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Three-point bending tests. Part I:
Mathematical study and asymptotic
analysis

P. Quintela®* and M. T. Sanchez?

The goal of this work is to study the static behaviour of a three-dimensional elastic beam when is subjected to a three-point
bending test. In the first part, under suitable compatibility conditions on the applied forces and on the geometry of the
beam, we will prove the existence of a unique solution for the associated contact elastic problem; these conditions of
compatibility on the data come from the absence of a Dirichlet condition on the beam boundary. In the second part, we
will study the asymptotic behaviour of this problem; in particular, we will deduce the one-dimensional models associated
to the displacement components, and we will give the existence and uniqueness of solution for them. Moreover, we will
give an expression for the normal axial stress in the beam which is related to the modulus of rupture of brittle materials. In
the final part of the work, we will deal with the regularity of the solution for the bending problem and we will prove some
properties of the coincidence set. Copyright (© 0000 John Wiley & Sons, Ltd.
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1. Introduction

An increasing number of new challenges are constantly arising for engineers, comprising new applications, new materials or
possibly both. Very often, the behaviour of a certain material under new conditions cannot be correctly predicted, and many
trial tests are needed in order to determine whether it can be used or not. Therefore, an enormous effort is actually being made
with the purpose of developing new prediction techniques that allow saving huge amounts of money and time in testing the
materials. Strangely enough, there are very few studies about how to predict the behaviour of the different materials under
simple conditions. Several factors, such as slight differences in the composition or in the microstructure, can dramatically affect
the result of the considered tests, making useless previous tests to use on similar materials. This is particularly critical for the
ceramic materials.

In the common applications, materials are subjected to different forces, with complicated components of bending, torsion,
compression and usually combinations of all of them. To predict the behaviour of a certain material, without performing expensive
destructive tests, it is necessary to understand the mechanisms that affect its resistance to select the suitable failure criteria.
The properties of the material are carefully measured in laboratory tests on a sample of material; these tests determine the value
of their mechanical properties by measuring the applied forces and the corresponding relative changes of length (see [1]).

One of the most common bending experiments is called three-point bending test (see [2]). In this test a sample of a brittle
material is placed between three cylinders, without additional support, while with the upper cylinder applies an increasing gradually
force until the beam breaks (see Fig. 1). From this test a property known as modulus of rupture (MOR) is obtained, which
represents the maximum surface stress of the bent beam at the instant of failure. In the classical theory of beams, this value
is given by an explicit expression which involves the value of the load of failure, H, the distance, 2/, between the two lower
cylinders, and the second moment of inertia, /1, of the transversal section of the beam (see [3]). However, some difficulties have
arisen when using the three-point bending test to a number of samples of a brittle material. It is quite common that several
samples of the same material might lead to different values for the MOR, depending on factors such as the presence of defects,
the distance between the two lower cylinders or the ratio between this distance and the length of the beam; but, until now, there
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Figure 1. Three-point bending test.

are not many studies about this behaviour. Our aim is to study the mathematical problem associated to three-point bending
tests in order to increase the knowledge on the response for brittle materials. Next, in [4] we will obtain an effective method to
compute the MOR from different materials using three-point bending tests together with numerical simulations.

In particular, in this paper, we will prove the existence of a unique solution to the elastic problem with frictionless unilateral
contact that arises from the mechanical model of the three-point bending test. Furthermore, in order to justify the classic
formula for the MOR, we are interested in finding its limit model by using asymptotic analysis techniques when the thickness
of the sample beam goes to zero (see [5, 6, 7, 8, 9]). By using this method, classical theories like Bernouilli-Navier, Saint
Venant, Timoshenko and Vlassov theories were studied and justified (see [6, 8]). Also beams with a unilateral contact with a
rigid foundation have already been studied in [10, 11] but only when the beam is clamped at the ends. Despite the absence of
Dirichlet conditions for the three-dimensional mechanical problem associated with the three-point bending test, the asymptotic
method will allow us to obtain the limit model and to identify the relationship between the failure load and the corresponding
axial normal tension.

The outline of this paper is as follows. In Section 2, we will show the mathematical model associated with the three-point
bending test: an elastic problem with a unilateral contact condition, without friction, formulated in displacements. In Section 3,
we will propose a weak formulation of the problem in the appropriate functional spaces. Despite not impose Dirichlet conditions,
assuming a suitable condition of compatibility on the applied forces, we will prove the existence of a solution in Section 4.
Assuming additional conditions of symmetry in the geometry of the beam and in the applied forces, in Section 5 we will
demonstrate the uniqueness of the solution. The application of the asymptotic expansion method will be described in Sections
6 and 7, giving a characterization of the terms of first order of the expansion through one-dimensional variational problems.
In addition, we will give results of existence and uniqueness of solution for the corresponding axial and bending displacements.
Section 8 will be devoted to studying the strong convergences of displacements and stresses. In Section 9, we will rewrite the
limit problem on the original domain and, finally, in Section 10, we will present the differential formulations associated with the
one-dimensional models and we will give some properties of the coincidence set as well as some regularity results for the bending
problem.

2. Mathematical model

As usual in solid mechanics, Latin subscripts are understood to range over the integers {1,2,3} and Greek subscripts (other
than €) over the integers {1, 2}. Moreover, Einstein summation over repeated subscripts is implied.

Given two vectors u,v € R®, with components (u;), (v;), respectively, u - v = u;v; represents their scalar product. We denote
by R? the space of second order symmetric tensors over R®, endowed with the usual scalar product

9
o:T =0T, 0, T€ER;.

Let w be a bounded, open, connected Lipschitz subset of R? with area A. Given 0 < € < 1, we define w® = ew and we consider
the domain Q¢ = w® x (=L, L), L > 0, which corresponds to the reference configuration of the beam. Consequently, the beam
length is 2L and the area of the cross section is A¢ = 2 A. We refer the motion of the beam to a fixed Cartesian system 0x§x$x$
whose origin is situated at the center of gravity of the beam (see Figure 2).

The physical problem consists of determining the displacement vector field, u®, and the stress tensor field, o€, that the beam
Q° suffers when it is subjected to a three-point bending test.
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Figure 2. Sketch of the three-point bending test.

Let /¢ be the boundary of the beam which is the union of the lateral boundary If = ¢ x [—L, L], where 4¢ = dw®, and the
ends of the beam f = w*® x {£L}; ¢ is assumed to be Lipschitz-continuous.

An arbitrary point of Q¢ is denoted by x¢ = (xf, x5, x§) and n® denotes the outward unit normal vector to /. Notice
that n®(x®) = (nf, n5,0) on the lateral boundary If, where (nf(x{,x5), n5(xi,x3)) is the outward unit normal vector to w®
in (xt,x5) € ¥¢. Moreover, n® = (0,0,=£1) on .

Lateral boundary [ is partitioned into three non-empty, open and disjointed parts &, [y, and [y, satisfying =
FEUTR, UTE,, where:

e [¢ is the region of the beam where, due to the presence of the two lower cylinders, the normal component of the
displacement cannot be positive. To impose this constraint and take into account the reaction force exerted by the two
lower cylinders when the contact is effective, we consider a Signorini condition (see [12]):

0:=0,07,<0, u; <0, upo;, =0, on ¢ (1)

where uf, and o}, are the normal displacement and the normal stress at each point of the boundary, respectively, and
ué and of are the tangential displacement and the tangential component of o°n®, respectively. We suppose that the
two-dimensional measure of ¢ is strictly positive.

e [, corresponds to the region of the boundary in which the upper cylinder exerts a compression force with density h®
known.

e [, represents the remaining lateral boundary of the beam that is free of forces.

The ends of the beam are also assumed to be free of forces.
Under the assumption of small displacements, the behaviour of the beam is governed by the following problem:
Problem (F*):
Find the displacement vector field u®(x®) and the stress tensor field o¢(x®), at each point x® € Q°, satisfying:

—divé(c®) = f¢ in Q°, (2)

o*n =h"on Iy, (3)

on®=0o0n Iy, UL, (4)

0:=0, 07, <0, Ui <0, ofu,=00n I¢, (5)

of = Ne°(u) = Ntr(ef(u®))l + 2ufef(u) in QF, (6)

where the divergence operator and the linearized strain tensor are given by expressions

. €/ € _ ale €/ €\ _ 1 auf auje
@ve = gk e =3 (50 + 5%).

and \¢ and u® are the Lamé parameters of the material.
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3. Weak formulation

To carry out the mathematical analysis of Problem (P¢), we introduce a weak formulation in a similar manner to those used in
[13, 14, 12].
We consider the space of displacement vector fields H'(Q¢) = [H*(Q¢)]® which is a Hilbert space with the norm

3 3 1/2
lIv[l0c = <Z DS IISE(Ve)IISQe> :
i=1 ij=1

where || - ||o.0¢ denotes the usual norm in L?(Q¢). The subset of kinematically admissible displacements is the convex set (see

[12])
K(Q°) = {v¢ € H}(Q); vi < 0 on IE}.

