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1 Introduction

In recent years, fluctuations in the initial stages of heavy ion collisions have become un-

derstood as central drivers of the overall spectrum of produced particles. For instance,

while the phenomenon of elliptic flow v2 can be understood mainly as an average geo-

metric effect in peripheral heavy ion collisions, the triangular flow v3 seems to be driven

entirely by spatial fluctuations in the initial energy density of the fireball [1]. In addition

to the nucleon-scale fluctuations arising from the distribution of nucleons within the collid-

ing ions in Monte-Carlo-Glauber models (see for instance ref. [2] and references therein),

sub-nucleonic fluctuations also leave an important imprint on the spectrum of produced

hadrons [3, 4]. Unlike the larger-scale fluctuations due to nucleonic degrees of freedom,

these sub-femtometer fluctuations due to QCD degrees of freedom are driven largely by

color charge.

In heavy ions at high energies, the Lorentz contraction of multiple nucleons into a short

longitudinal thickness enhances the RMS two-dimensional color-charge density. These

parametrically large charge densities radiate intense, classical gluon fields described by

– 1 –



J
H
E
P
0
7
(
2
0
1
8
)
0
0
3

the effective theory known as the color glass condensate (CGC) (see [5] and references

therein). The sub-nucleonic fluctuations in energy density due to these classical gluon fields

are incorporated into, for instance, the IP-Glasma model [6, 7], with the sub-femtometer

fluctuations having a substantial effect on particles observed in the final state [4, 8–10].

Fluctuations and correlations in the initial stages of proton-proton, proton-nucleus, and

nucleus-nucleus collisions have been the subject of tremendous activity within the CGC

community (see for instance the reviews [11] and [12] and the references therein). Much of

this work focuses on the applications of the CGC formalism as a natural explanation for

the long-range-in-rapidity “ridge” correlations in nucleus/nucleus collisions [13–15] as well

as high-multiplicity proton-proton [16, 17] and proton/nucleus [17–19] collisions. Similar

long-range-in-rapidity azimuthal modulations of the correlation function are also natural

candidates for CGC effects in the initial state [20]. Other works such as refs. [21, 22]

study how such correlations produced in the initial stages of hadronic collisions may be

modified by the subsequent strong-coupling classical Yang-Mills dynamics of the gluon

fields. Other approaches to studying the role of initial-state correlations include the AMPT

model [23, 24], the longitudinally-extended source model [25], and others.

These studies of the initial conditions of heavy ion collisions have so far focused pre-

dominantly on the fluctuations of the initial energy density, which is dominated by the

production of gluons. However, new state-of-the-art hydrodynamic codes have been pro-

duced which are capable of preserving other conserved charges, such as flavor and baryon

number, throughout their evolution [26]. Moreover, recent ab initio CGC calculations have

computed certain momentum-space correlations between quarks and made strides toward

extending the dilute-dense formalism to the dense-dense limit [27–32]. In light of these

simultaneous advances, there is a timely opportunity to compute the full set of quark and

antiquark correlations in the CGC, along with their associated conserved charges such as

flavor, baryon number, and electric charge. These can then be combined with the latest

hydrodynamic simulations to assess their impact on the spectrum of final-state particles.

It has long been known that baryon stopping, the production of net baryon number

at mid rapidity, is suppressed at high energies [33–36]. The same is true of other quantum

numbers, like spin and flavor, which are carried by valence quarks. Most of the valence

quantum numbers brought by the colliding ions are carried down the beam pipe or to

very far forward rapidities, with the dynamics at mid rapidity being dominated by the

soft gluon fields of the CGC. While these soft gluons themselves carry no net flavor or

baryon number, they do produce a spectrum of characteristic fluctuations through quark-

antiquark pair production. One may attempt to identify the momentum-space correlations

among quarks and antiquarks with the interesting correlations [37] observed in experiment

among baryons and antibaryons. Some caution in such an identification is warranted,

however, because nonperturbative hadronization effects may muddle the connection implied

by parton-hadron duality. In our case, we are interested primarily in the spatial correlations

at the parton level which serve to specify the initial conditions for the energy-momentum

tensor and conserved currents in hydrodynamics. These initial-state effects are free from

hadronization corrections, and their impact on final-state particle production can only be

determined by coupling these initial conditions to subsequent hydrodynamic evolution.
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The production of a single qq̄ pair in proton-nucleus collisions in the CGC has been

studied in the past by various authors [38–43]. Although these calculations focused on

the production cross-sections in momentum space, the same essential ingredients they

derived are responsible for local fluctuations and quark/antiquark correlations in coordinate

space. An important recent calculation by Altinoluk et al. [27] examined the effect of Pauli

blocking by studying quark/quark correlations via double pair production in heavy ion

collisions. The correlations obtained in [27] neglect the contributions in which the radiated

gluon first scatters in the target field and later fragments into a qq̄ pair. This contribution

was knowingly omitted by the authors [27] based on the expectation that gluon scattering

followed by pair production will not lead to the Pauli blocking correlations of interest.

However, as we will show explicitly for the case of single-pair production, it is precisely the

interferences of these terms which generate the dominant contribution to quark / antiquark

correlations. It is therefore reasonable to expect that contributions of this type may also

generate significant interaction-mediated correlations in the quark/quark case, although

these are separate from the statistical Pauli blocking effects that were the focus of [27]. We

will explore these aspects in detail in our future work.

An important extension of the CGC formalism for dilute-dense collisions to “semi-

dilute-dense” collisions was recently developed by Kovchegov and Wertepny [44]. This

formalism, intended to describe asymmetric “heavy-light ion collisions” such as copper-gold

collisions, completely re-sums the high-density effects in the heavy ion while incorporating

the high-density effects of the light ion order-by-order in perturbation theory. Such effects

enhance the probability to radiate a second qq̄ pair, enabling additional types of correlations

through quantum entanglement.

Building on these recent advancements, we will undertake the calculation of the

leading-order quark/quark, quark/antiquark, and antiquark/antiquark spatial correlations

at mid-rapidity, along with their associated charges, in the CGC formalism. We will first

analyze in detail the correlations arising from a single qq̄ pair production at mid-rapidity;

this contribution describes the leading-order correlations in proton-nucleus collisions and

remains the dominant short-distance contribution in heavy-light ion collisions. We will

also study at length the correlations arising from the production of two qq̄ pairs at mid-

rapidity; these correlations, while still sub-leading compared to single-pair production, are

enhanced in heavy-light ion collisions and exist over longer distance scales. The length and

complexity of this undertaking requires us to divide the calculation into multiple parts. In

this work (“Part 1”) we will set up the formalism, construct the correlation functions and

cross sections, and identify the wave function and Wilson line building blocks for these cor-

relations. By studying the long-distance asymptotics of these correlations, we will identify

the mechanisms and associated length scales which characterize different physical regimes.

In subsequent publications, we will present the detailed set of Wilson line operators that

describe the interactions in these regimes, solving for the correlation functions numerically

and analytically.

The rest of this paper is organized as follows. In section 2 we construct the definitions of

the correlation functions and the coordinate-space cross-sections. In section 3, we construct

the elementary qq̄ production amplitude from the fundamental building blocks of light-front
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wave functions and Wilson line interactions, and we analyze how these building blocks are

combined to form the single-pair production and double-pair production cross-sections. In

section 4 we analyze the long-distance asymptotics of various channels in the single- and

double-pair production cross-sections to determine the length scales associated with the

various types of correlations. In section 5 we present explicit results for qq̄ correlations

and baryon number correlations for single-pair production, summarize the overall physical

picture of both single- and double-pair correlations, and conclude by outlining the relation

of the analysis presented here in “Part 1” to future work to follow.

2 General formulation

2.1 Definitions: quark, antiquark, and baryon number correlations

Let us construct the definitions of the quark/quark, quark/antiquark, antiquark/antiquark,

and baryon number correlation functions following the treatment of [45]. Let Ω denote a

kinematic window about mid-rapidity; the single- and double-inclusive distributions ρi1 and

ρij2 to produce particles of species i, j with kinematics ω1, ω2 ∈ Ω are given by

ρi1(ω1) =
1

σ0

dσi

dω1

ρij2 (ω1, ω2) =
1

σ0

dσij

dω1dω2
, (2.1)

where σ0 is an arbitrary normalization. Integrating these distributions over the phase space

Ω yields ∫
Ω
dω1 ρ

i
1(ω1) =

σinel

σ0
〈ni〉ev∫

Ω
dω1 dω2 ρ

ij
2 (ω1, ω2) =

σinel

σ0
〈ni(nj − δij)〉ev, (2.2)

where ni is the number of particles of species i produced within Ω and 〈· · · 〉ev represents

an average over events. As such, ρ1 and ρ2 are proportional to number densities for any

choice of the normalization σ0, and for σ0 = σinel they are simply the multiplicities:

ρi1(ω1) =
1

σ0

dσi

dω1
=
σinel

σ0

〈
dni

dω1

〉
ev

ρij2 (ω1, ω2) =
1

σ0

dσij

dω1 dω2
=
σinel

σ0

〈
dni

dω1

dnj

dω2

〉
ev

− δijδ(ω1 − ω2)
σinel

σ0

〈
dni

dω1

〉
ev

. (2.3)

With the help of the generic formulas (2.3), we can write down expressions for the

number densities of quark/quark (qq), quark/antiquark (qq̄), and antiquark/antiquark (q̄q̄)

pairs produced at mid-rapidity. Throughout this paper we will denote the longitudinal

degrees of freedom in terms of light-front components v± ≡ 1√
2
(v0 ± v3) and transverse

degrees of freedom in terms of vectors v ≡ (v1
⊥, v

2
⊥) with magnitudes vT ≡ |v|. The average
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number of particles (which may be either quarks or antiquarks) with longitudinal momenta

k+
1 , k

+
2 and transverse positions B1,B2 are then given by〈
k+

1

dnq

d2B1 dk
+
1

k+
2

dnq

d2B2 dk
+
2

〉
ev

=
1

σinel

[
k+

1 k
+
2

dσqq

d2B1 dk
+
1 d2B2 dk

+
2

+ δ(2)(B1 −B2) k+
2 δ(k

+
1 − k+

2 ) k+
1

dσq

d2B1 dk
+
1

]
(2.4a)〈

k+
1

dnq

d2B1 dk
+
1

k+
2

dnq̄

d2B2 dk
+
2

〉
ev

=
1

σinel

[
k+

1 k
+
2

dσqq̄

d2B1 dk
+
1 d2B2 dk

+
2

]
(2.4b)〈

k+
1

dnq̄

d2B1 dk
+
1

k+
2

dnq̄

d2B2 dk
+
2

〉
ev

=
1

σinel

[
k+

1 k
+
2

dσq̄q̄

d2B1 dk
+
1 d2B2 dk

+
2

+ δ(2)(B1 −B2) k+
2 δ(k

+
1 − k+

2 ) k+
1

dσq̄

d2B1 dk
+
1

]
(2.4c)

In the same way, we can use the expressions (2.4) to construct the expectation values for

conserved charges such as baryon number1 B ≡ 1
3

∑
f (nqf − nq̄f ), with

∑
f a sum over

relevant quark flavors:〈
k+

1

dB
d2B1dk

+
1

k+
2

dB
d2B2dk

+
2

〉
ev

≡ 1

9

∑
f f ′

〈(
k+

1

dnqf

d2B1dk1
− k+

1

dnq̄f

d2B1dk1

) (
k+

2

dnqf ′

d2B2dk
+
2

− k+
2

dnq̄f ′

d2B2dk
+
2

)〉
ev

=
1

9σinel

∑
f f ′

[
k+

1 k
+
2

dσqf qf ′

d2B1dk
+
1 d

2B2dk
+
2

− k+
1 k

+
2

dσqf q̄f ′

d2B1dk
+
1 d

2B2dk
+
2

− k+
1 k

+
2

dσqf ′ q̄f

d2B2dk
+
2 d

2B1dk
+
1

+ k+
1 k

+
2

dσq̄f q̄f ′

d2B1dk
+
1 d

2B2dk
+
2

]
+ δ(2)(B1 −B2) k+

2 δ(k
+
1 − k+

2 )
1

9σinel

∑
f

[
k+

1

dσqf

d2B1dk
+
1

+ k+
1

dσq̄f

d2B1dk
+
1

]
.

(2.5)

At different phase-space points (B1, k
+
1 ) 6= (B2, k

+
2 ), the expectation values above describe

nonlocal correlations in three dimensions, with only the double-inclusive cross-sections

contributing. There is also an additional delta function contribution at (B1, k
+
1 ) →

(B2, k
+
2 ), with the weight of that delta function reflecting the strength of the local

fluctuations (variance).

We define the associated correlation functions for these various quantities as

Cij(B1, k
+
1 ; B2, k

+
2 ) ≡ σinel

σ0

〈
k+

1

dni

d2B1dk
+
1

k+
2

dnj

d2B2dk
+
2

〉
ev

−
(
σinel

σ0

)2〈
k+

1

dni

d2B1dk
+
1

〉
ev

〈
k+

2

dnj

d2B2dk
+
2

〉
ev

, (2.6)

1The calculations presented here reflect the initial stages of hadronic collisions, before hadronization

takes place. As such, we refer more precisely here to “parton-level baryon number,” in which each quark /

antiquark carries ± 1
3

units of conserved baryon number “charge.”
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with ni, nj ∈ {nq, nq̄,B}, where we assume that (B1, k
+
1 ) 6= (B2, k

+
2 ) to exclude the delta

function term. It is convenient at this point to consider different possible choices of the

normalization σ0. The most intuitive choice is clearly σ0 = σinel, for which the correlation

function (2.6) is simply a correlation of number densities. For scattering on a “black disk”

with radius R, the total inelastic cross-section is simpy given by σel = σinel = πR2 [5].

