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ARTICLE INFO ABSTRACT
[Keywords: This paper proposes a novel semi-implicit arbitrary Lagrangian-Eulerian (ALE) method for the|
GPR model for continuum mechanics solution of the unified Godunov-Peshkov-Romenski (GPR) model of continuum mechanics. To

|Arbitrary Lagrangian-Eulerian methods

handle the curl-free-type involutions arising in the solid limit of the model, the original system|
ISemi-implicit schemes

Hybrid FV/FE methods is augmented by adopting a thermodynamically compatible generalized Lagrangian multiplier]

Structure preserving (GLM) approach. Next, an operator splitting strategy decouples the computation of fast pressure|

Unstructured grids waves from the bulk velocity of the medium yielding a transport subsystem, containing convective|
terms and non-conservative products, and a Poisson-type subsystem, for the pressure. A second|
splitting yields an ODE subsystem comprising only the potentially stiff source terms, responsible]
for the relaxation of the model between its fluid and solid limits.

The mesh motion can be driven by two sources: the local fluid velocity and a prescribed bound-
ary displacement. For the spatial discretisation, we employ unstructured staggered grids, with the|
pressure defined on the primal mesh and all remaining variables on the dual grid. The transport]
subsystem is advanced via an explicit finite volume method, in which integration over closed|
space-time control volumes ensures verification of the geometric conservation law (GCL). On the,
other hand, implicit continuous finite elements are used for the discretisation of the pressure
subsystem and an implicit DIRK scheme is employed to solve the ODE subsystem. Consequently,
the proposed approach is well suited to address all Mach number flows. A comprehensive set of]
benchmarks is employed to assess the accuracy and robustness of the proposed methodology in|
tackling both fluid and solid mechanics problems.

1. Introduction

The development of a unified first order model for continuum mechanics began more than sixty years ago with the pioneering
work of S. Godunov and E. Romenski on the derivation of a hyperbolic model for solid mechanics [1-5]. Contrary to classical
Lagrangian descriptions of solids, this hyperbolic model was derived in the Eulerian frame of reference. This approach naturally lent]
itself to later extensions including heat conduction [6] and fluid dynamics [7]. The resulting system, known as the Godunov-Peshkov-
Romenski (GPR) model for continuum mechanics, relies on relaxation parameters to change across a wide range of media, from|
elastoplasticity to compressible fluids and porus media [8-11]. An important feature of the GPR model is its compliance with the laws
of thermodynamics, placing it in the class of thermodynamically compatible models. Further, it enables a connection with Hamiltonian|
formulations [12]. In this paper, we focus on the numerical solution of the compressible GPR model for fluids and solids given in the
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Godunov form. Nevertheless, it is important to notice that this modelling framework is well suited to include electromagnetic effects
[13,14], and general relativity [15] while recent advances regard modelling of multiphase phenomena [16-21], and reformulations|
of non-dispersive systems [22].

The hyperbolic nature of the GPR system has motivated the extension of classical methods for conservation laws to its solution.
IAmong the different approaches proposed, we find, e.g., SPH methods [23], finite volume (FV) and discontinuous Galerkin (DG)
thermodynamically compatible schemes [24,25], and ADER methods [26-28]. Most available methodologies consider a fully explicit
discretisation of the model so the sound velocity appears in the system eigenvalues. This may lead to a restrictive time step condition
even for slow bulk velocity phenomena. In this case, to enhance the performance of numerical approximations, a well-established
approach coming from fluid dynamics is to apply an operator splitting strategy allowing for the decoupling of the pressure waves
computation [29-34]. Then, the use of semi-implicit schemes frees the method from the sharp time step restriction while retaining
an explicit scheme for the treatment of convective terms and non-conservative products. Moreover, this methodology eases the
verification of the asymptotic-preserving (AP) property in the low Mach number limit. Further details on the development of the|
so-called all Mach number flow solvers can be found in [35] and references therein. Recently, this methodology has been successfully|
extended to the GPR model framework, using either Cartesian grids [36,37] or unstructured staggered meshes [38].

The semi-implicit method in [38] is based on the combination of explicit finite volume and implicit continuous finite element
methods for the solution of the incompressible and a weakly compressible GPR models. It belongs to a family of hybrid FV/FE
approaches formerly employed for the discretisation of diverse hyperbolic systems such as the Navier-Stokes equations [33,39], the
shallow water equations [40], and the magnetohydrodynamics equations [41,42]. In this paper, we will also rely on this methodology|
proposing its extension to the compressible GPR model in the framework of arbitrary Lagrangian-Eulerian (ALE) methods [43].
/Analogously to the asymptotic-preserving methods for the compressible Navier-Stokes equations, considering the low Mach limit of
the proposed approach yields the incompressible formulation of the GPR model in [38].

Let us note that, up to now, very few approaches have been developed for the GPR model in the Lagrangian [44,45] or ALE
frameworks [26]. Nevertheless, Lagrangian schemes are the standard approach in solid mechanics [46,47] and they excel at tracking
moving interfaces and contact discontinuities [48-50]. The more recent ALE methodologies can be seen as a flexible extension of]
Lagrangian methods where the mesh velocity can be defined independently or as a function of the local velocity of the medium
reducing mesh distortion [51-54]. These properties make Lagrangian and ALE methods widely employed tools in the context of]
fluid-structure interaction [55-57] as well. Therefore, the development of ALE schemes for the GPR model offering a good trade-off]
between accuracy and computational cost would represent a step toward its use in a wide range of practical applications.

When discretizing the GPR model, we should take into account the curl-free-type involution constraints that arise, for the dis-
tortion and thermal impulse fields, in the solid limit of the model. To tackle these properties at the discrete level, one possibility|
is the development of exactly involution preserving schemes, e.g. using an adequate mesh staggering of the discrete operators and
conservative variables, as the one proposed in [36,37] for Cartesian staggered grids. A simpler alternative to exact involution pre-
serving methods are divergence and curl correction techniques as the generalized Lagrangian multipliers (GLM) methods devised
to approximately address the divergence free condition of the magnetic field in magnetohydrodynamics [41,58]. In this paper, we|
adopt this latter methodology and propose a novel augmented GLM GPR model grounded on the seminal ideas in [59,60] concerning
thermodynamically compatible GLM formulations.

Another crucial aspect of the GPR model regards the stiffness of the source terms involved in the distortion and thermal impulse
lequations which may lead to stability issues in the visco-plastic limit of the equations. To overcome this problem, a robust strategy,
that will be followed in this paper, consists on splitting the system decoupling the source terms computation. The corresponding
subsystem, made of ordinary differential equations (ODE), can be then solved employing unconditionally stable implicit methods,
thus allowing larger time steps than classical fully explicit approaches, leading to implicit-explicit (IMEX) approaches compatible
with the asymptotic limits of the model [44,61].

In light of the discussion above, the main objective of this article is to propose a novel and mathematically well-founded ALE
numerical approach for the solution of the complex GPR model on moving unstructured meshes, with potential applications across a
wide range of problems in continuum mechanics. The scope of this work includes the introduction of a thermodynamically compatible
GLM-augmented GPR formulation for the enforcement of involution constraints, the design of a semi-implicit hybrid scheme consistent]
with the asymptotic limits of the governing PDE system, the formulation of a space-time ALE discretisation complying with the GCL|
and the numerical assessment of the accuracy, robustness, and structural properties of the method through standard benchmark]
problems in fluid and solid mechanics.

The development of this methodology also provides a general framework for the discretisation of other hyperbolic systems that
can be cast in the same PDE form and that share all or a subset of the structural properties of the GPR model, such as, for instance,
the compressible Navier-Stokes equations. This generality may open a new way to address real-world continuum mechanics problems
involving fluids, solids, and their interactions in a unified computational framework.

The rest of this paper is organised as follows. In Section 2, we recall the Godunov-Peshkov-Romenski model for continuum|
mechanics and introduce a thermodynamically compatible Generalized Lagrangian Multiplier extension allowing for the cleaning of
curl errors in the distortion and thermal impulse fields. Section 3 is devoted to the numerical method. We first introduce the operator]
splitting approach which divides the system into a transport subsystem for the conservative variables and a Poisson type system
for the pressure. The unstructured staggered grid spatial discretisation is introduced and the finite volume method for the solution
of the transport equations is described. Next, we detail the variational formulation for the discretisation of the pressure system|
using continuous finite element methods and the interpolation strategies to pass data between the staggered grids. The proposed
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methodology is assessed in Section 4 by a wide set of test cases including both fluid dynamics and solid mechanics benchmarks.|
Finally, the conclusions and an outlook on future research are drawn in Section 5.

2. Governing equations

To address both fluids and solids within a unified partial differential system, we consider the Godunov-Peshkov-Romenski (GPR)
model for continuum mechanics [7,27], that, using Einstein notation, reads

50+ e o) =0, (1a)
%(P“i) + %(/’“i”k) + 6ix,»p+ %”rk + %wik =P8 (1b)
%A,k+%(MMA,-,”)+ujaixjA[k—uj%A[l-:—gl(l—Tl)EA%, (1c)
%Jk+%(lmum)+%T+uj<a%jlk—a;;ch> =—@E,k, (1d)
%(PS)+ aixk(l’suk) + %(PEJ,) = %(ﬁEAMEA,k + @EJ,{EJ,‘> 20, (1e)
%@E) + %(pEuk) + %(puk) + % (w0y) + %(u,-wik) + %qk - (1f)

being p the density, u = (u,,uz,u3)T the velocity field, p the pressure, A = (4, ;) € M, the distortion field, J = (J l,JZ,J3)T the
thermal impulse, S the entropy, and E the total energy. The total energy density £ := pE can be divided into four terms as

E(p,u, AL S)=E(p,S) + E M) + E(A) + £,1). (2)

The first one corresponds to the internal energy, related to the kinetic energy of the molecular motion. It enables the consideration|
of different materials depending on the selected equation of state. In case a gas is assumed, the ideal gas equation of state can be|
lemployed, then

S

e, &(p=—2= (3)
y—1

o

£0.8) =

Cc
with y = - the ratio of specific heat at constant pressure, ¢,» and at constant volume, c,. Further, for liquids and solids undergoing
c

v
small deformations, we adopt the stiffened gas EOS

E(p,S) =

e ( ’ )"‘ s pocd—rpo p PO =P @

— ev + ———, Epp)=—+——,
r(r =D\ py 7P ' y=1  yr-D
where p, is the reference material density, p, denotes the reference atmospheric pressure, and c, refers to the adiabatic soundspeed,
More complex relations could be incorporated into the model as, e.g., the Mie-GrAY4neisen equation of state for the thermodynamical
study of solid materials [28] or the EOS in [62,63] that would provide a hyperbolic model also for large deformations. The second
term in (2) corresponds to the kinetic energy per unit volume,

