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Abstract. We study the multiplicity of weak nonzero solutions for fractional Hamiltonian systems of the form
DL (ceo DY (D)) + L(Du(t) = a®)VV(t,u(), t€R,

where @ € (1/2,1], _D{ and ,D are left and the right Liouville-Weyl fractional derivatives of order @ on real line R, L() is
a positive defined symmetric n X n matrix and V : R X R” — R satisfies specific growth conditions. A result is proved using
variational method and the generalized Clark’s theorem. Some recent results are extended and improved.

INTRODUCTION

In this paper we are concerned with the existence of infinitely many homoclinic solutions for the fractional Hamilto-
nian systems

DL CooDfu®)) + Lu(t) = a@)VV(t,u®)), teR |
uec H(Y(R, Rn)’ ( )

where « € (1/2,1], _D{ and ,Dg, are left and the right Liouville-Weyl fractional derivatives of order a on whole real
line R (see [7], [11], [14]) and H*(R, R") is the fractional Sobolev space, defined in Section 2 (see [11], [16] ). Next
L(¢) is a positive defined symmetric n X n matrix, n € N, u(r) € R" is a vector valued function, a : R — R* is a given
continuous function, V : R x R” — R satisfies specific growth conditions and VV(¢, u) is the gradient of V(¢, u) with
respect to u. An existence result is proved for the system (1) using variational method and the generalized Clark’s
theorem due to Liu and Wang [6]. It extends the result of Zhou and Zhang [16, Theorem 1.3], where an other critical
point theorem is applied (see [13, Theorem 3.1] and [16, Lemma 2.5]).

Boundary value problems (BVP) for fractional differential equations appear in mathematical models in natural
and applied sciences. Recently, variational method and critical point theory are applied to solvability of BVP for
fractional differential equations starting from pioneering work of Jiao and Zhou [5]. Several authors showed that
Problem (1) has at least one nontrivial solution under different growth assumptions on the functions L, V and a. We
refer the reader to the papers [2], [4] [9], [10], [11],[15], [16] and references therein.

We suppose the following conditions on the functions L,V and a. Let (-.-) and | - |,, are the product and norm in
R".

(L) L e CR,R"x R") is a positive defined symmetric matrix and there exists a function I(f) € C(R, (0, +0)), a
constant m > 0 such that [(f) > m, I(t) — +o0 as |t| — +oco and (L(¢)x, x) > l(t)|x|,21 forallr € R, x € R".

(A)a e C(R,R") and a(r) — 0 as |f| = +oo.



(V1) V € CI(R x R", R) and there are constants g and o such that 1 < g < 2 and

(VV(t,u),u) < qV(t,u), Yu e R", u # 0.

(V2) VV(t,u) = o(lul,) as |ul, — 0

(V3) VV(t,u) < bz(t)lulf{_l for all (r,u) € RxR", where 1 < g < 2, b, : R = R* is a continuous function such
that b, € L"(R), where r = ﬁ. There is an open set J C R and a positive constant by such that V (¢, u) > by |ul! for all
(t,u) € JxR".

(Vy) V(t,—u) = V(t,u) for all (t,u) € R x R".

Problem (1) has a variational structure and its solutions can be found as critical points of the functional 7 : X* —
R

1
1(M)=fRE(I-wDi’u(t)u(t)lz+(L(t)u(t),u(t)))—a(t)V(t,u(t))dt,

over an appropriate fractional Sobolev space X* ¢ H*(R,R") defined in Section 2. The functional 7 € C!(X%, R) and

<I'(u),v>= f (CooDF u(®)u(t),—oo DIV(1)) + (L(Ou(t), u(®)) — a()(VV(t, u(t)), v(t))dt,
R

where u,v € X and < -,- > denotes the duality brackets between the spaces X** and X“. The critical points of /, i.e.
the points u for which < I’(u),v >= 0 for all v € X* are the weak solutions of Problem (1). Our main result is as
follows:

Theorem 1. Let the functions a, L and V satisfy assumptions (A), (L), (V1) — (V3). Then Problem (1) has at least one
nontrivial weak solution. If in addition the assumption (V4) holds, then Problem (1) has infinitely many pairs of weak
solutions (Up, —Uy) such that u, # 0 and limy,_,e ||t llcr g7y = 0.

