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Resumen de la Tesis Doctoral (in Spanish)

Classification of Leibniz algebras with a given nilradical and

with some corresponding Lie algebra

Resumen abreviado:
Clasificaciéon de algebras de Leibniz con un nilradical dado y con alguna
algebra de Lie correspondiente

En esta tesis se estudia la clasificacion de las algebras de Leibniz con un nilradi-
cal dado y con alguna algebra de Lie correspondiente (el algebra de Leibniz modulo
el ideal generado por los cuadrados de los elementos del dlgebra). Para ello aplica-
mos en algebras de Leibniz el método de Mubarakzjanov usado para algebras de Lie.
Utilizando dicho método clasificamos las &lgebras de Leibniz solubles con nilradical
nulo-filiforme, y extendemos dicha clasificacion al caso en que el nilradical sea una
suma directa de ideales nulo-filiformes y el espacio vectorial complementario del nil-
radical tenga dimension uno. También estudiamos las algebras de Leibniz solubles
cuyo nilradical es el algebra de Lie de las matrices triangulares superiores.

Por otra parte, también estudiamos las algebras de Leibniz solubles con nilradical
filiforme naturalmente graduado. Existen dos clases de dlgebras de Leibniz filiformes
naturalmente graduadas, que no son de Lie, F} y F2. En particular, clasificamos las
algebras de Leibniz solubles con nilradical F} y F>.

La dltima parte de la tesis esté dedicada a la investigacion de las algebras de Leib-
niz correspondientes a las algebras de Lie de tipo diamante. En concreto, describimos
las algebras de Leibniz cuyas algebras de Lie correspondientes son las algebras de
Lie de tipo diamante y con cuatro tipos especificos de modulos indescomponibles.
Finalmente encontramos una representacion fiel del algebra de Lie de tipo general de
diamante, la cual es isomorfa a una subalgebra del algebra de Lie simpléctica.

Las algebras de Leibniz fueron introducidas e investigadas a principios
de los anos 90 del siglo pasado por J.-L. Loday [37H40]. Anteriormente,
tales estructuras algebraicas fueron consideradas por Bloh quien las llamé D-
algebras [13]. Al estudiar propiedades de la homologia de algebras de Lie,
Loday observd que la antisimetria del producto no era necesaria para probar
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la propiedad de derivacién definida sobre las cadenas. Esto le motivéd a intro-
ducir la nocién de algebra de Leibniz por la derecha (equivalentemente, por la
izquierda), la cual es un algebra no asociativa en la que el operador de la multi-
plicacion por la derecha (equivalentemente, por la izquierda) es una derivacion.
Las algebras de Leibniz generalizan &lgebras de Lie de manera natural.

Es bien sabido que existen tres tipos diferentes de dlgebras de Lie: semisim-
ples, solubles, y las que no son ni semisimples ni solubles. Por lo tanto, de-
terminar la clasificaciéon de las algebras de Lie, en general, equivale a revelar
la clasificacién de cada uno de estos tres tipos. Sin embargo, se pueden con-
densar en dos por el Teorema de Levi-Malcev, que es una combinacién de los
resultados formulados en primer lugar por Levi |34] en 1905, y méas tarde por
Malcev [41] en 1945: cualquier algebra de Lie de dimension finita sobre un
cuerpo de caracteristica cero se puede expresar como una suma semidirecta
(la descomposicion de Levi-Malcev) de una subalgebra semisimple (llamada el
factor de Levi) y su radical (su ideal soluble maximal). Esto reduce la tarea de
clasificar todas las algebras de Lie restringiendo la clasificacion a las algebras
de Lie semisimples y solubles.

La clasificacion de las algebras de Lie semisimples fue resuelta completa-
mente por el bien conocido Teorema de Cartan: cualquier algebra de Lie com-
pleja o real semisimple se puede descomponer en una suma directa de ideales
que son subalgebras simples las cuales son mutuamente ortogonales con res-
pecto a la forma de Cartan-Killing. Asi, el problema de clasificar las algebras
de Lie semisimples es equivalente a clasificar todas las algebras de Lie simples
no isomorfas; y la clasificacion de las algebras de Lie simples ya fue obtenida
por Killing, Cartan y otros en la ultima década del siglo XIX (véase [25]).
Por lo tanto, puede admitirse que el problema de la clasificacion de las édlge-
bras de Lie semisimples estd totalmente resuelto en la actualidad. De hecho,
principalmente Killing y Cartan, aunque otros autores también trabajaron en
este tema, clasificaron las algebras de Lie simples en cinco clases diferentes
(las denominadas dlgebras de Lie clasicas simples): las algebras pertenecientes
al grupo especial lineal, las &lgebras ortogonales impares, las algebras ortogo-
nales pares, las dlgebras simplécticas, méas cinco algebras de Lie que no tienen
relacion entre ellas y que no pertenecen a ninguna de las clases anteriores.

Con respecto a la clasificacion de las algebras de Lie solubles, a pesar de
los primeros intentos hecho por Lie |3536] y por Bianchi 12|, puede decirse
que fue Dozias, en 1963, una de los primeros autores que se enfrentaron a este
problema en serio: ella clasifico en su tesis doctoral las dlgebras de Lie solubles
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de dimensiones inferiores a 6 sobre el cuerpo de los nimeros reales [28]. En
ese mismo ano Mubarakzjanov (véase [42-44] y [|48]) también clasifico estas
algebras hasta dimensién 6 sobre el cuerpo de los niimeros reales.

Debido parcialmente a las dificultades para obtener una clasificacién com-
pleta de las algebras de Lie solubles, algunos autores consideraron la idea de
una clasificacién de extensiones solubles de ciertas clases de algebras de Lie. En
particular, las mas relevantes fueron el analisis de todas las dlgebras solubles,
no nilpotentes, con un nilradical dado. Asi, Rubin y Winternitz iniciaron una
linea de investigacion ( |4}5}31,45,50-55,57]) concerniente con la clasificacion
de las algebras de Lie solubles con un nilradical dado, como las 4lgebras de Lie
filiformes, las algebras abelianas (también llamadas de 1-paso), las algebras
de Heisenberg, las algebras de matrices triangulares estrictamente superiores,
y asi sucesivamente (para dimensiones arbitrariamente finitas). La investi-
gacion de las algebras de Lie solubles con algunos tipos especiales de nilradical
proviene de diferentes problemas de la fisica y fueron objeto de varios articu-
los [3,5,/16,24,27], y muchas otras referencias dadas en esos trabajos.

Malcev [41] ya habia reducido en 1945 la clasificacion de las algebras de
Lie complejas solubles a la clasificacion de un subconjunto, las algebras de Lie
nilpotentes. Para ello, Malcev definié un tipo particular de algebra, que llamé
el dlgebra escindida, cuya estructura estd completamente determinada a partir
de su ideal nilpotente maximal (llamado nilradical) y demostr6 que un algebra
de Lie soluble arbitraria esté contenida en una tinica dlgebra escindida minimal.
La relacién entre un algebra y sus escisiones le llevo a la construccion de todas
las algebras de Lie solubles con una escision dada. Mubarakzjanov demostro
que la dimensién del dlgebra escindida no excede del namero de derivaciones nil-
independientes del nilradical |[42]. Asi, de esta manera, la clasificacion de todas
las algebras de Lie solubles se habia reducido a la clasificacion de las algebras de
Lie nilpotentes. Se han realizado muchos progresos en las clasificaciones de las
algebras de Lie nilpotentes. Con respecto a la clasificacién de las dlgebras de
Lie nilpotentes, se han hecho muchos intentos en este tema, y se han publicado
muchas listas de algebras con mayor o menor fortuna.

Durante los tltimos 25 anos se ha investigado activamente en la teorfa de
algebras de Leibniz y se han dedicado numerosos trabajos al estudio de es-
tas algebras. Ayupov y Omirov clasificaron las algebras de Leibniz complejas
de dimension 3 en 1999 [8]. Luego, comenzaron a investigar las algebras de
Leibniz nilpotentes. En la actualidad estan clasificadas las algebras de Leibniz
nilpotentes cuya dimension es menor que cinco. La clasificacion de las algebras
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de Leibniz complejas nilpotentes de dimension finita ya es un problema com-
plicado. Debido a la falta de antisimetria, el problema de clasificar las algebras
de Leibniz complejas nilpotentes es mas dificil.

Se han realizado muchos progresos en el estudio de otras clasificaciones rela-
tivas a algunas propiedades particulares de las algebras de Leibniz nilpotentes.
Omirov consider6 las algebras de Leibniz nilpotentes graduadas. En [9], los
autores clasificaron las algebras de Leibniz nulo-filiformes y filiformes natural-
mente graduadas. Después, muchos trabajos estuvieron dedicados al estudio
de la sucesion caracteristica de las algebras de Leibniz nilpotentes [19-23)].

Las algebras de Leibniz simples y semisimples fueron definidas por Dzhu-
madil’daev [1]. En el trabajo [30], los autores investigaron las algebras de
Leibniz semisimples y demostraron que el teorema de escision (Teorema de
Cartan) para algebras de Leibniz semisimples no es cierto en el caso general.

De hecho, muchos resultados de la teoria de algebras de Lie se han exten-
dido al caso de algebras de Leibniz. Por ejemplo, los resultados clasicos sobre
subalgebras de Cartan [2,46| y el teorema de Engel [7] se han determinado
para el caso de algebras de Leibniz.

El anélogo de la descomposicién de Levi-Malcev para algebras de Leibniz
fue probado por D.W. Barnes |11], que afirma que cualquier algebra de Leibniz
se descompone en una suma semidirecta de su radical soluble y un &lgebra de
Lie semisimple. La parte semisimple se puede describir a partir de los ideales
de Lie simples, por lo tanto, el problema principal de la descripciéon de las
algebras de Leibniz de dimensién finita consiste en el estudio de las algebras
de Leibniz solubles.

Nuestro objetivo es probar el teorema de Mubarakzjanov para el caso de
algebras de Leibniz. En el siguiente teorema se extiende dicha afirmacién para
el caso de Leibniz.

Teorema Sea R un dlgebra de Leibniz soluble y N su nilradical. En-
tonces la dimension del espacio vectorial complementario a N no es mds grande
que el nimero maximal de derivaciones nil-independientes de N .

Usando este método, en el siguiente teorema se clasifican las algebras de
Leibniz solubles con nilradical nulo-filiforme.

Teorema Sea R un dlgebra de Leibniz soluble cuyo nilradical es N Fy,.
Entonces existe una base {e1,ea,...,en,x} del dlgebra R tal que la tabla de
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multiplicacion de R con respecto a esta base tiene la siguiente forma:

lei,e1] =eip1, 1<i<n-—1,
[z,e1] = e,

lei,x] = —ie;, 1<i<n.

Este fue el primer paso para la investigacion de las algebras de Leibniz
solubles con nilradical dado. Ademés, esta clasificacién se extiende al caso en
que el nilradical sea una suma directa de ideales nulo-filiformes y el espacio
vectorial complementario del nilradical sea de dimensién uno.

En la Seccion [1.3] se investigan las algebras de Leibniz solubles cuyo nil-
radical es el algebra de Lie de matrices triangulares superiores. Dado que en el
trabajo [55] se estudian las algebras de Lie solubles con nilradical triangular,
nosotros reducimos nuestro estudio a las algebras de Leibniz que no son de Lie.
En el siguiente corolario, se presentan algunas propiedades de la matriz de los
operadores de las multiplicaciones por la derecha e izquierda para las algebras
de Leibniz solubles de dimensiones minimas posibles con nilradical triangular.

Corolario Para un dlgebra de Leibniz del conjunto L(n, 1), las matrices
de los operadores de las multiplicaciones por la izquierda y por la derecha,
A = (aijpg) ¥y B = (bijpg), tienen las siguientes propiedades:

(1) El nimero mdzximo de elementos fuera de la diagonal de la matriz A es
n—1;

(2) El nimero mdximo de elementos fuera de la diagonal de la matriz B es
n+ 1.

En el Teorema se demuestra que las dlgebras de Leibniz solubles de
dimensiones méximas posibles con nilradical triangular son &algebras de Lie.
Ademas, se establece la clasificacion de las dlgebras de Leibniz solubles de
dimensiones bajas con nilradicales triangulares.

Teorema Un dlgebra de Leibniz soluble del conjunto L(n,n —1) es un
dlgebra de Lie.

En el Capitulo 2] consideramos las dlgebras de Leibniz solubles con nilradical
filiforme naturalmente graduado. En los trabajos |4,52] se estudian las algebras
de Lie solubles con nilradicales filiformes naturalmente graduados. Se establece
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que la dimensién del espacio vectorial complementario es igual a 1 o 2. En los
teoremas siguientes se clasifican las algebras de Leibniz, que no son de Lie,
con nilradicales n, 1 y Q2,, y cuyo espacio vectorial complementario tiene
dimensién 1.

Teorema Cualquier dlgebra de Leibniz soluble de dimension (n+1) con
nilradical ny 1 es isomorfa a una de las siguientes dlgebras no isomorfas entre
ellas:

Rn—i—l,l(oaoal)v Rn—i—l,l(oaluo); Rn+1,1(17170)7 Rn+171(17070)‘

Teorema Cualquier dlgebra de Leibniz soluble de dimension (2n + 1)

con nilradical QQ2y, es isomorfa a una de las siguientes dlgebras no isomorfas
entre ellas:

R2n+1,1(0>07 1)5 R2n+1,1(0; 170)7 R2n+1,1(17 170)a R2n+1,1(1a0a0)'

En el caso de que el espacio vectorial complementario sea de dimensién
2 se establece que no existen algebras de Leibniz, que no sean de Lie, con
nilradicales n, 1 y Q2n.

Es bien conocido que existen dos clases de algebras de Leibniz filiformes
naturalmente graduadas, F} y F2. En los Teoremas [2.2.2} [2.2.3] [2.3.3| y [2.3.4]
se clasifican las 4lgebras de Leibniz solubles con nilradicales F! y F2.

Teorema Cualquier dlgebra de Leibniz soluble de dimension (n+1) con
nilradical F! es isomorfa a una de las siguientes dlgebras no isomorfas entre
ellas:

Rl; RQ(O&), R37 R47 R5(C¥4,...,O&n).

Ademds, el primer pardmetro que no se anula {au,...,an} en las dlgebras
Rs(au, ..., ), puede ajustar la escala a 1.

Teorema Cualquier dlgebra de Leibniz soluble de dimension (n+2) con
nilradical F} es isomorfa a un dlgebra con la siguiente tabla de multiplicacion:

lei,er] =eip1, 2<i<n—1, [e;,z] =ey,
eyl =€ 2<i<n, lena]=(i—1)e;, 2<i<n,

[z,e1] = —e;.
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Teorema Cualquier dlgebra de Leibniz soluble de dimension (n+1) con
nilradical F? es isomorfa a una de las siguientes dlgebras no isomorfas entre
ellas:

Li(a), Lo(a), L3z, La(c), Ls(o), Le(asz,ou,...,an,A,0).

En el dlgebra Le(as, oy, ... ,an, \,0) el primer pardmetro que no se anula
{as, a4, ..., an, \} puede ajustar la escala a 1.

Teorema Cualquier dlgebra de Leibniz soluble de dimension (n+2) con
nilradical F2 es isomorfa a una de las siguientes dlgebras no isomorfas entre
ellas:

[61,61] = €3, [61,6’1] = €i+1, 3§i§n—1,
Li:<¢ e1,z] = e, [z,e1] = —eq,
[62>y] :_[yveQ] = €2, [62',$] — (i—l)e’i? 3<i<mn,
le1,e1] = e3, e e1] = eit1, 3<i<n-—-1,
Ly: ¢ ler,z] =e1, [z,e1] = —e,

[e2,y] = €2, e, x]=(i—1)e;, 3<i<n.

El ultimo capitulo de la tesis se dedica a la investigacion de las algebras de
Leibniz correspondientes a las algebras de Lie de tipo diamante.

Toda algebra de Leibniz L que no sea de Lie contiene un ideal no trivial
(a partir de ahora denotado por I), que es el subespacio generado por los
cuadrados de los elementos del algebra L. Ademas, este ideal esta contenido
en el anulador por la derecha de L, esto es [L, I] = 0. Obsérvese también que
el ideal I es el ideal minimal con la propiedad de que el algebra cociente L/I
es un algebra de Lie; esta algebra cociente se llama la liezacién del algebra
de Leibniz L y se dice que es el algebra de Lie correspondiente al algebra de
Leibniz L.

Un algebra de Leibniz L con algebra de Lie correspondiente de tipo dia-
mante ® = L /I se puede descomponer en una suma directa de espacios vecto-
riales L = © @ I, donde D es la preimagen de ® por el homomorfismo natural
¢: L - ®. Claramente, el I ideal puede considerarse como un ®-moédulo
de Leibniz. Teniendo en cuenta que el ideal I esta contenido en el anulador
por la derecha del algebra L, las multiplicaciones en L se determinan a partir
de los productos [D,D] y [I,D]. Dado que I es un médulo de Leibniz sobre
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el dlgebra de Lie D, se tiene que el producto [I,D] corresponde a un elegido
®-modulo de Lie a la derecha. Asi, el principal problema de la descripciéon de
las algebras de Leibniz con algebra de Lie correspondiente ® y con el ideal
I elegido por un ®-moédulo a la derecha especifico consiste en identificar el
producto [D, D].

Para un 4lgebra de Lie dada de tipo diamante ® de dimensién 4 construi-
mos el asi llamado mddulo Fock sobre D, el espacio lineal F[x] de polinomios
sobre z (F denota un cuerpo algebraicamente cerrado de caracteristica cero)
con la siguiente accion.

Definicion El espacio lineal Fx] es llamado el ©-mddulo Fock si existe

una accion (Flz],®) — Flz], la cual verifica lo siguiente:

(p(z),1) = p(@),
(p(z),z) —  ap(z),
(p(), %) = Zp=)),
(p(@),0) = —eoEE.

para cualquier p(z) € Flz].

En el siguiente teorema, se clasifican las dlgebras de Leibniz de dimension
infinita correspondientes al modulo de Fock de las algebras de Lie de tipo
diamante.

Teorema El dlgebra de Leibniz L con condiciones L/I = D, e I es el
Dc-mddulo de Fock, admite una base

(L7, o &' [teNU{0})

tal que la tabla de multiplicaciones en esta base tiene la siguiente forma:

le,z] =T, [T,e] = -7,
e &l=—% Zd=4&
z21=1  [Z.3=-T
[xt,1] = 2, [zt 7] = 2!t
[zt %] =tat=l [2t,€] = —tat,

donde los productos omitidos son iquales a cero.
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En la Seccién estudiamos las algebras de Leibniz cuya &lgebra de Lie
correspondiente es el dlgebra de Lie de tipo diamante ® de dimensién cuatro y
el ideal I es una de sus representaciones de Leibniz indescomponibles de ® de
dimension finita, las cuales estan descritas en [26]. En este articulo hay cuatro
D-modulos indescomponibles: UL, U2, W, y W2.

Teorema Sea un dlgebra de Leibniz compleja arbitraria con el dlgebra
de Lie correspondiente D¢, y el ideal I asociado definido como U} D¢-mddulo.
Entonces admite una base

0,0 1 2 2
{Ja P—i—v P—v T7 Vg, U2k Vo1, V0> va}kZl,...,n/Qa

donde n es par, y la tabla de multiplicacion [Dc, D] tiene la siguiente forma:

o n=4s
[J, Py] = —iPy, [J,P_] =iP_, [Py, P_] = —2iT,
[Py, J] =iPy, [P_,J] = —iP_, [P_,P]=2iT + 2a;v3,,
[7,T] = a103, [, J] = azv3,, [Py, Pi] = azvi,_y,
[P-, P_] = aqv3, .

([J,Py] = —iPy, [Py, J] = iPy + 2isB1v3,_,,

[J,P_] =iP-, [P, J] = —iP_ — 2isB1v3,,

[P, P_| = —2T, [P—, Py] = 2iT + 252v3,_;,

[J, J] = Brogg_, [J,T] = Bavgy_y,

[Py, Py] = B3vy,_3, [P-, P-] = ﬁ4“2s+1’

[P-HT] 22362”25 29 [ P ] g _1(2552 - (3 - 1)&3)”%5—27
(| [P-.T] = —2ispavd,, [T, P-]=i(4sB2 — (s — 1)Ba)v3,.

donde a;, B; € C, 1 < i < 4.

Teorema Sea un dlgebra de Leibniz compleja arbitraria con el dlgebra
de Lie correspondiente D¢, y el ideal I asociado definido como U? D c-mddulo
de Leibniz. Entonces admite una base

0 112
{J, Py, P, T, 09y 1,00, Vag, Va1 Yh=1,... 025

donde n es par, y la tabla de multiplicacion [Dc, D] tiene la siguiente forma:
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[J, Pi] = —iPy,
[Py, J] = iPy +i(2s + 1)yivd,_y,
[J,P_] =iP_,
[P, J] = —iP- —i(2s + 1)y105,, 1,
[Py, P_] = —2T,
[P_, Pi] = 2iT + 2054,
[J,J] = nvy,,
[J,T] = yav3,,

[P+, P—‘r] = ’731)%3727
[P—7P—] = ’)/41}%5_‘_2,
[Py, T) = i(2s + 1)y2v34_y,

(25 —1)7s

2
2 )025—1»

[T, Py) = =i((25 4 1)z
[P_,T] = —i(2s + 1)j203, 1,

. 25 —1)ya
[T, P_]=14i(2(2s 4+ 1)y2 — %)U%s—i—lv

[J,Py] = —iPy, [J,P_]=iP_, [Py,P_]=—2iT,

[Py, J] =iPy, [P_,J] = —iP—_, [P_,Py]=2iT + 251v3, 1,
[‘]’ T] 61”%371 [‘]7 J] = 52”%3717 [P-i-’ P—i—] = 63”%5737

[

donde ~;, §; € C, 1 <1i<4.

Teorema Sea L un dlgebra de Leibniz compleja con el dlgebra de Lie
correspondiente de tipo diamante D¢, y el ideal I asociado definido como un
Dc-mddulo de Leibniz por las representaciones indescomponibles W1 o W2.
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Entonces [D¢,Dc] tiene la siguiente forma:

[J7P+] = —[P+,J] = —iPy,
[J,P] = —[P_,J] = iP_,
(P, P ] = —[P_,Py] = —2iT.

Segin el teorema de Ado, dada cualquier algebra de Lie compleja g de
dimensién finita, existe un algebra de matrices isomorfa a g. De esta manera,
toda algebra de Lie compleja de dimensién finita puede representarse como
una subalgebra de Lie del algebra lineal general compleja gl(n, C), formada por
todas las matrices complejas n x n, para algin n € N. Nosotros consideramos
el siguiente invariante valorado entero de g:

p(g) = min{dim(M) | M es un g-modulo fiel}.

Se deduce de la demostracion del teorema de Ado que p(g) puede acotarse
por una funciéon que depende solo de n. Este valor también es igual al valor
minimal n tal que gl(C,n) contiene una subalgebra isomorfa a g:

f(g) = min{n € N | 3 subélgebra de gl(C,n) isomorfa a g}.

Dada un é&lgebra de Lie g, una representaciéon de g in C" es un homo-
morfismo de algebras de Lie f: g — gl(C") = gl(C,n). El entero natural
n se llama la dimensién de esta representacion. Consideramos representa-
ciones fieles porque tales representaciones nos permiten identificar un algebra
de Lie dada con su imagen por la representacién, que es una subélgebra de
Lie de gl(C,n). Las representaciones también se pueden definir usando espa-
cios vectoriales arbitrarios V' de dimension n (véase [29]). En tal caso, una
representaciéon serfa un homomorfismo de algebras de Lie de g al algebra de
Lie gl(V') de endomorfismos del espacio vectorial V, el cual es llamado un
g-modulo. Sin embargo, basta con considerar representaciones en C" porque
siempre existe un n € N tal que V es isomorfo a C".

Muchos trabajos se dedican a encontrar el valor u(g) para varias algebras
de Lie de dimension finita. En [17], se encuentra el valor de u(g) para élgebras
de Lie abelianas y algebras de Heisenberg, y ademaés, se estima el valor de u(g)
para algebras de Lie filiformes.
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En la Seccion [3.4] encontramos la representacion fiel minimal del dlgebra de
Lie general compleja de tipo diamante ©,,(C) de dimension (2m + 2), la cual
es isomorfa a una subéalgebra del algebra de Lie lineal especial sl(m + 2, C).
Luego se construyen élgebras de Leibniz con el algebra de Lie correspondiente
de tipo general de diamante y con el ideal generado por los cuadrados de los
elementos en esta representacion fiel.

