When is the composition of functions measurable?
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Abstract

In this article we explore under which conditions on the interior function the composition
of functions is measurable. We also study the sharpness of the result by providing a coun-
terexample for weaker hypotheses.
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1 Introduction

It is a well known fact among young analysts that the composition of measurable functions is not
necessarily measurable, although this fact, to be true, has to be stated precisely, as it depends on
what we mean when we say that a function is measurable. In this case, we are referring to the fact
that the inverse image of an open set is a Lebesgue-measurable set of the real line. It is therefore
convenient to start with the definition of measurable function in a broader sense.

Definition 1.1. Let (X,.#), (X, /) be measurable spaces. We say f : (X,.#) — (X, /) is
measurable if f"1(A) € .# for every A€ A

It is clear then, from this definition, that whether a function is measurable or not depends
on the measurable spaces chosen. Let £ and % be the Lebesgue and Borel o-algebras on R
respectively. In general, if f,g : (R, %) — (R, 8) are measurable go f : (R, %) — (R, 8) does
not have to be so, which is the case we first talked about. In order for gof : (R, %) — (R, 8) to be
measurable, it would be enough if f : (R, %) — (R, %) or g : (R, B) — (R, B) were measurable
(this last condition holds when g is continuous), but in general this is not the case.

Here we are interested in sufficient conditions on f : (R, %) — (R, 4) that can guarantee
that, if g : (R, %) — (R, $) is measurable, sois go f : (R,&Z) — (R, ). We will consider then
u* and u, the Lebesgue exterior measure and measure respectively. For brevity, we will speak of
% /% and ¥ /¥ measurable functions.



Rather counterintuitively, great regularity or monotonicity of f does not guarantee that the
composition g o f will be ¥ /% measurable when g is. We illustrate this point with the following
example.

Example 1.2. We will first proceed to construct a strictly increasing 4 °° function f which is not
% /% measurable, that is, such that there exists D € ¢ satisfying f (D) & .

We start by recalling the construction of the Smith—Volterra—Cantor set (or fat Cantor set) [[3,
p. 39]. Let A € (0,1) and define r := % Observe that r € (0,1/3). The Smith-Volterra—Cantor
set C of measure A is created iteratively in the following way. Let C, := [0,1] and, given C,_;
define C, by deleting the central open interval of length r" from each the connected components
of C,_;. Itis clear by construction that C,, C C,_; and C,, is compact for every n = 1. Thus, the set
C:= ﬂzo C,, the Smith—Volterra—Cantor set, is well defined, non-empty and compact. Since, by

definition, C, has 2""! connected components,

1 — zn n
Au‘(cn) = M(Cn—l) - 2n_1rn = 1 — u
1-—2r
for every n € N, we conclude that
r 1—3r
u(C) ,Hoo“( n) =T o

Let C C I :=[0,1] be a Smith-Volterra—Cantor set such that u(C) € (0,1). The positive
measure of this set will be crucial for this example —cf. Theorem Consider the function

P(x) = e T

for x € (—1,1). Y € €*°((—1, 1),R). Since C is closed, I'\C is open, so it has a countable number
of connected components each of which is an open interval. Let us define h(x) =0 if x € C and
b—a

h(x) =2"®=07 ) ( 2x—b—a )

if x € (a, b) where (a, b) is a connected component of I\C. Let M, := max|y™|. We will show
now thath € €¥°°(I,R). Itisclear thathis ¢° inI\C. If x € C, let us check thatlim,_, - f(x) =0
(in case the limit can be taken). If x = b for some (a, b) C I\C, this is obvious. Otherwise, there
is a sequence of points in C converging to x from the left. Thus, given ¢ € R*, there exists y € C,
x—e<y<ux,soanyz € (y,x)\C belongs to an interval (a, b) with b — a < ¢ and, therefore,

h(z) =209 y(2x—b—a)/(b—a)) <2 "9 <b—a<e.
Hence, lim,_,,- f(x) = 0. Repeating the argument for limits from the right and observing that

h|. = 0, we conclude that h is continuous. Assuming h is n — 1 times differentiable and taking

into account that
2x—b—a
(n) -
v ( b—a )

for any x € (a, b) C I\C, we can reason as before to conclude that h € ¢ °°(I,R).

