorphic isometry é; — —eés interchanges the sign of x, so we may assume

k>0, k # % In this setting, we have yu = —%K/Q(ZLHQ +9)? and the parameter
t = 7% € (—=2,-1). Clearly the strict algebraic F|t]-solitons are

always expanding and they correspond to Family (2).
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4.2.2. Case (ii) in Theorem 4.4. Take a # f # p, a # p and assume that the

operator §[t] is diagonal. In this case, the algebraic §[t]-solitons are determined by
the vanishing of the polynomials

Q1 = Fthe, Q2 =3ths, Qz=Ft]s,

Q4 = b(F[t]in — Sltl22), Qs = c(F[t]r — S[t]33),
Q¢ = h(Flt]22 — Flt]z3), Q7 = Fltlaa —p,

Qg = aF[tl1 + f3[tlee + pSltlss — (a + f +p)u.

Next we split the analysis in several cases, depending on whether bch vanishes
or not. According to Remark 4.2, it suffices to consider the case b = c = h = 0, the
case b=c =0, h # 0 and the case ch # 0.

4.2.2.1. Case b= c = h = 0. In this case the left-invariant metric, which is given by

(19)

le1,e4] = aer, [e2,eq] = fea, [e3,ea] = pes,
is an algebraic Ricci soliton with soliton constant y = —a?— f?—p? (see Remark 4.6).

4.2.2.2. Case b=c=0 and h # 0. We start by considering the polynomials Q3 and
Q6 in Equation (19). We have

Qs =h(p—f) (4a® + f2+p* +af + ap+ fp)t +a’ +2(f —p)* — 2a(f +p) + 4h%) .

Since h(p — f) # 0 and, moreover, the coefficient of ¢ in the last factor vanishes
only if a = f = p = 0, which cannot occur, we obtain

a? +2(f —p)? — 2a(f +p) + 4h?
CA@ P taftap+fp)
Now, using this expression, we compute
(21) Qo = h(f —p)a+f+p) ((a+2f)(a+2p)+4h%),
which leads to two different cases depending on whether a + f + p vanishes or not.

(i) fa+ f+p=0, we set p=—a — f and Equation (19) reduces to
—297 = 3(a+2f)*(a® + f2 + af) + 6(a® — 2% — 2af)h? + 2p.
At this point we introduce a new variable, k = § + f. Since a, f and p are

all different, we have x ¢ {0,+2a}. Now, Q7 = 0 determines the soliton
constant

(20) t=

p=—32(3a*(h*+ k*) — 4s*(h* — K?))
for the corresponding algebraic §[t]-soliton, with associated left-invariant

metric
le1,e4] = aer, ez eq] = (K — §)ea + hes, [es,eq] = —hex — (K + §)es.
These metrics are critical for ¢ = 7% given by (20) whenever

u = 0 (see also [6]). Furthermore, in this situation they are algebraic
Ricci solitons for @ = 0 and x = +h, in which case they correspond to
Remark 4.6-(iii.a.1).

Note that, since k # 0, we work with a representative of the homothetic
class which has k = 1. Moreover, the isomorphic isometry ez — —es
interchanges (a, h) and (a, —h), while (e1,e2,€e3,e4) — (—e1, —e€3, €2, —ey4)
interchanges (a, h) and (—a, —h). Hence we can restrict the parameters to
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a>0,a+# 2, and h > 0, satisfying p = —3 (3a®(h? + 1) — 4(h* — 1)) # 0.
In this setting, the parameter ¢ = 7% € (—o0,-1), and we get
strict expanding algebraic §[t]-solitons for any value ¢t € (—oo0,—1) and
strict shrinking algebraic §[t]-solitons for ¢ € (—oo, —3). They correspond

to Family (3).

(ii) Assuming that a + f + p # 0 we work with a homothetic metric satisfying
a+ f+p =1, sowetake p=1—a— f. Since the last factor in Equation (21)
must vanish it follows that

42 +4(a—1)f + (a—2)a — 4h* =0,
which leads to

fz%(l—a+5\/4h2+1), 2=1.

We add the condition 9a? — 6a — 4h? # 0 to ensure that a, f and p are all
different. Hence Equation (19) reduces to

Q7 =95 = —(3a— 1)2h% — 4,

which determines an algebraic §[t]-soliton with soliton constant given by
p = —(3a — 1)2h? and associated left-invariant metric

le1, e4] = aey,
[e2, e4] = —% (a —1—ev4h? + 1) es + hes,
3, e4) = —hes — 3 (a — 1 +eVAh®Z + 1) e3.

A straightforward calculation shows that these metrics are critical only for

the functional determined by t = — 1326}5221151 , which corresponds to (20) when

p=0,i.e.,a= %, but they are never algebraic Ricci solitons (see [6]). Now,
the isomorphic isometry (e1, ez, es,eq) — (€1, —es, ea,€4) interchanges the
sign of €, while e — —e5 interchanges the sign of h. Hence we can restrict
the parameters to a € R\ {3}, h > 0 and € = 1, satisfying 94 — 6a — 4h* #
0. In this setting, taking 4 = —(3a — 1)?h? and t = —% €
(-3, —15—1) we get the strict expanding algebraic §[t]-solitons corresponding
to Family (4).

4.2.2.3. Case ch # 0. Recall that we are assuming that a, f and p are all differ-
ent. Hence, by Remark 4.2, we may assume a = 1 working, if necessary, with an
isomorphically isometric metric. Considering the polynomials

Qs = c(F[t] — Slt]s3), Qe = h(F[t]22 — Ft]33),
Q7 = §ltlaa — p = =F[th1 — S[t]e2 — St]zz — u,
Qg = Flth1 + [S[t]ez +pS[t]zz — (f +p+ 1u,

given in Equation (19), it follows that
Slthi = §ltle2 = Fltss, =381, (f+p+1)@tht—p)=0.

