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Abstract

In this work we study the periodic orbits which bifurcate from all zero-Hopf bifurcations that an arbitrary
Kolmogorov system of degree 3 in R3 can exhibit. The main tool used is the averaging theory.
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1. Introduction and statement of the main results

Lotka-Volterra systems were initially proposed, independently, by Alfred J. Lotka in 1925 [I] and Vito
Volterra in 1926 [2], both in the context of competing species. These Lotka-Volterra systems are differential
systems of the form

i =azP(z,y), yZyQ(%y),

where P and ) are polynomials of degree 1. Later on the Lotka-Volterra systems were generalized and
considered on arbitrary dimension n > 2, i.e.

iii = .Z‘iPi(.Tl, e ,xn),

where P; are polynomials of degree 1. Finally in 1936 Andrei Kolmogorov [3] extended those systems to
arbitrary degree, i.e. the polynomials P; can have any degree. These last systems are now called Kolmogorov
systems.

The Lotka-Volterra and Kolmogorov systems have been used for modelling many natural phenomena,
such as the time evolution of conflicting species in biology [4], chemical reactions [5], plasma physics [6],
hydrodynamics [7], and many other phenomena as social science and economics [§].

We want to study the limit cycles of the Kolmogorov systems of degree 3 in R® which bifurcate in the
zero-Hopf bifurcations of the singular points (a, b, ¢) which are not on the invariant planes x = 0, y = 0 and
z = 0 of the Kolmogorov system

& =xP(x,y,2), §=yQ,y,2), Z=zR(xy,z2),

with P, @ and R polynomials of degree 2. Doing the scaling (z,y, z) — (x/a,y/b, z/c) we can assume without
loss of generality that (a,b,c) = (1,1, 1). Therefore it is sufficient to study the limit cycles which can bifurcate
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from the singular point (1,1, 1) of the system

i=z(ar(z—1) +ax(y—1)+as(z— 1)+ as(z — 1)* + as(z — 1)(y — 1)
+as(z—1)(z=1) +ar(y — 1) +as(y — 1)(z — 1) + ag(z — 1)?),
=y (bi(z—1) +ba(y — 1)+ b3(z — 1) + ba(z — 1)? + bs(z — 1)(y — 1) a1
+b(z = 1)(z = 1) + br(y — 1)* + bs(y — 1)(z — 1) + bo(z — 1)), .
t=z(a(@—-1D4ec(y—1)+es(z—1)+ca(z— 1) +es(x—1)(y — 1)
+ea(z =1z =1 +erly— 1) +esly — Dz = 1) +oo(2 = 1)%),

when this singular point is a zero-Hopf equilibrium, i.e. when the eigenvalues of the linear part of the system
at (1,1,1) are of the form 0 and £5i with § > 0. Here the dot denotes derivative with respect to the time ¢.

Limit cycles, i.e. isolated periodic orbits in the set of all periodic orbits of a differential system, play an
important role in the qualitative theory of differential equations. The behavior of many real-world oscillatory
systems have been modelized by limit cycles, see for instance the famous limit cycle of van der Pol [9]. The
study of limit cycles was initiated by Poincaré [10]. A big interest in their study was motivated by the famous
16th Hilbert problem [IT], 12} [13]. Limit cycles are also studied in dimension higher than two, see for instance
[14].

In the next result we characterize when the singular point (1,1, 1) is zero-Hopf.

Proposition 1.1. The singular point (1,1,1) of system (1.1)) is zero-Hopf if and only if one of the following
sets of conditions hold, with v = azbz(by — a1) — azb3 + a3by and 3 > 0:

(Z) v7=0, c3=—ai — by,
1

1 = ;(a:{)b?’ —atazby — a; (a3b1b2 —bs (2&21)1 + 52)) — by (az(asby — babs) + a3 (,32 + b%))) and
1
co = ;(a%azbg + araz(bobs — asb1) + a3bibs — asbs (B2 + b3) + az (bs (8% + b3) — 2a3bibs) ).
b b bo)2 2
(ii) v # 0, azbz # 0, az = 4 2, by = M, c3 = —ay — by and c5 = _(a1+ 2)” +aser + 8 .
b3 as bs
2 2
(Z”) 7#07 b3 #Ov a1 = a2 = as :O, C2 :—b2+ﬂ and CgZ—bQ.
3
2 2
(i) 7 #0, a5 £0, bi=by=bs =0, &1 =~ an 3= —ay.
3
2 2
(v) ¥# 0, by #0, azifalzﬂ , a3 =0b3=c3=0 and by = —a;.
1

Proposition is proved in section [2]

In Theorem 3 of [I5] are provided sufficient conditions in order that the Kolmogorov systems (1.1)) under
conditions (i) exhibit a zero-Hopf bifurcation from which two limit cycles bifurcate, the kind of stability or
inestability of these limit cycles is also provided.

In this paper we use the averaging theory of first order for studying the limit cycles bifurcating from the
zero-Hopf bifurcations of the Kolmogorov systems (1.1]) under conditions (ii)—(v).

Our main result concerning the Kolmogorov systems (|1.1)) under the conditions (ii) is the following. The
expressions of A;, with ¢ =0,...,4, K; and N are defined in Appendix

Theorem 1.2. Ifa3b3 7é 0, N 7é 0, ag = agbg/bg, b1 = albg/ag, C3 = —Qa1 — b2, Co = —(((11 +b2)2 “+aszcy +
B%)/bs, A1 # 0, Ay # 0, Az # 0,and AgA4(A1 Ay — AgA3) > 0, then the Kolmogorov system (1.1) has two
limit cycles bifurcating from the zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.



(a) If K1 > 0, AgA3(ApAs — A1A2)N < 0 and |2A0As — A1As| < /K1, then the two limit cycles have a
stable manifold formed by two cylinders and an unstable manifold formed by two cylinders.

(b) If b3AaN >0, bgA3(AgAs — A1A2) > 0 and
o cither K1 >0, b3A1N(2A0A3 — A1 As — /K1) <0 and b3A; N(2A0A3 — A1 Az + VK1) <0,
e or K1 <0 and bsA1N(2Ap0A3 — A1As) < 0;
or if b3AsN < 0, b3Az(ApAs — A1A2) <0 and
o cither K1 >0, b3A;N(240A3 — A1 Ay — VK1) > 0 and b3A;N(24pA3 — A1 As + VK1) > 0,
e or K1 <0 and b3A1N(240A3 — A1A2) > 0;
then one limit cycle is local repeller, and the other is a local attractor.

