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 a b s t r a c t

In this work, we study nonlocal differential equations with particular focus on those with re-
flection in their argument and piecewise constant dependence. The approach entails deriving 
the explicit expression of the solution to the linear problem by constructing the corresponding 
Green’s function, as well as developing a novel formula to delineate the set of parameters involved 
in the analyzed equations for which the Green’s function exhibits a constant sign. Furthermore, 
we demonstrate the existence of solutions for nonlinear problems through the utilisation of the 
monotone method.
 The aforementioned methodology is specifically applied to the linear problem with periodic 
conditions 𝑣′(𝑡) + 𝑚𝑣(−𝑡) +𝑀𝑣([𝑡]) = ℎ(𝑡) for 𝑡 ∈ [−𝑇 , 𝑇 ], proving several existence results for the 
associated nonlinear problem and precisely delimiting the region where the Green’s function 𝐻𝑚,𝑀
has a constant sign on its domain of definition.
 The equations studied have the potential to be applied in fields such as biomedicine or quantum 
mechanics. Furthermore, this work represents a significant advance, as it is, as far the authors 
know, the first time that equations with involution and piecewise constant arguments have been 
studied together.

1.  Introduction

In the expansive and continuously evolving field of mathematics, differential equations occupy a pivotal position in the modelling 
and comprehension of phenomena across a range of disciplines. However, the difficulties associated with modelling complex systems, 
where interactions are not solely local or where changes occur in discrete intervals, have prompted the development of novel classes 
of differential equations. Notable among these are nonlocal differential equations and differential equations with piecewise constant 
arguments, which have applications in diverse fields including quantum mechanics and biomedicine.

Non-locality is a fundamental concept in modern physics. Einstein, Podolsky and Rosen questioned the completeness of quantum 
mechanics through their famous EPR paradox [1], arguing that the theory allowed instantaneous correlations between distant systems. 
Subsequent developments, notably Bell’s theoretical formulation [2] and Aspect’s experimental verification [3], confirmed that such 
nonlocal correlations are indeed a fundamental feature of nature. Beyond its original context, nonlocality is now also studied in other 
quantum systems, such as nonlinear waves described by the nonlocal Schrödinger equation [4].

Outside physics, such types of equations appear in biomedicine and other applied fields. They capture interactions that cannot be 
described by local terms. For instance, the dynamics of infectious disease transmission may involve nonlocal effects due to human 
mobility and long-range contacts.

A key tool for modelling such systems is the use of differential equations with piecewise constant arguments. These equations 
model situations where the dependent variables or their derivatives are evaluated at discrete points in time and/or space, usually 

∗ Corresponding author.
 E-mail addresses: alberto.cabada@usc.es (A. Cabada), paula.cambeses.franco@usc.es (P. Cambeses–Franco).

https://doi.org/10.1016/j.cnsns.2025.109488
Received 31 July 2025; Received in revised form 26 October 2025; Accepted 30 October 2025

Commun Nonlinear Sci Numer Simulat 153 (2026) 109488 

Available online 13 November 2025 
1007-5704/© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
https://orcid.org/0000-0003-1488-935x

$v'(t) + mv(-t) + Mv([t]) = h(t)$


$t \in [-T,T]$


$H_{m,M}$


$v'(t) = v(\frac {1}{t})$


$n$


$\alpha _j^i$


$\beta _j^i$


$h_i$


$i = 1, \ldots , n$


$j = 0, \ldots , n-1$


$\sigma , \text { } a_k \in \mathcal {L}^1(J)$


$k = 1, \ldots , n$


$\mathcal {L}^1(J)$


\begin {equation*}W^{n,1}(J)=\{v \in {\cal C}^{n-1}(J), \textup { } v^{(n-1)} \in \mathcal {AC}(J)\},\end {equation*}


$\mathcal {AC}(J)$


$J$


$v(t) = L_{n}^{-1}\sigma (t)$


$G: J \times J \rightarrow \mathbb {R}$


$n$


$L_{n}^{-1}$


$G \in \mathcal {C}^{n-2}(J \times J) \cap \mathcal {C}^{n}\left ((J \times J) \setminus \{(t,t), t \in J\}\right )$


$s \in (a,b)$


$t \in (a,b)$


\begin {equation*}\frac {\partial ^{n-1}}{\partial t^{n-1}} G(t^-,t) = \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t,t^+) \quad \text {and} \quad \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t,t^-) = \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t^+,t),\end {equation*}


\begin {equation*}\frac {\partial ^{n-1}}{\partial t^{n-1}} G(t^+,t) - \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t^-,t) = \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t,t^-) - \frac {\partial ^{n-1}}{\partial t^{n-1}} G(t,t^+) = 1.\end {equation*}


$\sigma =0$


$J$


$h_{i}=0$


$i=1, \ldots , n$


$A \subset \mathbb {R}$


$f:A \rightarrow A$


$f$


$Id$


$f$


$A = \mathbb {R}$


$f$


$3$


$1.3.2$


$m$


$M \in \mathbb {R}$


$V_i$


$L_n$


$T>0$


$\sigma \in \mathcal {L}^{1}(\hat {J})$


$[t]$


\begin {equation*}[t]= \left \{ \begin {array}{@{}rll} n, & \mbox {\rm if} & t \in [n,n+1), \\ -n, & \mbox {\rm if} & t \in (-n-1,-n], \end {array} \right .\end {equation*}


$n \in \{0,1,2, \ldots \}$


$[t]$


$t \in [-3.6,3.6]$


$[t]=0$


$t \in (-1,1)$


$\Lambda $


$v:\hat {J} \rightarrow \mathbb {R}$


$\tilde {J}=[-T,[-T]) \cup [[-T],[-T]+1) \cup \ldots \cup [-2,1) \cup [-1,1) \cup [1,2) \cup \ldots \cup [[T]-1,[T]) \cup [[T],T]$


$t^- \in \hat {J}$


$v(t^-) \in \mathbb {R}$


$v \in \Lambda $


$v(t)=v(t^{+})$


$t \in \{[-T], \ldots , -1,1, \ldots , [T]\}$


$t^+ \in \hat {J}$


$v \in \Lambda $


$t \in [-3,3]$


$v \in \Lambda $


$T \in \mathbb {N}$


$[-T]$


$[T]$


$\hat {J}$


$v([-T]^-)$


$v([T]^+)$


$v \in \mathcal {C}(\tilde {J} \cup \{T\})$


$r \in \{1,2, \ldots \}$


$\Omega ^{r}$


$v:\hat {J} \rightarrow \mathbb {R}$


$v \in W^{r,1}(\hat {J})$


$v^{(r)} \in \Lambda $


$n=1$


$L_1(v)=v'+v$


$V_1(v)=v(-2)$


$h_1=0$


$M=0$


$G_{I}$


$t=s$


$T(t,y)$


$\alpha $


$\beta $


$-y$


$\gamma $


$m$


$M \in \mathbb {R}$


$V_{i}$


$L_{n}$


$v: \hat {J} \rightarrow \mathbb {R}$


$v \in \Omega ^{n}$


$m$


$M$


$m$


$M$


$\hat {J} \times \hat {J}$


$\sigma \in L^{1}(\hat {J})$


$G_{m}(t,s)$


$H_{m,M}(t,s)$


$H_{m,M}(t,s)$


$G_{m}(t,s)$


$v(t)$


$l=[t] \in \{[-T], \ldots , 0, \ldots , [T]\}$


$T \leq 1$


$l \in \{[-T], \ldots , [T]\}$


$A$


$b$


$c$


$A$


$c=A^{-1}b$


$A^{-1}$


$\tilde {a}_{i,j}$


$T>0$


$v(t)$


$\chi _{I}(s)$


$I$


\begin {equation*}\chi _{I}(s)= \left \{ \begin {array}{@{}lll} 1, & \mbox {\rm if} & s \in I, \\ 0, & \mbox {\rm if} & s \notin I. \end {array} \right .\end {equation*}


$v(t)$


$t \in \hat {J}$


$c=A^{-1}b$


$\hat {J}$


$\mathbb {R}$


$j \in \{[-T],[-T+1], \ldots , 0, \ldots , [T]\}$


$\sigma \in \mathcal {L}^{1}(\hat {J} )$


$k \in \{[-T], \ldots , [T]\}$


$H_{m,M}(t,s)$


$G_m$


$T \in (0,1]$


$T$


$1+M \int _{-T}^{T}{G_{m}(0,r) \mathrm {d}r} \neq 0$


$H_{m,M}(t,s)$


$G_{m}(t,s)$


$H_{I}$


$[-2,2] \times [-2,2]$


$G_{I}$


$\sigma (t)=t$


$v_{I}$


$M=3$


$\sigma (t)=t$


$M=3$


$\Omega ^1$


$t=-1$


$t=1$


$\hat {J} \times \hat {J}$


$H_{m_{0},M_{0}}$


$H_{m_{1},M_{1}}$


$m=m_{0}$


$M=M_{0}$


$m=m_{1}$


$M=M_{1}$


$m$


$M$


$H_{m_{0},M_{0}}$


$H_{m_{1},M_{1}}$


$m$


$M \in \mathbb {R}$


$M_{0}^{i}$


$M_{1}^{i}$


$m_{0}^{i}$


$m_{1}^{i}$


$i=1, \ldots ,n-1$


$\sigma \in L^{1}(\hat {J})$


$t \in \hat {J}$


$H_{m_{0}^{i},M_{0}^{i}}(t,s)$


$H_{m_{1}^{i},M_{1}^{i}}(t,s)$


$\sigma \in \mathcal {L}^{1}(\hat {J})$


$m_{0}^{i} = m_{1}^{i}$


$M_{0}^{i} = M_{1}^{i}$


$i = 1, \ldots , n-1$


$m_{0}^{0} = m_{0}$


$m_{1}^{0} = m_{1}$


$M_{0}^{0} = M_{0}$


$M_{1}^{0} = M_{1}$


$H_{m,M}$


$M \in \mathbb {R}$


$m \in \mathbb {R}$


$M \in \mathbb {R}$


$H_{m,M}$


$\mathring {\hat {J} } \times \mathring {\hat {J}}$


$H_{m,M}$


$M$


$M_{0}$


$M_{1}$


$M_{1}>M_{0}$


$H_{m,M_{0}}>0$


$H_{m,M_{1}}>0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M_{0}}>H_{m,M_{1}}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$M \in \mathbb {R}$


$H_{m,M}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M}$


$M$


$M_{0}$


$M_{1}$


$M_{1}>M_{0}$


$H_{m,M_{0}}<0$


$H_{m,M_{1}}<0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M_{0}}>H_{m,M_{1}}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$M_{0}$


$M_{1}$


$H_{m,M_{0}}<0$


$H_{m,M_{1}}>0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$M_{1}>M_{0}$


$m_{0}=m_{1}=m$


$1$


$2$


$(M_{1}-M_{0})\int _{-T}^{T}{H_{m,M_{1}}(t,r) H_{m,M_{0}}([r],s) \mathrm {d}r}>0$


$M_{1}>M_{0}$


$H_{m,M_{0}}>H_{m,M_{1}}$


$\hat {J} \times \hat {J}$


$3$


$H_{m,M_{1}}<0$


$(t,s) \in \mathring {\hat {J} } \times \mathring {\hat {J}}$


$H_{m,M_{0}}>0$


$(t,s) \in \mathring {\hat {J}} \times \mathring {\hat {J}}$


$M_{1}>M_{0}$


$H_{m,M_{1}}(t,s)<0$


$(M_{1}-M_{0})\int _{-T}^{T}{H_{m,M_{1}}(t,r) H_{m,M_{0}}([r],s) \mathrm {d}r}<0$


$H_{m,M_{0}}<H_{m,M_{1}}<0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M}$


$m \in \mathbb {R}$


$M \in \mathbb {R}$


$m \in \mathbb {R}$


$H_{m,M}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M}$


$m$


$m_{0}$


$m_{1}$


$m_{1}>m_{0}$


$H_{m_{0},M}>0$


$H_{m_{1},M}>0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m_{0},M}>H_{m_{1},M}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$m \in \mathbb {R}$


$H_{m,M}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M}$


$m$


$m_{0}$


$m_{1}$


$m_{1}>m_{0}$


$H_{m_{0},M}<0$


$H_{m_{1},M}<0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m_{0},M}>H_{m_{1},M}$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$m_{0}$


$m_{1}$


$H_{m_{0},M}<0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m_{1},M}>0$


$m_{1}>m_{0}$


$H_{m,M}$


$m$


$M$


$H_{m,M}(t,s)$


$(t,s) \in \mathring {\hat {J}} \times \mathring {\hat {J}}$


$(m, M)$


$\hat {J} \times \hat {J}$


$m \in \mathbb {R}$


$M_{0}(m) \in \mathbb {R}$


\begin {equation*}\min _{(t,s) \in \hat {J} \times \hat {J}} H_{m,M_{0}}(t,s) = 0.\end {equation*}


$m \in \mathbb {R}$


$\overline {M}$


$H_{m,\overline {M}} > 0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$H_{m,M}$


$M$


$H_{m,M} \geq 0$


$\mathring {\hat {J}} \times \mathring {\hat {J}}$


$M$


$\overline {M}$


$M \leq M_{0}$


$M_{0} > \overline {M}$


$M$


$M_{0}$


$\min _{(t,s) \in \hat {J} \times \hat {J}} H_{m,M_{0}}(t,s) = H_{m,M_{0}}(\hat {t},\hat {s}) = 0$


$(\hat {t}, \hat {s}) \in \hat {J} \times \hat {J}$


$M_{0}$


$M_{1} \in \mathbb {R}$


$M_{1}$


$m$


$M_{1}$


$\overline {T}_{m}: \mathbb {R} \times \hat {J} \times \hat {J} \rightarrow \mathbb {R}$


$M_{0}$


$(\hat {t},\hat {s}) \in \hat {J} \times \hat {J}$


$\min _{(t,s) \in \hat {J} \times \hat {J}} H_{m,M_{0}}(t,s) = H_{m,M_{0}}(\hat {t},\hat {s}) = 0$


$(\hat {t}, \hat {s})$


$M_{0}$


$m$


$M_{1}$


$M_{1}$


$M_{1} = 0$


$M_{1} = 0$


$M$


$(\hat {t}, \hat {s}) \in \hat {J} \times \hat {J}$


$H_{m,M_{0}}$


$\hat {J} \times \hat {J}$


$0$


$m \in \mathbb {R}$


$\overline {M} \in \mathbb {R}$


$H_{m, \overline {M}}$


$\hat {J} \times \hat {J}$


$M_{0}$


$G_{m} \neq 0$


$M_1=0$


$(t,s) \in \hat {J} \times \hat {J}$


$\frac {\partial } {\partial {t}}H_{m,M}$


$\frac {\partial } {\partial {s}}H_{m,M}$


$M=M_{0}$


$M=0$


$(\hat {t},\hat {s}) \in \hat {J} \times \hat {J}$


$H_{m,M_{0}}(\hat {t}, \hat {s})=0$


$\frac {\partial } {\partial {t}}H_{m,M_{0}}(\hat {t},\hat {s})=0$


$\frac {\partial }{\partial {s}}H_{m,M_{0}}(\hat {t},\hat {s})=0$


$\overline {T}_{m}^{0}(M_{0},t,s)$


$(t,s)$


$M_0$


$\overline {T}_m^{0}(M_0,t,s)$


$M_0$


$M_0=\overline {T}_{m}^{0}(M_0,t,s)$


$\overline {T}_{m}^{0}(M_0,t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$\overline {T}_{m}^{0}(M_0,\cdot ,s): \hat {J} \rightarrow \mathbb {R}$


$\overline {T}_{m}^{0}(M_0,t,\cdot ): \hat {J} \rightarrow \mathbb {R}$


$\overline {T}_{m}^{0}(M_0,t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$(t_{m}, s_{m})$


$M > \overline {T}_{m}^{0}(M,t_{m},s_{m})$


$M_1=0$


$(\hat {t},\hat {s}) \in \hat {J} \times \hat {J}$


$\overline {T}_{m}^{0}(M_0,t,s)$


$\overline {T}_{m}^{0}(M_{0},t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$(t,s) \in \hat {J} \times \hat {J}$


$M_0=\overline {T}_m^0(M_0,t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$(\hat {t},\hat {s}) \in \hat {J} \times \hat {J}$


$\overline {T}_m^0(M_0,t,s)$


$\overline {T}_{m}^{0}(M_{0},t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$H_{m,M_{0}}$


$H_{m,M_{0}}$


$t \in \hat {J}$


$t \in \hat {J}$


$H_{m,M_{0}}$


$T$


$M_{0}$


$(t,s) \in \hat {J} \times \hat {J}$


$M \in \mathbb {R}$


$m_{0}(M) \in \mathbb {R}$


$m$


$M \in \mathbb {R}$


$T \in (0,1]$


$\sigma \in \mathcal {L}^{1}(I)$


$v: I \rightarrow \mathbb {R}$


$v \in \Omega ^1$


$m + M \neq 0$


$\sigma \in \mathcal {L}^{1}(I)$


$I$


$T = 1$


$I$


$0 \neq -m <M \leq \frac {m}{e^{m}-1}$


$0=-m<M \leq 1$


$\hat {J}=[-T,T]$


$\hat {J}$


$J=[a,b]$


$I=[0,T]$


$f:[a,b] \rightarrow [a,b]$


$f(t)=a + b - t$


$M = 0$


$m \in \mathbb {R} \setminus \{0\}$


$T \in (0,1]$


$G_{m}$


$m\neq 0$


$H_{m,M}$


$m=0$


$G_{m}$


$M \neq 0$


$m+M \neq 0$


$H_{m,M}$


$H_{m,M}$


$H_{m,M}$


$I \times I$


$t = s$


$\displaystyle H_{m,M}$


$\displaystyle \frac {\partial }{\partial t}H_{m,M}$


$0 \leq s < t \leq T$


$0 \leq t < s \leq T$


$s \in (0,T)$


$t \mapsto H_{m,M}(t,s)$


$[0,s) \cup (s,T]$


$t \in (0,T)$


$s \in (0,T)$


$t \rightarrow H_{m,M}(t,s)$


$T>0$


$T \in (0,1]$


$H_{m,M}$


$m+M \neq 0$


$T \leq 1$


$v$


$\sigma \in \mathcal {L}^{1}(I)$


$r(t)=T-t$


$w(t)=v(r(t))$


$w$


$T \leq 1$


$v([T-t])=v(0)=v(T)=v(T-[t])$


$H_{m,M}$


$m+M>0$


$H_{m,M}$


$m+M<0$


$\sigma (t)=1$


$\frac {1}{m+M}$


$H_{m,M}>0$


$m+M>0$


$H_{m,M}<0$


$m+M<0$


$m+M=0$


$(t,s) \in I \times I$


$H_{m,M}$


$m+M>0$


$m \neq 0$


$m \, G_{m}(t,s)>0$


$m \in \mathbb {R}$


$m \neq 0$


$(t,s) \in I \times I$


$s \in I$


$t \rightarrow H_{m,M}(t,s)$


$t$


$H_{m,M}(t,s)$


$t = s$


$H_{m,M}(0,s)=H_{m,M}(T,s)$


$s \in (0,T)$


$H_{m,M}(t^+,t)-H_{m,M}(t^-,t)=1$


$t \in (0,T)$


$t = s^{-}$


\begin {equation*}\frac {\partial }{\partial {s}}H_{m,M}(s^-,s)=m\,H_{m,M}(s^-,s) \textup { }s \in (0,T).\end {equation*}


$q(s):= H_{m,M}(s^-,s)$


$s \in (0,T)$


$m+M>0$


$m\,G_{m}(t,s)>0$


$M \, q'(s)<0$


$M \neq 0$


$s \in (0,T)$


$q$


$(0,T)$


$m$


$M_{0}>-m$


$H_{m,M}$


$I \times I$


$M_{1}=0$


$M_{0}=\overline {T}_{m}^{0}(M_{0})$


$M_{0}=\frac {m}{e^{mT}-1}(>0)$


$I \times I$


$M$


$-m<M < \frac {m}{e^{mT}-1}$


$m \neq 0$


$m=0$


$0<M < 1/T$


$H_{m,M}<0$


$I \times I$


$\frac {m}{e^{-mT}-1}<M<-m$


$m \neq 0$


$M \in \left (-\frac {1}{T},0 \right )$


$m=0$


$H_{m,M}$


$T=1/2$


$T=1$


$T=1/2$


$T=1$


$T=1/2$


$T=1$


$(T=1)$


$H_{m,M}(t,s)$


$I \times I$


\begin {equation*}\min _{(t,s) \in I \times I} H_{m,M}(t,s) = 0,\end {equation*}


$M$


$(m_0,M_0)$


$(m_1,M_1)$


$H_{m,M}$


$m$


$M$


$T >0$


$h \in \mathcal {L}^1(\hat {J})$


$v: \hat {J} \rightarrow \mathbb {R}$


$v \in \Omega ^1$


$M=0$


$v'(t)+m\textup { }v(-t)=h(t)$


$m$


$T>0$


$h \in \mathcal {L}^{1}(\hat {J})$


$f \in \mathcal {L}^{1}(\hat {J})$


$G_{m}$


$G_{m}$


$t, s \in \hat {J}$


$G_{m}$


$G_{m}(t,s)=G_{m}(s,t)$


$G_{m}(t,s)=G_{m}(-t,-s)$


$\frac {\partial {G_{m}}}{\partial {t}}(t,s)=\frac {\partial {G_{m}}}{\partial {s}}(s,t)$


$\frac {\partial {G_{m}}}{\partial {t}}(t,s)=-\frac {\partial {G_{m}}}{\partial {t}}(-t,-s)$


$\frac {\partial {G_{m}}}{\partial {t}}(t,s)=-\frac {\partial {G_{m}}}{\partial {s}}(t,s)$


$m \neq k\pi /T$


$k \in \mathbb {Z}$


$G_{m}$


$\overline {G}_{m}$


$3.2.3$


$\overline {G}_{m}$


$\overline {G}_{m}$


$\frac {\partial {\overline {G}_{m}}}{\partial {t}}$


$(\hat {J} \times \hat {J}) \setminus \{(t,t), (t,-t)\}$


$\overline {G}_{m}(t,t^{-})$


$\overline {G}_{m}(t,t^{+})$


$t \in \hat {J}$


$\overline {G}_{m}(t,t^{-})-\overline {G}_{m}(t,t^{+})=1$


$t \in \hat {J}$


$\frac {\partial {\overline {G}_{m}}}{\partial {t}}(t,s)+m\,\overline {G}_{m}(-t,s)=0$


$t,s \in \hat {J}$


$s \neq \pm t$


$\overline {G}_{m}(T,s)=\overline {G}_{m}(-T,s)$


$s \in (-T,T)$


$\overline {G}_{m}(t,s)=\overline {G}_{m}(-s,-t)$


$t,s \in \hat {J}$


$\overline {G}_{m}(t,s)=-\overline {G}_{-m}(-t,-s)$


$t,s \in \hat {J}$


$\overline {G}_{m}(t,T)=\overline {G}_{m}(t,-T)$


$t \in (-T,T)$


$G_{m}$


$3.2.1$


$\overline {G}_{m}$


$3.2.8$


$\overline {G}_m$


$mT \in \left (0, \frac {\pi }{4}\right )$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$mT \in \left (-\frac {\pi }{4}, 0\right )$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$mT = \frac {\pi }{4}$


$\overline {G}_{m}$


$P := \{(-T, -T), (0, 0), (T, T), (T, -T)\}$


$(\hat {J} \times \hat {J}) \setminus P$


$mT = -\frac {\pi }{4}$


$\overline {G}_{m}$


$P$


$(\hat {J} \times \hat {J}) \setminus P$


$mT \in \mathbb {R} \setminus \left [-\frac {\pi }{4}, \frac {\pi }{4}\right ]$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$3$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$m \neq k\pi /T$


$\overline {H}_{m,M}$


$A$


$m \neq \frac {k \pi }{T}$


$k \in \mathbb {Z}$


$A$


$\overline {G}_{m}$


$\alpha _{ij}$


$\alpha _{ij}(r)$


$m$


$M$


$\overline {H}_{m,M}$


$D$


$D_{t}$


$\overline {G}_{m}$


$\overline {H}_{m,M}$


$s \in \mathring {\hat {J}}$


$t \rightarrow \overline {H}_{m,M}(t,s)$


$t \in \hat {J}$


$t \neq s$


$\mathcal {C}^{1}$


$t \in \hat {J}$


$t \neq s$


$t \neq -s$


$t \notin D \setminus \{0\}$


$\overline {H}_{m,M}$


$\mathcal {C}^{1}$


$T = 5/2$


$\mathcal {C}^{1}$


$t \in \mathring {\hat {J}}$


$s \rightarrow \overline {H}_{m,M}(t, \cdot )$


$s \in \hat {J}$


$s \neq t$


$s \notin D$


$\overline {H}_{m,M}(t, \cdot )$


$\mathcal {C}^{1}$


$s \in \hat {J}$


$s \notin D_{t}$


$s \in (-T,T)$


$t \rightarrow \overline {H}_{m,M}(t,s)$


$t \in \hat {J}$


$t \neq s$


$t \neq -s$


$t \notin D \setminus \{0\}$


$t \in (-T,T)$


$t \notin D$


\begin {equation*}\overline {H}_{m,M}(t^-,t)=\overline {H}_{m,M}(t,t^+)\quad \text {and} \quad \overline {H}_{m,M}(t,t^-)=\overline {H}_{m,M}(t^+,t),\end {equation*}


\begin {equation*}\overline {H}_{m,M}(t^+,t)-\overline {H}_{m,M}(t^-,t)=\overline {H}_{m,M}(t,t^-)-\overline {H}_{m,M}(t,t^+)=1.\end {equation*}


$s \in (-T,T)$


$t \rightarrow \overline {H}_{m,M}(t,s)$


\begin {equation*}\overline {H}_{m,M}(T,s)=\overline {H}_{m,M}(-T,s).\end {equation*}


$t \in (-T,T)$


$s \rightarrow \overline {H}_{m,M}(t,s)$


\begin {equation*}\overline {H}_{m,M}(t,T)=\overline {H}_{m,M}(t,-T).\end {equation*}


$t \in \hat {J}$


$t \neq j$


$j \in \{-[T], \ldots , 0, \ldots ,[T]\}$


$\overline {H}_{m,M}(t,t^-)-\overline {H}_{m,M}(t,t^+)=1$


$t = j_{0}$


$t \notin D$


$\overline {H}_{m,M}$


$[-t] = -[t]$


$t \in \hat {J},\, t \neq s, \,t \neq -s \textup { and }t \notin D \setminus \{0\}$