&) = 3plul’, )

Finally, the third and fourth terms provide the contribution of the mesoscopic, non-equilibrium, part of £ related to the material
deformations and the thermal impulse,

1 s 8 1
&) = 760G, Gy EQ) = 5¢50 ) (6)

where ¢? and cﬁ are the characteristic velocities for propagation of shear and thermal perturbations while G;, denotes the trace-free
part of the metric tensor G, = A;; 4,

o

1
Gik = Gik - §Gmm5ik' (7)

In the momentum Eq. (1b) the viscous and thermal diffusivity effects are taken into account thanks to the non-isotropic part of the
stress tensor, containing both shear and thermal stresses,

o = A,,.aAij = pc?GijGejk, wy =J;0;, &€= pc,zlJ,»Jk (8)
Further,
Qi = 0,560, & = pc; T, (9)




S. Busto Computer Methods in Applied Mechanics and Engineering 453 (2026) 118824

denotes the heat flux, with T := d,s& the temperature. Finally, the shear and thermal stress relaxation functions read

1 _3 Ty
0,(r)) = §p011c5|A| 3, 0,(7y) = OTOrQCﬁ (10)

with 7, and 7, the corresponding relaxation times, p, T, reference values for the density and the temperature and |A| the determinant]
of A. Let us recall that in the stiff limit, i.e., for 7|, 7, — 0, we retrieve the Navier-Stokes-Fourier equations for fluids with shear viscosity|
u= épocffl and heat conductivity « = pOTocﬁrZ, see [27] for a formal asymptotic analysis of this property.

It is very important to remark that system (1) is an overdetermined system of PDEs where the energy Eq. (1f) can be obtained as the|
dot product of all other equations by the corresponding main field or thermodynamical dual variables, p = (r,u;, ;. . T)T, r=0,&,
i, Er e = 04, €, f =05 E, T = 9,5&. Hence, this system belongs to the class of thermodynamically compatible schemes in the
sense of Godunov, [1,5].

w; =0

12.1. Augmented GLM curl cleaning GPR model

A key aspect of the GPR model is that the distortion field, A, and the thermal impulse field, J, are endowed with natural involution|
constraints of the curl-type. That is, given initially curl-free fields A(x,0) and J(x,0) then VxA;(x,1) =0 and VxJ(x,7) = 0 for all
r € R*. To deal with this structural property several approaches have been proposed in the last decades including the Godunov-
Powell approach, [64-67], and exact involution preserving methods [24,68-71]. An alternative successful strategy to address these|
constraints in an approximated manner consists on the use of the so-called Generalized Lagrangian Multipliers (GLM). Augmented GLM
models follow the seminal ideas put forward in [58,72] for the treatment of the divergence free condition of magnetohydrodynamics
(MHD) equations. Then, they have been extended to further systems of conservation laws, as in [73] and [59] where GLM curl cleaning]
approaches have been presented for the FO-CCZ4 formulation of the Einstein field equations and the turbulent shallow water (TSW)
model, respectively. Let us remark that these original GLM cleaning approaches often neglected the important thermodynamically]
compatible property of the underlying systems. Recently, two families of compatible GLM cleaning models have been proposed in
[60,74] for the MHD equations. In this work, we follow the approach in [25,59] and introduce a compatible GLM curl cleaning for]
the GPR model.

It is important to recall that the distortion field, even if written as a matrix, does not correspond to a classical tensor field but to a
non-holonomic basis triad, [75]. Consequently, the curl-free property is verified for each matrix column A;, i € {1,2,3}, and we can|
design a GLM cleaning approach for each of these vector fields instead of considering a complete tensor. Accordingly, we introduce|

the cleaning fields ¢, = ((p A | Pa, | @4, ) and yj with associated cleaning speeds c,, for the distortion field components, and cy, for
the heat flux. The equations for the distortion field, the thermal impulse and the corresponding cleaning variables read
d 1

0 d d Jd

CApt = (u Ay ) Fu—— Ay —u;—— A+ cp6y— e = ————E, 11

ot ik axk (um IWI) uj dxj ik u_/ 0xk ij CAelj[ 0Xj Pk 01 (Tl) Ajx ( )

J 0 0

5 Pkt gjfﬂik — CAEij a_xjAlk =0, (12)

7} 0 7} 0 e} d 1

—J+ —(Ju +—T+u-(—Jk——J->+c ei—y =———E; , (13)

o™k " ox, (i) ax, - \ox; T ax, ) T M Gy 0,(z,)

J 0 d

—y U=y — i—J; =0 14

ar Yk TG Y T Ykt gy 4
with ¢;;, the Levi-Civita symbol. We observe that as ¢y, — oo and c; — oo, we recover the sought curl-free relations, ¢; jI%Alk =0,

-
€l %j J; = 0. To ensure thermodynamical compatibility, we need to include the dependence of the total energy on the cleaning primal|
variables as
1 LN 1
E=pE=E +E+E+E +E + &, Es = chfD[kD,-k, & = Epcﬁy/kl[/k, (15)

with D the deviatoric of tensor D;, = ¢ ;i@ - Then, the new vector of thermodynamical dual variables, corresponding to the primal
variables

T
deLm = (ﬂv Pui’Aik,(P:kak,kaS) > (16)

results

r
Porm = (Pt Qs Viges B & T)
with
Vik = 0, € = POy Djte & =0,,E = pciy;. (17)
Proposition 2.1. The augmented GLM curl cleaning GPR model, (1a)-(1b), (11)-(14), (1e), is thermodynamically compatible with the
lextra energy conservation law

d,., 0 9 9
— &+ —— (&) + —— (pug) + ~— (w0) +
ot OX Xy OXg

a2
— (o) +
U.Xk

7}
——dk
U){k

4
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o [é] o 7l 4] a
+/?CA02€1/1 <A[mekX(plk + (plmDkaAik> + CJfﬁeka <P'I/z J"k +pJy JW;) = pg;u;. (18)
j j J j

Proposition 2.2. Let us first focus in the time derivative and the convective terms but for (u Ay) - A and =~ J (J Uy) —
Then, taking into account the definition of the new energy (15), we have

i)
—u; v Jj.

7] d d [é] 2] 0 d 7]
EP"F()—(P k)] [at (pu;)+ o, (puiuk)] +a1k[a Ajtu; ) 3% A:k] +m[a (pik+uja_xj(pik]

9 9 9 d
+ﬂk[ Jk+ua Jk]+§,[ y/,+uka w»]+T[E(pS)+E(pSuk)]

J

d Jd J
=5 E+0,6 5~ (P“k) + 0,58 5 — ox, (PS) +0,6 5~ (/’“k) pu,»ElZX(pui“k)
k

J d d a d
+a,,£3ax (puk)+(3A 83uka Ayj+0,E4— (puk)+(3Ji€4ukaJ,+0p€5a—Xk(puk)
J
+0¢U Esuy, —an @i+ dpé'ﬁ —an (puk) + BW, Eguy, —an |72

9 d 9 d 9
=&+ a—[(f1 +E+E+E)u] +9 55@ (puy) +aq,u£5uka(p,.j +0pgﬁa(puk)

4
+0,, Eguty —
Wi 6Uk axk Vi

=%¢4 i[(é’l +EFE+E | + icff)ub

9 2 e 9
— (puy ) + pc @ D;;u
ot 0xk il axk (,0 k) pe @i juy —— 0 Pij

2 9 9
+—chu/,-y/,0 (P"k)"‘l’chll’z“ka_‘l’:
0 1 L J (1
==&+ —k[(é'l +E+E+E uk] + —(chfD,,D[,uk> + Tm(ipciu’il”i”k)
d [
= —£+ Tk[(gl +£2 +(":3 +€4)”k] + a((‘:suk) + a(é'ﬁuk)

= ié‘ + i(:E'u,(). (19)
Xk

INext, the product of (@, 7, Pr- &) by the curl terms in (11)—(14), substitution of a;;, = pcfAijCo;jk, b = pciJk and (17), and reordering
terms gives

P 9 0 0
Ak CACij1 5 Pik ~ VikCACijt KAHC + Breyerj KW’ — CkCI€kjI Efz
J J

d n d
— pc cy€ i —J,
4] P,,Wkaﬂaxj 1

J
A,k + pc chJek/, Ix
Xj

dx 0x;

24 A a9
= pcg AimekcAfijlf¢1k pey C"szkaAG./l
J
5 e} o d ) 0 0
= pcgca <A Gmkeul P — ‘P/mDmkflji_Aik> + pcjcy (Jkgkjl Vi — Vi€ Jk
$ ox X; z)xj 8xj 6
= pctey | A, G, € 2 + D, e iA +pcey( Jre J + yi€ J
PECAN AimUmk "l()xj P T PimPmk€iji axj ik pepey\ Yk k/la Vi Ty k/la k
, . 0 . 0 ]
= pepCy 9;/1<Aimek E(plk + (plmDmkﬁ > +¢ hpekjl ox; (V/ljk) (20)
J J

The remaining terms exactly correspond to those in the original GPR system and are therefore thermodynamically compatible. We briefly|
recall their relations. Considering the remaining convective terms of (11) and (13) and the terms on o, w;, it results

J 7} d d J Jd 7}
ui[aoik+awik] +aik[6_xk (umA,-m)— ,-an ,J] +ﬁk[ (J u ) u; z)_xk"j] = a(u,«aik+uia)ik)‘ (21)
INow, from the temperature term in (13) and the term on &;_in (1e), we get
J J d
—T+T—&;, = —gq,. 22
P 0xy oxy i 0xy U (22)

IFinally, the dot product of the source terms multiplied by the corresponding dual variables yields

1 1 o 1 | ~
u;pg; — iy MEA”‘ _ﬂkmElkT [?(mEAAkEAM + %E"kEJk>:| =u;pg;- (23)

Hence, from (19)-(23), we conclude that the dot product of Eqs. (1a)-(1b), (11)—(14), (1e) by the thermodynamically dual variables
vields (18)

ra
GEM

I,
T
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will address the submodel based on the total energy conservation law,

=P aixk(/mk) =0,

%(/’“i) + %(fmi“k) + aix,.“ %"ik + %wk =P8

%A,k + aak (upAip) + ,%A,‘k - MI%AU + cAeijI%(Plk = —ﬁEAik’
%(pik +u; aij Pik — CAEiji 66 Ay =0,

%Jk + %(Jmu )+ aa—kT+u <6i/- J - %J ) + cyexi aa/ v = —ﬁ T
%y/k +ujaijy/ cJekﬂad J; =0,

d d J J d
Eg-l- a(guk) + a(puk) + E [ui(a,«k +(1),-k)] + aqk

X 0 P 5 P P)
+peaci€ij <A Gk =— ox, “ Qi+ @D Dk~ ox, :k) +cyeper <PW1$-’/< +0J; V) = Pt
J J

the entropy relation, we refer to [24,25,76].