(C) If b3AsN > 0, b3A3(AOA3 — A]_AQ) >0, K1 >0 and |2AOA3 —A1A2| < VKy; or Zf A2A3(AOA3 —
AlAQ)N <0 and
o ceither Ki > 0, b3A1N(2AoA3 — A1 Ay — v/ Kl) >0 and b3A1N(2AOA3 — A1Ay + vV Kl) > 0,
e or K1 <0 and b3A1(2A0A3 — A1A2>N > 0;

then both limit cycles are unstable. One limit cycle is a local repeller, and the other has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

(d) If b3A2N < 0, b3A3(AOA3 — AlAQ) <0, K1 >0 and |2AOA3 —A1A2| < VKy; or ’Lf A2A3(AOA3 —
AlAQ)N < 0 and
e cither Kl > 0, bgAlN(QAoAg — A1A2 -V Kl) <0 and b3A1N(2AOA3 - A1A2 + \/Kl) < O,
o or K1 <0 and b3A; (2140143 — A1A2>N < 0;

then one limit cycle is a local attractor, and the other is unstable and has a stable manifold formed by
two cylinders and an unstable manifold formed by two cylinders.

(e) If K1 <0, AyA3(AgAs — A1 A5)N < 0 and 2A9A3 = A1 As; then one limit cycle is unstable and has
a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders and we
cannot decide about the stability of the other.

The main result concerning the Kolmogorov systems (1.1]) under the conditions (iii) is the following. The
expressions of B; with ¢ =0, ...,4, and K5 are given in Appendix

Theorem 1.3. Ifbs # 0, a1 = as = a3 =0, ¢cg = —(b% +52>/b3, c3 = —by, By #0, B, # 0, B3 # 0
and BoB4(B1By — ByB3) > 0, then the Kolmogorov system (L.1) has two limit cycles bifurcating from the
zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.

(a) If K3 >0, BaB3(ByoBs—B1Bs3) > 0 and |B1 By — 2By B3| < v/Ka3; then the two limit cycles are unstable
and have a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders.

(b) IfB2 <0, Bg(BoB?,—BlBQ) >0, Ko >0 and |B1B2 — 23033‘ < \/E,’ or ifBQBg(BoBg—BlBQ) >0,
Ky, >0, By <0 and B1By — 2ByB3 < —/Ks; then both limit cycles are unstable. One limit cycle is
a local repeller, and the other has a stable manifold formed by two cylinders and an unstable manifold
formed by two cylinders.

(C) ]f By < 0, Bg(BoBg — BlBQ) >0 and
o either Ky > 0, Bl(BlBQ —2ByB3 — v/ KQ) < 0 and Bl(BlBQ —2ByB3 + v/ K2) <0,
e or Ky <0 and Bl(BlBQ — QBoBg) < 0,‘

or Zf By > 0, Bg(BoBg — B1B2) <0, Ky >0, Bi1 <0 and B1Bys — 2ByB3 < —V Ks; then one limit
cycle is a local attractor and the other limit cycle is a local repeller.



(d) ]fBQ >0, Bg(BoBg 7B1B2) <0, Ky >0 and |BlBQ — QBoBg| < v/ KQ,' or ifBQBg(BoBg 7B1B2) >0
and
e either Ko > 0, Bl(BlBQ —2ByB3 — v/ KQ) < 0 and Bl(BlBQ —2ByB3 + v/ KQ) <0,
e or Ko <0 and Bl(BlBg — 2BOB3) <0,

then one limit cycle is a local attractor and the other limit cycle is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

(e) BoaBy < 0, K3 < 0 and B1By = 2ByBs; then one limit cycle is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders and we cannot decide about
the stability of the other.

Theorems and are proved in section 2} Examples showing that the conditions provided by both
theorems are non-empty are given in section [3}

Kolmogorov systems under conditions (iv) are the same as under conditions (iii) but interchanging
the variables x and y, so if we change the conditions b3 # 0, a; = az = az = 0, ¢ = —(b3 + %) /b3, c3 = —by
into az # 0, by = by = b3 = 0, ¢; = —(a? + B?) /a3, c3 = —ay, and redefine the constants B; for i =0, ...,4 as
it is indicated in Appendix [B] the same Theorem [I.3] holds.

At last our main result concerning the Kolmogorov systems ((1.1]) under the conditions (v) is the following,
with the expressions of D;, for i =0, ...,4, and K4 given in Appendix

Theorem 1.4. Ifb; # 0, a3 = b3 = c3 = 0, ap = —(a? + B2)/by, by = —ay, D1 # 0, Dy # 0, D3 # 0
and DoD4(D1Dy — DyDBs3) > 0, then the Kolmogorov system (1.1) has two limit cycles bifurcating from the
zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.

(a) If Ky > 0, DaDs(ajc1 + biea)(DoDs — D1 D) > 0 and |D1Dy — 2DgD3| < +/Ky; then the two limit
cycles are unstable and have a stable manifold formed by two cylinders and an unstable manifold formed
by two cylinders.

(b) If leg(CLlCl + blcg) <0, b1D3(D0D3 — D1D2) >0 and

e cither K4 > 0, b1D1(a161 + b162)(D1D2 — 2DgDy — \/K4) < 0 and lel(alcl + blcg)(Dng —
2D0D2 + v K4) < 0,

o or Ky <0 and lel(alcl + blcg)(Dng — 2D0D3) < 0y
or Zf leg(alcl + blcg) >0, b1D3<D0D3 — D1D2) <0 and

e cither Ky > 0, lel(alcl + b102>(D1D2 —2DgDy — \/K4) > 0 and lel(alcl + blcg)(DlDQ —
2DgDy +/Ky4) > 0,

e or K4y <0 and by Di(aycq + bicz)(D1 Dy —2DgD3) > 0;
then one limit cycle is a local repeller, and the other is a local attractor.

(C) If leQ(alcl + blcz) < 0, leg(D(]Dg — D1D2) > 0, K4y > 0 and |D1D2—2DOD3| < \/K4,’ or Zf
D2D3(a101 + blcg)(Dng — Dng) >0 and

e either K, > 0, lel(alcl + blCQ)(D]DQ —2DgDy — +/ K4) > 0 and b1 Dy (a101 + blcg)(DlDQ —
2DgDy +/Ky4) > 0,
e or Ky <0 and lel(alcl + b102)(D1D2 — 2DOD3) > 0;

then both limit cycles are unstable. One limit cycle is a local repeller, and the other has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

(d) If leQ(a161 + b102> > 0, leg(DOD3 — DlDQ) < 0 K4 >0 and |D1D2 —2DOD3| < Ky; or Zf
D2D3(a101 + blcg)(Dng — Dng) >0 and



o cither K4 > 0, lel(alcl + blcg)(Dng —2DgDy — v/ K4) < 0 and lel(alcl + blcg)(Dng —
2DoDs + +/ K4) <0,
o or K4 <0 and byD1(aic1 + bica)(D1 Doy —2DgDs) < 0;

then one limit cycle is a local attractor, and the other is unstable and has a stable manifold formed by
two cylinders and an unstable manifold formed by two cylinders.

