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1 Introduction

Hopf crossed products, that is smash products where the multiplication is twisted by a
cocycle o, were introduced independently by Blattner, Cohen and Montgomery [7] and Doi and
Takeuchi [16], as a generalization of group crossed products to the context of Hopf algebras living
in a category of vector spaces over a field K. These objects, which play an important role in the
theory of extensions of Hopf algebras, are constructed in the following way: Let H be a Hopf
algebra with unit g, product pz, counit e and coproduct dz. Suppose that o4 : H® A — A
is a weak action of H on the K-algebra A and let 0 : H ® H — A be a K-linear map. In the
vector space A ® H, denoted by Af,H, define the product (possible non-associative)

pag = (pa®H)o(ua® o) o (A® by @ H)

where
oy = (0@ pm) o (H® e @ H) o (i @ 6p),
Ut = (pa® H) o (H® cpa)o (i @ A),

14 is the product of A and c is the flip. If Afi, H is associative with 4 ® ny as unity morphism,
we call Af,H a crossed product. A necessary and sufficient conditions that Aff, H be a crossed



product was found by Blattner, Cohen and Montgomery [Corollary 4.6,[7]], and by Doi and
Takeuchi [Lemma 10, [16]]. The result is the following: Af,H is a crossed product if and only
if o is normal (co(np® H) =eg ®n4a =00 (H ®mn4)), o satisfy the twisted module condition

pac(pa®A)o(Hopa®A)o(HoH@cA 4)o(HRHRIA®A)o(Srpr@A) = pac(ARpa)o(0y@A),

and the cocycle condition

(94(0’,4) A 82(0',4) = 81(0A) AN 83(0,4),

where the morphisms 0; are defined by
O1=wpa0(H®0oa), 02 =040 (ug @ H),

03 =040 (H®pg), 01=0aRem,

and A denotes the usual convolution in Hom¢(H @ H ® H, A).

A more general notion of crossed product was introduced by Brzeziniski in [8], as follows: Let
A be a K-algebra and V' a vector space equipped with a distinguished morphism ny : K — V.
Given maps wé Ve®A— A®V and Ué VeV — ARV, the object AfV, whose underlaying
vector space is A ® V, endowed with the product

pagy = (pa®@V) o (pa®op) o (A0 Yy @ V)

is called a crossed product if it is associative with 74 ® ny as identity. In this case, to ensure
that the product of AV is associative and unitary, the morphisms wé (the twisting morphism)
and Ué (the cocycle) must satisfy the following suitable conditions: The twisting morphism
is compatible with the the algebra structure of A, 1/1{? o(ny ® A) = A®ny, U{} is normal (
ooy @V)=na®@V =0cito(V®@ny)), and it is a cocycle which satisfies the twisted module
condition, that is:

(a@V)o (Ao} o (o @ V)= (ua®@V)o (A o) o (b @ V)o (V@ aib),

(a®@V)o (A Yo (0 @A) = (na®@ V) o (A® o) o (W @ V) o (V @ ¥ih).

As a particular instance of the crossed product constructed in the last paragraph, we obtain
the crossed products defined by Blattner, Cohen, Montgomery, Doi and Takeuchi. Also, the
twisted tensor products or matched pairs, studied by Cap, Schichl, Vanzura and Tambara [14],
[26] are examples of the Brzeziriski’s crossed products. On the other hand, this notion of crossed
products is needed in the theory of braided Hopf crossed products developed by J.A. Gucccione
and J.J. Guccione in [18], which includes the classical type (Blattner-Cohen-Montgomery, Doi-
Takeuchi) and the automorphism Ore extensions type. Finally, Brzeziniski’s theory can be
generalized, in an straightforward form, to the context of braided monoidal categories, and
then, we obtain as examples, the crossed products by braided groups defined by Majid and
Bespalov in [21],[6].

Unfortunately, all these constructions are not valid when we want to extend the theory of
crossed products to more general Hopf structures like weak Hopf algebras or weak entwined
structures. The aim of this paper, inspired by the work of Brzezinski’s and by our own papers
2], [3], [4], [5], is to introduce a general notion of crossed products that includes the crossed



products described in the previous paragraphs and also the new crossed products that arises in
weak contexts such as weak Hopf algebras or weak entwining structures.

This paper is organized as follows: in Section 2, for an algebra A and an object V, living in
a strict monoidal category with equalizers and coequalizers, we introduce the notion of crossed
product system and we prove that the product induced by it is associative if satisfies the twisted
and the cocycle conditions. In Section 3 we obtain that the notion of weak C-cleft extension,
introduced by us in [4], provides an example of crossed product system satisfying the twisted
and the cocycle conditions. As a consequence, the crossed product defined in [4] is a particular
instance of the product induced by a crossed product system. This crossed products are deeply
connected with Galois theory as we can see in the intrinsic characterization of weak cleftness
in terms of weak C-Galois extensions obtained in [5|(see also [1] for the Hopf algebra case in
braided categories). In Section 4, we define the notion of crossed product system with unity
and we prove the main result of this paper, that is Theorem 4.6. As a particular case of this
Theorem, we obtain Brzezinski’s characterization of crossed products and, of course, the classical
characterizations related in the first paragraph of this Introduction. Finally, in Section 5, we
apply our theory to the context of weak Hopf algebras in a symmetric monoidal category with
split idempotents, obtaining that our construction is valid to develop a theory of crossed products
for weak Hopf algebras. The final example of this section is especially interesting because we
prove that for all morphism of weak Hopf algebras with coalgebra splitting, it is possible to
obtain a crossed product system that is also an example of the cleft theory developed in Section
3.

2 Crossed product systems

Throughout the paper C denotes a strict monoidal category with tensor product ® and base
object K. Given objects A, B, D and a morphism f : B — D, we write A ® f for ida ® f
and f ® A for f ®ida. Also we assume that C admits equalizers and coequalizers. It is an easy
exercise to prove that, under these conditions, all idempotent splits, i.e., for every morphism
Vy :' Y — Y, such that Vy = Vy o Vy, there exist an object Z and morphisms iy : Z — Y
and py : Y — Z satisfying Vy = iy o py and py o iy = idy.

We assume that the reader is familiar with the notions of algebra, coalgebra, module and
comodule. Unless otherwise explicitly established, we assume that algebras are associative with
unity and the coalgebras coassociative with counity. Given an algebra A and a coalgebra C, we
let g : K - A, pa: A®QA — A ep: D — K, and dp : D — D ® D denote the unity, the
product, the counity, and the coproduct respectively. Given two algebras A and B, f: A — B is
an algebra morphism if pgo (f® f) = fopua, fona =np. Also, if C is braided with braiding c,
given A, B are algebras in C, the object A® B is also an algebra in C where n4agp = n4 ®np and
pasB = (pa®pp)o(A®cp a®B). If D and E are coalgebras, f : D — E is a coalgebra morphism
if (f@f)odp=9dpof,epof=ep.IfC isbraided with braiding ¢, given D, E coalgebras in
C, D ® E is a coalgebra in C where epgr = ep ® g and dpgr = (D ®@ cpp @ E) o (dp ® dk).

Definition 2.1 An algebra A and and object V together with two morphisms
Y VRA—-ARV, ot VoV ARV

is called a crossed product system if the following equalities hold:



(al) (pa®@V)o (A@Y) o (P @ A) = ¢ o (V @ pa),
(a2) (a®V)o(A®o) oy @V)o(V®Vagy)=Vagvo(pa®V)o(A® o) o (Y V),
(a3) Vagv o (ua®V)o(A®a() o (Vagy ® V) = Vagy o (ha @ V) o (AR oi}).
where the morphism Vagy : A® V — A® V, is defined by
Vagy = (a® V) o (A ¢y) o (A®V @ na).

In what follows we denote the crossed product systems by (A, V, wé, 0{3).
For example, if for ¢(/‘ the equality na ® V = 111{} o (V ®mn4) holds, then V gy = idagy and
therefore (A, V, w{}, a{,‘) is a crossed product system for all morphism 0{3 VeV —-ARV.