$\overline {H}_{m,M}$


$4$


$s \notin D_{t}$


$\overline {H}_{m,M}$


$\hat {J} \times \hat {J}$


$\overline {H}_{-m,-M}$


$\hat {J} \times \hat {J}$


$\overline {H}_{m,M}$


$A$


$E \equiv A(m,M)$


$F \equiv A(-m,-M)$


$m$


$M \in \mathbb {R}$


$-m$


$-M \in \mathbb {R}$


$e_{ij}$


$E$


$f_{ij}$


$F$


$i,j \in \{ [-T], \ldots ,0, \ldots , [T]\}$


$\det {E} = \det {F}$


$E$


$F$


$a,b \in \mathbb {R}$


$e_{ij} = f_{-i,-j}$


$u = -s$


$6$


$\det {E} = \det {F}$


$e_{ij} = f_{-i,-j}$


$F$


$E$


$[T]$


$\det {E} = \det {F}$


$A$


$M = m$


$T = 2.1$


$m$


$A$


$M=m$


$T=2.1$


$A$


$A$


$T >0$


$m$


$M \in \mathbb {R}$


$m = -M$


$\det {A(m,M)} = 0$


$det{A(m,M)}=0$


$h=0$


$\hat {J}$


$v(t) = C$


$t \in \hat {J}$


$m + M = 0$


$\det {A(m,M)} = 0$


$\overline {H}_{m,M}$


$\hat {J} \times \hat {J}$


$m + M > 0$


$\overline {H}_{m,M}$


$\hat {J} \times \hat {J}$


$m + M < 0$


$h \in \mathcal {L}(\hat {J})$


$h(t)=1$


$t \in \hat {J}$


$v(t)=\frac {1}{m+M}$


$\overline {H}_{m,M}$


$\frac {\partial }{\partial t} \overline {H}_{m,M}$


$\overline {H}_{m,M}$


$s$


$s \in \hat {J}$


$s \notin D_{t}$


$\overline {G}_{m}$


$\overline {G}_{m}$


$G_{m}$


$\frac {\partial ^{2}}{\partial t^{2}} G_{m}(t,s) + m^{2} G_{m}(t,s) = 0$


$\overline {H}_{m,M}$


$T \in (0,1]$


$T \in (0,1]$


$(\hat {t},\hat {s})$


$\overline {H}_{m,M}$


$T > 0$


$m \neq \frac {k\pi }{T}$


$k \in \mathbb {Z}$


$\sigma (t)=1$


$t \in \hat {J}$


$v_{1}(t)=\frac {1}{m}$


$T \in (0,1]$


$T \leq 1$


$t \in \hat {J}$


$t \neq 0$


$t=0$


$\overline {H}_{m,M}$


$t = 0$


$T = 1$


$m = 2.36$


$M = 1.19$


$\overline {H}_{m,M}$


$T \in (0,1]$


$\overline {H}_{m,M}$


$t = s^-$


$\overline {H}_{m,M}$


$m \in (-\pi /4T, \pi /4T)$


$\overline {H}_{m,M}(t,s)$


$t$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$m \in (0, \pi /4T)$


$m \in (-\pi /4T, 0)$


$\frac {\partial }{\partial t} \overline {H}_{m,M}(t,s) < 0$


$m$


$M$


$\overline {H}_{m,M}(t,s)$


$M \in (0, \pi /4T)$


$\overline {H}_{m,M}(\cdot , s)$


$\hat {J} \setminus \{s\}$


$\frac {\partial }{\partial t} \overline {H}_{m,M}(t, s) < 0$


$t \neq s$


$t \neq -s$


$t \neq 0$


$\overline {H}_{m,M}(-T, s) = \overline {H}_{m,M}(T, s)$


$s \in (-T, T)$


$\overline {H}_{m,M}(s^{+}, s) = \overline {H}_{m,M}(s^{-}, s) + 1$


$s \in (-T, T) \setminus \{0\}$


$s \in (-T,T)$


$\hat {J}$


$t = s^{-}$


$\overline {H}_{m,M}$


$\hat {J}$


$\overline {q}: \hat {J} \rightarrow \mathbb {R}$


$\overline {H}_{m,M}(s^+, s)$


$\overline {H}_{m,M}(s^-, s)$


$T = 1$


$m = M=-1.88$


$T=1$


$M=-1.88$


$\overline {q}(s)$


$\overline {q}(s) \geq 0$


$s \in \hat {J}$


$s \in \hat {J}$


$\overline {q}$


$T$


$\overline {H}_{m,M}$


$\overline {q}(s)$


$\overline {q}: \hat {J} \rightarrow \mathbb {R}$


$\overline {q}$


$\mathcal {C}^{1}$


$\hat {J} \setminus \{0\}$


$\overline {q}(0^+) - \overline {q}(0^-) = \frac {M}{m+M}$


$\overline {q}(T) = \overline {q}(-T)$


$\overline {q}'(T) = \overline {q}'(-T)$


$\overline {q}''(s)$


$s \in \hat {J} \setminus \{0\}$


$\overline {q}(s)$


$s = 0$


$m = -0.73$


$M = 0.78$


$T = 1$


$3$


$4$


$5$


$4$


$5$


$5$


$4$


$\overline {q}'(s)$


$\overline {q}''(s)$


$\overline {H}_{m,M}(s^-,s) \geq 0$


$s \in \hat {J}$


$mT \in (-\frac {\pi }{4}, \frac {\pi }{4})$


$m + M > 0$


$\overline {H}_{m,M}$


$\overline {q}$


$mT \in (0, \pi /4)$


$mT \in (-\pi /4, 0)$


$mT \in (0, \pi /4)$


$\overline {G}_{m} > 0$


$(m, M) \in \mathbb {R} \times \mathbb {R}$


$\overline {H}_{m,M} > 0$


$\overline {q}''(s) < 0$


$\overline {q}(s)$


$s \in \hat {J}$


$s = 0$


$s = 0 ^+$


$s=0^-$


$s = -T$


$s = T$


$3$


$4$


$s = 0$


$\overline {q}$


$s = 0$


$\overline {q}(s)$


$s \in \hat {J}$


$mT \in (-\pi /4,0)$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$m \in (-\frac {\pi }{4T},0)$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}(s^-, -s) - \overline {G}_{m}(-s, s) \geq 0$


$m < 0$


$\overline {q}'(s) \leq 0$


$s \in \hat {J}$


$s \neq 0$


$s = T$


$s = 0^+$


$s=0^-$


$\overline {q}$


$s = T$


$s = 0$


$s = 0$


$m + M > 0$


$m < 0$


$M > 0$


$\overline {q}(s)$


$T \in (0,1]$


$\overline {H}_{m,M}(t,s)$


$mT > \frac {\pi }{4}$


$mT < -\frac {\pi }{4}$


$\overline {H}_{m,M}$


$\hat {J} \times \hat {J}$


$mT > \frac {\pi }{4}$


$mT < \frac {\pi }{4}$


$\overline {G}_{m}$


$\hat {J} \times \hat {J}$


$mT = \frac {\pi }{4}$


$mT = -\frac {\pi }{4}$


$(0,0)$


$\overline {H}_{\pi /4T, M}(0, 0^+) = \overline {H}_{-\pi /4T, M}(0, 0^-) = 0$


$M \neq -m$


$\overline {H}_{m,M}$


$\overline {G}_{m}(t,s)$


$\overline {G}_{m}(0,s)$


$\hat {J}$


$m > \pi /4T$


$m < \pi /4T$


$\overline {H}_{m,M}$


$M \in \mathbb {R}$


$mT \in (-\pi /4, \pi /4)$


$m \in (-\pi /4T, \pi /4T)$


$\overline {M}$


$\overline {H}_{m, \overline {M}} > 0$


$\overline {H}_{m,M} > 0$


$M$


$\overline {M} < M < M_{0}$


$M_{0}$


$\overline {T}_m(M_{0},t,s)$


$M_{1}$


$\overline {H}_{m,0} = \overline {G}_{m}$


$M_{1} = 0$


$\overline {T}_m^0(M_0,t,s)$


$\overline {H}_{m,M} > 0$


$M$


$-m < M < M_{0}$


$\min _{(t,s) \in \hat {J} \times \hat {J}} \overline {H}_{m,M_{0}}(t,s) = 0$


$\overline {H}_{m,M}$


$\overline {H}_{m,M} \geq 0$


$\hat {J} \times \hat {J}$


$\overline {q}(0^-)$


$M > 0$


$\overline {q}(0^+)$


$M < 0$


$q$


$\overline {T}_{m}^{0}$


$M_{0}>0$


$M_{0}<0$


$\overline {H}_{m,M}$


$m \in (-\pi /4T, \pi /4T)$


$m \neq 0$


$M \in \mathbb {R}$


$-m < M < \frac {1}{2}m(-1 + \cot (m\,T))$


$m = 0$


$0 < M < \frac {1}{2T}$


$\overline {H}_{m,M}$


$T = 1/2$


$T = 1$


$T=1/2$


$T=1$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$M$


$-\frac {1}{2}m(1 + \cot (m \,T)) < M < -m$


$m \in (-\pi /4T, \pi /4T)$


$m \neq 0$


$m = 0$


$-\frac {1}{2T} < M < 0$


$\overline {H}_{m,M}$


$T = 1/2$


$T = 1$


$T=1/2$


$T=1$


$T \in (0,1]$


$m$


$M$


$\overline {H}_{m,M} \geq 0$


$\hat {J} \times \hat {J}$


$(m,M)$


$\overline {H}_{m,M}$


$(m,M)$


$\overline {H}_{m,M}$


$m$


$M$


$T = 1$


$m = -M$


$\overline {H}_{m,M}$


$M > -m$


$M < -m$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$T = 1$


$\overline {H}_{m,M}$


$T>1$


$T>1$


$(\hat {t},\hat {s})$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$T>1$


$m>0$


$M>0$


$(t,s) \in \hat {J} \times \hat {J}$


$\overline {H}_{m,M}$


$T<1$


$\overline {H}_{m,M}(t, \cdot )$


$s \in \hat {J}$


$s=n \in \mathbb {Z} \cap \hat {J}$


$\overline {H}_{m,M}$


\begin {equation*}\overline {H}_{m,M}(t,n^-)=\lim _{s\rightarrow n^-}{\overline {H}_{m,M}(t,s)} \neq \lim _{s\rightarrow n^+}{\overline {H}_{m,M}(t,s)}=\overline {H}_{m,M}(t,n^+).\end {equation*}


$\overline {H}_{m,M}$


$m>0$


$M>0$


$\overline {H}_{m,M}$


$\overline {q}(n^-)$


$\overline {q}(n^+)$


$n \in \mathbb {Z} \cap \hat {J}$


$\overline {q}(T)=\overline {q}(T^-)$


$\overline {q}$


$1$


$3$


$4$


$5$


$\overline {H}_{m,M}(\cdot ,s)$


$t \in \hat {J}$


$t \neq s$


$\frac {\partial }{ \partial {t}}\overline {H}_{m,M}(t,s)<0$


$t \in \hat {J}$


$t \neq s$


$t \neq -s$


$t \notin D \setminus \{0\}$


$\overline {H}_{m,M}(s^+,s) - \overline {H}_{m,M}(s^-,s) = \overline {H}_{m,M}(s,s^-) - \overline {H}_{m,M}(s,s^+) = 1$


$s \in (-T,T)$


$s \notin D$


$\overline {H}_{m,M}(T,s) = \overline {H}_{m,M}(-T,s)$


$s \in (-T, T)$


$\overline {H}_{m,M}$


$t=s^-$


$T<1$


$\overline {q}: \hat {J} \rightarrow \mathbb {R}$


$m>0$


$M>0$


$\overline {q}$


$\overline {q}$


$\mathcal {C}^{1}$


$\hat {J} \setminus D$


$\overline {q}(T)=\overline {q}(-T)$


$m$


$M$


$s \in \hat {J}$


$\overline {H}_{m,M}$


$s = n^+$


$s=n^-$


$n \in \mathbb {Z} \cap \hat {J}$


$t \in \hat {J}$


$s = n^+$


$s = n^-$


$n \in \mathbb {Z} \cap \hat {J}$


$t \in \hat {J}$


$\overline {q}(s)$


$s \in \hat {J}$


$\overline {q}$


$\overline {H}_{m,M}$


$\frac {\partial }{\partial s} \overline {H}_{m,M}(t,s)$


\begin {equation*}\frac {\partial }{\partial s} \overline {H}_{m,M}(t,s) = \begin {cases} >0, & \text {if } m > 0, \\ <0, & \text {if } m < 0, \end {cases} \quad (t,s) \in \hat {J} \times \hat {J}, \, s \notin D_{t}.\end {equation*}


$t \in \hat {J}$


$\overline {H}_{m,M}(t,\cdot )$


$s$


$\overline {H}_{m,M}(t,\cdot )$


$s \in \hat {J}$


$s \notin D_{t}$


$\overline {H}_{m,M}(t,T) = \overline {H}_{m,M}(t,-T)$


$t \in (-T, T)$


$\overline {H}_{m,M}(s^+,s) - \overline {H}_{m,M}(s^-,s) = \overline {H}_{m,M}(s,s^-) - \overline {H}_{m,M}(s,s^+) = 1$


$s \in (-T,T)$


$s \notin D$


$\overline {H}_{m,M}(t, \cdot )$


$m > 0$


$s=n$


$n^-$


$n^+$


$s \in \hat {J}$


$s = t^+$


$t \in \hat {J}$


$\overline {H}_{m,M}(t, \cdot )$


$m < 0$


$s=n$


$n^-$


$n^+$


$s \in \hat {J}$


$s = t^+$


$\overline {H}_{m,M}(t, \cdot )$


$T > 1$


$\overline {H}_{m,M}(t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$T < 1$


$\overline {q}(0^-)$


$M > 0$


$\overline {q}(0^+)$


$M < 0$


$\overline {H}_{m,M}(t,s) > 0$


$\overline {q}(0^-)$


$M > 0$


$\overline {q}(0^+)$


$M < 0$


$m$


$M$


$\overline {H}_{m,M}$


$T > 0$


$T = 1.6$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$T = 1.6$


$t > 1$


$(\hat {t},\hat {s})$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$\overline {q}(T)$


$\overline {q}(s^+)$


$\overline {q}(s^-)$


$s \in \hat {J}$


$(m,M)$


$(m,M)$


$m$


$M$


$\overline {H}_{m,M}$


$s=n^+$


$s=n^-$


$n \in \mathbb {Z} \cap \hat {J}$


$\overline {H}_{m,M}$


$T$


$m<0$


$\overline {G}_{m}$


$(t_{m},s_{m}) \in \hat {J} \times \hat {J}$


$\overline {G}_{m}(t_{m},s_{m})<0$


$M_{1}=0$


$\int _{-T}^{T} \overline {G}_{m}(t_{m},r) \overline {H}_{m,M_{0}}([r],s) \, \mathrm {d}r < 0$


$\overline {T}_{m}^0(M,t,s)$


$(t,s) \in \hat {J} \times \hat {J}$


$\overline {T}_{m}^{0}(M,t,s)$


$(m,M)$


$t \in \hat {J}$


$s=n^+$


$s=n^-$


$s \in \hat {J}$


$m$


$M$


$\max _{(t,s) \in \hat {J} \times \hat {J}}{\overline {T}_{m}^{0}(M,t,s)}$


$M$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}([t],s)$


$\overline {G}_{m}$


$\overline {H}_{m,M}$


$s=n^-$


$s=n^+$


$n \in \mathbb {Z} \cap \hat {J}$


$t \in \hat {J}$


$\overline {q}(s)$


$s \in \hat {J}$


$\overline {q}$


$s \in \hat {J}$


$m < 0$


$M > 0$


$\overline {T}_{m}^{0}(M_{0},t,s)$


$t = s^+ \in \hat {J}$


$m > 0$


$M > 0$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$T=1.6$


$\overline {H}_{m,M}$


$T>1$


$T>0$


$f:\hat {J} \times \mathbb {R} \times \mathbb {R} \rightarrow \mathbb {R}$


$t \in \hat {J}$


$(x,y) \in \mathbb {R} \times \mathbb {R} \rightarrow f(t,x,y) \in \mathbb {R}$


$(x,y) \in \mathbb {R} \times \mathbb {R}$


$t \in \hat {J} \rightarrow f(t,x,y)$


$R > 0$


$h_{R} \in \mathcal {L}^{1}(\hat {J})$


$|x| < R$


$|y| < R$


$\alpha \in AC(\hat {J})$


$\alpha $


$\beta \in AC(\hat {J})$


$\beta $


$\alpha $


$\beta $


$\beta \leq \alpha $


$[-T,T]$


$f$


$t \in \hat {J}$


$\beta (-t) \leq x_{2} \leq x_{1} \leq \alpha (-t)$


$\beta ([t]) \leq y_{2} \leq y_{1} \leq \alpha ([t])$


$(m,M)$


$\overline {H}_{m,M}$


$T \in (0,1]$


$m \in (-\frac {\pi }{4T},\frac {\pi }{4T})$


$-m < M < \frac {m}{2}(-1 + \cot (mT))$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$\alpha _{0} = \alpha $


$\beta _{0} = \beta $


$[\beta , \alpha ]$


$\gamma \in \mathcal {L}^{1}(\hat {J})$


$\beta \leq \gamma \leq \alpha $


$2$


$\gamma $


$h_{\gamma } \in \mathcal {L}^{1}(\hat {J})$


$v_{i} = \mathcal {T} \gamma _{i}$


$\mathcal {T} \gamma _{i}$


$\mathcal {T}$


$v_{i}$


$\gamma = \gamma _{i} \in \mathcal {L}^{1}(J)$


$\beta \leq \gamma _{1} \leq \gamma _{2} \leq \alpha $


$v_{1} \leq v_{2}$


$\hat {J}$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$\alpha _{0} = \alpha $


$\beta _{0} = \beta $


$\alpha _{n+1} = \mathcal {T}\alpha _{n}$


$\beta _{n+1} = \mathcal {T}\beta _{n}$


$n \in \mathbb {N}$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$[\beta , \alpha ]$


$\hat {J}$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$\phi = \mathcal {T}\phi $


$\psi = \mathcal {T}\psi $


$\alpha $


$\beta $


$\alpha \leq \beta $


$[-T,T]$


$f$


$t \in \hat {J}$


$\alpha (-t) \leq x_{2} \leq x_{1} \leq \beta (-t)$


$\alpha ([t]) \leq y_{2} \leq y_{1} \leq \beta ([t])$


$(m,M)$


$\overline {H}_{m,M}$


$T \in (0,1]$


$m \in (-\frac {\pi }{4T}, \frac {\pi }{4T})$


$-\frac {m}{2}(1 + \cot (mT)) < M < -m$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$\alpha _{0} = \alpha $


$\beta _{0} = \beta $


$[\alpha , \beta ]$


$\alpha \equiv 1$


$\beta \equiv -1$


$\lambda \geq 0$


$f(t,x,y) = \lambda \tanh {(t^2 - 2x + y)}$


$\left |\frac {\partial {f}}{\partial {x}}(t,x,y)\right | \leq 2 \lambda $


$\left |\frac {\partial {f}}{\partial {y}}(t,x,y)\right | \leq \lambda $


$t \in \hat {J}$


$x$


$y \in \mathbb {R}$


$m$


$M \in \mathbb {R}$


$\overline {H}_{m,M}$


$T=1$


$[-1,1]$


$m = 1/2$


$M = 1/5$


$\overline {H}_{m,M} > 0$


$T = 1$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$[-1,1]$


$\alpha \equiv \frac {T}{2}$


$\beta \equiv -\frac {T}{2}$


$\lambda \geq 0$


$f(t,x,y)=\lambda \tanh {(t-x-y)}$


$\left |\frac {\partial f}{\partial {x}}(t,x,y)\right | \leq \lambda $


$\left |\frac {\partial f}{\partial {y}}(t,x,y)\right | \leq \lambda $


$t \in \hat {J}$


$x$


$y \in \mathbb {R}$


$A$


$T=1.6$


$m=0.21$


$M=0.2$


$[-T/2,T/2]$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$-T/2$


$T/2$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$A$


$\alpha _{ij}(r)$


$\overline {H}_{m,M}$


$H_{m,M}$


$\overline {H}_{m,M}$


$\overline {H}_{m,M}$


$T=1.6$


$m>0$


$M>0$


$m<0$


$M>0$


$m<0$


$M>0$


$m>0$


$M>0$


$(m,M)$


$\overline {H}_{m,M}(s,s+\varepsilon )$


$s=n$


$n^-$


$n^+$


$m$


$M$


$m$


$M$


$M>-m$


$\overline {H}_{m,M}$


$H_{m,M}> 0$


$m>0$


$M>0$


$m<0$


$M>0$


$s=n$


$n^-$


$n^+$


$s$


$s=T$


$s=-T$


$t$


$(-T,T)$


$t=s$


$\overline {H}_{m,M}$


$m$


$M$


$m$


$M$


$m$


$M$


$M$


$M>-m$


$\overline {H}_{m,M}$


$H_{m,M}> 0$


$m<0$


$M>0$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$(\alpha _{n})_{n \in \mathbb {N}}$


$(\beta _{n})_{n \in \mathbb {N}}$


$\alpha _{0}=T/2$


$\beta _{0}=-T/2$


$\alpha _{n+1}=\mathcal {T}(\alpha _{n})$


$\beta _{n+1}=\mathcal {T}(\beta _{n})$


$\mathcal {T}$


$2n_{1}$


$n=10$


$\overline {H}_{m,M}$
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following periodic or constant subdivisions of the domain. This approach is particularly useful for systems where events occur at 
regular intervals or where conditions change abruptly.

These equations are used in control engineering, where systems are monitored and adjusted at fixed intervals. Digital controllers, 
for example, sample state variables and make corrections at discrete intervals. In biomedicine, they model physiological rhythms, 
such as the electrical activity of the heart, measured at regular intervals, or drug dosing, where doses are administered at fixed times 
[5]. They have also been applied to model colorectal cancer dynamics under chemo-immunotherapy [6], and to study vertically 
transmitted diseases [7]. In economics, these equations describe phenomena in which adjustments occur at specific times, such as 
price changes or investments decisions [8].

In light of these considerations, this paper focuses on functional equations with involution and piecewise constant dependence. 
Involution equations are a type of nonlocal equation in which the function composed with itself is the identity. Two prominent 
examples are reflection and inversion. The study of these equations began with Silberstein in 1940, who analyzed the equation 
𝑣′(𝑡) = 𝑣( 1𝑡 ) [9]. Since then, many authors have contributed to this area [10–12]. Early works focused on existence and uniqueness 
results for first-order involution equations and the development of comparison and monotone iterative techniques. More recently, [13] 
extended these results by analyzing boundary value problems with more general nonlinearities and providing explicit constructions 
of Green’s functions, allowing a deeper understanding of the qualitative behaviour of solutions.

On the other hand, differential equations with piecewise constant arguments, studied from the early 1980s [14–17], initially 
concentrated on existence and stability results, often by combining methods from differential and difference equations. Later works 
explored oscillatory behaviour, positivity of solutions, and the impact of discontinuities on the regularity and qualitative properties 
of solutions. In particular, Cabada et al. [18] developed Green’s functions and comparison principles for first-order periodic problems, 
enabling detailed analysis of solution behaviour, while [19] studied boundary value problems for nonlinear second-order equations, 
focusing on existence and uniqueness of solutions. These contributions provide a rich framework for applications in control biology 
and economics.

This work constitutes, as far as we know, the first time these types of equations are analyzed together. We will approach the 
problem using Green’s function theory and study solutions with constant sign. This is important because many modeled quantities 
-such as pressure, power, temperature in kelvin, or the number of people affected by a disease- are non negative.

The article is structured as follows. Section 2 introduces the necessary preliminaries. Subsequently, in Section 3, we derive the 
expression for the Green’s function for a problem that involves both involution and reflection. Section 4, studies the properties of 
these functions and presents a new method to identify the region where such functions maintain a constant sign on their square of 
definition. This method is applied to a previously known case of a piecewise equation. Next, Section 5, analyzes a first-order differential 
equation with reflection and piecewise constant arguments, focusing on the region where its Green’s function has a constant sign. 
Finally, Section 6, applies these concepts to study the existence of solutions for a nonlinear problem using the monotone method of 
lower and upper solutions. A numerical approximation of this method is also provided.

2.  Preliminaries and motivation

The utilisation of Green’s functions is an invaluable tool in the resolution of ordinary differential equations. Accordingly, we will 
initially present the concept of Green’s functions and subsequently examine their properties.

The following general problem of order 𝑛 is considered 
𝐿𝑛 𝑣(𝑡) = 𝜎(𝑡),  a.e 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣) = ℎ𝑖, 𝑖 = 1,… , 𝑛, (2.1)

along with the two-point boundary conditions 

𝑉𝑖(𝑣) ≡
𝑛−1
∑

𝑗=0

(

𝛼𝑖𝑗 𝑣
(𝑗)(𝑎) + 𝛽𝑖𝑗 𝑣

(𝑗)(𝑏)
)

, 𝑖 = 1,… , 𝑛, (2.2)

where 
𝐿𝑛 𝑣(𝑡) ≡ 𝑣(𝑛)(𝑡) + 𝑎1(𝑡) 𝑣(𝑛−1)(𝑡) +⋯ + 𝑎𝑛−1(𝑡) 𝑣′(𝑡) + 𝑎𝑛(𝑡) 𝑣(𝑡), 𝑡 ∈ 𝐽 ∶= [𝑎, 𝑏], (2.3)

being 𝛼𝑖𝑗 , 𝛽𝑖𝑗 , and ℎ𝑖 real constants for all 𝑖 = 1,… , 𝑛 and 𝑗 = 0,… , 𝑛 − 1, and 𝜎, 𝑎𝑘 ∈ 1(𝐽 ) for all 𝑘 = 1,… , 𝑛, being 1(𝐽 ) the set of 
1-integrable functions, i.e.: 

1(𝐽 ) =
{

𝑓 is a Lebesgue measurable function on 𝐽 and ∫𝐽
|𝑓 | <∞

}

.