(e) If Do Ds(a1c1+bica)(DoDa— D1Ds) > 0, Ky < 0 and D1 Dy = 2Dy Ds; then one limit cycle is unstable
and has a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders
and we cannot decide about the stability of the other.

Theorem [I.4] is proved in section 2] In section [3] can be found examples showing that the conditions
provided by this theorem are non-empty.

All the necessary computations for proving our results have been made with the algebraic manipulator
Mathematica 12.0.0.0 (for a Mac OS X x86) in a computer MacBook Air of 2019. The computations done
with Mathematica were verified for families (i) and (ii) also with the software Maple.

2. Proof of results

Proof of Proposition 1.1l We want to characterize when the singular point (1,1, 1) of system (L.1)) is a zero-
Hopf equilibrium. At first, through the change of variables (z,y,2z) — (x+1,y+1,z+ 1), we translate the
point (1,1,1) to the origin of coordinates, obtaining the system:

= (1+2) (12 + asy + azz + ayx® + aszy + agrz + ary® + agyz + agz?),

= (14y)(brz + by + b3z + bax? + bsxy + bexz + bry? + bgyz + b922), 2.1)

= (14 2)(c12 + coy + c32 + ca® + csxy + coxz + cry® + cgyz + co2?).

In order that the origin of system (2.1) can exhibit a zero-Hopf bifurcation we must require that the
eigenvalues of the linear part of the system at the origin be of the form 0 and +37 with 5 > 0. We compute
the characteristic polynomial and require that it has the form (A2 + 32). Solving the resultant equation we
get the five solutions given in (i)—(v). O

Proof of Theorem[I.2l We consider system (L.1)) under conditions (ii) of Proposition and we proceed to
study the limit cycles bifurcating from the zero-Hopf equilibrium point, applying the averaging theory of first
order, summarized in Theorem of Appendix [A] To do so we perturb the parameters as, by, c2 and c3
which define the zero-Hopf equilibrium under the assumption (ii) as follows

azby aibs (a1 +b2)? + aser + 52

ay = —— +e¢eas, by =—"+¢bi1, cx3=— +eca1, c3=—ay — by +ecay,
b3 as b3

where ¢ is a small parameter and 5 > 0.

We write the linear part of system ([2.1)) at the origin in its real Jordan normal form

0 -8 0
J=8 0 o0o}]. (2.2)
0 0 0

The variables of the system having its linear part in the real Jordan normal form are (X,Y, Z). Then system
(1.1) under conditions (ii) of Proposition [1.1| becomes of the form

X = —BY 4+ 0(e),
Y = 8X +0(e),
Z = 0(e).



The complete explicit expression of this system is given in system (X,Y, Z) in file ss|[2]].

We note that there are infinitely many linear changes of variables for writing the linear part of system
at the origin in its real Jordan normal form. This forces to choose some of the entries (denoted by y;
fori=1,...,9 in file ss[[2]]) of the changing matrix. Thus in the file ss[[2]] we choose y; =y7 =1 and y2 =0
in order to fix a unique changing matrix.

We note that the choice of the matrix J given in (2.2) instead of the matrix

0 0 0
J=(0 -8 0
B 0 0

is irrelevant. If we choose this last expression for the matrix in its real Jordan form, then instead of doing
the change to cylindrical coordinates (X,Y,Z) — (rcosf,rsinf, Z), we must do the change (X,Y,Z2) —
(X,rcos@,rsinf). This change to cylindrical coordinates is necessary in order to arrive to write the differ-
ential system in the normal form for applying the averaging theory described in Theorem A.1.

Now we want to write the system in such a way that conditions of Theorem [AT] are satisfied. For this we
write the system in cylindrical coordinates by means of the change of variables (X, Y, Z) — (rcosf,rsin6, Z)
obtaining system (7,6, Z) of file ss[[2]].

In order to study the periodic solutions in a neigborhood of the origin, i.e. in a neigborhood of the
zero-Hopf equilibrium, we do the scaling (1, Z) — (¢R,eZ), where € > 0 is the same parameter used before.
We obtain system (R, Z) of file ss|[2]].

We take the variable € as the new independent variable and so we obtain the system
R =cFy1 +0(?), Z' =cFip+0(%), (2.3)
with coefficients Fj; and Fjs given in the file ss[[2]].

Note that system is in the normal form , so we can apply the averaging theory with T = 27,
x=(R,Z),t=0and eR(0,z,¢) = O(¢?). The functions Fj;, Fi2 and R are C? in x and 27-periodic in 6.
Applying Theorem we compute the averaging function of first order f1 = (f11(R, Z), f12(R, Z)), and we
obtain
~ mR(Ao+ A17)

f W(AQZ + A3Z2 + A4R2)
11 — a§b3ﬁ5 I

a§b365N ’

frz =~ (2.4)

and A;, for i =0, ...,4, K; and N are given in Appendix [B]
We look for the isolated solutions of the equation (f11(R, Z), fi2(R,Z)) = (0,0), and we obtain, appart
from the origin, (Rl, Zl) = (0, —AQ/Ag) and (RQ, ZQ) = (:l:\/AO(AlAQ - AoAg)/(Alv A4), —Ao/Al). We

consider always the positive expression of R, i.e. we consider the positive sign if A; > 0 and the negative
sign if A; < 0.

We compute the Jacobian matrix of fi, which is

W(AO +A1Z) ’ﬂ'RAl
a§b2ﬁ5 a§b3ﬁ5
. 27I'RA4 771'(142 + 2A3Z)
a§b365N a§b365N

and its determinant is m2(—2A4, A4 R% + (Ao + A12)(As + 2437))/(a3b3B°N). Evaluating the determinant
at the solution (Ry, Z;) we get that it is equal to 72 A3(AgAs — A1 As)/(a3b3A3B8°N), and at the solutions
(Ra, Z5) we get that it is equal to 272 A0(A; Az — AgAsz)/(a3b3A181°N).

From the hypothesis considered these determinants are nonzero, therefore it follows from Theorem[A-T]that
for € sufficiently small system (2.3) has two 27-periodic solutions (Ry(6,¢), Z1(0,¢)) and (Rz2(0,¢), Z2(0,¢))
such that (R;(0,¢),Z;(8,¢)) — (R;, Z;) for j = 1,2 when ¢ — 0.