Remark 2.2 Note that if (A4,V, 1/1{3, Ué) is a crossed product system, the morphism V 45y is
idempotent. Let pagy : AQV — A XV, iggy : AXV — A® YV be the morphisms such
that iagy © PAsy = Vagv, PAgV © iagy = idaxy where A X V represents the image of the
idempotent morphism V 4g1. Composing with p4gy in (a2) and (a3) we obtain the following:

(a2)) pagvo(pa®V)o(A®a()o(di@V)o(VaVagy) = pagvo(pa®V)o(A®ay)o(ppaV),
(a3") pagv o (ua @ V) o (A®oi}) o (Vagy @ V) = pagy o (na® V) o (A® of}).
Similarly, composing with i4gy in (a2) and (a3) we obtain
(a27) (pa®V)o(A@a{})o(Yp@V)o(V@isgy) = Vagvo(na®V)o(Aoi})o(di@V)o(V @iagy),
(a3”) Vagv o (pa®V)o(A®o{}) o (iagy @ V) = Vagy o (na® V) o (A® oi}) o (iagy @ V).
Proposition 2.3 Let (A,V, d)é,a“j‘) be a crossed product system. The following identities hold
(b1) Vagy o (na®@V) =14i o (V @na).
(b2) (Ha®V)o(A®Vagy)=Vagyo(ua@V).
(b3) Vagy o ¢i} = .
(b4) (na®V)o (A® ()0 (Vagy @ A) = (na® V) o (A ${)).
Proof. The proof is a straightforward consequence of the definition of V 45y. O

Definition 2.4 We will say that a crossed product system satisfies the twisted condition if the
following equality holds

pagy © (1a ® V) o (A2 Y} o (0 ® A) = pagv o (a ® V) 0 (A® o) o (¥} @ V) o (V @ ¥i})
or, equivalently,

Vagvo(ua®@V)o(A@yi)o(op @ A) = Vagro(ua®@V)o (A ait) o (vl @ V) o (V@)



Definition 2.5 We will say that a crossed product system satisfies the cocycle condition if the
following equality holds

pagv o (ta®V) o (A®oi) o (0 @ V) = pagv o (ua®@V) o (A aih) o (¥t ® V) o (V @ oi})
or, equivalently,
Vagv o (pa@V)o (A o) o (o7 ® V) = Vagy o (pa @ V) o (A o) o (¥ @ V) o (V @ o)),
Definition 2.6 Let (A,V, wé, U{}) be a crossed product system. The product
Paxy cAXVRAXV — AXV,

defined by

paxv =pagv o (pa®V)o (A@pa®V)o (A0 AR 0) o (AR YY) ® V) o (iagy @iisy),
is called the product induced by (A, V, zp{,‘, 0{3).

Proposition 2.7 Let (A,V, 1/1{3,0’(}) be a crossed product system satisfying the twisted and the
cocycle conditions. The product induced by (A, V, wé,aé) 1S associative.

Proof. Composing paxvo(paxy @ Ax V) with pagy @pagy @pagy we obtain the following:

paxv o (faxy @ AX V) o (pagy @ pagy @ pagv)

=pagv o (a®@V)o (AR pua®V)o (AR A® o) o (AR Y} ®@V)o (Vagy ®A®V)o
(aRVOARV)o(ADusRV ARV )0 (ARARIAQADV) o (AQYERV @ ARV )o
(Vagy ® Vagy @ Vagy)

= pagyv © (ha ®V)o
(A@[(pa®@V)o(pa®@of)o (AP @V)o (o @ A®V)])o
(LA VRVRARV)o(ARYioVR®AQV)

= pagv © (ka ® V)o
(AR [(na®@V)o(ABa{) o (Vagy ®V)o(1a®V e V)o (Ao V)o (ot @ AR V)]
(AR VRVRARV)o (AY{a Ve AR V)

= pagv © (ka ® V)o
(AR [(a®@V)o(A®a() o (Vagy @ V) o (ua®@V e V)o (Ao @V)o (Y @V @V)o
(VeygeV))o
(AR VRVRARV)o (AY{ia Ve AR V)

= pagv © (na®V)o



(AR[(a®@V)o(A®uARV)o (AR A®0}) o (ARo@V)o (Y@ VeV)o(VeyiaV)])e
(HaRVRVRARV) o (ARYERV®ARYV)

= pagv © (pa ® V)o
(A@[(a®V)o (AR VAgy) o (AQpAB V)0 (AR ARG} o (AR @V )o (Y @V @V )o
(Veyg @ V))e
(HARVRVRARV)o(ARYiaVeARYV)

= pagy © (pa ® V)o
(1A @ [Vagy o (pa®@V)o (AR ait) o (i @ V) o (V @0ai})])o
(AQuaRVeVEV)o(AQARYEaVaV)o(Aeyi@yiaV)

=pasy o (a@V)o(ua®@ ) o (AR Y@ V) o (AR V @ua@V) o (ARV ® s ®oit)o
(AQV@ARYERV)

= paxv 0 (A XV ® paxv) o (Pagy @ pagy @ Pagy)-

In the last computations, the first equality follows by definition, the second one by (a2) and
(b4), the third one by (a3) and (b2), the fourth one by the twisted condition, the fifth one by
(a3) and (b2), the sixth one by (b2), the seventh one by the cocycle condition, the eighth one
by (al) and finally, the ninth one by (a2) and (b4).

Therefore, paxy © (taxy @ AX V) = paxy 0 (AXV Q@ paxy). O

3 Weak cleft extensions and crossed product systems

Weak entwining structures have been introduced by Caenepeel and De Groot [13] as a gen-
eralization of entwining structures defined by Brzezinski and Majid [9], [10]. They introduce
the so-called entwining structures, consisting of an algebra A, a coalgebra C, and an entwining
¥ :C®A— AR C satisfying four technical conditions which have been replaced by weaker
axioms in the definition of Caenepeel and De Groot. The definition in the monoidal setting is
the following:

Definition 3.1 A weak entwining structure on C consists of a triple (A, C,), where A is an
algebra, C' a coalgebra, and ¢ : C ® A — A ® C a morphism satisfying the relations

) Yo (C®pa)=(na®@C)o(AY)o (Y ® A),

) (A®dc)otp = (@ C)o(CY)o(ic® A),
c3) Yo (C®na) = (err® C)odc,

) (A®ec) ot = pao(err® A),

where egp : C' — A is the morphism defined by err = (A ®@e¢) o o (C @ n4). The morphism
1) is called entwining.



In the definition of entwining structure the morphism err = n4 ® €¢ and, obviously, any
entwining structure is a weak entwining structure. Moreover, a weak entwining structure is an
entwining structure if and only if egr = n4 ® €.

Definition 3.2 Let (A,C,v) be a weak entwining structure in C. We denote by Mg(d)) the
category whose objects are triples (M, ¢ar, par), where (M, ¢pr) is a right A-module (i.e. ¢y 0
(ppmr @ A) = dppr o (M @ pa), idyr = dar o (M ®@n4)), (M, par) is a right C-comodule (i. e.
(pv @ C) o pyr = (M @ 6¢) 0 pu, (M @ec) 0 pu = idar), and

pm o du = (@ C)o (M@)o (py @ A).

The objects of MG (1)) will be called weak entwined modules and a morphism in MG (¢) is
a morphism of A-modules and C-comodules. If (A, C, ) is an entwining structure then we find
the category of entwined modules introduced by Brzeziniski in [9].

3.3 We have the following (see [4]). Let (A, C, 1) be a weak entwining structure such that there
exists a coaction p4 satisfying that (A, ua,pa) belongs to MG (). If for all (M, dur, prr) €
MG (), we denote by Mc the equalizer of pys and (y = (¢ar @ C) o (M @ (pa 0 na)) and by
i the injection of M¢ in M, then:

i) The triple (Ac,nA., 1A, ) is an algebra in C, where 4. : K — A¢ and pa, : Ac ® Ac —
A

Ac are the factorizations of n4 and p4 o (zé ® zé) respectively, through the equalizer (.
ii) The pair (Mc, ¢, ) is aright Ac-module, where ¢ns, : Mc®Ac — Mc is the factorization
of ¢pr o (i ®i4) through the equalizer i

Definition 3.4 Let (A, C, 1) be a weak entwining structure and suppose that (A4, p4) is a right
C-comodule. By Reg"V#(C, A) we denote the set of morphisms h € Hom¢(C, A) such that there
exists a morphism A~ € Home(C, A) (the left weak inverse of h) satisfying h=* A h = egg.