The paper is organized as follows. In Section 2 we give some notes on above mentioned fractional Sobolev
spaces, imbedding lemmata, critical point theorems and variational formulation of Problem. In Section 3 we prove
Theorem 1 and give an example.

PRELIMINARIES

The left and right Liouville-Weyl fractional integrals of order @, 0 < @ < 1 on R are defined respectively by

1 X

U = s [ -t xem
1 +00

Sl = s f € - 0" u(@)dt, xeR.

The left and right Liouville-Weyl fractional derivatives of order @, 0 < @ < 1 on R are defined by

d
—eoDu(x) i Ii_au(x), x €R,

_4 I'%u(x), xeR.

xDioou(x) dXx +00



We introduce the fractional derivative spaces 12,,(R,R") and I{,(R,R") as a completion of C§’ (R, R") respec-
tively with the norms
loallze,, = (lall7z + el )2, Nutllze, = (lull7, + |u|?zw)l/2,

where

e, = ll—coDSullr2,  lulpe, = |l DYoullr2.
Next, the fractional Sobolev space H*(R,R"),0 < @ < 1 in terms of Fourier transform is defined as a completion
of C5'(R, R") with the norm
2 27172 2
lullo = (luall?, + [l2)'72, Jul? = IEF @)l

+00
where F(u)(€) = f e u(x)dx is the Fourier transform of u(x). Note that H*(R,R"), I? (R, R") and I (R, R")
have equivalent ser_ninorms and norms (see [4]).
Let C(R, R") denote the space of continuous functions from R to R”. It is proved in [11, Theorem 2.1],

Lemma 1. If1/2 < a < 1, then H*(R,R") c CR,R") and there exists a constant C,, > 0 such that

llutlloo == sup ()] < Collullo-
teR

Note that if u € H*(R,R") then u € LP(R,R"), p > 2.

We say that a solution u € H*(R, R") of (1) is homoclinic to 0, if u(#) — 0 as [¢f| — oo.

In order to apply the variational metod to solvability of (1) we introduce another fractional Sobolev space X, C
H*(R,R") as follows

X, = {u e H*R,R") : f(|_ooD;'u(t)|2 + (L(Ou(t), u(r)))dt < oo}
R

which is a Hilbert space with scalar product and norm

(U, V)xe : = fR ((oDIu(t),-0 DIv(1)) + (L(H)u(?), v(1))dt,
lullxe  : = (u,w)ys

An important continuous embedding lemma is proved in [11, Lemma 2.3].

Lemma 2. Suppose that L satisfies condition (L). Then X, is continuously embedded in H*(R,R") and there is a
constant K, such that ||u|le < Ko llul|xe.

We present a minimization theorem which will be used in the proof of the main result (see [8],[13, Theorem
2.7]). Recall that the functional J satisfies (PS)-condition if any sequence u, C E, such that J(u,) is bounded and
J'(u,) — 0 as n — oo contains a strongly convergent subsequence.

Theorem 2. (Minimization theorem) Let E be a real Banach space and J € C'(E,R) satisfying (PS) condition. If J
is bounded below, then ¢ = infg I is a critical value of J.

Rabinowitz [13, p.53] gave a formulation of Clark’s theorem as follows

Theorem 3. (Clark’s theorem) Let E be a Banach space, J € C'(E,R) with J is even, bounded below and satisfying
(PS). Suppose J(0) = 0, there is a set K C E such that K is homeomorphic to S’~' by an odd map, and supy J < 0.
Then J possesses at least j distinct pairs of critical points.

It was recently extended by Z. Liu and Z. Wang [6] as follows:



Theorem 4. (Generalized Clark’s theorem, [6])) Let E be a Banach spa ce, J € C'(E,R). Assume that J satisfies the
(PS) condition, it is even, bounded from below and J(0) = 0. If for any k € N, there exists a k—dimensional subspace
E* of E and py > 0O such that SUPEins,, J <0, where S, = {u € E, |lullg = p}, then at least one of the following

conclusions holds:

1. There exists a sequence of critical points {uy} satisfying J(uy) < 0 for all k and limy_, ||uxllg = 0.
2. There exists r > 0 such that for any 0 < a < r there exists a critical point u such that ||ullg = a and J(u) = 0.

Realize that Theorem 4 implies the existence of many pairs of critical points (u,,, —u,), u,, # 0 such that J(u,,) <
0, lim,,_, 400 J(,y) = 0 and lim,,,_, ;o |lumllz = O.