The disadvantage of such a choice, however, is that the ratio of cross-sections (2.1) will

then depend on the choice of kinematic window Ω. For this reason, we prefer instead

to normalize by the total cross-section to produce any particles in the same kinematic

window Ω; at lowest order in perturbation theory, this corresponds to single-inclusive

gluon production. With this choice for σ0, the dependence on the interval Ω cancels

between the numerator and denominator, as we will see in eqs. (5.4) and (5.5), leading to

the particularly simple form (5.11) for the correlation function. While this definition of the

correlation function is perhaps the most convenient, it is by no means unique. Aside from

making different choices of the normalization σ0, some references [44, 46], for example,

rescale the correlation function to make it dimensionless, and others [47] do not subtract

the uncorrelated background. We will explore the features of different definitions of the

correlation function in future work, but for now, the simple definition (2.6) will suffice.2

The production of net baryon number at mid-rapidity is suppressed [27, 33–36] by the

center-of-mass energy squared s

k+
1

〈
dB

d2B1dk
+
1

〉
ev

∼ O
(

1

s

)
, (2.7)

corresponding to baryon stopping, in which valence quarks lose nearly all of their energy

in the collision and are produced at mid-rapidity. Instead, it is far more preferable at

high energies for these valence degrees of freedom in the colliding nuclei to punch right

through each other and continue down the beam pipe, with the mid-rapidity region instead

being populated by soft gluon bremsstrahlung. With eikonal accuracy, then, the inclusive

probabilities to produce a quark or antiquark at mid-rapidity are equal and given at leading

order by integrating out the spectator in qq̄ pair production:〈
k+

1

dnq

d2B1dk
+
1

〉
ev

=

〈
k+

1

dnq̄

d2B1dk
+
1

〉
ev

=
1

σinel
k+

1

dσq

d2B1dk
+
1

L.O.
=

∫
dk+

2

k+
2

∫
d2B2

(
1

σinel
k+

1 k
+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

)
. (2.8)

This single-inclusive cross-section defines the uncorrelated baseline for the correlation func-

tions. The correlation functions of interest are therefore given by (note that our defini-

2One may object that for σ0 6= σinel, the correlation function (2.6) does not go to zero if the expectation

values were to factorize in the absence of genuine correlations. While this is true, we note that definitions

of the correlation function which do not vanish in this limit are common [47]. We also emphasize that, as

we will show in eq. (5.8), the uncorrelated background is suppressed in the case of single-pair production,

such that the correlation function (2.6) does in fact go to zero in this limit.
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...
...

...

Pa

PA PA
′

p1, b1
p2, b2

pn, bn

k1, x1

k2, x2

kN , xN

⊕

⊖

Figure 1. Illustration of the high-energy scattering process. The valence degrees of freedom from

the light projectile ion are produced in the forward direction, the remnants from the heavy target

ion are produced in the backward direction, and a number of soft particles are produced at mid-

rapidity. The momenta and coordinates of the valence quarks are denoted by pi and bi respectively.

The momenta and coordinates of the particles produced at mid-rapidity are denoted by ki and xi
respectively.

tion (2.6) leads to these cross-sections being normalized by σ0 rather than σinel)

Cqq(B1, k
+
1 ; B2, k

+
2 ) =

1

σ0
k+

1 k
+
2

dσqq

d2B1dk
+
1 d

2B2dk
+
2

−
(

1

σ0
k+

1

dσq

d2B1dk
+
1

)(
1

σ0
k+

2

dσq

d2B2dk
+
2

)
(2.9a)

Cqq̄(B1, k
+
1 ; B2, k

+
2 ) =

1

σ0
k+

1 k
+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

−
(

1

σ0
k+

1

dσq

d2B1dk
+
1

)(
1

σ0
k+

2

dσq

d2B2dk
+
2

)
(2.9b)

Cq̄q̄(B1, k
+
1 ; B2, k

+
2 ) =

1

σ0
k+

1 k
+
2

dσq̄q̄

d2B1dk
+
1 d

2B2dk
+
2

−
(

1

σ0
k+

1

dσq

d2B1dk
+
1

)(
1

σ0
k+

2

dσq

d2B2dk
+
2

)
(2.9c)

CBB(B1, k
+
1 ; B2, k

+
2 ) =

1

9

∑
f f ′

(
Cqf qf ′ (B1, k

+
1 ; B2, k

+
2 )− Cqf q̄f ′ (B1, k

+
1 ; B2, k

+
2 )

− Cqf ′ q̄f (B2, k
+
2 ; B1, k

+
1 ) + Cq̄f q̄f ′ (B1, k

+
1 ; B2, k

+
2 )
)

(2.9d)

for (B1, k
+
1 ) 6= (B2, k

+
2 ).

2.2 Structure of the cross sections

Next we will explicitly construct the two-particle-inclusive cross-sections which enter the

correlation functions (2.9). These cross-sections which define the spatial correlations are
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somewhat unusual in that they are differential in the transverse positions of the produced

(anti)quarks, rather than their momenta, so it is useful to construct them directly from

textbook principles (e.g. [48]).

Consider the collision shown in figure 1 between a light “projectile” nucleus with a

nucleons moving with large momentum P+
a along the light-cone ⊕ direction and a heavy

“target” nucleus with A nucleons moving with large momentum P−A along the light-cone 	
direction. The paradigm of “heavy-light ion collisions” corresponds to the regime in which

the target nucleus is so heavy that its density-enhanced corrections must be resummed

to all orders, α2
sA

1/3 ∼ O (1), while the density-enhanced corrections from the projectile

nucleus are included order by order in perturbation theory. More precisely, the region of

interest is αs � α2
sa

1/3 � 1, such that corrections enhanced by the density ∼ a1/3 of

the light ion are more important than genuine quantum loops, but not so large that they

must be simultaneously resummed. In the inclusive final state, we will identify a number

of particles traveling in three distinct regions: the “forward” fragmentation region of the

light nucleus a, the “backward” fragmentation region of the heavy nucleus A, and the

mid-rapidity region between the two. In the forward region, we consider a set of n active

valence quarks in the light nucleus a with momenta {pj}nj=1.3 For our purposes, we will

only need up to n = 2 independent valence quarks from the light nucleus. In the mid-

rapidity region, we consider a set of N particles with momenta {ki}Ni=1 which will generate

the correlations of interest, and in the backward region we consider a generic remnant

state with momentum P ′A. The standard momentum-space expression for the cross section

is then

dσaA =
1

2s

(
N∏
i=1

d2ki dk
+
i

2(2π)3k+
i

) n∏
j=1

d2pj dp
+
j

2(2π)3p+
j

 d2P ′A dP
′ −
A

2(2π)3P ′−A

× |MaA|2 (2π)4δ4

Pa + PA − P ′A −
N∑
i=1

ki −
n∑
j=1

pj

 . (2.10)

With eikonal accuracy, the particles traveling in the forward direction have negligible

minus momenta, P−a , p
−
j ∼ 0, particles traveling in the backward direction have negligible

plus momenta, P+
A , P

′+
A ∼ 0, and particles at mid-rapidity have both negligible plus and

minus momenta: k+
i , k

−
i ∼ 0. This allows us to approximate the momentum-conserving

delta function by the product of δ(P+
a −

∑n
j=1 p

+
j ), δ(P−A − P ′−A ), and δ2(P ′A +

∑N
i=1 ki +∑n

j=1 pj) and performing the d2P ′A dP
′ −
A integrals directly, we obtain

dσaA =

(
N∏
i=1

d2+ki

2(2π)3k+
i

)∫  n∏
j=1

d2pj
(2π)2

dzj
4π zj

 4π δ(1−
n∑
j=1

zj) |AaA|2, (2.11)

where AaA ≡MaA/2s with s = 2P+
a P

−
A and zj = p+

j /P
+
a . Next we Fourier transform the

3For a nucleus with many nucleons, it is combinatorically preferable for each valence quark to come from

a different nucleon, so these valence quarks act as proxies for nucleons in the light nucleus.
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amplitude to transverse coordinate space in the produced particles; that is, we insert

AaA({pj , zj}nj=1, {ki, k+
i }Ni=1) =

∫ ( N∏
i=1

d2xi e
−iki·xi

)∫  n∏
j=1

d2bi e
−ipi·bi


× ÃaA({bj , zj}nj=1, {xi, k+

i }Ni=1) (2.12)

and perform the transverse momentum integrals to obtain

dσaA =

(
N∏
i=1

d2xi
dk+

i

4πk+
i

)∫  n∏
j=1

d2bj
dzj

4π zj

 4π δ

(
1−

n∑
j=1

zj

)
|ÃaA|2. (2.13)

Note that, having integrated out the transverse momenta, the coordinates of the produced

particles are the same in the amplitude and complex-conjugate amplitude; this simplifica-

tion makes the problem of multi-particle correlations much more tractable in coordinate

space than in momentum space.

In the eikonal approximation, neither the transverse coordinates {bj} nor the longitu-

dinal momenta {zjP+
a } of the light-nucleus valence quarks are changed by the interaction

with the target; they therefore correspond to the many-body wave function Ψa of valence

quarks in the light nucleus:

ÃaA({bj , zj}nj=1, {xi, k+
i }Ni=1) = Ψa({bj , zj}nj=1) Ã{N}A({bj}nj=1, {xi, k+

i }Ni=1), (2.14)

where Ã{N}A({bj , zj}nj=1, {xi, k+
i }Ni=1) is the scaled amplitude for a set {N} of valence

quarks (or nucleons) to scatter on the target nucleus. Note that, in the quasi-classical

approximation (where the collision energy is not so large that quantum evolution need be

considered), the amplitude Ã{N}A is independent of the momentum fractions {zj}. We

can also insert a Fourier transformation of the cross-section to impact parameter space∫
d2B e+iPa·B, with Pa = 0 in the center-of-mass frame. Using this, we have

dσaA =

(
N∏
i=1

d2xi
dk+

i

4πk+
i

)∫
d2B

 n∏
j=1

d2bj


×

∫  n∏
j=1

dzj
4π zj

 4π δ

(
1−

n∑
j=1

zj

) ∣∣Ψa({bj −B, zj}nj=1)
∣∣2 |Ã{N}A|2, (2.15)

and by integrating the zj dependence out of the wave functions, we can replace the wave

functions of the light nucleus in terms of the nuclear density profile Ta(b):

dσaA =

(
N∏
i=1

d2xi
dk+

i

4πk+
i

)∫
d2B

 n∏
j=1

d2bj Ta(bj −B)

 |Ã{N}A|2. (2.16)

The nuclear density profiles are normalized such that
∫
d2b Ta(b) = a, and since the d2b

integral in this normalization is proportional to the transverse area of the light nucleus,

this implies that Ta(b) ∼ a1/3. Each explicit factor of Ta above therefore reflects the
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combinatoric enhancement by a1/3 associated with independent nucleons participating in

the scattering process.

With the general form of the coordinate-space cross section (2.16), we can construct

the two-particle-inclusive cross-sections entering the correlations (2.9). There are two fun-

damental cases of interest: single-pair production, in which one active nucleon (n = 1) from

the light projectile nucleus radiates a soft qq̄ pair (N = 2); and double-pair production, in

which two active nucleons (n = 2) from the light projectile nucleus independently radiate

two qq̄ pairs (N = 4). These different processes contribute to different correlations, and

the dominant process may change as a function of distance. Single-pair production, for

instance, contributes to Cqq̄ but not Cqq, while double-pair production contributes to all

correlations but is sub-leading compared to single-pair production where applicable.

For single-pair production, which contributes only to qq̄ correlations, we can straight-

forwardly write

k+
1 k

+
2

dσqq̄single

d2B1dk
+
1 d

2B2dk
+
2

=
1

(4π)2

∫
d2B d2b1 Ta(b1 −B) |ÃNA(b1;B1, k

+
1 ,B2, k

+
2 )|2

=
a

(4π)2

∫
d2b1 |ÃNA(b1;B1, k

+
1 ,B2, k

+
2 )|2, (2.17)

where we have performed the integral over the impact parameter B to generate a factor of

a. For double pair production, it is convenient to formulate the cross-sections by integrating

over all the (anti)quarks in the final state, assigning the tagged particles through the use

of delta functions as illustrated in figure 2:

Z(qq̄) ≡ 1

4
K+

1 K
+
2

[
δ2(x1 −B1) δ(k+

1 −K+
1 ) + δ2(x3 −B1) δ(k+

3 −K+
1 )
]

×
[
δ2(x2 −B2) δ(k+

2 −K+
2 ) + δ2(x4 −B2) δ(k+

4 −K+
2 )
]

(2.18a)

Z(qq) ≡ 1

2
K+

1 K
+
2

[
δ2(x1 −B1) δ(k+

1 −K+
1 ) δ2(x3 −B2) δ(k+

3 −K+
2 )

+ δ2(x3 −B1) δ(k+
3 −K+

1 ) δ2(x1 −B2) δ(k+
1 −K+

2 )
]

(2.18b)

Z(q̄q̄) ≡ 1

2
K+

1 K
+
2

[
δ2(x2 −B1) δ(k+

2 −K+
1 ) δ2(x4 −B2) δ(k+

4 −K+
2 )

+ δ2(x4 −B1) δ(k+
4 −K+

1 ) δ2(x2 −B2) δ(k+
2 −K+

2 )
]
. (2.18c)

Note the inclusion of the symmetry factor for identical tagged particles. Then the cross-

section for double-pair production can be written in a standard form for all three observ-

ables as

K+
1 K

+
2

dσdouble

d2B1dK
+
1 d2B2dK

+
2

=

∫
d2B d2b1 d

2b2 Ta(b1 −B)Ta(b2 −B)

∫ ( 4∏
i=1

d2xi
dk+

i

4πk+
i

)
× |ÃNNA(b1, b2; {xi, k+

i }4i=1)|2Z(B1,K
+
1 ,B2,K

+
2 , {xi, k+

i }4i=1). (2.19)
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x1, k
+
1

x2, k
+
2

x3, k
+
3

x4, k
+
4

Figure 2. Coordinate labels for double-pair production. Quarks are produced at x1, k
+
1 and x3, k

+
3

and antiquarks are produced at x2, k
+
2 and x4, k

+
4 . The crossed vertices represent the tagging delta

functions (2.18) which assign two of the particles to the external coordinates B1,K
+
1 and B2,K

+
2 .

The tagged combination shown here corresponds to Z(qq), for example. Note that the pairs to which

the (anti)quarks belong can become entangled in the complex-conjugate amplitude.

