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Abstract

In this paper we characterize the sign of the Green’s function related
to the fourth order linear operator u® + Mu coupled with the two point
boundary conditions u(1) = u(0) = u/(0) = u”(0) = 0. We obtain the
exact values on the real parameter M for which the related Green’s func-
tion is negative in (0,1) x (0,1). Such property is equivalent to the fact
that the operator satisfies a maximum principle in the space of functions
that satisfy the homogeneous boundary conditions.

When M > 0 the best estimate follows from spectral theory. When
M < 0, we obtain an estimation by studying the disconjugacy properties
of the solutions of the homogeneous equation u+Mu=0. The optimal
value is attained by studying the exact expression of the Green’s function.
Such study allow us to ensure that there is no real parameter M for which
the Green’s function is positive on (0,1) x (0, 1).

Moreover, we obtain maximum principles of this operator when the
solutions verify suitable non-homogeneous boundary conditions.

We apply the obtained results, by means of the method of lower and
upper solutions, to nonlinear problems coupled with this boundary con-
ditions.
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1 Introduction

Fourth order boundary value problems represents a fundamental tool when de-
scribing elastic deflections of bridges [9].

In this paper we describe the set of the real parameters M for which the
fourth order boundary value problem

Ly u(t) = u® () +Mu(t) = o(t), ae. t € [0,1]; u(1) = u(0) = «/(0) = u"(0) = 0,
1)
has nonpositive solutions, for any nonnegative L!-function o.

After an immediate change of variables, we obtain analogous results for the
adjoint boundary conditions u(0) = u(1) = «/(1) = ¥/ (1) = 0. It is not difficult
to verify, [2], that such property is equivalent to the fact that the related Green’s
function is negative on (0,1) x (0, 1).

Such conditions model the deflection of beam which is incrusted and clamped
at one side and supported in the other one. This study complete the one done in
[7], where the clamped beam conditions w(0) = u(1) = v/(0) = «/(1) = 0 have
been described. Moreover it continues the work done in [6] when the simply
supported case u(0) = u(1) = u”(1) = v”(1) = 0 has been characterized.

In this case, we distinguish two situations, depending on the sign of the real
parameter M. When it is positive, we deduce the best estimate by means of the
spectral theory, see, for instance, [4, ?, 13]. For negative values of M, we use
the classical theory of disconjugacy [8], to obtain an estimate on M that ensures
the negativeness of the Green’s function. To verify that the given estimation is
optimal, by means of the Mathematica Package developed in [5] (see also [4]),
we calculate the exact expression of the related Green’s function. This study,
combined with the spectral theory, is also applied to deduce that we cannot
expect positive Green’s functions for any value of the real parameter M.

We also attain, in section 5, comparison results when non homogeneous
boundary conditions are considered. Section 6 is devoted to deduce existence
results for nonlinear boundary value problems by means of the lower and upper
solutions method.

2 Preliminaries

In this section, we introduce the definitions and main results that will be used
along the paper.

Denote by I = [0,1], L*(I) be the space of the Lebesgue integrable functions
on I, and consider W41(I) the usual Sobolev space of C3-functions, with "’
absolutely continuous in I.

Definition 2.1. Let X ¢ W*Y(I) a given set. We say that the linear operator
Ly : X — LY(I) is inverse positive on X if the following property is fulfilled
forallye X

If Lyy(t)>0acetel then y(t) >0 foralltel.



Analogously, the linear operator Ly is inverse negative on X if the following
property is fulfilled for all y € X

If Lyy(t)>0aetel then y(t) <0 foralltel.

We refer Ly as a strongly inverse positive (‘strongly inverse negative) op-
erator on X if

Lyy(t) >0, Lyy(t) Z0aet el then y(t) >0 (y(t) <0) on (0,1).

In the inverse positive case we say that Ly, satisfies an (strong) anti-mazimum
principle in X. In case of inverse negativeness we refer to a (strong) mazimum
principle in X.

If we consider the set

Xo={uec W*HI), wu(l)=u(0)=1u'(0)=u"(0) = 0}.

We have the following properties that characterize the maximum and anti-
maximum principle as the constant sign of the related Green’s function. They
are particular cases of Lemmas 1.6.3 and 1.6.10, and Corollaries 1.6.6 and 1.6.12
in [4]

Proposition 2.2. If Ly, is inverse negative (inverse positive) on Xo then Ly
is invertible on Xg.