—

Therefore, (f + p + 1)F[t]11 = 0. Since the operator F[t] must be diagonal, the
vanishing of §[t]11 would lead to trivial algebraic §[t]-solitons. Thus, we may take
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f=-p—1,withp ¢ {-2,—3,1} to guarantee that a = 1, f and p are all distinct.
A direct calculation shows that
Q6 = —18bch?.
Since ch # 0, necessarily b = 0. Now, we compute the polynomial Qs in (19),
obtaining
Q=c(d(p’—1)t+(p—1)(5p* +2p+5+4c) + (Tp + 2)h°) .

Note that the coefficient of ¢ in the second factor vanishes if and only if p = 1,
which is not possible. Therefore, we get
(p—1) (5p* 4+ 2p + 5+ 4c?) + (Tp + 2)h?

(22) = 4(p*-1)

and Qg in (19) transforms into
(p—1)Qs = -3h(p+2) (2p+ DA* - (p—1) (2> +p— %))
Since (p — 1)(p + 2)h # 0 in the case at hand, Q3 = 0 implies that

o o (0 )

2p+1

and finally the system of polynomial equations {Q; = 0} given by (19) is determined
by the vanishing of

—2(2p+1)9Q7 =3 ((2p+1) (8p° + 15p° +3p+ 1) + S (p+2) (5p° —p — 1)) +2(2p+ 1)p.
Hence one has an algebraic §[t]-soliton, with associated left-invariant metric
le1,e4] = €1 +ce3, ez, ea] = —(p+1)ez + hes,  [es, eq] = —cer — hez + pes,

and soliton constant
K= _2(2§+1) (2p+1) (89 +15p° +3p+ 1) +c*(p+2) (5p° —p—1)),

where p ¢ {—2,—%,1}, ¢ # 0 and the parameter h # 0 is given by (23). The

§[t]-solitons above are critical for ¢ = f(QPHZ((;?_):S?;)Z?;ﬂI))H)CQ given by (22)

whenever p = 0, in which case the energy vanishes. However they are not Ricci
solitons unless p = 0 and ¢ = h = %, which correspond to those in Remark 4.6-
(iii.a.2). Moreover, the isomorphic isometry e; — —eq interchanges the sign of h,
and e; — —e; interchanges the sign of c. Hence, we may restrict to A > 0 and
c>0.

At this point, a key observation to delimit the homothety classes is the existence
of the following isomorphic homothety whenever p # —1. Denoting by &, 41) = *1

the sign of p+1, (e1, ea,e3,e4) — ﬁ(@g, €1, —E€(p+1)€3, —€(p+1)€4) transforms the

: D E+nh Cp+nC
parameter p into — i, interchanges ¢ — o and h — ST in accordance
with the expression of h in (23). Hence, the transformation p — —-%7 maps the

interval (—oo, —2) into (—2,—1). Moreover, it maps [0,4o00) into (—1,0], from
where it follows that p may be restricted to (—2,0]\ {—5}. This restriction implies
that the parameter h given by (23) is real whenever (2p + 1) (2p® + p — ¢?) < 0.
In this setting, the parameter ¢ belongs to the interval (—oo, —%) and we get strict
expanding algebraic §[t]-solitons for any value ¢ € (—oo, —2), and strict shrinking
algebraic F[t]-solitons for ¢ € (—oo, —2). These metrics correspond to Family (5).
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4.2.3. Case (iii.a) in Theorem 4.4. In this case the structure constants satisfy
a=0,p=—f#0,c=band 20> — f2 + h? = 0, and the algebraic §[t]-solitons are
determined by the system of polynomial equations {Q; = 0}, where

= §[tlo2 — Fltlsz, Q2 = Fltha + ?(S[t]u — ),

= S[the +3[ths, Qa=Fltlas — %(3&]44 — 1),
b(2f(S[tha — §(t]22) — 3h(F[tlas — ),

(
with g # §[t]las and h? = f2 — 2b%. A straightforward calculation shows that
D1 = Q3 =0 and

Qo= & (10f% +30f* = 300°f* — pu)
(24) Qu = —55 (22f* +66f* = 300*f* — ) ,
Q5 = —3bh (64 + 18+ — 30622 — 1) ,
where p # 6f2(f?t +3f% — 3b?) and h? = f2 — 2b%. Note that
3fhQy + Qs = 12(¢ + 3) f*bh.

In what follows we analyse the vanishing of the different factors in the expression
above separately. Recall that we are assuming f # 0 and, moreover, b and h cannot
vanish simultaneously since h? = f2 — 2b2.

4.2.3.1. Case t = —3. Equation (24) reduces to
Qo= -4 (3002 +p), Qu=3%(300°f%+p), Qs5=23bh(300°f*+p).

Hence, if h? = f2 —2b? and f # 0, then we get an algebraic F[—3]-soliton with
soliton constant p = —30b2 f2, and associated left-invariant metric given by

le1,e4] = b(ea +e3), [e2,eq] = —ber + fea + hes, [e3,ea] = —be; — hea — fes.

A direct calculation shows that the above F[t]-solitons are F[v]-critical if and only
ifb=0and v =—3or h =0and v = —3. In both cases they are Ricci solitons (cf.
Remark 4.6-(iii.a)). Hence, we take bh # 0 and therefore we fix b = 1 working at the
homothetic level. Moreover, the isomorphic isometry (eq, es, e3, e4) — (e1, €3, €2, €4)
interchanges (f,h) and (—f, —h), so we can restrict the parameter f to f > 0. In
this setting, we get the strict expanding algebraic §[t]-solitons which correspond to
Family (6).

4.2.32. Caseb=0, h#0 and t # —3. Since h? = f? we set h = ef, with 2 =1,
and the corresponding left-invariant metric, given by

[e2, 4] = flea +ee3),  [es,ea] = —f(cea + €3)
is an algebraic Ricci soliton with soliton constant —6f2 (see Remark 4.6-(iii.a.1)).