Define f(x) = foy h(x)dy. f € €°°(I,R) and f is strictly increasing. Indeed, since C is
totally disconnected, given x,y € I, x < y, there exist t,s € (x,y), t <s such that [t,s] C I\C,
so h(x)>0in [t,s] and hence f(y)—f(x) = f; h(z)dz > 0.

IR (x) = 270721 (h —a)™ < 27972 (h—a) M,




Given a connected component (a, b) of I\C,

b

u(f(a, b)) = f(b)—f(a) = f h(z)dz.

a

Thus, given that f is strictly increasing, I\C has a countable number of connected components
and that the Lebesgue measure is o-additive, u(f (I\C)) = fl\ ch(z)dz. f(I) is also measurable
because it is an interval. Since f is strictly increasing, f (C)Nf(I\C)=@and f(C) = f(I)\f (I\C)
and, therefore, f(C) is measurable. Hence,

p(f (C)) =u(f (1) —u(f (I\C)) =f(1)—f(0)—f h(z)dz
INC

:J h(z)dz—f h(z)dz:fh(z)dzzo.
0 I\C c

Now, since u(C) > 0, there exists D C C such that D ¢ £ [3| Exercise 29, pg. 39]. We have that
f(D) c f(C), so u*(f(D)) < u*(f(C)) =0 and, therefore, u*(f (D)) = 0, so by the completeness
of u, f(D) € £. Finally, f 1(f(D))=D & ¥, so f is not ¥ /% measurable.

We now define a ¢/ 98 measurable function g in such a way that gof is not £/ % measurable.
Let g be the characteristic function of the set f(D). g is measurable since f (D) is. Furthermore,
{1}e B,but (go ) '{1D=f(f(D))=D & £, s0 go f is not £/ measurable.

Example has shown that, if we are to provide sufficient conditions for g o f to be £ /¥
measurable, we will have to look further away than the regularity of f. In fact, it is clear from
Example that the behavior of f when it takes inverse images is determinant on the behavior
of the composition, so we will try first to impose conditions on f~! in the case f is invertible.

For the next results we consider Q,A € &, f : (0, %) > (R, B), g : (A, %) — (R, B),
f(Q) cA.

Lemma 1.3. If g is £/ % measurable, f invertible and f ' absolutely continuous, then g o f is
% | B measurable.

Proof. Let B € 8. Then g~ }(B) € ¥. Since f™! is absolutely continuous it takes . sets to £
sets [|7, p. 250], so f(g7'(B)) € £. [

Observe that Lemma crucially avoids the circumstances of Example since, in that
case, the function f~! was not absolutely continuous (since it did not map £ sets to .Z sets).
This illustrates that, in general, even if f is absolutely continuous, f ~* needs not to be —see [|1,(9]].
A necessary sufficient condition for f ! to be absolutely continuous (in the case the domain is an
interval) can be found in the following result —cf. [[2, Lemma 2.2], [9].

Lemma 1.4. Let J = [c,d] be a compact real interval and f a strictly increasing and absolutely
continuous function on J. f~! is absolutely continuous if and only if f'(x) # 0 for a.e. x € J.

Lemma raises the question as to whether the condition f’(x) # 0 a.e. is enough to show
that g o f is measurable without asking for f to be invertible, which is a very stringent condition.
We provide an answer to this question in Corollary [1.14] but before stating it we will need the
following results.

Lemma 1.5. Assume f and g are /9 measurable. If for every N C R such that u*(N) = 0 we
have that f"Y(N) € &, then g o f is £/ % measurable.



Proof. Let B € 8. Then g~ '(B) € ¢, so, by the regularity of u, g~ !(B) = C UN where u*(N) =0
and C € %. By hypothesis, f"}(N) € £. On the other hand, since C € % and f is ¥/ %
measurable, f~}(C) € ¥. Therefore, f'(¢g7'(B)) = f '(CUN) = f {(C)UfI(N) e £. We
conclude that go f : (2, %) — (R, 4) is measurable. [ |

Remember that the Lebesgue measure is complete, that is, if u*(A) = 0 then A € ¥ and
u(A) = 0, so we obtain the following corollary.

Corollary 1.6. Assume f and g are £ /%3 measurable. If for every N € & such that w(N) = 0 we
have that u*(f *(N)) =0 then g o f is £/ % measurable.