Proposition 2.3. The operator Ly is inverse negative (inverse positive) on
Xo if and only if the Green’s function gur, related to problem (1), is nonpositive
(nonnegative) on I x I.

Having in mind the two previous results, to obtain the validity of the com-
parison results for operator Lj; on Xy, we must study the set of parameters for
which the related Green’s function has constant sign on I x I. In order to make
this study, we consider the following condition, introduced in [4, Section 8], for
a nonpositive Green’s function

(Ng) Suppose that there is a continuous function ¢(t) > 0 for all ¢t € (0,1) and
k1, ko € L*(I), such that ki(s) < k2(s) < 0 for a.e. s € I, satisfying

d(t) k1(s) < gum(t,s) < @(t) ka(s), for ae. (t,s) el x 1.
Remark 2.4. We note that if function gar satisfies property (Ng) then operator
Ly is strongly inverse negative on Xj.

Under this assumption, we introduce the following set of parameters M in
which the Green’s function has constant sign

Np ={M € R, suchthat gp(t,s) <0 forall (¢t,5) € x I} (2)
and
P, ={M e€R, suchthat gp(t,s) >0 forall (¢,s) € xI}. (3)

As a consequence of [4, Theorems 1.8.5 and 1.8.9] we deduce the following
topological property of these sets.



Proposition 2.5. The sets N, and Py, are (may be empty) real intervals.
We can describe, as a consequence of [4, Lemma 1.8.25], the set N, as follows

Proposition 2.6. Let M € R be fized. Suppose that operator Ly; is invertible
in Xg, its related Green’s function is nonpositive on I x I, it satisfies condition
(Ng) and the set Ny, defined in (2), is bounded from below.

Then Ny = [M — ji, M — \1), with \; < O the first eigenvalue of operator
Ly;, and pp > 0 is such that Ly;_p is invertible in Xo and the related nonpositive
Green’s function gy;_p vanishes at some points of the square I x I.

So, once condition () is verified, to characterize the right side of the set
Ny, is enough to find the first eigenvalue of operator L;.
Moreover, we have the following result concerning both sets

Proposition 2.7. [{, Theorem 1.8.35] Let M € R be such that problem (1)
has a unique solution for M = M and the related Green’s function gy, satisfies
condition (Ng). If the interval Pr, defined in (3), is nonempty then sup (Ni) =
inf (Pp), with N, defined in (2).

Since the infimum of the set Ny is a regular point for the operator L,
the characterization of the left side of the interval Ny, is more difficult to deal
with. In this case we will use the theory of disconjugacy that gives us sufficient
conditions to ensure that the Green’s function has constant sign. This tool
has been recently applied in [12] to third order equations with different kind
of two-point boundary conditions. We refer to [8] and references therein for an
exhaustive study of this theory.

Definition 2.8. [8, Definition 1 in Page 1] Let py, € C([a,b]), k=1,...,n. A
linear differential equation of n order

Lyy(t) := y™ () + p1(0) y" V() + o+ pucr (8) ¥ (1) + pa(t) y(t) = 0,
is disconjugate in [a, b] if every nontrivial solution of this equation has less than
n zeroes in [a,b], multiple zeroes being counted according to their multiplicity.

One can see in [8, Page 105] that if operator L, is disconjugate on [a,b]
then, for any o € C([a,b]) and k € {1,...,n—1}, the two-point boundary value
problem

Lny(t) =o(t), t € [a,b],
y@(a):o, i=0,...,k—1,
y () =0,5=0,...,n—k—1,

has a unique solution that can be represented in the form

b
y(t):/ G(t, s)o(s)ds.

By approximation theory, one can verify that the same result holds for any
o € L([a,b]).
Next result is a direct consequence of [8, Theorem 11 in Page 108] (see also

12]).



Proposition 2.9. If operator L, is disconjugate in [a,b], then
(-1)"*G(t,s) >0, a<t,s<b.
As a direct consequence of this result we deduce the following one

Corollary 2.10. If operator Ly is disconjugate in I then the Green’s function
gm, related to problem (1), satisfies that gar(t,s) <0, on (0,1) x (0,1).

Thus, the concept of disconjugacy implies the negative sign of the studied
Green’s function. So we are interested in to obtain sufficient conditions that
allow us to ensure such property. To this end, we use the concept of Markov
system.