Comparing the single- and double-pair cross-sections (2.17) and (2.19), we see the relative

power-counting of these two processes,

dσsingle ∼ Ta(b1 −B)
∣∣∣ÃNA∣∣∣2 ∼ α2

sa
1/3 (2.20a)

dσdouble ∼ Ta(b1 −B)Ta(b2 −B)
∣∣∣ÃNNA∣∣∣2 ∼ (α2

sa
1/3)2, (2.20b)

where we recall that Ta(b) ∼ a1/3 and the amplitude for each radiated pair brings in a factor

of αs. These considerations imply that, in the heavy-light regime, double-pair production

is suppressed relative to single-pair production by a factor of α2
sa

1/3 � 1. Note also

that, for double-pair production, the d2B integral is no longer trivial and itself can induce

geometric correlations between the pairs [44]. Finally, to convert the cross sections (2.17)

and (2.19) into the correlation functions (2.9), we need to normalize by σ0. At lowest order

in perturbation theory, σ0 corresponds to the total cross-section for single-inclusive gluon

production at mid-rapidity, which is a standard textbook result [5].

3 Construction of the amplitude

The core of the calculation is the construction of the scattering amplitudes Ã{N}A for the

production of one or two qq̄ pairs. We will perform this calculation using the formalism of

light-front perturbation theory (LFPT) [49–51] and choose the A+ = 0 light-cone gauge,

in which the qq̄ pairs are radiated from the light projectile nucleus a. In this framework,

the amplitude Ã{N}A is given by a product of light-front wave functions Ψ describing the

emission of the qq̄ pair and Wilson lines describing SU(Nc) color rotations (with Nc the

number of colors) in the fundamental or adjoint representations. Here we will construct

these building blocks of the amplitude and contract them in all possible ways to obtain the

cross-sections (2.17) and (2.19).

3.1 Building blocks: wave functions and Wilson lines

In a time-ordered formalism like LFPT, there are three distinct time orderings and three

distinct wave functions for the production of a single qq̄ pair, as shown in figure 3. The
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w

r

Ψ2 Ψ3Ψ1

σ′

σ

σ′
v

λ

k

q − k

p
σv

q

p− q

x, σ′

y, σ

b, σ′
v

u, λ

k

q − k

p
σv

q

p− q

σ′

σ

σ′
v

λ

k

q − k

p
σv

q

p− q

x+ = 0 x+ = 0x+ = 0

Figure 3. The light-front wave functions for the radiation of a qq̄ pair, depending on the placement

of light-front time tLF = x+ = 0. Ψ1 describes the qq̄ emission before x+ = 0, Ψ3 describes the

radiation after x+ = 0, and Ψ2 describes the gluon emission before x+ = 0 and the qq̄ pair

production after. The transverse positions for the Fourier transform are also shown for Ψ1.

wave functions in this language were previously calculated in [38], and we rederive them in

appendix A. The results for the momentum-space wave functions are

Ψ1 = −2g2

√
α(1− α)

(k − αq)2
T +m2 + α(1− α)q2

T

×
{
δσ ,−σ′

[
α+ (1− 2α)

q · k
q2
T

− iσ′ q × k
q2
T

]
−mσ′ δσσ′

[
q1
⊥
q2
T

− iσ′ q
2
⊥
q2
T

]}
(3.1a)

Ψ2 = −2g2

√
α(1− α)

(k − αq)2
T +m2

{
δσ ,−σ′

[
−(1− 2α)

q · (k − αq)

q2
T

+ iσ′
q × (k − αq)

q2
T

]
+mσ′ δσσ′

[
q1
⊥
q2
T

− iσ′ q
2
⊥
q2
T

]}
(3.1b)

Ψ3 = −Ψ1 −Ψ2, (3.1c)

with the momenta labeled as in figure 3 and α ≡ k+1
q+

the fraction of the pair momentum

carried by the quark. Here we explicitly keep the quark mass to consider the possibility of

producing heavy quarks, since this mass characterizes the typical size of the qq̄ separation.

We then Fourier transform into coordinate space using

Ψ̃i ≡
∫

d2k

(2π)2

d2(q − k)

(2π)2
eik·(x−b) ei(q−k)·(y−b) Ψi(α, q,k − αq)

=

∫
d2(k − αq)

(2π)2

d2q

(2π)2
ei(k−αq)·r eiq·w Ψi(α, q,k − αq), (3.2)

where r ≡ x−y and w ≡ u−b with u ≡ αx+(1−α)y the position of the gluon at the pair

center of momentum, as shown in figure 3. This choice of variables makes use of the fact

that the wave functions depend only on the center-of-mass momentum q of the pair and

the relative momentum (k − αq) of the pair when boosted to its rest frame. Performing

the Fourier transform we obtain the coordinate space expressions

Ψ̃1 =
g2

2π2

√
α(1− α)

{
δσ ,−σ′

[
F2(wT , rT , α)

(
(1− 2α)

w · r
wT rT

− iσ′ w × r
wT rT

)
− 2α(1− α)F0(wT , rT , α)

]
+ imσ′ δσσ′ F1(wT , rT , α)

[
w1
⊥

wT
− iσ′ w

2
⊥

wT

]}
(3.3a)
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Ψ̃2 = − g2

2π2

√
α(1− α)

{
δσ ,−σ′

m

wT
K1(mrT )

[
(1− 2α)

w · r
wT rT

− iσ′ w × r
wT rT

]
+ iσ′ δσσ′

m

wT
K0(mrT )

[
w1
⊥

wT
− iσ′ w

2
⊥

wT

]}
(3.3b)

Ψ̃3 = −Ψ̃1 − Ψ̃2, (3.3c)

where the functions Fi(wT , rT , α) are defined as in [38],

F0(wT , rT , α) ≡
∫ ∞

0
dqT qT J0(qTwT )K0

(
rT

√
m2 + α(1− α)q2

T

)
(3.4a)

F1(wT , rT , α) ≡
∫ ∞

0
dqT J1(qTwT )K0

(
rT

√
m2 + α(1− α)q2

T

)
(3.4b)

F2(wT , rT , α) ≡
∫ ∞

0
dqT J1(qTwT )K1

(
rT

√
m2 + α(1− α)q2

T

) √
m2
q + α(1− α)q2

T .

(3.4c)

Note that F0 and F2 have dimensions of M2, while F1 has dimensions of M1.

We further note that the spin structure of the wave functions can be conveniently

decomposed [52] in terms of the Pauli matrices [ ~τ ] as[
Ψ̃i(w, r, α)

]
σ′,−σ

≡ [1]σ′,−σ Ui(w, r, α) + [τ3]σ′,−σ Li(w, r, α)

+ [τ ]σ′,−σ × T i(w, r, α), (3.5)

with U , L , and T denoting unpolarized, longitudinally polarized, and transversely polar-

ized quarks, respectively. Note that, in order to get a Pauli representation which transforms

as a vector under 2D rotations, it is necessary to represent the antiquark quantum number

as (−σ), similar to the idea of an antiquark helicity used in [38]. This construction yields

a transparent physical interpretation of the spin state of the qq̄ pair, is independent of the

spinor basis, and is explicitly invariant under rotations in the transverse plane [52]. The

corresponding spatial wave functions are given by

U1(w, r, α) =
g2

2π2

√
α(1− α)

[
(1− 2α)

w · r
wT rT

F2(wT , rT , α)− 2α(1− α)F0(wT , rT , α)

]
(3.6a)

L1(w, r, α) =
g2

2π2

√
α(1− α)

[
−i w × r

wT rT
F2(wT , rT , α)

]
(3.6b)

T 1(w, r, α) =
g2

2π2

√
α(1− α)

[(
m

wT
F1(wT , rT , α)

)
w

]
U2(w, r, α) =

g2

2π2

√
α(1− α)

[
−(1− 2α)

w · r
wT rT

m

wT
K1(mrT )

]
(3.6c)

L2(w, r, α) =
g2

2π2

√
α(1− α)

[
i
w × r
wT rT

m

wT
K1(mrT )

]
(3.6d)

T 2(w, r, α) =
g2

2π2

√
α(1− α)

[(
− m

w2
T

K0(mrT )

)
w

]
, (3.6e)
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1− α
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b

b

b a
a

b

b

Figure 4. The building block (Aqq̄)(ij) (kk′) (σσ′) of the scattering amplitude: a sum over time

orderings for a single qq̄ emission.

Note that the unpolarized and transversely polarized wave functions are real, while the

longitudinally-polarized wave function is pure imaginary, such that[
Ψ̃i(w, r, α)

]†
≡ [1]Ui(w, r, α)− [τ3]Li(w, r, α) + [τ ]× T i(w, r, α). (3.7)

The wave function for each time ordering is subsequently dressed by the Wilson line

color rotations of the partons which scatter in the field of the target nucleus at tLF = x+ =

0, as shown in figure 4.4 The Wilson line Vx in the fundamental representation is defined as

Vx ≡ P exp

[
ig

∫
dx+A−(x+, 0−,x)

]
, (3.8)

and the adjoint Wilson line Ux is defined analogously. In the case of the three time

orderings shown in figure 4, there are two color matrices built from these Wilson lines: one

for the color rotation of the valence quark (with indices kk′) and one for the color rotation

of the produced qq̄ pair (with indices ij). For the time-ordering 1 in which the pair is

radiated before the interaction, the wave function Ψ̃1 is dressed by the color rotations

(Vbt
b)kk′ (Vxt

bV †y )ij . For the time ordering 2 in which the gluon is radiated before the

interaction but pair produces after, the wave function Ψ̃2 is dressed by the color rotations

(Vbt
b)kk′ (Uu)ab(ta)ij . But for the time ordering 3 in which the valence quark scatters first

and then radiates the qq̄ pair after the interaction, the situation is slightly different. The

wave function Ψ̃3 = −Ψ̃1 − Ψ̃2 is not independent of the others, and the color rotation of

the valence quark is different from the other two time orderings: (tbVb)kk′ vs. (Vbt
b)kk′ .

This different color matrix for time ordering 3 can be brought into the same form as the

ones for time orderings 1 and 2 by using the identity (Ub)abtb = V †b t
aVb to write

(tbVb)kk′(t
b)ij = (VbV

†
b t
bVb)kk′(t

b)ij = (Vbt
b)kk′ (Ub)ab(ta)ij , (3.9)

where in the last step we relabeled the dummy indices a↔ b. This trick, which is visualized

in the transition of figure 1(d) → figure 3 of [53], brings all three time orderings into the

4The Wilson line description of high-energy scattering is applicable when the partons scatter coherently

on the whole target; that is, when the coherence length `+coh of the parton is greater than the Lorentz-

contracted size L+ ∼ MA

P−
A

L0 of the target. For the case of heavy quark pair production, `+coh ∼
1

p−pair

∼

2xpairP
+
a

m2 , so that the ratio is
`+
coh
L+ ∼

xpairsaN

m2A1/3 . This criterion is well satisfied as long as the heavy quark pair

is produced far away from the fragmentation regions of both projectile and target: m2

saN
A1/3 � xpair � 1.
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same form, allowing us to write the total amplitude for a valence quark to radiate a soft

qq̄ pair as

(ÃNA)(ij) (kk′) (σσ′)(x,y, b,u, α) ≡ (Vbt
b)kk′

[[
W b

1 (x,y, b)
]
ij

[
Ψ̃1(u− b,x− y, α)

]
σ′ ,−σ

+
[
W b

2 (u, b)
]
ij

[
Ψ̃2(u− b,x− y, α)

]
σ′ ,−σ

]
, (3.10)

where time ordering 3 has been absorbed into time orderings 1 and 2 by shifting the qq̄

color rotations:

W b
1 (x,y, b) ≡ VxtbV †y − (Ub)abta = Vxt

bV †y − VbtbV †b (3.11a)

W b
2 (u, b) ≡ (Uu)abta − (Ub)abta = Vut

bV †u − VbtbV †b . (3.11b)

The fundamental building block (3.10) is an operator matrix in the spins and colors of the

various partons, and by squaring and tracing out these quantum numbers in the appropriate

ways, we can form all contributions to the single- and double-pair production cross-sections.

3.2 Single pair production

As a first application of the building block (3.10), let us compute the single-pair production

cross-section (2.17) contributing to the qq̄ correlation function (2.9b). Squaring the building

block (3.10) and averaging over the color and spin of the valence quark, we obtain

〈
|ÃNA|2

〉
=

1

2Nc

2∑
i,j=1

trτ [Ψ̃iΨ̃
†
j ]
〈

trC [Vb1t
btcV †b1 ] trC [W b

iW
c †
j ]
〉

=
1

2Nc

2∑
i,j=1

(
UiUj − LiLj + T i · T j

)
(B1 −B2,u− b1, α)

×
〈

trC [W b
iW

b †
j ]
〉

(B1,B2,u, b1, α), (3.12)

where trC denote a trace over colors in the fundamental representation and trτ a trace

over spins and the remaining angle brackets denote an average over color configurations of

the target nucleus.5 Note that, because we have expressed the spin structure of the wave

functions in terms of Pauli matrices, the spin trace is trivial (using tr[τατβ ] = 2δαβ) and

can be straightforwardly generalized to more complex structures. The nontrivial aspect of

the calculation is the color algebra

Ωij ≡ trC [W b
iW

b †
j ] (3.13)

5We note that the averaging denoted by angle brackets in (3.12) is different from the event averaging

denoted by 〈· · · 〉ev in, for example, (2.3). The full event averaging there denotes an averaging over configu-

rations of both the projectile and the target, while the angle brackets over the Wilson lines in (3.12) denote

an averaging over the target only. The averaging over configurations of the projectile has been handled

explicitly in the cross-sections (2.17) and (2.19) through an integration over the density profile and the use

of light-front wave functions.
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for each of the time orderings i, j ∈ {1, 2}. Inserting the Wilson line interactions (3.11),

we obtain

Ω11 = 2NcCF −
1

2
N2
c

〈
D̂2(B1, b1)D̂2(b1,B2)

〉
− 1

2
N2
c

〈
D̂2(B2, b1)D̂2(b1,B1)

〉
+

1

2

〈
D̂2(B1,B2)

〉
+

1

2

〈
D̂2(B2,B1)

〉
Ω12 =

1

2
N2
c +

1

2
N2
c

〈
D̂2(B1,u)D̂2(u,B2)

〉
− 1

2
N2
c

〈
D̂2(B1, b1)D̂2(b1,B2)

〉
− 1

2
N2
c

〈
D̂2(u, b1)D̂2(b1,u)

〉
Ω21 =

1

2
N2
c +

1

2
N2
c

〈
D̂2(B2,u)D̂2(u,B1)