4.2.33. Case h=0,b# 0 and t # —3. Since 2b?> = f2 weset b = -5

ﬁf,vvithg2 =1

In this case, the left-invariant metric corresponds to
le1,ea] = F5flea+e3), lea,ea] = —f (%61 - 62) , les,ed] =—f (%61 + 63) ,

which is an algebraic Ricci soliton with soliton constant —3f? (cf. Remark 4.6-
(iii.a.2)). O
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5. ALGEBRAIC SOLITONS ON R x E(1,1) AND R x E(2)

It follows from the work of Milnor [21] that any left-invariant metric on the
Poincaré or the Euclidean group is determined by the corresponding Lie algebras
g3 = span{ey, es, ez} with [es,e1] = Aaes and [ea,e3] = Ajer, where {e;} is an
orthonormal basis of g3, and gz = ¢(2) if Ay A3 > 0, or g3 = ¢(1,1) if A\; A2 < 0. Now,
proceeding as in [6] one has that left-invariant metrics on semi-direct extensions
R x E(1,1) or R x E(2) are determined by

le1, e3] = —Azeq, le2, e3] = Aieq,

25
( ) [61, 64] = b61 - A/\Q@Q, [62, 64] = A)\lel + b€2, [63,64] = 061 + Deg,

where A\ Ay # 0.

Remark 5.1. The parameters (A1, A2, 4,b,C, D) in Equation (25) can be trans-
formed into (A2, A1, 4, b, —D, C) through the isometry

(61762,63764) = (—62761,63764)-

Therefore, any left-invariant metric (25) with D = 0 is isomorphically isometric to
a left-invariant metric with C' = 0.

5.1. Algebraic T-solitons on R x E(1,1) and R x E(2). Next we show that
if a semi-direct extension R x E(1,1) or R x E(2) is an algebraic T-soliton, then
the underlying group is unimodular and hence a product E(1,1) x R or E(Q) x R
(cf. [1]), which can also be viewed as a semi-direct extension of R3 . Hence the

existence of algebraic T-solitons on R x E(1,1) and R x E(2) reduces to those
already considered in Section 4.

Theorem 5.2. R x E(1,1) or R x E(2) is a non-trivial algebraic T-soliton with
soliton constant p if and only if the group is unimodular (i.e., b=0) and

1 O 0 0
* T11 O 0

T = ERVE)
ok A(Tu-ptp —ATw-p |7
* * * Tya

with either C = D =0 or Ty = A%>(Tyy — p1) + Tug.

Remark 5.3. Assume b = 0 as in the previous theorem. Setting ¢ = v A% + 1 and
considering the orthonormal basis given by

€1 =ey, €= ey, ész—%(A€3—€4)7 542—%(€3+A64),
the Lie bracket transforms into
[€1, 4] = Chala, [E2,€4] = —CNi€1, [€3,64] = Cey + Déy.

Thus, these metrics are isomorphically isometric to metrics on R x R? and therefore
the corresponding non-trivial algebraic T-solitons have already been described in
Theorems 4.4 and 4.7.
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Proof. The vanishing of the divergence of T is equivalent to
36714 — AoToz — AXoTo4 =0,
ATz + AN Ty + 36154 = 0,
(M — Xo)T12 — CTyy — DTy — 20734 = 0,
bThy + 0T — 20Ty + A(A1 — A2)T12 + CTiz + DTo3 = 0,

(26)

while the conditions for ® = T — u Id to be a derivation are determined by a system
of twenty two — up to duplicity — polynomial equations on the soliton constant g,
the structure constants (25) and the components T;;, given by {J;;, = 0}, where

Por1 = — M (T3 + AT1a) + 0Tos, Paiz = —0T14 — Ao(Toz + AToy),
Psi1 = (M1 + A2)T12 — CT1y + bT34, Psiz = A2Ths,
P12 = —Aa(T11 — Tog 4+ T33 — p1) — DTy — AXoT34, Paia = AoToy,
Pao1 = —Ai(T11 — Tog — Ts3 + p1) — CTog + AN T34, Psoz = —A\iT13,
Paaz = —(A\1 + A2)T12 — DTy + bT34, Ps2a = —A17T14,
Pair = 0(Tys — 1) + A(M1 + A2)Th2 + CTis, Paiz = —0T13 + AdoTos,
Parz = —AXo(T11 — Tog + Taa — p) + DTiz — AoT34, Para = —0T14 + ANy Ty,
Paor = AN (T11 — Tog — Tua + p) + CToz + M T34, Puoz = —ANT13 — T3,
Paoz = b(Thy — p) — A1 + A2) T + Do, Paza = —AMT14 — 0Ty,
Pazr = —C(T11 — Tz3 — Tug + p) — DT1o + bT13 + A1 (AT23 — Toa),
Pazz = —D(Tog — T3z — Tuy + p) — CTia — Xa(AT13 — Tia) + 013,
Pags = —CTi3 — Doz, Pagsa = —CTry — DThy.
Since A1 A2 # 0 and
Psaz = —A1T13, Paaa = — AT, Psiz = A2To3,  Psig = ATy,
Pa1z = —Aa(T11 — Toz + T33 — p) — DTy — AXg T3y,
Psa1 = —Ai(T11 — Tag — Tsz3 + p) — CTog + AN T34,
it immediately follows that
(27) T3 =Ty =T =Ty =0, Too=T1, T33=p— ATz.
Using these conditions, we have
Parz = —A2 (T4 + A(Tys — 1)) ,
which leads to
(28) Ty = —A(Tos — p), Tsg = A*(Tua — 1) + .
Now, a direct computation leads to
P = (A1 + X2)Ti2 — Ab(Tas — p),
Paaz = —(A\1 + X2)T12 — Ab(Tay — p),
while the third equation in (26) now becomes