In this situation, we seek solutions that belong to the space
𝑊 𝑛,1(𝐽 ) = {𝑣 ∈ 𝑛−1(𝐽 ), 𝑣(𝑛−1) ∈ (𝐽 )},

where (𝐽 ) is the set of absolutely continuous functions on 𝐽 .
In this case, when the uniqueness of solutions of Problem (2.1)–(2.2) can be guaranteed, such solution can be written in the form 

𝑣(𝑡) = 𝐿−1
𝑛 𝜎(𝑡). It is in this context that we can refer to the Green’s function, 𝐺 ∶ 𝐽 × 𝐽 → ℝ, associated with the linear problem of order 

𝑛 (2.1)–(2.2). This function, in case it exists, is unique and corresponds to the integral kernel of the inverse operator 𝐿−1
𝑛 , meaning 

that it satisfies 

𝑣(𝑡) = ∫

𝑏

𝑎
𝐺(𝑡, 𝑠)𝜎(𝑠)d𝑠,  for all 𝑡 ∈ 𝐽 .
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In reference [20, Section 1.4], it is proved a number of properties that the Green’s function must satisfy, which allows us to define 
it axiomatically as follows.
Definition 1. We say that 𝐺 ∈ 𝑛−2(𝐽 × 𝐽 ) ∩ 𝑛((𝐽 × 𝐽 ) ⧵ {(𝑡, 𝑡), 𝑡 ∈ 𝐽}) is the Green’s function related to Problem (2.1)–(2.2) if and 
only if it is a solution of problem 

𝐿𝑛(𝐺(𝑡, 𝑠)) = 0, 𝑡 ∈ 𝐽 ⧵ {𝑠}, 𝑉𝑖(𝐺(⋅, 𝑠)) = 0, 𝑖 = 1,… , 𝑛,

for any 𝑠 ∈ (𝑎, 𝑏) fixed. Moreover, it satisfies the following jump condition at the diagonal of the square of definition: For each 𝑡 ∈ (𝑎, 𝑏), 
there exist and are finite, the lateral limits

𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡−, 𝑡) = 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡, 𝑡+) and 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡, 𝑡−) = 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡+, 𝑡),

and additionally,
𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡+, 𝑡) − 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡−, 𝑡) = 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡, 𝑡−) − 𝜕𝑛−1

𝜕𝑡𝑛−1
𝐺(𝑡, 𝑡+) = 1.

Moreover, if the homogeneous Problem (2.1)–(2.2) (𝜎 = 0 on 𝐽 and ℎ𝑖 = 0, 𝑖 = 1,… , 𝑛) has as a unique solution the trivial one, 
the Green’s function exists and is unique. 

This work will address both ordinary differential equations and nonlocal equations involving involution and piecewise constant 
arguments. Accordingly, we will undertake a review of the concept of involution [21] and the methodology employed in the study 
of differential equations with involution.
Definition 2. Let 𝐴 ⊂ ℝ be a set containing more than one point and 𝑓 ∶ 𝐴→ 𝐴 a function such that 𝑓 is not the identity 𝐼𝑑. Then, 
𝑓 is an involution if and only if 

𝑓 2 ≡ 𝑓◦𝑓 = 𝐼𝑑 on 𝐴,
or, equivalently, if 

𝑓 = 𝑓−1 on 𝐴.
If 𝐴 = ℝ, we say that 𝑓 is a strong involution. 

Following the theoretical framework presented in [22, Section 3] and [13, Section 1.3.2], we can transform differential equations 
with involution into expressions that have the same form as Problem (2.1)–(2.2), which we already know how to solve.

We will attempt to study equations with reflection, specifically focusing on analyzing problems of the form 
𝐿𝑛 𝑣(𝑡) + 𝑚𝑣(−𝑡) = 𝜎(𝑡), 𝑡 ∈ 𝐽 = [−𝑇 , 𝑇 ], 𝑉𝑖(𝑣) = ℎ𝑖, 𝑖 = 1,… , 𝑛, (2.4)

and, moreover, we will also discuss problems with piecewise constant arguments as the following ones [18,23]: 
𝐿𝑛 𝑣(𝑡) +𝑀 𝑣([𝑡]) = 𝜎(𝑡), 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣) = ℎ𝑖, 𝑖 = 1,… , 𝑛, (2.5)

with 𝑚, 𝑀 ∈ ℝ, 𝑉𝑖 and 𝐿𝑛 defined in (2.2) and (2.3), respectively, 𝑇 > 0, and 𝜎 ∈ 1(𝐽 ). The function [𝑡] is the symmetric floor 
function given by

[𝑡] =
{

𝑛, if 𝑡 ∈ [𝑛, 𝑛 + 1),
−𝑛, if 𝑡 ∈ (−𝑛 − 1,−𝑛],

where 𝑛 ∈ {0, 1, 2,…} (see Fig. 1). Notice that [𝑡] = 0 for all 𝑡 ∈ (−1, 1).

Fig. 1. Representation of the symmetric function [𝑡] for 𝑡 ∈ [−3.6, 3.6].

Communications in Nonlinear Science and Numerical Simulation 153 (2026) 109488 

3 



A. Cabada and P. Cambeses–Franco

Fig. 2. An example of a function 𝑣 ∈ Λ defined for 𝑡 ∈ [−3, 3].

We will denote by Λ the set of all functions 𝑣 ∶ 𝐽 → ℝ that are continuous on 𝐽 = [−𝑇 , [−𝑇 ]) ∪ [[−𝑇 ], [−𝑇 ] + 1) ∪… ∪ [−2, 1) ∪
[−1, 1) ∪ [1, 2) ∪… ∪ [[𝑇 ] − 1, [𝑇 ]) ∪ [[𝑇 ], 𝑇 ], and such that, for every 

𝑡 ∈ {[−𝑇 ],… ,−1, 1,… , [𝑇 ]}

for which 𝑡− ∈ 𝐽 , 𝑣(𝑡−) ∈ ℝ exists. Additionally, if 𝑣 ∈ Λ, we understand that 𝑣(𝑡) = 𝑣(𝑡+) for all 𝑡 ∈ {[−𝑇 ],… ,−1, 1,… , [𝑇 ]}, 𝑡+ ∈ 𝐽 (in 
Fig. 2 we see an example of a function 𝑣 ∈ Λ).

Remark 1.  If 𝑇 ∈ ℕ, then the points [−𝑇 ] and [𝑇 ] lie at the boundaries of 𝐽 , and therefore the limits 𝑣([−𝑇 ]−) and 𝑣([𝑇 ]+) have no 
sense. In such a case, we look for solutions 𝑣 ∈ (𝐽 ∪ {𝑇 }). 

For all 𝑟 ∈ {1, 2,…}, let Ω𝑟 denote the set of all functions 𝑣 ∶ 𝐽 → ℝ such that 𝑣 ∈ 𝑊 𝑟,1(𝐽 ) and 𝑣(𝑟) ∈ Λ.
With the aim of illustrating the concepts discussed above, we now consider the following simple example: 

𝑣′(𝑡) + 𝑣(𝑡) +𝑀 𝑣([𝑡]) = 𝜎(𝑡), 𝑡 ∈ [−2, 2], 𝑣(−2) = 0, (2.6)

which is a particular case of Problem (2.5) (𝑛 = 1, 𝐿1(𝑣) = 𝑣′ + 𝑣, 𝑉1(𝑣) = 𝑣(−2) and ℎ1 = 0).
It is easy to prove that the Green’s function of Problem (2.6) with 𝑀 = 0, which we will denote by 𝐺𝐼  is given by (see [20, Section 

1.2] for further details): 

𝐺𝐼 (𝑡, 𝑠) =
{

𝑒𝑠−𝑡, if −2 ≤ 𝑠 ≤ 𝑡 ≤ 2,
0, if −2 ≤ 𝑡 < 𝑠 ≤ 2,

(2.7)

and it has a unit jump at 𝑡 = 𝑠.
Building on this results, we now turn our attention to equations that involve both involutions and piecewise constant arguments.
As a motivation example, consider the stationary case of the model proposed in [24] which describes the heat distribution in a 

metal wire arranged around a thin insulating sheet. In their model, the temperature 𝑇 (𝑡, 𝑦) evolves according to 
𝜕𝑇 (𝑡, 𝑦)
𝜕𝑡

= 𝛼
𝜕2𝑇 (𝑡, 𝑦)
𝜕𝑦2

+ 𝛽
𝜕2𝑇 (𝑡,−𝑦)

𝜕𝑦2
,

where 𝛼 represents standard thermal diffusion and 𝛽 accounts for the interaction with the symmetric point −𝑦, modeling the influence 
of overlapping or nearby wire segments.

Building on this idea, we propose a natural extension by adding a term that depends on piecewise-constant segments of the wire 
(in Fig. 3 we represent this new model): 

𝜕𝑇 (𝑡, 𝑦)
𝜕𝑡

= 𝛼
𝜕2𝑇 (𝑡, 𝑦)
𝜕𝑦2

+ 𝛽
𝜕2𝑇 (𝑡,−𝑦)

𝜕𝑦2
+ 𝛾

𝜕2𝑇 (𝑡, [𝑦])
𝜕𝑦2

,

where 𝛾 is a constant representing additional diffusion within each homogeneous segment. This extension preserves the structure of the 
original reflection model while allowing us to incorporate local heterogeneities or discretized effects. It provides a physical motivation 
for studying Green’s function of equations with reflection and piecewise constant arguments, since the evolution of temperature is 
influenced both by symmetric points and by segment-wise properties of the material.

To this end, and as a first step, the next section is devoted to obtaining an explicit Green’s function for these equations.

Communications in Nonlinear Science and Numerical Simulation 153 (2026) 109488 

4 



A. Cabada and P. Cambeses–Franco

Fig. 3. Heat bar with reflection symmetry and piecewise dependence.

3.  Green’s functions of equations with piecewise constant arguments and involution

Once the theoretical formalism of Green’s functions is understood and equations with involution and with piecewise constant 
arguments were introduced, we are now in a position to combine Problems (2.4) and (2.5) and study the following case: 

𝐿𝑛 𝑣(𝑡) + 𝑚𝑣(−𝑡) +𝑀 𝑣([𝑡]) = 𝜎(𝑡),  a.e 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣) = ℎ𝑖, 𝑖 = 1,… , 𝑛, (3.1)

where 𝑚 and 𝑀 ∈ ℝ, and 𝑉𝑖 and 𝐿𝑛 are defined in (2.2) and (2.3).
We will say that a function 𝑣 ∶ 𝐽 → ℝ is a solution of Problem (3.1) if 𝑣 ∈ Ω𝑛 and satisfies Eq. (3.1).
We see that, now, the expression depends on two real parameters 𝑚 and 𝑀 . Throughout the rest of the work, we aim to analyze 

the properties of the Green’s function for Problem (3.1) and determine for which values of 𝑚 and 𝑀 it has constant sign on 𝐽 × 𝐽 . 
Now, we assume that both Problems , (2.4) and (3.1), has a unique solution for any 𝜎 ∈ 𝐿1(𝐽 ).

Next, we will see how we can approach this problem by using Green’s functions.
Let us assume that 𝐺𝑚(𝑡, 𝑠) is the Green’s function corresponding to the involution Problem (2.4), and we attempt to find a new 

Green’s function associated with the new Problem (3.1), which we will denote by 𝐻𝑚,𝑀 (𝑡, 𝑠). We are interested in expressing 𝐻𝑚,𝑀 (𝑡, 𝑠)
in terms of 𝐺𝑚(𝑡, 𝑠).

By the definition of Green’s function, we have that 𝑣(𝑡) is a solution of Problem (3.1) if and only if 

𝑣(𝑡) = ∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑠)(𝜎(𝑠) −𝑀𝑣([𝑠]))d𝑠.

Let 𝑙 = [𝑡] ∈ {[−𝑇 ],… , 0,… , [𝑇 ]}, then we can write 

𝑣(𝑙) = ∫ 𝑇−𝑇 𝐺𝑚(𝑙, 𝑠)𝜎(𝑠) d𝑠 −𝑀

(

∫ [−𝑇 ]
−𝑇 𝐺𝑚(𝑙, 𝑠)𝑣([−𝑇 ]) d𝑠 + ∫ [−𝑇 ]+1

[−𝑇 ] 𝐺𝑚(𝑙, 𝑠)𝑣([−𝑇 + 1]) d𝑠

+⋯ + ∫ 0
−1 𝐺𝑚(𝑙, 𝑠)𝑣([0]) d𝑠 + ∫ 1

0 𝐺𝑚(𝑙, 𝑠)𝑣([0]) d𝑠 + ∫ 2
1 𝐺𝑚(𝑙, 𝑠)𝑣([1]) d𝑠

+⋯ + ∫ 𝑇[𝑇 ] 𝐺𝑚(𝑙, 𝑠)𝑣([𝑇 ]) d𝑠

)

.

(3.2)

For simplicity, we denote:
ℎ(𝑙) ≡ ∫ 𝑇−𝑇 𝐺𝑚(𝑙, 𝑠)𝜎(𝑠) d𝑠,

𝑎𝑙,[−𝑇 ] ≡ ∫ [−𝑇 ]
−𝑇 𝐺𝑚(𝑙, 𝑠) d𝑠,

𝑎𝑙,[𝑇 ] ≡ ∫ 𝑇[𝑇 ] 𝐺𝑚(𝑙, 𝑠) d𝑠,

𝑎𝑙,0 ≡ ∫ min{𝑇 ,1}
max{−𝑇 ,−1} 𝐺𝑚(𝑙, 𝑠) d𝑠

and 
𝑎𝑙,𝑘 ≡ ∫ 𝑘𝑘−1 𝐺𝑚(𝑙, 𝑠)d𝑠 for 𝑘 ∈ {[−𝑇 ] + 1,… , [𝑇 ] − 1} ⧵ {0}.

Note that, in the particular case where 𝑇 ≤ 1, we will consider: 

𝑎0,[−𝑇 ] = 𝑎0,[𝑇 ] = 𝑎0,0 = ∫

𝑇

−𝑇
𝐺𝑚(0, 𝑠)d𝑠.

In this way, we can rewrite the previous equation for all 𝑙 ∈ {[−𝑇 ],… , [𝑇 ]} as follows:
𝑣(𝑙) = ℎ(𝑙) −𝑀𝑎𝑙,[−𝑇 ]𝑣([−𝑇 ]) −𝑀𝑎𝑙,[−𝑇+1]𝑣([−𝑇 + 1]) −⋯

−𝑀𝑎𝑙,0𝑣([0]) −𝑀𝑎𝑙,1𝑣([1]) −⋯ −𝑀𝑎𝑙,[𝑇 ]𝑣([𝑇 ]).

From the above, we deduce that the following matrix equation holds: 
𝐴𝑐 = 𝑏,
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where 𝐴, 𝑏 and 𝑐 are given by the following expressions: 

𝐴 ≡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑀𝑎[−𝑇 ][−𝑇 ] + 1 𝑀𝑎[−𝑇 ][−𝑇+1] ⋯ 𝑀𝑎[−𝑇 ]0 ⋯ 𝑀𝑎[−𝑇 ][𝑇 ]
𝑀𝑎[−𝑇+1][−𝑇 ] 𝑀𝑎[−𝑇+1][−𝑇+1] + 1 ⋯ 𝑀𝑎[−𝑇+1]0 ⋯ 𝑀𝑎[−𝑇+1][𝑇 ]

⋮ ⋮ ⋯ ⋮ … ⋮
⋮ ⋮ ⋯ ⋮ … ⋮

𝑀𝑎[𝑇 ][−𝑇 ] 𝑀𝑎[𝑇 ][−𝑇+1] ⋯ 𝑀𝑎[𝑇 ]0 ⋯ 𝑀𝑎[𝑇 ][𝑇 ] + 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (3.3)

𝑐 ≡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑣([−𝑇 ])
⋮

𝑣([0])
⋮

𝑣([𝑇 ])

⎞

⎟

⎟

⎟

⎟

⎟

⎠

 and 𝑏 ≡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ℎ([−𝑇 ])
⋮

ℎ([0])
⋮

ℎ([𝑇 ])

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

This matrix has a clear physical meaning, as each row and column represents how the Green’s function in one interval depends 
on the others, pointed out the interactions between different parts of the system.

When the matrix 𝐴 is invertible, we have that 𝑐 = 𝐴−1𝑏.
From now on, we will denote the elements of 𝐴−1 as 𝑎̃𝑖,𝑗 . Specifically: 

𝐴−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑎̃[−𝑇 ][−𝑇 ] 𝑎̃[−𝑇 ][−𝑇+1] ⋯ 𝑎̃[−𝑇 ]0 ⋯ 𝑎̃[−𝑇 ][𝑇 ]
𝑎̃[−𝑇+1][−𝑇 ] 𝑎̃[−𝑇+1][−𝑇+1] ⋯ 𝑎̃[−𝑇+1]0 ⋯ 𝑎̃[−𝑇+1][𝑇 ]

⋮ ⋮ ⋯ ⋮ … ⋮
⋮ ⋮ ⋯ ⋮ … ⋮

𝑎̃[𝑇 ][−𝑇 ] 𝑎̃[𝑇 ][−𝑇+1] ⋯ 𝑎̃[𝑇 ]0 ⋯ 𝑎̃[𝑇 ][𝑇 ]

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

We now consider and arbitrary 𝑇 > 0 and calculate the explicit expression of 𝑣(𝑡). We start again from expression (3.2). We denote 
by 𝜒𝐼 (𝑠) the indicator function of an interval 𝐼 , that is:

𝜒𝐼 (𝑠) =
{

1, if 𝑠 ∈ 𝐼,
0, if 𝑠 ∉ 𝐼.

We can rewrite 𝑣(𝑡) for all 𝑡 ∈ 𝐽 as follows:

𝑣(𝑡) = ∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)𝜎(𝑠) d𝑠 −𝑀

(

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)𝑣([−𝑇 ])𝜒[−𝑇 ,−[𝑇 ]](𝑠)

+𝐺𝑚(𝑡, 𝑠)𝑣([−𝑇 + 1])𝜒(−[𝑇 ],[−𝑇+1]](𝑠) +⋯ + 𝐺𝑚(𝑡, 𝑠)𝑣([0])𝜒(−1,1)(𝑠)

+𝐺𝑚(𝑡, 𝑠)𝑣([1])𝜒[1,2)(𝑠) +⋯ + 𝐺𝑚(𝑡, 𝑠)𝑣([𝑇 ])𝜒[[𝑇 ],𝑇 ](𝑠) d𝑠

)

.

Next, we take into account that 𝑐 = 𝐴−1𝑏, so

𝑣(𝑡) = ∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)𝜎(𝑠) d𝑠 −𝑀

(

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)
(

𝑎̃[−𝑇 ][−𝑇 ] ∫
𝑇
−𝑇 𝐺𝑚([−𝑇 ], 𝑠)𝜎(𝑠) d𝑠 +⋯

+𝑎̃[−𝑇 ]0 ∫
𝑇
−𝑇 𝐺𝑚(0, 𝑠)𝜎(𝑠) d𝑠 +⋯ + 𝑎̃[−𝑇 ][𝑇 ] ∫

𝑇
−𝑇 𝐺𝑚([𝑇 ], 𝑠)𝜎(𝑠) d𝑠

)

𝜒[−𝑇 ,−[𝑇 ]](𝑠)

+⋯ + 𝐺𝑚(𝑡, 𝑠)
(

𝑎̃0[−𝑇 ] ∫
𝑇
−𝑇 𝐺𝑚([−𝑇 ], 𝑠)𝜎(𝑠) d𝑠 +⋯

+𝑎̃00 ∫
𝑇
−𝑇 𝐺𝑚(0, 𝑠)𝜎(𝑠) d𝑠 +⋯ + 𝑎̃0[𝑇 ] ∫

𝑇
−𝑇 𝐺𝑚([𝑇 ], 𝑠)𝜎(𝑠) d𝑠

)

𝜒(−1,1)(𝑠) +⋯

+𝐺𝑚(𝑡, 𝑠)
(

𝑎̃[𝑇 ][−𝑇 ] ∫
𝑇
−𝑇 𝐺𝑚([−𝑇 ], 𝑠)𝜎(𝑠) d𝑠 +⋯

+𝑎̃[𝑇 ]0 ∫
𝑇
−𝑇 𝐺𝑚(0, 𝑠)𝜎(𝑠) d𝑠 +⋯ + 𝑎̃[𝑇 ][𝑇 ] ∫

𝑇
−𝑇 𝐺𝑚([𝑇 ], 𝑠)𝜎(𝑠) d𝑠

)

𝜒[[𝑇 ],𝑇 ](𝑠) d𝑠

)

.

We now define some new quantities with the main goal of simplifying the notation. Thus, we introduce the following functions 
defined on 𝐽 and taking values on ℝ: 

𝛼[−𝑇 ]𝑗 (𝑟) = 𝑎̃[−𝑇 ]𝑗𝜒[−𝑇 ,−[𝑇 ]](𝑟),

𝛼[−𝑇+1]𝑗 (𝑟) = 𝑎̃[−𝑇+1]𝑗𝜒(−[𝑇 ],[−𝑇+1]](𝑟),

⋮

𝛼0𝑗 (𝑟) = 𝑎̃0𝑗𝜒(max{−𝑇 ,−1},min{𝑇 ,1})(𝑟),

⋮

𝛼[𝑇 ]𝑗 (𝑟) = 𝑎̃[𝑇 ]𝑗𝜒[[𝑇 ],𝑇 ](𝑟),

(3.4)
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for all 𝑗 ∈ {[−𝑇 ], [−𝑇 + 1],… , 0,… , [𝑇 ]}.
Using this notation and rearranging the previous equation, we obtain 

𝑣(𝑡) = ∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)𝜎(𝑠) d𝑠 −𝑀

(

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)
(

∑[𝑇 ]
𝑗=[−𝑇 ] ∫

𝑇
−𝑇 𝐺𝑚(𝑗, 𝑟)𝜎(𝑟)

∑[𝑇 ]
𝑖=[−𝑇 ] 𝛼𝑖𝑗 (𝑠) d𝑟

)

.

Now, since previous equation is fulfilled for all 𝜎 ∈ 1(𝐽 ), we conclude that for any 𝑘 ∈ {[−𝑇 ],… , [𝑇 ]}, the following equality is 
satisfied:

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)
(

∫ 𝑇−𝑇 𝐺𝑚(𝑘, 𝑟)𝜎(𝑟)
∑[𝑇 ]
𝑖=[−𝑇 ] 𝛼𝑖𝑘(𝑠) d𝑟

)

d𝑠

= ∫ 𝑇−𝑇

(

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑠)𝐺𝑚(𝑘, 𝑟)𝜎(𝑟)
∑[𝑇 ]
𝑖=[−𝑇 ] 𝛼𝑖𝑘(𝑠) d𝑟

)

d𝑠

= ∫ 𝑇−𝑇

(

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑟)𝐺𝑚(𝑘, 𝑠)𝜎(𝑠)
∑[𝑇 ]
𝑖=[−𝑇 ] 𝛼𝑖𝑘(𝑟) d𝑠

)

d𝑟.

Observing the previous expression, it is easy to deduce that the Green’s function corresponding to Problem (3.1), namely 𝐻𝑚,𝑀 (𝑡, 𝑠), 
in terms of 𝐺𝑚, is given by the expression 

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐺𝑚(𝑡, 𝑠) −𝑀

[ [𝑇 ]
∑

𝑗=[−𝑇 ]

[𝑇 ]
∑

𝑖=[−𝑇 ]
𝐺𝑚(𝑗, 𝑠)∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑟)𝛼𝑖𝑗 (𝑟)d𝑟

]

. (3.5)

Next, we will write the particular case where 𝑇 ∈ (0, 1]. For these values of 𝑇 , the calculation is simpler and yields a more 
convenient expression to work with.

Provided that 1 +𝑀 ∫ 𝑇−𝑇 𝐺𝑚(0, 𝑟)d𝑟 ≠ 0, we have: 

𝛼0,0(𝑟) =
1

1 +𝑀 ∫ 𝑇−𝑇 𝐺𝑚(0, 𝑟)d𝑟
,

and, following Eq. (3.5), we arrive at 

𝑣(𝑡) = ∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑠) 𝜎(𝑠) d𝑠 −𝑀

∫

𝑇

−𝑇
𝐺𝑚(0, 𝑠) 𝜎(𝑠) d𝑠

1 +𝑀 ∫

𝑇

−𝑇
𝐺𝑚(0, 𝑟) d𝑟

∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑟) d𝑟.

From the above, we can conclude that 

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐺𝑚(𝑡, 𝑠) −𝑀
∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑟) d𝑟

1 +𝑀 ∫

𝑇

−𝑇
𝐺𝑚(0, 𝑟) d𝑟

𝐺𝑚(0, 𝑠). (3.6)

As we will see next, expressions (3.5) and (3.6) will be of great importance, as they will allow us to deduce properties of the 
function 𝐻𝑚,𝑀 (𝑡, 𝑠) from the already known Green’s function 𝐺𝑚(𝑡, 𝑠).

As an illustrative example, we will determine the Green’s function corresponding to Problem (2.6), denoted by 𝐻𝐼 , and defined 
on the square [−2, 2] × [−2, 2]. Focusing the steps outlined previously, we arrive at the following expression:

𝐻𝐼 (𝑡, 𝑠) = 𝐺𝐼 (𝑡, 𝑠) −𝑀

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑒 𝑠−𝑡
(

−1 + 𝑒 2+𝑡
)

𝑒 + (−1 + 𝑒)𝑀
, −2 ≤ 𝑠 ≤ −1, −2 < 𝑡 ≤ −1,

𝑒 𝑠−𝑡
(

𝑀 + 𝑒 ((−2 + 𝑒2)(1 +𝑀) + 𝑒 𝑡(1 +𝑀 − 𝑒𝑀))
)

(𝑒 + (−1 + 𝑒)𝑀)2
, −2 ≤ 𝑠 ≤ −1, 1 < 𝑡 ≤ 2,

𝑒 𝑠−𝑡
(

𝑒 2+𝑡 +𝑀 + (−2 + 𝑒) 𝑒 (1 +𝑀)
)

(𝑒 + (−1 + 𝑒)𝑀)2
, −2 ≤ 𝑠 ≤ −1, −1 < 𝑡 ≤ 1,

𝑒 𝑠
(

𝑒 − cosh 𝑡 + sinh 𝑡
)

𝑒 + (−1 + 𝑒)𝑀
, −1 < 𝑠 ≤ 0, −1 < 𝑡 ≤ 1,

𝑒 𝑠−𝑡
(

(−1 + 𝑒) 𝑒−2+𝑠 (1 + 𝑒 (2 +𝑀 − 𝑒𝑀))
)

𝑒 + (−1 + 𝑒)𝑀
, −1 < 𝑠 ≤ 0, 1 < 𝑡 ≤ 2,

𝑒−1+𝑠 − 𝑒 𝑠−𝑡
𝑒 + (−1 + 𝑒)𝑀

, 0 < 𝑠 ≤ 1, 1 < 𝑡 ≤ 2,

0, otherwise.