Proposicion Sea ©,,(C) un dlgebra de Lie de tipo general de diamante
de dimension (2m + 2) con la base

{J’Pf’»7p2<|—""7P7—7"’L_7Q177Q277""Q7:’L?T}‘

Entonces su representacion fiel minimal estd dada por la correspondencia

m m
<p:9J+ZakP,j+Z,BkQ,;—|—5T»—>

k=1 k=1
721120 o Q1 - - a9 a1 —%5
0 3250 a ... 0 0 Bum
0 Oy S, A 0 Bm
0 0 0 ce —mQ_T_ze a21 ﬁQ
0 0 0 S50 0 —m}r20 '51
0 0 0 <. 0 0 7731129

Teorema Sea L un dlgebra de Leibniz arbitraria con el dlgebra de Lie
correspondiente ©,,(C) y el ideal I asociado definido como un D, (C)-mddulo.
Entonces existe una base

{J7P1+7P2+7'"7P7—rt7Q1_7Q2_7"'7Q;1aT7X17X27"'7Xm+2}

de L tal que
[D1(C), D (C)] € D (C).

Finalmente, en la Secci(’)nencontramos una representacion fiel de ©,,(R)
que es isomorfa a una subéalgebra del algebra de Lie simpléctica sp(2m + 2, R).
También investigamos las algebras de Leibniz construidas por esta repre-
sentacion de &lgebras de Lie de tipo general de diamante.

XXV1



Proposicion Sea D, (R) un dlgebra de Lie real de tipo general de

diamante de dimension (2m + 2) con la base

{J,P1,Ps, ..., Ppn,Q1,Q2,...,Qm,T}.

Entonces es isomorfa a una subdlgebra de sp(2m + 2,R) via la aplicacion

bial +> P+ Y cpQp +dT ——

k=1 k=1
0 bl b2 bm Cm ... (&) C1 2d
o o0 o0 ... 0|0 ... 0 —a
0 0 0 0|0 ... —a O c2
o o0 ... 0|-=a ... O 0 Cm
00 0 ... a|O0O ... 0 0 -—bn
0 0 a ... 00 ... 0 0 —bo
O a 0 ... 0|0 ... O 0 —bh
o0 o0 ... 00 ... 0 O 0

Teorema Sea un dlgebra de Leibniz real arbitraria con el dlgebra de
Lie correspondiente D, y el ideal I asociado definido como un 9 ,,-mddulo.
Entonces admite una base

{J)-Pl)P27"')PmanaQQa'"7QmaT7X17X27"'7X2m+2}
tal que la tabla de multiplicacion [D,,, Dp] tiene la siguiente forma:

[J7 J] = a1X2m+27 [J7 Pk?] - _[Pka J] - Qk)
[J, Qr) = —[Qx, J] = — P, [Pi, Q] = —[Qr, Pi] =T,
[Pk:a Ps] = [Qka Qs] = bk,sX2m+27 [Pka Qs] = [Qk’,PS] = Ck’,sX2m+27

con las restricciones

bk,s = _bs,ka Ck,s = Cs )k 1< k, s < m, k 7é S.
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Introduction

Leibniz algebras were introduced and investigated at the beginning of the 90s of
the past century by J.-L. Loday [37-40]. Earlier, such algebraic structures were
considered by Bloh who called them D-algebras [13|. In studying the properties
of the homology of Lie algebras, Loday observed that the antisymmetry of the
product was not needed to prove the derivation property defined on chains.
This motivated him to introduce the notion of right (equivalently, left) Leibniz
algebra, which is a nonassociative algebra with the right (equivalently, left)
multiplication operator being a derivation. Leibniz algebras generalize Lie
algebras in natural way.

It is already well known, there exist three different types of Lie algebras: the
semisimple, the solvable, and those which are neither semisimple nor solvable.
So, determining the classification of Lie algebras, in general, is equivalent to
revealing the classification of each of these three types. However, by the Levi-
Malcev Theorem, which is a combination of the results formulated firstly by
Levi [34] in 1905, and later by Malcev [41] in 1945: any finite-dimensional
Lie algebra over a field of characteristic zero can be expressed as a semidirect
sum (the Levi-Malcev decomposition) of a semisimple subalgebra (called the
Levi factor) and its radical (its maximal solvable ideal). It reduces the task of
classifying all the Lie algebras to obtaining the classification of the semisimple
and of solvable Lie algebras.

The classification of semisimple Lie algebras was completely solved by the
well-known Cartan Theorem: any semisimple complex or real Lie algebra can
be decomposed into a direct sum of ideals which are simple subalgebras being
mutually orthogonal with respect to the Cartan-Killing form. So, the problem
of classifying semisimple Lie algebras is then equivalent to that of classifying
all non-isomorphic simple Lie algebras; and the classification of simple Lie al-
gebras was already obtained by Killing, Cartan and others in the last decade of
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the 19" century (see [25]). Hence, it can be admitted that the problem of the
classification of semisimple Lie algebras is at present totally solved. Indeed,
mainly Killing and Cartan, although other authors also worked in this subject,
classified simple Lie algebras in five different classes (the so-called simple clas-
sical Lie algebras): the algebras belonging to the linear special group, those
odd orthogonal algebras, the even orthogonal algebras, the symplectic alge-
bras, plus five Lie algebras having no relation among them and not belonging
to any of the previous classes.

With respect to the classification of solvable Lie algebras, in spite of the
first attempts by Lie [35],36] and Bianchi [12], it can be said that Dozias was
one of the first authors who faced this problem seriously, in 1963: she classified
in her Ph.D. thesis the solvable Lie algebras of dimensions less than 6 over the
field of the real numbers [28]. In that same year Mubarakzjanov (see [42-44]
and [48] too) also classified these algebras up to dimension 6 over the field of
the real numbers.

Partially due to the difficulties of obtaining a complete classification of the
solvable Lie algebras, some authors considered the idea of a classification of
solvable extensions of certain classes of Lie algebras. In particular, the most
relevant were the analysis of all solvable, non-nilpotent algebras with a given
nilradical. So, Rubin and Winternitz started a research line ([4}/5,31,45L50-55
57]) which has been dealing with the classification of solvable Lie algebras with
a given nilradical, such as the filiform Lie algebras, the abelian algebras (also
called 1-step), the Heisenberg algebras, the algebras of strictly upper triangular
matrices, and so on (for arbitrary finite dimensions). The investigation of
solvable Lie algebras with some special types of nilradical comes from different
problems in physics and was the subject of various papers [3./5/16,24,27] and
many other references given therein.

Malcev [41] had already reduced in 1945 the classification of complex solv-
able Lie algebras to the classification of one subset, the nilpotent Lie algebras.
To do it, Malcev defined a particular type of algebra, that he called splittable
algebra, whose structure is completely determined from its maximal nilpotent
ideal (called nilradical) and proved that an arbitrary solvable Lie algebra is
contained in a unique minimal splittable algebra. The relation between an
algebra and its splittings led him to the construction of all solvable Lie alge-
bras with a given splitting. Mubarakzjanov proved that the dimension of the
splittable algebra does not exceed the number of nil-independent derivations of
the nilradical [42]. So, in this way, the classification of all solvable Lie algebras
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had been reduced to the classification of the nilpotent Lie algebras. A lot of
progress has been made in the classifications of nilpotent Lie algebras. With
respect to the classification of nilpotent Lie algebras, many attempts have been
made on this topic, and lots of lists of algebras have been published with bigger
or less fortune.

During the last 25 years the theory of Leibniz algebras has been actively
investigated and numerous papers have been devoted to the study of these al-
gebras. Ayupov and Omirov classified the three-dimensional complex Leibniz
algebras in 1999 [8]. Then, they had begun to investigate the nilpotent Leibniz
algebras. At the present time the nilpotent Leibniz algebras whose dimension
is less than five are classified. The classification finite-dimensional of complex
nilpotent Lie algebras is already a complicated problem. Due to lack of an-
tisymmetry the problem of classifying complex nilpotent Leibniz algebras is
more difficult.

A lot of progress has been made in the study of other classifications con-
cerning some particular properties of nilpotent Leibniz algebras. Omirov con-
sidered the graded nilpotent Leibniz algebras. In [9], the authors classified
naturally graded null-filiform and filiform Leibniz algebras. After, many works
were devoted to the study of the characteristic sequence of the nilpotent Leib-
niz algebras [19-23].

Simple and semisimple Leibniz algebras were defined by Dzhumadil’daev
[1]. In the paper [30] the authors investigated the semisimple Leibniz algebras
and they showed that the splitting theorem (Cartan Theorem) for semisimple
Leibniz algebras is not true in general case.

In fact, many results of the theory of Lie algebras are extended to Leibniz
algebras case. For instance, the classical results on Cartan subalgebras |2,/46]
and Engel’s theorem |[7] are established in Leibniz algebras case.

The analogue of the Levi-Malcev decomposition for Leibniz algebras was
proved by D.W. Barnes [11], that asserts that any Leibniz algebra decomposes
into a semidirect sum of its solvable radical and a semisimple Lie algebra.
The semisimple part can be described from the simple Lie ideals, therefore,
the main problem of the description of the finite-dimensional Leibniz algebras
consists of the study of the solvable Leibniz algebras.

Our goal is to prove the Mubarakzjanov theorem for the Leibniz algebras
case. In Theorem [L.2.2] the assertion for Leibniz case is extended. In Theo-

rem [1.2.6] solvable Leibniz algebras with null-filiform nilradical are classified.
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It is a first step for the investigation of solvable Leibniz algebras with given
nilradical. Moreover, this classification is extended to the case when the nil-
radical is a direct sum of null-filiform ideals and the complementary vector
space of the nilradical has one dimension.

In Section solvable Leibniz algebras whose nilradical is the Lie algebra
of upper triangular matrices are investigated. Since in the work [55] solvable
Lie algebras with triangular nilradical are studied, we reduce our study to
non-Lie Leibniz algebras. In Corollary some properties of the matrix of
right and left multiplication operators for solvable Leibniz algebras of minimum
possible dimensions with triangular nilradical are presented. In Theorem [I.3.4]
it is proved that solvable Leibniz algebras of maximum possible dimensions
with triangular nilradical are Lie algebras. Furthermore, the classification
of the low-dimensional solvable Leibniz algebras with triangular nilradicals is
established.

In Chapter [2] we consider solvable Leibniz algebras with naturally graded
filiform nilradical. In the works [4,/52] solvable Lie algebras with naturally
graded filiform nilradical are described. In Theorems the non-Lie
Leibniz algebras with n, 1 and @2, nilradicals whose complementary vector
space has dimension 1 are classified. In the case of complementary vector
space of dimension two it is established that non-Lie Leibniz algebras with n,, 1
and @9, nilradicals do not exist. It is well known that there are two classes
of naturally graded filiform Leibniz algebras F! and F2. In Theorems m
2.2.3] [2.3.3| and [2.3.4 solvable Leibniz algebras with nilradical F} and F? are
classified.

Every non-Lie Leibniz algebra L contains a non-trivial ideal (from now on
denoted by I), which is the subspace spanned by the squares of elements of the
algebra L. Moreover, this ideal is contained in the right annihilator of L, that
is [L, I] = 0. Note also that the ideal I is the minimal ideal with the property
that the quotient algebra L/I is a Lie algebra (the quotient algebra is called
liezation of the Leibniz algebra L).

One of the approaches to the investigation of Leibniz algebras is a descrip-
tion of such algebras whose quotient algebra with respect to the ideal I is a
given Lie algebra [6,(18,47.|49].

The map I x L/I — I defined as (i,T) + [i,x] endows I with a structure
of L/I-module. Considering the direct sum of vector spaces Q(L) :=L/I &I,
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the operation (—,—) defines a Leibniz algebra structure on Q(L) with multi-
plication

z,9] = [z,y], [z,i]=][x,4, [i,z]=0, [i,5]=0, z,ye€L,ijel.

Therefore, for a given Lie algebra g and a g-module M, we can construct
a Leibniz algebra L = g & M by the above construction.

The last chapter of the thesis is devoted to the investigation of Leibniz al-
gebras corresponding to Diamond Lie algebras. Actually, for a Leibniz algebra
L corresponding to the Diamond Lie algebra ® = L/I we decompose it into
direct sum of vector spaces L = © ® I, where ® is the preimage of ® under the
natural homomorphism ¢: L — . Clearly, the ideal I can be considered as
a Leibniz ®-module. Taking into account that the ideal I is contained in the
right annihilator of the algebra L, the multiplications in L are determined by
the products [D,D] and [I,D]. Since I is a Leibniz module over the Lie algebra
D, then the product [I,D] corresponds to a chosen right Lie ®-module. Thus,
the main problem of the description of Leibniz algebras corresponding to the
Lie algebra ® and with the ideal I chosen by specific right ®-module consists
of identifying the product [©,D].

For a given four-dimensional Diamond Lie algebra ® we construct the so-
called Fock module over @, the linear space F[z] of polynomials on z (F denotes
an algebraically closed field of characteristic zero) with the action which is in-
troduced in Section[3.2] In Theorem 3.2.2]infinite-dimensional Leibniz algebras
corresponding to the Fock module of Diamond Lie algebras are classified.

In Section |3.3| we study Leibniz algebras whose corresponding Lie algebra is
the four-dimensional Diamond Lie algebra ® and the ideal I is one of its finite-
dimensional indecomposable Leibniz representations of ® which are described
in the work [26]. In this paper there are four indecomposable D-modules:
UL U2 W} and W2.

According Ado’s Theorem, given any finite-dimensional complex Lie al-
gebra g, there exists a matrix algebra isomorphic to g. In this way, every
finite-dimensional complex Lie algebra can be represented as a Lie subalgebra
of the complex general linear algebra gl(n, C), formed by all the complex n x n
matrices, for some n € N. We consider the following integer valued invariant
of g:

p(g) = min{ dim (M) | M is a faithful g-module}.

xxxiii



It follows from the proof of Ado’s Theorem that u(g) can be bounded by a
function depending only on n. This value is also equal to the minimal value n
such that gl(C,n) contains a subalgebra isomorphic to g:

i(g) = min{n € N | 3 subalgebra of gl(C,n) isomorphic to g}.

Given a Lie algebra g, a representation of g in C" is a homomorphism of
Lie algebra f: g — gl(C") = gl(C,n). The natural integer n is called the
dimension of this representation. We consider faithful representations because
such representations allow us to identify a given Lie algebra with its image
under the representation, which is a Lie subalgebra of gl(C, n). Representations
can be also defined by using arbitrary n-dimensional vector spaces V' (see [29)]).
In this case, a representation would be a homomorphism of Lie algebras from
g to the Lie algebra gl(V') of endomorphisms of the vector space V', which is
called g-module. However, it is sufficient to consider representations on C™
because there always exists a unique n € N such that V' is isomorphic to C™.

Many works are devoted to finding the value pu(g) of several finite-
dimensional Lie algebras. In [17] the value of u(g) for abelian Lie algebras
and Heisenberg algebras is found, moreover, the value of u(g) for filiform Lie
algebras is estimated.

In Section we find a minimal faithful representation of the (2m + 2)-
dimensional complex general Diamond Lie algebra ®,,(C), which is isomorphic
to a subalgebra of the special linear Lie algebra s[(m+2, C). Then we construct
Leibniz algebras with corresponding general Diamond Lie algebra and the ideal
generated by the squares of elements in these faithful representations.

Finally, in Section we find a faithful representation of ®,, which is
isomorphic to a subalgebra of the symplectic Lie algebra sp(2m+2,R). We also
investigate the Leibniz algebras constructed by this representation of general
Diamond Lie algebras.
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Chapter 1

Solvable Leibniz algebras with
null-filiform and triangular
nilradicals

In this chapter we put the first steps to describing solvable Leibniz algebras
with given nilradicals. It is known that any solvable Leibniz algebra can de-
composed in sum of the nilradical and its complementary vector space. For the
solvable Lie algebras Mubarakzjanov offered the method in which he said that
the dimension of the complementary space is not greater than the maximal
number of nil-independent derivations of the nilradical. Our goal is to show
the validity of the Mubarakzjanov’s method for Leibniz algebras. Using this
method the solvable Leibniz algebras with null-filiform nilradicals are classified.
Moreover, we classify the minimal dimensional solvable Leibniz algebras whose
nilradical is equal to the sum of null-filiform algebras. In the last section we
describe solvable Leibniz algebras with triangular nilradicals. Furthermore, we
establish that a solvable Leibniz algebra of maximal possible dimension with
a given triangular nilradical is a Lie algebra.

1.1 Basic results from the theories of Lie and Leibniz
algebras

In this section we give necessary definitions and preliminary results.
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2 1 Solvable Leibniz algebras with given nilradicals

Definition 1.1.1 ( [15]). An algebra g over a field K is called a Lie algebra if
its multiplication (denoted by (x,y) — [x,y]) satisfies the identities:

(1) [z,2] =0,

(2) (o2 21) + s [ ) + L2 [2,9]] = 0,

forall z,y,z in g.

The product [z,y] is called the bracket of = and y. Identity (2) is called
the Jacobi identity.

Definition 1.1.2. An algebra L over a field K is called a Leibniz algebra if for
any x,y,z € L, the Leibniz identity

[[z,9], 2] = [[z, 2], y] + [z, [y, 2]
is satisfied, where [—, =] is the multiplication in L.

For the shortness, instead Leibniz identity [[z,y], 2] = ([, 2], y] + [z, [y, 2]]
we will use below the notation {z,y, z}.
For a Leibniz algebra L we consider the following derived and lower central
series:
(i) LW =1r, £ — [ L), n>1;
(ii) L'=1L, Lt = 1" L, n > 1.
Definition 1.1.3. An algebra L is called solvable (nilpotent) if there exists
s € N (k € N, respectively) such that L) = 0 (L*¥ = 0, respectively).

The minimal number s (respectively, k) with such property is called index of
solvability (respectively, of nilpotency) of the algebra L.

Evidently, the index of nilpotency of an n-dimensional algebra is not greater
than n + 1.

Definition 1.1.4. An n-dimensional Leibniz algebra is called null-filiform if
dimLi=n+1—i, 1<i<n+1.

Evidently, any null-filiform Leibniz algebra has maximal index of nilpo-
tency.

Theorem 1.1.5 (|7]). An arbitrary n-dimensional null-filiform Leibniz algebra
1s isomorphic to the algebra:

NF, : le,e1] =eit1, 1<i<n-—1,

where {e1,ea,...,en} is a basis of the algebra.



1.1 Basic results from the theories of Lie and Leibniz algebras 3

Actually, a nilpotent Leibniz algebra is null-filiform if it is a one-generated
algebra. Note, that this notion has no sense in Lie algebras case, because they
are at least two-generated.

Definition 1.1.6. A Leibniz algebra L is said to be filiform if dim L} = n — 1,
for2 <i<mn, where n = dim L.

Definition 1.1.7. Given a filiform Leibniz algebra L, put L; = L'/L*, 1 <
i<n—1,andgrL =L ® Ly ®...Ly_1. Then [L;, L;] C Liyj and we obtain
the graded algebra gr L. If gr L and L are isomorphic, denoted by gr L = L, we
say that the algebra L is naturally graded.

Thanks to [56] it is known two types of naturally graded filiform Lie alge-
bras. Moreover the second class appears only in the case of even dimension.

Theorem 1.1.8. Any complex naturally graded filiform Lie algebra is isomor-
phic to one of the following non-isomorphic algebras:

N1t iy e1] = —[er, e = eiy1, 2<:<n-1
) { [ei, e1] = —le1, €] = eita, 2<4<2n-—2,
Qa2n : , T Ny A :
(i, e2nt1—i] = —[eant1—i €] = (=1)%e2n, 2 <0 <.

In the following theorem we present the classification of naturally graded
filiform non-Lie Leibniz algebras.

Theorem 1.1.9 ( [10]). Any complex n-dimensional naturally graded filiform
non-Lie Leibniz algebra is isomorphic to one of the following non-isomorphic
algebras:

le1, e1] = es,

! lei,e1] =eit1, 3<i<n-—1L1

Fl. lei,e1] = eir1, 2<i<mn-—1, F,%: {
Definition 1.1.10. The (unique) mazimal nilpotent ideal of a Leibniz algebra
1s called the nilradical of the algebra.

A derivation for Leibniz algebras is defined as usual.

Definition 1.1.11. A linear map d: L — L is called a derivation of L if

d([z,y]) = [d(z),y] + [2,d(y)] for any x,y € L.

The space of all derivations is denoted by Der(L).



4 1 Solvable Leibniz algebras with given nilradicals

For an arbitrary element x € L, we consider the right multiplication op-
erator Ry: L — L defined by R.;(z) = [z, x]. Right multiplication operators
are derivations of the algebra L and are called inner derivations. The set
R(L) ={R; | z € L} is a Lie algebra with respect to the commutator and the
following identity holds:

RyRy — RyRy = Ry, .

The right annihilator of a Leibniz algebra L, denoted by Ann,(L), is
Ann, (L) = {x € L | [y,z] = 0 forall y € L}. The left annihilator of
a Leibniz algebra L, denoted by Anny(L), is Anny(L) = {z € L | [z,y] =
0 for all y € L}. The center of a Leibniz algebra L, denoted by Center(L), is
Center(L) = Ann, (L) NAnny(L) ={z € L | [y,z] = [z,y] =0forall y € L}.

Definition 1.1.12 ( [42]). Let dy,ds, ..., d, be derivations of a Leibniz algebra
L. The derivations dy,da,...,dy are said to be nil-independent if

ardy + agds + - - - + andy,

s not nilpotent for any scalars aq, s, ..., a, € C, which are not all zero.
In other words, if for any a1, a9, ..., a, € C there exists a natural number
k such that (c1dy + aadg + -+ + Oéndg)k =0, thenag =ag =---=q, =0.

The classical Engel’s theorem for Lie algebras has the following analogue
for Leibniz algebras.

Theorem 1.1.13. A Leibniz algebra L is nilpotent if and only if R, is nilpotent
for any x € L.

Similar to the case of finite-dimensional Lie algebras we have the following
theorem.

Theorem 1.1.14. A Leibniz algebra L is solvable if and only if L? is a nilpotent
Leibniz algebra.

Further, we will use Lie’s theorem for proving the main result.

Theorem 1.1.15 ( |32 Lie’s theorem). If L is a solvable Lie algebra of linear
transformations in a finite-dimensional vector space V over an algebraically
closed field of characteristic 0, then the matrices of L can be taken in simulta-
neous triangular form.
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Let us consider the finite-dimensional Lie algebra T'(n) of the upper-
triangular n X n matrices with n > 3 over the field of the complex numbers.
The products of the basis elements {N;; | 1 < i < j < n} of T'(n), where Nj;
is a matrix with the only non-zero entry at i-th row and j-th column equal to
1, can be computed by

[Nij7Nkl] = jkNil - 5ilNkj-

For a natural number f let G(n, f) be a set of solvable Lie algebras of
dimension 3n(n—1)+ f with nilradical T'(n). Let Q = (X', X2,..., X7/), where
@ is the complementary vector space of the nilradical T'(n) to an algebra from

G(n, f)-

Denote

[Nij’Xa] = Z a%‘,qupm [XayXB] = Z O'SqBNpq, (1.1.1)

1<g—p<n 1<g—p<n

af
where 1 <, 8 < f, and af; ,.,0pg €C, p<g<n.

T
Let N be a vector column

(N12, Nag, o« o, Nin—1yn N3y Naas -, Nin—2yns - - Nin) -
Then we have
Rxao(N) = A°®N,

where A% = (af; ), 1<i<j<mn, 1<p<q<n,are sn(n—1) x 3n(n—1)
complex matrices.
The following lemma provides some information about the structure of the

matrices above.

Lemma 1.1.16 ( [55]). The structure matrices A* = (af;,.), 1 < i < j <
n, 1 <p < q<n, have the following properties:

(i) They are upper triangular;

(1) The only off-diagonal matriz elements that do not vanish identically and
cannot be annulled by a redefinition of the elements X< are:

a%2,2n; aia(iﬂ),ln (2<i<n-2), a?n—l)n,l(n—l);
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(i1i) The diagonal elements aq( 1 <i<n-—1, are free to vary. The

i(i4+1),i(i+1)°
other diagonal elements satisfy

k—1

agﬂvik = Z ag(p+1)7p(p+1)’ k>i+ 1.
p=i

Lemma 1.1.17 ( [55]). The mazimal number of non-nilpotent elements is

fmax =n—1.