Definition 2.11. /8, Page 87] The functions yi, ...,y € C™([a,b]) are said to
form a Markov system on a real interval J if the n Wronskians

Y1 Yk
Wi =Wy, ...,yx] = det : : : , k=1,...,n,
k—1 k—1
T AU )
are positive throughout J.

Moreover, as a consequence of Theorem 3, Page 94, and Theorems 4 and 5,
page 97, in [8], we arrive at the following equivalence between both concepts

Proposition 2.12. The equation (1) has a Markov fundamental system of so-
lutions on [a,b) if and only if it is disconjugate on [a,b).

3 Study of the sign of the Green’s function

This section is devoted to the study of the values of the real parameter M for
which the Green’s function g,s, related to problem (1), is nonpositive on I x I.
As we have seen in Proposition 2.3, this study is equivalent to look for the values
of M for which the fourth order operator L, satisfies a maximum principle on
the set Xj.

In order to apply Proposition 2.6 we take M = 0 and verify condition (NN,)
for go. To this end, we first study the eigenvalues of operator L.

By routine calculations we deduce that equation

u® () = Au(t), t € [0,1]; u(1) = u(0) = ' (0) = u"(0) =0,

has nontrivial solutions if and only if A\, = —mt < 0, being {mp}n>1, the

increasing sequence of positive (and simple) roots of the following equality

tanh —= = tan —. (4)

V2 V2
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Figure 1: Graphic of ®;.

Moreover, the corresponding eigenfunction follows the expression

o0 (2 (35) o (55)o=(25)

It is not difficult to verify that the expression of the Green’s function for this
situation is given by

ts) =
90(t,5) =5 (s — 1)33, 0<t<s<l.

1 {(5—1)3t3+(t—3)3, 0<s<t<l,

It is obvious that go(t,s) < 0 for all (¢,s) € (0,1) x (0,1). Let’s see that
condition (V) is fulfilled.

Let m; ~ 5.553 be the smallest positive root of equation (4), which corre-
sponds with A\; = —m{$ < 0, the first eigenvalue of operator u® on Xj.

It is not difficult to verify (it follows also from classical spectral theory [10,
11, 13]) that ®1(¢) > 0 for all £ € (0,1).

Now, in order to prove condition (N,), we use the following properties:

gO(taS) _ 3
JHm D10 (s —1)? foralls € (0,1),

and 5 o
t -1
lim golt, s) = s(s = 1)7m; for all s € (0,1).
S 0 g sin () sink (23)

As consequence, since go(t,0) = go(t, 1) = 0, we can extend function go (¢, s)/®1(t)
with continuity to the compact interval I x I. So there is a contant

k . gO(tas)

= O-
LT e @)
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Figure 2: Graphic of Gy (t, s), for M = (5.553)*.

On the other hand, for every s € (0, 1) fixed, we have that function go(-, s)/®1(+)
is continuous and strictly negative on I. Thus, due to the continuous depen-
dence of go with respect to s, there exists a continuous function ko : I — (k1,0)
(in particular it is in L!(I)) such that

max 9(t,5)
tel  Dq(t)

ka(s) = < 0.

As consequence of the two previous assertions we have that condition (Ny)
is fulfilled.

So, from Proposition 2.6 we have that for M > 0, the set Ny, coincides with
(0,m?).

Now, we are in a position to study the negative values of the parameter M
for which the Green’s function gy, is negative on (0,1) x (0, 1).

Since in this case there are not eigenvalues, we must use the disconjugacy
property showed in Corollary 2.10. To this end, we will look for a Markov
fundamental system of solutions in the line of Proposition 2.12.

Now, let € > 0 be small enough, and denote

y1(t) = z(t + ), y2(t) = =2'(t+ ), ys(t) = 2"(t +€), pa(t) = =2"(t +¢),

where z is given by the following expression

1
z(t) = 5,73 (sinhmt — sinmt) .

It is immediate to verify that such functions are the unique solutions of the
following initial value problems:

y () = mryi(t), y (=) =0, 5 =0,...,3, j £ 4=k, ¢ 7F () = (=1)FF1.

So, we arrive at the following result



Figure 3: Graphic of Gi(t, s), for M = (5.554)*.