(3.7)

where 𝐺𝐼  is given by expression (2.7).
For instance, if we take 𝜎(𝑡) = 𝑡, we can compute the explicit solution of Problem (2.6). We denote this solution by 𝑣𝐼 , which is 

given by 

𝑣𝐼 = ∫

2

−2
𝐻𝐼 (𝑡, 𝑠) 𝑠 d𝑠.
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Fig. 4. Representation of the solution and its derivative of Problem (2.6) for 𝜎(𝑡) = 𝑡 and 𝑀 = 3.

The corresponding function, and its first derivative, for 𝑀 = 3 is shown in Fig. 4.
We observe that the solution belongs to the space Ω1 and that its derivative exhibits jumps at 𝑡 = −1 and 𝑡 = 1.

4.  Constant sign characterization and properties of Green’s functions

Throughout this section we will develop techniques and comparison principles to obtain the explicit expression of the Green’s 
functions related to different problems and to analyze the set of parameters involved, with a view to establishing whether they have 
a constant sign on the square 𝐽 × 𝐽 .

We begin by deducing a formula that, in a particular case, relates the Green’s functions 𝐻𝑚0 ,𝑀0
 and 𝐻𝑚1 ,𝑀1

 of Problem (3.1) for 
the parameters 𝑚 = 𝑚0 and 𝑀 =𝑀0, and 𝑚 = 𝑚1 and 𝑀 =𝑀1, respectively. Subsequently, a novel methodology will be devised with 
the objective of establishing a relationship between the parameters 𝑚 and 𝑀 associated with Problem (3.1) that delineates the regions 
where the Green’s function exhibits a constant sign. Finally, we will apply this new methodology to a previously studied problem and 
verify that it yields the already known results.

4.1. Relationship between Green’s functions 𝐻𝑚0 ,𝑀0
 and 𝐻𝑚1 ,𝑀1

In this part, we will deduce a relationship between the Green’s functions associated with Problem (3.1) as a function of the 
parameters 𝑚 and 𝑀 ∈ ℝ. We will follow the ideas developed in [25] for a general nth-order linear ordinary differential equation.

Let 𝑀 𝑖
0, 𝑀 𝑖

1, 𝑚𝑖0 and 𝑚𝑖1, 𝑖 = 1,… , 𝑛 − 1, be real constants. We consider the following two distinct problems, for which we assume 
that both have a unique solution for any 𝜎 ∈ 𝐿1(𝐽 ): 

𝐿𝑛𝑣0(𝑡) +
𝑛−1
∑

𝑖=0
𝑚𝑖0 𝑣

(𝑖)
0 (−𝑡) +

𝑛−1
∑

𝑖=0
𝑀 𝑖

0 𝑣
(𝑖)
0 ([𝑡]) = 𝜎(𝑡), 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣0) = 0, (4.1)

and

𝐿𝑛𝑣1(𝑡) +
𝑛−1
∑

𝑖=0
𝑚𝑖1 𝑣

(𝑖)
1 (−𝑡) +

𝑛−1
∑

𝑖=0
𝑀 𝑖

1 𝑣
(𝑖)
1 ([𝑡]) = 𝜎(𝑡), 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣1) = 0. (4.2)

From the two previous expressions, we arrive at the following equality for a.e. 𝑡 ∈ 𝐽 :

𝐿𝑛𝑣0(𝑡) +
𝑛−1
∑

𝑖=0
𝑚𝑖1𝑣

(𝑖)
0 (−𝑡) +

𝑛−1
∑

𝑖=0
𝑀 𝑖

1𝑣
(𝑖)
0 ([𝑡])

=
𝑛−1
∑

𝑖=0
(𝑚𝑖1 − 𝑚

𝑖
0)𝑣

(𝑖)
0 (−𝑡) +

𝑛−1
∑

𝑖=0
(𝑀 𝑖

1 −𝑀
𝑖
0)𝑣

(𝑖)
0 ([𝑡]) + 𝜎(𝑡),  a.e 𝑡 ∈ 𝐽 , 𝑉𝑖(𝑣0) = 0.

Let 𝐻𝑚𝑖0 ,𝑀
𝑖
0
(𝑡, 𝑠) denote the Green’s function associated with Problem (4.1) and 𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠) denote the Green’s function associated 

with Problem (4.2). It follows that

𝑣0(𝑡) = ∫

𝑇

−𝑇
𝐻𝑚𝑖0 ,𝑀

𝑖
0
(𝑡, 𝑠)𝜎(𝑠)d𝑠, 𝑡 ∈ 𝐽 ,

𝑣1(𝑡) = ∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)𝜎(𝑠)d𝑠, 𝑡 ∈ 𝐽 .

Therefore, we have that

𝑣0(𝑡) = ∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)

(𝑛−1
∑

𝑖=0
(𝑚𝑖1 − 𝑚

𝑖
0)𝑣

(𝑖)
0 (−𝑠) +

𝑛−1
∑

𝑖=0
(𝑀 𝑖

1 −𝑀
𝑖
0)𝑣

(𝑖)
0 ([𝑠])

)

d𝑠
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+∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)𝜎(𝑠) d𝑠

=
𝑛−1
∑

𝑖=0
(𝑚𝑖1 − 𝑚

𝑖
0)∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)

(

∫

𝑇

−𝑇

𝜕𝑖

𝜕𝑠𝑖
𝐻𝑚𝑖0 ,𝑀

𝑖
0
(−𝑠, 𝑟)𝜎(𝑟) d𝑟

)

d𝑠

+
𝑛−1
∑

𝑖=0
(𝑀 𝑖

1 −𝑀
𝑖
0)∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)

(

∫

𝑇

−𝑇

𝜕𝑖

𝜕𝑠𝑖
𝐻𝑚𝑖0 ,𝑀

𝑖
0
([𝑠], 𝑟)𝜎(𝑟) d𝑟

)

d𝑠

+∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)𝜎(𝑠) d𝑠

=
𝑛−1
∑

𝑖=0
(𝑚𝑖1 − 𝑚

𝑖
0)∫

𝑇

−𝑇

(

∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑟) 𝜕

𝑖

𝜕𝑟𝑖
𝐻𝑚𝑖0 ,𝑀

𝑖
0
(−𝑟, 𝑠) d𝑟

)

𝜎(𝑠) d𝑠

+
𝑛−1
∑

𝑖=0
(𝑀 𝑖

1 −𝑀
𝑖
0)∫

𝑇

−𝑇

(

∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑟) 𝜕

𝑖

𝜕𝑟𝑖
𝐻𝑚𝑖0 ,𝑀

𝑖
0
([𝑟], 𝑠) d𝑟

)

𝜎(𝑠) d𝑠

+∫

𝑇

−𝑇
𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠)𝜎(𝑠) d𝑠.

Thus, since previous equalities hold for any 𝜎 ∈ 1(𝐽 ), we finally arrive at 
𝐻𝑚𝑖0 ,𝑀

𝑖
0
(𝑡, 𝑠) =

∑𝑛−1
𝑖=0 (𝑚

𝑖
1 − 𝑚

𝑖
0) ∫

𝑇
−𝑇 𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑟) 𝜕

𝑖

𝜕𝑟𝑖𝐻𝑚𝑖0 ,𝑀
𝑖
0
(−𝑟, 𝑠)d𝑟

+
∑𝑛−1
𝑖=0 (𝑀

𝑖
1 −𝑀

𝑖
0) ∫

𝑇
−𝑇 𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑟) 𝜕

𝑖

𝜕𝑟𝑖𝐻𝑚𝑖0 ,𝑀
𝑖
0
([𝑟], 𝑠)d𝑟 +𝐻𝑚𝑖1 ,𝑀

𝑖
1
(𝑡, 𝑠).

(4.3)

In the particular case when 𝑚𝑖0 = 𝑚𝑖1 and 𝑀 𝑖
0 =𝑀 𝑖

1 for 𝑖 = 1,… , 𝑛 − 1, we will denote 𝑚0
0 = 𝑚0, 𝑚0

1 = 𝑚1, 𝑀0
0 =𝑀0, and 𝑀0

1 =𝑀1. 
Thus, we arrive at the following expression: 

𝐻𝑚0 ,𝑀0
(𝑡, 𝑠) = (𝑚1 − 𝑚0) ∫

𝑇
−𝑇 𝐻𝑚1 ,𝑀1

(𝑡, 𝑟)𝐻𝑚0 ,𝑀0
(−𝑟, 𝑠)d𝑟

+(𝑀1 −𝑀0) ∫
𝑇
−𝑇 𝐻𝑚1 ,𝑀1

(𝑡, 𝑟)𝐻𝑚0 ,𝑀0
([𝑟], 𝑠)d𝑟 +𝐻𝑚1 ,𝑀1

(𝑡, 𝑠).
(4.4)

From expression (4.4), we can obtain a series of properties for these Green’s functions.
Proposition 1. Let 𝐻𝑚,𝑀  be the Green’s function related to Problem (3.1), and consider different problems of the form (3.1) by varying the 
value of the parameter 𝑀 ∈ ℝ, with 𝑚 ∈ ℝ fixed that are uniquely solvable. Then

1. For all 𝑀 ∈ ℝ for which the Green’s function 𝐻𝑚,𝑀  is positive on ̊̂𝐽 × ̊̂𝐽 , we have that 𝐻𝑚,𝑀  decreases with 𝑀 . That is, if we consider 
two values 𝑀0 and 𝑀1 such that 𝑀1 > 𝑀0, 𝐻𝑚,𝑀0

> 0 and 𝐻𝑚,𝑀1
> 0 on ̊̂𝐽 × ̊̂𝐽 , then 𝐻𝑚,𝑀0

> 𝐻𝑚,𝑀1
 on ̊̂𝐽 × ̊̂𝐽 .

2. For all 𝑀 ∈ ℝ for which the Green’s function 𝐻𝑚,𝑀  is negative on ̊̂𝐽 × ̊̂𝐽 , it is fulfilled that 𝐻𝑚,𝑀  decreases with 𝑀 . That is, if we consider 
two values 𝑀0 and 𝑀1 such that 𝑀1 > 𝑀0, 𝐻𝑚,𝑀0

< 0 and 𝐻𝑚,𝑀1
< 0 on ̊̂𝐽 × ̊̂𝐽 , then 𝐻𝑚,𝑀0

> 𝐻𝑚,𝑀1
 on ̊̂𝐽 × ̊̂𝐽 .

3. If we have two parameter values 𝑀0 and 𝑀1 such that 𝐻𝑚,𝑀0
< 0 and 𝐻𝑚,𝑀1

> 0 on ̊̂𝐽 × ̊̂𝐽 , then necessarily 𝑀1 > 𝑀0.

Proof.  The proof of the previous proposition is immediate by observing expression (4.4), with 𝑚0 = 𝑚1 = 𝑚.
For parts 1 and 2, we have that 

𝐻𝑚,𝑀0
(𝑡, 𝑠) = 𝐻𝑚,𝑀1

(𝑡, 𝑠) + (𝑀1 −𝑀0)∫

𝑇

−𝑇
𝐻𝑚,𝑀1

(𝑡, 𝑟)𝐻𝑚,𝑀0
([𝑟], 𝑠)d𝑟, (4.5)

where (𝑀1 −𝑀0) ∫
𝑇
−𝑇 𝐻𝑚,𝑀1

(𝑡, 𝑟)𝐻𝑚,𝑀0
([𝑟], 𝑠)d𝑟 > 0 when 𝑀1 > 𝑀0. Therefore, 𝐻𝑚,𝑀0

> 𝐻𝑚,𝑀1
 on 𝐽 × 𝐽 .

Part 3 can be proved by contradiction. Suppose that 𝐻𝑚,𝑀1
< 0 for all (𝑡, 𝑠) ∈ ̊̂𝐽 × ̊̂𝐽 and 𝐻𝑚,𝑀0

> 0 for all (𝑡, 𝑠) ∈ ̊̂𝐽 × ̊̂𝐽 with 𝑀1 >
𝑀0. Then, from (4.5), we have that 𝐻𝑚,𝑀1

(𝑡, 𝑠) < 0 and (𝑀1 −𝑀0) ∫
𝑇
−𝑇 𝐻𝑚,𝑀1

(𝑡, 𝑟)𝐻𝑚,𝑀0
([𝑟], 𝑠)d𝑟 < 0, which implies 𝐻𝑚,𝑀0

< 𝐻𝑚,𝑀1
< 0

on ̊̂𝐽 × ̊̂𝐽 . This leads to a contradiction, and the proof is concluded. ∎
Analogously to previous result, we arrive at the following one:

Proposition 2. Let 𝐻𝑚,𝑀  be the Green’s function associated with Problem (3.1), and consider different problems of the form (3.1) by varying 
the value of the parameter 𝑚 ∈ ℝ, for any 𝑀 ∈ ℝ fixed that are uniquely solvable. Then:

1. For all 𝑚 ∈ ℝ for which the Green’s function 𝐻𝑚,𝑀  is positive on ̊̂𝐽 × ̊̂𝐽 , we have that 𝐻𝑚,𝑀  decreases with 𝑚. That is, if we consider two 
values 𝑚0 and 𝑚1 such that 𝑚1 > 𝑚0, 𝐻𝑚0 ,𝑀 > 0 and 𝐻𝑚1 ,𝑀 > 0 on ̊̂𝐽 × ̊̂𝐽 , then 𝐻𝑚0 ,𝑀 > 𝐻𝑚1 ,𝑀  on ̊̂𝐽 × ̊̂𝐽 .

2. For all 𝑚 ∈ ℝ for which the Green’s function 𝐻𝑚,𝑀  is negative on ̊̂𝐽 × ̊̂𝐽 , it is fulfilled that 𝐻𝑚,𝑀  decreases with 𝑚. That is, if we consider 
two values 𝑚0 and 𝑚1 such that 𝑚1 > 𝑚0, 𝐻𝑚0 ,𝑀 < 0 and 𝐻𝑚1 ,𝑀 < 0 on ̊̂𝐽 × ̊̂𝐽 , then 𝐻𝑚0 ,𝑀 > 𝐻𝑚1 ,𝑀  on ̊̂𝐽 × ̊̂𝐽 .

3. If we have two parameter values 𝑚0 and 𝑚1 such that 𝐻𝑚0 ,𝑀 < 0 on ̊̂𝐽 × ̊̂𝐽 and 𝐻𝑚1 ,𝑀 > 0, then necessarily 𝑚1 > 𝑚0.

Communications in Nonlinear Science and Numerical Simulation 153 (2026) 109488 

9 



A. Cabada and P. Cambeses–Franco

4.2.  Constant sign region of 𝐻𝑚,𝑀

The following section will focus on an analysis of solutions with constant signs. Our objective is to delineate, as a function of 
the parameters 𝑚 and 𝑀 , the region where the Green’s function 𝐻𝑚,𝑀 (𝑡, 𝑠) assumes a positive or negative value for all (𝑡, 𝑠) ∈ ̊̂𝐽 × ̊̂𝐽 . 
The following section outlines the steps to determine when the function is positive. The procedure is similar in the case where the 
objective is to ensure that the function is negative.

This procedure is valid provided that the parameters (𝑚,𝑀) are not eigenvalues of the problem under consideration. It is therefore 
necessary to calculate these values in advance and, based on them, to study the values of such parameters where the Green’s function 
is positive on 𝐽 × 𝐽 .

Our main objective will be to find for each fixed 𝑚 ∈ ℝ, if it exists, the biggest 𝑀0(𝑚) ∈ ℝ such that
min

(𝑡,𝑠)∈𝐽×𝐽
𝐻𝑚,𝑀0

(𝑡, 𝑠) = 0.

If for some 𝑚 ∈ ℝ, the region where the Green’s function is positive is non-empty, and if 𝑀 satisfies 𝐻𝑚,𝑀 > 0 on ̊̂𝐽 × ̊̂𝐽 , then, by 
the decreasing property of 𝐻𝑚,𝑀  with respect to 𝑀 , as stated in Proposition 1, 𝐻𝑚,𝑀 ≥ 0 on ̊̂𝐽 × ̊̂𝐽 if 𝑀 is greater than the largest 
eigenvalue (if it exists), less than 𝑀 and 𝑀 ≤𝑀0 for some 𝑀0 > 𝑀 (or 𝑀 unbounded).

From Eq. (4.5), it can be verified that the following equality holds (provided the integral is non-zero): 

𝑀0 =
−𝐻𝑚,𝑀0

(𝑡, 𝑠) +𝐻𝑚,𝑀1
(𝑡, 𝑠)

∫ 𝑇−𝑇 𝐻𝑚,𝑀1
(𝑡, 𝑟)𝐻𝑚,𝑀0

([𝑟], 𝑠)d𝑟
+𝑀1, ∀(𝑡, 𝑠) ∈ 𝐽 × 𝐽 . (4.6)

Since we are looking for 𝑀0 such that min(𝑡,𝑠)∈𝐽×𝐽 𝐻𝑚,𝑀0
(𝑡, 𝑠) = 𝐻𝑚,𝑀0

(𝑡, 𝑠̂) = 0 for some (𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 , then 𝑀0 must satisfy: 

𝑀0 =
𝐻𝑚,𝑀1

(𝑡, 𝑠̂)

∫ 𝑇−𝑇 𝐻𝑚,𝑀1
(𝑡, 𝑟)𝐻𝑚,𝑀0

([𝑟], 𝑠̂)d𝑟
+𝑀1, (4.7)

for all 𝑀1 ∈ ℝ which is not an eigenvalue of the considered problem. In particular, we deduce that the right side of Eq. (4.7) is 
independent of 𝑀1. Consequently, for each fixed 𝑚 and 𝑀1, we define the operator 𝑇 𝑚 ∶ ℝ × 𝐽 × 𝐽 → ℝ as follows: 

𝑇 𝑚(𝑀, 𝑡, 𝑠) =
𝐻𝑚,𝑀1

(𝑡, 𝑠)

∫ 𝑇−𝑇 𝐻𝑚,𝑀1
(𝑡, 𝑟)𝐻𝑚,𝑀 ([𝑟], 𝑠)d𝑟

+𝑀1. (4.8)

The objective would be to find the biggest 𝑀0 such that 
𝑀0 = 𝑇 𝑚(𝑀0, 𝑡, 𝑠̂),

where the point (𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 satisfies that min(𝑡,𝑠)∈𝐽×𝐽 𝐻𝑚,𝑀0
(𝑡, 𝑠) = 𝐻𝑚,𝑀0

(𝑡, 𝑠̂) = 0.
Note that the point (𝑡, 𝑠̂) depends on 𝑀0 and 𝑚, but not on 𝑀1.
Since the expression (4.7) is independent of the parameter 𝑀1, if 𝑀1 = 0 is not an eigenvalue of the problem under consideration, 

we can set 𝑀1 = 0 to simplify the calculations. Then, we have to look for the fixed points with respect to 𝑀 of operator: 

𝑇
0
𝑚(𝑀, 𝑡, 𝑠) =

𝐺𝑚(𝑡, 𝑠̂)

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑟)𝐻𝑚,𝑀 ([𝑟], 𝑠̂)d𝑟
. (4.9)

In most cases, it will not be easy to find the point (𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 where the function 𝐻𝑚,𝑀0
 attains its minimum on 𝐽 × 𝐽 and such 

minimum is equals to 0. In such cases, it will be necessary to approach the problem differently.
If, for some 𝑚 ∈ ℝ, there exists a 𝑀 ∈ ℝ such that the Green’s function 𝐻𝑚,𝑀  is well-defined and positive on 𝐽 × 𝐽 , then 𝑀0 will 

be the value that satisfies the following equality:

𝑀0 = inf

{

𝑀
|

|

|

|

|

𝑀 = 𝑇
0
𝑚(𝑀, 𝑡, 𝑠) for some (𝑡, 𝑠) ∈ int(𝐽 × 𝐽 )

}

. (4.10)

It is easy to verify that, if 𝐺𝑚 ≠ 0 and 𝑀1 = 0, expression (4.6) can be rewritten as 

𝑀0 = 𝑇
0
𝑚(𝑀0, 𝑡, 𝑠) −

𝐻𝑚,𝑀0
(𝑡, 𝑠)

𝐺𝑚(𝑡, 𝑠)
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠), ∀(𝑡, 𝑠) ∈ 𝐽 × 𝐽 . (4.11)

Furthermore, if the points (𝑡, 𝑠) ∈ 𝐽 × 𝐽 where 𝜕𝜕𝑡𝐻𝑚,𝑀  and 𝜕𝜕𝑠𝐻𝑚,𝑀  with 𝑀 =𝑀0 and 𝑀 = 0 are well defined, we can differentiate 
the previous expression and obtain the following equalities.

𝜕
𝜕𝑡
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠) =

𝜕
𝜕𝑡𝐻𝑚,𝑀0

(𝑡, 𝑠)𝐺𝑚(𝑡, 𝑠) −𝐻𝑚,𝑀0
(𝑡, 𝑠) 𝜕𝜕𝑡𝐺𝑚(𝑡, 𝑠)

𝐺𝑚(𝑡, 𝑠)2
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠)

+
𝐻𝑚,𝑀0

(𝑡, 𝑠)
𝐺𝑚(𝑡, 𝑠)

𝜕
𝜕𝑡
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠)
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Fig. 5. Local maximum or minimum of 𝑇 0
𝑚(𝑀0, 𝑡, 𝑠), with (𝑡, 𝑠) ∈ 𝐽 × 𝐽 .

and 

𝜕
𝜕𝑠
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠) =

𝜕
𝜕𝑠𝐻𝑚,𝑀0

(𝑡, 𝑠)𝐺𝑚(𝑡, 𝑠) −𝐻𝑚,𝑀0
(𝑡, 𝑠) 𝜕𝜕𝑠𝐺𝑚(𝑡, 𝑠)

𝐺𝑚(𝑡, 𝑠)2
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠)

+
𝐻𝑚,𝑀0

(𝑡, 𝑠)
𝐺𝑚(𝑡, 𝑠)

𝜕
𝜕𝑠
𝑇
0
𝑚(𝑀0, 𝑡, 𝑠).

Then, if (𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 satisfies 𝐻𝑚,𝑀0
(𝑡, 𝑠̂) = 0, 𝜕𝜕𝑡𝐻𝑚,𝑀0

(𝑡, 𝑠̂) = 0 and 𝜕𝜕𝑠𝐻𝑚,𝑀0
(𝑡, 𝑠̂) = 0, it is a critical point of 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠) with respect 
to the variables (𝑡, 𝑠). We can also reason in another way. As long as the denominator does not vanish and 𝑀0 is not an eigenvalue, 
the operator 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠) is continuous with respect to 𝑀0. Therefore, it follows that the first time 𝑀0 = 𝑇
0
𝑚(𝑀0, 𝑡, 𝑠) occurs, it must 

happen at a local minimum or maximum of 𝑇 0
𝑚(𝑀0, 𝑡, 𝑠) with respect to (𝑡, 𝑠) ∈ 𝐽 × 𝐽 .

Moreover, provided that the denominator does not vanish, and either the operators 𝑇 0
𝑚(𝑀0, ⋅, 𝑠) ∶ 𝐽 → ℝ and 𝑇 0

𝑚(𝑀0, 𝑡, ⋅) ∶ 𝐽 → ℝ
are continuous, or we are working with periodic boundary conditions (where we can ensure that the operator attains all intermediate 
values between the minimum and the maximum), it is easy to see that we must look for a global maximum or minimum of 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠)

with respect to (𝑡, 𝑠) ∈ 𝐽 × 𝐽 . For example, in this case, if we identify a point (𝑡𝑚, 𝑠𝑚) such that 𝑀 > 𝑇
0
𝑚(𝑀, 𝑡𝑚, 𝑠𝑚) or, equivalently, 

considering Eq. (4.6) with 𝑀1 = 0, 

𝐻𝑚,𝑀 (𝑡𝑚, 𝑠𝑚)

∫ 𝑇−𝑇 𝐺𝑚(𝑡𝑚, 𝑟)𝐻𝑚,𝑀 ([𝑟], 𝑠𝑚)dr
< 0,

(𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 will be precisely the point where the operator 𝑇 0
𝑚(𝑀0, 𝑡, 𝑠) attains its global maximum (see Fig. 5(a)) with respect to 

(𝑡, 𝑠) ∈ 𝐽 × 𝐽 .
In the case where the denominator vanishes at some point (see Fig. 5(b)), the first value for which 𝑀0 = 𝑇

0
𝑚(𝑀0, 𝑡, 𝑠) may occur 

either when the denominator vanishes for some (𝑡, 𝑠) ∈ 𝐽 × 𝐽 , or at a point (𝑡, 𝑠̂) ∈ 𝐽 × 𝐽 where 𝑇 0
𝑚(𝑀0, 𝑡, 𝑠) attains a local minimum, 

local maximum, or is non regular.
Looking for a minimum or a maximum of 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠) with (𝑡, 𝑠) ∈ 𝐽 × 𝐽 can be computationally much more efficient than searching 
for a minimum of 𝐻𝑚,𝑀0

. This is because the integral can be divided into different intervals, requiring the evaluation of 𝐻𝑚,𝑀0
 only 

at integer values of 𝑡 ∈ 𝐽 , rather than for all 𝑡 ∈ 𝐽 . Moreover, evaluating 𝐻𝑚,𝑀0
 for large values of 𝑇  can be very costly.

Another way to solve the problem is to find 𝑀0 that satisfies equality (4.10), restricting the search to points (𝑡, 𝑠) ∈ 𝐽 × 𝐽 that are 
critical, non-regular, or on the boundary.

Following an analogous reasoning, but starting now from the particular case of expression (4.4): 

𝐻𝑚0 ,𝑀 (𝑡, 𝑠) = 𝐻𝑚1 ,𝑀 (𝑡, 𝑠) + (𝑚1 − 𝑚0)∫

𝑇

−𝑇
𝐻𝑚1 ,𝑀 (𝑡, 𝑟)𝐻𝑚0 ,𝑀 (−𝑟, 𝑠)d𝑟,

we could find for each fixed 𝑀 ∈ ℝ, if it exists, the biggest 𝑚0(𝑀) ∈ ℝ such that 

min
(𝑡,𝑠)∈𝐽×𝐽

𝐻𝑚0 ,𝑀 (𝑡, 𝑠) = 0. (4.12)
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4.3.  Application of the method to a known problem

In order to verify the theoretical procedure discussed in the previous subsection, we will use the stated results to study the following 
problem already analyzed in the literature [18,26]. 