Remark 1.7. The hypotheses in Lemma |1.5| are sharp in that, if there exists N C R such that
uw*(N)=0and f1(N) ¢ £, then there exists a ./ measurable g such that g o f is not £/ %
measurable. It is enough to take g = yy.

Remark 1.8. The condition occurring in Corollary [1.6]is reminiscent of the Lusin N-property:
u(A) = 0 implies u(f(A)) =0 for every Ac &, N)
which is intimately related to absolute continuity, as the following theorem shows.

Theorem 1.9 ([8, Theorem 7.7]). Let I be a bounded interval and f : I — R continuous. Then f
is absolutely continuous if and only if f satisfies satisfies (N) on I and f Wi " < oo where A C I is the
set of points x where f is differentiable and f’(x) € (0, c0).

As stated before, the goal now is to move away from the invertibility of f. Furthermore, we
would like to work in a context where f need not be differentiable, as this conditions is definitely
much stronger than mere measurability. With this aim we try to generalize the concept of the
derivative not being zero to non differentiable functions, which leads to the following definition
of the sets Dy(x) and S;.

Definition 1.10. Let f : 2 C R — R. For every x € 2 we define the set

R

Df(x):= ﬂ

SRt

conV{JM tyeQ, 0<|y—x|< 5}

y—x
where X denotes the closure in the extended real line with the compact interval topology and
conv the convex hull. Observe that, if x € QN’, then Df (x) is a nonmepty closed convex subset
of R. Let
S;={xeQnQ : 0€Df(x)}.

These definitions lead to the main result we want to introduce.

Theorem 1.11. If f and g are £/ 9 measurable and u*(S;) = 0, then g o f is £/ 9B measurable.

Proof. By Corollary 1.6} it is enough to check that u*(S;) = 0 implies that, for every A € 2, if
u*(A) = 0 then u*(f 1(A)) = 0. Equivalently, let u*(f ~(A)) # 0 and let us prove that u*(A) # 0.
Let B C f(A) such that B is bounded and u*(B) > 0. We can assume, without loss of generality,
that B contains no isolated points of 2, since 2\Q’ has to be a countable set because the usual
topology is second countable, and thus u*(2\Q’) = 0. This way we guarantee that D;(x) # @ for
x € B. Let C := f(B) C A. It will be enough to show that u*(C) # 0.



Since u*(S;) = 0 and u*(B) > 0, we have that either u*({x € B : Df(x) C R"}) > 0 or
u({x€B : Df(x) c R7})> 0. Let us assume the first case and the second will be analogous.
Let E={x€B : Df(x) cR*}and, forn €N,

FN=-f) 1

E, := {XEB :
y—x n

1
forally e Q, 0 < |y —x]| <—}.
n

Observe that E = | J _E,. Indeed, let x € E. Since 0 ¢ Df(x) and Df(x) is a closed set,

neN —n

infDf (x) > 0. Let € € (0,inf Df (x)). By definition of Df (x), there exists & € (0, €) such that

f)—f(x)
y—x

>¢forevery yeQ, 0<|y—x|<6.

Take n € N such that 6 > % Then,

_ 1 1
M>_foreveryy€f2, 0<|y—x|<-,
y—x n "

thatisx € E,.

On the other hand, if x € E,, for some n € N,

— 1 1
M>—f0reveryy€ﬂ, 0<|y—x|<-—,
y—x n n

and thus, z = % for every 2 € Df (x), so x € E.

We conclude that E = U
—see [|5, Corollary 12.1.1],

1y En- Hence, there exists k € N such that u*(E;) > 0 for, otherwise

w(E) = M(U E) = lim u'(E,) =0,

neN
which would be a contradiction.

Let 6 € (0,u*(E,)) be fixed arbitrarily. Using a characterization of the exterior measure —
see [6, Lemma 2.2], consider a countable infinite cover of E, consisting pairwise disjoint intervals
{[an’ bn)}neN such that

WED+6> D (by—a) > ' (E)

neN
1
and b, —a, < 1 for every n € N.