〉
− 1

2
N2
c

〈
D̂2(B2, b1)D̂2(b1,B1)

〉
− 1

2
N2
c

〈
D̂2(u, b1)D̂2(b1,u)

〉
Ω22 = N2

c −N2
c

〈
D̂2(u, b1)D̂2(b1,u)

〉
, (3.14a)

where CF = N2
c−1

2Nc
is the quadratic Casimir factor and we recall that u ≡ αB1 + (1−α)B2

with α ≡ k+1
k+1 +k+2

. Here we have introduced the operator D̂2 for the quark dipole scattering

amplitude,

D̂2(x,y) ≡ 1

Nc
trC

[
VxV

†
y

]
. (3.15)

As seen in (3.14), the average of D̂2 and of products of D̂2 determine the interactions’

contribution to the qq̄ correlation function. At higher orders, more and more complex

Wilson line traces will become relevant, including the quadrupole D̂4, sextupole D̂6, and

octupole D̂8 operators:

D̂4(x,y, z,w) ≡ 1

Nc
trC

[
VxV

†
y VzV

†
w

]
(3.16a)

D̂6(x,y, z,w,u,v) ≡ 1

Nc
trC

[
VxV

†
y VzV

†
w VuV

†
v

]
(3.16b)

D̂8(x,y, z,w,u,v, r, s) ≡ 1

Nc
trC

[
VxV

†
y VzV

†
w VuV

†
v VrV

†
s

]
. (3.16c)

Inserting the dipole operator (3.15) into the cross-section (2.17) gives the lowest-order

expression

k+
1 k

+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

=
a

(4π)2

∫
d2b1

×
{(
U1U1 − L1L1 + T 1 · T 1

)
(B1 −B2,u− b1, α)

×
[
CF −

Nc

4

〈
D̂2(B1, b1)D̂2(b1,B2)

〉
− Nc

4

〈
D̂2(B2, b1)D̂2(b1,B1)

〉
+

1

4Nc

〈
D̂2(B1,B2)

〉
+

1

4Nc

〈
D̂2(B2,B1)

〉]
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+
(
U1U2 − L1L2 + T 1 · T 2

)
(B1 −B2,u− b1, α)

×
[
Nc

2
− Nc

2

〈
D̂2(u, b1)D̂2(b1,u)

〉
+
Nc

4

〈
D̂2(B1,u)D̂2(u,B2)

〉
+
Nc

4

〈
D̂2(B2,u)D̂2(u,B1)

〉
− Nc

4

〈
D̂2(B1, b1)D̂2(b1,B2)

〉
− Nc

4

〈
D̂2(B2, b1)D̂2(b1,B1)

〉]
+
(
U2U2 − L2L2 + T 2 · T 2

)
(B1 −B2,u− b1, α)[

Nc

2
− Nc

2

〈
D̂2(u, b1)D̂2(b1,u)

〉]}
. (3.17)

Note that the product of the wave functions (3.6) is manifestly real and that, since

D̂2(x,y)∗ = D̂2(y,x), the interactions come in pairs which are also manifestly real.

This expression is simply the coordinate-space analog of the momentum-space qq̄ cross-

section calculated previously [38–43]. By integrating out either the quark or the antiquark

from (3.17) we can obtain the uncorrelated background (2.8) which needs to be subtracted

to obtain the correlation function (2.9b).

Finally, the correlation function is normalized by σ0, which we take to be single-

inclusive gluon production at lowest order. The standard textbook result [5] is

k+ dσ

d2kdk+
=

a

(2π)2

(
αsNc

2π2

)∫
d2x2 d

2x′2 d
2x1 e

−ik·x22′
x21 · x2′1

x2
21 x

2
2′1

×
〈

1 +
∣∣∣D̂2(x2,x

′
2)
∣∣∣2 − ∣∣∣D̂2(x1,x

′
2)
∣∣∣2 − ∣∣∣D̂2(x2,x1)

∣∣∣2〉 , (3.18)

with xij ≡ xi − xj , and the corresponding total cross-section is

σ0 =
αsNc

π2
(a∆Y )

∫
d2x1 d

2x2

(x21)2
T

〈
1−

∣∣∣D̂2(x1,x2)
∣∣∣2〉 , (3.19)

with ∆Y ≡
∫ p+a
p+A

dk+

k+
= ln p+a

p+A
= ln s

M2
A

the total rapidity interval of the collision. Note that

the scale to which the center-of-mass energy squared s is compared in the rapidity is not

uniquely fixed; with eikonal accuracy one could equally well define ∆Y = ln s
MaMA

instead.

Once an explicit model is chosen for the target averaging, one can calculate the cor-

relations explicitly, using the same model for both the qq̄ production and for σ0. One

simple and widely-used model which can be employed is the McLerran-Venugopalan (MV)

model [54–56]. The average for the dipole amplitude in the MV model is well known,

but the average of products of dipole amplitudes is more esoteric. Still, the MV model

evaluation of the double-dipole is known in the literature, with the explicit form [57]〈
D̂2(B1,B2)

〉
= e−

1
4
|B1−B2|2TQ

2
s (3.20a)〈

D̂2(x,y)D̂2(u,v)
〉

= e−
1
4
|x−y|2TQ

2
s e−

1
4
|u−v|2TQ

2
s e
− 1

4
Nc
2CF

(x−u)·(y−v)Q2
s

×
[((x− u) · (y − v) + (2CF

Q2
s

)µ2
√

∆

2 (2CF
Q2
s

)µ2
√

∆
− 1

N2
c

(x− y) · (u− v)

(2CF
Q2
s

)µ2
√

∆

)
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Figure 5. Wave functions Ψ
(pairs)
ijk` for topologies without fermion entanglement, which form two

independent fermion loops. The source gluons are kept free to be contracted in all possible ways,

and the free indices i, j, k, ` ∈ {1, 2} denote possible time orderings for each pair emission.

× e+
1
4
Nc

2CF
(
2CF
Q2
s

)µ2
√

∆Q2
s

−
((x− u) · (y − v)− (2CF

Q2
s

)µ2
√

∆

2 (2CF
Q2
s

)µ2
√

∆
− 1

N2
c

(x− y) · (u− v)

(2CF
Q2
s

)µ2
√

∆

)

× e−
1
4
Nc

2CF
(
2CF
Q2
s

)µ2
√

∆Q2
s

]
(3.20b)(

2CF
Q2
s

)
µ2
√

∆ =
√

[(x− u) · (y − v)]2 + 4
N2
c

[(x− y) · (u− v)] [(x− v) · (u− y)]

(3.20c)

These expressions are valid at finite Nc (that is, without taking the large-Nc limit). In

general, these expressions may contain an additional logarithm ln 1
rTΛ which recovers the

recover the perturbative power-law tail at asymptotically large transverse momentum (and

hence asymptotically short distances); that logarithm has been neglected in these expres-

sions from [57]. This is also known as the Gaussian approximation or the Golec-Biernat-

Wusthoff (GBW) model [58].

3.3 Double pair production: wave functions

The calculation of the double-pair production cross-section (2.19) is enormously more com-

plex than the calculation of the single-pair production cross-section (2.17), for many rea-

sons. One is that, when two qq̄ pairs have been produced, the pairs can become entangled

in highly nontrivial ways: between the amplitude and complex-conjugate amplitude, the

pairs may swap ownership of the quark (“quark entanglement”), the antiquark (“antiquark

entanglement”), or neither (“no fermion entanglement”). This flow of the qq̄ fermion loop

determines the structure of the spin trace trτ over the wave functions, with each topology

leading to a different wave-function structure.

The simplest case for the wave functions in double-pair production is the case of

no fermion entanglement, as shown in figure 5. Each pair is radiated from a valence

quark in the light nucleus with a particular time ordering: i, k ∈ {1, 2} in the amplitude
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Figure 6. Wave functions Ψ
(loop)
ijk` for fermion entanglement topologies which form a single fermion

loop. The source gluons are kept free to be contracted in all possible ways, and the free indices

i, j, k, ` ∈ {1, 2} denote possible time orderings for each pair emission.

and j, ` ∈ {1, 2} in the complex-conjugate amplitude. This reflects another source of the

greatly increased complexity for the double-pair case: now there are 24 = 16 different

combinations to consider (for each channel) due to the various time orderings, compared

to 22 = 4 combinations in the single-pair case.

Each pair is also produced with a set of kinematic arguments: the positions of the

quark and antiquark, the center-of-momentum position of the pair corresponding to the

position of the gluon, the position of the valence quark which radiated the pair, and the

fraction of the pair momentum carried by the quark. The details of these kinematics for

the various pairs will depend on the precise diagram, but for our purposes it is convenient

to denote the set of these kinematic arguments collectively by g1 , g2 , g3 , and g4 .

With this compact notation shown in figure 5, we can perform the spin trace trτ on

the pair wave functions to determine the spatial structure associated with this channel:

Ψ
(pairs)
ijk` ( g1 , g2 , g3 , g4 ) ≡ trτ

[
Ψ̃
i
g1 Ψ̃†

j
g2 ]trτ[Ψ̃k

g3 Ψ̃†
`
g4 ]

= 4
(
U
i
g1 Uj g2 − Li g1 Lj g2 + T

i
g1 · T j

g2 )
×
(
U
k
g3 U` g4 − Lk g3 L` g4 + T

k
g3 · T `

g4 ), (3.21)

with i, j, k, ` ∈ {1, 2}. In this simplest case, the fermion flow simply factorizes into two

bubbles, giving the square of the single-pair production case. Likewise, the color traces

over the Wilson lines will also factorize into a product of two traces, but the precise color

flow will depend on which valence quark sources each pair.

A significantly more complicated wave function structure arises when the fermion flow

is entangled between the pairs, as illustrated in figure 6. Here, instead of forming two

independent loops, the fermion flow is connected into one larger loop. Depending on which

valence quark radiated which pair, this may correspond to the entanglement of either the

quark or the antiquark. Using the same compact notation, we can write the wave function
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structure for this topology as

Ψ
(loop)
i,j,k,` (

g1 , g2 , g3 , g4 ) = trτ

[
Ψ̃
i
g1 Ψ̃†

j
g2 Ψ̃

k
g3 Ψ̃†

`
g4 ] .

= tr
[ (

[1]U
i
g1 + [τ3]L

i
g1 + [τ ]× T

i
g1 )

×
(

[1]U
j
g2 − [τ3]L

j
g2 + [τ ]× T

j
g2 )

×
(
[1]U

k
g3 + [τ3]L

k
g3 + [τ ]× T

k
g3 )

×
(
[1]U

`
g4 − [τ3]L

`
g4 + [τ ]× T

`
g4 ) ]. (3.22)

This time, the Pauli trace contains four matrices, so several new structures are generated

according to the algebraic properties given in (B.1) of appendix B. Nontrivial results occur

for traces of two, three, and four Pauli matrices, but although this result is significantly

more complex, its calculation in the Pauli matrix notation remains straightforward:

Ψ
(loop)
i,j,k,` (

g1 , g2 , g3 , g4 ) = 2U
i
g1 Uj g2 Uk g3 U` g4 − 2U

i
g1 Uj g2 Lk g3 L` g4 + 2U

i
g1 Uj g2 T

k
g3 · T `

g4
+ 2U

i
g1 Lj g2 Uk g3 L` g4 − 2U

i
g1 Lj g2 Lk g3 U` g4 − 2iU

i
g1 Lj g2 T

k
g3 × T

`
g4

+ 2U
i
g1 Uk g3 T

j
g2 · T `

g4 − 2iU
i
g1 Lk g3 T

j
g2 × T

`
g4 + 2U

i
g1 U` g4 T

j
g2 · T k

g3
− 2iU

i
g1 L` g4 T

j
g2 × T

k
g3 − 2L

i
g1 Uj g2 Uk g3 L` g4 + 2L

i
g1 Uj g2 Lk g3 U` g4

+ 2iL
i
g1 Uj g2 T

k
g3 × T

`
g4 − 2L

i
g1 Lj g2 Uk g3 U` g4 + 2L

i
g1 Lj g2 Lk g3 L` g4

− 2L
i
g1 Lj g2 T

k
g3 · T `

g4 + 2iL
i
g1 Uk g3 T

j
g2 × T

`
g4 − 2L

i
g1 Lk g3 T

j
g2 · T `

g4
+ 2iL

i
g1 U` g4 T

j
g2 × T

k
g3 − 2L

i
g1 L` g4 T

j
g2 · T k

g3 + 2U
j
g2 Uk g3 T

i
g1 · T `

g4
− 2iU

j
g2 Lk g3 T

i
g1 × T

`
g4 + 2U

j
g2 U` g4 T

i
g1 · T k

g3 − 2iU
j
g2 L` g4 T

i
g1 × T

k
g3

+ 2iL
j
g2 Uk g3 T

i
g1 × T

`
g4 − 2L

j
g2 Lk g3 T

i
g1 · T `

g4 + 2iL
j
g2 U` g4 T

i
g1 × T

k
g3

− 2L
j
g2 L` g4 T

i
g1 · T k

g3 + 2U
k
g3 U` g4 T

i
g1 · T j

g2 − 2iU
k
g3 L` g4 T

i
g1 × T

j
g2

+ 2iL
k
g3 U` g4 T

i
g1 × T

j
g2 − 2L

k
g3 L` g4 T

i
g1 · T j

g2 + 2(T
i
g1 · T j

g2 )(T
k
g3 · T `

g4 )

− 2(T
i
g1 · T k

g3 )(T
j
g2 · T `

g4 ) + 2(T
i
g1 · T `

g4 )(T
j
g2 · T k

g3 ). (3.23)

Note that, as Li is purely imaginary, the wave function trace Ψ
(loop)
ijk` is completely real.