3. Numerical discretisation

called all Mach number methods [29,31].

describe the algorithm’s stages.

13.1. Operator splitting and semi-discretisation in time

in time of system (24), yielding

Let us note that the resulting augmented GLM GPR system (1a)—(1b), (11)-(14), (1e), (18) is overdetermined. In what follows, we

i.e. we neglect the entropy 1nequallty. For thermodynamically compatible methods discretizing the original GPR system containing

The discretisation of the GPR system will be performed in the framework of the hybrid finite volume/finite element approach
put forward in [77,78] for incompressible flows and then extended to solve the compressible Navier-Stokes equations [33,79], the
shallow water equations [80], and the incompressible and weakly compressible GPR model [38]. Further, following the seminal ideas
in [43], we propose an extension of the methodology to the arbitrary-Lagrangian-Eulerian framework.
This family of hybrid methods relies on an operator splitting approach which splits the system into a transport subsystem focused
on the conservative variables and a Poisson type subsystem for the pressure. Consequently, we decouple the fast moving pressure
waves from the bulk velocity of the medium. Then, an explicit discretisation of the transport equations provides an accurate solution
of discontinuities while the pressure subsystem can be efficiently solved using an unconditionally stable implicit approach. Hence, the
CFL time step condition does not depend on pressure waves that would greatly restrict the time step size. Further, the corresponding
semi-discretisation in time verifies the asymptotic-preserving property for decreasing Mach numbers, which would lead to the so

In what follows, we first present the operator splitting of the augmented GLM GPR model and the overall methodology both in
the purely Eulerian framework and in the ALE context. Then, we introduce the spatial discretisation detailing the mesh notation and|

To ease the presentation of the operator splitting, we first focus on a purely Eulerian approach and introduce a semi-discretisation

1 d
a7 (=) + a (pup) =0, (25a)
1 ? 9 b J
ar (P o) o () + Sl S ot e = e (25b)
1
1 n+l n 4 n i n u" i no_ _ 1 n
Y — (A -l )+ — o, (uh AL ) + ] o, - A — 1] 0 —— Al +cx€ ax, @), = o) Ey (25c¢)
g K3 a
E ((plnl:— - (plk) / () —CA€ijI Ox A;lk =0, (25d)
]
1 9 9 J 9 9 1
— (gl ygn + 2 J" nY 4 Loy _Jn J + n_ _ E", 25e
Al( k k) ax, ( ) ErS uj 0xj axy Gkt g le 9;(1_2) Ji (25e)
1 9 J
a7 W =)+ - qeig ) =0, (25f)
J J
1 +1 a9 +1, n+1 d J 9 d
ar (&= &)+ g (ETGH) + 5 (Eu) + 5 = (E5) + - (&) + 5 (854)
9 O et i1y, O 2 o .
* o (Go) + g 0Mt) + o (ulof) + - (wlwf) + 5 -d = s (258)

(24a)
(24b)
(24c¢)
(24d)
(24e)

(24f)

(24g)
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Next, extending the methodology proposed in [33], for solving the compressible Navier-Stokes equations, to the solution of the
GPR model, we consider a TV-splitting of the momentum (25b) and energy Eq. (25g), which leads to a transport and a pressure
subsystem, [31]. Introducing the intermediate auxiliary variable pu*, we get

1 d [Z J d
ar (0] = o) 4 S () 4 e S Tty e = P (26)
1 n+1_ n+1 * 9 n+1 n
S )+ =2 (M pt) = 0. 27
ar (P ) & 5= (0 =) 27)

Hence, the momentum at the new time step can be computed from
0
puz+l — puz — At $6Pn+l’ 5p"+1 — pn+l -, (28)
k

lonce the transport-diffusion Eq. (26) is solved.
Similarly, focusing on the energy equation, (25g), decomposing the energy density within the flux term into its six components
and introducing the intermediate auxiliary energy density &*, we obtain

|- 0 0 0 0
L (&x—¢gn _gnn _gnrz Enyt _gnn _gnn
At ( )+ a ( )+ a ( ) a ( 4 k) + a ( ) a ( )
0 0 6
#o () + (o) + g = sl 29)
1 +1 9 +1 n+1 [ +1, n+1) _
a7 (=) S (E) 4 5 () =0 (30)
Therefore, from (30),
0 0
entl — gx _ Ay L (gntlyntly _ Ay G (] ntl 31
0Xk( Tt ax (p" u) €1
with £* the solution of (29). Substituting the expression for £, in terms of the pressure and gathering terms yields
el — g _ A %(hn+lpuz+l)’ (32)
k

where the enthalpy reads
14
h= (33)
-0

if the ideal gas EOS (3) is employed. Meanwhile, for the stiffened gas EOS (4), we have

P+ poct — 7o

(34)
p(r—1)
Taking into account (2), the energy equation is then rewritten in terms of the pressure unknown as
pl’l+l _ P! = _gn_gntl _ gntl _ entl _ entl _ ontl +EF — At i(hn+]pur1+]) (35)
=1 -1 1 2 3 4 5 6 ‘)xk k ’
where we have subtracted the term &, at the two sides of (32). Finally, substitution of (28) yields the pressure equation
1 d d ‘
Fy n+1 —AZZ— hn+l_6 n+l | — EX¥ _gn_ £H+1 _ £n+l _ £n+I _ £n+l
v-n"r oy ox, 7 1T% 75 A TS
d w
_géH—l — At ()_)Clc(hn+]pul;) (36)

whose solution is employed in (28) and (31) to obtain the momentum and total energy at the new time step.
2
The highly nonlinear system (36) involves the term SI"“ = % p"“|u"“| so it cannot be solved independently of (28), i.e., the
system to be solved involves (25a), (26), (25¢)-(25f), (36), (29), (28), (31). To deal with these crossed p"*1 and put! terms and with|

the non linearity introduced by the presence of the enthalpy in the stiffness matrix, we apply a Picard procedure getting the final
system

P =t — Ar 06 (pu ) (37a)
# 0 d d J
i =it = 80 (= () + it ot Sl = ). (370)
Jd d J Jd 1
AL = At At — (u" AT ) U —— A" — I—— A7+ " +——E" |, 37¢
ik ik axk (um lm) u/ de ik uj 0Xk CAél/la X; (7 97 (Tl) A ( )
0 J
¢n+] = (p,k - At ( CDI CAELJI ox A (37(1)
u;»j
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J J d e} d 1
JH =g A = () tu | — T = —=—J" )+ —T" + cye,;; —y" + ——E" |, 37e
" ; (dxk (Jrul) +u; a5k " o ox, Cy€kji ox; 7 0 () Iy (37¢)
- 0 0
i v A < iax, Ve CJekﬂa—ijf) (37)
. 0 9 9 d 2
E)}» = g}" —_ At —_ EVI n g’l n —_ 8" n —_ 87[ n + —_ 8)1 n
(52 (eu) + 52 (et + 52 (1) + 52 (E2u) + 52 ()

9 ni n n 9 n n (37 )
+0_xk [ (o + @y )] + Eqk — & ) &
5pn+l,f'+l _ At2i h”+l’fi5p"+l’f+l —gr_gn _8n+l,f_8n+l

y—1 0x 0xk e 3
_£X+l _gghLl _£g+l At — an (hn+1 t’p k)’ (371’1)
pui+|,f+1 - puz — At 6%5p71+1f+1, (371)
k
entl — gx _ Ay i(hn+lf+lpuz+lf+l) (37j)
Xk

with ¢ the Picard iteration index, £ =1, ..., Np;. and
pn+l,t’+l =pn +5pn+l,f+l’ (38)

needed to compute 4"*1“*1, Note that the Picard iteration does not affect the computation of the terms related to the distortion field|
and the thermal impulse in (37h) since their value at the new time step is directly obtained from (37¢)—(37f).

Besides, the source terms related to the distortion tensor and thermal impulse may become very stiff, so employing an explicit
approach for their discretisation may require very small time steps. To circumvent this issue, we split (11) and (13) into two subsystems|
[38,44]. The first one accounts for the contributions of the flux term and the non-conservative products,

J J d d
= = e (S () o A A+ a—(p) (39)
d d d d 7}
Ji=J— At Jh )+ —T"+ | — T+ —J )+ 40
k k (a ( ) ox, “(axj kT ox, /> CIkil g Wt) (40)
Meanwhile, the second subsystem contains only the algebraic source terms and can be implicitly discretized:
1 4 1
— (AT —Ar ) = ————E"Y! (41a)
k k A’
At i 4 0;t+1 (TI ) ik
1 1
- J!H-l_J* - _ E”+1. 41b
i I = s B (41D)

2

13.1.1. Eulerian hybrid FV/FE method
Attending to the different nature of the equations on (37), we split the Eulerian hybrid finite volume/finite element algorithm
into four main stages:

1. Transport stage. A finite volume method is employed to solve system (37a)-(37g) yielding the solution at the new time step for
the density, distortion and thermal impulse fields, p"*!, A"+, J**1, and intermediate values for the momentum and total energy]
unknowns, pu*, £*. In case the GLM GPR model is solved, also the cleaning variables are computed at this stage, (p"“ y/;“.

2. Intermediate stage. The intermediate values obtained for the momentum and total energy are interpolated between the staggered
grids allowing for the computation of the source terms in the next stage.

3. Pressure stage. A Picard iteration procedure is employed to approximate the pressure at the new time step, p"*!. Within each
Picard iteration a P! implicit finite element method is applied to solve (37h). Then, the enthalpy and momentum unknowns are
updated following (34) and (37i), getting A"*1-*+! and pu"+!*!, that allows the computation of S;“’f“.