Let us define the stress tensor space X(Q°) = [L2(Q)]? where

[L2(Q)] = {7° = (7)) € [L*(Q)": 7 = 7}
X(Q°) is a real Hilbert space endowed with the usual norm in [L?(2¢)]°. Its subspace

H(div, Q%) = {7° € X(Q°); div’(7°) € L*()}.
is also a Hilbert space with the norm

17l lmavey = (1718 0« + lldiv ()13 0)

We denote HY2(I¢) = [H¥?(I*)]® as the image set of the trace application from H*(Q). The following Green’s formula
holds:

/ 7° e (v¥)dx* —|—/ dive(7°) - vidx® = (1°n°, v®) e,
€ QE
for all 7¢ € H(div, Q) and v¢ € HY(Q), where (-, -)re represents the duality between H™Y2(7"¢) and H/?(I).

3.1. Assumptions

From now on we consider the following hypotheses.

(H1°) The volume forces satisfy ¢ € L?(Q°) and the surface forces h® € L*(Ig,).
(H2¢) The material is homogeneous and isotropic; so, the elasticity tensor A® defined in (6) is such that A%, u¢ € R, A\, u® > 0.
(H3°) The applied forces verify the following compatibility condition

o wdx® +/ h® - w'dr< <o,
o A
for all w® € K(Q°®) N R(Q°), where
R(Q°) = {w® € H'(Q) : e°(w®) = 0 in [L*(Q9)]°},
is the set of rigid displacements. Moreover,
o wdx® +/ h® - wdl* =0,
o A
if and only if w® € R,(Q2°), where
R,(Q°) = {w® € R(Q°); wi =0 a.e.on ¢}
(H4¢) The set (K(22°) N R(2°)) \ Ra(£2°) is non-empty.
3.2. Weak formulation of the problem

To simplify the writing, the following notations are useful:

e The external virtual work for the applied forces over the virtual displacement v¢ € H}(Q¢) is defined as:

Fe(ve):/ fe-vedxe—f—/ h® - vedre. (7
Q¢ i
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e The internal virtual work is related to the bilinear form a° defined by
a* (v, wf) :/ N°ef(v®) 1 e(w®)dx®, (8)
QE

for all v¢, w® € HY(Q°).

With the above notation, we propose the following weak formulation:
Problem (V P¢):
Find (uf, o) € K(Q°) x X(Q2°) such that

a*(uf, v —uf) > F(v¢ —u®), W € K(Q°),
{ of = N (u®). 9)

It is easy to prove that every solution of the classic Problem (P¢) is a solution of the weak Problem (V P¢) and the reciprocal
is also true (see [12]).

4. Existence of a solution of Problem (V P¢)

Results of existence and uniqueness for Problem (V P¢) when there exists a Dirichlet condition on a part of the boundary can
be found in [15] or [16]. If there does not exist a Dirichlet condition, a result of existence was given by [13], rewritten Problem
(VP¢) as a minimization problem under the assumption of compatibility (H3¢).
It is a classic result (see [17]) that Problem (V P¢) admits the equivalent formulation:
Problem (MP¢):
Find u® € K(Q2°) such that:
{ JE(uf) < J(ve), wvé € K(Q°),

where the minimization functional J¢ is defined by
F(v) = %ae(ve,ve) _Fv), v e HY(Q9). (10)
Consequently, we have the following result of existence:
Theorem 1. Under assumptions (H1¢)-(H4¢), there exists a solution u® of Problem (V P¢).
Proof. The regularity properties of the domain ¢, the assumptions (H3¢) and (H4°) and that the bilinear form a° verifies
a“(ve,v) > 2u[[e(v) |50, WV € HY(Q),

let us guarantee the hypotheses of theorem XVII of [13] so we can get the existence of a minimum of Problem (MP€) and
consequently the existence of a solution of Problem (V P¢). O

4.1. Properties of a solution of Problem (V P¢)

In the following Lemma we are going to prove that, if there exists a gap between the beam and the lower cylinders, then the
movement of the beam is free there.

Lemma 1. Let (uf, o) € K(Q°) x X(Q°) a solution for Problem (V P¢). Let A C ¢, meas(A) > 0, such that u;, < 0 on A. Then
oy, =0 on A.

Proof. Since (u®, ¢¢) is a solution of Problem (P¢) in the sense of the distributions, we obtain that
(o°n® v — Uy e > / h® - (v¢ —u®)dre,
i
for every v¢ € K(£2%). By choosing v¢ = 2u® and v¢ = u®/2, we have that
(o°n®, u)re = / h® - u'dre. (11)
A

Let us assume that of, < 0 on B C A, with meas(B) > 0. Since o°n =h® on [y, o°n* =0o0n 5, 07 =0o0n /¢ and 0, <0
on I'&, we can deduce that

(o5, vi)re > / h® - vedre,
&

for every v¢ € K(2°) such that v; < 0 on B. This is a contradiction to (11) if we consider v¢ = u®. O
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Lemma 2. Under assumptions (H1¢)-(H4¢), there exists a subset 'y, C I'¢, meas(l'5) > 0, such that the solution u® of Problem
(V P¢) satisfies:
up,=0onTp.

Proof. Let us assume that there does not exist /5 in those conditions. Then uf, < 0 on ¢ and, from Lemma 1, c*n® =0 on
ré. Therefore, the tensor on® € [L?(I€)]* verifies

ee_ | h® onlg,
U“‘{ 0 onl§,UMEUTE (12)

Given that u® is a solution of Problem (P¢) in the sense of the distributions, we can replace boundary conditions (3)-(5) by (12)
to conclude that
a*(uf, w) = FE(w®), Yw® € H'(Q).

By choosing w® € (K(Q2°) N R(2%)) \ R,(Q2°), we find
0= F*(w°) :/ - wedx® +/ h® - wedre,
Qe A

which is a contradiction with the assumption (H3¢). O

Lemma 3. Under assumptions (H1)-(H4¢), if u® is a solution of Problem (V P¢), any other solution is given by u® 4+ w®, where
we € R, ().

Proof. Thanks to assumption (H3¢), if u® is a solution of Problem (V P¢), then u® 4+ w® is also a solution for each w® € R(Q2°)
such that w; = 0 on §. Let us see the reciprocal.

Let us assume that u® is a solution of Problem (VP¢). By choosing as test functions v¢ 4+ u®, with v¢ = 2u® and v¢ = u®/2,
we obtain

a*(uf v®) — F(v®) >0, W e K(Q°), (13)
a*(u, uf) — F¢(u®) = 0. (14)

Expressions (13) and (14) allow us to prove the following inequality:

Je(ve) _ Je(ue) — %ae(veyve) _ I_—(ve) _ %aE(ue’ ue) + FE(UE)

Y

1
Eae(u6 —vé uf —v°) >0, W € K(Q°).

If @° € K(Q¢) is another solution of Problem (V P¢) and equivalently of Problem (MP*), then
€ [ ~€ € € 1 € € ~€ € ~€
0:J(u)—J(u)2§a(u —i5u" =0 >0,
that is, u® — i € R(Q°). Therefore, we have
i =u"+w’, w'eR(Q).

In addition, given that u® is also a solution of Problem (V P¢), if we take v¢ = @° in (9), we obtain

0> Fi(w) = [ f - wdx* +/ h® wdre.
Q€

ré
Ny

Now, exchanging u® and @i in the above reasoning, we can conclude that F¢(w®) = 0. Therefore, from assumption (H3¢), w; =0
on &, This allows us to conclude the proof. O

5. Existence of a unique solution

In this section we are going to prove the uniqueness of solution of Problem (V P¢) in the convex set K(Q¢). To do so, we assume
the following assumptions of symmetry in the domain and in the applied forces.

(H5°) e Domain w® is symmetrical with respect to the lines xf = 0 and x5 = 0.

Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-25
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e Boundaries [, and /¢ are symmetrical with respect to the planes x{ = 0 and x5 = 0. Furthermore,

M, ={x* € I 1x3] <6, (x1,x3) € Yy (3)},
Fé={x"€I7:0 < |x§| =1 <8, (. x5) € 72(x5)},

where 2/ is the distance between the two lower cylinders, g, (x5), v¢(x5) C v¢ and 4, 5 being small parameters,
verifying § < [ — 6.
e The second component of the outward normal vector to /¢ is not null on ¢ and with constant sign. Moreover, it
is even with respect to xi.
(H6°) Volume and surface forces verify that

e f and h§ are odd with respect to x{ and even with respect to x5,
e fy and h5 are even with respect to xf and x5,
e f3 and h§ are even with respect to x{ and odd with respect to x5.

We consider the following subspace of H!(Q°):

vi is odd in x; and even in x5
H:(Q°) = { v¢ € HY(Q®); 5 is even in x{ and x§
v5 is even in x{ and is odd in x5

Theorem 2. Under assumptions (H1¢)-(H6°%), there exists a unique solution u® € HL(Q°) of Problem (V P¢)

Proof. Suppose that u¢ € H'(Q%) N K(Q°) is a solution of Problem (V P¢) and let @i be the vector field defined by:
0° (X1, %5, x5) = (—Ui(=x1, X5, X3), Us(—XT, X5, X3), U3(—XT, X5, X3)).

Taking into account assumptions (H5¢) and (H6°), we can conclude that @€ is also a solution of Problem (V P¢). Moreover, it
is easy to prove that & = 1/2(u¢ + @) is a solution of Problem (V' P¢) such that ¢ is odd with respect to x{ and 45 and 45 are
even with respect to xf.