Lemma 3.1. Equation u® —m*u = 0 is disconjugate on I for all m € (0, myg),

where mg = 4.730 is the first positive root of the algebraic equation
cosmcoshm = 1.

Proof. By construction, the set {y1,y2,ys, ys} forms a fundamental set of solu-
tions of equation u®) — m*u = 0. Let’s see that this set is a Markov system on
I for all m € (0, my).

Under routine calculations, we obtain that

Wilyi](t) = Waly1, y2, ys3l(t) = 2;3 (sinhm (t + €) —sinm(t +¢€)),
Walyr,y2](t) = # (1 —cosm (t + €) coshm (t +€)),

[a—y

W4 [yla Y2,Y3, y4] (t) =

Obviously, we have that Wi[y1](t), Ws[y1,ye, ys](t) and Waly1, y2, y3, ya] (t)
are strictly positive for all ¢ > —e.

Moreover, by definition of mg, we have that if m € (0, mg) then Wa[yy, y2|(t) >
0 for all t € (—¢,1 — €). Passing to the limit with e tending to zero, we have
that the set {y1,y2,¥s3,v4} is a fundamental Markov system on [0, 1).

The result follows from Proposition 2.12. O

As a consequence of the results given in this section we arrive at the following
conclusion
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Theorem 3.2. If M € [-mg,m}), then the Green’s function gur, related to
problem (1), is such that gar(t,s) <0 for all (t,s) € (0,1) x (0,1).

Proof. Since —m7} is the first eigenvalue of u* in Xy, The result follows in
[0, m1) from Proposition 2.6. Lemma 3.1 and Corollary 2.10 ensure the validity

o4
on (—mg,0].

Since, from Propositions 2.5 and 2.6, N, is a closed interval at the left side,
we have that —m% € Ny O

3.1 Optimal values of N; and FPy.

In this subsection we characterize the sets Ny and Py,.
Set NL.

As we have seen along this section, [-mg,m}) C Np. Let’s see that the
equality holds.

First, we notice that, from Proposition 2.6, the Green’s function cannot be
negative on (0,1) x (0,1) for all M > m}. So the right side of the interval is
fully described.

Let’s see that for any M < —mg the Green’s function g takes both positive
and negative values on (0,1) x (0,1) .

By using the package developed in [5], we deduce that gps follows the ex-
pression (with M = —m?):

Gi(t,s,m), if0<s<t<l,
gM(tvS): .
Ga(t,s,m), f0<t<s<1,

where
Gi(t,s,m) = el em(t;;?)_ 2sin(m{t — 5)) + Ga(t, s,m),
with
Gt 5,m) = emmlsHt=D) (em(2Zs=1) 4 9ems gin(m — ms) — e™) (2™ — 2™ sin(mt) — 1) .

4m3 (e2m — 2e™ sin(m) — 1)

Now, we study the behavior of the function over the diagonal points (¢,1 —
t) near to the corner point (1,0). As consequence we focus our attention on
f(t,m) = Gi(t,1 —t,m) in a neighborhood of ¢ = 1.

Thus, we have that f(1,m) = %(l,m) =0 for all m > 0 and

o2 f

L 1 m) = 2 (cos(m) cosh(m) — 1)
o2

m(sinh(m) — sin(m))

So, we conclude that %(l,m) changes its sign from negative to positive
in a neighborhood of mg. Thus, we deduce that gp; cannot be negative on
(0,1) x (0,1) for M on a, small enough, left neighboorhod of —mg. Proposition
2.5 ensures that it cannot be negative again for any M < —mg.

10



As a conclusion, we have that Ny = [-mg, m?).
Set PL-

From Proposition 2.7, we know that gps cannot be positive on (0,1) x (0,1)
for any M < —mg. So we must study the case M > m$. We will prove that in
such a case the Green’s function changes it sign on (0,1) x (0,1), i.e. P, is the
empty set.

Denoting M = m*, by means of [5] again, we obtain that the Green’s function
gnr 1s given by

Gs(t,s,m), if0<s<t<l,
gM(tvS) = .
Gy(t,s,m), if0<t<s<l,

with

G - ey h
T (e P € e ) R )

being

m(t—s)

hl(t,s,m) —e 2 <76\/§m(s+t71) + e\/§ms + eﬁm(tfl) B 1) oS (m(s ?/;* 1)) .