Let A be an algebra and C' be a coalgebra in C. By Reg(C, A) we denote the set of morphisms
h : C — A such that there exists a morphism h™! : C — A (the inverse of h) satisfying
h"'Ah=hAR™'=cc®na=mnao0ec. Of course, if (A, C,%) is an entwining structure in C
err = ec @ N4 and Reg(C, A) C RegWE(C, A).

Remark 3.5 Suppose that (A, C, 1) is a weak entwining structure such that there exists a coac-
tion p4 satisfying that (A, pua, pa) belongs to MG (). Then if h € Home(C, A) is a morphism
of right C-comodules h A egr = h.

Definition 3.6 Let (A, C,) be a weak entwining structure and suppose that (A, pa,pa) €
MG (). We will say that Ac — A is a weak C-cleft extension if there exists a morphism
h € RegWi(C, A) of right C-comodules, called weak cleaving morphism, such that

Yo (C®h™ ) odc=Cao(err AL ")

where (4 = (4 ® C) o (A® (pa ©na)) is the morphism defined in 3.3.

Observe that, if Ao — A is a weak C-cleft extension with weak cleaving morphism h, the
morphism g = egg A h~! verifies g Ah = erp, err Ag =g and Yo (C®g)odc = Ca0(err N g).
Then, as a consequence, we can suppose without loss of generality that egp A h™! = A1,



The definition of weak C-cleft extension was introduced in [4] and is a generalization of the
one used by Brzeziniski [9] (see [15], [16], [17], [22] for the classical definitions) in the context of
entwined modules but changing Reg(C, A) by Reg"W®(C, A) and adding a new condition.

The explanation and the conceptual meaning of the last definition appear if we link it with
Galois theory. An old result in this theory says that if B C A is a finite Galois extension of
fields with Galois group H, then A/B has a normal basis, i.e. there exists a € A such that the
set {x.a ; x € H} is a basis for A over B. The notion of normal basis for extensions, associated
to Hopf algebras in categories of modules over a commutative ring, was introduced by Kreimer
and Takeuchi in [19] and in [16] Doi and Takeuchi characterized the H-Galois extensions with
normal basis in terms of H-cleft extensions. Recently, in the work of Brzezinski [9] we can
find a more general formulation of these last results in the context of entwining structures.
In [5], we formulate the definition of weak C-Galois extension with normal basis for a weak
entwining structure living in a strict monoidal category with equalizers and coequalizers and we
characterize this extensions using the notion of cleftness introduced in Definition 3.6. Of course,
as a particular instances, we recover the results described in this paragraph.

Remarks 3.7 i) Let Ac <— A be a weak C-cleft extension with weak cleaving morphism h.
Then, the entwining 1 is completely determined in the following form:

Y= (ua®C)o(A® (paopa))o (W ®@h)odc)® A).

i1) Let (A, C,1) be an entwined structure and suppose that (A, pa,pa) € Mg(w). If h €
Reg(C, A) is a morphism of right C-comodules we have that

Yo(CRh Yodo=Croh ™t =Cs0(egrAh7Y).

Then, as a consequence, a C-cleft extension for an entwining structure is a weak C-cleft
extension.

3.8 Let Ag — A be a weak C-cleft extension. The morphism
g =pac(A@h ops: A— A

factors through the equalizer i8 (see [4]). Therefore, there exists a morphism pJ : A — A¢ such
that zé opé = qé.
On the other hand, the morphism ¢4 : C ® A — A defined by

pa=pao(pa®@h o (h@y)o (e ® A)

factors through the equalizer ié. Moreover, if ¢/, is the factorization of ¢4, we have ¢y =

pAouao(h® A) and the morphism ¢4, = ¢’y 0 (C®19) : C ® Ac — Ac verifies p1a. o (¢4 ®
Yae) o (CRYP R Ac)o (5c ®iG @ Ac) = pa. o (C ® pa,) [Proposition 1.15 of [4]].

Finally, (see [Proposition 1.17 of [4]]) the morphism o4 : C ® C' — A defined by o4 =
pao(pa®@h ) o(h®)o (5c ® h) factors through the equalizer i2. If o4, is the factorization
of 04, then o4, = pé ougo(h®h).

Lemma 3.9 Let Ac — A be a weak C-cleft extension. The following identities hold

(dl) pao(A®err)opa=ida.



(d2) pa o (gh ® h) o pa = ida,
(d3) paopa=(na®C)o(qd @ (paopaoc(h®A)))o(pa® A).
(d4) pao (ig®h) = pao (g ® A)o (na®@h)o (i @ (paoh)).
Proof. (d1) We have
pao(A®err)opa=pao (AR A@ec)o (AR 1Y) o (pa®na) =
(A®ec)opaopac(A®na) =ida.
(d2) This equality follows from (d1). Indeed:
pao (gt ®h)opa=paoc((nac(A®h ") opa)@h)ops=
pao(A® (Y AR))ops=paoc(ARerr)opa=ida.
(d3) Using the condition of weak entwined module for A and (d2) we have
(1a ® C) o (g8 ® (pacpaoc (h® A)))o(pa® A)
= (na ®C) o ((nao (gt ®h) o pa) @¢) o (pa @ A)
— (1A ®C) o (AR Y) o (p4 @ A)
= paopa.

(d4) This equality is a consequence of the following computations:

pao (gl ® A)o(na®h)o (i @ (paoh))
=pao(pa®A)o(a@h™ @A) o (AP ® A)o((pacid) @ (A®h)opaoh))
=pao(pa®@A)o(ua@h™ @h)o(ua®@y @ A)o (ih @ (paona) ® (paoh))
= pao(pa® (pao (h™ ' @h)))o(A® (paopa)®C)o (it @na® (paoch))
= pao (i ® (nao (A®egr) o paoh))

(

= pia o (i ® h).

In the previous series of equalities, the first an the third ones follow from the weak entwined
module condition for A. In the second one we used the definition of ié and in the fourth one
we applied the right C-comodule condition for h. Finally, the fifth one follows by (d1). O

3.10 Let Ac — A be a weak C-cleft extension with weak cleaving morphism h. The left
Ac-module and right C-comodule ( pA,0c = i, @ C, pasec = Ac @ é¢) morphisms

waiAc®C — A, Wy A— Ac®C,

defined by w4 = pao (id®h) and W'y = (pA @ C)opy satisfy the equality waow’, = ida because
waowy = pao(A®err)opa =ida. As a consequence, the morphism Q4 = W'y owy is an
idempotent morphism and we have a commutative diagram



Ac®C - Ac®C

ACxC

where 74 0 s4 = ida,xc. Therefore, the morphism by = ry o w’A is an isomorphism of right
C-comodules and left Ag-modules with inverse bAfl = w4 0 S4. The module and comodule
structures of Ac x C' are the ones induced by the isomorphism b4 and they are equal to

VAcxC =TA0 (fa, @C)o(Ac ®s4), pacxc =(Ta®@C)o(Ac®dc)osa,

respectively.
Also, by is an isomorphism of algebras with

NAexC =baona, pacxc =baopao (b @by').
Under these conditions, the product pa.xc can be identified in the following way (see [4])

fiaoxc =740 (Hag @ C) o (ag ® o) o (Ac @ s @ C) o (54 54)

where

Ve = (Pa@C) o (CoY) o (do®il) = (Pt @C)opaopaoc (h@id) =wlopao (h@id),
0o¢ = (Ph®C) o (CRY)o(bc®h) = (pE @ C)opaopao(h@h)=wyouso(h®h).

The product described in the previous paragraph is an example of product associated to a
crossed product system. For to prove this assertion we need previously the following technical
lemma.

Lemma 3.11 Let Ac — A be a weak C-cleft extension with weak cleaving morphism h. The
following equalities hold

(e1) pAopac (i ®A) = pag o (Ac ® pg).
(€2) Q4 = (pa. ® C) o (A@YPET) 0 (Ac ® C ®na).
where pé 18 the morphism introduced in 3.8 and wéc, QA are the morphisms defined in 3.10.
Proof. (el) Composing with i4 we obtain
ifophopaoc (it @ A)
=pao(pa@h ) o (A y)o((pacig)® A)

=pao(pa@h 1) o (ua®v)o (il ® (paona) @ A)

10



=pa0(A®@[pao(a®@h™)o(A®) o ((paons) @ A))o (id® A)
= pao (i ®qf)
=g o pag © (Ac ® pg).