()\1 — )\Q)Tlg + 2Ab(T44 - /L) =0.
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Hence one has that
(29) T2 =0,

and Equations (27), (28) and (29) show that

T O 0 0
T — * T11 0 0
o A(Tu—p)+p —A(Tu—p)
* * * Ty

The system of polynomial equations {3;;; = 0} reduces to

Ps11 = Paoo = —Ab(Tus — p) = 0,

PBair = Pazz = b(Taa — p1) =0,

Paz1 = —C (T11 — A*(Tug — p) — Taa) =0,
PBuase = —D (Ty1 — A*(Tay — p) — Tua) =0,

and the conditions for divT = 0 in Equation (26) are
Ab(T44 — /J) = 0, b(Tll — T44) = 0

Note that if b # 0 then the solution is determined by 717 = T4y = p and the
algebraic T-soliton is trivial. Finally, for b = 0 the solution is given by JPy3; =
Pazz = 0 and therefore C = D = 0 or, otherwise, T11 = A?(Tys — p1) + Tua, which
completes the proof. O

6. ALGEBRAIC SOLITONS ON R x #3

It follows from the work of Milnor [21] that any left-invariant metric on the
Heisenberg group H? is determined by the Lie algebra [e1, ez] = ~yes, where {e;}
is an orthonormal basis and v # 0. Now, proceeding as in [6], one has that left-
invariant metrics on semi-direct extensions R x 73 are determined by

le1, e2] = ves, le1, e4] = aey — cea + Hes,

30
(30) [es,eq] = (a + d)es, [ea,eq] = ceq + des + Fles,

where {e1, ez, e3,e4} is an orthonormal basis of the Lie algebra of R x 3.

Remark 6.1. R x H3 is locally symmetric if and only if the structure constants
satisfy a = d = 5y and F' = H = 0, where €2 = 1. The isomorphism determined by
e4 — —ey is an orientation reversing isometry so we can set € = 1, up to a change
of orientation. A straightforward calculation shows that the anti-self-dual Weyl
curvature operator W~ vanishes and so the underlying manifold is homothetic to
the complex hyperbolic plane CH? (see [11]). This is the only Einstein metric on
R x H3.

Remark 6.2. The isometry (eq,es, e3,e4) — (—ea, €1, e3,€4) transforms the pa-
rameters (v, a,c,d, H, F) in Equation (30) into (v,d,c,a, —F, H). Thus, any left-
invariant metric (30) with H = 0 is isomorphically isometric to a left-invariant
metric with F' = 0.
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6.1. Algebraic T-solitons on R x H3. The algebraic T-solitons on semi-direct
extensions of the Heisenberg group are given as follows.

Theorem 6.3. R x H? is a non-trivial algebraic T-soliton with soliton constant p
if and only if one of the following conditions holds.

(i) In the non-unimodular case, a + d # 0, it is isomorphically isometric to a
Riemannian Lie group given by one of the following possibilities.
(i.a) a # +d, c =0, F =0, and the tensor field T is diagonal,

T = diag[T11, Too, Ti1 + Too — py p] # p 1d,
with
H(Too —p) =0, (2a+d)Th1 + (a+2d)Toe — 3(a + d)pu = 0.
(ib) a=d#0,¢c=0, F=H =0 and

T T 0 0
. * 2/1, — T11 0 0
* * X U

(ii) In the unimodular case, a +d = 0, it is isomorphically isometric to a
Riemannian Lie group given by one of the following possibilities.
(ii.a) a = —d, a®? # %, F = H =0 and the tensor field T is diagonal,

T = diag[T11, T11, 201 — o p), T # o
(itLh) a=d=¢=0 and

Ty T2 O % (F(Tog — T53 + Tya — p) + HT12)
x  Toe 0  =(H(Ti1 —Tss+Tua —p) + FTio
T = v (H VT2 |,
* * T33 O
* * * Tas
with

(H? —?)T11 + (F? — )Ty — (F? 4+ H? — 4*)Ts3
+ (F?2+ H>)Tyy +2FHTy3 — (F? + H? — ) = 0.
(il.c) a=—d,c=a#0 and

T11 T12 0 T14
* T11 0 T14
T= 1 F 1 <'7 >
* * 2T11 — ;(F — H)T14 — K 0
* * * o — 2T12
where

HTw — (F —2H)Tho — 5 (H(F — H) + %) Tia — Hu = 0,

FT11—|—(2F—H)T12—%(F(F—H)—’yz)T14—Fu:0.
Remark 6.4. If a = ¢ = d = 0 as in Assertion (ii.b) in the previous theorem, then
the left-invariant metrics associated to the corresponding algebraic T-solitons are
given by

le1,€2] = ves, [e1,eq] = Hes, [ea,e4] = Fes.
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Taking ¢ = \/F? + H? + +? and considering the orthonormal basis

€1 Z%(F€1—H62+’Y€4)>

5. 1 /
BQ—W(HB:L—FF@Q— F2+H263),
5. —1 /

@,—W(HQ-FFGQ-F F2+H2€3),
e YFey —yHey — (F? + H?)ey4) ,

64:71 (
(VP H?

the only non-zero brackets now correspond to

[€2,84] = %(éz +é3), |[es,e4] = —%(ég + é3).

These metrics are isomorphically isometric to metrics on R x R3 and the correspond-

ing algebraic T-solitons have already been covered by Theorem 4.4-(iii.b) (see also
Remark 4.5).