_ m(s—3t) —t+1 _ m(s=3t) t—1
—e \/;t (eﬂm(sftfl) + 1) cos <Tn(8+)> +e 73 : cos (TrM)> +
V2 V2

m(s+t—2) t — 1 _ m(s—3t+2) — t 1
+e4g2m%m®+>>+eﬁszCM8+>>_
V2 V2

m(s+t) —t 1 m(t—s) t—1
_evasm<m@+>>_evqsm(m@+>)+
V2 V2

m(s+3t—2) t—1
+e VvZ  sin (m(s—i—)) .
V2

Moreover
_ m(s+t—2)
—e NG
Gy(t,s,m) = % % ha(t, s,m)
3 2m m _ 2m . m
2\/§m ((e — 1) Ccos (ﬁ) (e + 1) sin (\/5))
where

ho(t,s,m) = <(e\/5m<51> - 1) cos <m(ff21)> - (eﬁm@*l) + 1) sin (Tn(iﬁl)» X
X (e\@mt - 1) cos (mf;) - (eﬂmt + 1) sin (”;;) .

To verify that gas has not constant sign on (0,1) x (0,1) we study the values
of h(t,m) := g (t,t) near to t = 0.

11



In this case we have that, for all m > 0 it is satisfied

oh 0%h
h’(oam) = a(oam) = ﬁ(oﬂn) = 07
and o

In particular, we decude that gy; takes negative values for all M > mj. So
it cannot be positive on (0,1) x (0,1). Now, Proposition 2.7 implies that it tales
both positive and negative values for this range of parameters. In consequence
Pp = 0.

To finalize this section we consider the following boundary value problem

uP () + Mu(t) = o(t), ae. t € I; u(0) = u(l) =u'(1) =u”(1) =0.  (5)

In [4, Section 1.4] one can see that problem (5) is just the adjoint of (1). So,
the eigenvalues of both problems coincide and the Green’s function g, related
to this problem is given by

g}kw(ta S) = gM(s,t).

In particular the two functions take the same values at I x I and the range
of the maximum and anti-maximum principles on the set

Yo={ue WD), u(0) = u(l) = /(1) = u"(1) = 0}

is the same.

4 Non homogeneous boundary conditions

In this section we obtain maximum principles for operator Lj; in wider sets
than Xy. We are dealing with the case in which suitable inequalities on the
boundary of the interval I are allowed. By direct calculation, one can verify the
following property

Lemma 4.1. Let 0 € L'(I) and a1,as,a3,b € R. Assume that the boundary
value problem

{u<4> (t) + Mu(t) = o(t), tel, (6)

u(0) = a1, v/ (0) = ag, v”’(0) = a3, u(l) = b,
with M = +m?*, has only the trivial solution for c =0 and a1 = as = a3 =b =

0.

Then (6) has a unique solution given by
1 3
u(t) :/ gt ) o (s) ds + 3 ax vem(t) + b (D),
0 k=1

12



where v, k=1,2,3, and wy, are defined respectively as the unique solutions

of

(7)

u () + Mu(t) =0, tel,
u*=D0) =1, 49 0)=0, j=0,1,2, j #k—1, u(l) =0,

and
{u(4) t)+Mu(t)=0, tel, (8)

u(0) =0, j =0,1,2, u(l) = 1.

First, consider the case M = 0. It is immediate to verify that vy o(t) = 1—3,
vao(t) =t — 13, v3o(t) = (2 — ¢3)/2 and wo(t) = t3. It is obvious that all of
them are strictly positive on [0, 1).

Let’s see now what happens with M = —m* < 0.

Concerning function, vy (), since v} (1) < 0, we have, by continuity with
respect to the parameter m at 0, that there is m such that vq ., (¢) > 0 on [0, 1)
for all m € [0,m).

Now, it is not difficult to verify that

msin(m) sinh

o (
l,m(l) . (

sin(m) — sinh

m)

m)’

So, we have that v} ,,(1) < 0 for all m € (0, 7).

Thus, if it changes sign on (0,1) for some m € (0, ), there are m € (m,w)
and tg € (0,1) such that vy 5 > 0 on I and v15(to) = v} ;5 (to) = 0. So vi
must be a nontrivial solution of problem

uP (t) — mtu(t) =0, te I,u/(0)=1u"(0)=u(ty) =u(to). (9)

But this problem has nontrivial solutions if and only if there is I € {1,2,...}
such that to = l7/m > 1, a contradiction. In consequence v1 4, (t) > 0 on [0,1)
for all m € (0, «].