1.2 Solvable Leibniz algebras with null-filiform nil-
radical

Let R be a solvable Leibniz algebra. Then it can be decomposed into the form
R = N & Q, where N is the nilradical and @ is the complementary vector
space. Since the square of a solvable algebra is a nilpotent ideal and the finite
sum of nilpotent ideals is a nilpotent ideal too, then the ideal R? is nilpotent,
i.e. R2 C N and consequently, @*> C N.

Lemma 1.2.1. Let x € @ be such that the operator R$|N 1s nilpotent. Then
the subspace V- = (x + N) is a nilpotent ideal of the algebra R.

Proof. Since R?> C N, V is an ideal. We argue that it is nilpotent. If a € N,

then R, is a nilpotent operator. Let us suppose that there exists k € N

k k+1
such that (Ra\N> = 0, then (Ra‘v> = 0. Hence Ra|v is nilpotent. V

is an ideal of the solvable Leibniz algebra R, then Inn(V') is a solvable Lie
algebra of End(V'), and so by Lie’s theorem there exists a basis such that Ra),
and R, , are upper triangular; moreover, Ra|v is nilpotent, which means that
Ray, has zero diagonal elements. On the other hand, by assumption, R is
nilpotent, then with a similar argument as the previous one, there exists s € N

s s+1
such that (Rx|N> = 0, then (Rm|v> = 0. Summarizing, Ra|v and R93|v

are nilpotent and upper triangular, hence Raj, + Ry, 18 nilpotent. Thus, by
Engel’s theorem, V' is a nilpotent ideal. O

Theorem 1.2.2. Let R be a solvable Leibniz algebra and N its nilradical. Then
the dimension of the complementary vector space to N is not greater than the
mazimal number of nil-independent derivations of N.
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Proof. We assert that every Rx|N, x € @, is a non-nilpotent outer derivation
of N. Indeed, if there exists some z € () such that the operator R, is
nilpotent, then the subspace V' = (z + N) is a nilpotent ideal of the algebra R
by Lemma [1.2.1] contradicting the maximality condition of .

Let {z1,...,zm} be a basis of Q. Then the operators Reilys- s Ramly
are nil- 1ndependent since if for some scalars {Oél, <oyt € C\ {0} we have

that (Z iR, ‘N) =0, then R¥ vy , Where y = Z a;x;. Hence y = 0, and so
i=1
a; =0 for i1=1,...,m.
Therefore, we see that the dimension of () is bounded by the maximal
number of nil-independent derivations of the nilradical N. Moreover, similar

to the case of Lie algebras, for a solvable Leibniz algebra R we also have the
dim R
: O

inequality dim N >

From Theorem we conclude the following properties of derivations of
null-filiform Leibniz algebras.

Proposition 1.2.3. Any derivation of the algebra N F,, has the following ma-
triz form:

al as as 6o o (07%%

0 2a1 az .. Qp-—q
0 0 3ar ... ap—2
0 0 0 ... nag

Proof. The proof is carried out by checking the derivation property on the
algebra N F,,. O

Corollary 1.2.4. The mazximal number of nil-independent derivations of the
n-dimensional null-filiform Leibniz algebra NF,, is 1.

Proof. Let
ai a5 ay
1 1 1
0 2a] a3 ... ap 4
K2 (2
D=0 0 3ay ... a, 5|, i=1,2,...,p,
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7 n

be derivations of NF,,. If p > 1, then (Di — Z—%D1> = 0 with non-trivial
1

scalars. Hence {D1, D»,...,D,} are not nil-independent. O

Corollary 1.2.5. The dimension of a solvable Leibniz algebra with nilradical
NF, is equal to n + 1.

Proof. Let us assume that the solvable Leibniz algebra is decomposed as R =
NF, ® Q. By Corollary and Theorem we have dim Q) = 1. O

From now on, the method of classification of algebras used in this thesis is
based on the following procedure.

CLASSIFICATION PROCEDURE

The classification algorithm of Leibniz algebras in fixed dimension
consist of the following steps:

e finding a basis in which the multiplication table of an algebra
have the most convenient form;

e to reduce the study of general basis transformations to the sim-
ple ones;

e to find relations between parameters (structural constants) in
initial and transformed bases;

e present the list of pairwise non-isomorphic algebras such that
any algebra with the considered conditions is isomorphic to an
algebra of the presented list.

Now we apply this classification algorithm for solvable Leibniz algebras
with given nilradicals.

Theorem 1.2.6. Let R be a solvable Leibniz algebra whose nilradical is N F),.
Then there exists a basis {e1,ea,...,en,x} of the algebra R such that the mul-
tiplication table of R with respect to this basis has the following form:

lei,e1] =eip1, 1<i<n-—1,
[z,e1] = ey,

lei,x] = —ie;, 1<i<n.
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Proof. According to Theorem and Corollary there exists a ba-
sis {e1,€,...,en,x} such that all products of elements of the basis, except
for the products [e;, ] which can be derived from the equalities [ej+1,x] =
[[ei, 61],:5] = [ei, [61,:13]] + [[ei,x], 61], 1 <i < n —1, have the following form:

lei, e1] = €it1, 1<i<n-—1,
n
[$761] == Zaiei7
i=1
n
e, z] =) Bies,
i=1
n
[z, 2] = Z%’ez',
i=1

where {e1,ea,...,e,} is a basis of NF,, and {z} is a basis of Q.
Now we consider the following two possible cases.
Case 1. Let ag # 0. Then taking the change of basis:

n

) 1

E aj—it1ej, 1<i<n, T )
— aq
J=t

1
¢ = —
aq
we can assume that [z, e;] = e; and other products by redesignation of param-
eters can be assumed not changed.
From the products

0=z [z,2] = [:):,Z%’ei] e Z%[w,ei] = mer1,

we can deduce that v; = 0.
On the other hand, from the Leibniz identity {z,ei,z} we get Si[z,e1] =
n n n
ler,x] — >_ vi—1es, e Brer = 3 Bie; — Y vi—ie;.
i=1

=3 =3
Comparing the coeflicients at the elements of the basis, we obtain gy = 0

and y; = Biy1 for 2 < i < n — 1. From the equality {e1,e1, 2} we derive that

B1 = —1.

Thus, we have

n n—1
le1, 2] = —e1 + Y _ Bies, [2,2] =) Bit1€i + nen.
i=3

1=2
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Now we are going to prove the following identity

n
[ei, x] = —ie; + Z Bj—it1€j, (1.2.1)
j=it2
for 1 <14 < n. We have seen that (|1.2.1)) is true for ¢ = 1. Assume that
holds for each i, 1 <i < k <n. Then

ek, 2] = [[ex—1,e1], 2] = [er—1, [e1, z]] + [[en—1, 7], e1]

= lep—1, —e1] + [—(k=Der_1 + > Bj_kt2ej, e1]
j=k+1

n n
=—ex— (k—Dex+ Y Bimksolej,e1] = —kex + > Bj_pr1e;.
j=k+1 Jj=k+2

By induction, we see that indeed ([1.2.1)) holds for all 7, 1 < i < n.
Thus, the multiplication table of the algebra R has the form:

[ei, e1] = eita, 1<i<n—1,
[x,e1] = eq,
n
lei, x] = —ie; + Z Bj—i+1ej, 1<i<m, (1.2.2)
j=i+2
n—1
[:Ea x] = Z Bit+1€i + Tnen-
=2

Let us take the change of basis:

n—1

n
e =e; + Z Aj_inej, 1 <i<mn, o ZAHlei + Bpey + x,
j=i+2 i=2
where parameters A;, B,, are as follows
1 1 1 2 ,
As=5Ps, As=30s Ai= m(Z Ai—j+1B5 + 51'), (5<i<n),
j=3

1 n—1
Bn = E (z; An—j+2ﬁj + ’Yn) .
]:
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Then taking into account the multiplication table ([1.2.2)) we compute the prod-
ucts in the new basis

[6 = 2 Aj z+1ejael

Jj=i+2

n
:6i+l+ZAj—i6j:€;+1a 1<i1<n—-1,
j=i+3
n—1
[/, €] = [Z Air1e;+ Bpen + ., 61 Z Aje; + [z, e1]
i=2

n
/
=e;+ E Aje; = e,

n—1 n—1

[, 2] = > Aiprei + Boen+ x,3) =Y Aijalei, 2] + Bulen, o] + [z, 2]
i=2 =2

n—1 n n—1
= Aii(—iei+ Y Bj-it1€5) —nBuen+ Y Bit1€i + Mmen
i—2 j—i+2 i—2

=— Z iAip1e; + Z A Z Bj—it165 + Z Bi+1€i

J=i+2
n—2
+ Z Ai-i—lﬁn—i-&—len — Bpén + neén
=2 <
= (_lAH—l + BZ—H e + Z Z A ]+2Bjel
i—4 j—3
n—1
+ (—nBy + 7 + Z Aip1Bn—it1)en
i=2
= (—2A3 + B3)e2 + (=3A4 + Ba)es
n—1i—1
+ Z Z(—iAiJrl + Bit1 + Ai—j2B5)ei = 0,

i=4 j=3

i
L

I
[N}
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n

[, 2] = [e1 + ZAZ'EZ',J/‘] = [e1,z] + ZAi[ei,x]
1=3

=3
= —e1 +Z/Biei +2Ai<—i€i + Z 5j—i+1€j>
i=3 i=3 j=i+2
n
= —e1 —|—Zﬁlel — ZZA €; +ZA Z 5] i+1€5
=3 =3 =3 Jj=i+2
= —e] — ZA(?Z ZZ—1A€Z+25161+Z(2A1 ]-‘rlb)
=3 =3 j=3
n 1—2
= —e] — ZA61+Z Z*1A+ﬁz €z+ZZAz jr1Bjei
=5 j=3

=—e1— Z Ajei + (—2A43 + B3)es + (=344 + Ba)es

n 1—2
+ZZ Z_1A+/81+Az j+1ﬁ] € = —€1 — ZAez:_
=5 j=3
By means of similar computations as in equations (1.2.1)) we deduce that
lef, 2] = —iel, 1 <i<n.

Finally, we obtain the multiplication table of the algebra R given in the
assertion of the theorem.

Case 2. Let a1 = 0. Then from the equalities [el, [el,m]] = — [61, [x, 81]]
and 0 = [x, [z, x]], we get 1 = 0 and 1 = 0, respectively.

Thus, we have the following products:

[62‘,61]:67;+1, 1§i§n—1,

[z, e1] E e,
617 E Biei,
=2
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In a similar way as for the equations (|1 , we can prove the equality: [e;, 2] =

Z Bj—it+1€j. Consequently, we have [el, z] € ({eir1,€i42,...,en}), ie. R C
Jj=i+1
({eiy€it1, .-y en}). Thus, R"*1 = 0 which contradicts the assumption of non-
nilpotency of the algebra R. This implies that, in the case of ay = 0, there is

no non-nilpotent solvable Leibniz algebra with nilradical N F,. O

Now we are going to clarify the situation when the nilradical is a direct
sum of two null-filiform ideals of the nilradical.

Theorem 1.2.7. Let R be a solvable Leibniz algebra such that R = NFy &
NFs;+ Q, where NF, & NFy is the nilradical of R, NFy and NFy are ideals
of the nilradical and dim@Q = 1. Then NF} and NFy are also ideals of the
algebra R.

Proof. Let {e1,e2,...,er} be a basis of NFy, {f1, f2,..., fs} a basis of NFj
and {x} a basis of ). We can assume, without loss of generality, that k& > s.

By Theorem we have that {es,es,... ek, fa, f3,..., fs} € Ann,(R)
and the following products:

lei,e1] =eip1, 1 <i<k-—1, [fis f1] = fiq1, 1<i<s—1.

Let us introduce the notations:

"E 61 Zazez + Zﬁlfu QZ‘ fl Zd e + Z’Y’Lfl,
617 Z)\ €z+201f27 fla ZTzez‘FZ/szw
] = Zpi€i+25z‘fi~
=1 =1

From the products

\

0= [z, [e1, Ail] = [[x. e, 1] = [[z, f1], e1] ZB@ 1fi — Z@ 1€4,

we obtain 5; =0, 1 <i<s—1land §; =0, 1 <i<k-—1.
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The equalities [el, [el,:v]] = —[61, [z, 61]] and [fl, [fl,x}] = —[fl, [m,fl]]
imply that \y = —aq, 1 = —71.

From the equalities 0 = [el, [x,:r]] = preg and 0 = [fl, [ac,x]] = &1 fa, we
get pr =& =0.

In a similar way as in the proof of Theorem the following equalities
can be proved:

k
[ei,x] = —l1e; + Z )\j_i+16j, 2<i<k,
j=it1
S
[fira] = —imfit Y pjminafi, 2<i<s.
j=it+1

Summarizing, we have obtained the following multiplication table for the al-
gebra R:

([es,e1] = €iya, 1<i<k—1,
[fis il = fisa, 1<i<s—1,

k
[fa 61] = Zaiei + Bs fs,

=1

[z, 1] = Skex + Y il
i=1
k s
[61, a;] = —a1e1 + Z Aiei + Zdifi,
i=2 i=1
! ) (1.2.3)

2] =D mei—mfi+ Y pifis

i=1 i=2

k
[ei,:c] = —to6; + Z Aj—it1€j, 2<i<k,
j=irl
S
[firx] = —imies + Y pimipafs, 2<i<s,
j=it1

k s
@, 2] = piei+ Y &ifi
i—2 i—2
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Below, we analyze the different cases that can appear in terms of the possible
values of a; and 7.

Case 1. Let a3 = 71 = 0. Then the multiplication table (1.2.3) im-
plies [eivx] € <{€i+17 €it2;- -+, 6k}>7 [fhx} € <{fi+17 Jit2, .- 7f8}>7 [617 x] €
<{62, €3, -s€k, f1, fo,. .., fs}> and [fl, x] S <{€1, €2y s €ks f2, f3,. 0, fs}>
The above facts mean that the algebra R is nilpotent, so we get a contra-
diction with the assumption of non-nilpotency of R. Therefore, this case is
impossible.

Case 2. Let a1 # 0 and 4 = 0. Using the following change of basis:

k k
6’1 = oi(;aiei +ﬁsfs), e; = Oi ;Oéjl’+1ej, 2<i<k, o= OZ;U,
we assume that
[l’, 61] = €1.

From the identity {z,x,e;} we have that

k k k s

er = Z,Oz‘[ez', e1] — ler,z] = Zpi—lei +el— Z Ai€j — ZUifi-
i=2 i=3 =2 i=1

Consequently, Ao =0, =0 for 1 <i<sand p; =A\jyq for 2< i<k — 1.
From the identity {fi,z,e1} we conclude that 0 = [[f1,z],e1] =

k
ZTi_leiiTiZO, 1< <k—1.
i=2

From the identity {z,z, f1}

0= Zfi—lfz‘ - Z%‘[fiyx] + O [ex, 7]
=3 1=2

= Zfi—lfi - Z%( Z Mj—i+1fj) — kdreg
1=3 1=2

=2 j=itl
= Zgi—lfi - Z(Z Vi—1pi—j+2) fi — krex
i—3 i—3 j=3

= (&ic1 =D vj-1tti—j2) fi — krex.
i=3 =3
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By comparison of coefficients at the elements of the basis we deduce that:
i+1
& = Z'Yj—l,ui—j—ﬁ-{ia 2<i<s—1 and & =0.
=3

Now we consider the following change of basis:

-
fl=fi+ e

i fi=fin2<i<s.

Then we obtain

[f{? ] [f1+ keka Zﬂlfz‘i‘Tkek_Tkek—Zﬂzfz Z/Mfz/
=2

=2
and .
[z, fi] = [= f1+zek Z'Yzfz Z%fz,
Thus, we have the following multiplication table of the zlgebra R:
[€i,€e1] = €it1, 1<i<k-—-1,
[fis f1] = fisa, 1<i<s—1,
[x,e1] = eq,

l‘ fl Z'Ylfw
[61,.%] = —e; + Z)\iei,
f17 Zﬂzfu

lei, x] = —ie; + Z Aj—it1€5, 2<i <k,
j=i+2
fl? Z Hj— z+1f]a 2§i§5,
Jj=t+1

k s
r| = Zpiei + Z&fi-
i—2 i—2
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From the above multiplication table the following inclusions can be imme-
diately derived:

[a;,NFk]gNFk, [NFk,$]gNFk, [a:,NFS]gNFS, [NFS,x]gNFS.

This completes the proof of the assertion established in the theorem for this
case.

Case 3. Let a1 = 0 and 71 # 0. Due to symmetry of Cases 2 and 3, the
proof of the assertion of the theorem follows by applying similar arguments as
in Case 2.

Case 4. Let a; # 0 and 1 # 0. Consider the following change of basis:

k k
1 1 )
251(5 aiei"‘ﬁsfs)a €§:a—1 E aj_iy1ej, 2<i<k,
i=1 j=i

k
1< 1 .
- 7<Z'ﬂfi+5k€k>a fl==> jinfj, 2<i<s, o/=—u
N3 71 =

Then we derive

k
1 1 1 1

ror 2 : . _ _ _

[x 761] - [alxv o (i:1 aie; + /BSfS)] CE% Oél[l',el] . [33, 61] €1,

1

PR S I - S “a. _ny
[, fil = [alﬂfa ” (;’Yzfz + Oper) ] = awl’Yl[«’U,fﬂ A fi-

From the identity {z,x,e;} we deduce:

k
e1 = Zp lei,e1] — [e1, @ sz 1€ + aje; — Z/\ e — Zazfz
i=2
Therefore, a; = 1,A\1 = -1, o =0; =0, 1 <i<sand p; = \jy1, 2<i <

k—1.
Expanding the identity {x,z, f1} we derive the equalities:

2 5 k
(2*11) flzgﬁi[fi,fl] —[f1, 2] Z& 1fz— Z ifi—zéll;ﬁei

2—1
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from which we have p; = —2—11, po=7,=0,1<i<kand§ = g—lluiﬂ, 2 <
1 <s—1.

Finally, we obtain the following products of basis elements in the algebra
R:

lei, e1] = eit1, 1<i<k—-1, [fi,fi]= fit1, 1<i<s—1,
lz,e1] = e, e, 1] = Ly,
a1
k ~ s
1
[e1, 7] =—€1+Z)\i6¢, [f1, 2] Z—;lf1+ZMifi,
=3 =3
k s
2] =Y piei+ Y &ifi
i—2 i—2

These products are sufficient in order to check the inclusions:
[x, NF,] C NF}, [NF,2] CNFy, [z,NF;]CNF,, [NFsx]C NF;.

Thus, the ideals N F} and N Fj of the nilradical are also ideals of the algebra.
O

Now we are going to describe solvable Leibniz algebras with nilradical
NF, & NF; and with one-dimensional complementary vector space. Due to
Theorem [I.2.7] we can assume that NF), and N F; are ideals of the algebra.

Theorem 1.2.8. Let R be a solvable Leibniz algebra such that R = NFy, &
NFs; + Q, where NF, & NFs is the nilradical of R and dim@Q = 1. Let us
assume that {e1,ea,...,ex} is a basis of NFy, {fi,fo,..., fs} is a basis of
NFs and {x} is a basis of Q. Then the algebra R is isomorphic to one of the
following pairwise non-isomorphic algebras:

leie1] =eiy1, 1<i<k-1, [fi,fil=fi1, 1<i<s—1,

R(Oé) : [1’,61] = €1, [mafl] :Odfl, a7é0’

[eiax] :—i€i, 1 SZSk7 [flam] :_iafia 1 Sigsa

R(ﬁ?)ﬂ?w o aBSa’y) :
[eiael]zei—i-la 1§'L§k—1, [fi7f1]:fi+17 13133_17

S
[xvel] = €1, [fz,m] = Z ,Bj_i+1fj, 1 <1 <5,
j=it+1
eiva] = —ies, 1<i<k,  [aa] =y
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In the second family of algebras the first non-zero element of the wvector
(B2, B3y, Bs,7y) can be assumed to be equal to 1.

Proof. Firstly, we note that the algebras NFj + @Q and NFs + () are not
simultaneously nilpotent. Indeed, if they are both nilpotent, then we have:

lei,e1] € ({eir1,.-yen}), 1<i<k-—1,
[z, e1] € ({ez,€3,. .., ex}),
lei,z] € {eir1,...,ex}), 1<i<k-—1,
[fis il € {fisrso - fs})y 1<i<s—1,
[z, fi] € ({fas faseees fs}),
[firz] € {fixt,-- - fsh), 2<i<s-—1

From the equalities 0 = [el, [z, :c]], 0= [fl, [z, :U]] we conclude that:

[:Uyl'] € <{€2,€3,. X 7€k7f27f3; . g -7f$}>‘

Therefore, R? C {es,es,...,¢ex f2, f3,---, fs}. Moreover, we have R’ C
{€i,€ix1s- sk fir fixls- - s[5}, which implies that Rmax{k:sH1 — £01 Thus,
we have a contradiction to the assumption that R is not nilpotent. Hence, the
algebras NFy + (Q and N F; + (Q cannot be both nilpotent.

Without loss of generality, we can assume that algebra NFj 4+ @ is non-
nilpotent.

We take the quotient algebra by ideal NFg, then R/NF; = NF, + Q.
Thanks to Theorem the structure of the algebra NFj + @ is known.
Namely,

[aaa]:ei+1a 1§Z§k_1,
[@,e1] =ex, (1.2.4)
le;, @] = —ig;, 1<i<k.

Using the fact that NFj and NF; are ideals of R and having in mind the
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multiplication table ([1.2.4]), we have that:

lei,e1] = eip1, 1<i<k-—1, [fi, fi] = fit1, 1<i<s—1,
[$761] = €1, [-T,fl] = Zaifia
[eiwr} = —ie;, 1<1<k, f17 Zﬁzfu
= Z%’fi-
i—1

\

(1.2.5)
If @y # 0, then in a similar way as the Case 1 of Theorem we obtain the
family of algebras R(«), where o # 0.

The fact that two algebras in the family R(«) with different values of
parameter « are not isomorphic can be easily determined by a general change
of basis and considering the expansion of the product [/, f{] in both bases.

Now consider oy = 0. Then by the change of basis

o =x— (Oézf1 + a3f2 + -+ asfs~1)>
we can suppose [z, f1] = 0.
From the identity { f1, f1,2} we get f; = 0.
Similarly to the proof of Equations ([1.2.1]), we can prove that

f'w Z B H—lf]a 1<i<s.
m=i+1
The identity {z, fi,z} implies the following chain of equalities:
S
0= _[[wax]mfl] = - Z Vm—lfm .
m=3
Consequently, v, =0, 2 <i<s—1.
Thus, we obtain the products of the family R(B2, fs, ..., Bs,7)

[fi7f1]:fi+1a 1<i<s—1,
fu Z Bm—it1fm, 1<i<s,
m=i+1

[z, 2] = s fs.
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Now we are going to study the isomorphism inside the family

R(IBQ)/B?H s 75357)'

Taking into account that, under general basis transformation, the products
(1.2.5) should not be changed, we conclude that it is sufficient to take the
following change of basis:

S
fz/:AzleAjfiﬂfja (A1 #0), 1<i<s, =
=i
Then we have

s

[f1. 2/ ZA [fi, 2] ZAz< Z B H—lfj) :Z(iZEAjBi—j-i-l)fi'
=2

j=i+1 j=1

On the other hand

S

£ ZB fi = ZA Bida (ZA firs) = Z(f M Ai B ) i

i=2 j=1

Comparing coefficients at the elements of the basis we deduce that:

k—1 k—1
Y Aibrin =Y AA By, k=23,
i=1 i=1

From these systems of equations it follows:

If we consider
ifs = V;fé = [:L'/,.%"] = [37,33] = 'st&

then we obtain

Vo = %-

1
It is easy to see that by choosing an adequate value for the parameter A;, then
the first non-zero element of the vector (52, s,...,3s,7) can be assumed to

be equal to 1.
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Therefore, two algebras R(S2, s, ..., Bs,7v) and R(85, 55, ..., 3L,7") with
different set of parameters are not isomorphic.