Analogously, if &i° is the vector field

6 (xf, 06, x5) = (81 (6, 56, —x5). 85 0xa. xe, —x3), —B5(x{, X5, =x5)).

both @i and & = 1/2(6° + ﬁe) are solutions of Problem (V P¢); moreover, (§ is odd with respect to x§ and &% and (5 are even

with respect to x, that is, & € HL(Q°).
Finally, let i € H(Q°) be any solution of Problem (V P¢). From Lemma 3, there exists w® € R,(Q2°) such that

In addition, w® must belong to H:(Q¢), so we can conclude w® = 0 thanks to assumption (H6%). O
Remark 1. Condition (H5°%) implies that the coordinates system Oxix5 is a principal system of inertia associated with the domain
w*, that is,

/ xedxidxs :/ xixsdxidxs = 0. (15)

Then, the 2 x 2 geometrical inertia tensor of the cross section w€ is just a diagonal matrix whose components are:

= [ Coraxian. i = [ (0Pdxidn. (16)

6. Rescaling functions and changing variables.

Our next objective is to study the behaviour of the solution (u¢, 0¢) of Problem (V P¢) when € tends to be smaller, that is, we
try to reduce our three-dimensional problem to a one-dimensional one. To do this, we will use the asymptotic expansion method
(see [8]).

Following [8] and in order to simplify the calculations, we are going to introduce the mixed variational formulation of Problem
(P).

Problem (MV P¢):
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Find u® € K(Q°) and o¢ € X(Q2°) such that

/ [1 TV e U—tr(ae)l] cTodxE = / e°(u®) : Tdx*, V1t € X(Q), (17)
LTE E o
/ 0_6 : Ee(ve _ ue)dxe Z FE(VG _ ue)’ vve € K(Qe), (18)

where E€ and v¢ are the Young's modulus and the Poisson’s ratio of the material, respectively, related to the Lamé parameters
by the usual relations.

Under assumptions (H1¢)-(H6°), there exists a unique solution of Problem (MV P¢) in (HL(Q®) N K(Q¢)) x X(Q°) thanks to
Theorem 2.

Given that the dependence of the solution (u¢, o) of Problem (MV P¢) with respect to € is very complex, we define an
equivalent problem for which this dependence is explicit. To do so, we use a change of variable to a fixed domain and the
subsequent rescaling of the displacements and stresses. The reference domain, independent of ¢, is

Q=wx(-L,L), Q="
y=0w=~"r=00=r"
We associate each point x € Q with a point x° € Q" through the transformation (see [6])
n: Q-
X = (x1, X2, x3) ~ N°(x) = x° = (ex1, €x2, X3), (19)

in such a way that
rée=nr), n°(x*) = n(x),

where n is the outward unit normal vector to the surface I".
We associate the functions v¢ € H*(Q¢) with the scaled functions v(e) € H*(Q) through

Va(€)(x) = eva(x%), va(€)(x) = v3(x°), (20)
and the functions 7¢ € X(Q°) with the scaled functions 7(€) € X(€2) through
Tag(€) (x) = € *Ti(x"), T3p(€)(x) = € ' ip(x%), Ta3(€) (x) = T55(xX°). (21)

Notice that (20)-(21) are not a priori assumptions on the order of magnitude of the displacements or stresses. It will be a result
of the forthcoming analysis that the rescaled unknowns are actually bounded.
In what follows, we consider the following additional assumptions on the data:

(H7°) The Lamé parameters are independent of €: A\* = X, u® = u. Consequently, Young’s modulus and Poisson’s coefficient are
independent of €.
(H8%) There exist functions f € [L2(©2)]* and h € [L?(I,)]® independent of € and such that

foa(x%) = efa(x), (x°) = f(x), x € Q,
B (X)) = € ha(X), h5(x°) = ehz(x), X € I, .
In addition, f and h verify:
fu€ L’(Q), £ € H((-L, L); L*(w)),
hoa € L*(Mhy),  hs € H'((=6,8); L ().
Under the previous assumptions we obtain the following result:

Theorem 3. Under assumptions (H1¢)-(H8¢), the scaled displacement and stress fields (u(e), o(€)) of the solution (u®, o¢) €
(HL(Q%) N K(Q9)) x X(QF) of Problem (MV P?) is the unique solution of the problem:
Problem (MV P(¢)):

u(e) € HI(Q) NK(Q), o(e) € X(R), (22)
ao(o(€), 7) + €2 az(a(€), 7) + €*an(c(€), ) — b(T, u(e)) = 0,
VT € X(Q), (23)
b(o(e),v —u(e)) > F(v —u(e)), Vv e HXQ)NK(Q), (24)
E Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-25
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where
1
ao(O,T) = / *033T33dx, (25)
o E
2(1+
a(o,T) = / [%0367'3;3 - %(‘7337'#;4 + UMMT33)] dx, (26)
Q
1+v v
84(0',7') = / [?Uaﬁ - Eauuéaﬁ]'raﬁdxy (27)
Q
b(t,v) = / Tiiei(v)dx, (28)
Q
F(v):/f,-v,-dx+/ hividrl. (29)
Q I,

Proof. Taking into account expression (20), we obtain the following relation between the linearized strain tensor €°(v¢) and the
scaled linearized strain tensor g(v):

eap(v(e)) = €’eap(v¥), e3p(v(€)) = €55 (v¥), e33(v(e)) = 55(v°).

So, we have that

/efe.vedx€+/,_€ h - vedré=¢ (/szf-v(e)dx+//_ h-V(e)dF) ,
/Qé o¢ 5 (V) dxt = € (/Q o(e) : E(V(e))dx) ’

b(o(€),v —u(e)) > F(v—u(e)), Vv € HE(Q) N K(L).

thanks to (19)-(21). Consequently,

Analogously, substituting expressions (20), (21) and (25)-(29) in Problem (MV P¢) and applying the change of variable theorem,
we obtain expression (23). O

7. Asymptotic expansion method

From now on, unless otherwise stated, we assume hypotheses (H1°¢)-(H8%). We suppose that the solution (u(e),o(e)) €
(HY{(Q) NK(Q)) x X(Q) of Problem (MV P(€)) can be written as a formal expansion

(u(e), o(e)) = (W°, %) + €W?, o?) + *(u*, o*) + o(e*), (30)

whereu’ € H(Q) NK(Q) and o' € X(Q) are independent of e. Substituting expression (30) in Problem (MV P(¢)) and identifying
the coefficients of the same powers of €, we obtain formally that the terms of order zero must be a solution of the problem:
Problem (MV P°):

uw’ e HX(Q) NK(Q), % e X(Q),
a(c®, 1) = b(t,u®) =0, VT eX(Q), (31)
b(e® v —u®) > F(v—u®), WveHQ)NK(EQ).

In order to characterize the element (u®, ¢°), solution of Problem (MV P°), we consider the decomposition
Hi(Q) = We2(Q) x Hi (),
where

W (Q) = {(v1, v2) € [H (] (v1, v, 0) € H(Q)},
HY(Q) = {v € H'(Q): (0,0, v) € H}(Q)}.

Taking into account that in the contact boundary ¢ the outward normal vector is given by (n1, nz,0), we have that

K(Q) = K»(Q) x H}(),

Math. Meth. Appl. Sci. 0000, 00 1-25 Copyright © 0000 John Wiley & Sons, Ltd. n
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where
K2(Q) = {(v1, v2) € [H(Q)]?; Vana <0 0n Ic}.

Consequently, Problem (MV P°) can be rewritten in the equivalent form:

(uf, U9) € Wea(Q) N K2A(Q), uS € H; (), 0° € X(Q), (32)
/ lO'E:;Jg’7'33C/X — / 83U§’T33dx =0,V73 € LQ(Q), (33)
Q E Q

/€3ﬁ(uO)T35dX = O,V(’7'35) € [LQ(Q)F, (34)

Q
[ £aolu)rasdx = 0.¥(ra0) € [, (35)

Q
/(02363\/3 + 03505v3) dx = / f3V3dx+/ hsvsdl, Vvs € HH(Q), (36)

Q Q Ty

[ 19%0a 05 = ) + 03050 — )] 2
Q

/fﬁ(vﬁ—ug)dx—k/ hg(v,g—ug)dl—, (37)
Q My

V(Vﬁ) (S W52(Q) n KQ(Q)

To characterize the solutions of Problem (32)-(37), we introduce the following notations:

e The total force per unit of length is

qi(xs) = / fi(x1, x2, x3)dx1dx +X[—6,6](X3)/ hi(xw, x2, x3)dy. (38)
w v

vy (x3)

e The total moment about the origin of the cross-section per unit of length is defined as
M(xz) =/(X2f3. —x1fs, x1fo — xofi) dx1dxo+
w

X[-4.61(X3) (x2h3, =x1hz, xLh2 — x2h1)d7y. (39)

Ty (x3)
We also introduce the subspace of H(Q) corresponding to Bernouilli-Navier displacements (see [8]):
Vien(Q) = {v € HI(Q); va € H* (=L, L), v3 = V3 — XaB3Va, V5 € H' (=L, L)}.