In the previous equalities, the second follows by definition of ié, the third one by associativity
of g and the fifth one by definition of 4. In the first and in the fourth ones we used the
weak entwining module condition for A.

Therefore, pg o pia 0 (if ® A) = pa. o (Ac ® pd).

(e2) We have

Q4

Gopa)®C)o(A@y)o((pacid) @ h)

péopa)®C)o(ua®p)o (i ® (paona) ®h)

(v
(
(P8 o pa) ® C) o (i3 ® [paopao (na @ h)])
(hac © (Ac ® p)) @ C) o (Ac @ (pa o h))

(

ftac © (Ac ®p@)) @ C) o (Ac @ [paopa o (h®na)l)
frae ® C)o (Ac @ [(p& o pa) ®C) o (A® 1Y) @ ((paoh)®A)]) o (Ac ® C ®na)
= (pag ® C) 0 (A®Y5T) 0 (Ac ® C @ 1a,,).

(
(
(
(
(
= (

In these equalities we applied the properties used in the proof of (el). Observe that the
fourth equality follows by (el). O

Remark 3.12 i) Lemma 3.11 implies that Q4 = V4,gc and then the object Ac x C
obtained in 3.10 using 24 is an example of the one defined in section 1.

i1) Note that the following equality
(€3) gl opaoc(ge®A)=pao (gt ®qd)
is a consequence of (el).

Proposition 3.13 Let Ac — A be a weak C-cleft extension. If wc , Uéc are the morphisms

defined in 3.10, (Ac, C, 1/)0 ,O’C “) is a crossed product system satisfying the cocycle and twisted
conditions. As a consequence, the product tapxc defined in 3.10 is the one induced by the
crossed product system (Ac, C, 1/)0 ,UC ).

Proof. Let wc , O’CC are the morphisms defined in 3.10. Then

(Hag ® C) 0 (Ac @ PEC) o (h5° ® Ac)

= (pf@C)o(ua®C)o(¢gh® (paopaoc(h®A)))o(pa® A)o((pao(h®if)) id)
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= (pt ®C)opaopac ((pao(h®if)) ®ig)
= (pA®C)opaopac (h® (nao (i ®id)))

= 5C 0 (C ® pag).

The first equality follows by (el), the second one by (d3), the third one by the associativity
on /14 and the fourth one by the definition of p4,..
On the other hand,

pae ®C)o(Ac ®ai€) o (Ya® @ C) o (C @ Vagec)
= (pE®C)o(ua®C)o(qd®(paopao(h®A)))o(pa®A)o(na®@h)o(A® (ghopa)®C)o
h®ZC (paoh))

=P ®C)opaopaoh®[uac(gh®h)o(ua®C)o(ig @ (paoh)))
A®C)opaopao(h®[uao (i @h)])

= (pa@C)opaopac((pac(h@ig)) ®h)

= (Pt @ C)o(pa®C)o(gs @ (paopao(h®A)))o(pa® A)o((pao(h@ig)) ® h)

= (g ®C)o((nac(A@ (nao (gt ®h)opa)))®C)o(gh @ (paopac(h®A)))o(pa® Ao

pao (h®if)) ®h)

o~

péopac((gaopa)@h)o(A®pa))@C)o(A@(paopa))o(((gh@h)o(paopac(h@id))®h)
= Vacsc o (hag ® C) o (Ac ® 04€) 0 (€ @ ).

Here we used (el) in the first equality. The second one follows by (d3), the third one by (d4)
and the fourth one by the associativity of p4. In the fifth one we used (d3) and in the sixth one
(d2). The seventh one is a consequence of (e3) and the eighth one follows by (el).

Finally,

( )o (Ac ®05°) o (Vacse ® C)
(phopa)@C)o(id@((pa®C)o(gh® (paopac(h@ A)))o(pa® A)o(h@h)))
= ((p&opa)®C)o (it @ (paopac(h®h)))

= ((p& o pa) ® C) o (i @ (((nao (g ®h) o pa) @ C)opaopac (h®h)))

= (1ac ®C)o(Ac@((pE®C)opach))o(pa, ®C)o(Ac@pi®@C)o(Ac®(paonac(h@h)))

= Vacac o (hae ® C) o (Ac @ 05°).
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In the last computations, the first equality follows by (el), the second one by (d3) and the
third one by (d2). In the fourth and the fifth ones we used the weak entwined module condition

for A and (el).
Therefore,

Vacec o (ae ® C) o (Ao ®@05%) 0 (Vagac @ C) = Vagac © (ae ® C) o (Ac ® 05°)

and then, (A¢, C, ¢C ,O’C “)is a crossed product system.
On the other hand, (Ac, C, wc ,UC @) satisfies the cocycle condition because:

Vaewo o (14 ®C) o (A® o) o (64 ® C)
= Wyopao((igopaco(pdepd))©h)o(A0(paopa))o(AvhA)o((paopa)@A)o(h@h@h)
= Wyopao(ga@h)o((pa@C)o(gh®(pacpa))o(ARh©A)o(pa@A))o(na®A)o(h@h@h)
=wopac(gt@h)opaopao(pa®A)o(h@heh)
=whopso(pa®A)o(h@h®h)
=wopao(gh@h)opaopac(A® (uao(gh@h)opa))o(A® pua)o(h®@h®h)
= wjopao(ga®@h)o((na®C)o(qd®(paopa))o(ARR®A)o(pa®A))o(na®h)o(ARGARC)o
(A® (paopa))o(h®@h®h)
=wopao((igona)@h)o(ie@pi®@C)o(A® (pao(uac(h®A))))o((paocma)®h)o
(A (igopd)®C)o(A® (pacpa))o(h®h®h)
= Vacac o (1a®C) o (A® i) o (Y5° ® C) o (A® 0 f).

In the last computations, the first and the eighth equalities follows by definition. The second
and the seventh ones follows by (el) and the third and the sixth ones by (d3). In the fourth and
fifth ones we used (d2).

Finally, the proof for the twisted condition is similar to the one used for the cocycle property
but changing the morphism h @ h@h by h®@ h ® z o

4 Crossed product systems with unity

Definition 4.1 Let (A,V, w{},a{}) be a crossed product system. If there exists a morphism
ny : K — V satisfying
Vagy o (A@ny) =i} o (ny @ A)

the crossed product system is called a crossed product system with unity.

Definition 4.2 We will say that a crossed product system with unity (A, V, w“‘}, Ué) is normal
if the following equalities hold

pasv oo o(ny ®V) =pagvo(na®V) =pagyoopo(Vany)

or, equivalently,

Vagvoopomy®@V)=Vagyona®V)=Vagyooio(Vany)
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Proposition 4.3 A crossed product system with unity is normal if and only if
Pagv o (pa®V)o(A®oi) o (AQny ®V) = pasy = pagv o (ua®V) o (A@a() o (AQV @)

Proof. Suppose that (A,V, wv,av) is a normal crossed product system. Using (a3), (b2)
and the normality condition we have the following:

Vagvo(pa®@V)o(Ago)o(A@ny @V)=(pa®V)o(A® (Vagy oo (v ©V)) =

pao(A® (Vagvo(ma®V)) = Vagy,
Vagv o (a®@V)o(A®ap)o(A@V@ny) = (ua®V)o (A® (Vagv oo o (Vany)) =
pao(A® (Vagy o (na®V)) =Vagy.

Therefore,
Pasv o (Ha®@V)o(ARoi) o (A@ny @V) = pagy = Paey o (a®@V)o (Ao} o (AR V @ny).

Conversely, composing in pagy o (s @ V) o (A® aé) 0(A®ny ®V) =pagy withng @V
we have

pagvoap oy ®V) =pagvo(na®V).