PROOF OF THE MAIN RESULT

Let LY(R, R"),p > 1 denote the weighted space of measurable functions # : R — R”" with norm [lullpa =

1/p
(f a(t)|u(t)|£,’dt] . Next result is proved in [16, Lemma 3.9]
R
Lemma 3. Under assumptions (L) and (A) , the embedding X, C L:(R, R") is continuous and compact.

Lemma 4. Assume that assumptions (L), (A) and (V) hold. If {u,,} is a sequence in X, such that u,, — u weakly in
X, as m — oo, there exists a subsequence, still denoted by {u,,} such that VV(t,u,,(t)) = VV(t,u(?)) in Lg(R, R™).

Proof of Lemma 4 By Banach-Steinhauss theorem there exists a constant M > 0 such that

lumllx, < M, llullx, < M

By (V) and Holder inequality we have for r = 2/(2 — gq)

I, = f a(®)|VV(t, u,(t)) — VV(t, u(t))2dt
R

2 2(g—1 2(g-1
< 2M, f DOt (DT + ()20 dt
R
2(g-1 2(g-1
< 2Mllballur Nl o + 5720, )
< AM|bollp gy MY,

By Lemma 3.1 a there exists a subsequence of {u,,}, still denoted by {u,,} such that u,, — u strongly in L2(R, R").
Then, the assertion follows by the condition (A) and Lebesque’s dominated convergence theorem (see [1, Theorem
4.2 and Theorem 4.9]). Since {u,,} is bounded in X, by (V») and Holder inequality there is a constant K > 0 such that

f IVV(t, u,(0)|dt < K, f IVV(t, u(t))|?dt < K.
R R

Let & > 0 and choose R > 0 by assumption (A) such that 0 < a(r) < % for |¢| > R. Then

f a(t)|VV(t, u,(t)) — VV(t, u(t))dt < g )
[tI>R

Let 0 < ag < a(t) < M, for |¢| < R according (A). By u,, — u strongly in Li(R, R™) it follows that

f a®lun () — u@®))lzdt > aof l(t) — u(t)zdt — 0.
<R

[I<R



Then u,(f) — u(t) — 0, a.e. in || < R and by dominated convergence theorem

I = f OV, (1) — TV, (et = 0.
|f|<R
Let L is so big, such that I, g < 5 as m > L. Then, by (2), I, < & as m > L and the assertion follows. [

Next, we have

Lemma 5. ([16, Lemma 3.11]). Under assumptions (L),(A), (V1), (V2) and (V) the functional I € C'(X,,R) and for
allu,v € X,

<I'(u),v>= f (CooDFu(®)u(t),—co DIV(1)) + (L(u(t), u(®)) — a()(VV(t, u()), v(t))dt.
R

Lemma 6. Under assumptions (L), (A), (V1), (V2) and (V3) the functional I € C'(X,, R) satisfies (PS)—condition.

Proof of Lemma 6 Let {u,,} be a (PS) sequence for the functional 7, i.e. {I(u,,)} is bounded and I’(&,,) — 0 in X,.
Then there exists a positive constant C > 0, such that

1 (un)llx, < C, I (un)llx; < C.
By (V) we have

Ct Sy, > 2 < 1)t > ~Iun)
q q
1 1 1
_ (———)uumni " f OVt (D)) = STV tn®), (D)l
q 2 « Jr q

1 1 5
(5 - §)||Mm||xn,

which implies that {u,,} is a bounded sequence in X,. Then, we can assume up to a subsequence, still denoted by {u,,},
that u,, — u weakly in X, and by Lemma 3, u,, — u in L2(R, R").Lemma 4 VV(t, u,,(t)) — VV(t,u(t)) in L2(R, R")
and then
”Mm - u”i < < I’(um) - I,(I/t), Up — U >
+ClIVV(t, up (1)) = VYV, w2 me lltm — ul

Xa - 0’

which implies that u,, — u in X,. [J

Proof of Theorem 1 We have from (V,) and Holder inequality for r = 2/(2 — g)
1
f a(OV(t,u())dt < — f a(®)by(t)|u()|?dt
R q Jr