Since E, C B is bounded, u*(E,;) < 00, so let m € N be such that

i (b,—a,) <6.

n=m+1

Let X = U;nzl[an, b,). Then, u*(E,\X) < 6 since {[a,, b,)}72 ., is a cover of E;\X. Thus,

p(E) S pi (B NX) + ' (B \X) < w*(EyNX)+6.

Therefore, u*(E, N X) > u*(E;) — 6. Now, there exists j € {1,...,m} such that u*(E, N [a;, b;)) >
%(,u*(Ek) — 0) for, if we assume otherwise, then, for everyn =1,...,m,

BN, b)) < (0 (E) —5),

5



and, therefore,

w(ENX) < D ' (Eenla, b)) <p(E) =6,

n=1

which is a contradiction. Hence, for every x, y € E; N[a;, b;), we have that |x — y| < 1 so0

1_fO-f6)
k y—x

This implies f is strictly increasing on E, N[a;, b

We have that, for every x, y € f(E,N[a;, b;)),

F )= FHOI < kly —x,

so f ! is a Lipschitz function and, therefore,

). Consider f~*: f(E,N[a;,b;)) = E,N[a;, b)).

J Jj?

0 <%(M*(Ek) — &) <u*(Exnla;, b)) = ' (f 7 (f (B N[a;, b)))))
<k (f (B, N[a;, b)) < kp'(C).
Thus, u*(C) > 0 and this ends the proof. [ |

Remark 1.12. Returning to Example observe that, f=h and h(y)=0for y € C,s0 C C S;
and, since u(C) > 0, we have that u(S;) > 0, so we cannot apply Theoremm

Remark 1.13. If Q C R is an interval and f is continuous (in fact, it is enough for f to be a
Darboux function) then

iy
IR

:yeQ,O<|y—x|<5} ,

Df(x):= ﬂ

SeR*

{f(y)—f(X)
y—x

which simplifies the calculations.

If f is differentiable at x, then, by definition of derivative, Df (x) = {f'(x)}, so we have the
following corollary.

Corollary 1.14. If f and g are £/ 9% measurable, f is differentiable a.e. and u*((f’)~1(0)) = 0,
then gof : (Q, %) — (R, $B) is measurable.

Even if Corollary[1.14]presents a simple condition to check it is clear that it leaves out common
and interesting cases. For instance, the theorem cannot be applied in the case where f is a
constant function and u(2) > 0. In order to palliate this fact, we will present a corollary of
Corollary[1.14where local constancy is permitted but, in order to do so, we will need to introduce
the concept of essentially open set which will allow us to control those places where the function
is locally constant.

Definition 1.15. Let X C R. We say that X is essentially open if there exists an open set U C R
such that u*(XAU) = 0 where XAU := (U\X) U (X\U).

The notion of a set being essentially open can be rephrased in several ways, as the following
Lemma shows.

Lemma 1.16. Let X C R. The following statements are equivalent:

1. X is essentially open.



2. X € ¥ and there exist an open set U C R and V,W € ¥, such that V. Cc U, W c X\U,
u(V)=u(W)=0and X = (U\V)UW.

3. X € ¥ and there exist a set Y C R with a countable number of connected components and
V,We Zsuchthat VY, WcX\Y, u(V)=wW)=0and X = (Y\V)LW.

Proof. (I)=(II) Assume X is essentially open and let U be an open set such that u*(XAU) = 0.
Since U\X,X\U C XAU, we have that u*(U\X) = u*(U\X) =0,s0 V :=U\X,W :=X\U € ¥
and V. NW = . Finally, since U € &,

X=XnU)UX\U)=[U\(U\X)]JuX\U)=(U\V)uW e £.

(ID=) If V,W,U € & are such that U is open, u(V) = u(W)=0and X = (U\V) U W, then

p'(XAU) =p (U\X) U (X\U)) < p*(U\X) + pu*(X\U)
=u (U\((U\V)uW)) +u*([((U\V)UWND)
=u (UNVNU\W))+ ' (W\U) S (V) +p*(W) =0.

We conclude that U is essentially open.

(ID=(II) Since every open subset of R has a countable number of connected components,
this is evident.

(IM=(I) Let Y C R with a countable number of connected components and V, W € £ such
that VNW =0, (V) = (W) =0and X = (Y\V)UW. Let {Y,},, be the family of connected
components of Y. The Y, are intervals. Let A; be the set of those indices k € A such that I, is just
a point, A, = A\A,. Define U :=|J,_, Y, and

neA,

W:=Wu (Kg Yn) U (QZ Yn\ffn)]\v).