Finally, if we compose in pagy = pagy © (pa @ V) o (A®oi}) o (AR V ®@ny) with na @ V,
using (b2) we obtain

Pasv o (A ®V) =pagvoaipo(Veny). O

Remark 4.4 Proposition 4.3 shows that, for all normal crossed product system with unity, we
have the following equalities:

Vagy = Vagv o (pa®@V) o (A® (o o (v @ V) = Vagy 0 (ha® V) o (A& (o7 o (V @ 1v))).

Example 4.5 Let Ac — A be a weak C-cleft extension with weak cleaving morphism h.
Suppose that there exists a morphism n¢o : K — C verifying the equality na = h o ng. In these
conditions, the crossed product system (Ac, C, ¢C ,Uéc), obtained in 3.13, has unity nc and

satisfies the normal condition.

Theorem 4.6 Let A be an algebra, V an object and ny : K — V' a morphism. The following
are equivalent:

i) There exists an idempotent morphism Vagy : AQV — A®V, with image A x V and

factorization V agy = iagy oDAgv, satisfying (ua@V)o(A®Vagy) = Vagvo(ua®V),
the object A x V' is an algebra with unit naxy = pagv © (na @ nv), and the product paxy
such that

(f1)  dagv o paxy o (Pagv o (A®nv)) ® pagyv) = Vagy o (pa @ V).
i1) There exist morphisms 1#{3 VRA— ARV, O'“j‘- VeV — ARV such that (A, V,d)é, aé)

18 a normal crossed product system with unity which satisfies the twisted and cocycle con-
ditions.
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Proof. i) = i) Let wé VA —- ARV, O'é :V®V — A®V be morphisms such that
(A,V, w{}, aé) is a normal crossed product system with unity which satisfies the twisted and the
cocycle conditions. The morphism V gy : AQ V — A® V, defined by

Vagy = (pa®@V)o (A@ i) o (AR V @na),

is idempotent and the equality (ua @ V) o (A® Vagv) = Vagy o (1a ® V) holds (see (b2)).
If paxy is the induced product, we have (f1). Indeed:

iagv © paxy © (Pagv o (A®nv)) ® pagy)
= Vagvo(pa®V)o (AR ((na®@V)o(A® o) o (Y @ V) o ((Vagy o (A®nv)) © Vagy)
=Vagv o (pa®V)o(A® (pa®V)o(A®af)o (¥} @ V)))o (AR ® A®V)
=Vagvo(pa®V)o(A® (pa®V)o (A o) o (AR ny @V)))
=Vagvo(ua®V).

In these computations, the first equality follows by definition of the induced product, the
second one by (b4) and (a2), the third one by the unity condition and (a3). The last equality is
obtained using the normality condition and (b2).

On the other hand, by 2.7, we obtain that paxy is associative. Then, for to finish the first
part of this proof we only need to show that

HAxV © (A xV® 77A><V) =idaxy = HAxV © (nAxV ® A x V)-

Indeed, composing the morphism paxy o (A XV @naxy) with pagy we obtain the following:

paxv © (Pagy @ Naxv)
=pagv o (pa@V)o (na®af) o (A PP @ V) o (Vagy © (Vagy © (na @ 1))
=pagv o (pa@V)o(A®of)o (A0 V @ny)
= PAQV -

The first equality follows by definition of the induced product, the second one by (b4) and
(a3). The last equality is obtained using the normality condition.
Also, if we compute paxy © (Naxy ® pagy) we have

paxy © (Naxv @ pagy)
=pagv o (ua®@V)o(pa®oir) o (AR Y3 @ V) o ((Vagy o (na®@ny) ® Vagy)

(

(
=pagv o (a®@V)o (AR o) o (Y @V)o (v @ AR V)
(

(

)
)o(
=pagv o (pa®@V)o(A® o) o(Vagy o (A®ny)) @ V)
=pagvo(pa®@V)o(Aga)o(A@ny V)

= PAQV -
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The first equality follows from the definition of the induced product, the second one by
(a2)and (b4), the third one by the unity condition V agy o (A®ny) = ¥i o (ny ® A), the fourth
one by (a3). Finally, in the last equality, we used the normality of the crossed product system.

Therefore, we obtain paxy © (A XV @ naxy) = idaxy = paxy © (Naxy @ A x V), and then
A x V is an algebra.

i) = 11) Assume that there exists an idempotent morphism Vgy : AQV — A® V, with
image A x V' and factorization Vagy = iagyv © pagy, satisfying (ua @ V) o (A ® Vagy) =
Vagv o (pa ® V), the object A x V' is an algebra with unit naxy = pagy © (a4 ® ny) and such
that (f1) holds. Define morphisms

Vi VOA— ARV, it =isgy opaxy o (Pagvo(a®@V)) @ (pasy o (A@nv))),

o} VeV =A@V, off =isgyopaxy o ((pagv o (na®@V)) @ (pagy o (na @ V))).

Using the equality pagyv © iagy = idagy, it is immediate to show that these morphisms

satisfy Vagy o ¢“‘} = w{}, and Vagy o aé = cr(}. Also, the equality pagy o tagy = tdagy and

(f1) implies that
(£2) iagy o paxv © (Pagy ® (pagy o (A@nv))) = (a @ V) o (A® ¥i}),

(f3) iagv o paxv © (pagy @ (Pasy © (Na @ V) = (na @ V) 0 (A® 0f}).
Moreover, by (ua ® V) o (A® Vagy) = Vagy o (1a ® V) we have

Vagy = (a®@ V) o (A9} o (A®V @na)

and trivially 1/)“‘} o(ny ® A) = Vagy o (A®ny), or equivalently, (A, V, 1[)(}, Ué) has unity.

It remains to check that (A, V, 1/1{?, 0{3) is a normal crossed product system which satisfy the
twisted and cocycle conditions.

To prove (al) compute

(a®@V)o (A Y) o (i @ A)
= iagV opaxy O (Haxy ®A®V)o((pagve(na®V))@(pagy o (A®ny)) @ (pagy o (A®NV)))
= iagv opaxy o (ARV @puaxv)o((Pagv e (na®V))@(pagv o (A®ny)) @ (pagy o (A®nV)))
= iagv © ftaxv © ((Pagv © (Na @ V)) @ (pagv © (na @ nv)))
=t o (V @ pa).

The first equality follows from pagy ©iagy = idagy, the second one by the associativity of
LAxv, the third one by (f1) and finally the fourth one by definition.

Using the same arguments and the equalities (14 ® V) o (A® Vagy) = Vagy o (4 @ V),

VgV © 0t = ai}, we obtain the proof for (a2) and (a3). Indeed, we have

(na®V)o(A®af)o (W@ V)o(V® Vagy)
= iagvopaxvo((Pagvo(na®V))@uaxvo((pagy o(AQny))@(pagye(na®@V)))oVagy])

= iAoV O taxy © (Pagv 0 (Ma @ V)) ®@ pagv)
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= iagv © Haxv © ((Pagy 0 (N4 ®@V)) @ [paxv o (Pagv o (A@nv)) @ (pagy © (na®@V)))])
 Vaev o (1 V)0 (A af) o (i@ V),

and

Vagv o (pa®@V)o (A ai}) o (Vagy ® V)
=(pa®@V)o (AR () o (Vagy @ V)
= iAgV O laxv © (Pagy ® (Pagy 0 (na @ V)))
= (pa®V)o(A®o})
= Vagv o (na®@V)o (A®ap).

On the other hand, the equalities paxy 0o (AXV @naxy) = idaxy = paxv o (naxy @ Ax V),
imply
Pasv oo o(ny ®V) =pagvo(na®@V) =pagyoopo(Vany)

and then the crossed product system with unity (A,V, wé, Ué) is normal.
To prove the twisted condition compute

Vagy o (na®V) o (A@ o) o (Y @ V) o (V@yy)
= (pa®@V)o(A®af)o (e V)o(Vayp)
= iagv o paxy o (Pagv 0 (MA@ V) @ [paxy o (Pagv o (14 @ V) @ (pagv o (A@nv)))])
= iagV © paxv © ([paxv o ((Pagv © (na®V)) ® (Pagy © (14 @ V)] ® (pagy © (A®1v)))
=(pa®V)o (A i) o (ot ® A)
=Vagv o (pa®V) o (A®¥{) o (of ® A).