Moreover the Jacobian matrix evaluated at the solution (R1, Z;) has eigenvalues equal to 7 Ay /(a2bs3°N)
and 7(AgAs — A1 Az)/(a3b3A353%). Since the eigenvalues of the Jacobian matrix evaluated at the solutions
provide the stability of the fixed point corresponding to the Poincaré map defined in a neighborhood of
the solution, if A3bsN > 0 and Asbsz(AgAs — A1A3) > 0, then the fixed point of the Poincaré map has an
unstable manifold of dimension two, and the corresponding periodic solution is unstable and has an unstable
manifold of dimension three, which is equivalent to say that is a repelling periodic orbit. If AsbsN < 0
and Agbs(AgAs — A1A43) < 0, then the fixed point of the Poincaré map has a stable manifold of dimension
two, and the associated periodic solution is stable and has a stable manifold of dimension three, which is
equivalent to say that is a attracting periodic orbit. Finally, if AsA3N(AgAs — A1A43) < 0, then the fixed
point of the Poincaré application is a saddle point with a stable manifold of degree one and an unstable
manifold of degree one, and the corresponding periodic solution is unstable and has a stable manifold formed
by two cylinders and an unstable manifold formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (Rg, Z2) has eigenvalues equal to w(249A3 — A1 Ao+
VK1)/(2a3b3A1°N), and so its stability is as follows. If K; > 0, b3A; N(249A3 — A1 Az + /K1) > 0 and
b3A1N(2AOA3 — A1 Ay — \/E) > 0 or if K1 < 0 and b3A1N(2AQA3 — A1A2) > 0, then the fixed point
of the Poincaré map has an unstable manifold of dimension two, and the periodic solution is unstable
and has an unstable manifold of dimension three. If K; > 0, b3A;N(240A3 — A1As + vVK;) < 0 and
b3A1N(2AOA3 — AlAQ\/E) < 0orif K1 <0 and b3A1N(2AOA3 — A1A2) < 0, then the fixed point of the
Poincaré map has an unstable manifold of dimension two, and the periodic solution is stable and has a stable
manifold of dimension three. If K; > 0 and —/K; < 24043 — A1 Ay < /K1, then the fixed point of the
Poincaré map is a saddle point with a stable manifold of degree one and an unstable manifold of degree one,
and the associated periodic solution is unstable and has a stable manifold formed by two cylinders and an
unstable manifold formed by two cylinders. If K1 < 0 and A; As = 2A4yA3, the fixed point of the Poincaré
map asociated with the periodic orbit is linearly stable, and we cannot decide about the stability of the
periodic orbit.

Combining the above information of the eigenvalues of the Jacobian matrix for both (R, Z1) and (Ra, Z2)
we get statements (a)—(e) in the theorem.

Now we shall go back through the changes of variables and we obtain two periodic solutions, for j = 1,2,
(x(t,e),y,(t,€),2j(t,e)) bifurcating from (1,1,1) with a period tending to 27 when ¢ — 0. Moreover,
(x;(t,e),y,(t,€),zi(t,e)) = (1,1,1) + O(e) for j = 1,2. This completes the proof of the theorem. O

Proof of Theorem[1.3] We consider system (1.1)) under conditions (iii) of Proposition In order to study
the zero-Hopf bifurcation we perturb the parameters aq, as, az, co and c3 which define the zero-Hopf equi-
librium under conditions (iii) as follows

B+
bs

a; = é&am;, a2 =E¢&Eagz;, az=eas;, C2= +eca1, c3 = —ba+eca,

where ¢ is a parameter to be taken sufficiently small.

We write the lineal part of system (2.1) at the origin in its real Jordan normal form, and the associated
system becomes system (X,Y", Z) of file ss[[3]]. Then we write the system in cylindrical coordinates obtaining
system (7,0, Z) of file ss[[3]], and we do the scaling (r, Z) — (¢R,eZ) obtaining system (R, Z) in file ss[[3]].

As in the proof of Theorem in order to apply Theorem we take the variable § as the new
independent variable obtaining a system

R =eF11 +0(?), Z' =cFiy+0(%) (2.5)

which coefficients Fj; and Fjo are given in the file ss[[3]]. The averaged function of first order f; =
(fll(Ra Z)a le(R, Z)) is

7T(B2Z + B3Z2 + B4R2)
b23° ’

WR(BO + B1Z)

fll - b%BS 5

f12:




with B, for i =0,...,4, and K> given in Appendix [B|Solving the equation (f11(R, Z), fi2(R, Z)) = (0,0) we
obtain two solutions (Ry, Zy) = (0, —Bs/Bs) and (Rs, Zs) = (i\/BO(BlBg ~ BoB3)/(BivBy), —BO/Bl).
Again we consider always the positive expression of Rs.

We compute the Jacobian matrix of f; and we get

7T(Bo—|—31Z) 7TRB1

035 P
2rRB, 7(Bg + 2B37)

b33° b2 3°

whose determinant is 7(—2B1ByR? + (Bo + B1Z)(B2 + 2B3Z))/(b33'°). The determinant at the solution
(R1,Z1) is FZBQ(BlBQ _BOBS)/(b§B3ﬁ10)7 and at the solutions (Ra, Z2) is 27‘(‘230(3033 —BlBg)/(béBlﬂlo).

From the hypothesis considered these determinants are nonzero, so it follows from Theorem that
for e sufficiently small, system (2.3) has two solutions (R1(6,¢), Z1(0,¢)) and (R2(6,¢), Z2(0,¢)) such that
(Rj(@,&),Zj(@,&)) — (Rj,Zj) forj =1,2 when ¢ — 0.

The Jacobian matrix evaluated at the solution (Ri,Z;) has eigenvalues equal to —mBsy/(b33°) and
7(BoBs — B1B2)/(b3B33°). We study the stability of the associated periodic orbit which is provided by
these eigenvalues. If By < 0 and B3(BoBs — B1B2) > 0, the associated periodic solution is unstable and has
an unstable manifold of dimension three. If By > 0 and Bs(ByBs — B1Bs) < 0, then the associated periodic
solution is stable and has a stable manifold of dimension three. Finally if BoB3(BoBs — B1Bs2) > 0, the
periodic solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold
formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (Rg, Z2) has eigenvalues equal to m(B1 By — 2By B3+
\/E)/(?Z%Blﬂs), and so if Ko > 0, Bl(BlBQ —2ByBs3 + \/E) > 0 and Bl(BlBQ —2ByB3 — \/ITQ) > 0, or
if K5 <0 and B1(B1Bs —2BgBs) > 0, then the associated periodic solution is unstable and has an unstable
manifold of dimension three. If Ky > 0, By(B1 By —2ByBs + v/K2) < 0 and By(B1Bs —2ByBs — /K3) < 0,
or if Ky < 0 and By(B1Ba — 2BgB3) < 0, then the associated periodic solution is stable and has a stable
manifold of dimension three. If K5 > 0 and —/K3 < B1By — 2ByB3 < /K>, then the associated periodic
solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold formed by
two cylinders. If Ko < 0 and ByBy — 2ByBs = 0, the fixed point of the Poincaré map associated with the
periodic orbit is linearly stable, and we cannot decide about the stability of the periodic orbit.