𝑣′(𝑡) + 𝑚𝑣(𝑡) +𝑀 𝑣([𝑡]) = 𝜎(𝑡),  a.e. 𝑡 ∈ 𝐼 ∶= [0, 𝑇 ], 𝑣(0) = 𝑣(𝑇 ), (4.13)

with 𝑚, 𝑀 ∈ ℝ, 𝑇 ∈ (0, 1] and 𝜎 ∈ 1(𝐼).
We will say that a function 𝑣 ∶ 𝐼 → ℝ is a solution of Problem (4.13) if 𝑣 ∈ Ω1 and satisfies Eq. (4.13).
In [26], this problem is studied, and the following lemma is proved.

Lemma 1. [26, Theorem 4.1] Assume that 𝑚 +𝑀 ≠ 0. Let 𝜎 ∈ 1(𝐼) be a function that is non negative on 𝐼 . Then, the unique solution of 
Problem (4.13) with 𝑇 = 1 is non negative on 𝐼 if and only if one of the two following conditions is satisfied:
1. 0 ≠ −𝑚 < 𝑀 ≤ 𝑚

𝑒𝑚−1 .
2. 0 = −𝑚 < 𝑀 ≤ 1.

We will attempt to reach an analogous result considering the new method previously outlined.
Remark 2. When considering equations with reflection, it is necessary for the solution to be defined on the interval 𝐽 = [−𝑇 , 𝑇 ]. 
Therefore, in the results from the previous sections, we work on the interval 𝐽 . However, it is easy to see that if the equation does 
not involve reflection, the previously mentioned results still hold valid on any interval 𝐽 = [𝑎, 𝑏], and, in particular, on 𝐼 = [0, 𝑇 ]. It is 
also possible to work with reflection on a general interval, but in this case, we need to consider a function 𝑓 ∶ [𝑎, 𝑏] → [𝑎, 𝑏] defined 
by 𝑓 (𝑡) = 𝑎 + 𝑏 − 𝑡. 

To begin, we consider the Green’s function for Problem (4.13) with 𝑀 = 0, that is, 
𝑣′(𝑡) + 𝑚𝑣(𝑡) = 𝜎(𝑡),  a.e. 𝑡 ∈ 𝐼, 𝑣(0) = 𝑣(𝑇 ), (4.14)

with 𝑚 ∈ ℝ ⧵ {0} and 𝑇 ∈ (0, 1].

Remark 3. In this section, we denote by 𝐺𝑚 the Green’s function related to Problem (4.14). 
As it is proved in [26], we have that the Green’s function related to (4.14) exists and is unique if and only if 𝑚 ≠ 0. In such a case, 

it is given by the expression 

𝐺𝑚(𝑡, 𝑠) =
1

𝑒𝑚𝑇 − 1

⎧

⎪

⎨

⎪

⎩

𝑒𝑚(𝑠−𝑡+𝑇 ), if 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 ,

𝑒𝑚(𝑠−𝑡), if 0 ≤ 𝑡 < 𝑠 ≤ 𝑇 .
(4.15)

On the other hand, following Eq. (3.6) and using that 

∫

𝑇

0
𝐺𝑚(𝑡, 𝑟)d𝑟 =

1
𝑚
for all 𝑡 ∈ 𝐼, (4.16)

(see [20]), we obtain that the Green’s function 𝐻𝑚,𝑀  related to Problem (4.13) follows the expression: 

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐺𝑚(𝑡, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠), (𝑡, 𝑠) ∈ 𝐼 × 𝐼, 𝑡 ≠ 𝑠. (4.17)

When 𝑚 = 0 we have that these is not 𝐺𝑚. Despite this, by direct integration, we obtain, for 𝑀 ≠ 0 that 

𝐻0,𝑀 (𝑡, 𝑠) = 1
𝑀 𝑇

⎧

⎪

⎨

⎪

⎩

1 −𝑀 𝑡 +𝑀 𝑇 , if 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 ,

1 −𝑀 𝑡, if 0 ≤ 𝑡 < 𝑠 ≤ 𝑇 .
(4.18)

Following Definition 1 of the Green’s function, it is not difficult to verify that if 𝑚 +𝑀 ≠ 0 then there exists a unique Green’s 
function 𝐻𝑚,𝑀  and it is characterized by the following properties:
Proposition 3. The Green’s function 𝐻𝑚,𝑀  related to Problem (4.13) satisfies the following properties:
1. 𝐻𝑚,𝑀  is defined on the square 𝐼 × 𝐼 (except at 𝑡 = 𝑠).

2. 𝐻𝑚,𝑀  and 𝜕
𝜕𝑡
𝐻𝑚,𝑀  exist and are continuous on the triangles 0 ≤ 𝑠 < 𝑡 ≤ 𝑇  and 0 ≤ 𝑡 < 𝑠 ≤ 𝑇 .

3. For each 𝑠 ∈ (0, 𝑇 ), the function 𝑡↦ 𝐻𝑚,𝑀 (𝑡, 𝑠) is the solution of the following differential equation on [0, 𝑠) ∪ (𝑠, 𝑇 ]. That is, 
𝜕
𝜕𝑡
𝐻𝑚,𝑀 (𝑡, 𝑠) + 𝑚𝐻𝑚,𝑀 (𝑡, 𝑠) +𝑀𝐻𝑚,𝑀 ([𝑡], 𝑠) = 0,  for all 𝑡 ∈ 𝐼 ⧵ {𝑠}.

4. For each 𝑡 ∈ (0, 𝑇 ), the one-sided limits exist and are finite: 
𝐻𝑚,𝑀 (𝑡−, 𝑡) = 𝐻𝑚,𝑀 (𝑡, 𝑡+) and 𝐻𝑚,𝑀 (𝑡, 𝑡−) = 𝐻𝑚,𝑀 (𝑡+, 𝑡),

and furthermore, 
𝐻𝑚,𝑀 (𝑡+, 𝑡) −𝐻𝑚,𝑀 (𝑡−, 𝑡) = 𝐻𝑚,𝑀 (𝑡, 𝑡−) −𝐻𝑚,𝑀 (𝑡, 𝑡+) = 1.
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5. For each 𝑠 ∈ (0, 𝑇 ), the function 𝑡→ 𝐻𝑚,𝑀 (𝑡, 𝑠) satisfies the boundary condition 

𝐻𝑚,𝑀 (0, 𝑠) = 𝐻𝑚,𝑀 (𝑇 , 𝑠).

Remark 4.  Notice that the previous result is valid for every 𝑇 > 0. Not only for 𝑇 ∈ (0, 1]. 
In the sequel, we prove that 𝐻𝑚,𝑀  satisfies a symmetry property.
Proposition 4. If 𝑚 +𝑀 ≠ 0 and 𝑇 ≤ 1 then, the following symmetry property holds: 

𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝐻−𝑚,−𝑀 (𝑇 − 𝑡, 𝑇 − 𝑠),  for all (𝑡, 𝑠) ∈ 𝐼 × 𝐼, 𝑡 ≠ 𝑠.

Proof.  Let 𝑣 be the unique solution of Problem (4.13) for a given function 𝜎 ∈ 1(𝐼). We define 𝑟(𝑡) = 𝑇 − 𝑡 and 𝑤(𝑡) = 𝑣(𝑟(𝑡)). Then, 
from the definition of function 𝑤, we deduce that 

d
d𝑡
𝑤(𝑡) = 𝑣′(𝑟(𝑡)) 𝑟′(𝑡) = −𝑣′(𝑇 − 𝑡) = 𝑚𝑣(𝑇 − 𝑡) +𝑀 𝑣([𝑇 − 𝑡]) − 𝜎(𝑇 − 𝑡) a.e 𝑡 ∈ 𝐼, 𝑤(0) = 𝑤(𝑇 ).

Assuming 𝑇 ≤ 1, it follows that 𝑣([𝑇 − 𝑡]) = 𝑣(0) = 𝑣(𝑇 ) = 𝑣(𝑇 − [𝑡]). Consequently, we obtain that 
𝑤′(𝑡) − 𝑚𝑤(𝑡) −𝑀𝑤([𝑡]) = −𝜎(𝑇 − 𝑡),  a.e. 𝑡 ∈ 𝐼, 𝑤(0) = 𝑤(𝑇 ).

Therefore, on the one hand, we would have that 

𝑤(𝑡) = −∫

𝑇

0
𝐻−𝑚,−𝑀 (𝑡, 𝑠)𝜎(𝑇 − 𝑠)d𝑠 = −∫

𝑇

0
𝐻−𝑚,−𝑀 (𝑡, 𝑇 − 𝑟)𝜎(𝑟)d𝑟.

On the other hand, 

𝑣(𝑇 − 𝑡) = ∫

𝑇

0
𝐻𝑚,𝑀 (𝑇 − 𝑡, 𝑠)𝜎(𝑠)d𝑠.

From the two previous expressions and by the uniqueness of the Green’s function, we deduce that 
𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝐻−𝑚,−𝑀 (𝑇 − 𝑡, 𝑇 − 𝑠)  for all 𝑡, 𝑠 ∈ 𝐼,

and this concludes the proof. ∎
Next, we will prove a necessary condition for the Green’s function to be positive.

Lemma 2. A necessary condition for the Green’s function 𝐻𝑚,𝑀  associated with Problem (4.13) to be positive is that 𝑚 +𝑀 > 0. Similarly, 
a necessary condition for 𝐻𝑚,𝑀  to be negative is that 𝑚 +𝑀 < 0. 
Proof.  By taking 𝜎(𝑡) = 1, the unique solution of Problem (4.13) is given by 1

𝑚+𝑀 . It follows directly that for 𝐻𝑚,𝑀 > 0, it is necessary 
that 𝑚 +𝑀 > 0, and for 𝐻𝑚,𝑀 < 0, it is necessary that 𝑚 +𝑀 < 0.

Obviously, we also obtain that 𝑚 +𝑀 = 0 is a straight line of eigenvalues for Problem (4.13). In fact, from (4.17) and (4.18), we 
have that the eigenvalues are exactly such straight line. ∎

Next, let us see that we can determine the values of (𝑡, 𝑠) ∈ 𝐼 × 𝐼 where the function 𝐻𝑚,𝑀  attains its minimum when it is positive. 
A necessary condition is that 𝑚 +𝑀 > 0.

Considering Proposition 3 and 𝑚 ≠ 0, we have that
𝜕
𝜕𝑡
𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝑚𝐻𝑚,𝑀 (𝑡, 𝑠) −𝑀𝐻𝑚,𝑀 (0, 𝑠) = −𝑚

(

𝐺𝑚(𝑡, 𝑠) −
𝑀

𝑚+𝑀𝐺𝑚(0, 𝑠)
)

−𝑀
(

𝐺𝑚(0, 𝑠) −
𝑀

𝑚+𝑀𝐺𝑚(0, 𝑠)
)

= −𝑚𝐺𝑚(𝑡, 𝑠).

Observing Eq. (4.15), we see that 𝑚𝐺𝑚(𝑡, 𝑠) > 0 for all 𝑚 ∈ ℝ, 𝑚 ≠ 0 and for all (𝑡, 𝑠) ∈ 𝐼 × 𝐼 . Therefore, for each fixed 𝑠 ∈ 𝐼 , the 
function 𝑡 → 𝐻𝑚,𝑀 (𝑡, 𝑠) decreases with 𝑡 and, since

• 𝐻𝑚,𝑀 (𝑡, 𝑠) is continuous except at 𝑡 = 𝑠,
• 𝐻𝑚,𝑀 (0, 𝑠) = 𝐻𝑚,𝑀 (𝑇 , 𝑠) for all 𝑠 ∈ (0, 𝑇 ),
• 𝐻𝑚,𝑀 (𝑡+, 𝑡) −𝐻𝑚,𝑀 (𝑡−, 𝑡) = 1 for all 𝑡 ∈ (0, 𝑇 ),

we deduce that the minimum can only be attained at 𝑡 = 𝑠−.
Moreover, it is easy to deduce, from expression (4.15), that

𝜕
𝜕𝑠
𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝑚𝐻𝑚,𝑀 (𝑠−, 𝑠) 𝑠 ∈ (0, 𝑇 ).

Now, we define the function 𝑞(𝑠) ∶= 𝐻𝑚,𝑀 (𝑠−, 𝑠), 𝑠 ∈ (0, 𝑇 ). As a consequence, we have that
𝑞′(𝑠) = d

d𝑠𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝜕
𝜕𝑡𝐻𝑚,𝑀 (𝑠−, 𝑠) + 𝜕

𝜕𝑠𝐻𝑚,𝑀 (𝑠−, 𝑠)

= −𝑚𝐺𝑚(𝑠−, 𝑠) + 𝑚𝐻𝑚,𝑀 (𝑠−, 𝑠) = − 𝑚𝑀
𝑚+𝑀𝐺𝑚(0, 𝑠), 𝑠 ∈ (0, 𝑇 ).
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Fig. 6. The regions where the Green’s function 𝐻𝑚,𝑀 is positive are shown in light blue for 𝑇 = 1∕2 and in dark blue for 𝑇 = 1. Similarly, the regions 
where it is negative are shown in light red for 𝑇 = 1∕2 and in dark red for 𝑇 = 1.

Since 𝑚 +𝑀 > 0 and 𝑚𝐺𝑚(𝑡, 𝑠) > 0, it is immediate to verify that 𝑀 𝑞′(𝑠) < 0 for all 𝑀 ≠ 0 and 𝑠 ∈ (0, 𝑇 ).
Therefore, since function 𝑞 is continuous on (0, 𝑇 ), we finally obtain that 

min
(𝑡,𝑠)∈𝐼×𝐼

𝐻𝑚,𝑀 (𝑡, 𝑠) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

lim
𝑠→0+

𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝑚
(−1 + 𝑒𝑚𝑇 )(𝑚 +𝑀)

, if 𝑀 < 0,

lim
𝑠→𝑇−

𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝑚 +𝑀 − 𝑒𝑚𝑇𝑀
(−1 + 𝑒𝑚𝑇 )(𝑚 +𝑀)

, if 𝑀 > 0.

With all the above, we can now find, for each fixed 𝑚, the maximum value of 𝑀0 > −𝑚 for which the Green’s function 𝐻𝑚,𝑀
is positive on 𝐼 × 𝐼 . To do this, following Eqs. (4.7) and (4.18) and taking for simplicity 𝑀1 = 0, we need to solve the following 
fixed-point problem:

𝑀0 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

lim
𝑠→0+

𝐺𝑚(𝑠−, 𝑠)

∫

𝑇

0
𝐺𝑚(𝑠, 𝑟)𝐻𝑚,𝑀0

([𝑟], 𝑠) d𝑟
= 𝑚 +𝑀0, if 𝑀0 < 0,

lim
𝑠→𝑇−

𝐺𝑚(𝑠−, 𝑠)

∫

𝑇

0
𝐺𝑚(𝑠, 𝑟)𝐻𝑚,𝑀0

([𝑟], 𝑠) d𝑟
= 𝑒−𝑚𝑇 (𝑚 +𝑀0), if 𝑀0 > 0.

Therefore, we have that 𝑀0 = 𝑇
0
𝑚(𝑀0) if and only if 𝑀0 =

𝑚
𝑒𝑚𝑇 −1 (> 0).

The Green’s function is positive on 𝐼 × 𝐼 if and only if 𝑀 satisfies −𝑚 < 𝑀 < 𝑚
𝑒𝑚𝑇 −1  when 𝑚 ≠ 0. In the case 𝑚 = 0, by continuity, 

we have 0 < 𝑀 < 1∕𝑇 .
By using the symmetry property proved in Proposition 4, we conclude that 𝐻𝑚,𝑀 < 0 on 𝐼 × 𝐼 if and only if 𝑚

𝑒−𝑚𝑇 −1 < 𝑀 < −𝑚 if 
𝑚 ≠ 0 and 𝑀 ∈

(

− 1
𝑇 , 0

)

 whenever 𝑚 = 0. In Fig. 6 we can see the regions of constants sign of the Green’s function for 𝑇 = 1∕2 and 
𝑇 = 1.

Noticed that we obtain, as a particular case (𝑇 = 1), Lemma 1. It is important to point out that the arguments used here are 
completely different from those used in [26].

If we set the minimum of the function 𝐻𝑚,𝑀 (𝑡, 𝑠) over the domain 𝐼 × 𝐼 equal to zero, that is,
min

(𝑡,𝑠)∈𝐼×𝐼
𝐻𝑚,𝑀 (𝑡, 𝑠) = 0,

and solve the resulting equation for 𝑀 , we obtain exactly the same expression as the one derived from taking the limit.
In this section, we have laid the groundwork to determine the regions where Green’s functions with piecewise-constant arguments 

and reflection have a constant sign. In Section 4.1, we derived a formula relating the Green’s functions of the Problem (3.1) with 
parameters (𝑚0,𝑀0) and (𝑚1,𝑀1), which allowed us to deduce monotonicity results for constant sign 𝐻𝑚,𝑀  when one of the parameters 
is varied. Building on this, in Section 4.2 we developed a new methodology to compute the constant-sign region, and in Section 4.3 
we verified it by applying it to a previously studied Problem.
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5.  Periodic first order problems with involution and piecewise constant arguments

In this section, we will focus on solving a first order differential equation with a reflection part and a piecewise constant depen-
dence function. We will work with periodic boundary conditions. Specifically, we will consider the following functional differential 
equation: 

𝑣′(𝑡) + 𝑚𝑣(−𝑡) +𝑀𝑣([𝑡]) = ℎ(𝑡),  a.e. 𝑡 ∈ 𝐽 = [−𝑇 , 𝑇 ], 𝑣(𝑇 ) = 𝑣(−𝑇 ). (5.1)

Here 𝑚 and 𝑀 are real constants that are not both zero, 𝑇 > 0 and ℎ ∈ 1(𝐽 ).
We will say that a function 𝑣 ∶ 𝐽 → ℝ is a solution of Problem (5.1) if 𝑣 ∈ Ω1 and satisfies Eq. (5.1).
First, we introduce the properties of the Green’s function for the particular case of 𝑀 = 0 (without piecewise constant argument). 

The results can be found in [13,22].

5.1.  Solution of the equation 𝑣′(𝑡) + 𝑚 𝑣(−𝑡) = ℎ(𝑡) with periodic boundary conditions

We work with the problem 
𝑣′(𝑡) + 𝑚𝑣(−𝑡) = ℎ(𝑡),  a.e 𝑡 ∈ 𝐽 , 𝑣(𝑇 ) = 𝑣(−𝑇 ), (5.2)

where 𝑚 is a nonzero real constant, 𝑇 > 0, and ℎ ∈ 1(𝐽 ).
Following the steps mentioned in [13,22], we can proceed to work with the second order ordinary differential equation coupled 

to periodic boundary conditions: 
𝑣′′(𝑡) + 𝑚2𝑣(𝑡) = 𝑓 (𝑡),  a.e 𝑡 ∈ 𝐽 ,

𝑣(𝑇 ) − 𝑣(−𝑇 ) = 0,

𝑣′(𝑇 ) − 𝑣′(−𝑇 ) = 0,

(5.3)

with 𝑓 ∈ 1(𝐽 ).

Remark 5. In this section 𝐺𝑚 denotes the Green’s function of Problem (5.3). 
We present a proposition that gives us properties of the Green’s function 𝐺𝑚 related to Problem (5.3) [22, Proposition 3.1].

Proposition 5. For all 𝑡, 𝑠 ∈ 𝐽 , the Green’s function 𝐺𝑚, related to Problem (5.3), satisfies the following properties:

1. 𝐺𝑚(𝑡, 𝑠) = 𝐺𝑚(𝑠, 𝑡),
2. 𝐺𝑚(𝑡, 𝑠) = 𝐺𝑚(−𝑡,−𝑠),
3. 𝜕𝐺𝑚

𝜕𝑡 (𝑡, 𝑠) = 𝜕𝐺𝑚
𝜕𝑠 (𝑠, 𝑡),

4. 𝜕𝐺𝑚
𝜕𝑡 (𝑡, 𝑠) = − 𝜕𝐺𝑚

𝜕𝑡 (−𝑡,−𝑠),
5. 𝜕𝐺𝑚

𝜕𝑡 (𝑡, 𝑠) = − 𝜕𝐺𝑚
𝜕𝑠 (𝑡, 𝑠).

With the above, let us now state a proposition that indicates how to obtain the Green’s function for Problem (5.2).
Proposition 6. Assume that 𝑚 ≠ 𝑘𝜋∕𝑇 , 𝑘 ∈ ℤ. Then, the Problem (5.2) has a unique solution given by the expression 

𝑣(𝑡) ∶= ∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑠)ℎ(𝑠)d𝑠,

where 

𝐺𝑚(𝑡, 𝑠) ∶= 𝑚𝐺𝑚(𝑡,−𝑠) −
𝜕𝐺𝑚
𝜕𝑠

(𝑡, 𝑠), (𝑡, 𝑠) ∈ 𝐽 × 𝐽 ,

and 𝐺𝑚 is the Green’s function related to the second order periodic boundary value Problem (5.3). 
Again, it is possible to see that the Green’s function 𝐺𝑚 satisfies the following properties.

Proposition 7. [13, Proposition 3.2.3] 𝐺𝑚 satisfies the following properties:

1. 𝐺𝑚 and 𝜕𝐺𝑚𝜕𝑡  exist and they are continuous on (𝐽 × 𝐽 ) ⧵ {(𝑡, 𝑡), (𝑡,−𝑡)},
2. 𝐺𝑚(𝑡, 𝑡−) and 𝐺𝑚(𝑡, 𝑡+) exist and are finite for all 𝑡 ∈ 𝐽 and they satisfy 𝐺𝑚(𝑡, 𝑡−) − 𝐺𝑚(𝑡, 𝑡+) = 1, for all 𝑡 ∈ 𝐽 ,
3. 𝜕𝐺𝑚

𝜕𝑡 (𝑡, 𝑠) + 𝑚𝐺𝑚(−𝑡, 𝑠) = 0 for all 𝑡, 𝑠 ∈ 𝐽 , 𝑠 ≠ ±𝑡,
4. 𝐺𝑚(𝑇 , 𝑠) = 𝐺𝑚(−𝑇 , 𝑠) for all 𝑠 ∈ (−𝑇 , 𝑇 ),
5. 𝐺𝑚(𝑡, 𝑠) = 𝐺𝑚(−𝑠,−𝑡) for all 𝑡, 𝑠 ∈ 𝐽 ,
6. 𝐺𝑚(𝑡, 𝑠) = −𝐺−𝑚(−𝑡,−𝑠) for all 𝑡, 𝑠 ∈ 𝐽 ,
7. 𝐺𝑚(𝑡, 𝑇 ) = 𝐺𝑚(𝑡,−𝑇 ) for all 𝑡 ∈ (−𝑇 , 𝑇 ).
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It is not difficult to verify that the Green’s function 𝐺𝑚 is given by the following expression: 

𝐺𝑚(𝑡, 𝑠) =
1

2𝑚 sin(𝑚𝑇 )

{

cos𝑚(𝑇 + 𝑠 − 𝑡), if 𝑠 ≤ 𝑡,
cos𝑚(𝑇 − 𝑠 + 𝑡), if 𝑠 ≥ 𝑡.

Therefore, as shown in [13, Section 3.2.1] 

𝐺𝑚(𝑡, 𝑠) =
1

2𝑚 sin(𝑚𝑇 )

⎧

⎪

⎪

⎨

⎪

⎪

⎩

cos𝑚(𝑇 − 𝑠 − 𝑡) + sin𝑚(𝑇 + 𝑠 − 𝑡), if −𝑡 ≤ 𝑠 < 𝑡,
cos𝑚(𝑇 − 𝑠 − 𝑡) − sin𝑚(𝑇 − 𝑠 + 𝑡), if −𝑠 ≤ 𝑡 < 𝑠,
cos𝑚(𝑇 + 𝑠 + 𝑡) + sin𝑚(𝑇 + 𝑠 − 𝑡), if | − 𝑡| > 𝑠,
cos𝑚(𝑇 + 𝑠 + 𝑡) − sin𝑚(𝑇 − 𝑠 + 𝑡), if 𝑡 < −|𝑠|.

(5.4)

From the previous formula, the sign of the Green’s function 𝐺𝑚 can be directly studied, leading to the following result [13, Theorem 
3.2.8]:

Theorem 1.  The Green’s function, 𝐺𝑚, related to Problem (5.2), satisfies the following properties:

1. If 𝑚𝑇 ∈
(

0, 𝜋4
)

, then 𝐺𝑚 is strictly positive on 𝐽 × 𝐽 .

2. If 𝑚𝑇 ∈
(

− 𝜋
4 , 0

)

, then 𝐺𝑚 is strictly negative on 𝐽 × 𝐽 .

3. If 𝑚𝑇 = 𝜋
4 , then 𝐺𝑚 vanishes at 𝑃 ∶= {(−𝑇 ,−𝑇 ), (0, 0), (𝑇 , 𝑇 ), (𝑇 ,−𝑇 )} and is strictly positive on (𝐽 × 𝐽 ) ⧵ 𝑃 .

4. If 𝑚𝑇 = − 𝜋
4 , then 𝐺𝑚 vanishes at 𝑃  and is strictly negative on (𝐽 × 𝐽 ) ⧵ 𝑃 .

5. If 𝑚𝑇 ∈ ℝ ⧵
[

− 𝜋
4 ,

𝜋
4

]

, then 𝐺𝑚 changes sign on 𝐽 × 𝐽 .

Now, by using the formula proved in Section 3, we are in conditions to solve Problem (5.1) in the next subsection.

5.2.  Solution of problem (5.1)

After obtaining and analyzing the Green’s function for Problem (5.2), we now consider Problem (5.1). To compute its related 
Green’s function, denoted by 𝐻𝑚,𝑀 , we follow the procedure described in Section 3. The function 𝐻𝑚,𝑀  satisfies the following 
proposition:

Proposition 8.  If 𝑚 ≠ 𝑘𝜋∕𝑇  then the solution to Problem (5.1) and the Green’s function 𝐻𝑚,𝑀  is unique if and only if the matrix 𝐴, defined 
in (3.3), associated with this problem is invertible. 