The first equality follows by (ua®V)o(A®Vagy) = Vagyo(ua®V) and Vagy ooir = oi},
the second one by pagy oiagy = idagy, (£3) and (f1). The third one follows by the associativity
of paxy and the fourth one by (f2) and (f1). The last one follows by (ua ® V) o (A® Vagy) =
Vagy © (pa ®@ V) and Vagy o ¢} = ¢k

Finally, one verifies the cocycle condition by the same arguments used in the proof of the
twisted condition. Indeed:

Vagv o (a®@V)o (AR o) o (it @ V) o (V ®0oi})
= (pa®@V)o (A o) o (@ V)o (V& o)
= iagv © taxv © ([axv o ((pagv 0 (Ma @ V)) ® (pagv © (na ®V)))] ® (Pagv © (na ®V)))
= iagV © paxv © (Pagy 0 (A ®V)) @ [paxv o (Pagy © (14 ®V)) @ (pagyv © (14 @ V)))])
=(pa®V)o(A®o})o (o ®V)

=Vagvo(ua®@V)o(A®ad)o (st @ V). O
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Remarks 4.7 i) Note that if there exists an idempotent morphism Vygy : AQV — ARV,
with image A x V' and factorization Vsgy = iagv © pAgy, satisfying (pa @ V) o (A® Vagy) =
Vagv © (pa ® V) and the object A x V' is an algebra with unit naxy = pagyv © (N4 @ nv)
and such that (f1) holds, the product paxy is the one induced by the crossed product system
(A,V, wé, O'A), where w{j‘v and 0{3 are the morphism defined in the proof of the last theorem.
Using the usual arguments, one can verify this assertion computing:

Vagv o (a@V) o (A@ua@V)o (A® A o) o (AQ Y @ V) o (Vagy © Vagy)
= (a®@V)o(ua@aop) o (Ao aV)
=iagV © faxv © (Pagy @ [paxv o (pagy o (A@nv)) @ (Pagy © (na @ V)))])
= iagV © flaxv © (PAeV @ PagV)
Therefore,
paxv = pasv o (1A @ V) o (A® pa®@ V) o (A@ A () o (AR Yy ® V) o (iagv ® iaev)-

i) If C is the category of vector spaces over a field K and V ggy = idagy, Theorem 4.6 is the
result proved by Brzezinski in [8]. In this situation A x V = A® V and Brzeziriski’s Proposition
describe conditions which allow to built an algebra structure on a tensor product of an algebra
A and a vector space V.

iii) The referee has pointed out the paper of Wisbauer [27], where the author proves a result
such that with a weak modification in the conditions has a strong similarity with Theorem 4.6.

5 Weak Hopf algebras and crossed product systems

Weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and Vainerman [23])
are generalizations of Hopf algebras that were defined by Béhm, Nill and Szlachényi in [11], [12].
The axioms are the same as the ones for a Hopf algebra, except that the coproduct of the unit,
the product of the counit and the antipode condition are replaced by weaker properties. The
main motivation for studying weak Hopf algebras comes from quantum field theory and operator
algebras.

Let C be a strict symmetric monoidal category with split idempotents. Bellow we collect the
definition an basic properties of weak Hopf algebras.

Definition 5.1 A weak Hopf algebra H in C is by definition an algebra (H,ng, ug) and coal-
gebra (H,ep,dp) such that the following axioms hold:

(81) dmopm = (pu ® pu) © dngH.

(82) enopno(png ®H) = (eyg ®en) o (up @ pp)o (HR6n @ H)
=(en®@epg)o (uy @ pg)o (H® (cppodn) @ H).

(83) (dp @ H)odpgong=(H®uy®@H)o (6g ®dm) o (na @ nm)

=(H @ (pmocun)®H)o(6g ®du)o Ny @nm).
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gd-1) pgo(HRAg)ody = ((egopun) ®H)o (HRcum)o ((dgony) @ H).
gd-2) ppoAg @ H)odg = (H® (egopn))o(carp®@H)o(H® (dgonm)).
g4-3) pgo(pg @ H)o(Ag @ HR A g)o (dg @ H)ody = Ay.

Axioms (g2) and (g3) above are the weaker version to the usual bialgebra axioms of dg
being a unit preserving map and g being an algebra homomorphism. Axioms (g4-1), (g4-2)
and (g4-3) generalize the properties of the antipode in a Hopf algebra with respect to the counit
eg. Observe that in the definition of Hopf algebra, (g2-g4) are replaced by the conditions

(82') enopn =en @ e,
(83") O onu =nu @ nm,
(g4’) There exists a morphism Ay : H — H in C satisfying:

pugo(H®Ag)odg =pgo(Ag @ H)odyg =cg @ng.

Therefore, a Hopf algebra is always a weak Hopf algebra. Then, a weak Hopf algebra is a
Hopf algebra if an only if the morphism ¢ (comultiplication) is unit-preserving and if and only
if the counit is a homomorphism of algebras.

If H is a weak Hopf algebra, the antipode Aj is unique, antimultiplicative, anticomultiplica-
tive and leaves the unit ny and the counit ey invariant:

Agoprg =pao(AE®Ag)ocuu, oAy =cauo(Ax ® Ag)odn,
AHONH =MNH, E€HOMH =€H.
If we define the morphisms IT%, TT£, ﬁé and ﬁﬁ by
L = ((egopun)@H)o (H®cypm)o ((bpony)®H): H— H,
I} =(H® (egopn))o(cun®H)o(H® (yonm)): H— H,
MMy = (H @ (e o ) © (g 0 mg) @ H) : H — H,
Iy = (e o pr) ® H) o (H ® (67 0 myr)) : H — H.

it is straightforward to show (see [11]) that they are idempotent and 1%, TI% satisfy the equal-
ities:

I =pgo(H®Ay)ody, I =pmo(Ay®H)ody.

Moreover, we have that (see [13])
Opollh =1k, Tholly =Ty, Myolf =1k, 0k =T,
Oy ollh =T, Tholly =1k, Tholk =T, oy =1k,
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Also it is easy to show the formulas:
I =Th oAy = Agolly, IR =T oy =A\yolly,
Moy =T o B = Ay oI, TR oAy =TIE oI = Ay o 114,
Finally, if Ay is bijective (for example, when H is finite), we can find the equalities:
ﬁ?[ = pp o (H®N;') ocpmody, ﬁf] = ppo(N\g' ® H) ocypodny.

A morphism between weak Hopf algebras H and B is a morphism f : H — B which is
both algebra and coalgebra morphism. If f : H — B is a weak Hopf algebra morphism, then
Ao f = foAg [Proposition 1.4 [2]].

Definition 5.2 Let H be a weak Hopf algebra and A an algebra. By a weak action of H on A
we mean a morphism ¢4 : H ® A — A in C such that the following equalities hold:

(hl) pao(ny ® A) =ida,

(h2) pao ((pao(H @n4)) @A) =pao (Il ® A),

(h3) paocano ((pao(H®na) @A) =pao (@A),

(hd) pao(pa®pa)o(H@cya®A)o(0p @ AR A)=pao(H® pa),
Note that the equality (h2) implies

(h5) a0 (H®na)=pao (Il @na),

or, equivalently,
=L
(h5") a0 (H®@na) = pao (Il @1a).
Note that, if H is a Hopf algebra, replacing (h3-4) by
(h3) pao(H®na) =eny @na.
we obtain the classical definition of weak action (see [7]).

Lemma 5.3 Let H be a weak Hopf algebra and A an algebra. Given a weak action pq: HRA —
A, the morphism i = (pa @ H) o (H®cya)o 6y @A) : H® A— A® H satisfies (al) and
then the morphism V agn = (j1a @ H) o (A®¢f) o (A® H ®n4) is idempotent. Moreover, the
unity condition holds, i.e., Vagn o (A®@ny) = i o (ng ® A).