Moreover, to take into account the hypotheses of symmetry, we consider the subspace of H™(—L,L), HZ(—L,L) and
HY' (=L, L), m=1,2, corresponding to its even and odd functions, respectively.
The following theorem characterizes the solutions of Problem (32)-(37):

Theorem 4. Every solution of Problem (32)-(37) verifies:
i. The displacement field u® € Vgn(S2); u3 being given by
U9 (x1, X2, X3) = U3(x3) — %2853 (x3), Y(x1, X2, X3) € Q, (40)

with u3 € HL(—L, L). Moreover, U8 is null and u3 € H2(—L, L).
ii. The axial stress 035 is given by
O'gg = E@gug = E(@ggg — Xgaggug), (41)

and the corresponding component of the bending moment is
mg = /XQUg3dX1dX2 = —E/1633U8.
w

iii. The stretch component gg is a solution of the axial problem:
Problem (P3): Find uj € Hi(—L, L) such that

L L
/ EAB;u385v5 dxs = / qsvidxs, (42)
—L —L

for all v¥ € HY(—L, L).
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iv. The displacement uS is a solution of the bending problem:

Problem (P3): Find u3 € H2(—L, L), (0, u9) € K2(R), such that

L L L
/ E11833u8833(v§ — Ug)dX3 Z / CIQ(VQO — Ug)dX3 —/ I\/1183(v§) — Ug)dX3, (43)
—L —-L -L

for all v@ € H2(—L, L), (0,9 € Ko(R).
Proof. (i) By expression (35) we obtain that
=8 =0 6, +8u =0
Then, we deduce

U (xt, 3o, x3) = $0x, x3), U3 (x1, %2, x3) = P3(x1, x3),

8203 (x2, x3) + 8195 (x1, x3) = 0.
Given that the variables x1, xo and x3 are independent, we find that
0 _ 0 _ 0
8¢1(x0, x3) = —01¢2(x1, x3) = Z (x3)
and consequently,
0 _ 0 0
Ui (X1, X2, x3) =21 (x3) + x2z (Xx3),
ug(xl,X2,X3) ZZQO(X3) — xlzo(xs).

In addition, u must be odd with respect to x1, so z¥ =2z°=0. Therefore, u) =0 and ud = z8(x3). Moreover,
(uf, U3) € Ws2(Q) and consequently, z§ € Hi(—L, L).

Furthermore, from (34), g35(u®) = 0, thus

81ug = —63(1? =0, agug =— 63ug = —83220.
Integrating, we obtain that
0 _ 0 0 _ 0 0
us(x1, X2, x3) = Uz(x3) — %0032y (x3) = U3(x3) — x203u>(x3). (44)
Summing up, we have proved that:
uo(xl, X2, x3) = (0, ug(X3),gg(X3) — X283U3(X3)) € Hi(Q) NK(Q). (45)

In particular, 3308 = 83u3 — 203318 € L?(Q), from which we infer that:

L L
/(63ug)2dx = A/ (83Q2(X3))2dX3 =+ /1/ (833U8(X3))2dX3 < o0,
Q -L -L
so ud € H2(—L,L) and ud € H(—L,L).
(i) It is easy to prove (41) substituting expression (44) in equation (33).

(iii) Substituting expression (41) in (36), we deduce that

/[E(63gg — x2033U9)B3v3 + 0950 v3]dx = / f3V3dx+/ hsvsdl, Yvs € HE ().
Q Q T

Ny

Choosing va(x1, x2, x3) = v3(x3) € H:(—L, L) as a test function, we have that
/ E(B3u3 — x0033u3)83v§ dx = / favs dx +/ hsvdr.
Q Q I,
Taking into account (15), we conclude that

L L 5
/ EAﬁgggagvng3 :/ (/ 7‘3dx1dxz> vé)dX3 +/ / hsdy Vg?dx:),,
.y —L w =6 ’YNl(XB)

for all v € H3(—L, L). Therefore, from expression (38), u3 is a solution of Problem (P3).
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(iv) By choosing (vi, va)(x1, x2, x3) = (0, v2(x3)) € Ws2(Q) N K2(Q), with
v € H2(—L, L), as a test function in inequality (37), we obtain that
/02283(\/3 —u9)dx > / H(ve — ug)dx+/ ha (V8 — ud)dr. (46)
Q Q I,

Moreover, choosing vs(x1, x2, x3) = x003(v? — 1) (x3) € HE(Q) in expression (36), we deduce that
[ 165:02(:002(12 = ) + 0502205 — )]
Q

=/f3xQ83(v§—ug)dx+/ h3X283(v§—ug)dl_,
Q N

1

and, consequently,
[ 1050m2(18 = ) + 0%02(18 — lax
Q
= / Fix00s (v — uS)dx+/ hsxo83(vs — ud)dT. (47)
Q i,
Now, taking into account expression (41), we have that
/ 093%0033 (Ve — ud)dx =
Q
L
/ 833(V20 - Ug) </ XQE((%Q?) - X2833ug)dX1dX2) dX3 =
—L w
L
—/ E/1833U8833(V20 - UQO)dX3. (48)
—L

From (46)-(48) we infer that:

L
/08283(v20 — ug)dx:/ El853u3853 (v — 1) dxa+
Q L

/xzf383(v§ - ug)dx+/ X2h383(v§ - ug)dl—,
Q N

1

/03283(@0 - ug)dx > / fg(v20 - ug)dx—{—/ hQ(V2O - ug)dl_.
Q Q i,

Finally, from expressions (38) and (39), we deduce inequality (43) and then (iv).

Theorem 5. Under assumptions (H1¢), (H2%), (H7¢) and (H8°), there exists a unique solution of Problem (P%).

Proof. Since u3 must be an odd function, the bilinear form associated to Problem (P3) is coercive on Hy(—L, L) C C([-L, L])
and the uniqueness is proved. O

Theorem 6. Under assumptions (H1¢)-(H3¢), (H7¢) and (H8¢), there exists a unique solution of Problem (P3).

Proof. It can be proved by applying a well-known result of Lions and Stampacchia [16]. Then, we consider V = H2(—L, L) which
is a dense subspace of H(—L, L) C C°([—L, L]).
We denote by po the usual norm in H*(—L, L) which gives a pre-Hilbert structure to V' and by p; the seminorm in V:

o
dx?

p1(v) =.

0(-LL)
The subspace Y = {v € V; pi(v) = 0} is finite-dimensional since

Y ={veV;v(xs) =c, c€R}
Moreover, due to the compact injection V < HX(—L, L), we have that (see [18])

inf po(v —y) < cpa(v), Vv € V. (49)
yey
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If we denote by a the bilinear form in (43), we obtain that a is continuous on V' and semicoercive, i.e.,
a(v.v) > api(v), VeV, o >0. (50)

In addition, the right-hand side of equation (43) can be identified as an element of V'

L L
(FO, v) =/ G2vdxs —/ M10svdxs,
L _1

and, thanks to hypothesis (H3™) for e = 1, it is easy to prove that
(F%y) <0, Vy€Y.y#0, (0.y) € Ka(). (51)

Relations (49)-(51) allow us to apply Theorem 5.1 of Lions and Stampacchia [16] and obtain the existence of, at least, one
solution of Problem (P9).

Now, let us assume that u and i are two different solutions of Problem (P3). Then, we can prove that there exists y € Y'such
that i = u+ y. Indeed, given that v and & are solutions, we can write

a(u,i—u) > (F° ia—u)=(F°y),
a(i, i—u) < (F° d—u)=(F°y),

that is,
a(i—u,i—u)<O.

Consequently, from (50), y € Y and (F°,y) = 0; so, from (51), y = 0. In conclusion, there exists a unique solution of Problem
(P9). O

8. Convergence of scaled displacements and stresses

In order to complete the asymptotic analysis of our problem, we are going to carry out a convergence analysis of the solution of
Problem (MV P(g)), (u(€), o(€))eso0. when € goes to 0. For all v € H1(Q), we denote

vire = vl + lle(v)lloq.

which is an equivalent norm to || - ||L.a in HY(Q); the first addend gives a pre-Hilbert structure to H(Q) and the second addend
is a seminorm in H'(Q).

Definition 1. We define the subspace Y(Q2) = H(Q) N R(Q)
Y(Q) = {w € HE:(Q); [le(w)|lo.o = 0} = {w = (0, ¢, 0); c € R}.

Lemma 4. Let P be the projection of HX(Q) onto Y(Q), with respect to the pre-Hilbert structure on HX(Q) defined by || - |lo.c.
Then,

Pv = (0, Ma(v2),0), Yv € HL(Q),

1
MQ(VQ) = mLVQdX.

Furthermore , _ _
Eig(fm v —wlloe = [lv— Pvlloe < Clle(v)llo.o, W € H{(Q), € >0, (52)

C depending only on Q.

Proof. The projection P is well defined because Y(2) is a finite-dimensional space. In addition, given that Y(2) is a closed
subspace, we have for each v € H}(Q) (see [19])

(v—Pv,w) =0, Vw e,

that is,
0=(v—"Pv,(0,c0)) = c/ (vo — (Pv)2) dx, Vc € R, ¢ # 0.
Q

Taking into account that (Pv), is a constant, we can deduce

(Pv), = #S(Q) /Q rdx = Ma(v2).