Combining the above information of the eigenvalues of the Jacobian matrix for both (R, Z1) and (Rz, Z2)
we get statements (a)—(e) of the theorem.

Now we shall go back through the changes of variables and we obtain two periodic solutions,for j = 1,2,
(x;(t,€),y,(t,€),2i(t,e)) bifurcating from (1,1,1) with a period tending to 2r when ¢ — 0. Moreover,
(x;(t,€),y;(t,€),2i(t,e)) = (1,1,1) + O(e) for j = 1,2. This completes the proof of the theorem. O

Proof of Theorem[1.4. We consider system (1.1]) under conditions (v) of Proposition In order to study the
zero-Hopf bifurcation we perturb the parameters as, as, ba, b3 and c3 which define the zero-Hopf equilibrium
point into the form

_a% + B2
b1

as = +eag1, a3z =c¢cag, be=—ay1+eby, bg=cbs, c3==ccs,

where ¢ is a sufficiently small parameter.

We write the system with the linear part at the origin in its real Jordan normal form, then we write it in
cylindrical coordinates, and finally we do the scaling (r, Z) — (eR,eZ). Thus we obtain respectively systems
(X,Y,Z), (60,%) and (R, Z) of file ss|[5]|]. Taking 6 as the new independent variable we obtain a system
in the form

R =¢cFy +0(e%), Z' =ceFis+0(c?) (2.6)



with coefficients Fy; and Fio given in the file ss[[5]]. As in previous proofs we are in conditions to apply
Theorem Now the averaged function of first order f; = (f11(R, Z), f12(R, Z)) is

WR(DO + DlZ)
b1 3° ’

m(DyZ + D3 Z2 + DyR?)

fu= bi(aicr + bice)fd ’

fi2 =

with D;, for i =0, ...,4, and K4 given in Appendix We look for the solutions of (f11(R, Z), f12(R,Z)) =
(0,0), and we obtain (Ry, Z1) = (0,—Da/Ds) and (R, Z5) = (i\/DO(DlDQ ~ DoDs)/(D1v/Dy), —DO/Dl),
considering the positive expression of Rs.

We compute the Jacobian matrix of f; and we get

7T(D()+D1Z) 7TRD1
b1 3% b1 6°
27RD, m(Dy +2D32)

b18%(aic1 + bica)  bi18%(aic1 + bica)

whose determinant is 72(—2D1D4R? + (Do + D1Z)(D2 + 2D32))/(b331%(a1c1 + bicz)). The determinant
at the solution (Ry,Z;) is m2Da(D1 Dy — DoD3)/(b3D33'° (aje; + bica)), and at the solution (Rg, Z2) is
2m2Do(DoD3 — D1D3)/(b3D13'(are1 + bica)), and both are nonzero by the hypotheses. By Theorem
for e sufficiently small system has two solutions (Ry(6,¢),Z1(0,¢)) and (Rz2(0,¢), Z3(6,¢)) such that
(Rj(@,&),Zj(H,E)) — (Rj,Zj) fOI“j =1,2 when ¢ — 0.

The Jacobian matrix evaluated at the solution (R, Z1) has eigenvalues equal to —7Ds /(b1 8%(aici+bic2))
and 7(DoD3 — D1 D3) /(b1 D33%). We study the stability of the associated periodic orbit which is provided by
these eigenvalues. If by Da(a1cq + biea) < 0 and by D3(DoDs — D1 Ds) > 0, the associated periodic solution is
unstable and has an unstable manifold of dimension three. If by Do (aj¢1+b1¢) > 0 and by D3(DoDs—D1Ds) <
0, then the associated periodic solution is stable and has a stable manifold of dimension three. Finally if
Dy Ds(ayc1 +bice)(DoDs — D1 Ds) > 0, the associated periodic solution is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (R, Z3) has eigenvalues equal to (D1 D —2Dg D3+
\/74)/(2b1D1ﬂ5(a101+b102)). Then if K4 > 0, lel(alcl+b102)(D1D272D0D3+\/E) > 0 and lel(CL161+
bico)(D1Dy—2DgD3—+/Ky) > 0, or if K4 < 0 and by D1 (a1c1+b1c2)(D1Da—2DgDs3) > 0, then the associated
periodic solution is unstable and has an unstable manifold of dimension three. If Ky > 0, byDi(aic1 +
blCQ)(DlDQ —2DgD3 + \/74) < 0 and lel(alcl + blcg)(Dng — 2DgD3 — \/K74) < 0, or if K4 < 0 and
biD1(arcr + bies)(D1 Dy — 2DgD3) < 0, then the associated periodic solution is stable and has a stable
manifold of dimension three. If K, > 0 and —/K4 < D1 Dy — 2DgD3 < /K4, then the associated periodic
solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold formed
by two cylinders. If K4 < 0 and DDy = 2DgD3, the fixed point of the Poincaré map associated with the
periodic orbit is linearly stable, and we cannot decide about the stability of the periodic orbit.

Combining the above information we get statements (a)—(e) in the theorem, and going back through the
changes of variables we obtain two periodic solutions (z;(t,¢),y;(t, €), z;(t,€)) for j = 1,2 bifurcating from
(1,1,1) with a period tending to 27 when € — 0. Moreover, (z;(t,¢),y;(t,€),2;(t,€)) = (1,1,1) + O(e) for
j = 1,2. This completes the proof of the theorem. O

3. Examples

3.1. Ezxamples of Theorem

We give examples showing that the conditions provided by Theorem are non-empty. We give only the
values of the parameters which are nonzero. System (1.1)) with the set of parameters

{a1:a3:a5:b1:b2:b3:—1, 02:—1—6, a4:1/2, 01:3/2, 02:7/2, 03:2, 6624}



has two limit cycles whose type of stability is given in statement (a) of Theorem

The following sets of parameters verify, respectively, the four sets of conditions in statement (b) of Theorem
so for all of them system (1.1]) has two limit cycles whose type of stability is given in statement (b):

a1 =a3=—1,a,=—1+¢, a4:—7/8, as =1, by = by =b3 = —1, 61:7/4, 62:37/16,
c3 =245 ¢c6=06 ’

{ag=az3=by=by=b3=—-1,a0=—1+4¢,aa=-1/2, a5 =1,¢1 =3/2,ca =7/2, c3 =2+¢, c¢ =5},
{a1=a3=a5=b2=—1, as=1+4¢ as=—T7/8by=1+4¢ by=1, ¢c; =7/4, 62:—37/16,}

c3=2-—5¢, =5

{a1:a3:b2:—1, a2:1—|—€, Cl4:3/47 a5:b1:b3:1, 62:—5, 63:2—35}.