1 2 2—q q
< =( f a(Dby(t)>1dn) ™ ( f a(t)|u()*dr)*
q Jr R

2-q
2-g 2—q
= q 2

2.a
“— (1Dl Il , <

IA

B2l ey luelly,

where according to (A),0 < a(t) < M,,Vt € R and C,,, is the embedding constant by Lemma Lemma 3, X,, ¢ L2(R,
R™), lullz.a < Coallulla-



2

c! M,?
Let K| = —== R Then we have

1
160 2 3l = Killballgolull,

which shows by 1 < g < 2, that I(u) — oo as ||ullx, — oo, i.e. I is a coercive functional bounded from below. The
statement follows by Lemma 6 and Minimization theorem.It can be shown that by (V;) that the minimizer ug of I is a
nonzero weak solution. Let v € X, be such that v(r) = 0, r € R\J be a nonzero function and |[v]|.c < 1. Then for A > 0
by (V2)

/12
2
2

= i||v||§ - f a()V(t, (t))dt
2 R J

() M, - fR a(V (1, (0)d

/12
< SR, - b f aD Nz,
J

which shows that for sufficiently small 4, I(1v) < 0 because 1 < g < 2. Then I(1p) = min{l(u) : u € X,} < 0 and uq
is a nonzero weak solution because 7(0) = 0. Next, we show that under conditions (V) — (V4) and (A), the functional

I satisfies conditions of generalized Clark’s theorem. Let J = (a,b) C R and for k € N take k disjoint open intervals
Jij=(xj-1,x),j=1,...,k where x; = a + %(b —a), j=0,1,..,k. We have U{J; : j = 1,...,k} C J. Next, we choose
functions v; € C°(J;) such that ||vj||lc < oo and |[vlx, = 1. Let X, be the k—dimensional subspace of X,

Xio 1= span{vy, ..., Vi}
and
Sy ={u € Xyo : lullx, =1}
For u = Zl;:l A;v; € Xi o we have
i}, = fR (DD + (L), w(D))di
k
= YL f (e DIVHOF + (L(E)w (1), v ()t
=1 Ik
k
= Dy
j=1
and
k
||u||2, = Z |/lj|qu‘ a(®)v;(x)|dx. (3)
=1 k

Since the norms ||.|[x, and ||.|[;« are equivalent on the finite dimensional space X; , there are positive constants d«
and dy; such that for u € X; , :

diallullx, < llullpg < dogllull, - “

Then, for u € §; by (3) and (4) we have for u > 0:



2
u
) =, - f aOV (1, ()t
R
s :
= L, -, f aOV(t, pdy ()t
=1
s :
< 7||u||§(,—bm"j§;u,-|" fj a(Olv, (Dl dr
,Uz 2
= Ll - byl
#2 2
< ol ~ byl

By the last inequality and 1 < ¢ < 2 it follows that I(v) < 0 for v € Si’ = {uu : u € S} with u sufficiently
small. Finally, the functional 7 satisfies all conditions of Theorem 4 and the Theorem 1 is proved. The assertion
limy,—c0 [[Umllcar gy = O follows from embedding Lemma 1.0

Example. Let a(t) = a;(¢) := ﬁtl,t €eRandg = % Then r = ﬁ = 4. Next choose
212, <1
by(t) = g() := ’ ’

We have g € C'(R), g(t) > 0, a;(t) > 0,1 € R and

1 2
f lsl'dt = | @-)d+ f <dr=18203 + -
R <1 =1 1 7

Further, letn € N, ¢y, ..., ¢, are positive constants and for u = (uy, ..., u,) € R", define the even function V(¢, u) :
RxR" — R as

2
V(t,u) = §g<r)<c1|u1|3/2 + o Cplu PP,
‘We have
VV(t,u) := g (cilug|™uy, ., caln) ™ uy)

and

gD (cilurP? + ...+ cplua),
qV(t,u),

(VV(t,u), u)
(VV(t,u), u)

so condition (V) is satisfied. Next let C; = min{cy, ..., c,} > 0 and C, = max{cy,...,c,} > 0. Let J = [-1, 1]. By the
equivalence of norms in [ul, e = max(luyl, ..., ), lul, = (1> + ...y [,[)V? and |ul,y = (u1]9 + ..., [u,]9)1/7 we obtain
that there are positive constants Kj, and Kj, such that

Vv, wl,
V(t, u)

CoKiug@lul,* 1 €R,
CiKolu}’? ,te

IV IA

So, all assumptions (V) — (V4) are satisfied.
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