4. Correction stage. Once the final momentum, pu”*!, is calculated substituting the pressure correction 5p"*! in (37i), the obtained
velocity is employed in (37j) to get the total energy at time "*1, £"+1,

A detailed description of each of these stages will be provided in Sections 3.4-3.7.

13.1.2. Extension to the ALE framework

The former methodology assumes a purely Eulerian framework. In order to deal also with small geometry deformations, we
extend the hybrid approach to the context of Arbitrary-Lagrangian-Eulerian methods. Following [43], we introduce a new stage af]
the beginning of each time step:

0. Mesh motion stage In this stage we move the mesh attending to the local ﬂu1d Veloc1ty at the prev1ous time step, u”. Further,
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Fig. 1. Construction of two interior dual elements C; and C; from primal elements T}, T}, T,,.

Next, in the transport stage, we consider the space-time divergence form of the transport equations which are integrated over
space-time control volumes. As a result, the intermediate approximations reside on the deformed mesh. Then, the remaining stages
can be performed as for the purely Eulerian method only considering the new grid configuration.

3.2. Spatial discretisation: Staggered unstructured grids

For the discretisation of the spatial domain Q, we employ unstructured staggered grids of the face type, [77,81,82], also known as
diamond grids. We consider a primal mesh made of non-overlapping triangles in 2D and tetrahedra in 3D denoted by T}, k = 1, ..., N,

Q = [J, Ty Focusing on one interior edge/face of the domain, I';, we can compute the barycentres, B; , B;,, of the two neighbouring
primal elements related to the edge/face and construct a dual cell C; by merging the two subtriangles/subtetrahedra with vertex each|
of the barycentres and the vertex of I';. Similarly, for a boundary edge/face, we construct a boundary dual cell as the subelement]
with vertex those of I'; and the barycentre of the related primal element. A sketch on the dual mesh construction in 2D is provided|
in Fig. 1. Further details on the staggered grid generation can be found in [33,77].

To describe the proposed hybrid methodology, we furthermore need to introduce the following notation related to the mesh:

eV, J€E {1,..., Ny |, are the vertex of the primal grid, N,,, the total number of vertex.

o |T}| is the area/volume of the primal element T}.

e K, is the set of indexes of primal elements adjacents to 7.

e I, is the boundary shared by the primal elements T} and 7;.

¢ ny, is the unit normal vector of I';; exterior to 7).

e 1, is the normal vector of I'y; exterior to T, and weighted the length/area of I'y;, |7l

o K, is the set of indexes of dual cells generated using 7.

* |T};| is the area/volume of the intersection of 7}, with C;.

e K; is the set of indexes of primal elements generating the dual cell C;.

e N, i€{l,...,N}, are the vertex of the primal grid, N, the total number of dual cells.
* |G| is the area/volume of C;.

e K; is the set of indexes of dual elements adjacents to cell C;.

e i=0C; = UielCi ij is the boundary of C; and ij represents the edge/face shared with cell Cj.
* ny; is the outward unit normal vector of ij.

* 17;; is the outward normal vector of ij exterior to C; weighted with the length/area of ij, ||n;;]l.
» C? =0C; \ i is the interior of C;.

On the other hand, the ALE approach, at each time step, requires the update of the coordinates of the primal and dual grids as
well as related data; e.g. areas, volumes and boundary normals. It is important to remark that topology changes are not allowed so
the connectivities of the mesh structures do not change. Thus, the work load lowers with respect to the generation of a completely
new mesh in the modified computational domain. For alternative ALE approaches allowing large deformations and topology changes
without the need of remeshing the whole domain, we refer to [83,84].

Given a dual cell at two subsequent time steps, C;' and Ci”“, we design a space-time control volume C; joining the vertex of
=C! and C

each dual element at both times so C, i
E

= Ci"“. This control volume, depicted in Fig. 2, will be then employed

[
within the transport stage to solve the transport subsystem. Analogously with the notation of steady grids, we label Ni, T, = da and|
5:’ = 0C; \ T, the node, the boundary and the interior of C,, respectively. Further, the space-time faces of the control volumes located
between two neighbouring elements 5’1 and 51 are denoted by Fq and its corresponding outward unit normal with respect to a is
ﬁii = (n,, n,). Consequently, we have

I,=cru ( U lN"ii> vt (42)

iEX;

and the outward pointing unit normal vectors to C* and (“1"+1 are i = (=1,0) and A = (1,0), respectively

9
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t‘rH»l T

n+1
Ci

X

Fig. 2. Construction of a space-time control volume C, generated by the deformation of the dual cell C; between times " and 1"+, C!" and Ci”“
lare shadowed in green while the space time boundary is indicated with dashed lines. The black triangles at time " plane correspond to the primal
elements generating the dual cell C}'. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
lof this article.)

Besides, the space-time faces lN“ii can be mapped into a reference element in a local coordinate system. For instance, in the|
lbidimensional case, we consider the coordinate system y — = with basis functions (f)f = CTDf( x,7) given by

S =(-p-1), S=y(1-1), S=(-pr B=yr 0<y<l 0<r<l (43)
Then, denoting )Nif the space-time coordinate vectors of the four vertices which form the face,

X = (" X)) = (", x1.y)), X, = (" X}) = (1", X3, 2),

X; = ([H],X;H) = (", x3.3), X, = (f"H,X'fH) = (", x4 p4).

we define the map from the reference configuration to ]N"il, as
%0 =8, X, + B,X, + 0;X; + X,

see Fig. 3. Furthermore, the space-time unit normal vector on the space-time face l:i]» reads

oX X
(r’z X r’r)

= = =1 =X =Y 1 7
ni; (nij’nij’nij) W
oy or
Then, denoting its integral
i :=/ ny; dtdS, (44)
¥

ij
we observe that
[ WdS= Y =0, (45)
/1" i jEX;
i.e. the geometric conservation law (GCL) [85] will be verified when using closed space-time control volumes for the integration of]
the equations at each time step [52,86].

13.3. Mesh motion

Given a vertex on the primal grid at time ", X/, we compute its position at the new time step X;“ as

+1 _
X1 = X2 4 ALV (46)

with V;’ the mesh velocity. This velocity can be set in two different ways:

10
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tn+1

<V

T

Fig. 3. Map of a space-time face lN"ii to the reference element in the local coordinate system y — r. The face IN“‘,i (shadowed in gray) shared by the
space-time control volumes C; and CNi is determined by vertex X,, X,, X, and X,.

e According to a prescribed boundary velocity, V', .. Assuming that we have the description of the boundary motion, the mesh
displacement at the interior of the domain is computed by solving a Laplace equation on the velocity with Dirichlet boundary,
conditions,

V2Vt =0, VX eQ,
{ < (47)

VIX)= V.. VXeo.

¢ As a smoothed local fluid velocity. Since we are working in the ALE framework, we can arbitrarily choose the mesh velocity. For
instance, we can set it to match the local fluid velocity, as in classical Lagrangian schemes, or apply a smoothing operator in order
to reduce mesh distortion at the interior of the computational domain [83,86]. Accordingly, we define a regularization parameter]
¢ € [0, 0) and compute the mesh velocity solving

{ VI(X) — AtEVAVI(X) =0, YX e O,

VI(X) = ., VX € 00",

(48)

at the aid of P! continuous finite element methods. Following this approach, for ¢ = 0 we retrieve the pure Lagrangian scheme
while as { — co we have a Laplacian smoothing of the mesh velocity.

Let us note that, as it will be seen in the numerical results section, both types of motion may be combined by setting some of the
boundaries to have a specific boundary velocity while others freely move with the local fluid velocity. This methodology allows, e.g.,
for the simulation of free surface flows in confined moving domains. Further details on the mesh motion within the hybrid FV/FE
methodology can be found in [43].

13.4. Transport stage: A finite volume scheme on the space-time divergence form of the transport subsystem

The transport subsystem (37a)-(37g) is solved at the aid of an explicit finite volume method. Introducing the vector of conservative
. T . . .

variables Q = (p,u, A, @,.J.wy,€) ", the continuous counterpart of the transport equations can be recast into a general system of the|

form

3,Q+V-F(Q+BQ-VQ = SQ). (“49)

with F(Q) the convective flux terms, B(Q) - V Q the non-conservative products, and S(Q) the source terms. Hence, its space-time
divergence formulation reads

V. FQ+BQ - VQ=5Q (50)
with

§=((%,V), F=QFQ) BQ = (0.5,Q).B,Q)B;Q).

Integration of (50) on a space-time control volume C;, leads to

/Vf(Q)dtdv+/B~(Q)ﬁthdv:/S(Q)dtdv. (51)

i G G

Q

11
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Now, Gauss theorem is applied to transform the space-time integral of the flux into the integral over the space-time boundary I7.
Moreover, we employ a path conservative approach to deal with the non-conservative products splitting their contribution into a
smooth part within the control volume and the jumps at its boundaries [87]. Hence, we have

/ F(Q) - i, dtdS + / D(Q) - 7, dtdS + / BQ) - VQdtdV = / S(Q)dtdv. (52)
¥ f ce G
From (42), we can split the integrals over the faces into the integral over the space-time boundary surfaces IN“ii and the two boundaries
of 5‘1 orthogonal to the time axis, i.e. Ci" and Ci"“, SO
C.

1

Q; =

Clo-Y /(?‘(Q)+5(Q))~ﬁii dtds—/BN(Q)ﬁthdVJr/S(Q)dtdv, (53)
(S e
T

ce ce
T
where, for the GLM GPR model, we define Q* = (p”“, pu*, AmHl @hdl il v/;“ , é‘*) .