For given parameters a and [, 0s,...,08s,7, the algebras R(a) and
R(B2, B3, - .., Bs,7) are not isomorphic because

k4 s = dim R(a)? # dim R(fa2, B3, - - ., Bs,7)? = k + 5 — 1.
O

Remark 1.2.9. In the case when all the coefficients (52, B3, . .., Bs, ) are equal
to zero we have the split algebra (N Fy, + Q) @ N Fs. Therefore, in the non-split
case, we can always assume that (B2, Ps, ..., Bs,7y) # (0,0,0,...,0).

Now, by an induction process, we are going to generalize Theorem to
the case when the nilradical is a direct sum (greater than 2) of several copies
of null-filiform ideals.

Theorem 1.2.10. Let R be a solvable Leibniz algebra such that R = NF,, ©
NF,,®---® NF,, +Q, where NF,,, @ NF,,, ® --- & NF,_ 1is the nilradical
of R and dim @Q = 1. There exist p,q € N with p # 0 and p+ q = s, a basis
{eil,eé,...,e%i} of NF,,, for 1 <i < p, a basis {ff,fé“,...,f,’fk} of NFy,
for 1 <k < gq, and a basis {x} of Q such that the multiplication table of the
algebra R is given by:

el = T<isn -1,
[fzkaff]:fi]ii-l’ 1§l§nk_17
[z, e]] = &7¢], 5 40
ng
Rp,q . [fzk7x] = Z Bfn—i-‘,-lffn’ 1 S Z S nka (126)
m=i+1
lel,z] = —idel, 1 <4< nj,
k
[x7.'1:] = Z ’ymfnnﬂ
m=1

\

where 1 < j < p, 1 < k < q and 6 = 1. Moreover, the first non-zero
component of the vectors (,6’5, Bé‘:, . ,,Bvlfbk,’yk) can be assumed to be equal to 1.

Moreover, the algebras are pairwise non-isomorphic.
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Proof. By induction on s:
If s =1, then p =1, ¢ =0, so Ry is the algebra given in Theorem [I.2.6]

If s = 2, then we have two cases: either p =2, ¢ =0orp =1, ¢ = 1, which
were considered in Theorem [I.2.7] Namely, we have two families of algebras:
R(«), which corresponds to Ry, and R(B2, 83, ..., Bs,7), which corresponds
to R171.

Let us assume that the theorem is true for s and we shall prove it for s+ 1.

Let R= NFy &NF,,®---@NF, &NF, +Q. We consider the quotient
algebra by NF, ,,ie. R/NF, = NF, ® NF,,® - ® Nur, + Q. Then
we get the multiplication table given in ((1.2.6)).

Note that the multiplication table for the algebra R can be obtained from
(1.2.6) by adding the products

s+1 _s+1 s+1 2
le; el = ey, 1<i<ng—1,

MNs+1
s+1 § : s+1_s+1
[iL' 61 ] N )

m=1
Ns+1

s+1 s+1 s+1
, 7] Z B

Ns+4+1

Z ,ys—l—l s+1

If oz‘frl = 0, then in an analogous way as in proof of Theorem we deduce
that

s+1 _s+1 s+1 .
;™ el = el 1<i<ng1—1,
s+17 _ . s+1 _s+1
[z, e17] = agiyel™,
[efTh 2] = —ia*Tlest! 1 <i<mngy.

Therefore we get the algebra R,11 4.
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If a‘i“‘l = 0, then by similar arguments as in Theorem we obtain

s+1 _s+17 _  s+1 -
le; el = eify, 1<i<ng—1,
MNs+1
s+1 _ s+1 s+1 -
[ei 7$] = E mfi+1fm s 1 <0 < ngy,
m=i+1

k
(2,2 = ™ fu + YL

m=1

Setting ff_Jrll = efjll we get the family of algebras R, ;1.
The proof that two algebras of the family R,, with different values of
parameters are not isomorphic is carrying out in a similar way as in the proof

of Theorem [[.2.8 0

In fact, due to Theorem the complementary vector space, in the case
when the nilradical of a solvable Leibniz algebra is a direct sum of s copies of
null-filiform ideals, has dimension not grater than s. By taking direct sum of
ideals NF; + Q; and NF, ® ---@® NF,, where 1 <i < k-1, k£ < s, we can
construct a solvable Leibniz algebra whose nilradical is NF; & --- & NF, and
whose complementary vector space is k-dimensional for each k (k < s).

1.3 Solvable Leibniz algebras with triangular nilrad-
ical

We denote by L(n, f) a set of all non-nilpotent solvable Leibniz algebras with
nilradical 7'(n) and a complementary vector space (X', X2 ..., X/).

Using notations (|1.1.1)) we have
Rxa(N) = A°N,  Lya(N) = BN,

where A% = (af; ,,) and B = (b, ), 1 <i<j<n, 1<p<g<n.

Since the proof of the assertions concerning the elements of the matrix A®
in Lemma [1.1.16] uses only the property of derivation, one can check that it
obviously extends to our case of Leibniz algebras. For the matrix B however,

we have the next result.

Lemma 1.3.1. The following relations hold:

b = —q

17,pq ;’Xj,pqa i+1< j: (p7 Q) 7& (1,7’L)
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Proof. From Lemma [1.1.16] we conclude
[N12, X = a5 15N12 + iy 2, Non,
[Nigi1), X°] = @it 1),i(i+1) NiGi+1) + 0i41),10N1n, 2<i<n—-2,

[N(n—l)m Xa] = a?n—l)n,(n—l)nN(n—l)n + a?n—l)n,l(n—l)Nl(n—l)’

j—1

[Nij, X°] = Z Upp11) pp+1) Vi i+1<y
p=t

It is easy to see that [X“, Nia] + [Ny2, X ] belongs to the right annihilator
of the algebra of L(n, f). From the chain of equalities

n—1
0 = [Ni2, [X%, N1g] + [N12, X¥]] = [N1a, Z b92,2iN2i + (a2,2, + b1,20,) Nan]
i=3

n—1

4 a ) o e

B E b12.2iN1i + (afs 2, + b75 9,,) N1n,
i=3

we deduce b7y 5; =0, 3 < j <n—1, and bfy 5, = —afs 5,-
Similarly, from

n n
0= [Ny, [X Nio] + [N1g, X = [Nui, Y BNyl = Y biNy, i>2,
jmitl =i+l

we derive by ;, =0, 2<i<j<n.
From the equality

0 = [Ni(it1), (X, Nia] + [N12, X7]], i >2,

we get
blog2 = —af212, bi91; =0, 3<i<n-—1

Therefore, we obtain

[X% Ni2] = —afy15N12 — a9 2, Non + bT9 1, N1n-
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Applying analogous argumentations as we used above for the products with
k>2,

Nig, [X%, Nigirny] + [Niir1), X,
i(i+1)> [X sz+1] [ i(i41)» XH 2<i<n-—-2,
Nk, [XY, Nin—1yn] + [Nin—1yn: X,
i(i+1)s (X% Nn—1)n] + [N(n Dns X
Nig, [ X, Nij] + [Nij, X,
(i), [ X Nig) + [Ny, X)), 1<j—i<n—1,
Nig, [X¥, Nin] + [N1n, X°],
i(i+1)» [X ?Nln] + [Nln,XO‘H,

3

SZ

3

[
[
[
[
[
[
[
[V

we obtain
(X Nii+1)] = =a§i41y.4640) Vi) T barnyanNn, 2<i<n—2,

[Xa7 N(n—l)n] = _a’((xn 1)n, (n41)nN(n—1)n - CL((Jén—l)n,l(n—l)]\[1(7%—1)
+ b( n, Aﬁnv

[X®, Nigl = — Za?(pﬂ),p(pﬂ)NU 01N, 1<j—i<n-—1,
p=t

[on’ Nln] = b?n,lann'
From the chain of equalities

(XY, Nin) = [X%, [N12, Nop|| = [[X ¥, Ni2], Nap| — [[ X, Nop|, Ni2]
= [~af2,12N12 — ai5 9, Nan + b33 15, N1n, No)

n—1
== D 1) pipey Non + 5 10 N1, Nio)
p=2
n—1 n—1
= —af12Nin = D 1) ppenyNin = = D 1) ppey Nin,
p=2 p=1

n—1

we get [X®, Nin] = — 21 (1) pl(p-+ 1)V
p:
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By induction on j we will prove

i+j—1
(X% Nigip)] = = D iy pprnyNicesy 5—122. (1.3.1)
p=t

The base of induction ensures the equalities

(X, Nigig2)] = [X% [Nigig1), Nt a+2)l] = XY Nign)ls Ne1)+2)]
i+1
—[[X Nar1ya+2) Nigi+)] Z 1) ppi)Nii+2), 1 <i<n—2.

Let us suppose that ((1.3.1)) holds for ;7 and we will show it for j + 1.
Fori+j+4+1<n—1 we have

(X Nigrj+1)] = [ XY [Niti45)> Nti) i+ ]

= [[X% Nigt)l Na+i+i+] = X Neivi) i) Nigii)
itj—1
= [- Z a?(p+1),p(p+1)Ni(i+j)7N(i+j)(i+j+1)]
p=t
= (=004 51, (i) (i) N G+ ) g +1)
i+7
004 (i +1), 10100 Nigia )] Z“ (p+1).p(p+1) NVii+j+1)-

The following chain of equalities complete the proof of equality (1.3.1])

[XaaNin] = [Xaa [Ni(n—l)aN(n 1n H = HXa Nz(n 1)} (n— )n]

[[X N(n l)n] i(n— 1 Z p(p+1),p(p+1) l(TL—l)?N(n—l)n]
p=
_[_a?n—l)n (n=1)nNn—1)n = Un—1)n,1(n-1)N1(n-1)
n—1
+ b(n 1n, 1nN1n7 a, p(p+1),p p+1
p=i
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Therefore, we obtain

o « (e} (e}
[X?, Ni2] = —afy 19N12 — afs 9, Non + b75 1, N1n,

[Xaa Nz‘(i+1)] = _a?(i+1),i(i+1)Ni(i+1) + b?(i+1)71nN1m 2<i<n-—2

o

(XY N1yl = (- 1yn, (- 1) Nin-1)n = C—1yn1(n—1) N1n-1)
+ b((lnfl)n,lan”“

j—1
[Xa’ sz] = — Z ag(p—i-l),p(p—i-l)Nij’ j > 1 + 1.
p=1i
Comparison of the above products with notations in (1.1.1]) completes the
proof of lemma. O

Moreover, we could clarify the product [X®, X#].

Lemma 1.3.2. For 1 < o, < n we have [X*, X8 = 09Ny, for some
¥ € C.

Proof. Consider
[N12’ [XaaXﬁ]] = [[N127Xa]7XIB] e [[N127X6]7Xa]
= [@(112,12N12 + a?z,2nN2m Xﬁ] - [af2,12N12 + an,QnNQ"Z’ X

n—1
_ o« B B « B
= 012,12(%2,12]\712 + a12,2nN2n) + a12,2n( ap(pﬂ),p(pH)N%)
p=2
n—1
B o o B8 @
- a12,12(a12,12N12 + a$5 9, Non) — al?,Zn(Z ap(p+1),p(p+1)N2n)
p=2

n—1

_(a B B oY « B
= (012,12a12,2n — 121201220 T E :ap(p+1),p(p+1)a12,2n

p=2
n—1
B
+ Z ap(erl),p(erl)atl)éQ,Qn)N2n-
p=2

On the other hand,

n
[N1a, [X, XP]] = [N12, Z o8P Nyg| = ZU%’BNM-
1<g—p<n =3
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Comparing coefficients at the basis elements we derive

UQZ =0, 3<21<n.

For 2 < i <n — 2 we consider the chain of equalities

] = [[Nigi+1), X1, X°] = [[Nis1), X7, X

[Nigi1), [X* X7)
?(z+1) i(i+1 )1( f(erl) i(i+1)NiGi+1) +aiﬂ(i+1),1n]171”)
@ii11), 2::1 §p+1 p(prn) Nin af(iJrl)Jn Z:: Up(p+1),p(p+1) VI
ﬁmmm( Uaayiten Nitr) ¥ Gy 10Nin)
= (a5(i11) i1 zﬁ(z+1) t 0i41)1n p;l aﬁ(p+1)7p(p+1)
n—1

s 8
Tii1),ii) GG+ 1) 0 T Bi(i41) 0 p; Ui 41) p(p+1)) Vi

On the other hand,
i—1

[Niiay, [X, XP)] = [Nig s 3 0P N + Z a(m Niit1;)
k=1 j=i+2

_—Zom Nyt + Z O'H_l)] i

J=i+2
Therefore,
op =05 =0, 1<k<i-1, 2<i<n-2
3<7<n—-1, j+1<s<n
and

[Xa7 X/B] = O'(lx(ﬂnfl)Nl(nfl) + U?T?Nln-
Similar arguments for the products
[N(n—l)nv [Xaa Xﬁ]]

yield U?(ﬂ 1y = 0, which completes the proof of the lemma. For convenience
n—1)
let us omit the lower indexes of o7 . O
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From Leibniz identity { X%, Nj(;1), X%}, for 1 <i <n — 1, we obtain the
restrictions:
@i(i1),i(i+1) (@i 1)0n + Ojir1)0) =0, 2<i<n—2,

[0 (03 _ [0 (e3 _
a12,12b72,1n = a(n—l)n,(n—l)nb(n—l)n,ln =0.

Let us resume the obtained products of the basis elements. For 1 < a < f
we have

[N12, X = a?2,12N12 i a?Q,QnN%’
[Ni(i+1)7 Xa] = a?(i+1),’i(i+1)Ni(i+1) + a/?(l-+1)71nN1n7 2 < ) <n-— 27

[N(n—l)n’ Xa] = a?n—l)n,(n—l)nN(n—l)n + a((ln—l)n,l(n—l)Nl(n_l)’

-1

[Nigs X1 =) afiny pioryNigy 3> 041,
p=i

[X, Niz| = —a(f2,12N12 - a?2,2nN2n + b?2,1nN1na

[Xaa Ni(i—i—l)] = _a%i+1),i(¢+1)Ni(i+1) =" b?(¢+1)71nN1n7 2<i1<n-—2

[Xa’ N(n—l)n] = _a?n—l)n,(n—l)nN(n—l)n = a’?n—l)n,l(n—l)Nl(n—l)
+ b?nfl)n,lanrw

7j—1
(X Nl = =Y apnypenyNigs 4> i+1,
p=t

(X XP) = %P Ny,
with restrictions on parameters:

« (e}

@5(i41),ii41) (934 1) 10 + O5(i41),10) = 0 2<i<n-—-2,

(63 (63 — e (83 p—
a12,12099, 10 = a(n—l)n,(n—l)nb(n—l)n,ln =0.

Note that for solvable non-Lie Leibniz algebras of the set L(n, f) the fol-
lowing equality holds

(X7, Nin] = [N, X7] =0, 1<~<f. (1.3.2)
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Indeed, if we assume the contrary, then taking into account that
[X7, N1 = —[Nin, X7] we can assume [ X7, Ny,] # 0 for some v € {1,..., f}.
Simplifying the following products using the Leibniz identity

[XV? [NlQ?Xa] + [Xaa Nl?]]? [X’Y’ [Ni(i—i-l)a Xa] + [on’ Ni(i—i—l)]]:
[X’y7 [N(n—l)n?Xa] + [XavN(n—l)n]]a [XV, [on’ Xﬁ] + [Xﬂaxa“a
(X7, [X, X9,
we obtain
5?2,1n = b?n—l)n,ln =0 =0, bféiﬂ),m = _a?(i-‘rl),ln’ o =~

Thus we get a Lie algebra, which is a contradiction.

Corollary 1.3.3. For a Leibniz algebra of the set L(n,1), the matrices of the
left and right multiplication operators, A = (aijpq) and B = (bijpq), have the
following properties:

(1) The mazximum number of off-diagonal elements of the matriz A isn—1;
(2) The mazimum number of off-diagonal elements of the matriz B is n+ 1.

Theorem 1.3.4. A solvable Leibniz algebra of the set L(n,n — 1) is a Lie
algebra.

Proof. Making suitable change of basis we can assume that operator Ry1 acts
as follows

Ni2, X1] = Ny» +a12 onNon,
N; z+1)a ]_ Z(/L+1) Nlna 2<i<n—2,

[

[

[Nn Dno 1} - a%n—l)n,l(n—l)Nl("_l)’
[Nlj, ] Nlj, j > 2.

Since [N1y, X1] = Ny, then from Equation (1.3.2)) it follows that the alge-
bra is a Lie algebra. O

So, we present a description of solvable Leibniz algebras with nilradical
T'(n). Moreover, in the case of maximal possible dimension we show that this
algebra is a Lie algebra.
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Now we give an illustration for low dimensions of solvable Leibniz algebras
with nilradical T'(n). Note that the Lie algebra T'(3) is nothing else but the
Heisenberg algebra hi. Solvable Leibniz algebras with Heisenberg nilradical
were described in |14]. Therefore, we give the description of solvable Leibniz
algebras with nilradical T'(4).

We know that the complementary vector space to the nilradical 7'(4) has
dimension less than four. In case when dimension of the complementary space
is equal to 3 we obtain a Lie algebra (see Theorem , which falls into the
classification already obtained in [55]. So, we will consider the dimension of
the complementary vector space to be equal to 1 and 2.

The Leibniz algebras L(4,1).

From previous section we have that the algebra L(4,1) admits a basis
{le, Nos, N3y, N13, Nog, N14, X} in which the multiplication table has the fol-
lowing form:

[Ni2, X] = a12,12N12 + a12,24Noy,

[X,Ni2] = —ai1212N12 — a12,24Nos + bi2,14N14,

[No3, X] = a93.23Na3 + ag3,14NV14,

[X, Nog] = —a2323N23 + b23,14N14,

[N3g, X] = —(a12,12 + a23,23) N34 + az4.13N13, (1.3.3)
[X, N34l = (ai2,12+ @2323) N34 — aza,13N13 + 034,14 N14,

[N13, X] = —[X, N3] = (a12,12 + a23,23)N13,

[Noa, X] = —[X, Nog| = —a12,12N24,

(X, X] = 01Ny,

where

a12,12b12,14 = a2323(a23 14 + b23.14) = (@12,12 + a23.23)b34,14 = 0.

Since L(4,1) is a non-nilpotent Leibniz algebra we conclude
(a12,12, a23,23) # (0,0).

Case 1. Let a12,12 = 0. Then a23723 75 0, b23’14 = —a23714 and b34,14 =0.

Taking the change of basis as follows:

1 (23,14 (34,13
! ! 5 / )
X' = X, Njz= Naz+ Nis4, N3y = N3y — ———Ni3
23,23 23,23 2a23,23
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the multiplication (|1.3.3]) transforms into

[N12, X] = a12,24N24, [X, Ni2] = —a12,.24Noa + b12,14N14,
[Na3, X] = —[X, Nozg] = Na3, [N34, X]| = —[X, N34] = — N3y,
[N13, X] = —[X, N3] = Ni3, [X,X] = 014N14,

where (blg 14,0’14) 7& (0 0)
Case 2. If aj12 # 0, then b2 14 = 0. Taking by the scaling X’ =

a12 12777
we can assume ai212 = 1.
Subcase 2.1. Let 2323 = 0. Then b34714 =0.
Applying the change of basis
a a
Niy = Ni2 + 1224 Nog, N3y = N3y — 3418 Nis
the products (1.3.3)) simplify to the following:
[N12, X] = —[X, N12] = Nia, [N34, X] = —[X, N34] = — N3y,
[N13, X] = —[X, N13] = Ni3, [Nog, X| = —[X, Nog] = —Noy,
[Na3, X] = ag3,14N14, [X, Nog] = b2 14N14,
(X, X]| = 014 N4,
where (a23,14 + 023,14, 014) # (0,0).
Subcase 2.2. Let a23,23 75 0. Then b23714 = —a23714.
Subcase 2.2.1. Let as323 = —1. Then substituting
a
Njs = Nog — azz14N1a,  Nig = Nig + 224 Ny
we derive to an algebra with the following multiplication table:
[N12, X] = —[X, Ni2] = N12,  [Nag, X] = [X, Nag] = —Nag3,
[N34, X] = a34,13N13, [X, N34] = —a34,13N13 + b34,14N14,
[Nog, X] = —[X, Nog] = —Noy, [X,X]| = 014N14,

Where (1)12,14, 0'14) 7& (0, 0).
Note that by permuting the indexes of the basis elements of the above
algebra one obtains an algebra from Case 1.
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Subcase 2.2.2. Let a23.23 7é —1. Then b34714 =0.

Setting
/ 12,24 / a23,14
Nip = Nig + Nog,  Nyz = Nog + Ny,
23,23
a34,13
! 5 ! !
N3y = 014(N3y — ————<N13), Ny = 014Noa, Ni, = 014N14,

2(1 + CL23,23>
we get an algebra with the following table of multiplications:
[Na3, X] = —[X, Na3| = ag323Na3, [N12, X] = —[X, N12] = Nia,
[N34, X] = —[X, N34] = —(1 + ag323) N34, [Nog, X] = —[X, Noy| = —Nog,
[N13, X] = —[X, Ni3] = (1 + a2323)N13,  [X,X] = N,
where (1 + ag3,23)a2323 # 0.
Non-isomorphisms of obtained algebras can be easily established by con-

sidering the dimensions of derived series of the algebras.
Thus, the following theorem is proved.

Theorem 1.3.5. An arbitrary non-Lie Leibniz algebra of the set L(4,1) is
isomorphic to one of the following pairwise non-isomorphic algebras:

[N12, X] = a12,24Naa, [X, Ni2] = —a12,24Noa + b12,14N14,
Ly : [No3, X] = —[X, Nog] = Noz, [Nz4, X] = —[X, N34| = — Nz,
[Ni3, X] = —[X, N3] = Ni3, [X, X] = 014N14,

where (b12,14,014) # (0,0).

Ni2, X] = —[X, N1o] = Ni2, [N34,X] = —[X, N34| = —N34
X] =
X] =

[
I [N13, —[X, Ni3] = Ni3, [Nog, X] = —[X, Noy] = —Noy,
[Nas, X] = ag3,14N14, [X, No3| = b23.14N14,
[X, X]| = 014N14,
where (ag3,14 + b23 14, 014) # (0,0).
[No3, X] = —[X, No3| = ag3,23No3,
[N12, X] = —[X, N12] = Nia,
Ly [N34, X] = —[X, N34] = —(1 + a23,23) N34,

[Nog, X] = —[X, Nog| = —Nay,
[Ni3, X] = —[X, Nig] = (1 + a2323)N13,

[XvX] = N14>
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where (14 ag323)a2323 # 0.

The Leibniz algebras L(4,2).

Classification of Leibniz algebras in this set is presented in the following
theorem.