Thus, assuming that 𝑚 ≠ 𝑘𝜋
𝑇 , 𝑘 ∈ ℤ and matrix 𝐴, defined in (3.3), is invertible, from Eq. (3.5), we arrive at 

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐺𝑚(𝑡, 𝑠) −𝑀

( [𝑇 ]
∑

𝑗=[−𝑇 ]

[𝑇 ]
∑

𝑖=[−𝑇 ]
𝐺𝑚(𝑗, 𝑠)∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑟)𝛼𝑖𝑗 (𝑟)d𝑟

)

, (5.5)

where 𝐺𝑚 is the Green’s function of Problem (5.2) given by expression (5.4), and 𝛼𝑖𝑗 are the functions defined in (3.4) (Notice that 
𝛼𝑖𝑗 (𝑟) depends also on 𝑚 and 𝑀).

We proceed, then, to deduce a series of properties of the function 𝐻𝑚,𝑀  that will be useful to us. For simplicity, we will denote 
by 𝐷 and 𝐷𝑡 the following sets: 

𝐷 ≡ {−[𝑇 ],… , 0,… , [𝑇 ]}

and 
𝐷𝑡 ≡ 𝐷 ∪ {𝑡,−𝑡},  for 𝑡 ∈ 𝐽 given.

Using Definition 1 and the properties of 𝐺𝑚 shown in Proposition 7, it is not difficult to verify the following result.
Proposition 9. Under the hypotheses of Proposition 8, the Green’s function 𝐻𝑚,𝑀  related to Problem (5.1) exists, is unique and satisfies the 
following properties:

1. Given 𝑠 ∈ ̊̂𝐽 , function 𝑡→ 𝐻𝑚,𝑀 (𝑡, 𝑠) is well-defined and continuous for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠, and of class 1 for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠, and 
𝑡 ∉ 𝐷 ⧵ {0} (see Fig. 7).

2. Given 𝑡 ∈ ̊̂𝐽 , function 𝑠 → 𝐻𝑚,𝑀 (𝑡, ⋅) is well-defined and continuous for all 𝑠 ∈ 𝐽 , 𝑠 ≠ 𝑡, and 𝑠 ∉ 𝐷. Moreover, 𝐻𝑚,𝑀 (𝑡, ⋅) is of class 1

for all 𝑠 ∈ 𝐽 , 𝑠 ∉ 𝐷𝑡 (see Fig. 7).
3. For each 𝑠 ∈ (−𝑇 , 𝑇 ), the function 𝑡→ 𝐻𝑚,𝑀 (𝑡, 𝑠) is the solution of the following differential equation: 

𝜕
𝜕𝑡
𝐻𝑚,𝑀 (𝑡, 𝑠) + 𝑚𝐻𝑚,𝑀 (−𝑡, 𝑠) +𝑀𝐻𝑚,𝑀 ([𝑡], 𝑠) = 0, (5.6)

for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠, 𝑡 ∉ 𝐷 ⧵ {0}.
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Fig. 7. The region where the Green’s function 𝐻𝑚,𝑀 is continuous and of class 1 for 𝑇 = 5∕2. The Green’s function is continuous throughout the 
square except along the red-marked lines, and is of class 1 throughout the square, except along the lines marked in red and blue.

4. For each 𝑡 ∈ (−𝑇 , 𝑇 ), 𝑡 ∉ 𝐷, the lateral limits exist and are finite:
𝐻𝑚,𝑀 (𝑡−, 𝑡) = 𝐻𝑚,𝑀 (𝑡, 𝑡+) and 𝐻𝑚,𝑀 (𝑡, 𝑡−) = 𝐻𝑚,𝑀 (𝑡+, 𝑡),

and furthermore,
𝐻𝑚,𝑀 (𝑡+, 𝑡) −𝐻𝑚,𝑀 (𝑡−, 𝑡) = 𝐻𝑚,𝑀 (𝑡, 𝑡−) −𝐻𝑚,𝑀 (𝑡, 𝑡+) = 1.

5. For each 𝑠 ∈ (−𝑇 , 𝑇 ), the function 𝑡→ 𝐻𝑚,𝑀 (𝑡, 𝑠) satisfies the boundary condition:

𝐻𝑚,𝑀 (𝑇 , 𝑠) = 𝐻𝑚,𝑀 (−𝑇 , 𝑠).

6. For each 𝑡 ∈ (−𝑇 , 𝑇 ), the function 𝑠→ 𝐻𝑚,𝑀 (𝑡, 𝑠) satisfies the boundary condition:

𝐻𝑚,𝑀 (𝑡, 𝑇 ) = 𝐻𝑚,𝑀 (𝑡,−𝑇 ).

Remark 6. In general, we have that
𝐻𝑚,𝑀 (𝑡, 𝑡−) −𝐻𝑚,𝑀 (𝑡, 𝑡+) = 𝐺𝑚(𝑡, 𝑡−) − 𝐺𝑚(𝑡, 𝑡+)

−𝑀

( [𝑇 ]
∑

𝑗=[−𝑇 ]

[𝑇 ]
∑

𝑖=[−𝑇 ]

(

𝐺𝑚(𝑗, 𝑡−) − 𝐺𝑚(𝑗, 𝑡+)
)

∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑟)𝛼𝑖𝑗 (𝑟)d𝑟

)

.

If 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑗 for all 𝑗 ∈ {−[𝑇 ],… , 0,… , [𝑇 ]}, then 𝐻𝑚,𝑀 (𝑡, 𝑡−) −𝐻𝑚,𝑀 (𝑡, 𝑡+) = 1.
If 𝑡 = 𝑗0, 𝑡 ∉ 𝐷, then 

𝐻𝑚,𝑀 (𝑗0, 𝑗−0 ) −𝐻𝑚,𝑀 (𝑗0, 𝑗+0 ) = 1 −𝑀
[𝑇 ]
∑

𝑖=[−𝑇 ]
∫

𝑇

−𝑇
𝐺𝑚(𝑗0, 𝑟)𝛼𝑖𝑗0 (𝑟)d𝑟.

Furthermore, when we can ensure the uniqueness of the solution for Problem (5.1), we can guarantee the existence of a symmetry 
of the function 𝐻𝑚,𝑀 . Thus, we present the following Lemma.
Lemma 3. Under the assumptions of Proposition 8, the following symmetry property is satisfied 

𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝐻−𝑚,−𝑀 (−𝑡,−𝑠) for all 𝑡, 𝑠 ∈ 𝐽 × 𝐽 (𝑠 ∉ 𝐷𝑡).

Proof.  First, we define 
𝑣(𝑡, 𝑠) ∶= 𝐻−𝑚,−𝑀 (−𝑡,−𝑠).

Therefore, using equality (5.6), since [−𝑡] = −[𝑡], we have, for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠 and 𝑡 ∉ 𝐷 ⧵ {0}, the following property:
𝜕𝑣
𝜕𝑡

(𝑡, 𝑠) = − 𝜕𝐻−𝑚,−𝑀
𝜕𝑡 (−𝑡,−𝑠) = −𝑚𝐻−𝑚,−𝑀 (𝑡,−𝑠) −𝑀𝐻−𝑚,−𝑀 ([−𝑡],−𝑠)

= −𝑚𝑣(−𝑡, 𝑠) −𝑀 𝑣([𝑡], 𝑠),

that is: 
𝜕𝑣
𝜕𝑡

(𝑡, 𝑠) + 𝑚𝑣(−𝑡, 𝑠) +𝑀 𝑣([𝑡], 𝑠) = 0 for all (𝑡, 𝑠) ∈ 𝐽 × 𝐽 , 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠 and 𝑡 ∉ 𝐷 ⧵ {0}.
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On the other hand, from the periodicity of 𝐻𝑚,𝑀  shared in Proposition 9, we would have that 
𝑣(−𝑇 , 𝑠) = 𝐻−𝑚,−𝑀 (𝑇 ,−𝑠) = 𝐻−𝑚,−𝑀 (−𝑇 ,−𝑠) = 𝑣(𝑇 , 𝑠), 𝑠 ∈ (−𝑇 , 𝑇 )

and, using Proposition 9, Part 4, we have that for all 𝑠 ∉ 𝐷𝑡, 
𝐻−𝑚,−𝑀 (𝑠+, 𝑠) −𝐻−𝑚,−𝑀 (𝑠−, 𝑠) = 1.

Therefore 
𝑣(𝑠+, 𝑠) − 𝑣(𝑠−, 𝑠) = 𝐻−𝑚,−𝑀 ((−𝑠)−,−𝑠) −𝐻−𝑚,−𝑀 ((−𝑠)+,−𝑠) = −1.

Thus, the uniqueness of the solution, implies that 
𝑣(𝑡, 𝑠) = −𝐻𝑚,𝑀 (𝑡, 𝑠)

or, which is the same, 
𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝐻−𝑚,−𝑀 (−𝑡,−𝑠) ∀(𝑡, 𝑠) ∈ 𝐽 × 𝐽 , 𝑠 ∉ 𝐷𝑡.

 ∎
From previous Lemma, it is immediate to verify that

Corollary 1. 𝐻𝑚,𝑀  is positive on 𝐽 × 𝐽 if and only if 𝐻−𝑚,−𝑀  is negative on 𝐽 × 𝐽 . 
In addition to the symmetry of the Green’s function 𝐻𝑚,𝑀 , the matrix 𝐴 associated with the Problem (5.1) (see Eq. (3.3)) also 

exhibits symmetry. Indeed, let 𝐸 ≡ 𝐴(𝑚,𝑀) and 𝐹 ≡ 𝐴(−𝑚,−𝑀) denote the matrices corresponding to Problem (5.1) with parameters 
𝑚 and 𝑀 ∈ ℝ, and −𝑚 and −𝑀 ∈ ℝ, respectively. Then, the following Proposition holds:
Proposition 10. Let 𝑒𝑖𝑗 be the elements of the matrix 𝐸 and 𝑓𝑖𝑗 the elements of the matrix 𝐹 . Then, it is verified that 

𝑒𝑖𝑗 = 𝑓−𝑖,−𝑗 ,

with 𝑖, 𝑗 ∈ {[−𝑇 ],… , 0,… , [𝑇 ]}.
Moreover, it holds that det 𝐸 = det 𝐹 , i.e.: 

det 𝐴(𝑚,𝑀) = det 𝐴(−𝑚,−𝑀) for all 𝑚,𝑀 ∈ ℝ.

Proof.  Observing as the matrices 𝐸 and 𝐹  are, we see that all the equalities we want to prove are of the following type: 

𝑀 ∫

𝑏

𝑎
𝐺𝑚(𝑖, 𝑠)d𝑠 = −𝑀 ∫

−𝑎

−𝑏
𝐺−𝑚(−𝑖, 𝑠)d𝑠,

with 𝑎, 𝑏 ∈ ℝ.
Therefore, to show that 𝑒𝑖𝑗 = 𝑓−𝑖,−𝑗 , it is enough to demonstrate that 

∫

−𝑏

−𝑎
𝐺𝑚(−𝑐, 𝑠)d𝑠 = −∫

𝑏

𝑎
𝐺−𝑚(𝑐, 𝑠)d𝑠 for all 𝑎, 𝑏, 𝑐 ∈ ℝ.

By making the variable change 𝑢 = −𝑠, we have that 

∫

𝑏

𝑎
𝐺𝑚(𝑐, 𝑠)d𝑠 = ∫

−𝑎

−𝑏
𝐺𝑚(𝑐,−𝑢)d𝑢.

Next, from Part 6 of Proposition 7, we obtain that 

∫

𝑏

𝑎
𝐺𝑚(𝑐, 𝑠)d𝑠 = −∫

−𝑎

−𝑏
𝐺−𝑚(−𝑐, 𝑢)d𝑢,

which is precisely what we wanted to prove.
Finally, we show that det 𝐸 = det 𝐹 . From the relation 𝑒𝑖𝑗 = 𝑓−𝑖,−𝑗 , it follows that 𝐹  can be obtained from 𝐸 by swapping [𝑇 ] rows 

and the same number of columns. Hence, by the properties of determinants, det 𝐸 = det 𝐹 . ∎

Remark 7. In Fig. 8, we plot the determinant of 𝐴 for 𝑀 = 𝑚 and 𝑇 = 2.1. Notably, the values where the determinant exhibits vertical 
asymptotes coincide with the spectrum of Problem (5.2). 

On the other hand, we can also state the following Lemma regarding the determinant of 𝐴.
Lemma 4. Given a matrix 𝐴 related to Problem (5.1) with parameters 𝑇 > 0, 𝑚, 𝑀 ∈ ℝ such that 𝑚 = −𝑀 , then det 𝐴(𝑚,𝑀) = 0. 
Proof.  The previous analysis shows that if Problem (5.2) has a unique solution then 𝑑𝑒𝑡𝐴(𝑚,𝑀) = 0 if and only if Problem (5.1) with 
ℎ = 0 on 𝐽 , has nontrivial solutions. Thus, if we consider a constant solution 𝑣(𝑡) = 𝐶 for all 𝑡 ∈ 𝐽 , then 

𝑣′(𝑡) + 𝑚𝑣(−𝑡) +𝑀𝑣([𝑡]) = 𝐶(𝑚 +𝑀).

Thus, 𝑚 +𝑀 = 0 is a straight line of eigenvalues, and consequently, det 𝐴(𝑚,𝑀) = 0. ∎
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Fig. 8. Representation of the determinant of 𝐴 when 𝑀 = 𝑚 and 𝑇 = 2.1 as a function of the parameter 𝑚.

On the other hand, from Lemma 4, it is easy to deduce the following corollary.

Corollary 2. A necessary condition for the Green’s function 𝐻𝑚,𝑀  associated with Problem (5.1) to be positive on 𝐽 × 𝐽 is that 𝑚 +𝑀 > 0. 
Similarly, a necessary condition for 𝐻𝑚,𝑀  to be negative on 𝐽 × 𝐽 is that 𝑚 +𝑀 < 0. 

Proof.  Assuming that Problem (5.1) has a unique solution for any ℎ ∈ (𝐽 ). The proof is a direct consequence of the fact that if 
ℎ(𝑡) = 1 for all 𝑡 ∈ 𝐽 then 𝑣(𝑡) = 1

𝑚+𝑀  is its unique solution. ∎

Next, we will study the behaviour of the partial derivatives of 𝐻𝑚,𝑀 . In Proposition 9, expression (5.6), we have already obtained 
the equation that 𝜕𝜕𝑡𝐻𝑚,𝑀  satisfies.

On the other hand, for the partial derivative of 𝐻𝑚,𝑀  with respect to 𝑠, we arrive at the following proposition.

Proposition 11. 
𝜕
𝜕𝑠
𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝑚𝐻𝑚,𝑀 (𝑡,−𝑠) for all 𝑠 ∈ 𝐽 , 𝑠 ∉ 𝐷𝑡.

Proof.  Throughout the proof, we will consider 𝑠 ∈ 𝐽 , 𝑠 ∉ 𝐷𝑡.
We will begin by proving that 

𝜕
𝜕𝑠
𝐺𝑚(𝑡, 𝑠) = 𝑚𝐺𝑚(𝑡,−𝑠),

where 𝐺𝑚 is the Green’s function related to Problem (5.2) and given by expression (5.4). By Proposition 6, 𝐺𝑚 satisfies that 

𝐺𝑚(𝑡, 𝑠) = 𝑚𝐺𝑚(𝑡,−𝑠) −
𝜕
𝜕𝑠
𝐺𝑚(𝑡, 𝑠),∀(𝑡, 𝑠) ∈ 𝐽 × 𝐽 ,

where 𝐺𝑚 is the Green’s function related to Problem (5.3).
Next, using Property 5 of Proposition 5, we deduce that 

𝜕
𝜕𝑠
𝐺𝑚(𝑡, 𝑠) = −𝑚 𝜕

𝜕𝑠
𝐺𝑚(𝑡,−𝑠) −

𝜕2

𝜕𝑡2
𝐺𝑚(𝑡, 𝑠).

Thus, since 𝜕2
𝜕𝑡2
𝐺𝑚(𝑡, 𝑠) + 𝑚2𝐺𝑚(𝑡, 𝑠) = 0, we have that

𝜕
𝜕𝑠
𝐺𝑚(𝑡, 𝑠) = −𝑚 𝜕

𝜕𝑠
𝐺𝑚(𝑡,−𝑠) + 𝑚2 𝐺𝑚(𝑡, 𝑠)

= 𝑚(𝑚𝐺𝑚(𝑡, 𝑠) −
𝜕
𝜕𝑠
𝐺𝑚(𝑡,−𝑠)) = 𝑚𝐺𝑚(𝑡,−𝑠).

Now, it only remains to use Eq. (5.5):
𝜕
𝜕𝑠
𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝜕

𝜕𝑠𝐺𝑚(𝑡, 𝑠) −𝑀
[

∑[𝑇 ]
𝑗=[−𝑇 ]

∑[𝑇 ]
𝑖=[−𝑇 ]

𝜕
𝜕𝑠𝐺𝑚(𝑗, 𝑠) ∫

𝑇
−𝑇 𝐺𝑚(𝑡, 𝑟)𝛼𝑖𝑗 (𝑟)d𝑟

]

= 𝑚𝐺𝑚(𝑡,−𝑠) −𝑀
[

∑[𝑇 ]
𝑗=[−𝑇 ]

∑[𝑇 ]
𝑖=[−𝑇 ] 𝑚𝐺𝑚(𝑗,−𝑠) ∫

𝑇
−𝑇 𝐺𝑚(𝑡, 𝑟)𝛼𝑖𝑗 (𝑟)d𝑟

]

= 𝑚𝐻𝑚,𝑀 (𝑡,−𝑠),

and the proof is concluded.
 ∎
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Fig. 9. Representation of the jump of 𝐻𝑚,𝑀 when 𝑡 = 0 for 𝑇 = 1, 𝑚 = 2.36, and 𝑀 = 1.19.

5.3.  Study of the function 𝐻𝑚,𝑀  when 𝑇 ∈ (0, 1]

First, we will study the case in which 𝑇 ∈ (0, 1]. We will search for the point (𝑡, 𝑠̂) where the function 𝐻𝑚,𝑀  reaches its minimum 
when it is positive.

To begin with, we present the following observation.
Remark 8.  For all 𝑇 > 0 and 𝑚 ≠ 𝑘𝜋

𝑇 , 𝑘 ∈ ℤ, the unique solution to Problem (5.2) with 𝜎(𝑡) = 1 for all 𝑡 ∈ 𝐽 is the constant solution 
𝑣1(𝑡) =

1
𝑚 .

In particular, it holds that 
1
𝑚

= 𝑣1(𝑡) = ∫

𝑇

−𝑇
𝐺𝑚(𝑡, 𝑠)d𝑠, ∀𝑡 ∈ 𝐽 .

Therefore, taking into account the previous observation and the expression (3.6), we deduce that the Green’s function for Prob-
lem (5.1) in the particular case of 𝑇 ∈ (0, 1] takes the form 

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐺𝑚(𝑡, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠) (𝑡, 𝑠) ∈ 𝐽 × 𝐽 . (5.7)

Furthermore, if 𝑇 ≤ 1, 𝑡 ∈ 𝐽 and 𝑡 ≠ 0, we have: 
𝐻𝑚,𝑀 (𝑡, 𝑡−) −𝐻𝑚,𝑀 (𝑡, 𝑡+) = 𝐺𝑚(𝑡, 𝑡−) − 𝐺𝑚(𝑡, 𝑡+) −

𝑀
𝑚 +𝑀

(𝐺𝑚(0, 𝑡) − 𝐺𝑚(0, 𝑡)) = 1.

Moreover, if 𝑡 = 0 then (we represent this case in Fig. 9) 

𝐻𝑚,𝑀 (0, 0+) −𝐻𝑚,𝑀 (0, 0−) = 𝐺𝑚(0, 0+) − 𝐺𝑚(0, 0−) −
𝑀

𝑚 +𝑀
(𝐺𝑚(0, 0+) − 𝐺𝑚(0, 0−)) =

𝑚
𝑚 +𝑀

.

Minimum of the function 𝐻𝑚,𝑀  when it is positive and 𝑇 ∈ (0, 1]
Let us begin by proving that the minimum of 𝐻𝑚,𝑀  occurs at 𝑡 = 𝑠− when we assume that 𝐻𝑚,𝑀  is positive and 𝑚 ∈ (−𝜋∕4𝑇 , 𝜋∕4𝑇 ). 

To do this, we will use the derivative of 𝐻𝑚,𝑀 (𝑡, 𝑠) with respect to 𝑡. We have that
𝜕
𝜕𝑡
𝐻𝑚,𝑀 (𝑡, 𝑠) = −𝑚𝐻𝑚,𝑀 (−𝑡, 𝑠) −𝑀𝐻𝑚,𝑀 (0, 𝑠)

= −𝑚
(

𝐺𝑚(−𝑡, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠)

)

−𝑀
(

𝐺𝑚(0, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠)

)

= −𝑚𝐺𝑚(−𝑡, 𝑠) for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠 and 𝑡 ≠ −𝑠.

Applying Theorem 1, we know that 𝐺𝑚 is positive on 𝐽 × 𝐽 if and only if 𝑚 ∈ (0, 𝜋∕4𝑇 ) and negative when 𝑚 ∈ (−𝜋∕4𝑇 , 0). From 
this, we deduce that 𝜕𝜕𝑡𝐻𝑚,𝑀 (𝑡, 𝑠) < 0 where it is defined (for such values of 𝑚 and 𝑀).

Moreover, 𝐻𝑚,𝑀 (𝑡, 𝑠) satisfies the following conditions for all 𝑀 ∈ (0, 𝜋∕4𝑇 ):

1. 𝐻𝑚,𝑀 (⋅, 𝑠) is continuous on 𝐽 ⧵ {𝑠},
2. 𝜕

𝜕𝑡𝐻𝑚,𝑀 (𝑡, 𝑠) < 0 for 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠, and 𝑡 ≠ 0,
3. 𝐻𝑚,𝑀 (−𝑇 , 𝑠) = 𝐻𝑚,𝑀 (𝑇 , 𝑠) for all 𝑠 ∈ (−𝑇 , 𝑇 ),
4. 𝐻𝑚,𝑀 (𝑠+, 𝑠) = 𝐻𝑚,𝑀 (𝑠−, 𝑠) + 1 for all 𝑠 ∈ (−𝑇 , 𝑇 ) ⧵ {0}.

Therefore, for any 𝑠 ∈ (−𝑇 , 𝑇 ) fixed, the minimum on 𝐽 is attained at 𝑡 = 𝑠−.
Since we are interested in finding the minimum of the function 𝐻𝑚,𝑀  on 𝐽 , we define the following function 𝑞 ∶ 𝐽 → ℝ (we 

represent this function in 10 for 𝑇 = 1 and 𝑀 = −1.88). 

𝑞(𝑠) =

{

𝐻𝑚,𝑀 (𝑠−, 𝑠), if 𝑠 ≠ −𝑇 ,
𝐻𝑚,𝑀 (−𝑇 ,−𝑇 +), if 𝑠 = −𝑇 .

(5.8)
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Fig. 10. Representation of 𝐻𝑚,𝑀 (𝑠+, 𝑠) and 𝐻𝑚,𝑀 (𝑠−, 𝑠) for 𝑇 = 1 and 𝑚 =𝑀 = −1.88.

From now on, we will work only with the blue branch in Fig. 10, that is, 𝑞(𝑠). We will start with the hypothesis that 𝑞(𝑠) ≥ 0 for 
all 𝑠 ∈ 𝐽 and will attempt to determine at which value of 𝑠 ∈ 𝐽 the function 𝑞 attains its minimum.

We begin by calculating the first and second derivatives:

𝑞′(𝑠) = d
d𝑠
𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝜕

𝜕𝑡
𝐻𝑚,𝑀 (𝑠−, 𝑠) + 𝜕

𝜕𝑠
𝐻𝑚,𝑀 (𝑠−, 𝑠)

= −𝑚𝐻𝑚,𝑀 (−𝑠, 𝑠) −𝑀𝐻𝑚,𝑀 (0, 𝑠) + 𝑚𝐻𝑚,𝑀 (𝑠,−𝑠)

and

𝑞′′(𝑠) = d2

d𝑠2
𝐻𝑚,𝑀 (𝑠−, 𝑠) = −𝑚

(

− 𝜕
𝜕𝑡
𝐻𝑚,𝑀 ((−𝑠)+, 𝑠) + 𝜕

𝜕𝑠
𝐻𝑚,𝑀 ((−𝑠)+, 𝑠)

)

−𝑀
( 𝜕
𝜕𝑠
𝐻𝑚,𝑀 (0, 𝑠)

)

+ 𝑚
( 𝜕
𝜕𝑡
𝐻𝑚,𝑀 (𝑠−,−𝑠) − 𝜕

𝜕𝑠
𝐻𝑚,𝑀 (𝑠−,−𝑠)

)

= −𝑚
(

𝑚𝐻𝑚,𝑀 (𝑠−, 𝑠) +𝑀𝐻𝑚,𝑀 (0, 𝑠) + 𝑚𝐻𝑚,𝑀 ((−𝑠)+,−𝑠)
)

−𝑀𝑚𝐻𝑚,𝑀 (0,−𝑠)

+𝑚
(

−𝑚𝐻𝑚,𝑀 ((−𝑠)+,−𝑠) −𝑀𝐻𝑚,𝑀 (0,−𝑠) − 𝑚𝐻𝑚,𝑀 (𝑠−, 𝑠)
)

= −2𝑚2
(

𝐻𝑚,𝑀 (𝑠−, 𝑠) +𝐻𝑚,𝑀 ((−𝑠)+,−𝑠)
)

− 𝑚𝑀
(

𝐻𝑚,𝑀 (0, 𝑠) + 2𝐻𝑚,𝑀 (0,−𝑠)
)

.