3.4.1. Convective terms
Denoting F Qfl’, Qf’ ) ﬁij) a numerical flux function, we approximate the flux terms in (53) as

/ FQ - iiyatas = Y F(Q)QL i ). (54)
1EIC iex;
Ly

[For instance, for the Rusanov numerical flux function [88], we have

~R /[—n —n 1/ ~=/=n ~ (—n ~ 1 —n —n

P Qe Qiia) = 5 (F(Q) + 7(Q1)) i - 594 (@ - Q) (55)
with the maximum signal speed on the edge

al. = max{
i

n n —n =
LR M — Uy 2GR W i~ UJ+CIL|

" n A IR n. — " . no_
|“i,R"’ii_biji"ll|’|“i,L (b ”ijiCJ,1|}’ GRr= (56)

approximated from the eigenvalues obtained for the unidimensional GPR model. Following the seminal ideas in [89] to guarantee|
Galilean invariance of the ALE method, the flux should be computed in the rest-frame of each mesh face, i.e. in a frame moving with|
the normal face velocity, u", rather than in the lab-frame, which corresponds to the global fixed coordinates. In the particular case
of the Rusanov flux and smce we are using space-time control volumes, it is sufficient to evaluate the eigenvalues using the relatlve
velocity, as indicated in (56). To get a second order scheme, the half in time evolved and boundary extrapolated states, Q‘ R QL Iy
are computed following a local ADER approach [78,90,91]:

1. Calculate the gradients in space, VQ", and time, V,Q;’. To address the spacial gradient, the Crouzeix-Raviart basis functions on the
primal elements are used, assuming the averaged values of Q" approximate the values at the barycentres of the primal element
faces. Second order is achieved by choosing the gradient to be the one of the primal element containing the dual face. For the
time derivative, a Cauchy-Kovalevskaya, or Lax-Wendroff, procedure [92] is applied.

2. Employ the reference element in order to calculate the coordinates of the barycentre of the space-time face and compute the
displacement with respect to the barycentres of cells C;' and Cj” :

Ax; = X;;(0.5,0.5) — x;, Ax; =X;;(0.5,0.5) — x;.

3. Perform the half in time evolution and extrapolate the data at the boundary:
— At — At
Qr=Q + TVrQ:' +VQ" - Ax,, Q=0+ TVzQ? +VQ" - Ax;.

In the numerical results section, to circumvent Godunov’s theorem and guarantee a stable scheme, the former ADER approach ig
modified including the ENO strategy [93] or the min-mod limiter of Roe [94]. Further, we observe that, in most simulations, employing
[ENO limiting based on the physical variables instead of the conservative ones would lead to smoother solutions. Besides, adding a
small artificial viscosity depending on a coefficient ¢, can improve stability of the overall algorithm when small velocities are observed|
in comparison with the magnitude of the pressure field [33].

3.4.2. Non-conservative terms: A path-conservative approach
As aforementioned, the non-conservative products are approximated employing a path conservative scheme. Accordingly, we
approximate

JECIER TR ORI ) (57)

i€k

Ty

12
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Considering the straight line segment path

v=vw(Q.Qs) =@ +s(Q-Q).  sel.1l, (58)
and the reconstructed variables to attain second order, we have

ﬁ(ﬁfﬂ,ﬁ;uﬁqh %E;I(Q:L —6}:[{> 73‘;1 =/013(W(621,R,6;L73)> “11;;dS. (59)
On the other hand, we compute the half in time evolved conservative variables at each space-time control volume C, as

Q=@+ S (v V). (60)

where the subindex 1i,, i, refer to the two primal elements from which the dual cell is built, T iy ﬁ7. Then, using a weighted average
for the computation of the gradient at the control volume, we have

2O . SO ~ g |CZ11 | e in2 e ~ 1 n n+1
BQ@-VQaav = |G|B@)| =5 V@ + == VA, | |G| =3 (|er|+ || (61)
ce |Ci | i
Above, C:’l s |C."2 | denote the areas of the two halves of the dual element C}' corresponding to Ti’i and T, e’;’ respectively.

In order for the ALE scheme to satisfy Galilean invariance, the computation of the non-conservative products is done in the rest-
frame, thus accounting for the relative velocity. In particular, the distortion and thermal impulse fields involve a velocity-dependent
non-conservative product matrix B(Q, v), where v denotes the mesh velocity. The jump term (59) is computed on each face I';; by
approximating the normal relative velocity in 73“ as ﬁ?i -1y — vy, with ﬁ:’i = %(6}: rT 6;1 L) and v}, the normal face velocity, already
introduced for the computation of the eigenvalues. Meanwhile, for the smooth part of the non-conservative product (61), we first

calculate the mesh velocity associated to the node of the dual element, v;'. Then, the relative velocity, ﬁ:’ - V?’ is used to approximate
—hn
BQ)).

3.4.3. Source terms
The source terms of the momentum, (37b), and total energy, (37g), equations are simply integrated on the control volume em-
ploying the half in time evolved density and momentum as

/pigdth= |5i oie /ﬂig'udthz

ce ce
i i

&

g ou;. (62)

/As mentioned previously, in the visco-plastic limit of the model, the source terms related to the distortion tensor and thermal impulse|
can become very stiff. Therefore, (11) and (13) are split into two subsystems. The first subsystem accounts for the contributions of the|
flux term and the non-conservative products and is discretized as described in the previous sections. This yields intermediate values
of the distortion and thermal impulse fields, and J:“ The second subsystem, corresponding to (41), is given by

Ay =———E, . (63a)
1%k 1('51) Aj
1
o, =——E,; . 63b
tYk 92 (Tz) Ji ( )

Following [38], this system of ordinary differential equations is locally solved at each dual cell using the Runge-Kutta DIRK scheme|
[95] combined with an inexact Newton algorithm. As a consequence, we get the updated fields A", J:‘“.

The numerical scheme resulting from the former formulation of the distortion field, (1c), is not asymptotic preserving in the
fluid relaxation limit of the model [36]. To recover the Navier-Stokes equations in the limit ¢ — 0, we reorder the flux and the
non-conservative product contributions of the distortion field equations into two terms as

d 0 7} 1
LA, +4 fu,~2 Ay =——FE, .
ik i maxm ik 91 (7.']) Ajg

o1 m E Uy (64)
u,, is then discretised like the smooth part of the non-conservative products, i.e., using the gradients obtained

2
im gy

The linear term A

at the dual cells applying the Galerkin approach. On the other hand, the term u,, ﬁA i« is computed implicitly within the source term|
system. Accordingly, we have
At
All1+1 + En+1 = A% (653)
k A K
Tt (r)
* n n a ~ n a n
A} = Al — AtA" ——ii, — At —— A (65b)

u B
tmaxk m maxm ik

with the gradient %ﬁm approximated using the Galerkin approach. This formulation provides a natural framework to impose wall
k

boundary conditions in the fluid limit of the model. In particular, the given boundary velocity field at the Crouzeix-Raviart node

13
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located at the boundary is employed, together with the previous time step velocity values at the internal nodes, to approximate the
velocity gradient. This asymptotic preserving approach is used in Section 4, when wall boundary conditions are defined. Further]
details on the treatment of boundary conditions for the GPR model can be found in [38].

3.5. Pressure stage: Solution of the pressure subsystem

To solve the pressure system, we first derive its weak formulation. Multiplication of (37h) by a test function z € H(} =
{z € HY Q)| [,zdV = ()}, and integration over the computational domain gives

1 5pn+],l+lZdV_A12/i<h11+l,z,”i§pn+],l’+])zdvz_Ar/ai<hn+],/puj)zdv

y—1 0x; 0x; X;
5 2 J J J

+/ (5* —Ep gL gl _gml gl _ gl )z av. (66)
Q

Then, applying Green’s theorem and taking into account the relation (37i), we obtain the weak problem

1 5p"+]’“1de+At2/h”“’fiép"”’”]aide=At/h"“’fpu;faizdv
. Xj

y—1 ox; x
Q Q / / Q
+/ (5* —Ep - gt gl gl gl gt )z v —At / WY 2 dS (67)
Q r

This problem can be discretized using P! Lagrange finite element methods in the updated primal grid. Let us remark that the use of
Picard iterations increase one order in time per iteration. Hence, two Picard iterations are enough to preserve the accuracy of the
overall scheme. Further, the resulting pressure system is symmetric and positive definite so a classical conjugate gradient method can
be employed for its solution.

We observe that the right hand side of (67) involves intermediate and updated values of several variables that have been computed
in the dual grid. Therefore, previous to the pressure stage, we perform an intermediate stage to interpolate the needed data between|
the staggered grids, as detailed in Section 3.7. Moreover, Sf”"} is updated at each Picard iteration approximating the momentum
according to (371) as )

pute = pui — At TL Z T | (V 6™, (68)
| kl keky

with (V p), the pressure gradient computed using the P! basis functions in the primal element T}, and computing

é»n+l,t‘ — 1
2 zpn+l

)12
|pun+l,[| . (69)
Finally, the enthalpy A" is calculated at each primal vertex by substituting p"*'* = p" + 6p"*'* in (34). The enthalpy at each|
primal face, which is also assumed to be the updated average value in the corresponding dual cell, is then computed as the average|

of its values on the vertex of the face.
3.6. Correction stage: Update of the intermediate velocity and total energy

Once the pressure correction §p"*! is computed, we update the velocity and total energy according to (68) and (37j). In particular,
the energy correction is first performed by primal element

evl-g - ALY / R ™ dS. (70)
|Tk| ek, ?Tu

INext, the obtained values are interpolated to the dual cells as

el = CL 3 (Tuler. (71)
I il kek;

3.7. Intermediate stage: Interpolation between grids

It is important to recall that once the transport stage has been performed, all variables live in the new mesh configuration.
Therefore, mesh interpolation between the dual and primal grids for ALE is carried out in the same way as for the purely Eulerian|
approach [38]. More precisely, given a scalar field at the dual cells, g;, we approximate the solution at each primal element, ¢, as 3|
weighted average of the form

T,
pe S ol -

T
ek, |Tk|

14
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Table 1
2D Taylor-Green vortex. Main features of the primal
triangular grids used to run the convergence table.

Mesh Primal elements Vertices Dual elements

M, 128 81 208
M, 512 289 800
M, 2048 1089 3136
M, 8192 4205 12416
M 32768 16641 49408
M, 131072 66049 197120
M, 524288 263169 787456

This interpolation needs to be done for the density, p"*!, and the intermediate momentum, pu*, to compute the initial kinetic energy|
5;“‘1. Further, we also apply (72) to get the intermediate total energy density, £*, the total energy components 8;’“, 8:“, 8;’“ and

£é'+' , and the initial enthalpy which is first approximated at each dual cell as

Ll _ v+ ”ch TP
' =1

Then, the related volume integrals in the right hand side of (67) are calculated assuming a constant value of the involved variables
by primal element. Meanwhile, for the term depending on £7', we employ the values of the pressure at each primal vertex computed
in the previous iteration. Hence, its contribution is calculated using the standard mass matrix of the P! FEM employed in the pressure
discretisation. The boundary integral in the right hand side of (67) is performed setting the enthalpy at each primal boundary to be
the averaged value at the dual cell containing it.