For these fermion entanglement topologies, the Wilson line color traces will also be

arranged into a single large trace. Depending on which valence quark radiates which pair,

there are multiple color flows which can be constructed, and as a result of the highly-

entangled structure, each of these color structures will generate very complex Wilson line

multipoles. To illustrate the ingredients and the complexity of such channels, let us consider

the specific example of quark entanglement shown in figure 7. Immediately, the entangle-

ment of the pairs leads to an entanglement of their kinematic arguments: the momentum

fractions of the pairs become scrambled, such that

α1 =
k+

1

k+
1 + k+

2

6= α′1 =
k+

1

k+
1 + k+

4

(3.24a)

α2 =
k+

3

k+
3 + k+

4

6= α′2 =
k+

3

k+
3 + k+

2

, (3.24b)

– 20 –



J
H
E
P
0
7
(
2
0
1
8
)
0
0
3

b1 b1

b2 b2

x1

x2

x3

x4

u1

u2

u′
2

u′
1

α1

α2

α′
1

α′
2

q+1

q+2

q′+1

q′+23

1

2 4

Figure 7. Quark entanglement channel of double-pair production.

which subsequently scrambles the positions of the gluons lying at the pairs’ centers of

momentum:

u1 = α1x1 + (1− α1)x2 6= u′1 = α′1x1 + (1− α′1)x4 (3.25a)

u2 = α2x3 + (1− α2)x4 6= u′2 = α′2x3 + (1− α′2)x2. (3.25b)

With these definitions, the abbreviated notation for the various pairs can be spelled out

explicitly as

g1 ≡ {x1,x2, b1,u1, α1} (3.26a)g2 ≡ {x3,x2, b1,u
′
2, α
′
2} (3.26b)g3 ≡ {x3,x4, b2,u2, α2} (3.26c)g4 ≡ {x1,x4, b2,u

′
1, α
′
1}, (3.26d)

where the arguments denote the position of the quark, antiquark, emitting valence quark,

gluon, and quark momentum fraction, respectively, for each pair.

For the quark entanglement channel of double-pair production, the complete color

trace is given in terms of the building block (3.11) by

Ω
(q ent)
ijk` ( g1 , g2 , g3 , g4 ) ≡ tr

[
W b
i
g1 W † bj g2 W c

k
g3 W † c` g4 ] . (3.27)

There are 24 = 16 such terms corresponding to the different time orderings i, j, k, ` ∈ {1, 2}
for this channel alone, and each of these color traces is quite long and generally involves

high-order Wilson line multipoles. To illustrate this, consider just the first contribution

i = j = k = ` = 1, for which the explicit interaction is given by

4Ω
(q ent)
1111 = 8C2

FNc − 2CFN
2
c D̂2(b1,x2)D̂2(x1, b1)− 2CFN

2
c D̂2(b2,x4)D̂2(x1, b2)

+ 4C2
FNcD̂2(x1,x3)− 2CFN

2
c D̂2(b1,x1)D̂2(x2, b1)
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− 2CFN
2
c D̂2(b1,x3)D̂2(x2, b1) +N3

c D̂2(b1, b2)D̂2(b2,x4)D̂2(x2, b1)

− 2CFN
2
c D̂2(b1,x2)D̂2(x3, b1)− 2CFN

2
c D̂2(b2,x4)D̂2(x3, b2)

+ 4C2
FNcD̂2(x3,x1) +N3

c D̂2(b1,x2)D̂2(b2, b1)D̂2(x4, b2)

− 2CFN
2
c D̂2(b2,x1)D̂2(x4, b2)− 2CFN

2
c D̂2(b2,x3)D̂2(x4, b2)

+N3
c D̂2(x2, b1)D̂2(x4, b2)D̂4(b1,x3, b2,x1)

+N3
c D̂2(b1,x2)D̂2(b2,x4)D̂4(x1, b1,x3, b2)

+ 2CF D̂2(x1,x2) + 2CF D̂2(x1,x4)−NcD̂2(b1,x4)D̂2(x2, b1)

−NcD̂2(b2,x4)D̂2(x2, b2) + 2CF D̂2(x2,x1) + 2CF D̂2(x2,x3)

+ 2CF D̂2(x3,x2) + 2CF D̂2(x3,x4)−NcD̂2(b1,x2)D̂2(x4, b1)

−NcD̂2(b2,x2)D̂2(x4, b2) + 2CF D̂2(x4,x1) + 2CF D̂2(x4,x3)

−NcD̂2(x2, b1)D̂4(b1,x3,x4,x1)−NcD̂2(b1,x2)D̂4(x1, b1,x3,x4)

−NcD̂2(b2,x4)D̂4(x1,x2,x3, b2)−NcD̂2(x4, b2)D̂4(x2,x3, b2,x1)

+
1

Nc
D̂2(x2,x4) +

1

Nc
D̂2(x4,x2) +

1

Nc
D̂4(x1,x2,x3,x4)

+
1

Nc
D̂4(x2,x3,x4,x1). (3.28)

This operator, which must yet be averaged over color configurations of the target, involves

products of one, two, and three dipoles, quadrupoles, and the product of one or two

dipoles with a quadrupole. Clearly, an expression of this complexity will be difficult to

compute even in a simple analytic model like the MV / GBW model, and some resort to

approximate or numerical techniques will be necessary. For this reason, we defer a detailed

analysis of all the ensuing color structures to a dedicated future publication, in which we

will study aspects of these full correlations analytically and numerically. Still, there are

general physical features of the correlation functions we can understand by studying the

single-pair production result (3.17) and the wave functions (3.21) and (3.23), which we will

pursue next.

4 Correlations over various length scales

4.1 Single-pair production: long-distance asymptotics

One important quantification of the various correlation functions Cij is their characteristic

correlation length Lij which controls the exponential falloff of the correlation function at

large distances |B1 −B2|T →∞:

Cij(B1, k
+
1 ; B2, k

+
2 ) ∼ e−

|B1−B2|T
Lij . (4.1)

To understand the physical picture embodied by the correlation functions Cij , let us com-

pute their long-distance asymptotics.

Let us start by focusing on the single-pair production cross-section (2.17). This cross-

section only generates one qq̄ pair, and as such can only contribute to the quark-antiquark

– 22 –



J
H
E
P
0
7
(
2
0
1
8
)
0
0
3

correlation function Cqq̄ given in (3.17). As seen clearly in (3.17), there are two sources of

spatial dependence: the wave functions Ui , Li, and T i which are given in (3.6) and the

interactions. The interactions can be modeled in different ways, but for definiteness let us

consider the expressions in the MV / GBW model given in (3.20). Many of these inter-

actions are exponentially suppressed at large distances due to dynamical color screening

effects embodied in the saturation scale Qs. The single dipole scattering amplitude, for

instance, is 〈
D̂2(B1,B2)

〉
=
〈
D̂2(B2,B1)

〉
= e−

1
4
|B1−B2|2TQ

2
s , (4.2)

and the majority of the double-dipole amplitudes have the same long-distance asymptotics:

〈D̂2(B1, b1)D̂2(b1,B2)〉 = 〈D̂2(B2, b1)D̂2(b1,B1)〉
∼ 〈D̂2(B1,u)D̂2(u,B2)〉 = 〈D̂2(B2,u)D̂2(u,B1)〉

∼
(

1− 1

N2
c

)
e
− 1

4
[α2+(1−α)2− 1

NcCF
α(1−α)] |B1−B2|2TQ

2
s . (4.3)

Thus we immediately see that the full structure of the single-pair Cqq̄ correlation exists on

length scales |B1−B2|T ≤ 1/Qs. On length scales larger than 1/Qs, these terms die off, but

the overall correlation function Cqq̄ is not similarly suppressed. In addition to the constant

terms from the interactions, which are obviously unsuppressed for |B1 − B2|T � 1/Qs,

there is also the nontrivial double-dipole amplitude〈
D̂2(u, b1)D̂2(b1,u)

〉
= 1−

(
2CF
Nc

)[
1− e−

1
4
Nc
CF
|u−b1|2TQ

2
s

]
. (4.4)

Thus for |B1 −B2|T � 1/Qs in the MV / GBW model, the qq̄ cross-section is given by

the simplified form

k+
1 k

+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

∼ 2aCF
(4π)2

∫
d2b1

{[
|U1|2 + |L1|2 + |T1|2T

]
(B1 −B2,u− b1, α)

+
[
U1U2 − L1L2 + T 1 · T 2 + |U2|2 + |L2|2 + |T2|2T

]
× (B1 −B2,u− b1, α)

[
1− e−

1
4
Nc
CF
|u−b1|2TQ

2
s

]}
. (4.5)

This analysis shows that there are two interesting regimes of Cqq̄ in the case of single-

pair production: |B1 −B2|T ≤ 1/Qs and |B1 −B2|T � 1/Qs. The former is sensitive to

very short-distance correlations driven by the interactions, while most of these effects have

died away for the latter. This also shows that Qs does not set the overall correlation length

Lqq̄, since the correlation function overall does not decay exponentially when |B1−B2|T �
1/Qs. The correlation length is instead set by the long-distance asymptotics of the wave

functions, which are insensitive to Qs.

To determine the overall correlation length Lqq̄, then, we need to compute the long-

distance asymptotics of the wave functions and the integrals F0, F1, F2 given in (3.4) from

which they are built. In the regime mrT � 1, the asymptotics of these integrals are

F0(wT , rT , α) ≈
√
π

2

√
mrT

α(1− α)r2
T

e
−mrT

(
1+

w2
T

2α(1−α)r2
T

)
(4.6a)
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F1(wT , rT , α) ≈
√
π

2

1√
mrT

1

wT
e−mrT

[
1− e

− mrT w
2
T

2α(1−α)r2
T

]
(4.6b)

F2(wT , rT , α) ≈
√
π

2

√
mrT

1

rTwT
e−mrT

[
1− e

− mrT w
2
T

2α(1−α)r2
T

]
. (4.6c)

Propagating this forward to the wave functions, we find that all of the terms

U1,U2,L1,L2,T 1,T 2 at long distances all have the same limiting behavior:

Ui , Li , T i ∝ e−m|B1−B2|T . (4.7)

The wave function squared and hence the single-pair contribution to the correlation func-

tion Cqq̄ correspondingly decay as

Cqq̄(B1, k
+
1 ; B2, k

+
2 ) ∼ e−2m|B1−B2|T , (4.8)

such that the overall correlation length for Cqq̄ via single-pair production is set by the

mass of the quark pair: L
(single)
qq̄ = 1

2m . If the produced quarks are heavy, such as charm

quarks, then the associated correlation length is a perturbative scale. If the quarks are

light (or considered massless), on the other hand, then the correlations can extend to

nonperturbatively long distances |B1 − B2|T > 1/ΛQCD. Our perturbative calculation

ceases to be applicable over such long distances, however, so for light quarks one should

cut off the correlation function by hand at |B1 −B2|T ≈ 1/ΛQCD.

In the heavy-light regime, double-pair production is suppressed relative to single-pair

production by a factor of α2
sa

1/3 � 1, so the quark-antiquark correlation function Cqq̄ is

therefore dominated by single-pair production (3.17) wherever it contributes. However, as

we saw in (4.8), single-pair production can only accommodate correlations for distances

|B1 −B2|T ≤ min[1/2m, 1/ΛQCD]; at distances larger than this, the exponential suppres-

sion (4.8) of the single-pair correlations begins to compete with the suppression by α2
sa

1/3

of the double-pair production mechanism. Thus for heavy quarks at distances larger than

rdouble ≡
1

2m
ln

1

α2
sa

1/3
, (4.9)

double-pair production becomes the dominant source of qq̄ correlations Cqq̄. These double-

pair mechanisms will have correlation lengths L
(double)
qq̄ which extend beyond L

(single)
qq̄ =

1/2m. For Cqq and Cq̄q̄, single-pair production does not contribute, and double-pair pro-

duction is the leading mechanism at all length scales.

4.2 The double-pair regime

While we defer a full analysis of the lengthy double-pair production cross-section for a

dedicated future publication, there are some general features of double-pair correlations

which we can understand already based on the wave function structures (3.21) and (3.23).

Consider first the fermion entanglement topology

Ψ(loop) ∼ tr
[
Ψ̃(x1 − x2)Ψ̃†(x3 − x2)Ψ̃(x3 − x4)Ψ̃†(x1 − x4)

]
(4.10)
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shown in figure 6. Any correlation function will tag on the production of quarks or anti-

quarks at two positionsB1 = xi andB2 = xj , and the asymptotic limit rT = |B1−B2|T →
∞ of the correlation corresponds to sending these coordinates to infinity in opposite direc-

tions: xi = +1
2r and xj = −1

2r. Because each coordinate x1,x2,x3,x4 appears exactly

twice in the fermion trace and all wave functions have the same asymptotic decay, all

contributions from Ψ(loop) have the long-distance behavior

Ψ(loop) ∼
[
e−

1
2
mrT

]4
∼ e−2m|B1−B2|T . (4.11)

This exponential suppression is exactly the same as for the single-pair production channel,

as one would intuitively expect from a topology in which all the pairs are entangled.

Thus we conclude that, whenever single-pair production is negligible for Cqq̄, so is the

fermion entanglement contribution from double-pair production. For Cqq and Cq̄q̄, fermion

entanglement contributes only at distances shorter than 1/2m.

Similarly, for the topology with no fermion entanglement shown in figure 5, the wave

function structure

Ψ(pairs) ∼ tr
[
Ψ̃(x1 − x2)Ψ̃†(x1 − x2)

]
tr
[
Ψ̃(x3 − x4)Ψ̃†(x3 − x4)

]
(4.12)

leads to the same suppression if the size of either pair |x1−x2|T or |x3−x4|T becomes large.

However, combinations which tag on one (anti)quark from each pair are not suppressed

in this way; in these cases, large |B1 −B2|T requires large separations between the pairs’

centers of momentum |u12−u34|T , rather than that the qq̄ splitting itself be long-distance.

This applies to Cqq and Cq̄q̄, which necessarily select the quarks or antiquarks from each

pair, as well as the specific combinations B1 −B2 ∈ {x1 − x4,x3 − x2} for Cqq̄. Thus for

Cqq̄ at distances |B1−B2| � 1
m , we can replace the delta functions Z(qq̄) from (2.18) with

just the unsuppressed combinations,

Z(qq̄) → Z
(qq̄)
reduced =

1

4
K+

1 K
+
2

[
δ2(x1 −B1)δ(k+

1 −K+
1 ) δ2(x4 −B2)δ(k+

4 −K+
2 )

+ δ2(x3 −B1)δ(k+
3 −K+

1 ) δ2(x2 −B2)δ(k+
2 −K+

2 )
]
.

(4.13)

For heavy quarks, the region rdouble � |B1 −B2|T � 1
ΛQCD

is especially interesting.