The following sets of parameters verify, respectively, the three sets of conditions in statement (c) of
Theorem so for all of them, system (L.1)) has two limit cycles whose type of stability is given in statement

(c):
{a1:a3:a5=b1=b2:b3:—1, ar=—1+¢, a4:1/2, 61:3/2, 62:7/2, c3=2+¢, 0624},

{ag =as=b3=—-1,a5=-3/4—¢e,a3=by =1, by =3/4, co =17/16, c3 =1/4 4+ ¢, csc = 2},
{a1:a5:b2:b3202:—1, a2:—3—5, a4:1/2, b1:—1/3, 61266:2, 03:2+25}.

The following sets of parameters verify, respectively, the three sets of conditions in statement (d) of
Theorem so for all of them, system (L.1)) has two limit cycles whose type of stability is given in statement

(d):
{ar=az3=a5=ba=-1,a3=1+4¢,a3=-1/2, by =b3=1,¢1 =3/2,ca=-7/2, c3=2—¢, cg =27/8},
{ag=—=1/4+¢e, a3 =by=—-1/2, a4 =3, a5 =bs = —1, c; = —1/4, co = 393/1024, c3 =1/2 + 29¢, ¢g = 33},
{ar=as=a5=bys=—-1,aa=14¢,a4=-2,by=b3=1,¢1=3/2, co=—-7/2,¢c3=2—¢,c6 = —1}.
Finally system with the set of parameters
{a1=a3=by=by=by=by=—1,a5=—1+¢,¢1=3/2,c0=7/2,c3=2+¢, cg =44/3}

has two limit cycles whose type of stability is given in statement (e) of Theorem [1.2

3.2. Ezxamples of Theorem

We give examples showing that the conditions provided by Theorem are non-empty. We give only the
values of the parameters which are nonzero. System (1.1]) with the set of parameters

{a1 =—-2¢, a0 =¢,as=co =2, a7 =by =by=bg =—1, c3 =1}

has two limit cycles whose type of stability is given in statement (a) of Theorem

The parameters
{a1:72€, as = &, a4:77/2, CL5:47 a7:b1:62:71, b3103:1, 62:72}
verify the first set of conditions in statement (b) of Theorem and the parameters

{a1:_263 a2 =&, a4:_37 (L7:b3:C3:1, b1:b2:_]—a 02:_2}
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verify the second set of conditions. For both of them there exist two limit cycles for system (1.1 whose type
of stability is given in statement (b).

The following sets of conditions verify, respectively, the three sets of conditions in statement (c) of Theorem
so for all of them, system (L.1)) has two limit cycles whose type of stability is given in statement (c):

{a2:—€, a4:4,a5=—2, a7:b1:b2=b3=—1, 62:2,0321},

{a1 =4e, a3 =—¢, a4 =-2, a6 =—-1,a7 =1, by =bg = —1, co = 1},

{a2:—€, CL4:—27 a7=1, b1:b2=b3=—1, 62:2,0321}.

The following sets of conditions verify, respectively, the three sets of conditions in statement (d) of
Theorem so for all of them, system (L.1)) has two limit cycles whose type of stability is given in statement
(d):

{CL1:2€, as = —¢&, CL4:1/2, a7:b1:b2:b3:—1, 02:2, C:g:].}7
{CLQ =&, a4 = —1/167 as = —1/27 a7 = bg = C3 = 1, b1 = bg = —1, Coy = —2},

{a1=—2€, as = —¢, a5:a7=b3:1, b]ZCQZ—l}.

Finally system (1.1)) with the parameters
{az=—¢c,as=a7=by =bg=cg=—1, co =1}

has two limit cycles whose type of stability is given in statement (e) of Theorem [1.3

3.8. Ezxamples of Theorem

We give examples showing that the conditions provided by Theorem are non-empty. We give only the
values of the parameters which are nonzero. System (1.1)) with parameters

{alzagzblzclz—l, as = a4 =2, ag = ¢, b2=1+28}

has two limit cycles whose type of stability is given in statement (a) of Theorem The following sets of
parameters verify, respectively, the four sets of conditions in statement (b) of Theorem so for all of them
system (1.1)) has two limit cycles whose type of stability is given in statement (b):

{G,l:bl:Cl:—]., a2:27 asz = —¢, a4:—2, a6:3, agz]., b2:1—(7/8)5},

{a1:b1:—17 a2:25 asz = ¢, a4:727 06:*5,(19:1, b2:01:1}7
{a1:—1, a2:—27 az = —¢, 0422, a(;:?), (L9:—1, blzbzzclzl},
{a1:a9=—1, a2:—2, as = —¢, CL4:2, a6:5,a9:—1, blzbgzclzl}.

The following sets of parameters verify, respectively, the three sets of conditions in statement (c) of
Theorem so for all of them system (1.1)) has two limit cycles whose type of stability is given in statement
().

{o1=a9g=br=-1,a2=2,a3=¢,a4=3, a6 =—1, a9 =—1, bo =c1 =1, cg =2},
{a1:a9:—1, 02:—2, a3 = —¢&, a6:—1, G,g:bl:Cl:]., b2:1+(7/8)6},

{ar=ag=c1=-1l,a5=-2,a3=—¢,a3=1,a6=—1,a9=by =1, by =1—4e, cg = —1/2}.
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The following sets of parameters verify, respectively, the three sets of conditions in statement (d) of
Theorem so for all of them system (I.1)) has two limit cycles whose type of stability is given in statement

(d):

{(11:—1, a2:_27 a3z = —¢, a4:_3, a6:l)1:b2:01:1, C9:_2}7
{ay=bi=ci=-1,a2=2,a3=¢,a4=-3, a6 =b; =1, by =1+ 2¢, ¢y =2},

{alzblzclz—l, a2:2, as = g, a4:—1, a6:b1:1, b2:1+45, Cg:1/2}

Finally system (1.1)) with parameters
{a1 = ag = bl = —1, ag = 2, as = (7/8)6, bl = 1, bQ =C1 = 1, Cg = 1/2}
has two limit cycles whose type of stability is given in statement (e) of Theorem [1.4

Now we illustrate the two limit cycles exhibited for the system

a'c:;v(Z—l—;(x—1)2—x—(x—l)(y—l)—z—(l—ks)(y—l)),
y=yB-z-y-2), 3.1

. 3 7
z:z<2(x—1)+2(y—1)+2(z—1)—|—4(m—1)(z—1)),
which realize the conditions of statement (a) of Theorem For this differential system the two real zeros

of the averaged functions (2.4) which provide the two limit cycles bifurcating from the equilibrium point
(1,1,1) of system (3.1)), when this point has been translated to the origin of coordinates, are

(R, Z) = (0,4/3), and (R,Z)=(,/65/8),—-2).