Let’s see that vy, changes sign for any m > 7. First, since the roots of
m = km, k=1,2,..., are the (simple) roots of equation v} ,,(1) = 0, we have
that vy ,,, changes sign for all m € (w,2m). If there are m > 27, with vy 5 > 0
on [0,1), we have that

(17 —v1.0) P (#) = 710 — v10) () = (7* =) v a(t) <0, te[0,1).

So, since m < mg and v —v1,5 € Xo, the negative sign of the corresponding
Green’s function implies that v1 . > v1 4 on (0,1).

But, from v} (1) = 0 we deduce that v} ; (1) = 0. As consequence, 7 = k7
for some k = 3,4,.... So v1,, is an eigenfunction of problem (9), with ¢y = 1
and, by classical spectral theory, has k — 1 simple zeroes on (0,1).

The expression of vy, is given by

sin(m) sinh(mt) — sinh(m) sin(mt) .

vo,m (t) = m (sin(m) — sinh(m))

13



In [6] it is proved that this expression is positive on (0,1) if and only if
m € (0,m1/v2].

To study vs,, we have that if there is a double zero on (0, 1) then it must
be an eigenfunction of problem

u® () —mtu(t) =0, teI,u(0)=1u(0)=ulty) =u(t).
The eigenvalues of this equation are the roots of
cos(mtg) cosh(mtg) = 1.
In this case tg € (0,1) if and only if m > my. So, arguing as for vy ,,, we

conclude that vz, > 0 on (0,1) if and only if m € (0, my].

Finally, one can verify that

sinh(mt) — sin(mt)

sinh(m) — sin(m)

W, (t) =
is strictly positive on (0, 1] for all m > 0.

Considering the case M = m* > 0, we now that the function vy ,, is positive
for m close enough to 0. Now, since equation

u® () = Au(t), te I, u'(0)=u"(0)=uty) =u(t),

has only negative eigenvalues, we conclude that vy ,, cannot have double zeroes
n (0,1). So, using the fact that

_ m (cos (v2m) — cosh (v2m))
22 in (25) oo (25) — o (35) o0 ()

we deduce that this function remains positive on (0, 1) up to the first eigenvalue
mq.

Vim(1)

)

Similar arguments holds for vg ,,, v3,m together with
) sinh (%) cosh <%) — sin (%) cos (%)
U2,m(1) = m K m K m m)’
cos (ﬁ) sinh (ﬁ) — sin (ﬁ) cosh (ﬁ)
cos (\/im) + cosh (\/im) -2
2v/2m (sin (%) cosh (%) — cos (%) sinh (%))
The positiveness of w,, on (0,1) for m (0,m;) holds from the expression
o (mt wing ((mt
) 0 = V2m sin (\/5) sinh (\/5)
" sin (%) cosh (%) — Cos (%) sinh (%)

14
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Define the sets
X, ={uec W (1), u(0)=u'(0)=0, «"(0)<0,u(l)<0}.

Xy ={uec W), u(0)=0
X3 ={uec W), u(0)<0, u/'(0)=
X, ={uec W), u(0)<0, 4 (0)<0, u"(0)<0,u(l)<0}.

So, as consequence of all the previous results, taking into account that
mi/4 ~ 3,9266 > 7, using Lemma 4.1 we obtain the following maximum prin-
ciples for operator Lj;.

Theorem 4.2. The following assertions hold:

1. Operator Ly; is strongly inverse negative on X1 if and only if M €
[7m%amzll)'

2. Operator Ly; is strongly inverse negative on X if and only if M €
[_méll/4vm£11)

8. Operator Ly is strongly inverse negative on Xs if and only if M €
[_7T47m£11)'

4. Operator Ly; is strongly inverse negative on Xy if and only if M €
[_7T4’m‘11>'

We can consider a new set, by assuming that the values of the function are
the same at the extremes of the interval of definition:

X5 = {uc WHHI), u(0)=u(1)<0, «/(0)<0, «”(0)<0}.

In this case, using Lemma 4.1 again, we must study the behavior of function
T 1= V1,m + Wy, o0 1.