Here the distance is large enough that the dominant production process is double-pair

production (with no fermion entanglement), but it is also short enough that correlations can

arise from perturbative QCD. These correlations can occur either through the interactions

of the pairs with the same correlated color domains in the heavy nucleus, or through the

entanglement of the gluons which produce the two pairs, as illustrated in figure 8.

For nonperturbatively large distances |B1−B2|T >∼ 1
ΛQCD

, perturbative degrees of free-

dom cannot mediate the correlations. Entanglement of gluons, as in figure 8, is not possible

in this region because the range of perturbative gluons is limited to 1/ΛQCD. In this case,

the only contribution to the double-pair cross-section (2.19) occurs when the large separa-

tion in |B1−B2|T is due to a large separation between the nucleons |b1−b2|T which radiate
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Figure 8. Gluon entanglement channel of double-pair production.

the independent pairs. At these distances, the two pairs are truly independent: they are

not connected by the exchange of any perturbative degrees of freedom, and they interact

with disjoint, uncorrelated color fields in the heavy nucleus. Because of this, both the wave

functions and the interactions of the two pairs factorize; for example, for Cqq we have

K+
1 K

+
2

dσ(qq)

d2B1dK
+
1 d2B2dK

+
2

=

∫
d2B

∫ ( 4∏
i=1

d2xi
dk+

i

4πk+
i

)
Z(qq)(B1,K

+
1 ,B2,K

+
2 , {xi, k+

i }4i=1)

×
[∫

d2b1 Ta(b1 −B)
〈
|ÃNA(b1;x1, k

+
1 ,x2, k

+
2 )|2

〉]
×
[∫

d2b2 Ta(b2 −B)
〈
|ÃNA(b2;x3, k

+
3 ,x4, k

+
4 )|2

〉]
=

∫
d2B

(
K+

1

dσq

d2B1dK
+
1 d2B

) (
K+

2

dσq

d2B2dK
+
2 d2B

)
, (4.14)

where we integrated out the spectators in the last line. Still, even in this regime the

correlated part (4.14) does not fully factorize into the product of two uncorrelated cross-

sections, because the two pairs are constrained to arise from nucleons in the same light

nucleus Ta(b). These are the “geometric correlations” observed in [44], which contribute

at distances |B1 −B2|T up to the size Ra of the light nucleus.

In the absence of geometrical structure from the light ion, say

K+
1

dσq

d2B1dK
+
1 d2B

=
1

S⊥A

(
K+

1

dσq

d2B1dK
+
1

)
, (4.15)

with S⊥A the transverse area of the heavy nucleus, a full factorization of the correlated

part (4.14) does occur, such that the overall correlation function reduces to

Cqq(B1,K
+
1 ; B2,K

+
2 ) =

[
σ0

S⊥A
− 1

]〈
K+

1

dnq

d2B1K
+
1

〉〈
K+

2

dnq

d2B2K
+
2

〉
. (4.16)
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Even though there are no correlations of any kind, the correlation function itself remains

nonzero, and the situation is similar for Cqq̄ and Cq̄q̄. This is a consequence of the simple

definition (2.6); other definitions [44] can be chosen such that the correlations go to zero

here instead.

5 Results and outlook

5.1 Results: single-pair production

As a concrete illustration, let us directly compute the single-pair contribution to the

quark-antiquark correlation function Cqq̄ (2.9b). The crux is the evaluation of the cross-

section (3.17) which gives the correlated part of Cqq̄, for which we will employ the MV /

GBW model (3.20). For simplicity, we will take the large-Nc limit, in which〈
D̂2(x,y)D̂2(u,v)

〉
≈
〈
D̂2(x,y)

〉 〈
D̂2(u,v)

〉
= e−

1
4
|x−y|2TQ

2
s e−

1
4
|u−v|2TQ

2
s . (5.1)

Organizing the terms based on the interactions, the correlated part is

k+
1 k

+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

=
a

(4π)2

Nc

2

∫
d2b1

×
{(
U1U1 − L1L1 + T 1 · T 1 + U1U2 − L1L2 + T 1 · T 2

)
(B1 −B2,u− b1, α)

×
[
1− e− 1

4 [|B1−b1|2T+|B2−b1|2T ]Q2
s

]
+
(
U2U2 − L2L2 + T 2 · T 2 + U1U2 − L1L2 + T 1 · T 2

)
(B1 −B2,u− b1, α)

×
[
1− e− 1

2
|u−b1|2TQ

2
s

]
−
(
U1U2 − L1L2 + T 1 · T 2

)
(B1 −B2,u− b1, α)

×
[
1− e− 1

4 [|B1−u|2T+|B2−u|2T ]Q2
s

]}
, (5.2)

where we recall that u = αB1 + (1 − α)B2 is the center of momentum of the qq̄ pair

and α =
k+1

k+1 +k+2
is the longitudinal momentum fraction of the pair carried by the quark.

We note that the saturation scale Qs contains an impact parameter dependence which

can in principle be different from term to term. However, Q2
s(b) ∝ TA(b) varies only

over macroscopic scales proportional to A1/3, over which the perturbatively short-distance

changes in coordinates are negligible; we can therefore choose to evaluate Qs at the same

position (say, u) in all terms up to corrections of order O
(
A−1/3

)
. Changing integration

variables from b1 to w = u− b1 and employing the short-hand r = B1 −B2 gives

k+
1 k

+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

=
a

(4π)2

Nc

2

∫
d2w

×
{(
U1U1 − L1L1 + T 1 · T 1 + U1U2 − L1L2 + T 1 · T 2

)
(r,w, α)
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×
[
1− e− 1

2
w2
TQ

2
s e−

1
4 [α2+(1−α)2]r2TQ

2
s e−

1
2

(1−2α) cosφwT rTQ
2

]
+
(
U2U2 − L2L2 + T 2 · T 2 + U1U2 − L1L2 + T 1 · T 2

)
(r,w, α)

[
1− e− 1

2
w2
TQ

2
s

]
−
(
U1U2 − L1L2 + T 1 · T 2

)
(r,w, α)

[
1− e− 1

4 [α2+(1−α)2]r2TQ
2
s

]}
. (5.3)

The exponentials in the first set of terms above come from the interference of Ψ1 and Ψ3

from figure 3, the exponentials in the second set of terms comes from the interference of

Ψ2 and Ψ3, and the exponentials in the last set of terms comes from the interference of Ψ1

and Ψ2. The terms with 1 in brackets come from the squares |Ψ1|2, |Ψ2|2, and |Ψ3|2.

The d2w integral is involved but straightforward, and some of the terms contain a

logarithmic IR divergence reflecting the (infinite) total radiation produced by the bare

valence quark. Keeping the terms which are logarithmic in the IR cutoff Λ and dropping

the finite pieces, the result is

k+
1 k

+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

=

(
aα2

sNc

4π3
ln

1

Λ

)
α(1− α)m2

(
1− e− 1

4
[α2+(1−α)2]r2TQ

2
s

)
×
[(
α2 + (1− α)2

)
K2

1 (mrT ) +K2
0 (mrT )

]
. (5.4)

Note that we have not specified the scale in numerator of the logarithm, since choices

of that scale differ only by finite pieces. In the same approximations, the normaliza-

tion (3.19) becomes

σ0 =
αsNc

π2
(a∆Y )

∫
d2x1 d

2x2

x2
21

(
1− e− 1

2
x221Q

2
s

)
=

2αsNc

π
(aS⊥A ∆Y ) ln

1

Λ
, (5.5)

with S⊥A ∝ A2/3 the transverse area of the heavy target nucleus. The IR logarithms cancel

in the ratio, leaving the correlated part of Cqq̄ as

Ccorr
qq̄ (B1, k

+
1 ;B2, k

+
2 ) ≡ 1

σ0

(
k+

1 k
+
2

dσqq̄

d2B1dk
+
1 d

2B2dk
+
2

)
=

αs
8π2

(
1

S⊥A ∆Y

)
α(1− α)m2

(
1− e− 1

4
[α2+(1−α)2]r2TQ

2
s

)
×
[(
α2 + (1− α)2

)
K2

1 (mrT ) +K2
0 (mrT )

]
. (5.6)

We observe that the fully differential correlation function Ccorr
qq̄ (B1, k

+
1 ;B2, k

+
2 ) is sup-

pressed by a factor of the full phase space 1
S⊥A ∆Y . A more meaningful correlation function

is therefore one in which the center-of-mass degrees of freedom u and q+ = k+
1 + k+

2 have

been integrated out to cancel this factor. Before we do that, however, let us first integrate

out the antiquark degrees of freedom B2, k
+
2 to obtain the inclusive quark production

cross-section which contributes to the uncorrelated part of the correlation function Cqq̄:

1

σ0

(
k+

1

dσq

d2B1dk
+
1

)
=

∫ p+a

p+A

dk+
2

k+
2

∫
d2B2 Ccorr

qq̄ (B1, k
+
1 ;B2, k

+
2 ). (5.7)
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The transverse integral can be done analytically in terms of Meijer G functions, but it will

not generate a factor of the area S⊥A because the Bessel functions K2
1 (mrT ),K2

0 (mrT )

limit the size of the splitting to be of order O (1/m). As a consequence, the inclusive quark

production term is suppressed by a factor of the transverse area,

1

σ0

(
k+

1

dσq

d2B1dk
+
1

)
∝ 1

S⊥A
∝ A−2/3. (5.8)

Therefore, in the full correlation function (2.9b), the correlated part Ccorr
qq̄ is proportional

to 1/S⊥A, while the uncorrelated part (σq/σ0)(σq̄/σ0) is proportional to (1/S⊥A)2. The

uncorrelated part is thus suppressed by a factor of A−2/3 relative to the correlated part

and can be neglected: Cqq̄ ≈ Ccorr
qq̄ .

After integrating out the center-of-mass degrees of freedom u and q+ for fixed r and

α, the correlation function is

Cqq̄(r, α) ≡ 1

σ0

dσqq̄

d2r dα
=

∫ p+a

p+A

dq+

q+

∫
d2u

1

σ0

(
q+ dσqq̄

d2r dα d2u dq+

)

=
1

α(1− α)

∫ p+a

p+A

dq+

q+

∫
d2u

1

σ0

(
k+

1 k
+
2

dσqq̄

d2B1 dk
+
1 d

2B2 dk
+
2

)
. (5.9)

The dq+ integration of (5.6) trivially cancels the rapidity phase space factor ∆Y , and the

d2u integration only couples to the impact parameter dependence of the saturation scale:∫
d2u

S⊥A

(
1− e− 1

4
[α2+(1−α)2]r2TQ

2
s(u)
)

= 1−
∫

d2u

S⊥A
e−

1
4

[α2+(1−α)2]r2TQ
2
s(u). (5.10)

Since this impact parameter dependence corresponds to the nuclear profile function

Q2
s(u) ∝ TA(u), the precise result of this averaging depends on the geometry of the target

nucleus. One can explore the effects of different nuclear geometries like a Woods-Saxon

profile, but for our present purposes we will simply neglect the impact parameter depen-

dence of Qs, effectively treating the target nucleus as having uniform transverse density.

In this approximation, the averaging is trivial and cancels the area factor S⊥A.

Having cancelled the phase space factor 1
S⊥A∆Y , the resulting correlation function is

Cqq̄(r, α) =
αs
8π2

m2
(

1− e− 1
4

[α2+(1−α)2]r2TQ
2
s

) [(
α2 + (1− α)2

)
K2

1 (mrT ) +K2
0 (mrT )

]
.

(5.11)

This correlation function contains three-dimensional information about the distribution of

quarks and antiquarks generated through single pair production, but since the splitting

fraction α is not fixed in a given event, it may be desirable to integrate out α as well.

Doing so gives the final result for the qq̄ correlation function,

Cqq̄(r) ≡
∫ 1

0
dα Cqq̄(r, α)

=
αs
8π2

m2

{
K2

1 (mrT )

[
2

3
+

2

r2
TQ

2
s

e−
1
4
r2TQ

2
s −

√
π

2

4 + r2
TQ

2
s

r3
TQ

3
s

e−
1
8
r2TQ

2
s Erf

(
rTQs

2
√

2

)]
+K2

0 (mrT )

[
1−
√

2π

rTQs
e−

1
8
r2TQ

2
s Erf

(
rTQs

2
√

2

)]}
. (5.12)
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Figure 9. Functional dependence of the correlation function (5.12) on the quark mass (left panel)

and saturation scale (right panel).
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Figure 10. Evaluation of the correlation function (5.12) for physical quark masses and with

saturation scales chosen to reflect collisions with gold ions at RHIC and lead ions at the LHC.

At this accuracy, the double-pair production cross-section is suppressed and can be ne-

glected, so that the baryon number correlation function (2.9d) is given entirely by the qq̄

correlation functions:

CBB(r) = −1

9

∑
f

(
Cqf q̄f (r) + Cqf q̄f (−r)

)
. (5.13)

The expressions (5.12) and (5.13) are one of the primary results of this paper, and they

illustrate what we hope to achieve in future work which will extend this result to include

correlations from double-pair production. We note that, although much of the physical con-

tent of this correlation is due to the mass of the quarks, eq. (5.12) does have a well-behaved

massless limit, for which limm→0[m2K2
1 (mrT )] = 1

r2T
and limm→0[m2K2

0 (mrT )] = 0.

The functional dependence of (5.12) on m and Qs is illustrated in figure 9, and the

correlation function for physical values of the parameters is shown in figure 10. In these

plots, we take αs = 0.3 for our fixed-coupling calculation, and we choose the saturation

scales to reflect gold ions at x = 10−2 at RHIC and lead ions at x = 10−3 at the LHC. For

the former case, we take the value of Qs quoted in the IPsat model (see, for instance, [59]),

and for the latter we extrapolate using the rough pocket formula Q2
s ∝ (Ax )1/3. As expected,

the range of the single-pair qq̄ correlation function (5.12) is controlled by the quark mass

and not by the saturation scale. However, as seen in figure 9, the saturation scale does
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Au, x=10-2: Qs
2
=0.85 GeV2

Pb, x=10-3: Qs
2
=1.86 GeV2
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Baryon Number: u + d + s + c

Figure 11. Evaluation of the baryon number correlation function (5.13) for physical quark masses,

summing over up, down, strange, and charm quark flavors.

control the strength of the correlations. The corresponding plot for the baryon number

correlation function (5.13) is shown in figure 11. Here we have summed over up, down,

strange, and charm quark flavors; note that the negative value of CBB (anticorrelation)

reflects the conditional probability of finding a negative baryon number charge in the

vicinity of an associated positive one (and vice versa).