Going back through the changes of variables of the proof of Theorem [I.2] we get that the initial conditions
in the coordinates (z,y, z) at time ¢t = 0 for the two limit cycles are

(0,4¢/3,—4¢/3), and ((—3 —2y/10/13)e, (=1 — 21/10/13)e, (4 + 71/10/13)e).

We compute numerically the two limit cycles starting at these initial conditions for the value ¢ = 5/1000, see
Figure

Figure 1: The two limit cycles which have bifurcated from the zero-Hopf equilibrium point (1,1,1) of system (3.1
with e = 5/1000, when this point has been translated to the origin of coordinates
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A. Averaging theory

We summarize the averaging theory of first order, which provides sufficient conditions for the existence of
periodic orbits for a periodic differential system depending on small parameters. For additional details and
the proof of the result stated in this appendix, see [16] [I7) 18] and [I9] Theorems 11.5, 11.6].

Theorem A.1. We consider the following differential system
2 (t) = eFy(t,x) + e R(t, x,€), (A1)

where F1 : RxD — R, R:Rx D x (—¢es,e5) = R” are continuous functions, T-periodic in the first variable
and D is an open subset of R™. We define f1 : D — R™ as

T
fi(z) = / Fy(s,2)ds, (A.2)
0
and assume that:

1. Fy and R are locally Lipschitz with respect to x;
2. for a € D with fi1(a) = 0, there exists a neighboirhood V of a such that f1(z) # 0 for all z € V\(a) and
dp(f1,V,0) # 0, where dg(f1,V,0) is the Brouwer degree.

Then for |e| > 0 sufficiently small, there exists a T-periodic solution ¢(-,€) of system (A.1) such that p(-,€) —
a as e — 0. The kind of stability of the limit cycle is given by the eigenvalues of the Jacobian matriz at the
point a.

Note that a sufficient condition for showing that the Brouwer degree of a function f at a point a is nonzero,
is that the Jacobian of the function f at a, when it is defined, is nonzero, see [20].
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B. Notation

Ap =
Ay =

Ay =

Ag =

asB® ((a3bi1 — b3as1)(ai(ar + b2) + azer) + azB(asbiy + bsest))

af (—2agbs + 2azbg) + 247 (bs (asbs — daghs) — a3bs + as (agbs — bsbs + 4baby))
+ a3 (2 (—bs (agh3 + bs(azbs — asbs)) + a3bs — a3 (aabs — bsbs + babe)

+ asbs (agbs — asbs + bby — babs) + aszb3by) ¢f + ¢ (4a3bs — 2a3babs + azbs
(3bs — 2a4 + cg) + bz (agbs + b3 + bs(2b7 — a5 + cs) + ba(bs — bs — 2¢9))) B2

+ (2a3bg + b3(bs + cs)),B4) + ajas (—Zagcl (bger — 2baby) + ai (2¢; (—2by

(asbs — bsbs + babg) + (agbs — bsbs + 2babg)cr) + (4babs + (bs — 4bg)c1)3?)

as (2c1 (2b2b3(d6b2 — agbs + b3by — babg) + 2b3bg + bs(aghs — 2a9b2)cl)

+ (—2a4babs — 263b6 + 4babgcy + babs(3bs + 2¢1 + ¢5) + bse (3ag — 3bs — 2¢q))
8% + (bg — 2b6)3*) + b (4babs(agbs — azbz)ci + (agh3 + b3 + 2agbzct + babs
(207 — a5 + cg) + b3 (b3 — bg — 209)) B% 4 (ag + by — by — 2¢9) * — daghacy (b%
+ B%))) + af (2a3bs + 2a3 (3acbabs — asb? + bibr — 3babsbs + 6b3bg — 2agbscr)
+ a3 (2b3bs — 2a4bs — 6bybg + 4bgcy) + az(bs + 4bg) B — 203 (bs (azbs — 3agbs)
+ 2a9(3b3 + B2))) + a? (4a3bacy + 2a3 (b3bs — 4bsbser + 1(2bsbs — 2a4bs + bcy)
+ 2b43%) + a3 (2b3b3(agbs — asbs + bsby — babs) + 2b3bg — 4bs (3agh3 + bs (arbs
— 2asbs)) c1 + (dagbabs + b3(3bs + 4bg) + by (—dagey + bs(2b7 — as + cs))

+ babs(bs — 4(bs + c9))) B2 + (b3 + 2b9)B*) + a3 (—2b3bg + 8babz(as — bs)cr

— 2bzcy (2asbs — 2bzby + agey) + 2b3(b3bs + 6bgey) + (ba(bs — 6bg) + 4bgey

+ b3(3bs + c1 + c6)) B2 — 2aabs (b3 + 7)) — 2bs (ag(b3 + B*)* — babs (—azbabs
+ ag(b5+ B%)))) + ai (2as (babs (3agbs — 2asbs + 2b3by — 3babs) + 4b3bg + 2b3cy
(aghs — 3aghz)) + 4a3(baby — bger) + az (3aghs + 3babs — 3bzbg + 8babg — 2b3co)
B% + a3 (—4asbabs — 6b3bg + 4bs(ag — bs)er + 4ba(bsbs + 3bger) + (bg — 4bg) 5?)
+ 2b3 (—4dagba (b3 + B%) + bs (—2arbabs + as(3b3 + 5)))) ,

—2a38” ((a3bi1 — b3az1) (a1(ar + ba) + azer) + a3bi18?) ((G1(a1 +bo) + azer)’
+ (2af + 2a1bs + b3 + 2azc1) B + BY),