Theorem 1.3.6. An arbitrary non-Lie Leibniz algebra of the set L(4,2) admits
a basis { N12, Nog, N34, N13, Nog, N14, X1, X2} in which the multiplication table
has the following form:

[Ni2, X1] = —[X1, NigJ = N1z, [Nag, X1] = —[X1, Nay] = —Nay,
[N1g, X1] = —[X1, Nig] = Mg, [Nog, X1 = —[ X!, Noy] = —Nay,
[Na3, X?] = —[X? Na3] = Nag, [N3q, X?] = —[X? N3y] = —Nay,
[N13, X% = —[X?, N13] = Ni3, [X5, XY =o't Ny,

(X2, X?] = 022Ny, (X1, X?] = 02Ny,

[XQ,Xl] _ 021N14

Proof. From Lemmas [I.3.1] and [1.3:2] we have

[Ni2, X'] = a1y 19N12 + ajp 54 Nos,

(X1, Nig] = —ajp15N12 — a1y 94Nog + iy 14 N14,

[Nz, X' = a%3,23N23 + a%3,14N147

(X1, Nog| = —a33 93N23 + byg 14N14,

[N3q4, X'] = —(G%Q,m 1 a%3,23)N34 +a§4,13N13=

(X1, Nag] = (al 1o + ab393) Nas — a34 13 N13 + b3y 14 N1a,
[Ni3, X' = —[X", Nu3] = (a]g1z + 033.93) Ni3,

[Nag, X'] = —[X", Nay] = —aly 15 Noa,

[N12, X ] = a%2,12N12 + a%2,24N247

[X , N12| = —0%2,12]\[12 - a%2,24N24 + b%2,14N14a

[Nog, X?] = a3 93Nz + a3 14 N4,

[X?, Nog| = —a33 93N23 + b33 14 N14,

[N34, X?] = —(a%2,12 + a%3,23)N34 +@§4,13N13=

[X?, N3] = (aiy,19 + 053 93) Nag — a3y 13N13 + b3, 14 N1a,
[Ni3, X?] = —[X? N3] = (a%Q,IQ + a§3723)N13,

[Nag, X?] = —[X?, Nay] = —aiy, 15 Noa,
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with the restrictions
1
012 12512 14 = a23 23(%3 14+ 523 1) = (a12 12+ 023 23)534 14 =0,

_ _ (2 _
012,121712,14 = 6123,23(@23,14 + 523,14) = (a12,12 + a23,23)b34,14 =0.
Taking the change of basis

/ agg 23 a%s 23
X" = al, a2 - a2, ,ad X' - al, a2 - a2, ,ad x*,
12,12923 23 12,12%23 23 12,12%23 23 12,12%23 23
2 1
' a12.12 a12.12
X? :_al o2 —7a2 al Xl'i'ai a2 —7a2 ol XZ’
12,12%23 23 12,12%23 23 12,12%23 23 12,12%23,23
we deduce
al
N23a 23714N147
x1 1 1
Nig, X7 = =[X", N1a] = Nig + @354 Noa
1
X 7N2 — b23 14N147
_ 1 _\ 1
N34, X'] = —[X", N3a] = — N3y + agy 13N,
— 2
N12; - 12724N24a

[ =
[ ]
[ =
[ ]
[ ’]
[Na3, X?] = —[X?, Nps] = N3 + a3z 14N14,
[ ]
[ ]
[ ]
[ ]
[ ]

Nz, X1 = —[X!, Nig] = Mg,

X27 Nig| = _a%2724N24 + b%2,14N147

Nog, X1 = —[X1, Noy] = —Nog,

N3y, X?] = —[X?, N34] = —Nag + a3, 13N,
Niz, X?] = —[X? Nig] = Nis.

Applying the Leibniz identity to the following triples of elements:
{N127X17X2}7 {N237X17X2}7 {N347X17X2}7 {X17N237X2}7 {X27N127X1}
we get

ai2,24 = a%3,14 = CL:i4,13 = a§4,13 = 553,14 = bi2,i4 =0.
Finally, taking the basis transformation:

1
/ 1224
Nis = Ni2 +

Noy, N23 = Nog + (123 14N147

we obtain the multiplication table listed in the assertion of the theorem. [



Chapter 2

Solvable Leibniz algebras with
naturally graded filiform
nilradicals

All solvable Lie algebras whose nilradical is naturally graded filiform Lie alge-
bra n, are classified in [52|. Further, solvable Lie algebras whose nilradical
is naturally graded filiform Lie algebra @2, are classified in [4].

We give the classifications of solvable non-Lie Leibniz algebras whose nil-
radical are naturally graded filiform Lie and naturally graded filiform non-Lie
Leibniz algebras, separately.

2.1 Solvable Leibniz algebras with naturally graded
filiform Lie nilradicals

It is proved that the dimension of a solvable Lie algebra whose nilradical is
isomorphic to an n-dimensional naturally graded filiform Lie algebra is not
greater than n + 2. Below, we present its classification.

In order to agree with the multiplication tables of algebras in Theo-
rems and we make the following change of basis in the classification
of [52]:

e =ent1—i, 1<i<n, x=—f.

We also use different notation to denote the algebras that appear in [52].

37
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Theorem 2.1.1 ( [52]). There are three types of solvable Lie algebras of dimen-
sion (n + 1) whose nilradical is isomorphic to ny1 (n > 4). The isomorphism

classes in the basis {e1,...,en,x} are represented by the following algebras:
[ei, e1] = —[e1, ei] = eita, 2<i<n-—1,
Sp+1(a, B) : lei, z] = —[z,e;] = ((Z —2)a+ B) e, 2<i<mn,
le1, 2] = —[x,e1] = aey.

The mutually non-isomorphic algebras of this type are Sp41,1(8) = Sn+1(1, 5)
(depending on the value of B, in this case there are three different classes,

B=0,8=n—2and B ¢{0,n—2}) and Spt12 = Snt1(0,1).

[ei,el]:—[el,ei]:eiﬂ, 2§i§n—1,
Snt13:4 le, 2] =—[z,e] =(i—1)e;, 2<i<nmn,
[e1,2] = —[x,e1] = e1 + ea.
lei,e1] = —ler,ei]l =eir1, 2<i<n-—1,
5%+1A(a3,a4,..,an_1): i .
lei, ] = —[z,e;] = e; + Z arpi—ien 2<i<n,
l=i+2

where at least one oy satisfies a; # 0 and the first non-vanishing parameter
{as,...,an_1} can be assumed to be equal to 1.

Theorem 2.1.2 ( [52|). There exists only one class of solvable Lie alge-
bras of dimension n + 2 with nilradical ny,1. It is represented by a basis

{e1,€2,...,en,x,y} and the Lie brackets are
lei, 1] = —[e1, &i] = €is1, 2<i<n-—1,
lei,z] = —[z,e5] = (1 —2)e;, 2<i<n,
Snto
le1, 2] = —[z,e1] = e,
[eiay] _[?/, 61] = €4, 2<i1<n

Now we recall the classification given in [4] after the following change of
basis:
el = —eq, ¥ =-Y, y = -Ys.
Concerning solvable Lie algebras with nilradical ()2, we present the follow-
ing proposition.
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Proposition 2.1.3 ( [4]). Any solvable Lie algebra of dimension 2n+1 with
nilradical isomorphic to Qo is isomorphic to one of the following algebras:

( lei,e1] = —le1, ei] = eit1, 2<i<2n—2,
[es, ean41—i] = —[eont1irei] = (—1) e, 2<1<n,
Qan+1,1(a) : le1,2] = —[z,e1] = en,
[ei,x] = —[x,e;] = (1 — 24 a) e, 2<i<2n—1,
L [€an, x| = —[x, e2,] = (2n — 3 — 2a) egy.
lei, e1] = —[e1, €] = eiq1, 2<1<2n-2,
[€i, eant1—i] = —[€ant1—isei] = (—=1)'ean, 2<i<m,
Qant1.2 le1, 2] = —[z,e1] = e1 + eeap, e=0,1,
lei,x] = =[x, e;] = (1 — n) ey, 2<i<2n-1,
[ean, x] = —[x, ean] = €an
[ei,e1] = —le1, €] = eita, 2<i<2n—2,
€5, €an+123) = —[eant1—i, ] = (—1)' €2, 2<i <,
2 2k+1
s 1 — f + .
Qons1s(a) [e2+i, %] = —[&, €244] = €244 + ; ™ €ap 1+,
0<i<2n—6,
[ean—i, ] = —[Z, €2n—_i] = €an—i, 1=1,2,3,
[ean, x| = —[x, ean] = 2 €.

Proposition 2.1.4 ( [4]). For any n > 3 there is unique (2n + 2)-dimensional
solvable Lie algebra having a nilradical isomorphic to Qap:

;

lei, e1] = —e1, €] = eit1,
lei, e2nt1-i] = —[eant1-i, €i] = (_1)i €2n,
lei, ] = —[x,e;] =iey,
[€on, ] = —[x,e2,] = (2n + 1) gy,
lei, y] = —ly, &] = ei,
| [e2n, y] = —[y, e2n] = 2e2n

2<i<2n—2,
2 <1 < n,
1<i<2n—1,

1<i<2n-—1,
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It is not difficult to see that if R is a solvable non-Lie Leibniz algebra with
nilradical isomorphic to either the algebra n, 1 or Q2,, then the dimension of
R is also not greater than n 4 2 and 2n + 2, respectively.

Let n,, 1 or 2, be the nilradical of a solvable Leibniz algebra R. Since the
ideal I = ({[z,z] | x € R}) is contained in Ann,(R), then I is abelian, hence
it is contained in the nilradical. Taking into account the multiplication in 7, 1
(respectively, in Qa,,) we conclude that I = ({e,}).

Since an (n+1)-dimensional algebra R is solvable, then the quotient algebra
R/I is also a solvable Lie algebra. Below we consider the case of nilradical
isomorphic to n, 1 The lists of tables of multiplications of R are given in
Theorems 219l and 2.1.2]

Case mny,1. Let us assume that R has dimension n + 1, then the multipli-
cation table in R consists the same products as in Sy, 11, (i = 1,2, 3,4), except
the following products:

le1, z] = aneq + yaen, le2, z] = Biea + Y5en,

[z,e1] = —aie1 + 71en, [z, e2] = —[1ea + Y2en, [z, 2] = y3€n,

where (1 + 74,72 +75,73) # (0,0,0).
Taking the change of basis

/ /
e1 = oq ey + Y4 en, es =Prea+Ysen

we can assume y4 = 75 = 0, i.e., [e1,z] = ae; and [es, x] = 5 ea.
It is not difficult to see that, for the omitted products, the antisymmetric
identity holds, i.e.

lei,e1] = —[e1, ei] = €1, 2<i<n-—1,
lei, x] = —[x, €], 3<i<n.
We have [e,, z] = 0, because of 0 = [z, e,] = —[en, z].
Consider
0 == [$)6n] - |:$) [en—luel]] - [[$7en—1]>61] - [[x761]76n—1] - _(n - 2+6) €n.

In the list of Theorem only the algebra S,,11.1(f5) is representative of
the class for which the equality [e,, 2] = 0 holds. This class corresponds to
B=2—n.
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Therefore, in the case of dim R = n + 1 whose nilradical is n, 1, we have
the following family:

[61,61 :—[el,ei]:eiﬂ, 2§i§n—1,

=—[zr,e)]=(t—n)e;, 3<i<n-—1,

]
]
[z, e1]
Ro11(71,72,73) 1 4 le2, 2] = (2 —n)eg,
[z, e2]
]
]

where (v1,72,73) # (0,0,0).

Applying the Leibniz identity and the multiplication table of the algebra in
Theorem[2.1.2] we conclude that solvable non-Lie Leibniz algebras of dimension
n + 2 with nilradical n,,; do not exist.

Theorem 2.1.5. Any (n+1)-dimensional solvable Leibniz algebra with nilradi-
cal ny,1 s isomorphic to one of the following pairwise non-isomorphic algebras:

R,411(0,0,1),  Rpg11(0,1,0), Rpg11(1,1,0), Rypp11(1,0,0).

Proof. We consider the general change of generator basis elements in the family
Rpy1,1(71,72,73):

n n n
eﬁzZAiei, eézZBiei, x’:Dx—f—ZCiei,
i=1 i=1 i=1
where (A]_B2 - BlAg)D 75 0.
Using [e],e]] =€}, ;, 2<i<n—1 and an induction, we obtain

n
e = A3 Z(AlBj+2fi — BiAjo-i)e;, 3<i<n.
=i

From the equalities

n

0=[eh,e5] = B (A1Bj2 — BiAj 2)e;

j=4
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we have By = 0.
Consider the multiplications

n—1 n
[6’1, x’] =A1Dey1— D Z Al(n — Z) e; + Z(Ai_lCl — AlCi_l) €;
=2 1=3
n—1
= A1De; — AQD(TL — 2) €2 + Z (Ai_lCl —A1C_1 — (n — Z)AZD) €;
=3

+ (4,-1C1 — A1Cp1) e

On the other hand, we have
n
[e],2'] =€} = ZAZ' e;.
i=1

Comparing the coefficients at the basis elements we derive:

A1C; — AiCh

D=1, Ay=0, Ai1=—
1—n—1

. 2<i<n-2
An = Alcnfl - Anflcn-

From the equalities

—(n—2) Z Biei = — (n—2)e, = [eh, 2] = [ZBiei,x + Z Ciei]
i=2 =2 i=1

n—1 n
= — Z Bi(n —i)e; + Cq Z Bi_qe;
i=2 N

n—1
= — BQ(n — 2)62 + Z (Bi_lol — Bz(n — z))ez + B,_1Chey,
=3

we deduce the following restrictions:

i B2
(=2

B; = (—1) 3<i<n.

In an analogous way, comparing coefficients at the basis element e,, in the
equalities, we obtain:

VAT 2By e, = viel, = [/, 2] = (73 + C1m1 + Ca72) en,
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and thus

;13 +Cim + Cay

V3= n—2 .
Al "By

With a similar argument, we obtain
—ei + AT By en = —€f + i€l = o) €f] = —e) + A1 en,
and
—(n—2) ey + AV ?Byvhen = (n—2) ey +rhel, = [/, eh] = (n—2) e+ Baya en.

Hence
N = 71
T AR,

n N, S
and Yo A'f_g
Now we shall consider the possible cases of the parameters {1, 72,73}
Case 1. Let 3 = 0. Then 74 = 0.
If 72 = 0, then 74 = 0 and 74 = TZ?’@ # 0. Putting By = —2, then we
have +4 = 1, and thus the algebra is R, +1.1(0,0,1).
If 7o # 0, then putting A; = "/ and Cy = —7:%, we get 75 = 1 and
75 = 0, i.e. we obtain the algebra R, 1.1(0,1,0).

Case 2. Let 7 # 0. Then setting By = A—%“fg and C = —W, we get:
/ / 72 /
7 =1 Y2 = T2 73 =0.
A

If 75 # 0, then putting A; = "7/ we have 75 = 1, and thus we obtain
the algebra R;,11.1(1,1,0).
If v9 = 0, then we get the algebra R,41,1(1,0,0). O

Case Q2,. Applying the Leibniz identity, we easily conclude that the
solvable non-Lie Leibniz algebras with nilradical (Q2,, exist only in the case of
dim R = 2n + 1 and they are isomorphic to Q2,+1,1(a) with a = # Thus,
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we have
lei,e1] = —[e1, €] = eiq1, 2<i<2n -2,
lei, €2n+1—i) = —[e2nt1-irei] = (—1) ean, 2<i <,
[61737] = €1,
[z,e1] = —e1 + 71 €,
2n —3
Ropy1,1: le2, x] = 5 €2
2n — 3
[17,62] - 2 €2 +72 €n,
2 21— 7
leisx] = —[x, 6] = %ei, 3<i<2n-1,
\ [:1;73:] = Y3 €n,

where (717 Y2, '73) ?é (07 07 0)

Theorem 2.1.6. Any (2n + 1)-dimensional solvable Leibniz algebra with nil-
radical Qo is isomorphic to one of the following pairwise non-isomorphic al-
gebras:

R2n+1,1(070) 1)5 R2n+1,1(05 150)) R2n+1,1(17 170)7 R2n+1,1(15050)-

Proof. We make the following change of generator basis elements:

2n 2n 2n

/ !/ /

e = E a; €;, €y = g b; e;, T =dx+ E c; €,
i=1 i=1 i=1

where (a1be — bjag)d # 0, while the other elements of the new basis (i.e.
e;, 3 < i < 2n) are obtained as products of the above elements.
The multiplication table in this new basis implies the following restrictions
on the coefficients:
a2:b1:0 dlzl,

o — 2(0,162'_1 — C1Cbi—1) 3<i<om—1 Aoy, = 2nz_2(_1)k+1cka _
. o — 5o , <3< , n 2 2n—k+1,
i C§_2b2 » 9 2n—1 .
b= (1) L2 gcicon 1, by = 53 Z (=) erbop g1

. _ "
(1 —2)! —~



2.2 Solvable Leibniz algebras with nilradical F! 45

Calculating the new parameters we obtain:

/ 71 / 2 I v3 +c1v1 + 22

M= S5,—1.9° V2 - 73 -
a%” 4b% a%n 3Dy a%” Sb%

Case 1. Let 71 = 0, then 7] =0,
If 9 = 0, then 74 = 0 and 4 = (1”17321) # 0. Putting by = /aﬂ%% then we
1 2 1
have that 44 = 1 and the algebra Rg,,+1.1(0,0,1).
If 75 # 0, then putting by = aﬂ% and co = —% we get 74 = 1, and 74 = 0,

1
i.e. we obtain the algebra Ra,41.1(0,1,0).
Nai

n—2
ay

_ y3tcay2
7

Case 2. Let v # 0, then assuming by = and ¢; = we get:

VY172
=1, ”YQZF 75 = 0.
1

If v # 0, then setting a1 = "{/\/7172, we derive 74 = 1, and thus we
obtain the algebra Rap41,1(1,1,0).
If 49 = 0, then we get the algebra Ra,41,1(1,0,0).

2.2 Solvable Leibniz algebras with nilradical F!

In the following proposition we describe the derivations of the algebra F!.

Proposition 2.2.1. Any derivation of the algebra F} has the following matrix
form:

(6751 (%) as (%) P 6 7 | (679}

0 a1+ as Qs Qy ce. Q1 I5]

0 0 200 + g a3 . Q9 Qp—1

0 0 0 31 +ay ... Qp_3 Qp_9

0 0 0 0 o 0 n—=1ar+a

Proof. Let d be a derivation of the algebra F!. We set

d(el) = Zai (&) d(eg) = Zﬂl €;.
=1 i=1



46 2 Solvable Leibniz algebras with filiform nilradicals

From the equality

0= d([e1, e2]) = [d(e1), e2] + [e1, d(e2)] = Bi es,

we get f1 = 0.
Further, we have
n—1
Cl(eg) = d([el, 61]) = [d(el), 61] + [61,(1(61)] = (2(11 + Oég) €3 + Z QG €4 1.
i=3
On the other hand,
n—1

d(es) = d([e2, e1]) = [d(e2), 1] + [ea,d(e1)] = (a1 + B2) ez + Y i €.
=3

Therefore, 8o = a1 + s, B =a;, 3<i<n—1.
Applying the property of derivation to the products [e;, e1] = e;+1 and by
an induction on ¢, it is easy to get that the following equalities for 3 < i < n:

n
d(ez) = ((Z — 1)0&1 i OZQ) e; + Z Qj—i+2 €5, 3<i1<n.
j=it1

O

From Proposition [2:2.1] we conclude that the number of nil-independent
outer derivations of the algebra F! is equal to two. Therefore, we have that
any solvable Leibniz algebra whose nilradical is F! has dimension either n + 1
or n+ 2.

Below, we present the description of such Leibniz algebras when their di-
mension is equal to n + 1.

Theorem 2.2.2. An arbitrary (n+1)-dimensional solvable Leibniz algebra with
nilradical F} is isomorphic to one of the following pairwise non-isomorphic
algebras:

[ei, e1] = eiya, 2<i<n-—1,
R, [z,e1] = —e1 — ea,

[61,.%'] = €1,

[eiax] = (i_l)eiv 2<Z<7’L,
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[ei,el]:eiﬂ, 2§i§n—1,
xr,e1] = —eq,
Ry(a [l !
[81,$] = €1,
ei,z] =G —14+a)e, 2<i<n,

]
]
Rs: ] [e1,z] =ey,
]
]

i, e1] = eit1, 2<i<n-1,

]
]
Ry: < [e1,z] =e1 + ep,
]
]

le1, e1] = es,

lei, e1] = eit1, 2<1<n—1,

n—1
Rs(auy, ... ) : [61,%‘]:62+Zai6i
i=4

n
lei, z] = e; + Z aj_it2ej, 2<i<n.
j=i+2

Moreover, the first non-vanishing parameter {au,...,an} in the algebras
Rs(ay, ..., an), can be scaled to 1.

Proof. From Theorem and arguments after Proposition we deduce
that there exists a basis {e1,e2,...,en,x} such that the multiplication table
of the algebra F! is completed with the products coming from Ry, (€), 1<
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1< n,ie.
n n—1
[517x]zzaiei7 [62,96]:(041+042)€2+Zai6¢+56m
i=1 i=3

n
lei, z] = ((z —1Dag + 042) e; + Z aj_iq2€j, 3<i<n.
j=i+1

We denote the remaining products as follows:

[x,e1] = Zﬁl €, [x,e9] = Z% €;, [z, 2] = Z(SZ- €;.
=1 =1 ;

From the chain of equalities

0=z ,e3] = [ac, [eg,elﬂ = [[x,eg],el] = [[1’,61],62] = [[x,eg],el]

n
= (M +72)e3+ 2%—1 €i,
i=4
we conclude that v9 = —vy1, 1, =0, 3 <t <n— 1.
Since y1e3 = [61, [m,eg]] = [[el,x],ez} — [[el,ez],x] = 0, then v; = 0.
The identity {e1,x, e;} implies f; = —a;.
Applying the Leibniz identity to the elements of the form {z,z,es} and
{z, e9,x}, we conclude:

((n =1y + a2)¥m =0,
(n —2)aiv, = 0.

Note that v, =0 (otherwise a1 = ag = 0 and then we get a contradiction
with the non-nilpotency of the derivation D (see Proposition )

Now we are going to consider the possible cases of the parameters a; and
a9.

Case 1. Let a; # 0.

Case 1.1. Let a; # (2. Then taking the following change of basis:

n
, 1
T =, €1=€1—CTE Bi €,
iz

1 - :
e = —a—l((—al + B2) ei + Z Bj-i+2€j), 2<is<n,

j=it+l
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we obtain

[er,e1] =e3,  [er, Zﬂzeu [ei, e1] = iy, 2<i<n-1,

n
[1‘,61] = €1, 627 an €, [;Uae2] = 07 [x,x] = ZQZ €;.
=1

The equalities

0 - [[61,62],%} - [61) [625:1:]] + “617 - 6172771 62 =11 €3,
imply n; = 0.
Consider
[es, x] = [[e1, e1], ] = [e1,[e1,2]] + [[e1, z], €1]
n—1
= pre3+ (1 + p2) ez + zui eir1 = (2u1 + p2) ez + Zm’ €itl-
—8 =3

On the other hand,

n—1
le3, x] = [[62, 61],37] = [62, [61,ﬂ7]] + [[62796],61] = pi1e3+me3+ Zm €i+1
i=3
n—1
= (1 +m)es+ ) miei.
i=3
The comparison of both right-hand sides implies:
N2 = [1 + [42, i = Hi, 3SZ§7’L—1,
this means:
n—1 n—1
le2, 2] = (p1+p2) e2+ Y picitnnen and [es,z] = (2p1+p2) e3+ Y | i €.
i=3 i=3
Now we shall prove the following equalities by an induction on i:
n
leivz] = ((i = D+ p) e+ > pyjoivaej, 3<i<n. (2.2.1)

j=i+1
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Obviously, the equality holds for ¢ = 3. Let us assume that the equality holds
for 3 < i < n, and we shall prove it for ¢ + 1:

[€i+17 .’I)] - [[6,’, 61]737] = [€i7 [617 iL‘]] + [[62‘, J}], 61]
n
= p1eip1 + (i — Dpa + po) €1 + Z Hj—it1 €;
j=it2

n
= (ip1 + p2) €1 + Z Hj—it1 €j;
=i

so the induction proves the equalities ([2.2.1]) for any i, 3 <i <mn.
Applying the Leibniz identity to the triples of elements {e1,z,e1},
{e1,z,x}, {z,e1,x}, we deduce that:

= —1, o =601 =0, 0; = piv1, 2<i<n-—1

Below, we summarize the multiplication table of the algebra

(le1,e1] =e3

[eh 61] = €i+1,

n
ler, 2] = —e1 + > piei,
i=3

2<i<n-—1,

n—1
[627 l‘] = —€2 + Z Hi € + Tin €En,
=3
n
[ei,m] :—(i—l)ei—l— Z Wi—i+2 €5, 3 <1< n,
J=i+1
n—1
[z,e1] = e, [z, 2] = ZMH e; + Op en.
=2

Let us take the change of basis in the following form:

n n
/ /
e} =er+ g Aje;, €y = ez + E Aje;,
=3 i—3
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n
€ =e; + Z Aj_it2ej, 3<i<n,
j=it1
n—1
o' =" Aijrei + Ben +
i=2
where
1 i—1
Az = ug, A = (Z — 2) <Mz + ]Z_;A],U/z ]+2> 4<i:<mn, and
1 n
B = — <9n + Z AjMn—j+3)-
7=3
Then
n—1
(2, €] [ZAHlez—i-Ben—i-a: el}—el—FZAez_el,
=2 =3
n
[6,1’ xl] = [61, l‘} + Z Ai[eiv :L']
:_61+ZN261+2A < 1_1ez+ Z Hj— z+2€]>
J=i+1
n
IR VTR0 WS Sy RS D Spra)

j=i+1

= e — ZAe’—'_Z'u’ez ZA 6Z+Z<ZAJM j+2)
=—61—2Az’€i+(ﬂ3_‘43)63
+Z( i(1—2) +Mz+ZA‘]:u’Z J+2>

7=3
_ A~ R /
= —€1 — i€f = —€1,
=3
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[e5, 2] = [e2, 2] + ZAi[ei,x]

:_62+Zuzez+nnen+2A ( Z_l 67,+ Z Hj— 7,+26])

Jj=i+1

= —€9 — Z Aiei + Z Hi€q + Men — Z AZ(Z - 2)6Z
=3 1=3 =3
n n
+ ZAi ( Z flj—it2€;)
=3

j=i41

n n—1 n
= —eg — Z Ae; + Z Wi€i + Nnepn — Z Ai(i - 2)61
~ ‘ i=3
+ Z (Z Ajpi— J+2)

1=

= —e —ZA ei + (u3 — As)es
=3

n—1 i—1
+ Z ( < Al(z = 2) + p; + ZAjMi_j+2) €;
i=4 =3
n—1
+ (Tln - (TZ - Z)An T Z Aiﬂn—i-l—?) €n = _6/2 + 77/ 6;1,
=3
n—1
[/, 2] = Ajjalei, x] + Blen, 2] + [z, 2]
=2
n—1 n
=> Aip (— (i—Dei+ ,UjfiJrZej)
i=2 j=i+1

n—1

- B(TL - 1)611 + Z Hit1€; + Onen
=2
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n—1 n—1
= — ZAZ'-I-l(i — 1)61‘ + Z,U/H—lei — B(n — 1>€n + Qnen
=2 =2
n—1 n
+ Z Ay ( ,ujfiJrZej)
i=2 j=i+1
n—1 n—1
= — Z Ai—i—l(i — 1)61' + Z’ui"'lei - B(TL — 1)6n + Hnen
=2 =2
n %
F20 (2 Agpiges) o
=3  j=3
n—1 %
= (u3 — Az)ez + Z ( — A1 (0= 1) + prip1 + Z AjMz‘—j+3) €
i=3 j=3
n
+ ( —Bn—1)+60, + ZAanfjH’;) en = 0.
=3

With a similar induction as the given for Equations (2.2.1)), it is easy to
check that the following equalities hold:

[ei,x] = —(i = 1) e, 3<i<n.