Finally, Mq(v1) = Mq(vs) = 0 since v € H(Q) and from Poincaré-Wirtinger inequality, we obtain (52). O
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From now on, we will use an auxiliary stress tensor 5(¢) defined by
Ga3(e) = 033(€),  Gaple) = o3p(€), Faple) = € 0ap(e). (53)

Lemma 5. The following estimates hold:

1530 < Cr (Ifllos + lIallory, ) llu(e)llz. (54)
Colle(u(e)lBo < F(u(e)). (55)
le(u(e)lle < Cs (Iflloe + l1allsry ) lu(e)ll1 (56)

Proof. If we consider v =0 and v =2u(¢) in (24) and 7 = o(¢) in (23) we obtain that

ao(c(€), a(€)) + €2 a(a(€), o(€)) + €' an(a(€), o (€)) =
= b(o(€), u(e)) = F(u(e)). (57)

From (25)-(29) and (57) and taking into account expressions (53), it is easy to prove that
1
/ ﬂ&j](e) - K5’;;,;(6)5,’] Gij(e)dx = / f/U,’(G)dX-}-/ hiui(e)drl.
o\ E E o I
1
Thanks to the properties of the Lamé coefficients and the assumptions on the volume and surface forces, we have that
~ 1+v, v -
Clo@ha < [ (156406 = £om(6s ) Gule)dx =
Q
[ fu@ax+ [ huedr < Cs (Ifloa + s, ) lu(@lo.
Q v,
and consequently,

Callg(e)l5a < /Qf . u(e)dx+/ h-u(e)dl = F(u(e)), (58)

Iy

5(e)ll6.0 < Ci (IIfllo.e + llhllo.ry, ) llute)ll s,
1

where C; and C4 are positive constants depending on 2, E and v. So, we have proved estimate (54).
From (23) and taking into account the definition of bilinear forms ag, a2 and a4, we obtain that

‘/QT ce(u(e))dx| < Collg(e)lloallTllo.q. YT € X(RQ), Cs > 0,

since 0 < € < 1. By choosing 7 = e(u(ffl)), we deduce that
lle(u(e))lloe < Colla(e)llo.q- (59)

From inequalities (58) and (59), we have that

Colle(u(e)ls.e < /Qf-U(e)dXvL/r h-u(e)dl" = F(u(e)), > >0,

Ny

therefore,
le(u(e)lle < Cs (Ifllo.e + l1allsry, ) lu(e)ll1.

and hence estimates (55) and (56) are verified. O

Theorem 7. There exist constants C; and Cg, independent of €, such that for all 0 < e <1 the solution (u(e),o(e)) €
(HY(Q) N K(Q)) x X(Q) of Problem (MV P(g)) verifies

Ju(e)lla < C7, (60)
lloss(e)llon < Cs,  elloss(€)llon < Cs,  €l|lgap(€)llosn < Cs. (61)
Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-25
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Proof. Let us assume that (60) is false, so there exists a sequence R, — +00 as n — +oo such that for all n > 0 there exists
€, satisfying
lu(en)llro = Ra. (62)
We define the sequence
1
w, = —u(ep), (63)
n
that verifies w, € H1(Q) N K(Q) and obviously ||wy|l1.0 = 1. Therefore, there exists a subsequence, still denoted by (w,)no,
such that w, — w in H(Q) as n — 400 and w € HL(Q) N K(Q).
From inequality (56), it is verified

le(u(en) 3 < Cs (Ifllos + lIbllory, ) Ro. (64)

and consequently,
lle(wn)lloe = O(1/v Rn). (65)

thanks to (63); so
lle(w)llo = 0. (66)

that is, w € K(Q2) N Y ().
Let P be the projection of HL(Q) onto Y(Q) given by Lemma 1. Then,

[IPwsllo.o > Co > 0, as n — co. (67)

Indeed, if the subsequence (wy),>0 verifies
[|Pwy|loo — O,

then, from (52) and (65),
[Wnlloo < [ — Pwallo.o + [[Pwslloe < Clle(wn)llo.q + [[Pwslloo — 0,

and consequently,
llwnll1.e = O(lle(wn)llo. + [|Pwallo.o) = O,

while ||w,||1.0 = 1 by construction; so (67) is true.
Since dimY () < +o0, the projection of H:(Q) onto Y(RQ) is compact (see [20]), so Pw, — Pw and hence, from (67),

[|Pwllo.0 > Co > 0.

Moreover, from (66), Pw = w, so we can deduce that w € Y(2) N K(Q) is not null.
If Y(Q) N K(Q) = {0}, we obtain a contradiction. If Y(Q) N K(Q) # {0}, from assumptions (H3™) and (H5™) for ¢ = 1, and
since w, = cny, ¢ # 0, we have that

/f-wdx+/ h-wdl=F(w)=—r"<0.
Q I

1

So, for each r fixed, r € (r*/2,3r*/2), there exists n, such that

F(Pw,) :/f—Pw,,dx+/ h-Pw,dl < —r<0,VYn>n,. (68)
Q Iy

1

From inequality (55),
Colle(uen)lli e < Flu(en)) = F(u(en) = Pu(en)) + F(Pulen)). Cz > 0,
and we obtain that
Colle(u(en)l3 — RaF (Pw(en)) < (Ifllo + lIbllsry, ) lu(en) = Pu(en) oo <
€ (o + lIhlo.ry, ) lle(u(en)lon < Cuolle(u(en) o,
thanks to (52) with Cio > 0. Finally, from (64),

_R"F(PW(EN)) < Cio V Rn.

and taking into account expression (68), we conclude

ar S CIO\/ Rn, n> ny,

which is obviously absurd since R, — +o0. So, expression (62) cannot be true and, consequently, estimate (60) is verified.

Therefore, from Lemma (5), bounds (61) are obtained and the proof of Theorem 7 is complete. O
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Corollary 1. The auxiliary stress tensor &(e) defined by (53) and the auxiliary strain tensor €(€) given by
E33(e) = e33(u(e)), Ep(e) = € 'e3p(u(e)), Eap(€) = € eap(ul(e)), (69)

verifies that
~ E . vE
i) =T Tea -

- 1+v. V.. 1.
Eij(e) = ?UU(G) - Ea,,p(e)&-,- = NjiiGu(e).

Epp(€)0ij = NijiEri(€),

Moreover, there exists C11 > 0 such that for alle, 0 < e <1,
l€sz(e)lloo < Cur.  lEss(E)lloe £ Ci1,  [l€as(€)lloo < Cir. (70)

Theorem 8. There exists a subsequence of (u(€), o(e)), also denoted with €, and there exists an element W = (V;;) € X(2)
such that

u(e) — @i, in HI(S), (71)
0'33(6) — Was, 6035(6) — \V3ﬁ, 620a5(€) — \Vaﬁ, in LQ(Q), (72)
when € goes to zero. In addition, the following symmetry properties hold:

e U, i =1,62,3, are even with respect to x; and xs,

e Wy, is odd with respect to x; and even with respect to xs,
e W3 is odd with respect to x1 and xs,

e W3 /s even with respect to x1 and odd with respect to xs.

Moreover,
/ Wisdsvdx =0, Vv € Hi(Q), (73)
Q
/ WopBavedx > 0, V(vi, vo) € W () N Ka(Q). (74)
Q

Proof. From Theorem 7 and Corollary 1, there exists a subsequence of (u(e), o(€))e>o such that (u(e), 5(e)) converges weakly
in HI(Q) x X(2) when € goes to zero, i.e..

u(e) — i, in Hi (),

0'33(6) — Yag, 60'35(6) — \Vgﬁ, 620a5(€) — \Uaﬁ in LQ(Q)

The symmetry properties are a direct consequence from u(e) € HL(Q).
By choosing (vi + ui(€), vo + ua(e€), us(e)), with v = (v1, v», 0) € HL(Q) N K(Q) as a test function in (24) and multiplying by

€2, we have that
/ﬂaVﬁdX-F/ hﬁVﬁd/—:| .
Q "

/ Wopeap(V)dx >0, Vv = (vi, v, 0)€H(Q)NK(Q),
Q

€ / Oap(€)eap(V)dx + 262/ o3p(€)esp(v)dx > €
Q Q

Taking limits when € goes to zero, we obtain

and thanks to the symmetry properties of W,z we deduce that
/ \Uagaadex >0, V(Vl, VQ) € WSQ(Q) n KQ(Q)
Q

With the same procedure, by choosing u(e) + (0,0, v), with v € H2(Q), as test functions in (24) and multiplying by €, we have

that
e/ 0'35(6)85de+€/ 033(€)03vdx =€ [/ f3vdx+/ h3vdl—} .
Q Q Q Ty
Taking again limits when € goes to zero, we find that
/ Wip85vdx =0, Vv e Hi(Q).
Q

O
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Corollary 2. The limit stress components Vg verify