It is also interesting to examine the diagrammatic origins of the correlation func-

tion (5.12). The terms containing the IR logarithms which generated (5.12) all arose from

the last line of eq. (5.3), which received contributions from the interference of the time

orderings Ψ1 and Ψ2 (the first and second diagrams of figure 4) as well as the square

|Ψ3|2 = | − Ψ1 − Ψ2|2 (the third diagram in figure 4). As such, the dynamical part

e−
1
4

[α2+(1−α)2]r2TQ
2
s of the correlation function (5.11) reflects the correlations generated by

the interference of the qq̄ pair scattering and the gluon scattering: the stronger the effects

of multiple scattering (quantified by Qs), the stronger the resulting correlations. These

correlations are therefore genuine effects of multiple scattering which would be absent or

weak in minimum-bias pp collisions, but enhanced in pA collisions. They also dominate the

correlations present over short distances in heavy-light ion collisions, although as discussed

previously, at longer distances double-pair production mechanisms will begin to dominate.

The constant part 1 in (5.11) fixes the normalization of the correlation function and arises

from the vacuum-like contribution |Ψ3|2 in which the produced pair does not pass through

the shockwave. This term is not cut off with increasing Qs, which is the reason that the

range of the correlation is controlled by the mass via the splitting wave function.

We emphasize the crucial role of the time ordering Ψ2 in generating the

quark/antiquark correlation function (5.12). This time ordering, in which the radiated

gluon first scatters in the target field and then pair produces in the final state, is respon-

sible for both the exponential dipole term in eq. (5.4) by its interference with the time

ordering Ψ1 and for the 1 by its contribution to |Ψ3|2 = | − Ψ1 − Ψ2|2. It is precisely the

contribution Ψ2 which was omitted in the Pauli blocking calculation of [27] because it was

not expected to generate statistical quark/quark correlations. In our case, however, the

Ψ2 contribution is essential to obtaining the interaction-mediated quark/antiquark corre-

lations (5.12), where statistical effects are absent.
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Region I

Cqq ∼ Cq̄q̄ ∼

Cqq̄ ∼

Region II

Cqq̄ ∼ Cqq ∼ Cq̄q̄ ∼

Region III

Cqq̄ ∼ Cqq ∼ Cq̄q̄ ∼

Figure 12. Example diagrams contributing to Cqq , Cqq̄ , and Cq̄q̄ in Regions I, II, and III.

Last, we note that the approximations used to arrive at our results are rather simple

ones — the MV/GBW model for the interactions, the large-Nc limit, and the back-of-

the-envelope setting of Qs. They illustrate the physical picture of the correlations and

provide concrete benchmarks, but these approximations can and should be improved in

future work.

5.2 The physical picture

As a result of the previous analysis, we can identify three different regimes (see figure 12)

in which the correlation functions Cqq, Cqq̄, Cq̄q̄ will be dominated by different mechanisms:

Region I : |B1 −B2|T ≤ min

[
1

2m
ln

1

α2
sa

1/3
,

1

ΛQCD

]
(5.14a)

Region II :
1

2m
ln

1

α2
sa

1/3
� |B1 −B2|T �

1

ΛQCD
(5.14b)

Region III :
1

ΛQCD
≤ |B1 −B2|T ≤ Ra. (5.14c)
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Region I covers distances short enough that a single qq̄ splitting can generate the

correlations. For Cqq̄, the dominant mechanism is single-pair production, and the relatively

simple result is given in eqs. (3.17) and (5.12). For Cqq and Cq̄q̄, the full complexity of double-

pair production contributes, including fermion entanglement and gluon entanglement. This

maximally complex situation couples to high-order color multipoles, like sextupoles and

octupoles, which are difficult to handle analytically, so it may be necessary to resort to

numerical [60] or approximate methods like the large-Nc limit [61–63].

Region II only exists for heavy quarks; it covers distances large enough that single-pair

and fermion-entanglement contributions have died off, but small enough that perturbative

mechanisms still generate the correlations. All correlations are dominated by double-pair

production without fermion entanglement, although perturbative correlations are generated

by gluon entanglement and the interactions. The interactions in this case, while simpler

and fewer in number than when fermion entanglement is considered, still couple to high-

order color multipoles and may require numerical simulations or approximate analytical

methods such as large Nc limit.

Region III covers the longest distances over which correlations exist. Over these non-

perturbative scales, two independent pairs are produced without dynamic correlations from

entanglement or the interactions. Despite this, nontrivial correlations still persist due to

the geometric correlations of the pairs from being produced within the density profile of

the light nucleus.

This overall physical picture is presented in figure 13 for the case of Cqq̄; this cartoon

illustrates the transition from the single-pair mechanism calculated in (5.12) for Region

I to the double-pair mechanisms in Regions II and III. The physical picture presented in

figure 13, the associated diagrams presented in figure 12, and the ingredients with which to

calculate them — the wave functions in (3.21) and (3.23) and the Wilson lines in (3.11) —

are the second main result of this paper. With these components, constructing the double-

pair correlation function is straightforward but lengthy, as the particular example (3.28)

illustrates. We will defer a detailed analysis of the double-pair results for a dedicated paper

in Part 2 of this study.

5.3 Conclusions

In this paper, we have constructed the spatial correlation functions among quarks and

antiquarks produced by qq̄ pair production at mid-rapidity in heavy-light ion collisions.

Depending on the choice of correlation function and length scale, the process may receive

contributions from single-pair production (2.17) or double-pair production (2.19), with

double-pair production opening up many possibilities for entanglement between the pairs.

All of these cases are constructed by tracing the appropriate fermion spin and color flows

over combinations of the fundamental building block (3.10), the dressed amplitude to

produce a single qq̄ pair.

Because of the length and complexity of the full analysis, we have chosen to divide

this calculation into parts. This paper constitues Part 1 of the analysis, in which we

have calculated the single-pair contribution to Cqq̄ (5.12) explicitly and outlined the length

scales over which various double-pair contributions occur. The primary difficulty for the
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Region I

Cqq ∼ Cq̄q̄ ∼

Cqq̄ ∼
I

Region II

Cqq̄ ∼ Cqq ∼ Cq̄q̄ ∼

II

Region III

Cqq̄ ∼ Cqq ∼ Cq̄q̄ ∼

III

1 2 3 4 5 rT

0.0001

0.0002

0.0003

0.0004

0.0005

C qq
_

1/m 1/ QCD Ra

Figure 13. Cartoon illustrating the general expected form of the correlation function Cqq̄. The

single-pair production channel calculated in (5.12) dominates in Region I, with a typical range

of 1/m. The double-pair channels dominating Regions II and III are drawn schematically here;

compared to the single-pair correlations in Region I, these channels are suppressed in magnitude

by a factor of α2
sa

1/3 but persist over longer ranges. The interaction- and entanglement-mediated

correlations which characterize Region II are cut off at O
(

1
ΛQCD

)
, while geometric correlations

persist in Region III up to the size Ra of the light ion.

double-pair case arises from the proliferation of the number and complexity of the Wilson

line color traces, as illustrated in the specific example (3.28). Each double-pair topology

admits 16 distinct cases for the interactions due to the various time orderings, and there are

3 distinct topologies associated with fermion entanglement and another 3 with no fermion

entanglement. For this reason, we defer the presentation and analysis of these results for

Part 2 of the analysis in a future publication.

The calculations presented here are limited to the quasi-classical approximation, in

which the Wilson line interactions are rapidity independent. At high enough energies,

small-x evolution will modify this, so the proper inclusion of evolution in the total collision

energy s will be a priority among future extensions. We have focused on constructing

the general form of the interactions in terms of Wilson line multipoles, which can then be

evaluated in a variety of methods. For analytic results which can be understood intuitively

on an event-averaged basis, we can take advantage of the MV model, supplemented with

the large-Nc limit as needed. For a more detailed and realistic evaluation of our correlation

functions, we can instead sample the color multipoles using Monte Carlo techniques [60];

this approach would be well-suited to studying event-by-event fluctuations.

Ultimately, the goal of this analysis is to characterize the profile of quark and an-

tiquark correlations in the initial stages of heavy-ion collisions. A final outcome of this

work should be the development of a numerical code which can initialize not only the
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energy density, but also other conserved charges like flavor and baryon number. Then,

when coupled with state-of-the-art hydrodynamics techniques, we will be able to address

novel questions about the role of these conserved charges throughout the evolution of

heavy-ion collisions. One possible observable that may be sensitive to these intial-state

correlations is the production of J/ψ and other quarkonium states, because the rates of

quarkonium regeneration may well be affected by the presence of initial-state quark pairs

in close proximity. The initial-state (anti)quarks produced with these correlations may

also translate, after hydrodynamic evolution and hadronization, into observable correla-

tions between baryons and anti-baryons [37]. The resulting correlations between same-sign

or opposite-sign hadrons may also provide an important conventional background for the

Chiral Magnetic Effect [29]. Although much work still remains to be done to fully assess

the potential impact of conserved charges in the initial state of heavy-ion collisions, we

believe this analysis represents an important step toward their incorporation in the next

generation of hydrodynamic codes.
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A Derivation of the wave functions

For the early pair production Ψ1 (see figure 3), there is an instantaneous piece Ψinst
1 and a

non-instantaneous piece Ψnon
1 . Using the rules and conventions of LFPT as in [5] (except

for the light-cone metric; they use g+− = 2, but here we keep g+− arbitrary), we have in

the A+ = 0 light-cone gauge

Ψnon
1 ≡ 1

p+

1

2g+−[p− − q− − (p− q)−]
(−g)

[
Uσ′v(p− q) /ε

∗
λ(q)Uσv(p)

]
× 1

q+

1

2g+−[p− − k− − (q − k)− − (p− q)−]
(−g)

[
Uσ′(k) /ελ(q)Vσ(q − k)

]
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= 2g2δσvσ′v
α(1− α)

(k − αq)2
T +m2 + α(1− α)q2

T

×
{

1

q+

[
Uσ′(k) γ+ Vσ(q − k)

]
− q

i
⊥
q2
T

[
Uσ′(k)γi⊥ Vσ(q − k)

]}
, (A.1)

with α ≡ k+

q+
and m the mass of the produced (anti)quarks (note that we take the valence

quark to be massless, but allow for the possibility of heavy qq̄ production) and a sum over

the gluon spin λ implied. The instantaneous part is

Ψinst
1 =

1

p+

(
g2

(q+)2

[
Uσ′v(p− q) γ+ Uσv(p)

][
Uσ′(k) γ+ Vσ(q − k)

])
× 1

2g+−[p− − k− − (q − k)− − (p− q)−]

= −2g2δσvσ′v
α(1− α)

(k − αq)2
T +m2 + α(1− α)q2

T

[
1

q+
Uσ′(k) γ+ Vσ(q − k)

]
. (A.2)

Thus the instantaneous part cancels the γ+ component of the non-instantaneous part,

leaving only

Ψ1 = −2g2δσvσ′v
α(1− α)

(k − αq)2
T +m2 + α(1− α)q2

T

qi⊥
q2
T

[
Uσ′(k)γi⊥ Vσ(q − k)

]
. (A.3)

The late pair production case Ψ3 (see figure 3) can be simply obtained from Ψ1:

Ψnon
3 =

p− − q− − (p− q)−
q− − k− − (q − k)−

Ψnon
1 =

α(1− α)q2
T

(k − αq)2
T +m2

Ψnon
1 (A.4a)

Ψinst
3 = −Ψinst

1 . (A.4b)

Then the sum of the two wave functions is

Ψ1 + Ψ3 =
p− − k− − (p− q)− − (q − k)−

q− − k− − (q − k)−
Ψnon

1 = −Ψ2, (A.5a)

where Ψ2 is precisely the time ordering with early emission of the gluon and late pair

production (see figure 3). The fact that Ψ1 + Ψ2 + Ψ3 = 0 confirms that the production

amplitude is zero in the absence of scattering.

Taking Ψ1 and Ψ2 as the independent wave functions, we have

Ψ1 = −2g2 α(1− α)

(k − αq)2
T +m2 + α(1− α)q2

T

qi⊥
q2
T

[
Uσ′(k)γi⊥ Vσ(q − k)

]
(A.6a)

Ψ2 = −2g2 α(1− α)

(k − αq)2
T +m2

{
1

q+

[
Uσ′(k) γ+ Vσ(q − k)

]
− q

i
⊥
q2
T

[
Uσ′(k)γi⊥ Vσ(q − k)

]}
,

(A.6b)
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where we have dropped δσvσ′v as understood for eikonal gluon emission. Using the spinor

matrix elements

1

q+

[
Uσ′(k) γ+ Vσ(q − k)

]
= 2
√
α(1− α) δσ ,−σ′ (A.7a)

qi⊥
q2
T

[
Uσ′(k)γi⊥ Vσ(q − k)

]
= δσ ,−σ′

1√
α(1− α)

[
α+ (1− 2α)

q · k
q2
T

− iσ′ q × k
q2
T

]
−mσ′ δσσ′

1√
α(1− α)

[
q1
⊥
q2
T

− iσ′ q
2
⊥
q2
T

]
(A.7b)

we obtain the momentum space expressions (3.1).

B Pauli matrix algebra

The following properties of the Pauli matrices make it straightforward to compute the spin

traces when contracting wave functions:

tr[1] = 2 (B.1a)

tr[τi] = 0 (B.1b)

tr[τiτj ] = 2δij (B.1c)

tr[τiτjτk] = 2i εijk (B.1d)

tr[τiτjτkτ`] = 2(δijδk` − δikδj` + δi`δjk) (B.1e)

(τi)
2 = 1 (B.1f)

{τi, τj} = 2δij (B.1g)

tr[([τ ]× f)([τ ]× g)] = 2f · g (B.1h)

tr[τ3([τ ]× f)([τ ]× g)] = 2if × g (B.1i)

tr[([τ ]× f)([τ ]× g)([τ ]× h)([τ ]× k)] = 2[f · g h · k − f · hg · k + f · k g · h]. (B.1j)
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[25] W. Broniowski and P. Bożek, Simple model for rapidity fluctuations in the initial state of

ultrarelativistic heavy-ion collisions, Phys. Rev. C 93 (2016) 064910 [arXiv:1512.01945]

[INSPIRE].