(73)

4. Numerical results

In this section, we analyse several test cases both in the fluid and solid limits of the GPR model to assess the main properties of
the proposed ALE hybrid methodology. In what follows, the international system of units is employed and all test cases are initialized
considering A = I and J = 0. Further, unless stated the contrary, the time step is dynamically computed at each time iteration attending
to a CFL stability condition based on the transport-diffusion subsystem, i.e.

. CFL r;
At = min {Ar; }, Arp= —— &,
G Ililmax
where |4;|,,,x is de maximum of the absolute approximated eigenvalues of the subsystem at cell C; and r; is the incircle diameter of

the cell. The eigenvalues are approximated from those calculated in the 1D case as

4 c}ZZT
A€ {lul—c,|ul,lul+c}, c=14/=c2+2 , (74)
3T e
for the original GPR model, (1), and
RS {|u| —cy, [u] —ca, [l = c, [ul, [u| + ¢, [u] + ¢4, Ju] + cJ}, (75)

if we consider the augmented GLM curl cleaning GPR model, (1a)-(1b), (11)—(14), (1e). Generally, for the second order scheme, we
take CFL = 0.5.

4.1. Convergence test, low Mach number asymptotic behaviour and Galilean invariance

As first test case, we consider the 2D Taylor Green vortex, a classical benchmark for assessing the order of convergence of numerical|
methods in fluid dynamics. The initial condition reads

sin(x) cos(y)
— cos(x) sin(y)

u(x,0) = < ), p(x,0) = % + A—lt(cos(Zx) + cos(2y)).
Meanwhile, the model parameters, leading to an low Mach inviscid flow with M ~32x 1073, are ¢, =¢, =0, u =k =0, ¢, = 2.5,
c, =3.5,py = 10°. As computational domain, we set Q = [0, 2z]> with periodic boundary conditions everywhere. The errors and orders
of convergence for a set of successively refined Cartesian triangular grids described in Table 1 are reported in Table 2. The Cartesian
triangular grids employed for the simulations are constructed as follows. First a regular Cartesian grid made of quadrilaterals ig
generated. Then, each element is divided into two triangular elements by joining with a new element boundary two opposite vertex
of the quadrilateral.
This test case is also run for a set of decreasing Mach numbers to analyse the asymptotic behaviour of the proposed methodology
in the low Mach number limit. Table 3 confirms that the order of convergence is preserved for very low Mach number regimes. Lef]

notre tna ne 1] neme 10 Ne 1ncompre Dle Na o QKeES eduation N Win N 1 proposed Nyprid m nod D4 (l
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Table 2

Taylor-Green vortex. Spatial L, error norms and convergence rates at

time 7 = 0.1.
Mesh L} (p) Op)  Li(pw) Opu)  LL(p) o)
M1 2.43.1072 1.05- 107! 5.03-107!
M2 351-107 279 295-107% 1.83 1.26-1071  2.00
M3 5.15-100* 277 7.62-107% 195 3.04-1072 205
M4 9.16-1075  2.49 1.90-107  2.00 7.56-107% 2,01
M5 1.96-107 223  475-107*  2.00 1.89-107  2.00
M6 450-107° 212 1.19-10°*  2.00 1.02-10  0.90
M7 1.68-107% 142  297-107°  2.00 12110 3.07

Table 3

2D Taylor-Green vortex. Spatial L, error norms and convergence rates of the density, mo-
mentum, total energy and pressure at time ¢ = 0.1 for M € {1072,107%,107*,107}. Results
computed using the second order approach.

Mesh L2 (p) Op)  Li(pw) O(pu) L&) oE)  Lyp Op)
M =102, p, = 10* (double precision)

M1 2.43-1072 1.05- 107! 8.57 - 10! 5.07-107!

M2 3.50-1073 2.79 2.95-1072 1.83 5.59 - 100 3.94 1.26 - 107! 2.01
M3 5.09-10~* 2.78 7.62-1073 1.95 3.99-107! 3.81 3.04-1072 2.05
M4 8.97-107° 2.50 1.91-1073 2.00 3.04- 1072 3.71 7.55-1073 2.01
M =103, p, = 10° (double precision)

M1 2431072 1.05- 107" 8.53-10° 5.03-107!

M2 3.51-1073 2.79 2.95-1072 1.83 5.51-10% 3.95 1.26- 107! 2.00
M3 5.15-10~* 2.77 7.62-1073 1.95 3.83- 10! 3.85 3.04-1072 2.05
M4 9.16-1075 249 1.90-1073  2.00 2.62-10° 3.87 7.56-10 201
M =10, p, = 10® (quadruple precision)

M1 2.43-1072 1.05- 107! 8.53-10° 5.03-107!

M2 3.51-1073 2.79 2.95.1072 1.83 5.51-10% 3.95 1.26 - 107! 2.00
M3 5.15-107* 2.77 7.62-1073 1.95 3.83-10° 3.85 3.04-1072 2.05
M4 9.16- 1073 249 1.90-1073 2.00 2.62-10% 3.87 7.56-1073 2.01
M =107%, p, = 10'° (quadruple precision)

M1 2.43-1072 1.05- 107! 8.53-107 5.03-107!

M2 3.51-1073 2.79 2.95-1072 1.83 5.51-10° 3.95 1.26 - 107! 2.00
M3 5.15-10~* 2.71 7.62-1073 1.95 3.83-10° 3.85 3.04-1072 2.05
M4 9.58-107 243 191-107%  2.00 5.72-10* 2.74 7.56-1073 2,01

not exactly divergence free. Hence, when M — 0 the errors are not expected to decrease quadratically but to be preserved. Due to
the magnitude of the pressure variable, for very low Mach numbers quadruple precision is required.
To analyse also the behaviour of the ALE hybrid approach, we consider the isentropic vortex and let the mesh freely move according
to the fluid velocity [43]. The solution is given by a rotating vortex defined as
1,2
e
u(x.0) = re l2 sin @

@ _ 1 —r2+1
2 >
re"2(r=1) cos @

p(x,0) =1, +ué, px,0)= 3¢ @ = arctan(y — 5,x — 3), (76)
14

with r = 1/(x — 5)2 + (y — 5)2 the radius to the centre of the computational domain Q = [0, 10]2. Since this benchmark studies an
inviscid incompressible fluid, the parameters for the GPR model are taken as ¢, = ¢; = y = ¥k =0, ¢, = 2.5, ¢, = 3.5. A set of reference
pressures is considered to analyse the behaviour of the method for different Mach numbers, M € {1072,1073,107*,107%}. Dirichlet
lboundary conditions are imposed everywhere and we assume the vortex centre to be steady, i.e. u¢ = 0. The errors and convergence
rates obtained at time 7, = 0.1 are reported in Table 4. The expected second order is achieved for all studied Mach numbers.

To numerically assess Galilean invariance [89,96] of the proposed approach, the isentropic vortex with M = 1073 is also performed
by superimposing a uniform convection of the vortex in the x — y plane with velocity ug = (1, 1)?. Table 5 reports the resulting L.
errors, computed by comparing the numerical solution against the time-shifted initial condition Qg (X, ;) = Qexaci (X — U8z, 0). Wel
observe that the errors are of the same order of those obtained for the non convected vortex, and the expected order of accuracy is
recovered. Besides, M3 mesh at times 7 € {0,0.5, 1} is shown in Fig. 4 to illustrate the convection of the vortex.

4.2. Riemann problems

To analyse the capability of the proposed approach to capture strong discontinuities arising in compressible media, we address
a_set of Riemann problems baoth in the fluid and solid limits of the model. In particular, we consider the computational domain
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Table 4

2D isentropic vortex. Spatial L, error norms and convergence rates of the density, momen-
tum, total energy and pressure at time t = 0.1 for M € {102,103, 107#,107°}. Results com-
puted using the second order ALE hybrid method.

Mesh  L3(p) O Lipw  Opw  L3E oE LA o)

M = 1072, p, = 10* (double precision)

M2 1.25-1072 6.58 - 1072 5.58- 10 2.54-107"

M3 205-107° 261  1.54-1072  2.10 2.72-10° 436 6031072 207
M4 340-107 259 3.73-107 2,05 1.80-107" 392 150-107 201
M5 6.03-10™ 250  927-107* 201 155-1072 354 3.63-107° 205

M =107, p, = 10° (double precision)

M2 1.26- 1072 6.59- 1072 5.58-10° 2.63- 107!

M3 2.07-1073  2.60 1.54-1072 209 2.70 - 10? 4.37 591-1072 215
M4 347-100 258  3.74-107° 2.04 1.74 - 10' 3.95 1491072 1.99
M5 6.17-1075 249  929.10% 201 1.32-10° 3.73 378107 1.98

M =107*, p, = 10* (quadruple precision)

M2 1.26 - 1072 6.59 - 1072 5.58-10° 5.63 - 10°

M3 2.07-107%  2.60 1.54-1072  2.09 270 - 10* 4.37 6.17-1072 651
M4 347-107% 258 3.74-107% 2,04 1.74-10° 3.96 1.50-1072 2,04
M5 6.17-1075 249  930-107* 201 1.31-10% 3.73 4.18-107  1.85

M =107%, p, = 10'° (quadruple precision)

M2 1.26 - 1072 6.59 - 1072 5.58-107 5.63-10”

M3 207-107% 260  1.54-102  2.09 270 - 109 4.37 1.80 - 10° 8.29
M4 347-107% 258 3.74-107% 204 1.74 - 10° 396 204-107" 3.4
M5 6.17-1075 249  930-10* 201 1.31-10* 373 235-107"  —0.02

Table 5

2D isentropic vortex. Spatial L, error norms and convergence rates of the density, mo-
mentum, total energy and pressure at time ¢t = 0.1 for M = 10~ and w® = (1, 1)”. Results
computed using the second order ALE hybrid method.

Mesh  L3(p) O Liw 0w L3E) oE Lo L)
M2 8.60 - 1073 8.27- 1072 4.39-10° 220- 107!

M3 1.18-1073 2.87 1.68 - 1072 2.30 1.84 - 107 4.58 5.61-1072 1.97
M4 1.53-107* 2.95 3.85-1073 2.13 1.10 - 10 4.07 1.48-1072 1.93

M5 227-107° 275 9.36-107* 2.04 9.37-107! 3.55 3.79- 1073 1.96

o
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=]
Fig. 4. 2D isentropic vortex. Initial M3 mesh (left) and deformed mesh at 1 = 0.5 (centre) and ¢ = 1 (right) considering the vortex convection velocity|
ue = (1, 1)7.