An analogous conclusion holds true when the structure constants a = —d and
a = ¢ # 0 as in Theorem 6.3—(ii.c) if, in addition, H = —F. In this case the
left-invariant metrics associated to the algebraic T-solitons are given by

le1,e2] = ves, [e1,eq] = aey —aey — Fes, [ez,e4] = ae; — aez + Fes,

and taking ¢ = \/2F? + ~2 and the orthonormal basis determined by

& = ¢ (Fei+ Fez+eq) 622%(61—€2+2€3)7
ég:%(el—ez—eg)), é4=ﬁc(761+762—2F€4),

the non-zero brackets correspond to

5 31— 2V3 = 2v6 . = S5 V2¢s 2¢ 5 V2¢ 5
[61764]—%6162—%@63, [62,64]—%6 —éez—T{eg.

+

2 %€37 [637 é4] =

Thus, the above metrics are isomorphically isometric to metrics on R x R3 and the
corresponding algebraic T-solitons have already been covered by Theorem 4.4-(iii.a)
(see also Remark 4.5).

Proof of Theorem 6.3. A direct calculation shows that T is divergence-free if and
only if

(Ba+ 2d)T14 + VT3 — Tos + HT34 = 0,

VT3 — cThq — (2a 4 3d)Toy — FT54 =0,

3(a+d)T54 = 0,

aTyy + dTeg + (a + d)(T33 — 2T44) + HT13 + FT3 = 0.

(31)

The conditions for ® = T — u Id to be a derivation can be expressed in terms of
a system of twenty two — up to duplicity — polynomial equations on the soliton
constant y, the structure constants given in (30) and the components T;;, given by

{PBijr = 0}, where
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Pa11 = =113 — cT1g + aTba, Pai12 = —dT14 — yT23 — Ty,
Poi1z = Y(T11 + Tog — T3 — p) — FTia + HToq, Porg = —T34,

Pa11 = aTzs, Paiz = —cT34, Psiz = —(a + d)T14 +yTos + HT34,

Pao1 = T34, Pagz = dT31, Psaz = —VT13 — (a + d)Tog + FT34,

Pair = a(Tag — p) + 2¢T12 — HT13,

Parz = —c(Tr1 — Tog + Tag — p1) — (@ — d)T12 — HT>s,

Paiz = H(T11 — Ta3 + Taa — p) + FTiz + dTi3 + cToz + Y124,

Pa1a = —aT14 + oy — HT3y,

Pazr = —c(Ti1 — Too — Tya + p1) + (a — d)T12 — FT'3,

Paoo = d(Tyy — ) — 2¢Tho — FTos,

PBaoz = F(Tog — Tss + Tug — p) + HTho — cTi3 — T4 + aTbs,
Paog = —cT14 — dIog — FT3y,

Paz1 = —dTi3 + o3, Pazz = —cT13 — albs,
Pazs = (a +d)(Tag — p) + HT'13 + FTo3, Paza = —(a+ d)T34.
We start by considering
Pors = =714,
P11 + Paoz — Paos = —2(vT13 — FT34),
Paiz2 — Paiz + Para = —2(vTo3 + HT34),
which imply that
(32) Ti3 =T =154 =0,
and split our analysis differentiating the cases a +d # 0 and a + d = 0.

6.1.1. Case a + d # 0. Using Equation (32), since

P31z = —(a + d)T14,

Ps2z = —(a + d) T2,

Pazz = (a + d)(Ths — p),

PBo13 = Y(T11 + Tog — T3 — p) — FT1y + HToy4,
and a + d # 0 we obtain
(33) Tiy=T24=0, Tyg=p, T33="T11+To2— p.
Next we consider separately the cases depending on whether ¢ vanishes or not.
6.1.1.1. Case ¢ # 0. In this case Equations (32) and (33) imply that

P = 2cT12,  Paor = —c(T11 — Taz) + (a — d) T2,
so the condition ¢ # 0 leads to
(34) T2 =0, T =T1.
Now Equations (32), (33) and (34) show that 7' is diagonal,
T = diag[T1y, Th1, 2111 — pu, i)
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and, moreover, the vanishing conditions of the divergence of T given in Equa-
tion (31) reduce to

(a+d)(T11 —p) =0.
Hence, we conclude that there are no non-trivial algebraic T-soliton in this case.

6.1.1.2. Case ¢ = 0. Using Equation (33) together with Equation (32) and ¢ = 0, it
is straightforward to see that

T11 T12 0 0
T
T — * 22 0 0
* * T11 =+ T22 iy 0
* * * 7]

The system {;,x = 0} now corresponds to
PBarz = —Pao1 = —(a — d)T12 = 0,
Paz = FT1o — H(Toy — p) =0,
Pazz = —F(T1y — p) + HT12 = 0,
while the vanishing of the divergence of T given by Equation (31) reduces to
(2a + d)T11 + (a + 2d)Tes — 3(a + d)p = 0.

If a —d # 0, then T1o = 0. Besides, if FH # 0, then T1; = Ty = p and the
tensor field T is trivial. Thus, according to Remark 6.2, we may assume F' = 0
(working with an isomorphically isometric metric if necessary) and Assertion (i.a)
immediately follows.

If a = d, they are both different from zero, since a + d # 0. Therefore, the last
equation above implies that

Toy =2 —Th
while the other equations become
FT12+H(T11—M):O, HT12—F(T11—M):O.

Note that if either F' or H is non-zero, then the corresponding algebraic T-soliton
is trivial. Therefore, F = H = 0 and Assertion (i.b) follows.

6.1.2. Case a + d = 0. In this situation, we distinguish two cases depending on
whether a? and ¢? are equal or not.

6.1.2.1. Case a® # c*. A direct calculation involving Equation (32) and the condi-
tion d = —a shows that

Po11z = —cTg+ alsy,
Poiz = aTiy — Ty,
2aPBa11 + c(Parz — Paz1) = 2(a® — ) (Tua — p),
Porz = (T +Tog =T33 — p) — FT1g + HT3g,

so a? # c? implies that
(35) T1y=To4=0, Ty=mp, Tz3=T1+To—p.
This last equation together with (32) leads to

Par1 = 2cT12,  Pazr = 2aT12 — c(T11 — Taz),
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while the condition divT = 0 given in Equation (31) reduces to
a(Thy — Tre) = 0.
Hence, since a? # 2, it follows that
(36) Tio =0, Ty =T
Putting together Equations (32), (35) and (36) we obtain that 7" is diagonal,
T = diag[Ti1, Ti1, 2711 — p, 4,
and the system of polynomial equations {3;;x = 0} reduces to
Paz = H(p—T11) =0, Pagz = F(pu—T11) = 0.