Thus, we obtain the following multiplication table:

e1, e1] = e3, [ei, e1] = e€it1, 2<i<n-—1,
[z,e1] = ex, ler, x] = —eq,
[627'1:] = —€3 + Nen, [eiam] S _(1’ — 1)61" 3 S 1 S n.

If n # 0, then by taking the change of basis

/
ey = €z + €n,

n—2
we get 7' = 0.

Finally, by applying the change of basis ' = —z and €] = e; — ea, we get
the algebra R;.

Case 1.2. Let a; = 2. Then by taking the following change of basis:

e’lzel—eg, e;:ei, 2 <1 < n,
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we can assume that the multiplication table is the following

65, e1] = €is1, 2<i<n-—1,
n
[z, e1] = —aner + Zﬁz‘ei,
i=3
[61, l‘] =aqare] + (an - B)ena
n—1
lea, x] = (a1 + ag)eg + Zaiei + Ben,
i=3
n
[61‘,%] = ((Z — 1)011 + ag)ei + Z Qj_i12€5, 3 <1 <n,
j=i+1
n
[z, x] = Z die;.
i=1

Now, by taking

1 1 n—1
/
T === — ir1€
o o ZB’H»I (X
1=2
and renaming the parameters, we get
lei, e1] = eiya, 2<i<n-—1,
[CE, 61] = —€1,
[61,1‘] =e; + ﬁenv
g
[e2, 2] = (1 + ag)ea + Zaiei + Aen,
F i=3
n
[ei,x] = (Z -1+ 042)81‘ + Z Qj—;4+2€j5, 3 <1 <n,
j=it+1
n
[z, z] = 251'6@'-
i=1
Making the change of basis
n
2 =z, el = e, e =e;+ Z Aj_itaej, 2 <i<n,

j=it+l
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where
1 1—1
A3 = — ag, Ai:—._1<ai+ZAjaifj+2>a 4<1<n—-1,
i =
1 n—1
A, = — n—2 (>\ + ZAjanfjJrQ),
7j=3

and applying the Leibniz identity, we obtain the family of algebras

leise1] = eitq, 2<i<n-1,

[x,e1] = —eq,

Fa,B8,7) :{ le1,z] = e1 + Ben,
lei,z] = (1 — 1+ a)e, 2<i<mn,

[z, 2] = —Ben—1 +7en.

Below, we shall investigate the isomorphism inside the family. For this

purpose we consider the general change of generator basis elements in the
family F(a, 8,7).

n n n
6’1 = E Aiei, 6’2 = E Biei, ZCI =Cx+ E Pie,'.
=1 =1

=1

Then we obtain in the new basis {€}, €5, ..., e),, 2’} the behavior of the param-
eters with the following expressions:

, , A1+ (n—2+a)A, , YA +(n—1+a)(PA — P A,)
@ =, /B = ) , ¥ = -3 .
A7 “Bs A77° By

Case 1.2.1. o # 2 —n. Taking
A
A, = _ij
n—2+a«
we get 3/ = 0.
Case 1.2.1.1. a # 1 — n. Putting

- —’}/Al + (n — 14 Oé)PlAn

Pn (n -1+ Oé)Al ’
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we have 7/ = 0 and the family Ry(«) with « € C\{2 —n,1 —n}.
Case 1.2.1.2. « =1 —n. Then

~ = Y
AP,

If v # 0, then setting By = we derive 7/ = 1 and thus, the algebra

n—47
1
R3 is obtained.
If v = 0, then we have the algebra Ry(«) with o =1 —n.

Case 1.2.2. a« =2 —n. Then

B /_7A1+PnA1_P1An

!/
p CaArtp, A3,

—yA1 4+ Pi A,
Aq

If B # 0, then taking By =

Setting P, = , we have v/ = 0.

——, we get B' =1 and hence we obtain the

1
algebra Ry.

If B =0, then we have the algebra Rs(«) with a =2 — n.

Applying a general change of basis, it is easy to check that any algebra of
the family F(a, §,7) is not isomorphic to the algebra R;.

Case 2. Let a1 = 0,3 # 0. Then making the following change of basis

n—1
!
D E Bit1 €,
s

we can assume that [z,e1] = B2 eo.
From the identity

[SU, [x,el]] = [[9:,:6],61] — [[33,61],95],
we derive
n n n—1
0= Z5i—1€z‘ — Bales, x| = 251'—1 e; — B2 (Zaiei +5€n>7
i=3 i=3 i=2

consequently, 8o =0, 6, =0, 2<i<n-—1.
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Making the change of basis

one can assume [z, z] = 0.
Summarizing, we obtain the following multiplication table of the algebra
in this case

(le1,e1] = e3, lei, e1] = €jt1, 2<1<n—1,
n n—1
e 2] =) aies, lea, 2] = aiei+ Ben,
=2 1=2
n
[ei,x} = Zaj_i+2 €j, 3 S ) S n.
\ Jj=t

Now we shall study the behavior of the parameters in this family of algebras
under the general change of basis of the form

n
!/
€1 = E Aie’ia
i=1
n—1

ey = (A1 + Az) es + ZAj ESANDe, |
=3

e = A2 ((Al + Ag)e; + Z Aj_it2 €j>, 3<i<m,

j=i+1

n
i E Bie; + Bz,
=1

where A (A1 + A2)Bn+1 75 0.
Then the equalities

n n
0=[,¢}] = [Z Bie; + Bpiiz, Alel} = A ((31 + By)es + Z Biflei)
i—1 i—4

implyBlz—Bg, Bz:(), 3§Z§7’L—1
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Now we shall express the product [e],2'] as a linear combination of the
basis {ej,ea,...,e,, x}, namely:

n
€], 2] = [Z Aje;, Brer + Bn+1:1::|
i=1

=B <(A1 + Asg)es + zn:Ai—wz')
i=4

n n—1 n n
+ Bt <A1 Z a;e; + Az (Z aie; + 5%) + Z A; Z Oéj—i+26j)
i—2 i—2 =3 j—i

= Bl(Al + A2)63 + Z Bi1A;_1e; + Bn+1A1 Z Q,e;

i—4 =2
n—1 n A
+ Bpi14s Z a;e; + Bpy1AzBe, + Byt Z Z Ajai_jyoe;
i—2 =3 j=3
= Bp1(A1 + As)ag ea + <(A1 + As)(B1 + Bpyias) + Bn+1A3a2) e3
n—1 7
+° (BlAi—l + Bni1(A1 + Ag)os + Y Bn+1Ajai—j+2) €
i—4 =3
+ <B1An—1 + Bpni1 <A1an + A8 + Z Aian—i+2>> €n-
i=3
On the other hand,
n n—1
€], 2] = Za;e/i = a5((A1 + Az)ea + ZAjej + Bey,)
i—2 =3
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=« (Al + A2)€2 + (A1 (Al + AQ)O[?) + A3a2)

+Z (a1 4172(4; + 45) +ZA1 T A0l ) e
7=3
n—1 )
+ (Bah + o, AT (Ay + Ag) + Y AT Ajal, 1o )en
j=3

Comparing coeflicients at the basis elements in both right-hand sides, we
obtain the following relations:

ab(Ar + Ag) = Bpy1 (A1 + Ag)a,
Aj(Ay + Ag)aly + Asaly = (A + Ag)(By + Bpyi1as) + Bpi1Asas,

afATH (AL + Ag) + Z Ai_jAjag—jJrz = B1di—1 + Bri1(A1 + Az)oy

j=3
+ ZBn+1AjOéi—j+2, 4<i<n-1,
j=3
-1
AT 20! (A + A 3 A" Al Bah = B A
1 oA+ 2)‘1'2 1 Ay 0+ Doy = b1Ap 1
i=3
n
+ Bn+1 (Alozn 3 A2,8 + Z Aian_z-+2> .

i=3
The simplification of these relations implies the following identities:

/
a2 = Bn+1a2,

,  Bi+a3B,
Oé3 =

A ’
B, i1q4 .
of = = 4<i<n-—1,
A?

o — (anAr + BAs + Ay, — a2 B) By
AT (A1 + Ag) '
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Analogously, considering the product [e}, 2'], we get:

n—1
leh, 2'] = [(A1 + Ag)es + Z Aje; + Bey, Bier + Bn+1iﬁ}
=3
=B ((Al + Ag)es + Z Aiflei)
i—4

+ Bry1 ( (A1 + As) <Z o;e; + 5%)

n—1
+ ZA Zaj i+2€5 + Bagen)

=3 j=t
n—1

n
= By (A1 + Ag)es + ¥ BiAisie; + Bpya (A1 + A2) Y ase;
i=1 i=2
n i—1

+ Bur1(A1 + As)Ben + Bug1 Y > Ajaijisei+ BByjiase,
i=3 j=3

= Bp11(A1 + Ag)ag ea + ((Al + A2)(B1 + Bpyias) + Bn+1A3042) e3

n—1
+ 3 (BrAios + B (A1 + As)ai + ZBn+1A Qg2 e
=4 7=3

n—1
+ <BlAn—1 + By ((A1 + Ay)B 4+ Bag + Z Aian—i+2)> en
i—3

On the other hand,

n—1
[eh, = Z ale = a5((A1 + Az)ea + ZAjej + Bey,)
j=3
n—1
+) ajA? ((A1 + Ag)e; + Z Aj- Me,) + B AT (AL + Ag)en
=3 Jj=i+1
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=« (A1 + A2)€2 + (Al(Al + AQ)Oé3 + A3a2)

+Z( Az 2A1+A2 +Z?)AZ TA; O‘z ]+2>
J

n—1
+ (Bag+ B AT (A + Az) + Y AT Ajaljpa)en
1=3

So we have

n—1
Bi1A,_ 1+ B ((A1 + As) + Bag + Z Aian—i+2>
i=3
n—1 o
= Bah + A} (A1 + Ay) + > AT Ajal 4,
i=3
from which it follows
BBnJrl(Al + A2)
AVT2(A + Ay) ]

g =

and
_(BB1 — anB1 — a2By)Bny1

AT (A1 + Ag)

BBy — o, By
a9 .
Setting Bp4+1 = 1/ag and B = —ag/ag, we derive o, = 1, o = 0.

n — QoA
If B =0, then ' = 0 and putting B = —n— 21
(6%}

n-
Since [2/,2'] =0, then B,, =

we have of, = 0. Hence

we obtain the algebra Rs(ay,...,an—1,0).
If B # 0, then choosing

" Ao,
Al = Y ﬁa AQ = - 1 )
o) B

we obtain 8’ =1, o/, = 0 and the algebra Rs(ay,...,an—1,1). O

In the next theorem the classification of (n+2)-dimensional solvable Leibniz
algebras with nilradical F} is given.
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Theorem 2.2.3 ( [33|). An arbitrary (n + 2)-dimensional solvable Leibniz
algebra with nilradical F! is isomorphic to an algebra with the following mul-
tiplication table:

leie1] =eiy1, 2<i<n—1, [e1,x] = ey,
lei, y] = e, 2<i<mn, lei,z] = (i—1)e;, 2<i<n,

[z,e1] = —e;.
2.3 Solvable Leibniz algebras with nilradical F?

In this section we describe solvable Leibniz algebras with nilradical F2.

Proposition 2.3.1. An arbitrary derivation of the algebra F? has the following
matriz form:

a1 2 as (0] RS 6 77y | (079

o 8 0 0 ... 0 v

0 0 20&1 as o Qp_2 (o775 |
D= 0 0 0 3(11 oo Qp_3 Qp_2

o 0 0 0 ... 0 @®m—-1o

Proof. The proof follows by straightforward calculations in a similar way as
the proof of Proposition [2.2.1] O

It is easy to check that the number of nil-independent derivations of the
algebra F? is equal to 2.

Corollary 2.3.2. The dimension of a solvable Leibniz algebra with nilradical
F2 is either n+1 or n + 2.

Theorem 2.3.3. An (n+1)-dimensional solvable Leibniz algebra with nilradi-
cal F2 is isomorphic to one of the following pairwise non-isomorphic algebras:

[e1, 1] = es, lei,e1] = eit1, 3<i<n—1,
Li(a): le1, 2] = —e1, [ei,x]=—(i—1)e;, 3<i<mn,

[z,e1] = eq, [z, 2] = aey, a e {0,1}.
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e, e1] =e3, e, e1] = eiya, 3<i<n-—1,
L2(a) : [elax] = —€y, [ez'?aj] = _(Z - 1) €i, 3 S 1 S n,
[l’,el] = €1, [8273:] = xé€y, OZ#O
[61761] = €3, [e’iael] = €i+1, BS’I/STL—].,
L3: [61,37]:—61, [ei,il?] :_(7’_1)617 3§Z§n7
[.’17,61] = €1, [627x] = (1 - n) €2 + €n.
le1,e1] =e3,  [es,e1] = eiy1, 3<i<n-—1,
[617 } 1, [eiax]:_(i_l)eia 3§Z§7’L,
Ly(a) :
[LL‘ 61} = [627x] = —«eg, a 7£ 17
[ a€2] =
([e1,e1] =
le1, 7] = —e1 — aves, a€{0,1}, [ea, x] = —ea,
Ls(a) : < [eise1] = €1, 3<i<n—1,
lei,x] = —(i — 1) ey, 3<i<n,
[Ivel] 1+Oé€2, [x762] = €2.
([e1,e1] = e3,
617 Zal e’L? [627'r] - 627
L6(Oé3,0(4,...,0£n,)\,5) : [eiael] :ei—|—17 3§Z§n—1,
le;, @ Zaj i+2 €5, 3<i1<n—1,
Jj=i+1
[z,2] = Nep, [z,e2]) =dea, d€{0,—1}.

In the algebra Lg(as, oy, ...

{as,aq,...,an, A} can be sca

,Qny A, 0) the first non-vanishing parameter
led to 1.

Proof. Let R be a solvable Leibniz algebra satisfying the conditions of the

theorem, then there exists a basis {e1, ea, ...

is the standard basis of F?,
algebra F2, we have that [el,

,€n, T}, such that {e1,eq,...,e,}
and for non nilpotent outer derivations of the
2] =Ry (), L<i<n.

T\ F2
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Due to Proposition [2.3.1) we can assume that

n
ler, 2] = aies, le2, 7] = Ba ez + Bn en,
i=1

n
[ei,a:] = (z’—l)alei—i— Z Qj—i+2 €5, 3<i<n.
j=i+1

Let us introduce the following notations:

[z, e1] = Z%‘ €is [z, e2] = 252‘ €is [z, 2] = ZM €;-
i=1 i=1 ]

Considering the Leibniz identity for the triples of elements {ej,z,x},
{e1,z,e1}, {z,eq,e1}, we obtain \; =0, v1 = —a; and [z, ea] = daea + dpen.
By setting e}, = daea + dpen, we can assume that [z, ea] = des.

Now we distinguish the following possible cases

Case 1. Let a1 # 0. Then the following change of basis

1 ¢ 1 < ,
6'1:€1+7Z’7j6j, ey =e, € =ei+— Z Yj-i+2€j, 3 <1<,
1

j=3 i)
, 1
¥ =—u,
7
implies [z, €]] = €] + e, (where v = %) and the rest of products remains
unchanging.

From the equalities:
e1+y(1+0)es = [l’, [z, 61]] = [[m,x],el] — [[:L‘,el],:z:]

n n
= Z/\i—l e — Zai ei — P2 ez — VB en,

i=4 =1

we deduce

ar=-1, a3=0, ag=—y14+0+P2), i=ai11, 3<i<n—2, and
An—1 = ap + 7/871
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In addition, if we take the following change of basis:

n n
/ / / .
e =e€e1+ E A e, €y =¢€2, € =€+ E Aj_i_;,_g €5, 3 <11 <n,

i=4 j=i+2
n—1
= ZAHlei—i-Ben—i—x,
1=3
1 1 1—2
where A]' = ——aj, J=4,5, A; = %(Oéi + > AjOéZ;jJrz), 6<i<n
j—2 1 —2 =4
n—1

1
and B = 71()\11 + > Ajai_j+3), then we have
n — j=4

[6/17'%./} = —6/1 + g 6/27 [6/2,33/] - /82 6/2 + BTL 6',117
[eh, 2] = —(i—1)el, 3<i<n, [2' 2] = Xa el +yBnel_q.

79

Finally, we obtain the following multiplication table of the algebra R:

le1,2] = —e1 — (140 + B2) ea, [e2,z] = B2 ea + By en,
[x761]:el+7627 [eiw%.]:_(i_l)ei? 3§Z§n7

[z, e2] = e, [z, 2] = Ao ea + VB en—1.

Considering the Leibniz identity for the triples of elements {z,x,es},
{z,z,x}, {x,e1,x}, we obtain:

6Bn = 6(6 + B2) = 62 = 70(6 + B2) = 0.

Notice that if e; € Ann,(R), then dim Ann,(R) =n — 1 and if e2 ¢ Ann,(R),
then dim Ann,(R) =n — 2.

Now we analyze the following possible subcases:

Case 1.1. Let e2 € Ann,(R). Then § = 0 and making the change €] =
e1 + yes we can assume [z, e1] = ej.

In this case, we must consider two additional subcases:

Case 1.1.1. Let es € Center(R). Then dim Center(R) = 1 and By = 3, =
0. We have two options: if Ay = 0, then we get the split algebra L;(0); if
A2 # 0, then we obtain the algebra Li(1) (by scaling the basis).

Case 1.1.2. Let ey ¢ Center(R). Then dim Center(R) = 0 and (f2, 5n) #
(0,0).
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Let us take the following general change of basis:

n n n
/ / ! i—2 .
ey = § Ajei, ey = § Bie;, e; = Aj (A1€i + g Aj_it2 61')7 3<i<n,
i—1 i—1 j=it1

n

/

x = E Cie;+ Cpyx,
i—1

Where (AlB2 - A2B1)0n+1 75 0.
From 0 = [e), €]] = [eh, €], we obtain that By = B; =0, 3 <i <n—1,

l.e. e = Byey + By e, and A1 By # 0.
The equalities

n
ey = [2',ej] = A1Cres + ZAlci—l e; + A1Cpq1 €1,
i=4
imply that
Cny1 =1, Az =0, Az = A1Ch, A =A104, 4<i<n.

Similarly, from

By ez + (Bnfy + Br AT ) en = By €3 + B €, = [e3, 2]
= Byfaez + (B2,3n 3 (n - 1)Bn) €n,

and

AyBges + MyBp e, = Nyehy = [2,2"] = (Mg + CaB2) €2 + (C12 —2C3) e3

n—1

+ Z (C1Ci—1 — (i — 1)C;) € + (C1Cn—1 — (n — 1)Cp + Caf8y) €,
i=4
btain () — —Cil 3 << 1 and
we obtain Z—m 1 »3<t1<n—1an
;o ,  Bafp— Byp(B2+n—1) ;A2 + BaCh
/62 — /827 /Bn - A?_l ) 2 — B2 )

)\IQBn =C1Ch-1 — (n — 1)Cn + Cy08,.
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Now we need to distinguish two subcases:

Case 1.1.2.1. Let 85 = 1 — n. Putting Cs = —%, C, = %,
we get Ay =0 and ], = fi@{.
1

If B, = 0, then we get the algebra La(a) for o =1 — n.
If B, # 0, then making A1 = "v/B3, B2, we obtain 3/, = 1 and the algebra
Ls.

Case 1.1.2.2. Let 2 # 1 —n. Taking the change B,, = ﬁfjgjl, we obtain

Bn = 0. Since (B9 # 0, we set Cy = —%, C, = C1Cn=11CoBn 41 d we get Ay = 0,

n—1

i.e., the algebra La(«) is obtained, for a ¢ {1 —n,0}.
Case 1.2. Let eg ¢ Ann,(R). Then 6 # 0 and By = —6, 8, = A2 = 0.
Let us consider the general change of basis in the following form:

n

/ 2 : / } :

€1 = AZ' €, €y = B@' €,
i=1 i

n n
e = Ai_Q(J‘h e + Z Aj_itoej), 3<i<n, a'= ZCz‘ e +Cpt1 7,
j=it+1 i=1
where (A1BQ — A2Bl)Cn+1 75 0.
Then from 0 = [é)), €]] = [€}, €5], we derive that By = B; =0, 3 <i <n—1,
L.e. ey = Byes + By e, and A1 By # 0.

Similarly, from the equations:

6,14-’7, 6/2 = [:U/, 6/1] = A10n+1 el +Cn+1(A1’7+A25) ea+A1C1 63—1—2 A1C;_1 €;,

i=4

and

§'(Bgea + Bpey) =6 ey = [a',eb] = Bad e,
we obtain
CnJrl :1, A3:A101, Ai:AlCi,l, 4§z§n—l,
A Ax(0—1
v = 17+ B2( ), A1Ch1 = Ap++'Bn, § =4, 8B, =0.
2
Now we distinguish the following possible subcases:
A
Case 1.2.1. Let § # 1. Then by the substitution As = —5_7171, A, =

A1C),—1 into the above conditions, we get 4" = 0 and the algebra Ly(«).
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Case 1.2.2. Let 6 = 1. Then B, = 0. If v = 0, then v/ = 0. If v # 0,
then by putting By = A1y and A, = A1C,,_1 — B,,, we get v/ = 1. Thus, the
algebras Ls(«), o € {0,1} are obtained.

1
Case 2. Let a; = 0. Then (5 # 0 and by replacing = by 2’ = 6—:6, we
2

can assume [eg, 2] = €2 + Bpen.
Under these conditions, the multiplication table of the algebra R has the
form:

n
le1, 2] = Zai ei, lez,x] =ex+ Bnen,
i=2

n n
[l’, 61] = Z% €;, [ei,:n] = Z Oéjfi+2 6]', 3 S ) § n — 1,
=2

j=i+1
n
[x,e2] = dea, [z, z] = E i €.
\ =2
n—1
Making the transformation @’ = x — y3e1 — Y Vit1 €3, we can assume
i=3

[, e1] = v ea.
Similarly as above, we obtain the conditions:

YO +1)=ad —y=B,0=0860+1) =X =0.

Now we distinguish the following subcases depending on the possible values
of the parameter 9:

Case 2.1. Let § # 0. Then dimAnn,(R) =n—2and 3, = X2 =0, 6 =
—1, g = —v. By means of the change of the basis element ¢} = e; + yea, we
can suppose that [z/,e1] = 0.