[26] C. Shen and B. Schenke, Dynamical initial state model for relativistic heavy-ion collisions,

Phys. Rev. C 97 (2018) 024907 [arXiv:1710.00881] [INSPIRE].

[27] T. Altinoluk et al., Quark correlations in the Color Glass Condensate: Pauli blocking and the

ridge, Phys. Rev. D 95 (2017) 034025 [arXiv:1610.03020] [INSPIRE].

[28] T. Altinoluk, N. Armesto and D.E. Wertepny, Correlations and the ridge in the Color Glass

Condensate beyond the glasma graph approximation, JHEP 05 (2018) 207

[arXiv:1804.02910] [INSPIRE].

[29] A. Kovner, M. Lublinsky and V. Skokov, Initial state qqg correlations as a background for

the chiral magnetic effect in collision of small systems, Phys. Rev. D 96 (2017) 096003

[arXiv:1706.02330] [INSPIRE].

[30] A. Kovner and A.H. Rezaeian, Double parton scattering in the CGC: double quark production

and effects of quantum statistics, Phys. Rev. D 96 (2017) 074018 [arXiv:1707.06985]

[INSPIRE].

[31] A. Kovner and A.H. Rezaeian, Multiquark production in p+A collisions: Quantum

interference effects, Phys. Rev. D 97 (2018) 074008 [arXiv:1801.04875] [INSPIRE].

[32] T. Lappi, B. Schenke, S. Schlichting and R. Venugopalan, Tracing the origin of azimuthal

gluon correlations in the color glass condensate, JHEP 01 (2016) 061 [arXiv:1509.03499]

[INSPIRE].

[33] K. Itakura, Y.V. Kovchegov, L. McLerran and D. Teaney, Baryon stopping and valence

quark distribution at small x, Nucl. Phys. A 730 (2004) 160 [hep-ph/0305332] [INSPIRE].

[34] D. Kharzeev, Can gluons trace baryon number?, Phys. Lett. B 378 (1996) 238

[nucl-th/9602027] [INSPIRE].

[35] A. Capella and B.Z. Kopeliovich, Novel mechanism of nucleon stopping in heavy ion

collisions, Phys. Lett. B 381 (1996) 325 [hep-ph/9603279] [INSPIRE].

[36] G.C. Rossi and G. Veneziano, A possible description of baryon dynamics in dual and gauge

theories, Nucl. Phys. B 123 (1977) 507 [INSPIRE].

[37] ALICE collaboration, Insight into particle production mechanisms via angular correlations

of identified particles in pp collisions at
√
s = 7 TeV, Eur. Phys. J. C 77 (2017) 569

[arXiv:1612.08975] [INSPIRE].

– 39 –

https://doi.org/10.1007/JHEP01(2010)066
https://arxiv.org/abs/0911.2068
https://inspirehep.net/search?p=find+EPRINT+arXiv:0911.2068
https://doi.org/10.1016/j.physletb.2015.05.051
https://arxiv.org/abs/1502.01331
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.01331
https://doi.org/10.1103/PhysRevC.61.067901
https://arxiv.org/abs/nucl-th/9907017
https://inspirehep.net/search?p=find+EPRINT+nucl-th/9907017
https://doi.org/10.1140/epja/i2016-16097-x
https://doi.org/10.1140/epja/i2016-16097-x
https://arxiv.org/abs/1511.04131
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.04131
https://doi.org/10.1103/PhysRevC.93.064910
https://arxiv.org/abs/1512.01945
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.01945
https://doi.org/10.1103/PhysRevC.97.024907
https://arxiv.org/abs/1710.00881
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.00881
https://doi.org/10.1103/PhysRevD.95.034025
https://arxiv.org/abs/1610.03020
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.03020
https://doi.org/10.1007/JHEP05(2018)207
https://arxiv.org/abs/1804.02910
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.02910
https://doi.org/10.1103/PhysRevD.96.096003
https://arxiv.org/abs/1706.02330
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.02330
https://doi.org/10.1103/PhysRevD.96.074018
https://arxiv.org/abs/1707.06985
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.06985
https://doi.org/10.1103/PhysRevD.97.074008
https://arxiv.org/abs/1801.04875
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.04875
https://doi.org/10.1007/JHEP01(2016)061
https://arxiv.org/abs/1509.03499
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.03499
https://doi.org/10.1016/j.nuclphysa.2003.10.016
https://arxiv.org/abs/hep-ph/0305332
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0305332
https://doi.org/10.1016/0370-2693(96)00435-2
https://arxiv.org/abs/nucl-th/9602027
https://inspirehep.net/search?p=find+EPRINT+nucl-th/9602027
https://doi.org/10.1016/0370-2693(96)00533-3
https://arxiv.org/abs/hep-ph/9603279
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9603279
https://doi.org/10.1016/0550-3213(77)90178-X
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B123,507%22
https://doi.org/10.1140/epjc/s10052-017-5129-6
https://arxiv.org/abs/1612.08975
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.08975


J
H
E
P
0
7
(
2
0
1
8
)
0
0
3

[38] Y.V. Kovchegov and K. Tuchin, Production of qq̄ pairs in proton-nucleus collisions at high

energies, Phys. Rev. D 74 (2006) 054014 [hep-ph/0603055] [INSPIRE].

[39] F. Gelis, K. Kajantie and T. Lappi, Quark-antiquark production from classical fields in heavy

ion collisions: 1 + 1 dimensions, Phys. Rev. C 71 (2005) 024904 [hep-ph/0409058] [INSPIRE].

[40] J.P. Blaizot, F. Gelis and R. Venugopalan, High-energy pA collisions in the color glass

condensate approach. 2. Quark production, Nucl. Phys. A 743 (2004) 57 [hep-ph/0402257]

[INSPIRE].

[41] H. Fujii, F. Gelis and R. Venugopalan, Quark pair production in high energy pA collisions:

general features, Nucl. Phys. A 780 (2006) 146 [hep-ph/0603099] [INSPIRE].

[42] F. Gelis and R. Venugopalan, Large mass qq̄ production from the color glass condensate,

Phys. Rev. D 69 (2004) 014019 [hep-ph/0310090] [INSPIRE].

[43] E.M. Levin et al., Heavy quark production in semihard nucleon interactions, Sov. J. Nucl.

Phys. 53 (1991) 657 [INSPIRE].

[44] Y.V. Kovchegov and D.E. Wertepny, Long-range rapidity correlations in heavy-light ion

collisions, Nucl. Phys. A 906 (2013) 50 [arXiv:1212.1195] [INSPIRE].

[45] W. Kittel and E.A. De Wolf, Soft multihadron dynamics, World Scientific, Singapore (2005).

[46] CMS collaboration, Observation of long-range near-side angular correlations in

proton-proton collisions at the LHC, JHEP 09 (2010) 091 [arXiv:1009.4122] [INSPIRE].

[47] C.J. Plumberg, C. Shen and U.W. Heinz, Hanbury-Brown–Twiss interferometry relative to

the triangular flow plane in heavy-ion collisions, Phys. Rev. C 88 (2013) 044914

[arXiv:1306.1485] [INSPIRE].

[48] M.E. Peskin and D.V. Schroeder, An Introduction to quantum field theory, Addison-Wesley,

Reading U.S.A. (1995), see http://www.slac.stanford.edu/∼mpeskin/QFT.html.

[49] J.D. Bjorken, J.B. Kogut and D.E. Soper, Quantum electrodynamics at infinite momentum:

scattering from an external field, Phys. Rev. D 3 (1971) 1382 [INSPIRE].

[50] G.P. Lepage and S.J. Brodsky, Exclusive processes in perturbative quantum chromodynamics,

Phys. Rev. D 22 (1980) 2157 [INSPIRE].

[51] S.J. Brodsky, H.-C. Pauli and S.S. Pinsky, Quantum chromodynamics and other field theories

on the light cone, Phys. Rept. 301 (1998) 299 [hep-ph/9705477] [INSPIRE].

[52] Y.V. Kovchegov and M.D. Sievert, Calculating TMDs of a large nucleus: quasi-classical

approximation and quantum evolution, Nucl. Phys. B 903 (2016) 164 [arXiv:1505.01176]

[INSPIRE].

[53] A.H. Mueller, A Simple derivation of the JIMWLK equation, Phys. Lett. B 523 (2001) 243

[hep-ph/0110169] [INSPIRE].

[54] L.D. McLerran and R. Venugopalan, Computing quark and gluon distribution functions for

very large nuclei, Phys. Rev. D 49 (1994) 2233 [hep-ph/9309289] [INSPIRE].

[55] L.D. McLerran and R. Venugopalan, Gluon distribution functions for very large nuclei at

small transverse momentum, Phys. Rev. D 49 (1994) 3352 [hep-ph/9311205] [INSPIRE].

[56] L.D. McLerran and R. Venugopalan, Green’s functions in the color field of a large nucleus,

Phys. Rev. D 50 (1994) 2225 [hep-ph/9402335] [INSPIRE].

– 40 –

https://doi.org/10.1103/PhysRevD.74.054014
https://arxiv.org/abs/hep-ph/0603055
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0603055
https://doi.org/10.1103/PhysRevC.71.024904
https://arxiv.org/abs/hep-ph/0409058
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0409058
https://doi.org/10.1016/j.nuclphysa.2004.07.006
https://arxiv.org/abs/hep-ph/0402257
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0402257
https://doi.org/10.1016/j.nuclphysa.2006.09.012
https://arxiv.org/abs/hep-ph/0603099
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0603099
https://doi.org/10.1103/PhysRevD.69.014019
https://arxiv.org/abs/hep-ph/0310090
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0310090
https://inspirehep.net/search?p=find+J+%22Sov.J.Nucl.Phys.,53,657%22
https://doi.org/10.1016/j.nuclphysa.2013.03.006
https://arxiv.org/abs/1212.1195
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1195
https://doi.org/10.1007/JHEP09(2010)091
https://arxiv.org/abs/1009.4122
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.4122
https://doi.org/10.1103/PhysRevC.88.069901
https://arxiv.org/abs/1306.1485
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.1485
http://www.slac.stanford.edu/~mpeskin/QFT.html
https://doi.org/10.1103/PhysRevD.3.1382
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D3,1382%22
https://doi.org/10.1103/PhysRevD.22.2157
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D22,2157%22
https://doi.org/10.1016/S0370-1573(97)00089-6
https://arxiv.org/abs/hep-ph/9705477
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9705477
https://doi.org/10.1016/j.nuclphysb.2015.12.008
https://arxiv.org/abs/1505.01176
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.01176
https://doi.org/10.1016/S0370-2693(01)01343-0
https://arxiv.org/abs/hep-ph/0110169
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0110169
https://doi.org/10.1103/PhysRevD.49.2233
https://arxiv.org/abs/hep-ph/9309289
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9309289
https://doi.org/10.1103/PhysRevD.49.3352
https://arxiv.org/abs/hep-ph/9311205
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9311205
https://doi.org/10.1103/PhysRevD.50.2225
https://arxiv.org/abs/hep-ph/9402335
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9402335


J
H
E
P
0
7
(
2
0
1
8
)
0
0
3

[57] F. Dominguez, C. Marquet and B. Wu, On multiple scatterings of mesons in hot and cold

QCD matter, Nucl. Phys. A 823 (2009) 99 [arXiv:0812.3878] [INSPIRE].

[58] K.J. Golec-Biernat and M. Wusthoff, Saturation effects in deep inelastic scattering at low Q2

and its implications on diffraction, Phys. Rev. D 59 (1998) 014017 [hep-ph/9807513]

[INSPIRE].

[59] H. Mäntysaari and R. Venugopalan, Systematics of strong nuclear amplification of gluon

saturation from exclusive vector meson production in high energy electron–nucleus collisions,

Phys. Lett. B 781 (2018) 664 [arXiv:1712.02508] [INSPIRE].

[60] A. Dumitru et al., Renormalization group evolution of multi-gluon correlators in high energy

QCD, Phys. Lett. B 706 (2011) 219 [arXiv:1108.4764] [INSPIRE].

[61] F. Dominguez, C. Marquet, A.M. Stasto and B.-W. Xiao, Universality of multiparticle

production in QCD at high energies, Phys. Rev. D 87 (2013) 034007 [arXiv:1210.1141]

[INSPIRE].

[62] E. Iancu and D.N. Triantafyllopoulos, Higher-point correlations from the JIMWLK evolution,

JHEP 11 (2011) 105 [arXiv:1109.0302] [INSPIRE].

[63] E. Iancu and D.N. Triantafyllopoulos, JIMWLK evolution in the Gaussian approximation,

JHEP 04 (2012) 025 [arXiv:1112.1104] [INSPIRE].

[64] S. Floerchinger and M. Martinez, Fluid dynamic propagation of initial baryon number

perturbations on a Bjorken flow background, Phys. Rev. C 92 (2015) 064906

[arXiv:1507.05569] [INSPIRE].

– 41 –

https://doi.org/10.1016/j.nuclphysa.2009.03.008
https://arxiv.org/abs/0812.3878
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.3878
https://doi.org/10.1103/PhysRevD.59.014017
https://arxiv.org/abs/hep-ph/9807513
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9807513
https://doi.org/10.1016/j.physletb.2018.04.044
https://arxiv.org/abs/1712.02508
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.02508
https://doi.org/10.1016/j.physletb.2011.11.002
https://arxiv.org/abs/1108.4764
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.4764
https://doi.org/10.1103/PhysRevD.87.034007
https://arxiv.org/abs/1210.1141
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.1141
https://doi.org/10.1007/JHEP11(2011)105
https://arxiv.org/abs/1109.0302
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.0302
https://doi.org/10.1007/JHEP04(2012)025
https://arxiv.org/abs/1112.1104
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.1104
https://doi.org/10.1103/PhysRevC.92.064906
https://arxiv.org/abs/1507.05569
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.05569

	Introduction
	General formulation
	Definitions: quark, antiquark, and baryon number correlations
	Structure of the cross sections

	Construction of the amplitude
	Building blocks: wave functions and Wilson lines
	Single pair production
	Double pair production: wave functions

	Correlations over various length scales
	Single-pair production: long-distance asymptotics
	The double-pair regime

	Results and outlook
	Results: single-pair production
	The physical picture
	Conclusions

	Derivation of the wave functions
	Pauli matrix algebra