U is open and, since W is the union of a zero measure set and a countable set, W € ¥ and
w(W)=0. Finally, V N W =0 and

X=(Y\V)UW =(U\V)UW. m

The next result allows us to work with functions f which are not continuous by separating the
continuous and discontinuous parts of f.

Theorem 1.17. Assume f and g are ¥ /% measurable and f is a.e. differentiable and can be
expressed as f,+ f, where f is absolutely continuous and f,(£2) is countable. If (f')~*(0) is essentially
open, then go f is /%3 measurable.

Proof. Consider an open set U C R and V,W € ¢ such that u(V) = u(W) = 0 and (f')"}(0) =
(U\V)UW. Let B€ 2. Then g7'(B) € £. Now,

fHT BN =g BNNWU\WVIUf (g BNNWILLf (g BN (0)].

Given that f' # 0 in Q\ (f')71(0), in particular u*({x € Q\ (f)"}(0): f'(x) =0}) =0, so
we have, by Corollary[1.14} that f~}(g7(B))\(f)"1(0) € £. Also, u*(f (g X (B))NW) =0, so
f7' (g '(B))NW € £. Finally, since U is open, U = | J,., U, where the {U,},, is a countable

neA



family of pairwise disjoint open intervals. Assume x € (U,\V)N f~}(g7'(B)). Let y €U, x < y.
Since f'=0on U,\V and u(V) = 0, we have that

F) =) =f(y)—fi(x)+ fo(y) — foulx) = fll(z)dz + fo(y) — folx)

[x,¥]

:J fll(z)dz"'fz(}’)_fz(x):fz(J’)_fz(X)-
[x,yI\V

Therefore, f takes on U, a countable number of values. f is also ¥/ % measurable,so f }(y) € &
for every y € f(€2). Thus,

f‘l(g‘l(B))ﬁ(U\V)=( U f‘l(y))ﬂ(U Un\v)= U ' on@\).

y€g~1(B) neA yeg}(B)
neA

The number of sets in this last union that is nonempty is countable and, since U,,V, f '(y) € &,
we have that f (g7 1(B))n(U\V) € £.

We conclude that f1(g71(B)) € &, so g o f is £ /% measurable. [

From now on we will assume that Q is an interval. This is no restriction as we can always
extend f to an interval by a constant.

Every function of bounded variation f can be decomposed as f, + f; + f; where f, is absolutely
continuous, f; is continuous and singular (that is f/ = 0 a.e.) and f; is the jump part [4, Theo-
rem 3.16]. The jump part is a countable sum of step functions and contains all of the discontinu-
ities of f. It can be expressed as

FE)=DATF(O)+ D ATF(1)

t<x t<x

and clearly it has a countable image, so we have the following corollary of Theorem [1.17

Corollary 1.18. Assume 2 is an interval. If g is measurable, f is of bounded variation, f, = 0 and
(f)71(0) is essentially open, then g o f is £/ 98 measurable.

Remark 1.19. Again, Corollary cannot be applied to Example Since f’ is continu-
ous, (f")71(0) is closed, but in this case it is not essentially open. To see this, first observe that
(f)"}(0) = CUY where Y is a countable set formed by the middle points of the connected com-
ponents of I\C. Since u(Y) =0, (f’)"1(0) is essentially open if and only if C is. Assume, that C
is essentially open and we will arrive to a contradiction. Let U C R be an open setand V,W € &,
VcU,suchthat VNW =0, u(V)=u(W)=0and C =(U\V)LUW.

Take x € U\V. Then there exist r € R* such that (x —r,x +r) C U. Since x € C, x €
d(I\C), so there exists y € (x —r,x +r)\C. Since I\C is open, there exists s € R* such that
(y=s,y+s)c(x—r,x+r)\C. Thus, u(CN(x—r,x+r))=ul((x—r,x+r)\V)uw) = 2r.
Therefore, u((x —r,x + r)\C) = 0 and, since (y —s,y +s) C (x —r,x + r)\C, we have that
uw((y —s,y +s)) =0, which is a contradiction.
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