Q = [—0.5,0.5] X [-0.05, 0.05] and define the initial condition for the primitive variables V = (p,u, A, J, p) as

Vi if x <xy,
VR if x> Xgq,

Vx,0) = {

17



S. Busto Computer Methods in Applied Mechanics and Engineering 453 (2026) 118824

Table 6
Riemann problems. Initial condition, location of the initial discontinuity, x,, and final time, 7.
Test e PR uf‘ uf u;' uf pt pR X I,
RP1 1 0.125 0 0 0 0 1 0.1 0 0.2
RP2 1 1 -1 1 0 0 0.4 0.4 0 0.15
RP3 1 0.125 0.5 0 0 0 1 1 0 0.1
RP4 5.99924 5.99242 19.5975 —6.19633 0 0 460.894 46.095 -0.2 0.035
RP5 1 1 —19.59745 —19.59745 0 0 1000 0.01 0.3 0.01
RP6 1 1 2 -2 0 0 0.1 0.1 0 0.8
RP7 1 0.125 0.5 0 0 0 1 1 0 0.1
RP8-9 1 0.5 0 0 -0.2 0.2 1 0.5 0 0.2
Table 7
Riemann problems. Material parameters for the
GPR model.
Test c ¢y c, c, " K
RP1-7 0 0 2.5 35 0 0
RP8 1 0 1 1.4 10% 102
RP9 1 1 1 1.4 102 102

with the remaining left and right states, p*, ut, pt, pR, u®, pR, the initial position of the discontinuity, x,, the final simulation time,
1., and the number of mesh divisions along the x-axis given in Table 6. The material parameters for each test case are provided in
Table 7.

Riemann problems RP1-RP7 correspond to classical tests for inviscid flows and, therefore, an exact Riemann solver for the Euler
lequations has been employed to get the exact solution of the density, pressure and velocity fields [93]. In Fig. 5, we report the results
obtained for the Sod shock tube problem which presents a shock, a contact discontinuity and a rarefaction wave. For this Riemann
problem both the purely Eulerian and the ALE scheme with ¢ = 5 have been run. The numerical solution computed using the HTC FV]|
scheme in [25] has also been included for comparison. Figs. 6 and 10 show the solutions obtained for a double rarefaction, RP2, and
a double shock, RP6, tests. Combined waves are analysed through the Lax benchmark (RP3), RP4, where two shock colliding waves
lead to three strong discontinuities, and RP7, where a shock presenting a small wave in the density field is generated. The obtained
results are reported in Figs. 7, 8 and 11. Finally, Fig. 9 depicts the solution obtained for the severe left blast problem introduced in
[971.

On the other hand, test cases RP8, RP9 are classically employed to specifically assess numerical methods in the solid limit of the

GPR model [24,36]. The initial condition coincides for both tests but different media are considered: RP8 corresponds to an ideall
elastic solid without heat conduction and RP9 incorporates heat conduction. As expected, a contact discontinuity, two acoustic and
two shear waves plus two additional thermo-acoustic waves, when accounting for heat conduction, are generated, see Figs. 12-13
The provided reference solutions have been computed using the thermodynamically compatible scheme (HTC) proposed in [25],
which solves the entropy equation instead of the total energy conservation law.
All solutions of the semi-implicit hybrid methodology have been computed using an ENO limiting strategy on the primitive
variables. The artificial viscosity has been activated with values ¢, = 0.2 for RP1 and RP7, c, = 2 for RP2 and RP6, ¢, = 0.5 for RP3,
c, =5 for RP4, ¢, = 10 for RP5 and ¢, = 1 for RP8-9. A structured mesh of N, =400 divisions along the x-axis has been employed for
all test cases except for RP5 and RP10, which have been run on grids of N, = 800 and N, = 2000 divisions, respectively. Overall, the|
results obtained show a good agreement with the exact and reference solutions in presence of strong waves.

4.3. Fluid and solid circular explosions

We now analyse two circular explosion test cases designed to trigger genuinely multidimensional wave-propagation effects. The
first one corresponds to the radial extension of the Sod shock tube problem [52], i.e. an inviscid flow with ¢, = ¢, =0 and y = k =0,
and initial condition given by

N if r <05, B 1 ifr<o0s, 5
”(X’O)‘{ 0125 if r>0s5, .0 =0, p(x’o)‘{ 01 ifr>05, rE VA

The results obtained at 7, = 0.25 using the hybrid FV/FE method with ENO limiting are depicted in Fig. 14. For comparison, we include
a reference solution computed solving, with a TVD-FV scheme, the 1D radial PDE with source terms equivalent to the compressible
Euler system [98].

The second circular Riemann problem regards a solid medium [36]. We set 7; = 7, = 102, py = 1, ¢, = 1.0, ¢, = 1, ¢, = 0.5, 7 = 1.4,
and the initial condition

2 ifr<o0.5s,
1 ifr>05.

p(x,0)=1, u(x,0)=0, p(x,0)={
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Fig. 5. RP1 Sod. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model with the fully Eulerian code|
(blue squares) and the ALE scheme (green dashed line) compared against the exact solution for the Navier-Stokes equations (black line) and the|
solution of the GPR model obtained using the HTC FV scheme in [25] (red dashed line). From left-top to right-bottom: density, horizontal velocity|
icomponent, distortion field component A, and pressure. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

|As aforementioned, in the solid limit the GPR model presents curl-free-type involution constraints for the distortion and heat flux
fields. To analyse the behaviour of the proposed GLM cleaning strategy a set of simulations for c,, ¢y € {0,5, 10,20, 50, 100} has been|
run for the solid circular explosion test case. The obtained curl errors are depicted in Fig. 15. As expected, we observe the decay of]
Vx A and Vx J for increasing values of the cleaning speeds. Besides, the contour plots of density, A,; and J, obtained at time 7, = 0.15
are depicted in Fig. 16. To ease comparison with available reference data, the solution for a 1D cut along the positive part of the|
x-axis are reported in Fig. 17. The solutions are presented for both the fully Eulerian scheme and the ALE method with a smoothing
parameter for the mesh velocity ¢ = 5.

4.4. 3D explosion

In this section, the 3D extension of the Sod problem is studied. As computational domain, we define the unit sphere centred at
the origin which is discretized employing a primal mesh made of 8082535 tetrahedral elements. The initial condition is given by

i <0. i <0.
p(x,o>={1 Lo p(x,o)={l ) ux,00=0, r=vx2+)2+22,

0.125 if r> 0.5, 0.1 if r>0.5,
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Fig. 6. RP2 smooth double rarefaction. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue|
squares) compared against the exact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation
lof the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. RP3 Lax. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares) compared against]
the exact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. RP4. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares) compared against the,

lexact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

while the model parameters read ¢, = ¢, =0, y =k =0, ¢, = 2.5 and y = 1.4. Dirichlet boundary conditions are defined in the outer]
boundary. The simulation is run employing the ENO limiting strategy based on physical variables and setting ¢, = 1. The solution
obtained at ¢, = 0.25 is depicted in Figs. 18-19. We observe a good agreement with the reference solution computed with a TVD-FV]|
solver of the carresponding 1D radial PDFE
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Fig. 9. RP5 left blast problem. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares)
icompared against the exact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. RP6 double shock. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares) compared,
lagainst the exact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. RP7. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares) compared against the
lexact solution (black line). From left to right: density, horizontal velocity component and pressure. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

4.5. Shear motion

To analyse the behaviour of the proposed approach for different shears, we consider a shear test in solid mechanics and the
First Stokes problem for fluid dynamics with viscosities y € {10‘4, 1073, 10‘2}. Further, we take ¢, = ¢, =1, ¢, =2.5and y = 1.4 and
u = k = 102 for the solid test case. The initial conditions are given by a Riemann-type problem with

—0.1 ify<o0,
0.1 ify>o0.

p(x,0) =1, p(x,0)=§, Uy (x,0) = 0, u2<x,0>={
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Fig. 12. RP8. 1D cuts of the solution obtained using the hybrid FV/FE method for the compressible GPR model (blue squares) compared against
the reference solution computed using the HTC method proposed in [25] (black line). From left-top to right-bottom: density, velocity component|
lu,, distortion field component A, and pressure. (For interpretation of the references to colour in this figure legend, the reader is referred to the web|
version of this article.)

We define the computational domain Q = [-0.5,0.5] x [-0.05, 0.05] which is discretized employing a regular Cartesian triangular grid
made of N, =400 divisions along the x-axis. We define strong Dirichlet boundary conditions at the left and right boundaries of the|
domain while periodic conditions are imposed in y-direction. The 1D cut of the velocity field component u, approximated at time|
1. = 0.4 is depicted in Fig. 20. For the fluid test cases, the known analytical solution

uy(X,1) = %erf(2 x t>,
u

is also reported while a reference solution, computed using a TVD-FV scheme on a very fine one-dimensional grid, is included for]

lidation of the i lid ; I is of in all

22




S. Busto Computer Methods in Applied Mechanics and Engineering 453 (2026) 118824
105 F Reference solution 035 Reference solution
1 E Hybrid FV/FE r Hybrid FV/FE
E 03fF
0.95F N
09fF 025
0.85F r
= 0.2
0.8 B
c075fF sosf
0.7F N
o 0.1
0.65F r
06fF 0.05
0.55 r
F oF
05 N
Ogs b b ) Yoo N NEE NI NEWEE NS NS FENS FESTE FRS R |
05 -04 -03 -02 -0.1 0 0.1 02 03 04 05 705 -04 -03 -02 -0d 0 0.1 02 03 04 05
X X
03 F Reference solution 18 F Reference solution
0.25 F Hybrid FV/FE 1.25 F Hybrid FV/FE
0.2 ;— 12F
0.15 3 1.15F
01 F
s 11F
0.05 F
F _105F
s' oF < ; F
-0.05F F
F 0.95
01F F
015 09k
02F 085F
025k 0.8F
oY) I B W N N S P P P S| 075:1\\\|\H\|HH|HH|HH|HH|HH|HH|HH|HH|
0.5 -04 -03 -02 -0.1 0 0.1 02 03 04 05 05 -04 -03 -02 -01 0 0.1 02 03 04 05
X X
1.0 F Reference solution 02 r Reference solution
o Hybrid FV/FE 5 Hybrid FV/FE
F 0.15
= o1l
2 0.75 i— —0.05 —
0.7F [
0.65F 0
0.6F i
055 005
0.5F [
oasb b 1 1) [\ NN NN REEY FENEN SN FRNE SRS RWEE N e |
05 -04 -03 -02 -0.1 0 0.1 02 03 04 05 -05 -04 -03 -0.2 -0.1 0 0.1 02 03 04 05
X X
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lis referred to the web version of this article.)
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Fig. 14. Fluid circular explosion 2D. 3D extrusion of the density field and 1D cuts of the density, u, and pressure for {(x,y) € R?|x €[0,1], y =0}
using the hybrid method (blue squares) compared against the reference solution (black line). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