Taking the general change of basis as in the above considered cases, we
derive the following conditions for the parameters

/ (67 . / )\n
a;=—75, 3<i<mn, An =
Ay A7
Consequently, we deduce the algebra Lg(as, oy, ..., n, A, —1).

Case 2.2. Let 6 = 0. Then dimAnn,(R) = n —1 and v = 0. Taking
the change of basis e}, = e3 + B, e, and 2/ =  — Ay e2, we can assume that
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[e2, z] = ea, [x,2] = A\, €,. Therefore, we have the products
n n
[e1, z] :Zaieia 2, 2] = e, [ei, 2] = Z Qj_it2€j, 3<i<n—1,
i=2 j=i+1
[z, 2] = A\ €n.

Applying similar arguments to general transformation of bases, we have

/ / Qi . / An
oy =0, o; Ai‘Q’ 3 <1 <n, A = A?*l'
Thus, we obtain the algebra Lg(as, ay, . . ., an, A, 0). O

Theorem 2.3.4. An arbitrary (n+2)-dimensional solvable Leibniz algebra with
nilradical F? is isomorphic to one of the following non-isomorphic algebras:

[e1, e1] = es, [ei, €1] = eiva, 3<i<n—1,
Ll : [elyx] = €1, [:Eael] = —€1,
[62,?]] :7[:%62] = €2, [eia'x] 3 (1_1)61, 3§7,§TL,
[e1, e1] = e3,  [ei, e1] = eiyq, 3<i<n-—1,
L2 : [6171:] = €1, [,’L’,el] = —€y,

[e2,y] = ea, lei,x]=(i—1)e;, 3<i<n.

Proof. Let
Q Qs Q@3 Q4 ... Qpoq an
0o g 0 ) 2y 0 ~
0 0 2041 a3 e Op_2 (779}
Rewz =10 0 0 3a1 ... anogz  ans
0 0 0 0 0 (n—1)
and
Al A A3 A L Al An
0 wu O 0o ... O v
0 0 2\ A3 ... Ao An—1
Rug =10

0 0 3\ ... A3 An—2
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be two nil-independent outer derivations of the algebra F2.
Taking the change of the basis elements x,y

r_ I B

X xr — y,
app—78 app—y1f8

r 71 T+ aq "
ap—mp  oaap—mp
we can assume that oy = u=1, Ay =5 =0.
Thus, we have the products:

n
[61,.%'] :el+zaiei7 [627$] =Y En,
i=2
n
leix] = (i— e+ > ajiae;, 3<i<n,
j=i+1
n
lenyl = Aies, 2, y] = e2 + vy,
i=2
n
[ei, y] = Z Aj—i+2 €j, 3<i<n.
j=i+1

Applying similar arguments and changes of bases which we have used in

Theorem [2.3.3] we obtain isomorphism classes of algebras whose representative
algebras are Ly and Ls. O

Remark 2.3.5. In fact, the algebra Ly = Iy ® J1, where I; = NF,_1+(z) and
J1 = (ea,y), verifies that 11 is a solvable Leibniz algebra with nilradical N F,,_;
and Jy is a two-dimensional solvable Lie algebra. The algebra Lo = Iy @ Js,
where Iy = NF,_1 + (x) and Jy = (ea,y), verifies that Jy is a two-dimensional
solvable non-Lie Leibniz algebra. Thus, from Theorem [2.5.4], we conclude that
any (n + 2)-dimensional solvable Leibniz algebra with nilradical F? is split.



Chapter 3

Leibniz algebras corresponding
to the Diamond Lie algebras

3.1 Preliminary definitions and results

The real Diamond Lie algebra @ is a four-dimensional Lie algebra with basis
{J, P1, P, T} and non-zero relations:

S, Pl =P, [J,P]=-P1, [P,P]=T.
The complexification of the Diamond Lie algebra: ®¢ = © ®r C displays

the following (complex) basis: {Py = Py —iPs, P- = Pi +iP,, T, J}, where
1 is the imaginary unit, whose nonzero commutators are

[J,Py]=1iPy, [J,P_]=—iP_, [Py,P_]=2T.
If we change the basis
J =—iJ, Pl=Py, Pi=P_, T =2T
then we can assume that
[P =P, [J,P]=-P, [P,P]=T. (3.1.1)

In the paper [26] the authors construct for any n € N a (3n+3)-dimensional
Lie module V;, over the algebra ©, which is endowed with a basis {Ué}f;%lzn

71
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They use an action © - V;, (the action V;, - © evidently is defined by the anti-
symmetrical law).

In the Leibniz algebra L = © & V,, we shall identify the action V,, - © with
the product [V, D]. In order to have compatibility instead the action © -V,
we will use V,, - © as follows:

vl - J = —i/2(n — 2k)v], 0<k<n, j=0,1,2,

vé-P_F:(k—n—l)viJj, 0<k<n, j=0,1,

vy - Py =0, . v2-Pp =0, 0<k<n, j=0,1,

vl Po=—(k+1)vlt], 0<k<mn, j=0,1,

vh - P_ =0, vp-P-=0, 0<k<n, j=0,1,

v) - T =i/2(n — 2k)v3, vl -T =0, 0<k<n, j=1,2.
(3.1.2)

In the next proposition two different decompositions of the module V,, are
presented.

Proposition 3.1.1 ( [26]). Let V,, be the ©-module constructed above and let
us denote by |x| integer part of x. It is verified that:

- If n = 0, then V,, decomposes in the direct sum of three trivial one-
dimensional modules.

-Ifn =24, 5 € N, j>1, then V,, decomposes into the direct sum
Vi, = Ul @ U2 of two modules, respectively, of dimension 3(n/2) + 2
and 3(n/2)+1, given by U} = Span{v8,v8k,v%k_1,vg,vgk}kzl,...¢n/zj and
Uy = Span{vg;,_,, vy, vy, U%k—l}kzl,...,Ln/2J'

-Ifn =241, j € N, j > 0, then V,, decomposes into the direct
sum V, = W} @ W2 of two modules of equal dimension 3n/2, re-
spectively, given by W} = Span{vgk,v%kﬂ,v%k}k:o,...,wzj and W2 =
Span{vng, Udks U§k+1}k=0,~~~7tn/2J :

In the paper [26] it is proved that the terms of the above decompositions
are indecomposable ®-modules.

Theorem 3.1.2. The modules U}, U2, W} and W2 are indecomposable D-
modules.
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Now we define a (2m + 2)-dimensional general Diamond Lie algebra ©,,
with basis {J, P, P, ..., Py, Q1,Q2,...,Qm, T} and whose multiplication ta-
ble has the next form

[J7Pk}:Qk7 [J')Qk]:_Pka [Pkan]:Tv 1Sk§m

The complexification (for which we shall keep the same symbol ©,,(C)) of
the Diamond Lie algebra: ©,, @ C displays the following (complex) basis:

P]:—:Pk_ZQka Q];:Pk—i_ZQka T7 J7 1§k§ma
where i is the imaginary unit, whose nonzero commutators are
LR =iP, [J.Qp]=—iQy, [Pf.Qp]=2T, 1<k<m. (313)

The Ado’s theorem from Lie algebras theory states that every finite-
dimensional complex Lie algebra can be represented as a matrix Lie alge-
bra, formed by matrices. However, that result does not specify which is the
minimal order of the matrices involved in such representations. In [17], the
value of the minimal order of the matrices for abelian Lie algebras and Heisen-
berg algebras b,,, defined on a (2m + 1)-dimensional vector space with basis
X1,oo oy X, Y1,..., Yin, Z, and brackets [X;, Y;] = Z, is found. For abelian Lie
algebras of dimension n the minimal order is [2v/n — 1].

Lemma 3.1.3 ( [17]). For the Heisenberg Lie algebras by, the minimal faithful
matriz representation has order equal to m 4+ 2.

3.2 Leibniz algebras constructed by Fock represen-
tation of the Diamond Lie algebra

It is known that if we denote by T the operator associated to the position and
by a% the one associated to the momentum (acting for instance on the space V'

of differentiable functions on a single variable), then [Z, %] = 1y. Thus we can
identify the subalgebra generated by 1,7 and % with the three-dimensional
Heisenberg Lie algebra h; whose multiplication table in the basis {1, T, 6%} has

a unique non-zero product [z, a%] =1
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For a given Heisenberg algebra h; this explanation gives rise to the so-called
Fock module over b, the linear space [F|x] of polynomials on z (F denotes an
algebraically closed field of characteristic zero) with the action induced by

(p(z),1) = pla)
(p(z),z) — ap(x) (3.2.1)
(p(@), 5) = g (p(2))

for any p(z) € Flz].

In this section we define the Fock module over the algebra ©. For the
algebra © we have the existence of a basis {J, P;, P, T'} with the multiplication
table (3.1.1)).

Let us introduce new notations for the basis elements of ®:

e=J, z:=DPh, 8222132, 1:=1T.
x

The action of the linear space F[z] on {1,7, %} is induced by the action
(3.2.1). Further, we need to define the action on €.

We set
(1,8) = X+ Az + Aoz® + - - - 4 Apa™

Now we consider the action on 1 € Flz], the elements e, % €D:

) .0 9. _
0= (17 [67 %]) - (( 76)) %) Ny ((17 %)76)
F;) n
_ 2 n _ cy i—1
= A+ Mz + Az’ 4+ 4 Az ,%)—;z/\w

Therefore, (1,€) = A.
From the equalities
= (1,7)=(1[e7]) = ((1,e),2) - (1,7),8) = (A7) — (

$>é) = Az — (.%',E),
we derive (z,€) = (A — 1)x.

By induction one can prove the equality:

(z',8) = (A —t)z", teNu{0}.
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Taking the change of basis € := & — A\l we can assume that (z',e) =
—txt, t > 0.
Therefore, the action on € is defined as follows:

Op())

(b(a).?) = —o =2

So, we are ready to define a notion of Fock module for Diamond Lie alge-
bras.

Definition 3.2.1. The linear space F[z]| is called the Fock ®-module if an
action (F[z], D) — Fx] is defined as follows:

Py
p\r ’E, — zp(x),

(p(x), ) = 2 (p(x)), (3.2.2)
(p(z),8) = —z2eE)

for any p(z) € Flz].

The main result of this section consists of the classification of Leibniz al-
gebras, whose corresponding Lie algebra is the complex Diamond Lie algebra
D and the ideal I is the Fock ©-module.

Theorem 3.2.2. A Leibniz algebra L with conditions L/I = ®, and I is the
Fock ®c-module, admits a basis

1.7 o, 2 at[teNU{0})

such that the multiplication table in this basis has the following form:

le,7] =T, [T,€] = -7,

—~ 91_ _ 0 9 =1 _ 9
[67 @] - T 9z [@76] - Oz
[E) %] = 17 [%)f] - _]—a
[2t,1] = 2, (2!, 7] = 2+,
(', Z] = ta'™!, [2f, €] = —ta',

where the omitted products are equal to zero.
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Proof. Taking into account the action (3.2.2), we conclude that
{I,z, 2, & 2! |t € NU{0}} is a basis of L and

281 = 2! [¢8,7] =2, [ 2] =tx'l [2'e] = —tal.
ox
Let us denote
9 _ o s
Gy =), Li=r@), &1=pk) [e1]=m(@).
Taking the following change of basis elements:

2" @ 4 -

%—8—%—(1() U'=T-r(), T=72—pk), €=c—m),
we obtain -

[z,1] = 0, [aj)— 11=0, [1,1]=0, [e1]=0

Consequently, 1 € Ann,. (D).
The chain of equalities [[D,

[1,93]:[1,%]:[15]:@,95]:[%,%1 2.7 =0
ol = 7 =T BE = EA =7, [t =] =

O

3.3 Leibniz algebras corresponding to the four-
dimensional complex Diamond Lie algebra with
the indecomposable modules

In this section we are going to describe Leibniz algebras L such that L/I = D¢,
where D¢ is the four-dimensional complex Diamond Lie algebra and the ideal
I is identified as right ®c-modules U}, U2, W}l and W2.

In order to have the compatibility with the above representations, in the
law of the Diamond algebra we use the following multiplication table (we make
the change of basis P, = P_, P/ = Py):

[J,Py] = —iP,, [J,P_]=iP_, [Py, P_]|=—2T.
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3.3.1 Leibniz algebras whose ideal I is the Dc-module U}

Let {vf, v3,, va, 1, V&, v%k}k:17_._7n/2 be the basis of module U} chosen in
Proposition [3.1.1] with even n. Then from Proposition [3.1.1] and the action
(3.1.2) we have the following products in the Leibniz algebra L:

fugk, J] = %(n — 4k)vgk,

Vgp_1> J] = 5(n —4k + 2)Vgp_15
V3, J] = §(n — 4k)v3,,

vgk, Pl =(n—-2k+1)vy,_ 4,
Vgp_1, Pyl = (n =2k + 2)v3,_,,
v, P-] = (2k + 1)U2k+17
Vgp_1, P-] = 2ku3,,

”(Q)kaT] = _i( - 4k)”%kv

k=0,...,
k=1,...
k=0,...
k=1,...
k=1,...
k=0,...
k=1,...
k=0,..

w\: IS IS I3 IS IS N3 w\:

(3.3.1)

|
—_

Theorem 3.3.1. An arbitrary complex Leibniz algebra with corresponding Lie
algebra D¢, and the ideal I associated as ®c-module defined by , admits
a basis {J, Py, P_,T, 1)8’U(z)k;’U%k—lavcz)vv%k}kzl,...,n/% where n is even, and the
multiplication table [Dc,D¢| has the following form:

e n=14s
[J, Py] = —iPy, |y v [Py, P_] = —2iT,
[Py, J] =iPy, [P_,J] = —iP_, [P-,Py] = 2iT + 20102,,
[1,T] = a1, [J,J] = asvd,, [Py, Pi] = asv3,_y,
[P-, P_] = aqvy, s
e n=4s—2
[J, Py] = —iPy, [Py, J] = iPy + 2isp1v3,_,,
[J,P_] =iP_, [P_,J] = —iP_ — 2isBv3,,
[Py, P_] = —2iT, [P_, Py] = 20T + 2Bavd,_ 4,
[J’ ‘]] = 51”%5—17 [‘L ] BZU%S—17
[Py, Py] = 53055—37 [P, P_]= 54U%s+17
[Py, T = 2isPavs, oy, [T, Py] = —i(2502 — (5 — 1)B3)v3,_,,
[P_,T] = —2isBov3,, [T, P_]=i(4sB2 — (s —1)B4)v3,.
where a;, B; € C, 1 <1< 4.
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Proof. We will consider two cases n = 4s and n = 4s — 2.
Let us introduce notation

n/2 n/2 n/2
_ 0.0 0.0 11 2 9 2 2
[, 7] = adud + > aSo0, + > as,_ vy + agug + > vy
k=1 k=1 k=1

Case 1. Let n = 4s. Taking the following change of basis:

) s—1 .
’_ 4y o 2k 2k Za2kz1 ol
J_J+%”0+Z k2k+z k2k+223 ok +1"2k-1

Zao 2 Za2k v2 za% v2
+*0+Z ~op U2k T Z ~ o U2k
75-}—

we can assume that [J, J] = a9,09, + a3.v3,.

Lifting from the quotient Lie algebra ® to the Leibniz algebra L we have

[J, Py] = —iPy + bjvg + Z by, V3, + Z bog—1Vak—1 + bovp + Z b3V,

k=1 k=1 k=1
2s 2s 2s
_ 0,0 0,0 1 1 2 2 2 9
[J, P_] = iP- + coug + Z CoVor, + Z Co—1V2k—1 T U + Z Cok V3
k=1 k=1 k=1
2s 2s 2s
0
[Py, P_] = =2iT + dgvg + Z diyvgy, + Z digo—q Va1 + dgvg + Z d5), 03y
k=1 k=1 k=1

Making the change of basis elements as follows:

2s 2s
P‘/f‘ = P+ + ZbOUO + E Zka'UQk + Z Zka 1U2k‘ 1 + ZbOUO + Z ZkaUQk7
k=1 k=1 k=1
2s 2s 2s
/I - 0,0 -0 .0 -1 1 . 2 2 -2 2
Pl =P —icjuf =) ich oy — D ey, qva_q — icug — Y ichuay,
k 1 k=1 k=1
T'=T+ 5(dgvg Z doy vy, + (df + ibp)v]
k=1
2s 2s

+ Z(déka + (2K — 1)byy_o)vig_1 + divg + Z(dgkz + 2ikbyy,_y)v3),
k=2 k=1
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we derive the products
[J,Py] = —iPy, [J,P_]=1iP_, [Py,P_]=—-2T.
Considering the chain of equalities

Py =i[J, P] = [, [Py, T = [[J, Py, J] = [, ], Py,
P =—ilJ,P_| = [J,[P_,J]| = [[J, P-],J| = [[J, J], P-],

we conclude

[Py, J] =iPy + ia85(2s s 1)1}%571 and [P_,J] = —iP_ — iags(Zs + 1)'0%5+1.

We set
2s 2s 2s
[Py, Py] = qoup + Z Ao Vok + Z Uap1V3%—1 + G305 + Z o Vaks
k=1 k=1 k=1
2s 2s 2s
[P-, P_] = Igvy + Z I v3% + Z loge—1Vape—1 + lgvg + Z 503
k=1 k=1 k=1
2s 2s 2s
[J,T) = rgug + Z ro vy + Z Tok—1Vap—1 + T3VH + Z T3 Vdk-
k=1 k=1 k=1

Applying the Leibniz identity to the following triples of elements we get
further constraints on the structure constants

Leibniz identity Constraint

{P+7J7P+} = ags:quqg:q%k—1:07 1 <Fk<2s,
qgk:q%kzo, k#s—1,s>1

{P_,J,P} = y=8B=1, =0, 1<k <2s,

Thus, we obtain
[Ja‘]]:a%svgsv [Py, J] =iPy, [P-,J] = —iP-,

0 .0 2 .2 _ 0 .0 2 2
[Py, Pi] = o5 o5 o + G35 oV 9, [P—, P_] =l5,,905 1o + I3, 905, .
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Note that for s = 1, we have [Py, Py] = qJv0 + g3v3, which agrees with the
case s > 1.
Similarly, we derive the following constraints:

Leibniz identity Constraint
{J7 T, J} = [J7 T] = 7“(2)87)88 + T%s”%s?
{P4,J, P_} = [T,J] =0,
{J’ P+’T} = [P+,T] :i(25+ 1)7‘(2)31}%5—1’
{J,P_,T} = [P_,T]) = —i(2s + 1)r9v3, .
Taking into account the product [Py, P_] = —2iT in the following chain of
equalities
_Qi[J7 T] = [Ja [P+7P*H R [[Jv PJr]’P*]_[[J’ P*LPJr] = _Z.[P+7P*]_Z‘[P*7P+]a

we deduce [P, Py] = 2iT + 2r 09, + 2r3 v3..
In order to identify the products [T, P.] and [T, P_], we introduce the
notations:

2s 2s 2s
_ 0,0 0.0 11 2.2 2 2
[T, Py] = mgug + Z M3y Vs, + Z Mg —1Vak—1 + Movy + Z My Vay,
k=1 k=1 k=1
2s 2s 2s
_ 40,0 0,0 Wy 2.2 2 2
[T, P_] = tovg + Z torVoy + Zt2k~lv2k-1 + tovo + Zt%v%-
k=1 k=1 k=1

In a similar way as above we obtain

Leibniz identity Constraint

{T, Py, J} - [Ta P—i—] = m%sflv%sfl’

{T,P_,J} = [T, P-] =3, 103,41,

(P, P, T} = [T,T] = —s(2s + 1)r9 v,

{P,,P,,T} = ¢9, o= —(s+1)(2s + 1),
{P+7P+7P—} = m%sfl :—i/2(28+1)(282+3+1)r(2)5,
{P_,P_,T} = oo =25+ 1(s+ 1)l

{T, Py, P_} = the = —i/2(25 +1)(25> + 5 + 3)ry,.
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From these restrictions, we derive

[P-h P+] (8 + 1)(25 + 1)T(2)svgs—2 + qgs—ZU%s—Q’
[T, Py] = —i/2(2s +1)(2s> 4+ s + 1)ro,va, 1,
[P—7 ] = (28 + 1)(5 + 1)T85U85+2 + l%s+2”%s+2a
pP_]=

—1/2(2s + 1)(232 + s+ 3)7“(2)51}%s+1.

T,

Finally, if we apply the Leibniz identity to the triple of elements
{P_,P;,P_}, we obtain r9, = 0. Thus, by assuming (r3,,a3,, ¢3,_,3,,2) =
(a1, a9, a3, aq), we get the first family of the theorem.

Case 2. Let n = 4s — 2. Taking the change in the following form:

2s5—1 —
1al iad Zazk 1
J/:J+2—010+Zzs Zk 12”2 2k;2k1
2s—1 l 2 2s—1 Z.ag
2k 1 2 2k 2
+Z k2k1+2 1”0+225—2k—1”2k’
k= s+1 k=1

we can assume that [J, J] = aj,_qvi._ ;.

Analogously to the previous case, we can deduce the products
[J, Py] = —iPy, [J, P_] =P, [Py, P_] = —2iT.

Verifying the Leibniz identity on triples of elements we have the following
restrictions:

Leibniz identity Constraint

{J7 J, P+}
{J,J,P_}

[P+7 J] = iPJr + 27;5&%3—1“%3—27

—
= [P_,J] = —iP_ — 2isad, v3,.
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We put

2s—1 2s—1 2s—1

[Py, Py] = qgug + Z G vok + Z Bp—1V3k—1 + GOVH + Z B V3
k=1 k=1 k=1
2s—1 2s—1 2s—1

[P, P_] = lgug + Z Iy vy, + Z log—1va—1 + 1§05 + Z 13403,

k=1
2s—1 2s—1 2s—1
[T T) = rgug + > 1908 + Y rop 105y + 1505 + Y 1305

k=1 k=1 k=1

From the Leibniz identity, we have

Leibniz identity Constraint
{P;,J, Py} = [Py, P] = g5, 305, 3,
{P_,J,P_} = [P—7P—]=l%s+lvés+17
{(J,J,T} = [JT) = ry 1v5_1;
{Py,J, P_} = [T,J] =0,
{J7 Py, T} U [P+7 T] : 2i8r%s—1vgs—2v
{J,P_,T} = [P_,T] = —2isri,_;v3,,
{J7P+7P—} iy [P—7P+] :2Z’T+2T%s—lvésfl‘
Setting
25—1 25—1 25—1
[T, Py] = mgug + Z miy vy, + Z My V3k_1 + MU + Z M), V3k,
k=1 k=1 k=1
25—1 25—1 25—1
[T, P_] = tgvg + Z k05, + Z tok—1vak—1 + tous + Z tK V3%
k=1 k=1 k=1

and applying the Leibniz identity to the following triples of elements:

{T7P+7J}7 {T7P—7J}7 {P+7P—7T}7
{P+7P+7P—}7 {T,P+,P_}, {P—7P+7P—}a
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we derive

[T P+] ( (S - 1)Q%573 - 22’87’%571)”%3727
[ ] (4287"25 1 '(8 - 1)l%s—2)U§s7

[T,T] = 0.