Recall that, for these values of 𝑇 , the function 𝐻𝑚,𝑀  is given by the expression (5.7).
Therefore, we can rewrite the first and second derivatives of 𝑞(𝑠) as follows:

𝑞′(𝑠) = 𝑚
(

𝐺𝑚(𝑠−, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0,−𝑠) − 𝐺𝑚(−𝑠, 𝑠) +

𝑀
𝑚 +𝑀

𝐺𝑚(0, 𝑠)
)

−𝑀
(

𝐺𝑚(0, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠)

)

= 𝑚
(

𝐺𝑚(𝑠,−𝑠) − 𝐺𝑚(−𝑠, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0,−𝑠)

)

= 𝑚
(

𝐻𝑚,𝑀 (𝑠,−𝑠) − 𝐺𝑚(−𝑠, 𝑠)
)

and, using Part 5 of Proposition 7, we deduce that
𝑞′′(𝑠) = −2𝑚2

(

𝐻𝑚,𝑀 (𝑠−, 𝑠) +𝐻𝑚,𝑀 ((−𝑠)+,−𝑠)
)

− 𝑚𝑀
(

𝐻𝑚,𝑀 (0, 𝑠) + 2𝐻𝑚,𝑀 (0,−𝑠)
)

= −2𝑚2
(

𝐺𝑚(𝑠−, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠) + 𝐺𝑚(𝑠,−𝑠) −

𝑀
𝑚 +𝑀

𝐺𝑚(0,−𝑠)
)

−𝑚𝑀
(

𝐺𝑚(0, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠) + 2𝐺𝑚(0,−𝑠) −

2𝑀
𝑚 +𝑀

𝐺𝑚(0,−𝑠)
)

= −4𝑚2𝐺𝑚(𝑠−, 𝑠) +
𝑚2𝑀
𝑚 +𝑀

𝐺𝑚(0, 𝑠) = −𝑚2
(

4𝐺𝑚(𝑠−, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠)

)

= −𝑚2(3𝐺𝑚(𝑠−, 𝑠) +𝐻𝑚,𝑀 (𝑠−, 𝑠)).

Using previous equalities, we are in position to prove the following proposition:
Proposition 12. The function 𝑞 ∶ 𝐽 → ℝ satisfies the following properties:

1. 𝑞 is well-defined and 1 on 𝐽 ⧵ {0},
2. 𝑞(0+) − 𝑞(0−) = 𝑀

𝑚+𝑀 ,
3. 𝑞(𝑇 ) = 𝑞(−𝑇 ),
4. 𝑞′(𝑇 ) = 𝑞′(−𝑇 ).

Proof.  Let us see the proof of the different parts of the result.
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Fig. 11. Representation of the jump in 𝑞(𝑠) at 𝑠 = 0 for 𝑚 = −0.73, 𝑀 = 0.78, and 𝑇 = 1.

1. The first part is directly deduced from the expression of the second derivative 𝑞′′(𝑠) for all 𝑠 ∈ 𝐽 ⧵ {0}.
2. Part 2 is proved as follows (see Fig. 11): 

𝑞(0+) − 𝑞(0−) = 𝐻𝑚,𝑀 ((0−)+, 0+) −𝐻𝑚,𝑀 ((0−)−, 0−)

= 𝐺𝑚(0, 0+) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 0+) − 𝐺𝑚((0−)−, 0−) +

𝑀
𝑚 +𝑀

𝐺𝑚(0, 0−)

= 𝐺𝑚(0, 0+) − 𝐺𝑚(0, 0+) +
𝑀

𝑚 +𝑀

(

𝐺𝑚(0, 0−) − 𝐺𝑚(0, 0+)
)

= 𝑀
𝑚 +𝑀

.

3. Part 3.
Using properties 4 and 5 of Proposition 7, we obtain that:

𝑞(−𝑇 ) = 𝐻𝑚,𝑀 ((−𝑇 )−,−𝑇 ) = 𝐺𝑚((−𝑇 )−,−𝑇 ) −
𝑀

𝑚+𝑀𝐺𝑚(0,−𝑇 )

= 𝐺𝑚(𝑇 −, 𝑇 ) − 𝑀
𝑚+𝑀 𝐺𝑚(0, 𝑇 ) = 𝐻𝑚,𝑀 (𝑇 −, 𝑇 ) = 𝑞(𝑇 ).

4. Part 4.
On the one hand,

𝑞′(𝑇 ) = 𝑚
(

𝐻𝑚,𝑀 (𝑇 ,−𝑇 ) − 𝐺𝑚(−𝑇 , 𝑇 )
)

= 𝑚
(

𝐺𝑚(𝑇 ,−𝑇 ) −
𝑀

𝑚 +𝑀
𝐺(0,−𝑇 ) − 𝐺𝑚(𝑇 ,−𝑇 )

)

= −𝑚𝑀
𝑚 +𝑀

𝐺𝑚(0,−𝑇 ).

Now, using Property 5 of Proposition 7, 

𝑞′(𝑇 ) = −𝑚𝑀
𝑚 +𝑀

𝐺𝑚(𝑇 , 0).

On the other hand, 

𝑞′(−𝑇 ) = 𝑚
(

𝐺𝑚(−𝑇 , 𝑇 ) −
𝑀

𝑚 +𝑀
𝐺(0, 𝑇 ) − 𝐺𝑚(−𝑇 , 𝑇 )

)

= −𝑚𝑀
𝑚 +𝑀

𝐺𝑚(0, 𝑇 ).

Again, using Property 5 of Proposition 7, 

𝑞′(−𝑇 ) = −𝑚𝑀
𝑚 +𝑀

𝐺𝑚(−𝑇 , 0).

Finally, taking into account Property 4 of Proposition 7, we conclude that 

𝑞′(𝑇 ) = 𝑞′(−𝑇 ).

 ∎
Based on the previous expressions for 𝑞′(𝑠) and 𝑞′′(𝑠) and Proposition 12, we are in a position to prove the following result.

Proposition 13. Assume that 𝐻𝑚,𝑀 (𝑠−, 𝑠) ≥ 0 for all 𝑠 ∈ 𝐽 . If 𝑚𝑇 ∈ (− 𝜋
4 ,

𝜋
4 ) and 𝑚 +𝑀 > 0 (which must be satisfied if 𝐻𝑚,𝑀  is positive), 

then the function 𝑞 attains its minimum at: 
{

𝑞(0−) = lim𝑠→0+ 𝑞(𝑠) if 𝑀 > 0,
𝑞(0+) = lim𝑠→0− 𝑞(𝑠) if 𝑀 < 0.

(5.9)
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Proof.  We divide the proof into two parts. First, we consider the case where 𝑚𝑇 ∈ (0, 𝜋∕4), and subsequently, we will study what 
happens for 𝑚𝑇 ∈ (−𝜋∕4, 0).

1. Case 𝑚𝑇 ∈ (0, 𝜋∕4). We know that 

𝑞′′(𝑠) = −𝑚2
(

3𝐺𝑚(𝑠−, 𝑠) +𝐻𝑚,𝑀 (𝑠−, 𝑠)
)

and, moreover 𝐺𝑚 > 0. Since we assume that we are dealing with pairs of values (𝑚,𝑀) ∈ ℝ ×ℝ such that 𝐻𝑚,𝑀 > 0, then 𝑞′′(𝑠) < 0. 
This means that the function 𝑞(𝑠) is concave.

As a concave function that is continuous for all 𝑠 ∈ 𝐽 except for 𝑠 = 0, the minimum can only be attained at 𝑠 = 0+, 𝑠 = 0−, 
𝑠 = −𝑇 , or 𝑠 = 𝑇 . Furthermore, in light of parts 3 and 4 of Proposition 12, we directly infer that the infimum is taken at 𝑠 = 0.

Now, function 𝑞 has a jump at 𝑠 = 0. Taking into account Part 2 of Proposition 12, we deduce that the infimum of the function 
𝑞(𝑠) for 𝑠 ∈ 𝐽 will be 

{

𝑞(0−) = lim𝑠→0− 𝑞(𝑠) if 𝑀 > 0,
𝑞(0+) = lim𝑠→0+ 𝑞(𝑠) if 𝑀 < 0.

2. Case 𝑚𝑇 ∈ (−𝜋∕4, 0). In this situation, we start from the fact that 

𝑞′(𝑠) = 𝑚
(

𝐻𝑚,𝑀 (𝑠−,−𝑠) − 𝐺𝑚(−𝑠, 𝑠)
)

.

By Theorem 1, we know that 𝐺𝑚 is strictly negative on 𝐽 × 𝐽 if and only if 𝑚 ∈ (− 𝜋
4𝑇 , 0). Furthermore, by hypothesis, we have that 

𝐻𝑚,𝑀  is positive. Therefore, it is obvious that 𝐻𝑚,𝑀 (𝑠−,−𝑠) − 𝐺𝑚(−𝑠, 𝑠) ≥ 0. Additionally, since 𝑚 < 0, it follows that 𝑞′(𝑠) ≤ 0 for 
all 𝑠 ∈ 𝐽 , 𝑠 ≠ 0.

Since the derivative is negative, the infimum can only be attained at 𝑠 = 𝑇 , 𝑠 = 0+ or 𝑠 = 0− (the endpoint of the interval or 
the unique point where the function 𝑞 is discontinuous). However, by Part 3 of Proposition 12, we discard the case where 𝑠 = 𝑇
and we conclude that 𝑠 = 0.

Again, we must consider that there is a jump at 𝑠 = 0. Since by hypothesis 𝑚 +𝑀 > 0 and 𝑚 < 0, it follows that 𝑀 > 0. Taking 
this into account and considering Part 2 of Proposition 12, we deduce that the minimum of 𝑞(𝑠) is given by 

𝑞(0−) = lim
𝑠→0−

𝑞(𝑠),

and we conclude the proof of the proposition.

 ∎

5.3.1.  Constant sign region when 𝑇 ∈ (0, 1] using the fixed-point method of Section 4.2
As a consequence of previous results, we are able to delineate the region where the Green’s function 𝐻𝑚,𝑀 (𝑡, 𝑠) is positive.
We will begin by proving a series of lemmas that will allow us to reach the main result of this section.

Lemma 5. If 𝑚𝑇 > 𝜋
4  or 𝑚𝑇 < − 𝜋

4 , then 𝐻𝑚,𝑀  changes its sign on 𝐽 × 𝐽 . 

Proof.  By Theorem 1, we know that if 𝑚𝑇 > 𝜋
4  or 𝑚𝑇 <

𝜋
4 , then 𝐺𝑚 changes sign on 𝐽 × 𝐽 , and for 𝑚𝑇 = 𝜋

4  or 𝑚𝑇 = − 𝜋
4 , it vanishes 

at (0, 0).
Additionally, from Eq. (5.7), it is easy to deduce that 

𝐻𝑚,𝑀 (0, 𝑠) = 𝐺𝑚(0, 𝑠) −
𝑀

𝑚 +𝑀
𝐺𝑚(0, 𝑠) =

𝑚
𝑚 +𝑀

𝐺𝑚(0, 𝑠) for all 𝑠 ≠ 0.

With this, it is clear that 𝐻𝜋∕4𝑇 ,𝑀 (0, 0+) = 𝐻−𝜋∕4𝑇 ,𝑀 (0, 0−) = 0 for all 𝑀 ≠ −𝑚 for which 𝐻𝑚,𝑀  exists. Observing the expression for 
𝐺𝑚(𝑡, 𝑠) given by (5.4), we see that 𝐺𝑚(0, 𝑠) changes sign on 𝐽 whenever either 𝑚 > 𝜋∕4𝑇  or 𝑚 < 𝜋∕4𝑇  and the same happens for 𝐻𝑚,𝑀
for any 𝑀 ∈ ℝ. ∎

Let’s now analyze the case where 𝑚𝑇 ∈ (−𝜋∕4, 𝜋∕4). If for each 𝑚 ∈ (−𝜋∕4𝑇 , 𝜋∕4𝑇 ), there exists a 𝑀 such that 𝐻𝑚,𝑀 > 0, then, 
𝐻𝑚,𝑀 > 0 for all 𝑀 such that 𝑀 < 𝑀 < 𝑀0, where 𝑀0 is the smallest positive solution to the fixed-point problem given by the 
operator 𝑇 𝑚(𝑀0, 𝑡, 𝑠), defined in (4.8). As we have noticed previously, since this operator is independent of 𝑀1 and 𝐻𝑚,0 = 𝐺𝑚, we 
can take 𝑀1 = 0, which simplifies the calculations considerably. Therefore, we aim to find the fixed points of the operator 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠)
defined as (4.9).

Thus, in our particular case, we would have 𝐻𝑚,𝑀 > 0 for all 𝑀 such that −𝑚 < 𝑀 < 𝑀0, and min(𝑡,𝑠)∈𝐽×𝐽 𝐻𝑚,𝑀0
(𝑡, 𝑠) = 0. From 

previous results, we see that the minimum of 𝐻𝑚,𝑀  whenever 𝐻𝑚,𝑀 ≥ 0 on 𝐽 × 𝐽 , is attained at 𝑞(0−) if 𝑀 > 0 and 𝑞(0+) if 𝑀 < 0, 
where 𝑞 is defined in (5.8).

Taking all simplifications into account, the expression of operator 𝑇 0
𝑚, defined in (4.8), can be written as:
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Fig. 12. Region where 𝐻𝑚,𝑀 is positive for 𝑇 = 1∕2 in light blue and 𝑇 = 1 in dark blue.

1. If 𝑀0 > 0: 

𝑇
0
𝑚(𝑀0) = lim

𝑡→𝑠−
lim
𝑠→0−

𝐺𝑚(𝑡, 𝑠)

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑟)𝐻𝑚,𝑀0
(0, 𝑠)d𝑟

=
(𝑚 +𝑀0)(cos (𝑚𝑇 ) − sin (𝑚𝑇 ))

cos(𝑚𝑇 ) + sin(𝑚𝑇 )
.

2. If 𝑀0 < 0: 

𝑇
0
𝑚(𝑀0) = lim

𝑡→𝑠−
lim
𝑠→0+

𝐺𝑚(𝑡, 𝑠)

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑟)𝐻𝑚,𝑀0
(0, 𝑠)d𝑟

= 𝑚 +𝑀0.

Thus, from the previous equalities and Lemma 2, the Green’s function 𝐻𝑚,𝑀  with 𝑚 ∈ (−𝜋∕4𝑇 , 𝜋∕4𝑇 ) is positive when 𝑚 ≠ 0 if 
and only if 𝑀 ∈ ℝ is such that −𝑚 < 𝑀 < 1

2𝑚(−1 + cot(𝑚𝑇 )). For 𝑚 = 0, by continuity, it would be positive on 0 < 𝑀 < 1
2𝑇 . In Fig. 12 

we represent the region of positive sign for 𝑇 = 1∕2 and 𝑇 = 1.
Using the symmetry property of 𝐻𝑚,𝑀 , proven in Lemma 3, we see that 𝐻𝑚,𝑀  is negative if and only if 𝑀 is such that − 1

2𝑚(1 +
cot(𝑚𝑇 )) < 𝑀 < −𝑚 and 𝑚 ∈ (−𝜋∕4𝑇 , 𝜋∕4𝑇 ), 𝑚 ≠ 0. When 𝑚 = 0, by continuity, it would be negative for − 1

2𝑇 < 𝑀 < 0. In Fig. 13 we 
represent the region of negative sign for 𝑇 = 1∕2 and 𝑇 = 1.

5.3.2.  Constant sign region when 𝑇 ∈ (0, 1] setting the minimum of the function equal to zero
In this subsection, we obtain the analytic expression of the constant-sign region using and alternative approach. This consists of 

setting the minimum to zero and finding a relation between 𝑚 and 𝑀 .
We know that if 𝐻𝑚,𝑀 ≥ 0 in 𝐽 × 𝐽 , then 

min
(𝑡,𝑠)∈𝐽×𝐽

𝐻𝑚,𝑀 (𝑡, 𝑠) =

⎧

⎪

⎨

⎪

⎩

lim𝑡→𝑠− lim𝑠→0−𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐻𝑚,𝑀 ((0−)−, 0−), if 𝑀 > 0,

lim𝑡→𝑠− lim𝑠→0+𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐻𝑚,𝑀 ((0+)−, 0+), if 𝑀 < 0.

To determine the pairs (𝑚,𝑀) where 𝐻𝑚,𝑀  ceases to be positive, we set the previous expression to zero. This yields a curve in the 
(𝑚,𝑀)-plane that defines the positive region, giving the following values.

𝐻𝑚,𝑀 ((0−)−, 0−) = 0 ⇔𝑀 = 1
2𝑚(−1 + cot 𝑚𝑇 ) if 𝑀 > 0,

𝐻𝑚,𝑀 ((0+)−, 0+) = 0 ⇔ 𝑚 = 𝜋
4𝑇 if 𝑀 < 0.

Using the symmetry of 𝐻𝑚,𝑀  given in Lemma 3, we can obtain the curve in terms of 𝑚 and 𝑀 that will allow us to delineate the 
region where the Green’s function is negative. We would have:

𝑀 = − 1
2𝑚(1 + cot 𝑚𝑇 ) if 𝑀 > 0,

𝑚 = 𝜋
4𝑇 if 𝑀 < 0.
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Fig. 13. Region where 𝐻𝑚,𝑀 is negative for 𝑇 = 1∕2 in light red and 𝑇 = 1 in dark red.

Fig. 14. Determination, setting the minimum of the function equal to zero, of the region where 𝐻𝑚,𝑀 is positive (the region bounded between the 
blue and black curves) and where 𝐻𝑚,𝑀 is negative (the region bounded between the red and black curves) for 𝑇 = 1.

By representing the above when 𝑇 = 1 together with the line 𝑚 = −𝑀 , since by Lemma 2 we know that a necessary condition for 
the Green’s function 𝐻𝑚,𝑀  to be positive is 𝑀 > −𝑚 and for it to be negative is 𝑀 < −𝑚, we obtain the graph shown in Fig. 14.

By comparing Figs. 12 and 14, we see that the two regions coincide.

5.4.  Study of the function 𝐻𝑚,𝑀  when 𝑇 > 1

Now, we will study the case when 𝑇 > 1. Our first goal is to find the restrictions on the point (𝑡, 𝑠̂) where the function 𝐻𝑚,𝑀  attains 
its minimum, assuming it is positive.

Minimum of the function 𝐻𝑚,𝑀  when it is positive and 𝑇 > 1
In the particular case where 𝑚 > 0 and 𝑀 > 0, we can easily deduce a result that restrict the points (𝑡, 𝑠) ∈ 𝐽 × 𝐽 where the function 

𝐻𝑚,𝑀  attains its minimum when it is positive. The steps will be similar to the case with 𝑇 < 1. First, we make the following remark:
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Remark 9. The function 𝐻𝑚,𝑀 (𝑡, ⋅) is discontinuous for values of 𝑠 ∈ 𝐽 that are integers. Therefore, if 𝑠 = 𝑛 ∈ ℤ ∩ 𝐽 , when searching 
for the minimum of the function 𝐻𝑚,𝑀 , we must take into account that

𝐻𝑚,𝑀 (𝑡, 𝑛−) = lim
𝑠→𝑛−

𝐻𝑚,𝑀 (𝑡, 𝑠) ≠ lim
𝑠→𝑛+

𝐻𝑚,𝑀 (𝑡, 𝑠) = 𝐻𝑚,𝑀 (𝑡, 𝑛+).

Now, we present the following result.
Proposition 14. If the function 𝐻𝑚,𝑀  is positive, 𝑚 > 0 and 𝑀 > 0, then the minimum of 𝐻𝑚,𝑀  can occur only at 𝑞(𝑛−), 𝑞(𝑛+) with 
𝑛 ∈ ℤ ∩ 𝐽 or at 𝑞(𝑇 ) = 𝑞(𝑇 −), where 𝑞 is given by (5.8). 
Proof.  According to parts 1, 3, 4 and 5 of Proposition 9 we have the following properties:

• 𝐻𝑚,𝑀 (⋅, 𝑠) is well-defined and continuous for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠,
• 𝜕

𝜕𝑡𝐻𝑚,𝑀 (𝑡, 𝑠) < 0 for all 𝑡 ∈ 𝐽 , 𝑡 ≠ 𝑠, 𝑡 ≠ −𝑠, 𝑡 ∉ 𝐷 ⧵ {0},
• 𝐻𝑚,𝑀 (𝑠+, 𝑠) −𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝐻𝑚,𝑀 (𝑠, 𝑠−) −𝐻𝑚,𝑀 (𝑠, 𝑠+) = 1 for all 𝑠 ∈ (−𝑇 , 𝑇 ), 𝑠 ∉ 𝐷,
• 𝐻𝑚,𝑀 (𝑇 , 𝑠) = 𝐻𝑚,𝑀 (−𝑇 , 𝑠) for all 𝑠 ∈ (−𝑇 , 𝑇 ).

From these properties, we can deduce that the minimum of 𝐻𝑚,𝑀  occurs at 𝑡 = 𝑠−. Indeed, as in the case where 𝑇 < 1, we consider 
the function 𝑞 ∶ 𝐽 → ℝ, defined in (5.8).

Upon calculating the second derivative, we find: 
𝑞′′(𝑠) = −2𝑚2

(

𝐻𝑚,𝑀 (𝑠−, 𝑠) +𝐻𝑚,𝑀 ((−𝑠)+,−𝑠)
)

− 𝑚𝑀
(

𝐻𝑚,𝑀 (−[𝑠], 𝑠) +𝐻𝑚,𝑀 ([𝑠],−𝑠) +𝐻𝑚,𝑀 ([𝑠],−𝑠)
)

.

When 𝑚 > 0 and 𝑀 > 0, the function 𝑞 is concave. Moreover 𝑞 is well-defined and 1 on 𝐽 ⧵𝐷. Additionally, it is easy to verify that 
𝑞(𝑇 ) = 𝑞(−𝑇 ).

Considering all the above, we conclude the proof of the result. ∎
In the general case, when 𝑚 and 𝑀 are not necessary positive, we can prove the following proposition that restricts the points 

𝑠 ∈ 𝐽 where the function attains its minimum.
Proposition 15.  When the function 𝐻𝑚,𝑀  is positive, it can attain its minimum only at the following points:

• If 𝑚 < 0, at 𝑠 = 𝑛+ or 𝑠 = 𝑛− with 𝑛 ∈ ℤ ∩ 𝐽 and 𝑡 ∈ 𝐽 ;
• If 𝑚 > 0: either

– at 𝑠 = 𝑛+ or 𝑠 = 𝑛−, with 𝑛 ∈ ℤ ∩ 𝐽 and 𝑡 ∈ 𝐽 or
– at 𝑞(𝑠), with 𝑠 ∈ 𝐽 and 𝑞 given by expression (5.8).

Proof.  Taking into account Proposition 11, we deduce that if 𝐻𝑚,𝑀  is positive then 𝜕𝜕𝑠𝐻𝑚,𝑀 (𝑡, 𝑠) has a constant sign (where it is 
well-defined). Specifically,

𝜕
𝜕𝑠
𝐻𝑚,𝑀 (𝑡, 𝑠) =

{

> 0, if 𝑚 > 0,
< 0, if 𝑚 < 0,

(𝑡, 𝑠) ∈ 𝐽 × 𝐽 , 𝑠 ∉ 𝐷𝑡.

From this, we conclude that for any 𝑡 ∈ 𝐽 given, function 𝐻𝑚,𝑀 (𝑡, ⋅) is monotone with respect to 𝑠. Considering Proposition 5.7, we 
have that:
1. The function 𝐻𝑚,𝑀 (𝑡, ⋅) is continuous for all 𝑠 ∈ 𝐽 , 𝑠 ∉ 𝐷𝑡,
2. 𝐻𝑚,𝑀 (𝑡, 𝑇 ) = 𝐻𝑚,𝑀 (𝑡,−𝑇 ) for all 𝑡 ∈ (−𝑇 , 𝑇 ),
3. 𝐻𝑚,𝑀 (𝑠+, 𝑠) −𝐻𝑚,𝑀 (𝑠−, 𝑠) = 𝐻𝑚,𝑀 (𝑠, 𝑠−) −𝐻𝑚,𝑀 (𝑠, 𝑠+) = 1 for all 𝑠 ∈ (−𝑇 , 𝑇 ), 𝑠 ∉ 𝐷.

As a direct consequence of the previous properties, we deduce that if function 𝐻𝑚,𝑀 (𝑡, ⋅) is increasing (i.e., 𝑚 > 0), the minimum 
can only occur at an integer value of 𝑠 = 𝑛 (which could be 𝑛− or 𝑛+) with 𝑠 ∈ 𝐽 or at 𝑠 = 𝑡+ with 𝑡 ∈ 𝐽 . On the other hand, when the 
function 𝐻𝑚,𝑀 (𝑡, ⋅) decreases (i.e., 𝑚 < 0), the minimum can only occur at an integer value of 𝑠 = 𝑛 (either 𝑛− or 𝑛+) with 𝑠 ∈ 𝐽 . It 
cannot occur at 𝑠 = 𝑡+ because, at this point, the derivative of 𝐻𝑚,𝑀 (𝑡, ⋅) is negative.

 ∎

5.4.1.  Analytical conjecture of the region of constant sign when 𝑇 > 1
By numerically searching for the minimum of the function 𝐻𝑚,𝑀 (𝑡, 𝑠) when it is positive with (𝑡, 𝑠) ∈ 𝐽 × 𝐽 , satisfying the restrictions 

already proven, we observe that, as in the case 𝑇 < 1, the minimum seems to be reached at 𝑞(0−) if 𝑀 > 0 or 𝑞(0+) if 𝑀 < 0. Therefore, 
we conjecture the following:
Conjecture 1.  If 𝐻𝑚,𝑀 (𝑡, 𝑠) > 0, the minimum of the function is attained at 𝑞(0−) if 𝑀 > 0 or 𝑞(0+) if 𝑀 < 0.

Assuming this conjecture, we can obtain the explicit region and the analytical expressions in terms of 𝑚 and 𝑀 where the function 
𝐻𝑚,𝑀  is positive for 𝑇 > 0 using either of the methods (the fixed-point method from Section 4.2 or by setting the minimum of the 
function equal to zero). For example, we implemented the case with 𝑇 = 1.6 in Mathematica and obtained the regions shown in 
Fig. 15.
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Fig. 15. Analytical determination of the region where 𝐻𝑚,𝑀 is positive (the region bounded between the blue and black curves) and where 𝐻𝑚,𝑀
is negative (the region bounded between the red and black curves) for 𝑇 = 1.6.

5.4.2.  Numerical approximation of the region of constant sign when 𝑡 > 1
Even in the case where we do not know the point (𝑡, 𝑠̂) where the function 𝐻𝑚,𝑀  attains its minimum when it is positive, we can 

numerically approximate the region where it has a constant sign. In general, this can be useful because it allows us to delineate this 
region knowing only the form of the Green’s function.

We present a Python code that allows us to approximate this region for the function 𝐻𝑚,𝑀  without making any conjectures. We 
divide the procedure into three cases:

• Case 𝑚 > 0 and 𝑀 > 0.
This is the simplest case because we already know that 

min
(𝑡,𝑠)∈𝐽×𝐽

𝐻𝑚,𝑀 = min
{

{𝑞(𝑠+), 𝑞(𝑠−), 𝑞(𝑇 )}, 𝑠 ∈ {[−𝑇 ],… , 0,… , [𝑇 ]}
}

.