From the previous results, we have that z,, > 0 on (0,1) for all M €
[-7*,m?). Since, m} is the best possible estimate obtained for gp;, we can
improve the range of values of M for which operator is strongly inverse negative
on X5 only for M < 0.

So, since T, (0) = 2, (1) = 1, and problem (1) has a unique solution for any
M < 0, we have that the function changes sign on (0,1) if and only if there
is m and to € (0,1) such that us(to) = ul,(to) = 0. In such a case, z is an
eigenfunction of problem (9) and, therefore, to = k7 /m for some k € {1,2,...}.
Taking into account that 27/m < 1 if and only if m > 27(> myg), we only need
to study the case k = 1.

From the fact that (M = m?*)

(/) = sinh(7)(cos(m) + cosh(m) — 2) + (cosh(7) — 1)(sin(m) — sinh(m))
m 2(s1n(m) — smh(m)) )
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we have that z,,, > 0 on (0,1) if and only if m € (0,7g), where Mg ~ 4.3474 is
the unique solution of the algebraic equation
sinh(7) ~ sinh(m) —sin(m)
cosh(m) —1  cos(m) + cosh(m) — 2

So we arrive at the following result

Theorem 4.3. Operator Ly is strongly inverse negative on X5 if and only if
M e [_méméll)

Taking into account that vg.,(t), & = 1,2,3, and w,,(t) are the unique
solutions of problems (7) and (8) if and only if vy (1 —¢), k = 1,2,3, and
Wy (1 — t) are the unique solutions of

uM () + Mu(t)=0, tel,
W* (1) =1, u0) (1) =0, j=0,1,2, j #k— 1, u(0) =0,

and
uM () + Mu(t) =0, tel,
w9 (1) =0, j=0,1,2, u(0) =1,

we can characterize maximum principles for operator Lj; on the sets
Yy ={ueW*HI), wu(l)=4(1)=0, «’(1)<0,u(0)<0}.
Yo ={ueW*NI), u(l)=0, v (1)<0 ) <0, u(0) <0
Yz ={uec W), wu(1) <0,/ (1)=0, (1) <0, u(0) <0}
Yi={uecW(I), wu(l)<0, v 0 ) <0, u(0) <0
Ys = {uc WHHI), wu(l)=u(0) <0, «/(1)<0, (1) <0}.
The result is the following
Theorem 4.4. The following assertions hold:
1. Operator Ly is strongly inverse negative on Yy if and only if M € [—m3, m}).
2. Operator Lyy is strongly inverse negative on Y if and only if M € [—m} /4, m}).
3. Operator Lyy is strongly inverse negative on Ys if and only if M € [—7*,m?).
4. Operator Ly is strongly inverse negative on Yy if and only if M € [—7*,m}).
5

. Operator Ly is strongly inverse negative on Ys if and only if M € [—mg, m7).
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5 Nonlinear boundary value problem

In this section we apply the previous results to deduce the existence of so-
lution for the boundary value problem

{u<4>(t):f(t,u(t)), ae tel,

10
U(k)(O):Ak’ ]{3:0,1,2,‘77&]47*1, ’U,(].):B, ( )

Here A, £k =0,1,2, and B are real numbers, f : I xR — R is a Carathéodory
function, i.e, it is continuous in the second variable, Lebesgue measurable in the
first and, for any R > 0 there is hg € L'(I) such that |f(t,z)| < hg(t) for a.e.
teland |z| <R.

We introduce the following sets

Zy = {ue WHH(I), wu(0)= Ay, v'(0) = Ay, v”(0) < As, u(1) < B}.
Zy = {uec WHH(I), wu(0) = Ay, v'(0) < Ay, v”(0) < Ay, u(1) < B}.
Zy = {u e WH(I), u(0) < Ag, u/(0) = Ay, u”(0) < Ay, u(1) < B}
Za = {ue W), w(0) < Ay, w/(0) < Ay, u”(0) < A, u(1) < BY.

The obtained results are in the framework of the classical monotone iterative
techniques [1, 2, 4, 6, 7, 14].
Definition 5.1. We say that oy, € Zi, k € {1,2,3,4,5}, is a lower solution of
problem (10) if
alM(t) > f(t,on(t), ae tel (11)

We say that B, k € {1,2,3,4,5}, is an upper solution of (10) if —f € Zy,
and

W) < f(t, Br(t), ae tel (12)

Now we assume the following condition.