Finally, by denoting (a3, 1,78 1, 35_3, Z%SH) = (p1, B2, B3, B4), we obtain
the second family. O

3.3.2 Leibniz algebras whose ideal I is the Dc-module U?

Suppose that the ideal I is defined as a Leibniz ®¢-module by the irreducible
representation U2 and {vgk_l, vg, v%k, ’U%k_l}kzl’m,n/g for even n is the basis of
I chosen as in Proposition Then the products [I,D¢] have the following

form:

([ 1, J] = bn=4k+ 209, 1, k=1,...,%,
[v%k,J 5(” k)Uzk, k=0,...,5,
(V3K ]Z%W—Ak+%@h¢ k=1,...,2,
W 1 Pr]l=(n—2k+2)vd 5,  k=1,....72,
[@WP] (n— 2k + 1)v3, 4, k=1,...,2
(0951, P-] = 2kvy, k=1,...,2,
[obyo P_] = (2h + 1oy . 0,01,
(09 1 T) = —i/2(n — 4k +2)v2, |, k=1,...,2

Theorem 3.3.2. An arbitrary complex Leibniz algebra with corresponding Lie
algebra D¢ and with the ideal I defined as a Leibniz Dc-module U2 admits
a basis {J, Py, P_,T, ng_lvv(l)W%kang_l}kzl,...,n/% where n 1s even, and such
that the multiplication table [Dc,Dc| has the following form:
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e n—4s
( [J7P+] :_iP+a
[Py, J] = iPy +i(2s + 1)miv3,_y,
[J, P_] =iP_,
[P_, J] = —iP_ —i(2s + 1)71U§s+17
[Py, P_] = —2T,
[P*7P+] =2iT + 2721}%87
[‘]7 J] -2 ’717}%57
[‘]7 T] = ’721}%37
[P-‘r? P—‘r] = 73V25—2,
[P77P_] = 74U%s+2’
[P-H T] = 2(28 + 1)’721)%3—17
) 25 — 1)v3
7Py —i((2s 1)~ B2
[P-,T] = =i(2s + 1)y208, 1 15
) 25 — 1)y
7P = i(2(2s 4 1y~ B2
e n=4s—2
[J, Py] = —iPy, [J, P_] =iP_, [Py, P_] = =2iT,
[P+a ']] = iP+, [va J] N _iP—v [P-’PJr] = 2T + 2511}%3—17
[Jv T] - 51”%5—1 [Jv J] - 627}%5—17 [P+, P+] = 63”%5—37
[P, P_] = 040341,
where v;, §; € C, 1 <1 < 4.
Proof. Let us denote
n/2 n/2 n/2

_ 0 .0 11 101 2 2
[J,J] = Z A9 —1Y2k—1 1 Ay + Z Ao Vo) + Z A%k —1V2k—1-
k=1 k=1 k=1
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In a similar way to the proof of Theorem we will consider the cases
n=4s and n = 4s — 2.
Case 1. Let n = 4s. Taking the change of element J as follows:

ta 2k 1 Wzk 1 Z%k ol
J+Zzs 2k+12’“+7”04FZ — 9% 2k+z —9) U2k

m2k 1 2
+Zzs ok + 12k

we can assume that [J, J] = alvl..

Applying similar arguments as in the proof of Theorem [3.3.1] we derive

[J,P,] = —iPy, [JP.]|=iP_, [P,,P.|=—2.
We set

2s 2s 2s

[Py, Py] = Z G3—1V3—1 + GoVp + Z Qo Vok + Z 03— 1 V1
k=1 k=1 k=1
2s 2s 2s

[P_,P_| = Zlgk—lvgk—l +lovg + Zl%kv%k + Zl%k—lvgk—lv
k=1 k=1 k=1
2s 2s 2s

[J,T] = Z Tok—1V3k—1 + ToUg + Z Tox Uy, + Z T3k 1V3k—1-

k=1 k=1 k=1

Considering the Leibniz identity to the following triples of elements:
{J7 P+7 ']}7 {J7 P—7 ']}7 {P+7 J7 P—‘r}a {P—7 J7 P—}7 {Ja J7T}7 {P+7 J7 P—}7
we deduce restrictions which imply the expressions for the products

[Py, J] =iPy + ia%s(2s + 1)1)3371, [P_,J] = —iP- — z'a%s(Qs + 1)v§5+1,

[P+7 P+] = Q%S—QU%S—% {va P,] = Z%S—FQU%S-FT

[J,T] = r%s“%s? [T,J]=0.
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Moreover, we have

Leibniz identity Constraint

{J. P, T} = [Py, T] :irés(Qs—i— 1)”%371’
{J> P,7 T} = [va T] = —iT%S(QS + 1)U%s+17
{J, Py, P_} = [P_,Py]=2iT + 2rivi..

We also denote

2s 2s 2s
_ 0 0 1,1 1.1 2 2
[T, Py] = Zka—vak—l +moug + Z Moy Vo + Zmzk—Wzk—p

k=1 k=1 k=1
2s 2s 2s
_ 0 .0 11 11 2 9
[T, P-] = Z tok—1V2p—1 + ¥ + Zt%%k + Z tok—1V2k—1-
k=1 k=1 k=1

Applying the Leibniz identity to the triples {T,P.,J}, {T,P-,J},
{P4, P_, P_}, we obtain

YA 2 2
[T, Py] = mys_4V55_1 + Mps 10551,

)0 0 2 2
[T, P_] = t3511V9541 + t2511V25 415

[T,T] = 0.
Finally, we have
Leibniz identity Constraint
{Py, Py, P_} = mj,_ =0,
m%s—l = 1/27’(28 — 1)q%s—2 - Z<28 + 1>r%s7
{T,P;,P_} = tgsH =0,
{P_,P.,P_} = 3., =2i(2s+ 1)rd, —1/2i(2s — 1)1, .

Denoting the parameters (ab,, r3,, 3,9, 13,12) by (71,72, 73,74), we obtain
the first family of the theorem.

Case 2. Let n = 4s — 2. The second family of the theorem is obtained by
applying similar arguments as in the previous case. O
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3.3.3 Leibniz algebras whose ideal [ is the Leibniz ©¢-module
either W! or W?

Lemma 3.3.3. Let L be a Leibniz algebra such that L/I = D¢, where D¢
is the Diamond Lie algebra and I is its right Dc-module. If there exists a
basis {X1, Xa,...,Xn} of I such that [Xy,J] = axXp, ar¢{—2i,0,2i}, for
1 < k < n, where i is the imaginary unit, then [Dc,Dc] has the following
form:

[J, Py] = =[Py, J] = —iPy,

[J,P_|=—[P_,J] =P,

[P47FL]:'_H14P4]::_2ﬂR

Proof. Here we shall use the multiplication table (3.1.1)) of the complex Di-
n

amond Lie algebra. Let us assume that [J,J] = >  myXy. Then by setting
k=1

=J- Z & Xk, we can assume that [J, J] = 0.

Let us denote

n n
[J, Py] = —iPy + ZQka, [J,P-] = -P_+ ZTka:-
k=1 k=1

Taking the following basis transformation:

n n .
1
Jl:Jv P-/&-:P+_§ Qkaa PL:P*—FE ’I"ka;, Tl:i[P-/HP/—]v
k=1 k=1

we can assume that
[J,Py] = —iPy, [J,P_]=—P_, [Py, P_]=-2iT.
Applying the Leibniz identity for the triples {J, J, Py}, {J, J, P_} we derive
(Pesd) = ~[1,P], [P-.J) = ~[1.P.].

We put

n
T) =ty X
k=1
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Considering the Leibniz identity for the triple {J,J,T} and taking into
account the condition «; # 0, we get [J,T] = 0.
Similarly, from the Leibniz identity for the following triples we obtain:

( {J,Py,P_}, = |
{LPe T} = |
{J,P_, T}, = [P_.,T]=0,
{Py, P T}, = |

| {Pr 1P} =

Taking into account the condition of proposition oy ¢ {—2i,0,2:i} in the
Leibniz identity for the triples:

{P+7J7P+}7 {P—v‘]aP—}7 {P+7P+7P—}7 {P—7P—7P+}
we obtain the products
[Py, Py] =[P, P | =[T,Py] =T, P_] =0,
which complete the proof of the lemma. ]

Let L be a Leibniz algebra such that the ideal I is defined as a Leibniz ©-
module by indecomposable Lie representation WW,! of the algebra ® [26]. Then
one can assume that I = Span{vgk,v%kﬂ,vgk}kzngmm where n is odd and

( [vgk,J] :%(n—4k)vgk, k=0,...,|n/2],
[v%k+1,J];%(n—4k—2)v%k_1, k=0,...,|n/2],
[v%k,J :%(n—élk)v%k, k=0,...,|n/2],
[U(Q)kvp-i-]:(n_zk—i_l)v%k—l? k=17,|_n/2J, (332)
[v%k+1,P+] =(n— 2k:)v%k, k=1,...,(n/2], o
[ng’Pf] = (2]{Z+1)U%k+1, k‘ZO,,L(TL-l)/QJ,
(031> P-] = (2k +2)03, o, k=0,...,|n/2],
(W8, T) = —i/2(n — 4k)v3,, k=0,...,|n/2]

Let us define the ideal I as a Leibniz ®-module by the indecompos-
able Lie representation W2 of the algebra ® [26]. Then one can assume
I= Span{vgkﬂ,v%k,vgkﬂ}k:&._in/%, where n is odd and
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[W9ksr- /] = §(n— 4k =20y, k=0, [n/2],

(V3 J] = 5(n — 4k)v}, k=0,...,|n/2],

W3 1. ) =2(n—4k 2003,  k=0,...,|n/2],

[ngH’PJr] :(”_%)U%kv kE=1,...,|[n/2], (3.3.3)
[, Pi] = (n— 2k + 1)v3,_,, k=1,...,|n/2],

(V9115 P-] = (2k + 2)vgy 1, k=0,... [(n—1)/2],

[U%k | = (2’€+1)U§k+1, k=0,...,|n/2],

[WSes1, T = —i/2(n — 4k —2)v3, ., k=0,...,[n/2].

Theorem 3.3.4. Let L be a complex Leibniz algebra with corresponding Di-
amond Lie algebra D¢ and the ideal I is defined as a Leibniz Dc-module by
indecomposable Lie representation either W, or W2. Then [Dc,Dc| has the
following form.:

[J7P+] y _[P-HJ] = —ilg,
[J,P] = —[P_,J] = iP-,
[Py, P_| = —[P_, Py] = —2iT.

Proof. The proof of the theorem follows from the products (3.3.2) and
Lemma [3.3.3

3.4 Leibniz algebras constructed by a minimal faith-
ful representation of the general Diamond Lie al-
gebras

In this section we are going to study Leibniz algebras L such that L/T = ©,,(C)
and the ©,,(C)-module I is a minimal faithful representation, that is, the
action I X®,,(C) — I gives rise to a minimal faithful representation of ©,,(C).
Moreover, this representation factorizes through sl(m + 2, C).

Proposition 3.4.1. Let ©,,(C) be a (2m + 2)-dimensional general Diamond
Lie algebra with the basis

{J7P1J’_7P2J’_7"'7PT—1'”L_7Q1_7Q2_7"'7QT_H7T}'



90 3 Leibniz algebras corresponding to the Diamond Lie algebras

Then its minimal faithful representation is given by the correspondence

@:9J+Zakplj+25kQ,;+5T>—>

k=1 k=1
722’:20 o Q1 - - a9 a1 —%5
0 3250 a ... 0 0 Bum
0 0 —250 ... 0 0 Bm1
0 0 0 ... =250 @ Ba
0 0 0 ... 0 =250 B
0 0 0 ... 0 0 mg

m+2

Proof. Consider the linear map ¢: ©,,(C) — sl(m + 2, C) given by

m @ 21 m
o(J) = mel,l b ; " 263,3 + p— 2€m+2,m+2,
o(T) = —%61,m+2, o(P) = e1mr2—k,
0(Q)) = emt2-km+2, 1 <k<m,

where e; ; is the matrix whose (4, j)-th entry is a 1 and all others 0’s.

By checking [¢(z), o(y)] = o(2)e(y) — @(y)e(z) for all z,y € Dyn(C), we
verify that ¢ is an injective homomorphism of algebras. It is easy to see that

Om \ J = by, By Lemma we obtain that it is minimal. O

Let us denote by V = C™*2 the natural ¢(®,,(C))-module and endow it
with a ©,,(C)-module structure, V' x ©,,(C) — V, given by

(z, ) = wp(e),

where z € V and e € ©,,(C).
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Then the action of ©,,(C) on V = (X3, Xo,..., Xynt2) is given as follows:
( (X17 J) = m+2
(X, J) = — m+2 2<k<m+1,
( m—+2; ) = m+2Xm+27 (341>
(X )_Xm+2 ks 1§kSm7
( m+2— kak) Xm—‘r?v I1<k<m
(X17 T) ; m—+2;
and the remaining products in the action being zero.
Now we investigate Leibniz algebras L such that L/I = ®,,(C) and [ =V

as a D, (C)-module.

Theorem 3.4.2. Let L be an arbitrary Leibniz algebra with corresponding Lie
algebra ©,,(C) and the ideal I associated as Dm(C)-module defined by (3.4.1]).

Then there exists a basis

{JaP1+7P2+7-"7Pr—rtaQ1_7Q2_7"'7Qr_naT7X17X27"'7Xm+2}

of L such that
[Dm(C), D, (C)] € D,,,(C).

Proof. Here we shall use the multiplication table (3.1.3)) of the complex Dia-
mond Lie algebra. Let us assume that

m+2
T =" 56X
k=1
Then by setting
, i(m +2)8 T i(m + 2)0; i(m + 2)6m0
Jo=J+ —"X — Z ———X; + ———— Xy,
m 2 m
k=2
we can assume that [J, J] = 0.
Let us denote
m—+2 m—+2
P = iRl + Y ansXs, [Q]=—iQ + ) FrsXs, 1<k <m.
s=1 s=1
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Taking the following basis transformation:
m+2 m+2
J=J,  PY=Pf-> ioX., Q) =Qp+ ) ifrsXs
s=1 k=2
T = —i/2[P",Q], 1<k<m,
we can assume that

[P =Pt [1.Qy]=-iQ,, [P.Q7]=2T, 1<k<m.

By applying the Leibniz identity to the triples {J,J, '}, {J,J,Q; }, we
derive

[P J)=—[LPf, (QnJl=-100Qy], 1<k<m.

Considering the Leibniz identity for the triples we get the following con-
straints.

Leibniz identity Constraints

{P1+7J7Q1_} = [T,J]:O,

{J,T,J} — [J, 7] =0,

{J’P;7Q;} = [Plj_vQ;]:_[Q;’P:]a 1<k, s <m,
{Pf,J,Q5} = [P, Q7]1=0, 1<ks<m, k#s,
{PF, J,Q:} = [P,Q;] =2iT, 2 <m,
{PF,J, P} = [P, Pf]=0, 1<k s<m,
{QI;’JaQ;} = [Q;,QQ]ZO, 1<k,s<m,
{J,PF,T} = [P, T]=0, 1 <m,
{J.Q,. T} = [Q;,T]=0 1<k<m,
{PF.P[,Q;} = [I\Pf]=0, 1<k<m,
{Q,.Q,, Pt} = [T,Q;]=0, 1<k<m
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3.5 Leibniz algebras constructed by a faithful repre-
sentation of the general Diamond algebra which
is isomorphic to a subalgebra of sp(2m + 2, R)

In this section we are going to study Leibniz algebras L such that L/I =
Dm(R) and the ©,,(R)-module I is a faithful representation. Moreover, this
representation factorizes through sp(2m + 2, R).

Proposition 3.5.1. Let ©,,(R) be a (2m + 2)-dimensional general real Dia-

mond Lie algebra with the basis {J, P1, Pa, ..., Py, Q1,Q2,...,Qm,T}. Then
it is isomorphic to a subalgebra of sp(2m + 2,R) via the map

biad +> P+ Y crQp +dT —

k=1 k=1
0 bl bg bm Cm ... (&) C1 2d
0O 0 0 ... O 0O ... 0 —a
0O 0 0 ... O 0O ... —a O Co
0 0 O 0| —a 0 0 Cm
0 0 0 a | 0 0 0 —bn
0O 0 a ... 0 0O ... 0 0 —b
0O a 0 ... O 0O ... 0 0 —-b
0O 0 0 ... O o ... 0 0 0

Proof. Consider the linear map ¢: ©,, — sp(2m + 2,R) given by

m—+1 2m—+1
P(J) = — Z €k2m 13—k T Z €k, 2m+3—k>
s=2 s=m+2
Y(T) = 2e12m+2, Y(Pr) = €114k — €2m+2—k,2m+2;
Y(Qk) = €1 2mt2—k + €rt1,2m+2, 1<k<m.

By checking [1(x), ¥(y)] = b(@)ib(y) — b(y)(@) for all 2,y € Dy, we
verify that 1 is an injective homomorphism of algebras. O
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Let us denote by V = R?™*2 the natural ¢(®,, )-module and endow it with
a ®p,-module structure, V x 9, — V, given by

(z, ) = wy(e),

where x € V and e € ©,,
Then the action of D, on V = (X3, Xo, ..., Xom+2) is given below:

( (Xk,J) = —Xomia—rk, 2<k<m+1,
(Xk, J) = Xomi3—k m+2<k<2m+1,
(X1, Py) = Xg41, 1<k <m,
(Xomto—k: Pg) = —Xom+2, 1<k <m, (3.5.1)
(X1, Qk) = Xomi2—k, 1<k<m,
(Xk+1, Qr) = Xoms2, 1<k <m,
(X1,T) = 2Xom+2, 1 <k <m,

and the remaining products in the action being zero.

Theorem 3.5.2. An arbitrary real Leibniz algebra with corresponding Lie al-
gebra ®,,, and the I ideal associated as ®,-module defined by , admits
a basis {J, P1, Pa, ..., Py, Q1,Q2,...,Qm,T, X1, Xs,..., Xomia} such that the
multiplication table [D,, D] has the following form:

[J7 J] = a1X2m+27 [Ja Pk] - _[Pk7 J] - Qk)
[J, Q] = —[Qk, J] = — P, [P, Q] = =[Qk, Pe] = T,
[Pr, Ps] = [Qk, Qs] = bi s Xomg2, [Pk, Qs] = [Qr, Ps] = ¢ s Xomyo2,

with the restrictions
bk,s = _bs,ka Ck,s = Cs k> 1<k,s<m, k 7é S.

Proof. Let us assume that

2m—+42 2m—+42

= 6Xe, [LT]= > peXe
=1 =1
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Then by setting

1 m+1 2m+1
J'=J- 5 P2m+2X1 + > Gomisk Xk — > Oamts—r X,
k=2 k=m+2

and considering the Leibniz identity for the triple {J, T, J}, we get
[‘]7 J] = 52m+2X2m+27 [J, T] = ple,

Let us suppose

2m+-2 2m+2
P = Qi+ D MesXe, [LQul=—Pet > psXs, 1<k<m.
s=1 s=1

Taking the following basis transformation:

2m—+2
J/:J, P]:;:Pk_zuk,sX&
s=1
2m—+2
Qr=Qr+ Y MsXs, T =[P,Q, 1<k<m,
k=1
we can assume that
[vak]:Q/W [Jan’]:_Pka [P17Q1]2T7 1§k§m

By applying the Leibniz identity to the triples {J, J, P;}, {J,J,Qr} we
derive

[Py, J| = —[J, Py], (Qk, J] = =[], Qkl, 1<k<m.

The verification of the Leibniz identity leads to the following restrictions.

Leibniz identity Constraints

{Jv Pk7T} — [Qk7T] :Ple—f—l, 1 S k S m,
{Ja Qka T} = [PkaT] = _plXQm—f—Q—ka 1< k < m,
{Pl,T, Ql} — [T, T] = 0,
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We set
2m+2 2m—+2
[P, Qs =T+ > BjuXe, [Qrs Pu] = =T+ > veaXs,
=1 =1
2m+2 ! 2m+-2 !
[Pk) PS] = nk,s,tXtv [ka QS] = Z ek,s,tXtu
=1 =1
2tm+2 27§1+2
[Pk7QS] = Z Vk:,s,tXt7 k 7é S, [kaps] = Z gk,s,tXtv k 7é S,
t=1 t=1

where 2<j57<m, 1<k, s<m.
From the Leibniz identity for the triples {Py, Ps,T}, {Qk,Qs,T} and
{J, Py, Qr} we obtain

Mk, = Ok k1 = SPL Mkt = Orsi =0, Opkt = —"kkt

1<k,s<m, k#s, 2<t<2m-+2.
Analogously, from {J, Py, Qs}, {J, Qk, Qs} and {J, Py, Ps}, we get

[kaps] = _[stQkL [PkaQs] - [Pstk’]v (352)
[Qk?PS]:[QS7PI€]7 1§]€,8§m,k7&8.

By applying the Leibniz identity to the triples {Pi, J,Q1}, {Pi, P1,Q1}
and {Q1, P1,Q1}, we have

2m—+2
[Ta J] = Z 2771,1,SXSa
s=2

T, P ] = gP1X2m+1 + 11,12 X2m+2,
[T,Q1] = —gP1X2-
By the next identities {Q1,J, P} and {P1, J, P} we deduce
M,s = —4N1,12m+3—s,  V1,k = 4011 2m+3—k>

M,12m+2 = V1,1 = Y1,2m+2 = M,1,t = 0,

with2<s<m+4+1, m+2<k<2m+1, 2<t<2m+ 1.
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Hence, we have
[Ta*]]:O7 [lepl]:_Ta
[P, P] = $p1Xa, [@Q1,Q1] = Lp1 X1,
[T, P1] = 3p1 Xomi1, [T,Q1] = —5pmXo,
By using the next Leibniz identity for { Py, Py, Qr}, {Qk, P, Qr} we get

3
[T, Pr) = =p1 Xom+2—k—Br,1 X117+ Br2mt2—k+ Mk k1) Xome2, 2 <k <m.
2

3
T, Qrl = —§Ple+1 — Br1Xomyo—k

By applying the Leibniz identity to the triples of elements { Py, J, Q} and
{Qk? Ja Pk}7 we get

Br,s = Vs = — 2Nk k,2m+3—s> Br,t = Vit = 20k k,2m+3—t M k,2mt2 = 0,

where 2 < k<m, 2<s<m+1, m+2<t<2m+1.
By the next Leibniz identity applied to {Py,J, P} and {T, Py, Qx}, we
have
Vel =B =0, & Mhps=0, 2sks<m, 2ss<2m+l
So, we have
[Py, Q] = = [Qk, Pr] =T,
[Py, Bi] = [Qk, Qk] = 3p1X1,
[T, P] = 3p1 Xomto—k;
[T, Qr] = —5p1 Xk+1,

where 2 < k < m.
By verifying the Leibniz identity on elements, we obtain the following re-

strictions.
Leibniz identity Constraints
{Py, Ps, T} = Nks1 =0, 1<k,s<m, k+#s,
{Qr, Qs, T} = Oks1 =0, 1<k,s<m, k#s,
{Pr, Qs, T} = Vks1 =0, 1<k,s<m, k#s,
{Qk, Ps, T} = &ps1 =0, 1<k,s<m, k#s.
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By applying the Leibniz identity to the triples { Py, Ps, J}, {Qk, Qs, J}, we
get

([Pe, Ps], J] = =[Q, Ps] = [Py, Qs],  [[Qk: Qs J] = [Qk, Po] + [Pr, Qs],

it follows that
[[Pk7PS]7 J] = _[[Qk’vQS]v J]a

hence

fk,s,2m+2 = —Vk,s,2m+25
ak,s,t = Nk,s,t> 1 S k78 S m, 2 S t S 2m + 1) k # S.

and
Vgst T gk,s,t = —MNk,52m+3—t 2<t<m+1,
Vst + ‘sk,s,t = Tlk,s,2m+3—t m+2<t<2m+1.

Let us consider the identity

[Qk, Ps], J] = [Qk, [Ps, J]] + [[Qk, J], Ps] = —[Qr, Qs] + [P, Ps]

We have that 0 s om42 = Mk,s 2m+2 and

ék,s,t = _an,s,2m+3—ta 2<t<m+1,

{k,s,t = 277k,s,2m+37t7 m+2<t<m-+1,
and

Vi st = Nk,s,2m-+3—t» 2<t<m+1,

Vist = —Tk,s,2m+3—t» m+2<t<2m+1.

Analogously, by applying the Leibniz identity to the triple { Py, Qs, J}, we
get
Vk,st = —20k,s,2m+3—t 2<t<m+1,
Vst = 277k,s,2m+3—t7 m+2<t<2m+1.

We get that v, =0, 1 <k,s <m, 2<t<2m+1, k # s. It implies
that g st = kst = Okse =0for 1 <k, s <m, 2<t<2m+1, k#s.
Hence, we have

[kaps] = [Qk‘vQS] = 77k,s,2m+2X2m+27 1 S k,S S m, k # S,
[PkaQs} = [Qk>PS] = Vk7s,2m+2X2m+2a 1< k,s < m, k 7& S.
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By equation ([3.5.2) we have the following restrictions

Nk,s,2m+2 = —Ts,k2m+2> Vk,s,2m+2 = Vs k2m+2, 1< k; s <m, k 7é S.

Finally, we apply the Leibniz identity to the triple { Py, Py, Ps}, with k #
s, and we obtain py = 0. We denote again (02m+2, k.5, 2m+2, Vk,s,2m+2) =
(a1, bis, Chys)- O
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