To approximate the region, we can use numerical variations of any of the methods previously studied, such as the fixed-point 
method or solving for the roots where the minimum of the function equals zero. For instance, using the second approach, we 
evaluate 𝑞(𝑇 ), 𝑞(𝑠+) and 𝑞(𝑠−) where 𝑠 ∈ 𝐽 represents integer values, for different pairs of (𝑚,𝑀). Subsequently, we compute the 
minimum value for each pair (𝑚,𝑀). We then represent the region in terms of the values of 𝑚 and 𝑀 where this minimum is 
greater than zero. This region coincides with the region where the function 𝐻𝑚,𝑀  is positive.

• Case 𝑚 < 0 and 𝑀 > 0.
In this case, we know that the minimum can only occur at 𝑠 = 𝑛+ or 𝑠 = 𝑛− with 𝑛 ∈ ℤ ∩ 𝐽 . Here, we use a numerical variation of 

the fixed-point method, as it is computationally much more efficient. This efficiency arises because it requires far fewer evaluations 
of the function 𝐻𝑚,𝑀 , which depends on the inverse of a matrix whose size increases with 𝑇 . From Eq. (4.9), we know that 

𝑇
0
𝑚(𝑀, 𝑡, 𝑠) =

𝐺𝑚(𝑡, 𝑠)

∫ 𝑇−𝑇 𝐺𝑚(𝑡, 𝑟)𝐻𝑚,𝑀 ([𝑟], 𝑠) d𝑟

=
𝐺𝑚(𝑡, 𝑠)

𝐻𝑚,𝑀 ([−𝑇 ], 𝑠) ∫ [−𝑇 ]
−𝑇 𝐺𝑚(𝑡, 𝑟) d𝑟 +⋯ +𝐻𝑚,𝑀 ([𝑇 ], 𝑠) ∫ 𝑇[𝑇 ] 𝐺𝑚(𝑡, 𝑟) d𝑟

.

(5.10)

For any 𝑚 < 0, following Theorem 1 we know that the function 𝐺𝑚 is not positive, and thus there exists at least one point 
(𝑡𝑚, 𝑠𝑚) ∈ 𝐽 × 𝐽 verifying that 𝐺𝑚(𝑡𝑚, 𝑠𝑚) < 0. From Eqs. (4.5) and (4.7) with 𝑀1 = 0, we deduce that ∫ 𝑇−𝑇 𝐺𝑚(𝑡𝑚, 𝑟)𝐻𝑚,𝑀0

([𝑟], 𝑠) d𝑟 <
0. Finally, taking into account Eq. (4.6), we have 

𝑀0 > 𝑇
0
𝑚(𝑀0, 𝑡𝑚, 𝑠𝑚).

Following the reasoning in Section 4.2, we seek the global maximum of 𝑇 0
𝑚(𝑀, 𝑡, 𝑠) for (𝑡, 𝑠) ∈ 𝐽 × 𝐽 . If this maximum is attained, 

we will keep that value.
Thus, the Python code will compute the value of 𝑇 0

𝑚(𝑀, 𝑡, 𝑠) for different pairs of values (𝑚,𝑀) and search for the maximum 
for values 𝑡 ∈ 𝐽 and integer 𝑠 = 𝑛+ or 𝑠 = 𝑛− with 𝑠 ∈ 𝐽 . Given this, we will represent the region, as a function of the parameters 
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Fig. 16. Approximation of the region where the function 𝐻𝑚,𝑀 is positive for 𝑇 = 1.6.

𝑚 and 𝑀 , where this maximum value (max(𝑡,𝑠)∈𝐽×𝐽 𝑇
0
𝑚(𝑀, 𝑡, 𝑠)) is less than 𝑀 . This region must coincide with the region where 

𝐻𝑚,𝑀  is positive. To optimize the process, the code will precompute values of 𝐻𝑚,𝑀 ([𝑡], 𝑠) and the different integrals of 𝐺𝑚 to 
avoid repetitive calculations in the loops. Furthermore, parallelization techniques will also be employed to improve efficiency. 
The Python code is included in the appendix.

• Case 𝑚 > 0 and 𝑀 < 0.
In this case, the minimum of the function 𝐻𝑚,𝑀  may occur when 𝑠 = 𝑛− or 𝑠 = 𝑛+ with 𝑛 ∈ ℤ ∩ 𝐽 for any 𝑡 ∈ 𝐽 , or 𝑞(𝑠) with 

𝑠 ∈ 𝐽 and 𝑞 given by expression (5.8). For integer values of 𝑠 ∈ 𝐽 , we follow a similar procedure to the case 𝑚 < 0 and 𝑀 > 0. 
Using analogous steps, we determine that it is necessary to search for the minimum of 𝑇 0

𝑚(𝑀0, 𝑡, 𝑠).
For the case 𝑡 = 𝑠+ ∈ 𝐽 , the procedure is analogous to the one used in the case 𝑚 > 0 and 𝑀 > 0.

Following the previously described steps, we approximate the region where the function 𝐻𝑚,𝑀  is positive, as shown in Fig. 16. A 
similar procedure can be employed to determine the regions where 𝐻𝑚,𝑀  is negative. Alternatively, the symmetry property outlined 
in Lemma 3 can be utilized to infer this region directly.

We observe that this region seems to be the same as the one shown in Fig. 15.
In this section, we have specialized the previous results to study a periodic problem with reflection and piecewise-constant ar-

guments. In Section 5.1, be began by analyzing the problem without piecewise-constant arguments, obtaining and characterizing 
its Green’s function. In Section 5.2, we derived and characterized the Green’s function for the full problem. Section 5.3 focused on 
studying its sign and determining the constant-sign region using several methods. Finally, in Section 5.4, we extended the analysis to 
𝑇 > 1 and again obtained the constant-sign regions.

6.  Existence of solution to nonlinear problems

In this section, we will present some results that allow us to deduce the existence of solutions for nonlinear problems with periodic 
boundary conditions.

We will obtain existence results by using the monotone method, and employing the concepts of lower and upper solutions.

6.1.  Monotone method

One of the most common techniques for studying the existence and, in some cases, the construction of solutions to differential 
equations is the method of lower and upper solutions.

We will follow the classical approach for this type of problem (see [20] and references therein) to establish conditions under 
which the first order periodic problem with reflection and piecewise constant arguments, 

𝑣′(𝑡) = 𝑓 (𝑡, 𝑣(−𝑡), 𝑣([𝑡])) a.e. 𝑡 ∈ 𝐽 , 𝑣(−𝑇 ) = 𝑣(𝑇 ), (6.1)

with 𝑇 > 0 have solution.
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When the conditions of the method are satisfied, it becomes possible to approximate the solutions of Problem (6.1). This is 
particularly relevant from a numerical standpoint, as problems involving reflection and piecewise constant arguments are often 
difficult to handle computationally. The presence of reflection can be reformulated through an equivalent system involving even and 
odd components, but the introduction of piecewise constant arguments usually produces discontinuities that reduce regularity and 
complicate the use of standard numerical schemes. Our approach circumvents these issues by providing a constructive framework in 
which the extremal solutions can be expressed as limits of analytic expressions of solutions of associated linear problems. In our case, 
for the examples presented, we approximated the Green’s function numerically using the trapezoidal rule to significantly accelerate 
the computations, although it could also be computed symbolically.

We assume that 𝑓 ∶ 𝐽 ×ℝ ×ℝ → ℝ is a Carathéodory function, that is:

• For almost every 𝑡 ∈ 𝐽 , the function (𝑥, 𝑦) ∈ ℝ ×ℝ → 𝑓 (𝑡, 𝑥, 𝑦) ∈ ℝ is continuous.
• For all (𝑥, 𝑦) ∈ ℝ ×ℝ, the function 𝑡 ∈ 𝐽 → 𝑓 (𝑡, 𝑥, 𝑦) is Lebesgue measurable.
• For all 𝑅 > 0, there exists ℎ𝑅 ∈ 1(𝐽 ) such that, if |𝑥| < 𝑅 and |𝑦| < 𝑅, then 

|𝑓 (𝑡, 𝑥, 𝑦)| ≤ ℎ𝑅(𝑡) a.e. 𝑡 ∈ 𝐽 .

Definition 3. We say that 𝛼 ∈ 𝐴𝐶(𝐽 ) is a lower solution of (6.1) if 𝛼 satisfies 

𝛼′(𝑡) ≥ 𝑓 (𝑡, 𝛼(−𝑡), 𝛼([𝑡])) a.e. 𝑡 ∈ 𝐽 , 𝛼(−𝑇 ) − 𝛼(𝑇 ) = 0.

Definition 4. We say that 𝛽 ∈ 𝐴𝐶(𝐽 ) is an upper solution of (6.1) if 𝛽 satisfies 

𝛽′(𝑡) ≤ 𝑓 (𝑡, 𝛽(−𝑡), 𝛽([𝑡])) a.e. 𝑡 ∈ 𝐽 , 𝛽(−𝑇 ) − 𝛽(𝑇 ) = 0.

Intuitively, these functions act as references for the slope prescribed by the equation, indicating how a solution can evolve without 
violating the derivative inequalities, while also satisfying the boundary condition.

We now present a theorem in line with the monotone method of lower and upper solutions that ensures the existence of a solution 
for Problem (6.1) under certain additional conditions.

Theorem 2. Assume the following conditions hold:

1. There exist 𝛼 and 𝛽, a pair of lower and upper solutions of Problem (6.1), such that 𝛽 ≤ 𝛼 on [−𝑇 , 𝑇 ].
2. The function 𝑓 is a Carathéodory function satisfying 

𝑓 (𝑡, 𝑥1, 𝑦1) − 𝑓 (𝑡, 𝑥2, 𝑦2) ≥ −𝑚(𝑥1 − 𝑥2) −𝑀(𝑦1 − 𝑦2)

for almost every 𝑡 ∈ 𝐽 , with 𝛽(−𝑡) ≤ 𝑥2 ≤ 𝑥1 ≤ 𝛼(−𝑡) and 𝛽([𝑡]) ≤ 𝑦2 ≤ 𝑦1 ≤ 𝛼([𝑡]).
3. The pair (𝑚,𝑀) satisfies that the Green’s function 𝐻𝑚,𝑀  associated with Problem (5.1) is positive. (If 𝑇 ∈ (0, 1], this holds when 𝑚 ∈

(− 𝜋
4𝑇 ,

𝜋
4𝑇 ) and −𝑚 < 𝑀 < 𝑚

2 (−1 + cot(𝑚𝑇 ))).

Then, there exist two monotone sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ, decreasing and increasing respectively, with 𝛼0 = 𝛼, 𝛽0 = 𝛽, which converge 
uniformly to the extremal solutions on [𝛽, 𝛼] of Problem (6.1), respectively. 

Proof.  Consider the Problem 
𝑣′(𝑡) + 𝑚𝑣(−𝑡) +𝑀𝑣([𝑡]) = 𝑓 (𝑡, 𝛾(−𝑡), 𝛾([𝑡])) + 𝑚𝛾(−𝑡) +𝑀𝛾([𝑡]) a.e. 𝑡 ∈ 𝐽 ,
𝑣(−𝑇 ) = 𝑣(𝑇 ),

(6.2)

where 𝛾 ∈ 1(𝐽 ) verifies that 𝛽 ≤ 𝛾 ≤ 𝛼. Then, by Condition 2, we know that 

(𝛼 − 𝑣)′(𝑡) + 𝑚(𝛼 − 𝑣)(−𝑡) +𝑀(𝛼 − 𝑣)([𝑡])

≥ 𝑓 (𝑡, 𝛼(−𝑡), 𝛼([𝑡])) − 𝑓 (𝑡, 𝛾(−𝑡), 𝛾([𝑡])) + 𝑚(𝛼 − 𝛾)(−𝑡) +𝑀(𝛼 − 𝛾)([𝑡]) = ℎ𝛾(𝑡) ≥ 0 a.e 𝑡 ∈ 𝐽 ,

(𝛼 − 𝑣)(−𝑇 ) = (𝛼 − 𝑣)(𝑇 ).

From the previous inequalities and the regularity of function 𝛾, we know that ℎ𝛾 ∈ 1(𝐽 ) and we have that 

(𝛼 − 𝑣)(𝑡) = ∫

𝑇

−𝑇
𝐻𝑚,𝑀 (𝑡, 𝑠)ℎ𝛾 (𝑠)d𝑠 ≥ 0 ∀ 𝑡 ∈ 𝐽 .

Let us now consider 𝑣𝑖 =  𝛾𝑖, where the operator  𝛾𝑖 is given by 

( 𝛾𝑖)(𝑡) ∶= ∫

𝑇

−𝑇
𝐻𝑚,𝑀 (𝑡, 𝑠)[𝑓 (𝑠, 𝛾𝑖(𝑠), 𝛾𝑖([𝑠])) + 𝑚𝛾𝑖(−𝑠) +𝑀𝛾𝑖([𝑠])]d𝑠. (6.3)
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It is easy to see that the operator   is continuous. Moreover, 𝑣𝑖 is the unique solution of Problem (6.2) for 𝛾 = 𝛾𝑖 ∈ 1(𝐽 ), and 
suppose that 𝛽 ≤ 𝛾1 ≤ 𝛾2 ≤ 𝛼. Then, 

(𝑣2 − 𝑣1)′(𝑡) + 𝑚(𝑣2 − 𝑣1)(−𝑡) +𝑀(𝑣1 − 𝑣2)([𝑡]) = 𝑓 (𝑡, 𝛾2(−𝑡), 𝛾2([𝑡])) − 𝑓 (𝑡, 𝛾1(−𝑡), 𝛾1([𝑡]))
+𝑚(𝛾2 − 𝛾1)(−𝑡) +𝑀(𝛾2 − 𝛾1)([𝑡]) ≥ 0 a.e. 𝐽 .

(𝑣2 − 𝑣1)(−𝑇 ) = (𝑣2 − 𝑣1)(𝑇 ).

Therefore, 𝑣1 ≤ 𝑣2 on 𝐽 .
Consequently, we can construct the mentioned sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ as follows. We take 𝛼0 = 𝛼, 𝛽0 = 𝛽, 𝛼𝑛+1 =  𝛼𝑛 and 

𝛽𝑛+1 =  𝛽𝑛 for all 𝑛 ∈ ℕ. Moreover, the sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ are monotone non increasing and non decreasing respectively, 
and are bounded on [𝛽, 𝛼]. By Dini’s Theorem, we can ensure that both sequences converge uniformly on 𝐽 .

It is easily verified that the sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ converge to the extremal solutions 𝜙 =  𝜙 and 𝜓 =  𝜓 of Prob-
lem (6.1). ∎

In a similar manner, we arrive at the following Theorem.
Theorem 3. Assume the following conditions hold:

1. There exist 𝛼 and 𝛽, a pair of lower solution and upper solution of Problem (6.1), such that 𝛼 ≤ 𝛽 on [−𝑇 , 𝑇 ].
2. The function 𝑓 is a Carathéodory function satisfying 

𝑓 (𝑡, 𝑥1, 𝑦1) − 𝑓 (𝑡, 𝑥2, 𝑦2) ≤ −𝑚(𝑥1 − 𝑥2) −𝑀(𝑦1 − 𝑦2)

for almost every 𝑡 ∈ 𝐽 with 𝛼(−𝑡) ≤ 𝑥2 ≤ 𝑥1 ≤ 𝛽(−𝑡) and 𝛼([𝑡]) ≤ 𝑦2 ≤ 𝑦1 ≤ 𝛽([𝑡]).
3. The pair (𝑚,𝑀) satisfies that the Green’s function 𝐻𝑚,𝑀  associated with Problem (5.1) is negative. When 𝑇 ∈ (0, 1], this holds for 

𝑚 ∈ (− 𝜋
4𝑇 ,

𝜋
4𝑇 ) and −

𝑚
2 (1 + cot(𝑚𝑇 )) < 𝑀 < −𝑚.

Then, there exist two monotone sequences (𝛼𝑛)𝑛∈ℕ, (𝛽𝑛)𝑛∈ℕ, increasing and decreasing respectively, with 𝛼0 = 𝛼, 𝛽0 = 𝛽, which converge 
uniformly to the extremal solutions on [𝛼, 𝛽] of (6.1), respectively. 
Let us now look at a couple of practical examples where we can use the monotone method.
Example 1. Consider the Problem 

𝑣′(𝑡) = 𝜆 tanh (𝑡2 − 2𝑣(−𝑡) + 𝑣([𝑡])),  a.e. 𝑡 ∈ 𝐽 , 𝑣(−1) = 𝑣(1). (6.4)

It is easily verified that 𝛼 ≡ 1 and 𝛽 ≡ −1 are lower solution and upper solution, respectively, for Problem (6.4) for all 𝜆 ≥ 0. 
Moreover, 𝑓 (𝑡, 𝑥, 𝑦) = 𝜆 tanh (𝑡2 − 2𝑥 + 𝑦) satisfies ||

|

𝜕𝑓
𝜕𝑥 (𝑡, 𝑥, 𝑦)

|

|

|

≤ 2𝜆 and ||
|

𝜕𝑓
𝜕𝑦 (𝑡, 𝑥, 𝑦)

|

|

|

≤ 𝜆 for all 𝑡 ∈ 𝐽 , 𝑥, 𝑦 ∈ ℝ. Therefore, if we choose 𝑚
and 𝑀 ∈ ℝ such that the Green’s function 𝐻𝑚,𝑀  with 𝑇 = 1 is positive and 

0 ≤ 𝜆 ≤ min{𝑚
2
,𝑀},

by Theorem 6.1, we can ensure that Problem (6.4) has extremal solutions on the sector [−1, 1].
From the previous section, we know that if 𝑚 = 1∕2 and 𝑀 = 1∕5, then 𝐻𝑚,𝑀 > 0 for 𝑇 = 1. Therefore, we will analyze the 

following problem.

𝑣′(𝑡) =
tanh (𝑡2 − 2𝑣(−𝑡) + 𝑣([𝑡]))

5
, 𝑡 ∈ [−1, 1], 𝑣(−1) = 𝑣(1). (6.5)

By using Python code, we calculate the sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ and plot them in the graphs of Figs. 17 and 18.
Observing the previous Fig. 18, we see that the extremal solutions appear to be identical, which allows us to conjecture that 

Problem (6.5) has a unique solution on the sector [−1, 1].
Example 2. We now consider the problem 

𝑣′(𝑡) = 𝜆 tanh (𝑡 − 𝑣(−𝑡) − 𝑣([𝑡])), 𝑡 ∈ 𝐽 , 𝑣(−1.6) = 𝑣(1.6). (6.6)

It is easy to verify that 𝛼 ≡ 𝑇
2  and 𝛽 ≡ − 𝑇

2  are lower and upper solutions, respectively, for the Problem (6.6) for all 𝜆 ≥ 0. Moreover, 
𝑓 (𝑡, 𝑥, 𝑦) = 𝜆 tanh (𝑡 − 𝑥 − 𝑦) satisfies that ||

|

𝜕𝑓
𝜕𝑥 (𝑡, 𝑥, 𝑦)

|

|

|

≤ 𝜆 and ||
|

𝜕𝑓
𝜕𝑦 (𝑡, 𝑥, 𝑦)

|

|

|

≤ 𝜆 for all 𝑡 ∈ 𝐽 , 𝑥, 𝑦 ∈ ℝ.
Numerically, we calculate the matrix 𝐴 related to Problem (5.1) with 𝑇 = 1.6, 𝑚 = 0.21 and 𝑀 = 0.2, obtaining 

𝐴 =
⎛

⎜

⎜

⎝

1.23 0.52 0.20
0.19 1.59 0.17
0.15 0.67 1.13

⎞

⎟

⎟

⎠

and we verify that the Green’s function with these parameters is positive.
With all of the above, and applying Theorem 2, we can assert that Problem (6.6) has extremal solutions on [−𝑇 ∕2, 𝑇 ∕2] for all 

0 ≤ 𝜆 ≤ min{𝑚,𝑀} = 1
5
.
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Fig. 17. Practical application of the monotone method to the particular Problem (6.5).

Fig. 18. Approximation of the extremal solutions of Problem (6.5) and their similarity.

Fig. 19. Practical application of the monotone method to the particular Problem (6.7).

Now, we consider the particular problem 

𝑣′(𝑡) =
tanh (𝑡 − 𝑣(−𝑡) − 𝑣([𝑡]))

5
, 𝑡 ∈ [−1.6, 1.6], 𝑣(−1.6) = 𝑣(1.6), (6.7)

and we create a program that allows us to obtain approximately two sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ defined as shown in Theorem 2, 
which should approximate the extremal solutions of the problem. Doing this, we obtain the following graphs.
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Fig. 20. Approximation of the extremal solutions of Problem (6.7) and their similarity.

From the previous Figs. 19 and 20, we can observe that the extremal solutions seem to be the same, from which we can conjecture 
that Problem (6.7) has a unique solution lying between the constant functions −𝑇 ∕2 and 𝑇 ∕2 Listing 4. 

7.  Concluding remarks and future directions

In this work, we have obtained, for the first time, the Green’s function related with a differential equations involving reflection 
and piecewise constant arguments. We have established relationships between the Green’s functions of such problems with differ-
ent parameters, derived comparison principles and developed a new methodology to determine the regions where these functions 
maintains a constant sign. The validity of the approach was confirmed by applying it to a previously studied problem. We also ana-
lyzed the first-order case with reflection, piecewise constant arguments and periodic boundary conditions, characterizing its Green’s 
function and identifying its constant-sign regions. These results further allowed us to address nonlinear problems and to formulate 
the monotone iterative method, expressing the solution as the limit of analytically computed solutions to related linear problems. 
This analytical framework is particularly valuable, since, to the best of our knowledge, such problems can be difficult to approximate 
accurately using standard numerical methods.

Beyond these results, the framework developed here is quite general and opens several directions for future research. The same 
approach can be applied to higher-order differential equations with reflection (or other types of involutions) and piecewise constant 
arguments, under various boundary conditions. It could also be extended to problems with other types of piecewise constants pertur-
bations. In additions, the approach can be applied to practical models, such as epidemic dynamics with real data, where the structure 
of piecewise constant arguments naturally arises.
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Appendix

In this section, we present part of the numerical code used throughout the work.

Obtaining the function 𝐻𝑚,𝑀

First, we show how to numerically define the function 𝐻𝑚,𝑀  that satisfies Eq. (3.5).
In this code, we follow the steps outlined in Section 3. We compute the elements of the matrix 𝐴 given in (3.3), its inverse, and 

the elements 𝛼𝑖𝑗 (𝑟) given in (3.4). With all these components, and following Eq. (3.5), we obtain the function 𝐻𝑚,𝑀 Listing 1.

Numerical approximation of the constant sign of 𝐻𝑚,𝑀

In this case, we will present the code necessary to approximate the region where 𝐻𝑚,𝑀  is positive when 𝑇 = 1.6. We will deal 
with the case when 𝑚 > 0 and 𝑀 > 0, or 𝑚 < 0 and 𝑀 > 0. The case 𝑚 < 0 and 𝑀 > 0 could be addressed as a combination of both.

In this case, we follow the steps outlined in Section 5.4.2 for the case where 𝑚 > 0 and 𝑀 > 0. For different pairs of values 
(𝑚,𝑀), we evaluate the function 𝐻𝑚,𝑀 (𝑠, 𝑠 + 𝜀) with integer values of 𝑠 = 𝑛 (taking 𝑛− and 𝑛+) and select the minimum. To optimize 
the process, we parallelize this calculation and store the triplets of values for 𝑚, 𝑀 , and the corresponding minimum. Next, we 
interpolate a function that provides the minimum for each value of 𝑚 and 𝑀 within the range. Finally, we plot the region where this 
function is positive and 𝑀 > −𝑚, which will coincide with the area where the function 𝐻𝑚,𝑀  is positive Listing 2.

In this case, we again follow the steps outlined in Section 5.4.2, but now for 𝑚 < 0 and 𝑀 > 0. We create an array with integer 
values of 𝑠 = 𝑛 (taking 𝑛− or 𝑛+) and the extreme values of 𝑠 (𝑠 = 𝑇  and 𝑠 = −𝑇 ), as well as another array with values of 𝑡 in the interval 
(−𝑇 , 𝑇 ), being careful at the points where 𝑡 = 𝑠, where 𝐻𝑚,𝑀  is not well-defined. Next, for different values of 𝑚 and 𝑀 in the range 
of interest, we calculate the maximum of Eq. (5.10). To do this, we will first create various functions that allow us to pre-calculate 
different elements, avoiding unnecessary repetitions. To optimize the process, we parallelize the calculation of the maximum and 
store the values of the triplet 𝑚, 𝑀 , and the maximum. Then, we interpolate a function that, for each value of 𝑚 and 𝑀 in the 
considered range, gives us the maximum. Finally, we represent the region where this function is greater than 𝑀 and 𝑀 > −𝑚. We 
have already proved that this region coincides with the area where the function 𝐻𝑚,𝑀  is positive Listing 3.

Approximation of the extremal solutions with the monotone method

Finally, we will present the code necessary to approximate the sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ associated with Problem (6.7) .
To approximate the sequences (𝛼𝑛)𝑛∈ℕ and (𝛽𝑛)𝑛∈ℕ, we start with 𝛼0 = 𝑇 ∕2 and 𝛽0 = −𝑇 ∕2, and calculate the successive elements 

iteratively such that 𝛼𝑛+1 =  (𝛼𝑛) and 𝛽𝑛+1 =  (𝛽𝑛), where   is given by Eq. (6.3). We will approximate the integral using the trape-
zoidal rule, with 2𝑛1 being the number of intermediate points and deltaX the step between each point. In this case, to obtain an 
accurate result, we only need to calculate 𝑛 = 10 iterations for each sequence Listing 4.

To optimize the process, we will precompute the evaluations of the function 𝐻𝑚,𝑀  that we need and store them in a matrix.
We find that by approximating the integral with the trapezoidal rule, we achieve satisfactory results. Otherwise, we could try 

using other methods, such as Simpson’s or Monte Carlo methods. 
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Listing 1. Numerical calculation of the function 𝐻𝑚,𝑀 .
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Listing 1. (Continued).
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Listing 2. Code for the numerical approximation of the region where 𝐻𝑚,𝑀 > 0 with 𝑚 > 0 and 𝑀 > 0.
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Listing 3. Code for the numerical approximation of the region where 𝐻𝑚,𝑀 > 0 with 𝑚 < 0 and 𝑀 > 0.
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Listing 3. (Continued).
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Listing 4. Code for the extremal solutions of the monotone method.
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