(Hg) There is M € R such that f(¢t,z)+ Mz < f(t,y) + My for a.e. t € I and
alt) <y <z < B().

The following result ensures the existence of extremal solutions of problem
(10) lying between a pair of well ordered lower and upper solutions. It is a
particular case of [4, Theorem 1.7.2].

Theorem 5.2. Suppose that there exist oy, < Bi, k € {1,2,3,4,5}, a pair of
well ordered lower and upper solutions respectively for the nonlinear boundary
value problem (10). Assume that the function f satisfies the condition (Hg) for
some M € R such that the operator Ly; is strongly inverse negative in Xy.

Then there exist two monotone sequences {37]%} and {afn}, NONINCreasing
and nondecreasing respectively, with B = B and of = au, which converge
uniformly to the extremal solutions in [, B] of problem (10).
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So, we can rewrite the previous result in the following way, depending on
the chosen set Zj.

Corollary 5.3. Suppose that there exist a pair of functions a < B satisfying
(11) and (12) respectively, together with one of the following additional condi-
tions:

1. a(0) = B0), &'(0) = A1 = B'(0), a”(0) < A> < §7(0), (1) < B <
B(1), an condztwn (Hy) holds for M > —mg.
2. a(0) = Ag = B(0), a’(0) < Ay < 5'(0), ”(0) < A2 < 57(0), (1) < B <
B(1), and condition (Hg) holds for M > —m$/4.
3. a(0) < Ag < (0), o/(0) < Ay < 5'(0), ()<A2§5"(0)»04(1)§B§
(1), and condition (Hg) holds for M > —m*
4 0(0) = a(l) < Ag = B < B(0) = (1), a'(0) < 4 < B/(0), a”(0) <

Ay < B7(0), and condition (Hy) holds for M > —my.

Then there exist two monotone sequences {fm} and {an,}, nonincreasing and
nondecreasing respectively, with By = 0 and ag = «, which converge uniformly
to the extremal solutions in [a, ] of problem (10).

To study the boundary value problem

u®(t) = f(t,u(t), ae tel, (13)
u® (1) = Ay, k=0,1,2, j # k—1, u(0) = B,

we introduce the following sets

Wi ={uec W), u(l)= Ay, u'(1) = Ay, u"(1) < Ay, u(0) < B}.
Wo = {uc WHHI), u(l) = Ap, v/(1) < Ay, u"(1) < Ay, u(0) < B}.
W3 ={uec W), u(l) < Ag, v/(1) = Ay, v (1) < Ay, u(0) < B}.
Wy ={uec WD), u(l) < Ag, v/(1) < Ay, v (1) < Ay, u(0) < B}.
Ws = {ue WHH(I), wu(l) =u(0) <Ay = B, v/(1) < Ay, u"(1) < Ay}

We define a lower and an upper solution as follows

Definition 5.4. We say that o, € Wy, k € {1,2,3,4,5}, is a lower solution of
problem (13) if it satisfies the inequality (11).

We say that By, k € {1,2,3,4,5}, is an upper solution of (13) if —f; € Wy
and (12) is fulfilled.

So, as a consequence of Theorem 5.2, with obvious application to problem
(13), we obtain the following result, depending on W.
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Corollary 5.5. Suppose that there exist a pair of functions a < B satisfying

(11) and (12) respectively, together with one of the following additional condi-
tions:
Loa(l) = 4o = B(1), /(1) = A1 = (1), o”(1) < Ay < f7(1), a(0) < B <
B(0), and condition (Hz) holds for M > —mg{.
2. a(l) = Ag = (1), o'(1) < Ay < 5'(1), o"(1) < A2 < B7(1), a(0) < B <
B(0), and condition (Hg) holds for M > —m7 /4.
3. a(l) < Ag < (1), o'(1) < Ay < 5/(1), (1) < A3 < B7(1), a(0) < B <
B(0), and condition (Hg) holds for M > —x*.
4. a(l) = a(0) < Ay = B < (1) = $(0), « ()<0§5'(1)7 a’(1) < A3 <
B"(1), and condition (Hg) holds for M > —

Then there exist two monotone sequences {fBm} and {a,}, nonincreasing and
nondecreasing respectively, with By = 6 and ag = «, which converge uniformly
to the extremal solutions in [a, ] of problem (13).
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