Thus, there are non-trivial algebraic T-solitons when Ty; # p and F' = H = 0, so
Assertion (ii.a) is obtained.

6.1.2.2. Case a® = 2. We set ¢ = ea, with €2 = 1, and assume that the conditions
in Equation (32) hold. In this case Equation (31), which corresponds to divT = 0,
reduces to

a(Tu — ng) = 0, a(ET14 — T24) =0.

If a = 0, then ¢ = d = 0 and the tensor T is divergence-free, while the system
{PBijr = 0} reduces to

Paoz = F(Tog — Tag + Tua — p) + HT1o —vT14 =0,
Parz = H(T11 — Tag + Tua — p) + FThio + T4 =0,
Poiz = Y(T11 +Too — T3 — p) — FTiy + HIoy = 0.

Clearing T74 and T4 in the first and second equations above, respectively, Asser-
tion (ii.b) is immediately obtained.

If a # 0, then we compute
Par1 = a(2eThz + Tag — p),
which together with the conditions for divT = 0 gives
Toy =Ti1, Tog=ceTry, Taa=p—2Tho.

Thus, the system of polynomial equations {3;;, = 0} reduces to
Paiz = v(2T11 — T3 — p) — (F —eH)T14 = 0,
Parz = H(T11 — T33) + (F — 2eH)Tig + eyT14 = 0,
Paoz = F(T11 — Ts3) + (H — 26 F)T12 — yT14 = 0,

and from the first equation above we obtain the expression for T53. Note that the
corresponding left-invariant metrics are given by

[e1,e2] =es, [e1,e4] = aer —caes + Hes, [eq,e4] =cae; — aes + Fles,

and the isometry (e1,ea,e3,€e4) — (e1,—e€2, —e3, e4) interchanges (e, a, F, H) and
(—¢,a,F,—H). Thus we can take ¢ = 1 working, if necessary, with an isomorphi-
cally isometric metric and Assertion (ii.c) is obtained. ]
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Remark 6.5. Following Theorem 6.3, non-trivial algebraic Ricci solitons on R x 3
correspond to the nilpotent cases (iii.a.1) and (iii.a.2) in Remark 4.6 and the left-
invariant metrics on R x H> determined by

[61762} = €3, [61,64] = aeg, [62764] = dea, [63,64] = (a+ d)63,

with a € [—@, %) For a fixed a, the parameter d is given by the only positive
solution of 4(a? + d? + ad) — 3 = 0.

The semi-direct extension R x H? is unimodular for a = —§ (which corre-
sponds to case (ii.a)) and non-unimodular otherwise (corresponding to case (i.a) in

Theorem 6.3).

6.2. Algebraic §[t]-solitons on RxH3. In addition to the Ricci solitons described
in Remark 4.6 and Remark 6.5, the algebraic §[t]-solitons on R x H3 which do not
correspond to any equivalent algebraic §[t]-soliton on R x R? are given as follows.

Theorem 6.6. A left-invariant metric on R x H? is a strict algebraic F[t]-soliton
if and only if it is isomorphically homothetic to one of the following:
(1) [e1,e2] = es, [e1,eq] = aer, [e2, 4] = dea, [e3,e4] = (a + d)es,
with |a] < d and 4(a® + d* + ad) — 3 # 0. In this case, p = —(a — d)? and

t— — 4(a2+d2+ad)+3
= T IBa® I3 +5ad)+1°
(2) le1,e2] = e3, [e1,e4] = ae1 + Hes, [ez,e4] = —2aes, [e3,e4] = —aes,
with a > 0 and H > 0. In this case, p = —a*(4H? +9) and the parameter
‘= _ 3(4a®+H?+1)
= T 20aFHHI
(3) [er,e2] = es, [e1,e4] = aeq, [e2, e4] = —aey,
with a € (0,400) \ {@} In this case, p = —4a® and t = —ig;i%.

(4) [ela 62] = €3, [ela 64] = ae; — ceg, [627 64] = ce1 — aey,
with a € (0,+00) \ {3}. For a fized, c is the only positive solution of the
equation 4(4a® + 3)c* — (4a® — 3)2 = 0. In this setting, p = _ a1

40243
. 3(16a*+43)
and t = — {5ai 164753

Remark 6.7. The range of the parameter t in each family of Theorem 6.6 is
indicated in Figure 4 below.

7‘3 —% 9—6V3 -1 _% _‘% _‘%
1 ‘ 1 >
1) O S S A !
(2) S ——— ; |
(3) o : |

FIGURE 4. Range of the parameter t for strict algebraic F[t]-
solitons on R x H3.

Proceeding as in the previous sections, one has that the homothetical invari-
ants {t, ||pll> 772, |RII> 772, |[Vpll? 773, || VR||?7—3} distinguish homothety classes
among metrics given in Theorem 4.8 and Theorem 6.6. Furthermore, in Theo-
rem 6.6, it follows from the restrictions on the parameters in each case, that there
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are no homotheties neither between metrics in different families nor inside each
family for different values of the parameters.

Besides, for each value of ¢ € (—3,—1) \ {—2} there is a single strict algebraic
§[t]-soliton (up to homotheties) for Family (3) in Figure 4, and the same occurs
for t =9 — 6+/3 in Family (4). This last family provides two non-homothetic strict
algebraic F[t]-solitons for the rest of values of the parameter t € (—3,9—6v/3)\{—2}.
Finally, for each admissible value of ¢ € (-3, —1—?’1) there is an infinite number of
non-homothetic strict algebraic §[t]-solitons in each Family (1) and (2).