Proof. By (h4) we have
(Ha® H) o (A@ ) o (¥t @ A)
=((pao(pa®@pa)o(HRcga®@A)o(dn®ARA)@H)o (H®ARcH,a)o
(H®cga®A)o (6y®A® A)
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=((pac(H®pa) @H)o(HA®cya)o(HRcga®@A)o(dg®@ARA)

=iy o (H ® pa),

and, as a consequence, V agp is idempotent.
On the other hand, using (h3) we obtain the unity condition. Indeed:

P o (ng @ A)
=(pa® H)o(H®cp.a)o (6 onu)® A)
= ((pao (g ® A) ® H) o (H® cga) o (6 o nir) @ A)
= ((naocano((pac(H®@n4)®A)) @ H)o(H®cha)o ((6nonu) @A)
=(pAa®H)o (AR pa®@H)o(AQ H®cpa)o (AR (6 onm) ®na)
= Vagno(A®ng). O

5.4 Let H be a weak Hopf algebra and A be an algebra. Assume that there are a weak action
pwa:H®A— A and a morphism o4 : H® H — A such that for wﬁ, and

ofp = (oA ® p) o dpen  H® H — A® H,

(a2) and (a3) hold. Then, by 5.3, we obtain that (A, H, %, 04 ) is a crossed product system
with unity.

Remark 5.5 Let H be a weak Hopf algebra and A an algebra. If o4 : H ® A — A is a weak
action of H on A, considering (h3), we have

(pa®@pa)o(A®cya®@H)o ((dpony) ® A® H)
= ((paccamocya)@pu)o(A®cyga®@H)o((0gony)®A® H)
= ((paccan) @ pum)o(A® (6m onn) @ H)
= (paceam) ® H) o (A® (T ® H) o 1))
= (pao (A® (pac(H @na)))) @ H)o (AR dn)
= VagH.

Therefore, if (A4, @A) is also a left H-module (i.e., (A, p4) satisfies p4 0 (ng ® A) = id4 and
a0 (H®ps) = pao(pug®A), the image of V g¢ 5, denoted by A x H, is the tensor product of A
and H in the representation category of H (the category of left H-modules), denoted by Rep(H).
In [23] and [24] it is possible to find a detailed construction of a non-strict monoidal structure
in Rep(H) for a weak Hopf algebra living in a category of vector spaces. This construction can
be extended without any difficulty to the general categorical case of this paper, i.e., for a weak
Hopf algebra in a strict symmetric monoidal category. In the following lines we give a brief
resume of the monoidal structure of Rep(H).

21



For two left H-modules (M, par), (N, ¢n) the tensor product is defined as object as the image
M XN of Vygn = omeno(mu@M@N) : MRQN — M®N where pygn : HOMQN — MQN
is defined by pyen = (e @ pn)o (H @ caym @ N)o (dg @ M ® N). As a consequence, M x N
is a left H-module with the following action:

PMxN = PMaN © PMeN © (H @ iyen)

where pyron and ipsgn are the morphisms such that pyonoiveny = Vumen and iygNopyvenN =
idprx N
The base object is Hy, = Im(HIL_I) or, equivalently, the equalizer of 7 and C}q = (H®H]LLI)05H

or the equalizer of 6 and () = (H ® ﬁfl) o dp. The structure of left H-module for Hy, is the
one derived of the following morphism

o, =propno(H®ig),

where p;, : H — Hp and i : H; — H are the morphism such that H% = 47, o pr, and
proir =idg, .
The unit constrains are:

ZMZQDMO(Z'L(@M)OZ'HL@M:HLXM—>M,
=L . .
7“M:SOMOCM,HO(M®(HHOZL))OZM®HL M x Hi, — M.
These morphisms are isomorphisms with inverses:
v = prgenm © (0L ® oar) o (O o nr) @ M) : M — Hy x M,

TJT/Il = PM®H; © (SOM ®pL) o (H@CHJ\/[) o ((5[{ O’I’]H) ®M) M — M x Hp,.
If M, N, P are objects in the category Rep(H ), the associativity constrains are defined by

am,N,P = P(MxN)eP © (PMeN ® P) o (M ®ingp) o inenxp) : M X (N X P) — (M x N) x P
where the inverse is the morphism
artn.p = Pus(vxp) © (M @ pnep) o (inen ® P) oinrnop : (M X N) x P— M x (N x P).
If y: M — M and ¢ : N — N’ are morphisms in the category, then
YX ¢ =purxn o (YR @) oiyen: M x N— M x N

is a morphism in Rep(H) and

(V' x @) o(yx¢)=(10oy) x (¢ 09),
where 7/ : M' — M" and ¢’ : N’ — N” are morphisms in Rep(H).

Theorem 5.6 Let H be a weak Hopf algebra and A an algebra. Assume that there are a weak
action ¢4 : H® A — A and a morphism o4 : H® H — A such that (A,H,wﬁ =(pa®H)o
(H®ca)o 6y ® A),0f = (04 @ pp) o Suen) is a crossed product system with unity. Then,
A x H with the induced product paxpg and unit Naxg = pasg © (A @), is an algebra if and
only if (A, H, ng‘,, af[) is mormal and satisfies the twisted and cocycle conditions.
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Proof. Suppose that A x H is an algebra with unity naxg = pagm © (14 ® ng) and product
tAx . Under these conditions we know that paxm o (A X H @ naxm) = idaxm and then

PAgH
= paxH © (PAxH @ (PAxH © (NA @ 1))
= paxn©(na®H)o(A® ((na®H)o(A®ofy)o (v ®H)o(HV agn)))o(Vagn @na®n)
=paxro(pa®@H)o(pa®@opy) o (AR Yy @ H) o (Vg ®na @ nu)
= paxg o (pa® H) o (A® ogy) o (Vagn @ i)
=paxn o (pa® H) o (A@op) o (A® H@np).

In the last computations, the second equality is simply the definition of paxp, while the
third one follows by (a2) and (b2). In the fourth one we used the idempotent character of V 4gx
and the fifth one follows by (a3) and (b2).

Also, using the equality paxm o (Naxy ® A X H) =idaxy we obtain
PAxH
= tAxH © (PaxH © (MA@ NH)) @ DAxH)
= paxao(pa®@H)o (A (na®@H)o(A®ogy)o (Vi@ H)))o((Vagr o (na®nu)) @V axn)
= paxm o (pa®H)o(ua®@ofy)o (A @ H)o (V0 (nr ®na)) © A® H)

(¢]

)o(
=paxro(pa®@H)o(A® o) o (Yo (np ® A)) @ H)

Jo(A®op) o (Vagm o (A®ny)) @ H)

)o(

(
= paxm © (pa ® H
=pagn o (pa®@ H)o (AR o) o (A ny @ H).

As in the first computations of this proof, the second equality is simply the definition of
pAxr. The third equality follows from the idempotent character of Vagpy and by (a2), while
the fourth one follows by (al). In the fifth one we used the unity condition and finally, the sixth
one follows by (a3).

Therefore, we have

Pasio (a®H)o(ARoR)o(A@ny @ H) = pash = pasio (pa®H)o(ARoh)o(A® H 1)

and, by 4.3, we obtain that (A, H, 1/)]’3-, afl) is normal.
By 4.6, to derive the twisted and cocycle conditions we only need to show (f1). Indeed, using
the normality and the properties of (A4, H, @bIA{, Ufl) we have

iagH © HAxH © (PAxH 0 (A®NH)) @ DAxH)
=Vagn o (ta® H)o(pa®op) o (A vp @ H) o (Vi o (ny ® A)) ® Vagn)

=Vagno(ta® H)o(A®op)o (Vi @ H) o (ng @ (Vagw o (1a ® H)))
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= Vagn o (ta® H) o (A® (g0 (nw ® H))) o Vagn o (ua ® H)
= Vagn o (pa ® H).