-2 ((al(al +ba) + a301)2 + (Qa% + 2a1by + b3 + 2a301) 82 + ﬁ4) (a? (aszbg

— agbs) + aj (bs (agbs — daghs) — a3bg + az (agbs — bsbs + 4baby))
+ a3 ((—bs (agh3 + bs(arbs — asbs)) + ajbs — a3 (asbs — bsbs + babs) + asbs
(agba — asbs + bby — babs) + azb3by) ¢ + (bs (agbs — asbs) + 2a3bs
+ ag (bsbs — 2asbs — babg)) €18 + (azbs — asb3)B*) + araz (a3cr (2babs — becr)
+ a3 (c1 (—2b3 (agbs — bsbs + babg) + (agbs — bsbs + 2babg) ¢1) + 23 (babs

— bec1)) + ag (1 (2babs (agba — asbs + byby — babs) + 2b3bg + bzcr (asbs

— 2agba)) + (babsbs — 2asbabs — b3bs + 2agbzcr — bsbscr + 2b2bocy) 57 — beB*)
+ by (2babzcr (agba — azbs) + (aghs — asbabs + asbscr) B° + agB* — 2agbacy (b3
+ B%))) + af (a3bs + a3 (bsbs — asbs — 3babg + 2bgc1) + as (3agbabs — asb3
+ b3b7 — 3babsbs + 6b3by — 2agbscy + 2b93%) — by (bs (azbs — 3asbs) + 2ag (3b3
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+

8%))) + a} (2a3 (b2bs — bgcr) + a3 (2b2bs (bs — as) — 36366 + 2abbscy

— 2bgbscy + 6baboct — 20687 + as (36303 (ag — bs) — 2b2b3 (b — as) + 4b3bg

— Gagbobscr + 2agbjer + (2agbs — bsbs + 4babg) B2) + by (—4agbs (b3 + 5°)

+ by (3agb3 — 2a7babs + asB?))) + af (2azbacy + a3 (b3bs — 4babger + c1 (2b3bs

— 2a4bs + bycr) + 2b48°) — a3 (b3bg + 4babscy (bs — ag) + bacr (2a5bs — 2b3br

ager) — b3 (babs + 6bgct) + (3babs — bsbs — 2bge1) 52 + asbs (b3 + 267))

as (b§b§b7 — bgbgbg + bgbg - 6a9b§b3c1 + 4a8b2b§cl - 2a7b§’)cl + B2 (—bab3bs

2b3bg — 2agbzcy) + bo Bt — asb3(b3 + ) + agbabs (b3 + 35%)) + bz (—ay (b3

ﬂ2)2 + bobs (—arbabs + as (b3 + 52))») ;

Ay =— ((a1 + b2) (a1(a1 + ba) + ager) B+ a152)2 (agb4 — a% (agbs — b3bs + bg(ar + bs))
— by (afag + 2a1agbs + aghj — ajagbs — agbabs + azb3 + agB?) + as (agbabs
— asbj + b3by — babsbs + afby + b3bg + a1 (agbs — bzbs + 2babg) + byB?)) ,

Ky = ATA} — 440A1 A (A3 + 2A; ((a1(ay + b2) + aser)® + 8% (247 + 2a1ba + b3 + 2a3c1)
+ B*)) +4A%A;3 (As + 241 (B2 (24 + 2a1b2 + 2azc1 + b3) + (a1(ar + ba)
+ aza)’+6')),

N = (a1(ay + ba) + azc1)? + (2a] + 2a1by + b5 + 2a3cy) 8% + B

+
N
+
+

Under conditions (iii) of Proposition the expressions of B; with i = 0,...,4 and K> are the following.

By = 8%b3 ((biba + bscr)(asibs — aibs) + B (azib1 + bses1))

By = bs(biba + bse)(2(asba — azbs)(bibs + bser) + B2 (2asby + agba + b3 + bs(—as
+ 207 + ¢g) +ba(bs — bg — 2¢9))) + Bb3(b3(bs + cg) + b1 (ag + by — bg — 2¢9))
— 2ag(babscy + b1 (b3 + 7)),

By = 2b33%((b1bs + bsc1)(az21bs — azibe) + B2 (a11bs — az1by)),

Bz = 2(b3((arbs — agby) (b1by + b3cy)?) — (agby + agby — asbs)(byiby + bscy) 5>
+ (asbs — agb1)B*) + ag(babser + b1 (b3 + 2))?),

By = B*(bs(arbs — agbs) + ag (b + %)),

Ky = B?B5(8Bg + Bs) — 4By B1(2By + Bo)Bs + 4B2B2.

On the other hand, under conditions (iv) of Proposition we redefine the expressions of B; with
1 =0,...,4 as follows:
By = B%az(aras + azca)(bsrar — brras) + Blag(bsias + asesr),
By = ag(aias + azes) (2(bsar — bsas)(aras + azes) + B°(2azbs + arbs + af + as(—bs
+ 2a4 + cg) +a1(as — ag — 2¢9))) + Blas (as(as + cs) + az(bs + a1 — ag
—2¢9)) — 2bg(arazca + as(a? + B?))?,
By =2a35°((a1az + ascz)(bi1as — bsrar) + B°(ba1as — bs1az)),
Bs = 2(a3((asbs — a1bg)(aras + azcy)?) — (bsaz + a1bg — asbs)(aias + azco) >
+ (agbr — agbs)B*) + bo(arascs + az(af + 57))?),
By = *(as(asbs — aybg) + bo(a? + 5)),

The expression of K5 is the same as under conditions (ii).
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Do = (a1bs1 — bras1)(aicy 4 b1c2) 8% + (bibar + c1bs1) B,

Dy = (arc1 + biea)(2(arby — aghy)(arcr + bicz) + (bi(ag + b8) + 2bgc1) B2),

Dy =2(are; + bica) B2 ((az1by — arbzr)(arer + bica) + (bicar — baicr)B?)

D3 =2(ajc; + bica)?((aghy — aibg)(aicy + bica) 4 (bico — byci)B?),

Dy = (agby — a1bg)(arcy + b1c2)3 — (a1 + bica) (a?b4 + a%bl(b5 —a4)+ay (—a5b%
+b7b7 + bibscr + 2bgct — bibgea — bicicg) — by (arbi + asbicy + agc?
—agbica — bgcyca + bicacy)) B2+ (7{)96? + a%(blc4 —2bgc1) + arby (agcq
—bscy — byco + bics) + by + b3 (—c1by + agen — cace + cicg) + bicy (—bgey
+bgco 4 c1¢9)) B + (brca — bacy)BC,

Ky = (D1Ds — 2Dy D3)? + 8arc1 Do Dy (D1 Dy — DoDs) + 8bicaDoDy (D1 Dy — DoDs).
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