Remark 6.8. It follows from Remark 3.6 and the results in Theorem 4.8 and
Theorem 6.6 (see also the corresponding Figure 3 and Figure 4), that the only
non-rigid strict algebraic Bach soliton corresponds to case (1) in Theorem 6.6 for
the parameters d = %, a € (0,1), i.e., the one-parameter family of left-invariant
metrics on R x H3 determined by

a2+1

[e1,e2] = €3, [e1,es] =aer, [ez,eq] = o, [es,eq] = “Hles,

for any a € (0,1). The underlying Lie algebra is 04 ) with A = af—il (cf. [1]),
so that the corresponding Lie group is diffeomorphic to R*, and the left-invariant
metric becomes

— o Fildrodete? (eFii 42?) dyody+e (dzodz — 2edyod o dtodt
g=¢ a rodr+e e +a° )dyody—+e™“*(dzodz—2xdyo ZH’W o
where (2,7, z,t) are coordinates on R*.

Proof of Theorem 6.6. The proof is based on the analysis of the five cases obtained
in Theorem 6.3. Note that, in view of Remark 6.4, we can omit the case Theo-
rem 6.3-(ii.b) since the possible algebraic §[t]-solitons have already been covered in
§4.2. Moreover note that, without loss of generality, we may set v = 1 remaining
in the same homothety class.

6.2.1. Case (i.a) in Theorem 6.3. In this first case, ¢ = 0, F' = 0 and d # =a.
A direct calculation shows that
§ltliz = F[tlha = §[t]es = F[t]sa = 0.

Moreover, §[t]as = —F[t]11 — F[t]22 — F[t]ss since the tensor F[t] is trace-free. Now,
imposing the diagonal form and the conditions in Theorem 6.3—(i.a) to the operator

F[t], we have that an algebraic §[t]-soliton is determined by the vanishing of the
polynomials

Q1 = §[ths, Q2 =Ftla, Qs = —2(F[t]i1 + S[t]22),
Qu = H(§[t]11 + 28[t]22 + S[t]s3),
05 = (5a + 4d)F[t]11 + (4a + 5d)F[t]22 + 3(a + d)F[t]3s,
Qe = Flthi1 + F[t]22 + Sltlss + .

(37)

Computing
(38) 29, = H ((12a® + 12d* + 20ad + H? + 1)t + 4a® + 3d*> + 2ad + 3H” + 3)

we analyse the vanishing of each one of the two factors above separately.
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6.2.1.1. Case H = 0. A direct calculation shows that Equation (37) reduces to
293 = (4(a® + d* + ad) — 3) ((4(3a* 4 3d* + 5ad) + 1)t + 4(a® + d* + ad) + 3) ,

-5 = (a + d)Qs,
—806 = (4(a® + d* — ad) — 1) ((4(3a® + 3d” + 5ad) + 1)t + 4(a® + d° + ad) + 3)
—8(a — d)? — 8u.

The corresponding left-invariant metric, given by
[e1,e2] = e3, [e1,eq] = aer, ez, eq] =dea, [e3,e4] = (a+d)es,
is an algebraic Ricci soliton with soliton constant —3 if 4(a® +d? + ad) —3 = 0 (see
Remark 6.5). Otherwise, we use Q3 = 0 and Qg = 0 to obtain the values of ¢ and
1, respectively, given by
4(a® 4+ d* +ad) +3

4(3a? + 3d? + 5ad) + 1
Thus, for d # +a and 4(a®+d?+ad) —3 # 0, we obtain an expanding algebraic F|[t]-
soliton for t € (-3, f%) and a straightforward calculation shows that it is strict
since it is never critical. The isomorphic isometry (e1, es, es,eq) — (e2, —e1,€3,€4)
interchanges (a, d) and (d, a), while e4 — —e4 transforms (a, d) into (—a, —d). Thus,
we may assume |a| < d and Family (1) is obtained.
6.2.1.2. Case H # 0. In this case from Equation (38) we get

4a® + 3d? + 2ad + 3H? + 3
4(3a® + bad + 3d?) + H? + 1

t= and pu= —(a—d)?

and (37) reduces to
293 = d(2a + d) (4(a* + d* + ad) + TH? - 3),
—2Qy = H(2a + d) (4a*d — (4a — 3d)(H?* + 1)),
—Q5 = (a +d)Qs,
-804 = 2d (2(2a + d)(a® + d? — ad) — 5d) — (8a* — d*> — 14ad)(H? + 1) — 8.
If d = —2a, then u = —a?(4H? + 9) determines an algebraic §[t]-soliton with
associated left-invariant metric given by
[e1,e2] = e3, [e1,eq] =aer + Hes, [ea,eq] = —2aeq, [e3,e4] = —aes,

with aH # 0. A straightforward calculation shows that these metrics are never crit-
ical. Moreover, the isomorphic isometries (e, €2, €3,€4) — (—e1, —ea, €3, —€4) and
(e1,e2,e3,e4) +— (—e1,—ea, e3,e4) transform the parameters (a, H) into (—a, H)
and (a, —H), respectively. Hence, we may restrict the parameters to ¢ > 0 and

H > 0. In this setting, u = —a?(4H? +9) and t = 7% € (-3,-2)

determine the strict expanding algebraic F[t]-solitons given in Family (2).