4.6. Double shear layer

The double shear layer is a classical test in fluid dynamics yielding complex flow patterns in the distortion field components when
the GPR model is solved [25,27]. Hence it allows verification of numerical methods in the presence of thin sharp flow structures. In
particular, we consider the initial condition in the computational domain Q = [0, 1]* given by

tanh 30(y — 0.25))  if y < 0.5,

=0. in(2 s s =
(anh (30075 —y))  ify> 05, w20 =005sinC@m).  px.0)=0

px,00=1, u(x,0)= {

and we set the model parameters as ¢, = 3.5, ¢, = \/5, ¢, =8, ¢, =25, u=«=2-1073. The second order Eulerian hybrid scheme i
run up to time 7, = 1.8 with CFL = 0.25 using a primal Cartesian mesh made of 524288 triangular elements. The contour plots of the
distortion field component A,,, reported in Fig. 21, agree well with the solutions obtained for the incompressible GPR model and the|

weakly compressible approach in [38]

24



S. Busto Computer Methods in Applied Mechanics and Engineering

Curl A
CurlJ

10 - -
0 0.05 01 0.15 0 0.05 0.1 0.15

Time Time

Fig. 15. Solid circular explosion. Time evolution of the curl errors for the distortion field, A, (left) and the thermal impulse, J, (right) for cleaning|
speeds c,. ¢; € 10,5, 10,20, 50, 100}.
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Fig. 16. Solid circular explosion 2D. Elevated contour plots of the density, u;, A}, and J; for {(x,y) € R?|x € [0, 1], y = 0} using the hybrid FV/FE
method for the compressible GPR model.
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Fig. 17. Solid circular explosion 2D. 1D cuts of the density, u,, A,, and J, for {(x, »ER? x€e[0,1], y= 0} using the hybrid FV/FE method for|
the compressible GPR model with the Eulerian scheme (blue squares) and with the ALE method (green dashed line) compared against the reference
solution (black line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
4.7. Smooth acoustic wave
To analyse the behaviour of the proposed approach for flows dominated by acoustic waves, we consider the acoustic wave bench-
mark [32]. The initial condition defined in Q = [-2,2]? is given by
px.0)=1, ux0)=0. px.0)=1+c"
with r = 4/x2 + y2. As model parameters, we set y = k = ¢, =0, ¢, = 10710, ¢, = 1, ¢, = 1.4. A first simulation is run using the hybrid
FV/FE method without limiters on a Cartesian grid made of 2097152 primal triangular elements. The contour plots of the Mach|
number, A;, and A,,, and 1D cuts of the density, pressure and velocity component u, at time ¢, = 1 are depicted in Figs. 22-23. The|
1D plots also report the solution obtained using the ALE method with mesh speed smoothing ¢ = 5. To ease validation, a reference
solution computed with a second order TVD FV scheme on a very fine grid is included. We observe that the steep acoustic wave front]
is well captured with both schemes
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Fig. 19. 3D Sod explosion. Contour plots of the density, Mach number, temperature, A,;, A,; and J, for the 2D slices x =0, y=0and z = 0.

4.8. Lid-driven cavity

A classical test case in fluid dynamics, commonly used to assess numerical methods for viscous incompressible flows, is the lid-
driven cavity benchmark, for which we set ¢, =8, ¢, =0, u =102, k =0, ¢, = 1, and y = 1.4. In this test case, the fluid is assumed
to be confined within a unit square cavity with a sliding lid at the top moving at velocity u;, = (1,0)" and an initial fluid at rest.
The computational domain is discretized employing an unstructured grid made of 185984 primal cells and strong wall boundary
conditions are imposed in all boundaries. The results, computed at ¢, = 10 using the asymptotic-preserving method with ENO limiting
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[Fig. 20. First Stokes. 1D cuts along the x-direction of the velocity component u, computed using the Eulerian hybrid FV/FE method for the|
compressible GPR model (blue squares) compared against the exact and reference solutions (black line). From top left to right bottom: shear solid|
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version of this article.)
4.9. Solid rotor
The solid rotor test case is employed to further test the behaviour of the proposed numerical method in the solid limit of the GPR|
model [24,36,76]. The solution in the computational domain Q = [—1, 1]? is initialized as
-y X T
y X i <
0= 0 =1, wxoy=q (Far0) i hi<o2
0 if ||x|| > 0.2.
while the model parameters are ¢, = ¢, = 1, 7, = 6 - 10, 7, = 10%, p, =0, ¢, = 1, ¢, = 1.4. A simulation is run employing the hybrid
FV/FE approach with ENO limiting and an implicit discretisation of the source terms. Besides, periodic boundary conditions are
assumed in all boundaries and the final simulation time is ¢, = 0.3. The obtained solution for representing variables is reported in|
Figs. 25-26. To ease comparison with reference solutions in the bibliography, 1D cuts of p, u;, A, A}, J; and p fields are reported|
in Fig. 27. An excellent agreement is observed for all variables with the numerical approaches proposed in [36,38,76]. The solution|
obtained with the hybrid methodology has been calculated using a very fine unstructured mesh made of 2975744 primal triangular]
lelements which allows a detailed definition of the steepest wavefronts
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Fig. 21. Double shear layer. Contour plots of the distortion field component 4, for t € {0.4,0.8,1.2,1.8}.
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Fig. 24. Lid-driven cavity. Contour plot of the velocity field u, (left) and 1D cut in x— and y—directions of the velocity components (right). The
iprovided reference solution has been taken from [99].

4.10. Sloshing

The last test case corresponds to a sloshing of an inviscid fluid in a moving tank [43,100,101]. The initial computational domain
is Q = [0,1.73] % [0,0.6]. The left, right and bottom boundaries of are assumed to be slip walls moving horizontally following

u () = —wAsin(w), A=0032, = 2%, T=13. 77)

Further, the fluid is left free in the top boundary allowing for the sloshing phenomena to occur. To this end, a pressure boundary,

condition with p,,, = 0 is imposed at the top of the domain while inside the domain the fluid moves with a local fluid velocity with

speed smoothing ¢ = 103. As initial conditions, we consider a fluid at rest with hydrostatic pressure distribution,
10°

p(0,x) =1, u(0,x) =0, p(0,x) = > +5(0.6 - y), g=(0,-g), g =938l (78)

This benchmark is solved employing the second order semi-implicit ALE hybrid method with ENO limiting and auxiliary numerical
viscosity coefficient ¢, = 2. Besides, a Lax time dissipation between the staggered grids is applied over the new contributions of the
transport stage at each time step. Three simulations are run addressing different models: the incompressible Navier-Stokes equations
[43], the incompressible GPR model [38] and the fully compressible GPR model. Moreover, the GPR model has also been employed
to solve the sloshing problem on a second inertial frame, assuming an horizontal convection of the geometry with u2 = (0.01,0)7.

11 four simulations are run on an unstructured triangular mesh of 4072 primal elements up to time ¢, = 9. The time series of thel

30



S. Busto Computer Methods in Applied Mechanics and Engineering 453 (2026) 118824

P
116
114
142
11
1.08
1.06
1.04
1.02
1
098
096
094
0.92

Fig. 25. Solid rotor. Contour plots for the density, u;, A;;, A;,, J; and pressure fields at 7, = 0.3.
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Fig. 29. Sloshing. Pressure contour plot and mesh deformation at times ¢ € {1.2,2.14,3.29} (from top to bottom). Results obtained using the first
order ALE hybrid FV/FE method for the GPR model with artificial viscosity ¢, = 2.

surface elevation of a point tracer initially located at x = (0.05,0.6) is reported in Fig. 28. A good agreement is observed among the|
obtained solutions and with the experimental data from [100]. To further illustrate the obtained solutions and ease comparison with
further references, as e.g. [43,101], several contour plots of the pressure and the mesh deformation computed using the GPR model
are depicted in Fig. 29.

5. Conclusions

A novel semi-implicit direct arbitrary Lagrangian-Eulerian methodology has been presented for the numerical solution of the
GPR model for continuum mechanics. Inspired by all Mach number methods and implicit-explicit techniques, a two-level operator|
splitting is introduced to decouple the computation of transport, pressure and potentially stiff relaxation source terms. The resulting
subsystems are discretised through a hybrid approach which combines explicit finite volume methods for the transport subsystem and
a continuous finite element method for the Poisson-type problem associated with the pressure field and for the Laplacian equation
that may govern the mesh motion. The ODE subsystem related to the source terms is locally solved employing a Runge-Kutta scheme,
This approach yields a time step restriction independent of the pressure waves allowing for a robust and computationally efficient]
treatment of the underlying physical processes able to deal with all Mach number media.

In addition, a thermodynamically compatible augmented GLM GPR model has been introduced, which significantly reduces errors
associated with curl-type involutions. For demanding simulations in the solid limit, employing an exactly curl-free scheme may
become essential. It should also be emphasised that the Galilean invariance of an ALE or Lagrangian numerical method solving the
GPR model depends not only the conservative structure of the governing equations, addressed in the proposed methodology, butf]
also on the geometric compatibility of the distortion and thermal impulse fields. Numerical violations of the curl-free constraints
may introduce spurious frame-dependent contributions, resulting in a loss of Galilean invariance although in practice the current]
implementation demonstrates robustness across standard test cases.

A natural direction for future research is the development of exact involution-preserving discretisations exploiting the staggered
grid structure [41], which would fully enforce the curl-free constraints while maintaining Galilean invariance. The preservation of
additional structural properties, such as thermodynamic compatibility [25,76], will also be addressed.

The numerical results presented demonstrate the capability of the proposed methodology to accurately handle both solids and
fluids at all Mach numbers. Future efforts will, therefore, focus on incorporating very high-order schemes, on employing alternative
lequations of state enabling the treatment of medium to large deformations [62,63], and on extending the methodology to fluid
structure iteration problems.
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