Conversely, by Theorem 4.6, if (A, H, w}f}, 01‘3) is normal and satisfies the twisted and cocycle
conditions we have that A x H, with the induced product paxmy and unit naxg = pagm © (N4 ®
N ), is an algebra. O

Remark 5.7 Let H be a weak Hopf algebra and A an algebra. Assume that there are a
weak action ¢4 : H @ A — A and a morphism o4 : H ® H — A such that (A,H,@Z)g =
(pa®@ H)o (H® cpa)o (g @ A),01 = (04 ® pp) o dugn) is a crossed product system with
unity. Note that

PAsH 0 ofy o (H @ 1)
= papn © (04 ® pp) o dgen o (H @ nm)
=pagr o (ca® H)o (H® (I @ H) 0 dy)) o by
=pagr o (a0 (HQIE)0dy) @ H) o by,
and
pagh © gy o (ny @ H)
= pasH © (04 ® i) © SHen © (Ng @ H)
= pags o (040 cum) @ H) o (H® (T @ H) 0 6)) 00y
= pasn o ((oaoco(H®Ty)ody)® H)ody.
Then, (A, H, wfl, U}f‘[) is normal if and only if
Pawr © (040 (H®TE) 0dy) @ H) o by = pagn o (na @ H) =
pag o (040 ca o (H®Ty) 0dy) @ H) o dg.
On the other hand, the twisted condition is equivalent to
(i) pagmo
(lnac(pa®A)o(A®pa®A)o(HRH®can)o(HOH®oA®A)o(Hen ®A)|@cH a)0
(H®H®pg @ A)o (Opgey @A)
=pact © ([ta o (A® pa)o (05 ® A)] @cma) o (H® H® ug ® A) o bpen @ A),
and the cocycle condition can be viewed in the following form:
(i2)  pasm © (0s(0a) NO2(0a) @ pr) o (HOH @ H @ H @ py) o SHoHeH

=pagn © (01(0a) NO3(0a) @ pg)o(H®H®H®H® pg)odugueH,
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where
O =pa0o(H®o4s), Or=0ca0(ung® H),

O3 =040(H®puy), O01=0aReqm,

and A denotes the usual convolution in Hom¢(H @ H ® H, A).
When H is a Hopf algebra, the normal condition for (A, H, ng‘,, af_}) is equivalent to

cao(mu @ H)=040(H®@ny)=na®cy

because Hﬁ = ﬁqu = ng ® ey and Vagy = idagy. Then, we have that (A, H, 1/1}‘},0}‘}) is
normal if and only if o4 is normal in the classical sense (see [7]).

Also, composing with A ® ey in (il) and (i2) we obtain that (A, H,,04) satisfy the
twisted condition if and only if

1140(pa@A)o(HRpa@A)o(HRH®c 4)o(HRHR0AQA)o(dgen®A) = pao(Apa)o(of @A),

and satisfies the cocycle condition if and only if d4(04) A 02(04) = 01(04) A O3(c ). Therefore,
in the Hopf algebra case, (A, H, wﬁ,aﬁ) satisfy the twisted and the cocycle conditions if and
only if 04 is a twisted cocycle (see also [7] for the definition).

As a consequence, Theorem 5.6 is a generalization of the results obtained by Blattner, Cohen
and Montgomery [7] and Doi and Takeuchi [16] in the study of crossed products in a category of
vector spaces. Also, if C is a braided category whose underlying monoidal category is of vector
spaces, using a similar computations, we obtain the conditions described by Majid [21] which
allow to built an algebra structure in the tensor product of an algebra A and a Hopf algebra H.
In these cases the algebra A x H was denoted by Af,, H (the crossed product of A and H).

Example 5.8 Let H, B be weak Hopf algebras in a strict symmetric monoidal category C with
split idempotents. Let g : B — H be a morphism of weak Hopf algebras and f : H — B be a
morphism of coalgebras such that g o f = idy and f onyg = np. If we define pp: B — B H
and the entwining v : H ® B — B ® H by

pp=(B®g)odp, ¢Y=(B@pupg)o(cup®H)o(H® pp)

we have that (B, H,1) is a weak entwining structure where egr = I1% o f.

The morphism ¢8 = ugo (B® (Ago fog))odp: B — B is an idempotent in C [Proposition
2.1, [3]]. As a consequence, there exist an epimorphism pfl, a monomorphism ig and an object
By such that the diagram

Ui
B
pIB}\A /ZE
By
B ;B _
commutes and py; o i = idp, . Also,
,L'B PB
H -
Br B . B®H
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is an equalizer diagram in C, and therefore, the algebra defined by the equalizer of pp and (p in
3.3 is the same that the one defined by the equalizer of pp and (B ® ﬁﬁ) o pp because, in this
situation, (B @ Iy) o pp = Ch.

Moreover, f € Reg"T'(H, B) because for f~1 = Ago f we obtain that f A f = IEof = egp
and By — B = (B, up,pp) is a weak H-cleft extension [Example 1.1, [4]].

On the other hand, let ¢, : H® By — Bpg be the morphism defined in 3.8. The morphism
wB, satisfies

(i1) By o (nu ® By) = idpy,

(i2) pBy o (pBy o (H @ 18y)) ® By) = ¢, o (I © Bp),

(13) 1By © CBy.By © (9B, © (H ®1p,)) ® Br) = ¢, © (I @ By),

(74) eBy o (H @ upy) = py © (¢By ® ¢By) o (H @ capy ® Bu) o (6g ® By ® By),
(35) @By o (H @1py) = By © (I @ npy,),

and then ¢p, is a weak action of H on By. Moreover, if f is a morphism of algebras
(B, @By ) is a left H-module (see [Proposition 2.5, [3]])

By 3.10 we know that the left By-module and right H-comodule ( ¢p,eon = ip, @ H,
PByoH = B ® 0y) morphisms wp : By @ H — B, w%; : B — By ® H, defined by wg =
pp o (iB ® f) and wly = (pB ® H) o pp satisfy the equality wp o w)y = idp. As a consequence,
the morphism Qp = w; o wp is an idempotent, and we have a commutative diagram

wB “Yp

BHXH

where rp o sp = idp, xm. Therefore, the morphism bp = rp o w; is an isomorphism of right
H-comodules and left Bg-modules with inverse b]_31 = wp o sg. The module and comodule
structures of By x H are the ones induced by the isomorphism bp and they are equal to
YByxH =TBO (B @ H) o (By ®$B), pByxia = (rp® H) o (By ®Jdp) o sp, respectively. Also,
bp is an isomorphism of algebras with np, xg = bponp, uByxH =bpopupo (bg,l ® bjgl). Under
these conditions, the unity ng, xx and the product pp, xm can be identified in the following
way (see [Theorem 2.8, [3]])
NByxH =TB©° (NBy ® NH),

UByxH =7TBO (UBy; @ H) o (uBy, ®0§H)O(BH®%BIH ® H)o (sp®sp),

where
b = (@ H)o(H®w)o(0p ®if) = whoupo(f®if) = (vp, ®H)o(H®cy,p, )0 (0n ® Br),
o = (¢ ®@H)o(H®1) o0y ® f) =wpoupo(f®f) = (0p, ®uum) © dusH,
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being o, = pb o up o (f ® f) the morphism defined in 3.8.
Moreover, the idempotent morphism g satisfies

Qp = (¢By @ pu)o (Bu @cupy @H)o ((0gony) ® By @ H) =
(upy ® H)o (B @ ¢p") o (B ® H®npy,) = Veye,

and we have (b2) and the following equality:

(k1) (upy ® H)o (B®opy,)o (Veyem o (Bu®nu)) ® H) = Ve,eH.

Indeed, using the equalities (e3), up o (B® (Ilk o fog))oép = idg and go f = idy we
obtain (k1):

(kBy ® H) o (B®@opy) o (VByen © (Bn ®@nm)) ©@ H)

= (pj@H)o(up@H)o((upo(B(Iljo fog))odp)® f@pum)o(Benn@H)o(BogoH H)o
(0B ® 6g) o (ify ® H)

=(p @ H) o ppen o (B g@ B®g)o((0poif) ® (f© f)odn))

=VByoH-

Then, since (al), (b2), (k1) and the unity condition are satisfied, the equality (f1) is valid
for the product pp, x . Indeed:

iByoH © UByxH © (PByoH © (BH @ NH)) ® PBroH)
= Vigen o (sy @ H)o (up, ®op,) o (Bg @i @ H)o (¢ o (na ® Br)) ® Ve,en)
= Vigen © (ipy; ® H) o (By @ op,) o (Vi @ H) o (H® Vp,en)o (u @ s, © H)
=VBueH o (ky ® H) o (By ®0p,) o (Veyen o (Bu ®@nu)) ® H) o Ve,en o (e, ® H)
=VByeH © VByeH © VByen © (kB @ H)
=Vuen o (tpy ® H).

Therefore, by Theorem 4.6, we have that (By, H, wf[H , ag’{ ) is an example of crossed product
system with unity satisfying the normality, twisted and cocycle conditions. Also, is an example
of the theory developed in section 3 for crossed product systems associated to a weak cleft
extension.
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