If d # —2a, we note that d cannot vanish since, otherwise, the vanishing of
Q4 = 4a’H(H? + 1) would lead to a = d = 0, which is not possible. Hence,
Qg = Q4 =0 yields

4(a* +d* +ad) + TH> =3 =0, 4a*d— (4a—3d)(H> +1) =0,
and a direct calculation shows that, under these conditions, the algebraic F[t]-soliton
is trivial since it corresponds to a critical metric (see [6]).
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6.2.2. Case (i.b) in Theorem 6.3. We havea=d#0andc=F =H =0. A
direct calculation shows that the operator §[t] is diagonal,

=7 (4a®—1)((44a®+1)t+12a%+3)
- 8

Slt]

Since F[t]s3 and F[t]aa must be equal in this setting, any algebraic §[t]-soliton is
trivial in this case.

diag[—3,-3,5,1].

6.2.3. Case (ii.a) in Theorem 6.3. The structure constants must satisfy d = —a,
a?# c*and F = H = 0. A direct calculation shows that §[t]13, F[t]14, S[t]23, S[t]24

=

and §[t]s4 vanish, so that the diagonalizability of the operator F[t] depends only

on S[t]lg. MOI‘GOVQI‘, &[t]ll = S[t]gg. AAISO7 S[t]44 = 73[15]11 — S[t]gz — S[t}gg since
§[t] is trace-free. Thus, the existence of algebraic §[t]-solitons is determined by the
vanishing of the polynomials

Q1 = 3Fthe, Qo =3F[th1, Qz=2F[t] +I[t]ss + u,
which transform into
Q1 = 2ac ((4a® + 1)t + 4(2a® + ¢2)) ,
(39) —8Qy = (4a® + 1)(4a® — 3)t + 16a* + 32a2c* — 9,
—80Q3 = (4a® + 1)(12a® — 1)t + 48a* + 96ac* — 3 — 8p.
We analyse the vanishing of the three factors in £Q; separately.

6.2.3.1. Case a = 0. The expressions above lead to ¢t = —3 and p = 0, and the
corresponding left-invariant metric, given by

[ela 62] = €3, [617 64} = —ceéy, [627 64] = ceq,
is F[—3]-critical, and thus a Ricci soliton [6].
6.2.3.2. Case ¢ =0 and a # 0. The corresponding left-invariant metric, given by

le1,e2] = e3, [e1,eq] =aer, [ea,e4] = —aeq,

is an algebraic Ricci soliton with soliton constant f% whenever 4a% —3 = 0. Other-
wise, we use (39) to obtain ¢t = —igiﬁ’ and pu = —4a?, so that the metric above is
and algebraic §[t]-soliton. A straightforward calculation shows that these metrics

are never critical. Moreover, since the isomorphic isometry e4 — —e4 interchanges a

and —a, we may restrict the parameter to a > 0. Hence, taking a > 0 with a # %,
. 2

the soliton constant u = —4a? and the parameter ¢ = —jzzjj €(=3,-1\{-3

determine the strict expanding algebraic F[t]-solitons corresponding to Family (3).

6.2.3.3. Case ac # 0. In this case, Q; = 0 in Equation (39) yields
4(2a® + ?)
4a2 +1

t=—

and (39) reduces to
—89y = 4(4a® + 3)c* — (4a® — 3)?, Q3 =30 +8a* +4c* — 3 + .

Hence, the conditions 4(4a? + 3)c? — (4a? — 3)? = 0 and p = —8a? — 4¢? + 3 make
the left-invariant metric

[61,62] = €3, [61,64] = ae; — cey, [62,64] = ce1p — aey,
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with ac # 0 and a? # ¢, an algebraic §[t]-soliton. Moreover, a straightforward
calculation shows that these metrics are never critical. Furthermore, the iso-
morphic isometry (e, ez, es,eq4) — (€2, —e1, €3, —e4) interchanges ¢ and —¢, while
(e1,€2,€3,e4) — (—e1, €2, —e3, —ey) interchanges a and —a, in accordance with the
relation 4(4a® 4 3)c? — (4a® — 3)2 = 0 in both cases. Hence, we may restrict the
parameters to a > 0, ¢ > 0, with (a,c) # (%, 3) satisfying the previous relation.
In this setting, p = —%‘fg—l) and t = —%&313 € (=3,9 — 63 \3{—%

determine strict algebraic §[t]-solitons which are shrinking when ¢ € (=3, —3) and
expanding for any value of t € (—=3,9 — 61/3] \ {—2}. These metrics correspond to

Family (4).

6.2.4. Case (ii.c) in Theorem 6.3. We take d = —a and ¢ = a # 0. The tensor
F[t] must have the matrix form given in Theorem 6.3—(ii.c) and a direct calculation

shows that §[t]sa = 0 and F[t]1s = —F[t]as. Hence, an algebraic F|t]-soliton is
characterized by the vanishing of the polynomials

Q1 = Jt]s, Qo = F[t]1 — F[t]22,

Q3 = §[tlss — 28 [th + (F — H)§[t]a + p,
(40) Q4 = §[t]aa + 28[th2 — u, Qs = §[t]2a — F[t]ha,

Q¢ = HF[t]11 — (F — 2H)F[t)h2 — (H(F — H) + 1) §[t]14 — Hp,

Q7 = F3[thn + 2F — H)§[the — (F(F - H) — 1) §[tha — Fp.
Computing

—29) = a(F + H)(4a®> + F> + H* +1)(t + 3)
it follows that either t = —3 or H = —F. If t = —3, then a straightforward
calculation shows that Equation (40) reduces to
293 = —294 = 15a” ((F — H)*> 4+ 2) + 2y,
296 = 3a*(F — 4H) (F — H)? +2) — 2Hp,
—297 = 3a%((F — H)?> + 2)(4F — H) + 2F p,
which leads to
HQ3+ Q6 = 2a® (F - H)* +2) (F + H).

Hence, in any case, H = —F and therefore these metrics are isomorphically iso-

metric to metrics on R x R3 (see Remark 6.4) and thus the possible algebraic
Ft]-solitons have already been covered by Theorem 4.8. O
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