/ \Vaﬁﬁavﬁdx =0, V(Vl, VQ) € WSQ(Q). (75)
Q
Moreover,
/WaadxldXQ = /ngaadxldXQ =0. (76)
Proof. The three-dimensional stress tensor
_ Vi VW O
\U = WQ:[ \V22 O
0 0 0

verifies variational problem (74), which can be written in differential form as

—divl = —8,Wap =0in Q,
WUn=0o0nd0\lc,
W, =0on Ic,
v, <0on Ic,

where the boundary conditions must be understood as described in [21]. Consequently,
0= —/ dividx :/ Undlr = [ W,ndr. (77)
Q aQ Tc

Given that W, has constant sign on /¢ and thanks to hypothesis (H5™) concerning to ny, we deduce that W, =0 on I¢.
Therefore, components W,g are a weak solution of variational problem (75).
Choosing (v1, v2) = (x1v?, xov?), with v® € HL(—L, L) as a test function in (75), we have that

L
/ VO/\UaadxldedX3 =0, W’ e Hi-L, L),
—1 w
s0, since W4 is also even with respect to x3, we conclude
/\Ilaadxld)(g = 0.
w

Analogously, choosing as test functions in (75) (v1,v2) = (0, $x7v%) and (v1, v2) = (xixev?, 2x5v0), with v € HI(—L, L), we

obtain
L
/ VO/X1\V12dX1dXQdX3 = O,
—L w

/LL Vo /(xzkllaa dxidxy + x1Wiadxydxe)dxs = 0,
for all v® € HLY(—L, L); then,
/XQWO(O( dxidxo = 0.
So, components Wy, verify expression (76). O
Corollary 3. There exists a subsequence of (o(€))eso such that
on(e) = Wiz,  €o3p(e) = Wag, €0qp(e) = Vg,
in L2(Q) and there exist a subsequence of (u(€))eso and s € X(Q) such that
en(u(e)) =, € lezp(u(e)) = sp, € “eap(ule)) = Sop,

in L2(Q). Moreover,

E vE
W, = - 8ii = Nii ’
ij 1+ I/C/J + (1 T I/)(l — 2[/) SppOij ijkiSkl
1+v v _
Sij=—fF Vi~ gVeeli = NV
Math. Meth. Appl. Sci. 0000, 00 1-25 Copyright © 0000 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



Mathematical

Methods in the ,

Applied Sciences P. Quintela, M.T. Sanchez
|

Proof. The result is a direct consequence of (69), (70) and (72). O

Theorem 9. The sequence (u(e))eso verifies
u(e) = u® in HY(Q), (78)

where u® € Vgn(Q) is the first term in the asymptotic expansion (30).

Proof. There exists a subsequence, still denoted by (u(€))eso, in H(2) that converges weakly in H'(Q) thanks to Theorem 8;
let @i € H.(Q) be its limit. We will prove that ii = u®.
Taking limits when € goes to zero in (23) and taking into account expressions (25)-(29), we have that

l/\1133’7'33dX—ﬂ/\umﬂ'g,g,dXZ/E,’j(ﬁ)’T'ijdX, VTGX(Q),
E Q E Q Q

thanks to (72). From this relation we obtain:

€ap(l) = €35(01) =0,
\U33 = E833(ﬁ) + I/\VML. (79)

So, a similar methodology to that used in proof of Item (/) in Theorem 4, allow us to deduce

i€ Van(Q),
ih =0,
i € H3(—L, L), (0, i) € Ka2(), (80)
s = Uy — X203, Uy € Hi(=L,L).
Consequently, replacing these results on (79), we find that
W33 = E(Osli3 — Xx2033ih) + VW . (81)
If we consider v € Vgn(Q) N K(Q) as a test function in (24), we obtain
/ o33(€)ess(v)dx — / oij(e)eij(u(e))dx >
Q Q
/ fi(vi — u,-(e))dx+/ hi(vi — ui(e€))dr, Yv € Van(2) N K(2). (82)
Q "
Moreover, taking into account expression (53) and Corollary 1, we have
/ oij(e)eij(u(e))dx = / G(€):€(e)dx = / NE(e):€(e)dx,
Q Q Q
and, from Corollary 3,
lim inf/ oij(€)eij(u(e))dx > / Ng:sdx = / Vigdx = / Wjciidx, (83)
0 Jo Q Q Q

since A is a weakly lower-semicontinuous function (see [12]). So, taking lower limits when € goes to zero in (82), we have for
each v € Vgn(Q2) NK(Q),

/\V33833(V)dx—/w,'j§,'jdX2

Q Q
Iiminf/033(6)633(v)dx—Iiminf/a;j(e)s,-j(u(e))dxz
e—0 Q e—=0 Q

lim igf (/Q o33(€)ess(v)dx — AU[j(G)E,’j(U(G))dX) >

€—

IiLnJéwf (/Q fi(vi — ui(e))dx + /,_Nl

/f,-(v;—ﬂ,-)dx—}—/ hi(Vi—ﬂi)d/—-
Q I'n

1

h,’(V,' — U/(G))df) =

Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-25
Prepared using mmaauth.cls



Mathematical
_ Methods in the
P. Quintela, M.T. Sanchez Applied Sciences
|

Therefore,

/ \U33833(V — fl)dX > / f;(v; — Ij,)dX-l-/ h,‘(V,’ — ﬁ,)dr-l-
Q Q v

1

/Q\Ilgﬁcggdx + /Q WagSagdx, YW € Van(Q2) N K(Q). (84)
Moreover, choosing v = us(e) € HE(Q) in expression (73), we find that
/Q\U3585U3(e)dx =0.
Multiplying by €' and taking limits when € — 0, we deduce
/Q Wapeapdx = 0. (85)

Furthermore, choosing (vi, v2) = (u1(€), ta(€)) € Ws2(Q) N K2(2) in expression (75), we have that
/ Wop0aup(e)dx = 0.
Q

Multiplying by €~2 and taking limits, we see that

/ \Uaﬁcaﬁdx =0. (86)
Q

Therefore, from (84)-(86) we obtain

/W33533(v—ﬁ)dx2/f-(v—ﬁ)dx+/ h-(v—a)drl,
Q Q Iy

Y € Van(Q) NK(Q).

Taking into account the expression for W33 obtained in (81), we can write:
/[E(83ﬂ3 — X2633L72) =+ U\UV,M]633(V — ﬁ)dX >
Q

/f-(v—ﬁ)dx+/ h-(v—1d)dr, Ve Ven(Q2) N K($2).
Q I

1

Then,
/ E83Q3833(V — fl)dX — / EX2833L72633(V — l])dX + / I/\UV,M€33(V — ﬁ)dX Z
Q Q Q

/f~(v—ﬁ)dx+/ h-(v—1i)dl, Vv € Ven(Q) NK(Q). (87)
Q m
In particular, considering in equation (87) v € Vgn(©2) N K(Q) such that v; =0, v, depending only on x3 and even with
(0, v2) € K»(R2) and vz = T3 — x203v», we obtain

/ EX22633L72333(VQ — L72)dX > / fQ(VQ - ﬁg)dx-}-/ hQ(VQ - ﬁ?)d/—_
Q Q Iy

Ny

/Xzfg83(vQ—L72)dX—/ X2h383(V2—L72)d/—+/I/Xz\VWa33(V2—L72)dX,
Q " Q

1

thanks to (80). Taking into account (76), we conclude that
L L L
/ El103312033(vo — i) dx3 > / G2(vo — () dx3 —/ M183(vo — iip) dx3,
—L —L —L

for all vo € H2(—L, L), (0, v2) € Ko(Q); so, iy = u thanks to Theorem 6.
Similarly, choosing v € Vgn(Q2) N K(Q) as a test function in (87), such that vo = s and v3 = {3 & v,, with v, € H(—L, L),

we find that L

L
/ EA83Q383!3(1X3+/L/Wuu8313dX=/ Q3!3dX3,
- Q

L -L
and from (76), &; = u thanks to Theorem 5, which proves (78) for the subsequence u(e). We can repeat this procedure for
each subsequence of (u(e))eso converging weakly in HL(Q); then, the uniqueness of the limit implies that the entire sequence

(u(€))eso converges weakly to u®. O
Math. Meth. Appl. Sci. 0000, 00 1-25 Copyright © 0000 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



Mathematical
Methods in the ,
Applied Sciences P. Quintela, M.T. Sanchez

Remark 2. From previous Theorem and Corollary 3,

eap(u(e)) = eqp(u’) =0, eizaaﬁ(u(e)) — G, (88)
exp(u(e) = ep(0) =0, ess(u(e)) = s, (89)
ezz(u(e)) — 833(U0) = G33, (90)

weakly in L*(Q).

Theorem 10. For each 0 < € < 1, let (u(e), o(€))es0 € (HE(Q) NK(Q)) x X(Q) be the solution of problem (23)-(24). Let
u’ € HX(Q) NK(Q), 0% € L2(Q) be the first term of the asymptotic expansion (30). Then, when € — 0, the following
convergences are obtained:

Ju(e) —u’llLo =0, (91)
llozs(€) — o3sllo.0 = O, (92)
€llosslloo — 0, (93)
€*||oaglloe — 0. (94)

Proof. Convergences (92)-(94) are obtained by applying the same methodology given in Proof of Theorem 10.4 in [8].
In order to prove (91), since u(e) converges weakly in HY(Q), there exists a subsequence, still denoted u(e), such that
converges strongly in [L?(Q)],
llu(e) — u’llo.0 — 0. (95)

From (23) and (31), we obtain the following identity:
b(T,u(e) —u’) = ap(a(€) — 0°, 7) + €2 ax(0(€), T) + *as(o(e), 7). (96)
Moreover, for each 7 € X(Q)
|ag(o(e) — %, ) + €ar(o(e), ) + €* au(o(€), )| <
C12 [llosa(e) — o%llos + ellows(e)llog + € lloas(e)lloc] ITllo. (97)

taking into account that 0 < € < 1 and then €2, €* can be bounded by € and €2, respectively, when necessary.
Choosing T = £(u(e) — u®) in relations (96) and (97), we have that

Crrlle(u(e) —u°)ll5.0 < ao(o(e) — 0, e(u(e) — u”))+
e ar(a(e), e(u(e) —u®)) + *as(a(e), e(u(e) —u)) <
Cr> (lloss(€) — 0%slloq + ellozs(e)llon + € lloas(€)lloa) lle(ule) — u)lloq.,

therefore,
lle(u(e) — u®)lloq — 0,

and taking into account (95) we conclude (91) for the subsequence u(e€). This procedure may be applied to any weakly convergent
subsequence of (u(€))eso in HY(Q); so, the whole sequence converges strongly. O
9. Returning to domain Q¢

In previous section, we have proved that the first term of the asymptotic expansion (u°, 0°) is a good approximation of the scaled
displacements and stresses (u(e), o(€)) when the cross-section parameter € is small. Then, by applying the inverse transformations

of (19)-(21), we obtain an approximation of (u¢, 0¢), denoted by (u%, 6%), such that

1
e (x) = = tia(x), U5"(x%) = u3(x),
T (X°) = €200p(x), 055(x%) = €035(x), 055(x") = 033(x),

The following theorem gives a characterization of this approximation:

Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-25
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Theorem 11. The terms u%, 0% are determined as follows:
(i) The displacement field u% belongs to the subspace Vpn(Q), where u% is null, u3¢ € H2(—L, L) and
U = 0l — x50su5°, Ul € Ho(—L,L). (98)
(ii) The stress component 035 is given by
0%5 = E(BsU5 — X5053U5°). (99)

(iii) The axial displacement gge is the unique solution of the problem:
Problem (PJ™):
Find u¥ € HL(—L, L) such that

L L
/ EA*B3u5° 93v5dxs = / Gvidxs, VWS € Ho(—L, L), (100)
—L —-L

(iv) The displacement u3¢ is the unique solution of the bending problem:
Problem (P3™):
Find u% € H2(—L, L), (0, u%) € K2(Q°), such that

L L L
/ E£053u3053(vE — u3)dxs > / G2 — 3 dxs —/ MEBs(vS — uS)dxs, (101)
-L -L -L

for all vi € H2(—L, L), (0,v?) € Ko(Q°).

10. Some properties of the limit models

In the axis of the beam, we distinguish:

e Iy, = (=6,6), the part of the axis corresponding to the beam slice in which some surface forces are applied.
o 2= (—1—68—1)U(l 1+3), the parts of the beam axis under sections where their boundaries intersect with I¢.

From now on and without loss of generality, we consider that the second component of the normal vector is negative, n§ < 0,
on the contact boundary I¢.

Theorem 12. The unique solution uS¢ € H(—L, L) of Problem (PS§™) verifies the following differential formulation:
EA*AUS = g, (102)
EA*B3u (£L) = 0. (103)
In addition, U € H3(—L, L).

Proof. Firstly, choosing an odd function ¢ € D(—L, L) C H*(—L, L), as test function in (100), and applying integration by
parts, we obtain

L L
—/ EAeAggeqbdx;g:/ odxs.

L L
So, expression (102) is obtained in the sense of distributions. Moreover, since g5 is smooth,

ul € HX(—L, L).
Multiplying (102) by v € HX(L, L) and applying again Green's theorem, we have

L L
/ dvdxs = / EA“93u3 83vdxs — EAQsud (L)v(L) + EAsul (—L)v(—L) =
—L —L

L
/ gsvdxs — 2EA°B3uS (L) v(L),
—L

taking into account expression (100), so we deduce (103). O

Theorem 13. Let u3* € H2(—L, L) be the unique solution of Problem (P3™) and let denote the coincidence set | = {x3 €
2 u3¢(x3) = 0}. Then there exists a nonnegative Radon measure . such that

EISN?US* = g5 + O3 M5 + w in (=L, L), (104)
BAUS(£L) = AuS(£L) =0, (105)
with supp(u) C I.
Math. Meth. Appl. Sci. 0000, 00 1-25 Copyright © 0000 John Wiley & Sons, Ltd.
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Proof. Firstly, let ¢ € D(J) C H*(—L, L) be an even function, with J = (—L, L)\/; taking v¥ = u$* + ¢, as test function in
(101), and applying integration by parts, we find that

/ EEAUYApdxs = / aspdxs + / B MEpdxs.
J J J

So, we obtain in the sense of distributions
EI{AuY = g5 + 85 M5 in D'(T). (106)

Therefore, multiplying (106) by a test function v, taking into account that H2(L,L) C C'(—L,L) and since g5+ &:M; €
L2(=L, L), applying again integration by parts, we deduce that

/ EIfA%uS vdxs :/ EIfAUS Avdxs — EI59sAuS (—L)v(—L)+
J J

El8sAuS (L)v(L) + EISAUS (—L)Bsv(—L) — EISAUS(L)Bsv(L) =

=/ GSVdX3+/83MdeX3,
J J

for all v € H2(—L, L) such that v =0 in 72 and hence, using variational formulation (101), we deduce (105).
Next, let x2 € I2\/, x3 > 0, be arbitrary and B,(£x3) = B,(x?) U B,(—x2). Because (0, u3) € K»(Q°), there exist r > 0 and
¢ € D(B,(£x5)) such that

d(x) > 0in B, (£x3).
U > ¢ in H* (B, (£x39)).
Then, for all ¢ € D(B,,2(£x3)), there exists v > 0 such that

¢

U3’ +v€ > 5 in H*(Byjo(d3)).

Choosing v§ = u% + v¢ in (101) and dividing by v, we have that

/ A Dedx > / Gt + / Midsé dx.
By (£x9) B o (£x5) By o(£x)

Analogously, applying the same procedure to —€, we obtain the equality

/ EEAUEAEdXs :/ g5€dxs +/ M Bs€dxs,
By pp(£x9) By ja(£x9) By ja(£x9)

for all ¢ € D(B,2(£x9)), and then,
EISN? U5 = 5 + 83 M5 in D' (I2\1). (107)

Now, we notice that from (101),

L L L
/ EISAUFAvdxs 2/ gsvdxs —/ M3iBsvdxs,
-L -L -L

for all v € H2(—L, L) with v > 0 in I2; in particular,
a(uS®, v) — (ff, v) > 0,Vv € H2(—L, L) N Hy(—L, L), v>0in g,

where a is the bilinear form .
a(u,v) = / El{Aulvdxs, Vv € H2(—L, L),

L
and f§ € [H2(—L, L)] is given by
L L
(f5.v) :/ qudX3+/ &Msvdxs, Vv € HA(—L, L) N Hy(—L, L).
7L *L

Therefore, by Riesz-Schwartz theorem (see [22]), there exists a positive Radon measure u in (—L, L) such that

L
a(ud, v9) — (f5, V) :/ vidu, Vv € H2 (=L, L) N Hy(—L, L), v§ >0in I
-t

Finally, from (106) and (107), supp(u) C [ and we deduce (104). O
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Remark 3. The problem defined by equations (104) and (105) constitutes a generalization of the Euler-Bernouilli theory for
the case of beams in contact with a rigid foundation, in which becomes into a singularity in the resultant of the applied loads.
Other generalizations of Bernouilli-Euler models with singularities are shown in [23] and [8].

Proposition 1. The limit vertical displacement satisfies the following regularity properties:
U e C3(—L, LYNC((—=L, L\)).
Moreover, the lateral limits s AuS®(xi) exist for all x3 € | and
BAUE (X)) > B5Au3(x5), Vxs € 1. (108)

Proof. From previous Theorem it is clear that A%u3¢ € L2((—L, L)\/). Since / is a closed interval, u$¢ € H*((—L, L)\/), and
then, u3¢ € C*((—L, L)\/).

Moreover, from (104) and given that u is a positive Radon measure, and hence it can be considered as the derivative of an
increasing function ¢ (see [22]), we can write

El{8:Au5 = G+ @ in (=L, L), (109)

thanks to (105), where G¢ is the continuous function in (=L, L) given by
X3
6°0a) = [ (65(5) + BaMi()) 5, (110)
-L

and ¢ is defined by:
X3
obe) = [ du (111)
—L

By integrating (109) and thanks again to (105), we obtain

X3
E/fAUge(X;g) :/ (G6 + (p)dS, X3 € (—L, L), (112)
L

where the right-side term is a continuous function in (=L, L); therefore, Aud¢ is continuous in (=L, L) and, consequently,
Oe 2
up S C (—L, L)
Finally, we know that ¢ defined by (111) is a function of bounded variation in all closed interval; hence the discontinuities of
@ are only jump discontinuities (see [24]) and hence, from (109), the lateral limits 83Au3¢(xF) exist and verify (108) thanks to
© is growing. O

Proposition 2. i) If the axial forces F3 and Hs are null, the axial stress component 0% is null on int(/).
i) If 1 C (=L, L), the measure u verifies:
L
u(/)=—/ Gsdxs, (113)
—L
w=—q5— M in D (int(/)). (114)
iii) The jump discontinuities of dsAuS¢ lie in 1.

Proof. i) It is easy to prove that u3 = 0.
Then, let x3 € int(/); there exists a > 0 such that

ue(y) =0, Yy € Ba(xz) Cint(/),

which implies that
U3 (y) = Bsu3%(y) = Ba3us*(y) = Bazsuis* (y) = 0, Vy € Ba(xs). (115)

So, thanks to (99), 0% is null in Bx(x3), and therefore, o35 is null in int(/).
i) Multiplying expression (109) by 8sv, with v € H2(—L, L), such that v > 0 in /2 and integrating in (—L, L), we find that:

L L L
/ El£8:Au385vdxs :/ G*O3vdxs +/ pO3vdxs.
- L L

L

By applying Green’s identity and the even character of v, we can write

L L L
—/ EAUS Avdxs = —/ gsvdxs + (/ quX3> v(L)+
L —L —L

L L
/ M;83vdxs —|—/ ©O3vdxs. (116)

L L
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Besides, from the variational formulation (101) we obtain that

L L L
/ EIAUFAvdxs 2/ g vdxs —/ M;Bsvdxs, (117)
-L -L -L

By term-by-term addition of (116) and (117), we have that
L L
0> (/ qu><3> v(L) +/ @dsvdxs, Vv € H2(—L,L);v>0in . (118)
-L -L

Let us choose v such that supp(v) Nsupp(u) = 0 and let us consider v = v — v(L) € H2(—L, L) N H§(—L, L); by using
the definition of derivative in the sense of distributions,

/_L ©O3vdxs = /_L ©O3vdxs = —/_L vdu =
- / v v(Lu(l) = v(Lu(). (119)

So, substituting (119) in expression (118), we deduce that

L
v(L) (/ dsdxa +u(/)> <0,Vve HX (=L, L);v>0in g
—L

Then, we conclude (113) considering test functions v such that v(L) = £1.
Finally, if v € D(int(/)) is an even function, from (116) we obtain that

0= /ElfAugeAvd)@, = /qSVdX3+/63I\/vadX3+/vdu,
i i I I
and so (114).
iii) From the demonstration of Proposition 1, we know that B33 AuSE has only jump discontinuities that are in the coincidence

set /. Due to (115), 8sAu% is continuous in int(/) (identically zero) and, therefore, the discontinuities must appear on /.
O

Proposition 3. Let uY* be a smooth solution of the differential problem (104)-(105). If uS¢ > 0 in I, then ud¢ is the solution
of Problem (P3™).

Proof. Following the same reasoning that in Proposition 2, we can write:

L L L L
/ ELf83AuFdvdxs = — / gsvdxs + V(L)/ gsdxs +/ M3idsvdx3—
L —L —L —L

L L
_/ vdu — v(L)/ g5dxs =
—L —L
L L L
—/ qgvdX3—|—/ /\/If@gvdX3—/ vdu,
—L —L —L
for all v € H2(—L, L) such that v >0 in 2.

Besides, by applying integration by parts to the first term in the previous expression and taking into account (105), we have
that

L L L L
/ EEAUS Avdxs = / Gsvdxs — / M;83vdxz +/ vdu >
] L L L

L L
/ g vdxs —/ M;iBsvdxa,
L L

since W is a nonnegative measure and, therefore, the theorem is proved. O

11. Conclusions

In this work we have carried out a complete mathematical study for the three-point bending test. We have proved the existence
of a unique solution for the associated three-dimensional elastic model with contact constraints when certain assumptions of
compatibility, concerning to applied forces and symmetry properties, are satisfied.
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Moreover, we have studied the asymptotic behaviour of the beam, when it is subjected to this test, if the area of its cross-
section goes to zero. Using the asymptotic expansion method, we have obtained, from the three-dimensional model of elasticity
with a Signorini condition and without displacements prescribed, one-dimensional models associated both with the bending
problem and that of axial traction as well as the corresponding results of existence and uniqueness of solution. In particular, we
have obtained the axial normal stresses associated to the MOR; its expression is given in terms of the derivatives of the vertical
and axial displacements.

The variational formulation corresponding to the limit problem of bending involves an inequality due to the contact condition
between the beam and the two lower cylinders. Furthermore, the admissible test functions for the axial and bending problems are
even and odd, respectively, which is a consequence of the assumptions needed to obtain the existence of a unique solution for
the three-dimensional problem of departure. Finally, we have obtained the differential formulations of the problems associated
with the one-dimensional models and we have presented a characterization of the zone of effective contact.

Acknowledgements

This research was supported by CICYT-FEDER (DPI2004-01993, MTM?2008,05682) and Xunta de Galicia (project
PGIDITO5PXIC20701PN).

References

1. Chung KH, Lee W, Kim JH, Kim C, Park SH, Kwon D, Chung K. Characterization of mechanical properties by indentation tests
and FE analysis - validation by application to a weld zone of DP590 steel. International Journal of Solids and Structures. 2009; 46:
344-363.

2. Rado P. Introduccién a la tecnologia de la cerdmica. Ediciones Omega: Barcelona; 1990.

3. Borg SF. Matrix-tensor methods in continuum mechanics. World Scientific Publishing Co. Inc.: Teaneck, NJ, second edition; 1990.

4. Guitian F, Quintela P, Sanchez MT, Valcdrcel V. Three-point bending experiments. Part Il: An improved formula for the modulus of
rupture and numerical simulation. Submitted to publication in Mathematical Methods in the Applied Sciences.

5. Alvarez Vézquez L, Viafio JM. Asymptotic justification of an evolution linear thermoelastic model for rods. Comput. Methods Appl.
Mech. Engrg. 1994; 115: 93-109.

6. Bermudez A, Viafio JM. Une justification des équations de la thermoélasticité des poutres a section variable par des méthodes
asymptotiques. RAIRO Anal. Numér. 1984; 18: 347-376.

7. Eck C, Nazarov SA, Wendland W. Asymptotic analysis for a mixed boundary-value contact problem. Arch. Ration. Mech. Anal. 2001;
156: 275-316.

8. Trabucho L, Viafio JM. Mathematical modelling of rods. Handbook of numerical analysis, Vol. IV, North-Holland: Amsterdam; 1996.

9. Tutek Z, Aganovi¢ I. A justification of the one-dimensional linear model of elastic beam. Math. Methods Appl. Sci. 1986; 8: 502-515.

10. Viafio JM. Generalizacion y justificacion de modelos unilaterales en vigas eldsticas sobre fundacién, in: Actas del VIII CEDYA: Santander;
1985.

11. Viafio JM. The one-dimensional obstacle problem as approximation of the three-dimensional Signorini problem. Bull. Math. Soc. Sci.
Math. Roumanie. 2005; 48: 243-258.

12. Kikuchi N, Oden JT. Contact problems in elasticity: a study of variational inequalities and finite element methods. SIAM: Philadelphia;
1988.

13. Fichera G. Problemi elastostatici con vincoli unilateri: il problema di Signorini con ambigue condizioni al contorno. Atti della Accademia
Nazionale dei Lincei. Memorie. Serie 8. 1964; 7: 91-140.

14. Glowinski R, Le Tallec P. Augmented lagrangian and operator-splitting methods in nonlinear mechanics. SIAM: Philadelphia; 1989.

15. Netas J, Hlavatek |. Mathematical Theory of Elastic and Elastico-Plastic Bodies: An Introduction. Elsevier Scientific: Amsterdam;
1981.

16. Lions JL, Stampacchia G. Variational Inequalities, Comm. Pure Appl. Math. 1967; 20: 493-519.

17. Ekeland I, Temam R. Analyse convexe et problémes variationnels. Dunod: Paris; 1974.

18. Schatzman M. Problemes aux limites non linéaires, non coercifs, Ann. Scuola Norm. Sup. Pisa (3). 1973; 27: 641-686.

19. Brezis H. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maftrise, Masson: Paris; 1983.

20. Reed M, Simon B. Methods of modern mathematical physics. 1. Functional analysis. Academic Press: New York; 1980.

21. Barral P, Quintela P. Existence of solution for a contact problem of Signorini type in Maxwell-Norton materials. IMA J. Appl. Math.
2002; 67: 525-549.

22. Schwartz L. Théorie des distributions. Publications de I'Institut de Mathématique de I'Université de Strasbourg, No. IX-X: Hermann,
Paris; 1966.

23. Biondi B, Caddemi S. Closed form solutions of Euler-Bernoulli with singularities. International Journal of Solids and Structures. 2005;
42: 3027-3044.

24. Apostol TM. Mathematical analysis. Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills: Ont., second edition; 1974.

Math. Meth. Appl. Sci. 0000, 00 1-25 Copyright (©) 0000 John Wiley & Sons, Ltd.
Prepared using mmaauth.cls



