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Fig. 1. Sketch of a submerged arc furnace for FeMn production (reproduced with permission from M. Tangstad).

1. Introduction

Ferroalloys, such as ferromanganese (FeMn) and ferrosilicon (FeSi), are produced by reducing oxide ores in large electric arc
furnaces. These furnaces requires significant energy input, typically in excess of 40 megawatts, supplied as three-phase alternating
current (AC) through electrodes immersed in the furnace hearth [1-3]. The energy provided by these currents, which typically reach
about 100 kiloamperes, generates the heat necessary to drive a series of chemical reduction reactions that convert ores into metal
and slag.

Fig. 1 shows the typical configuration of a submerged arc furnace (SAF) used for ferromanganese production, with three electrodes
arranged in an equilateral triangle and submerged in the charge materials. These furnaces are typically over 10 meters in diameter,
with electrode diameters ranging from 1 to 2 meters. The raw materials composing the charge are introduced into the furnace through
feeders located at the top, while the resulting molten metal and slag are collected at the bottom. The central part of a SAF operates
at extremely high temperatures, often ranging between 1500 and 2000 °C. A special lining is used to protect the furnace from these
intense conditions and to prevent corrosion. The inner lining is made of carbon/graphite and extends from the bottom along the sides
to a height above the normal slag level. Between this lining and the external steel shell, bricks are used to cover the entire inside of
the shell, providing additional protection. The steel shell needs to be cooled to secure its structural integrity, typically by radiation
and natural air convection, which can be enhanced by the use of fans, cooling fins or even water cooling.

SAFs are designed for continuous operation with a lifespan of about ten years [2], interrupted only for essential maintenance. At the
end of their life, furnaces can be excavated to study their internal structure, providing valuable insights. Such studies have identified
various reaction zones and layered formations in its upper part (cf. Fig. 1) due to the increase in temperature with depth [4-6]. FeMn
furnaces are characterized by a coke-enriched region (known as the coke bed) around and below each electrode tip, where heat is
generated by ohmic heating [1].

Due to the high temperatures and chemically hostile environment in the furnace hearth, direct measurements of the internal
conditions are very difficult, if not impossible. Mathematical models and numerical simulations are therefore important tools to
improve understanding and aiding in furnace design and efficient process control. A complete knowledge of the whole process
requires a detailed study of a highly coupled physical phenomena including electromagnetics, heat transfer, fluid dynamics, structural
mechanics and chemical reactions. In this paper we will focus only on the electromagnetics aspects, omitting the coupling with other
physics.

The electromagnetic problem in three-phase furnaces has been extensively studied. In early works and in larger multiphysics
models, the problem was often simplified by using direct current (DC) instead of AC (see, for instance, [7-9]). With today’s technology,
full-scale 3D models of three-phase AC furnaces can be solved with reasonable computational effort using commercial numerical
solvers such as COMSOL or ANSYS (see e.g. [10-14]). However, considering the full electromagnetic problem for a three-phase AC
furnace is not the subject of this paper. The primary goal of this work is to provide a computationally efficient 1D analysis tool
that strikes a balance between simplicity and accuracy in capturing key electromagnetic phenomena in metallurgical furnaces. More
precisely, we will investigate how inductive effects affect the distribution of current and power on different materials, with particular
focus on the multilayered lining and steel shell surrounding the furnace. We aim to provide a tool that enables quick qualitative
insights into the distribution of electric fields across multiple material layers, and serves as a foundation that can be further refined
using more detailed 2D or 3D models if needed.

The distribution of electromagnetic fields within the furnace is strongly influenced by the different electrical conductivities of
its constituent materials. These materials include very good conductors (metal, electrodes), moderate conductors (slag, coke bed),
and very low conducting and insulating materials (charge and insulating lining), which may also have different magnetic properties.
The conductivity of the charge layers is significantly lower than that of the coke beds, indicating that most of the current from the
electrodes flows through the coke beds into the liquid alloy or directly through the beds between the electrodes. Induction also
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plays an important role in the distribution of electromagnetic fields in the furnace. For example, the redistribution of currents in the
electrodes due to skin and proximity effects is well known (see, for instance, [12,13,15] and references therein). In addition, large
currents are also induced in the steel shell surrounding the furnace [10].

In [16], the authors introduced reduced in-plane 2D and 1D models aimed at clarifying the inductive effects between the different
regions in the hearth of the furnace. They also compared the use of true AC models with DC approximations. Based on the non-
dimensional approach, different regimes of electrical behaviour were defined. The 1D model was then solved for two material layers,
assuming that the electric field is known at a specific point, such as the conductor surface, and was then compared with 2D numerical
simulations with in-plane currents. The results showed that the alternating current distribution in the coke bed is strongly influenced
by the (parallel) currents in the metal. Hence, depending on the furnace size and the internal material distribution, there can be
significant differences between the power distributions for 50 Hz AC compared to DC [16,17].

As with the furnace hearth, a simplified model can provide a practical and computationally efficient approach to understanding
inductive effects in the layered materials that make up the furnace lining and steel casing. Accurate assessment of the electric field
and power distribution is essential for designing these components to withstand harsh operating environments while maintaining
efficiency. In this work, a general 1D model applicable to N material layers with varying electrical conductivity and magnetic
permeability is described and solved. The model determines the distribution of the electric field across the layered media, either
based on a known field value at a point, such as the conductor surface, or by specifying the total cross-sectional current per unit
length. An approximate solution is derived for a specific two-layer scenario where an adjacent layer exhibits very good conductivity.
The model is further applied to a layered system mimicking the casing and shell configuration of a submerged arc furnace (cf. Fig. 8)
under the assumption that the current is vertical in that part. Thus, the 1D approach is exploited to study vertical currents in the
lining and steel shell. The results are compared with 2D numerical simulations with out-of-plane currents to validate the effectiveness
of the model. While the induction process is governed by the three electrode currents, the 1D model is designed to calculate induced
currents in areas not directly connected to the current source, where a 1D approximation is appropriate. The boundary conditions
for this low-dimensional model should somehow be obtained from 2D or 3D approximations.

The search for analytical formulas to solve electromagnetic problems is still an active area of research because of their much
shorter computation time. For instance, in [18,19] different proposals are given to compute the induced losses in axially symmetric
conductors consisting of several concentric layers due to harmonic external electromagnetic sources. Our 1D model is inspired by
the analysis performed in [20] with the novelty of treating several types of boundary conditions and focusing on the low frequency
case. Furthermore, to the best of the authors’ knowledge, the application of such techniques to the analysis of the inductive effects
in metallurgical applications has not been addressed before.

2. Mathematical model

The electromagnetic fields are governed by Maxwell’s equations. In submerged arc furnaces, which operate with low-frequency
alternating currents (typically around 50 - 60 Hz) without charge accumulation and assuming linear magnetic properties of the
materials, the well-established time-harmonic eddy current approach can be used for the analysis (see, for example, [21]). This
model reads:

ioB+curl E=0, 2.1)
curl H=1J, (2.2)

divB =0, (2.3)

div (¢E) =0, (2.4)
B=puH, (2.5)

J=0E, (2.6)

where E, B, H and J are the complex amplitudes (or phasors) associated with the electric field, magnetic induction, magnetic field
and electric current, respectively. That is, the fields of the full solutions can be written on the form G(x,7) =Re [G(x) exp(iwt)] , Where
x € R3 is the spatial variable, @ = 2z f the angular frequency associated with the AC frequency f, and i is the imaginary unit. As
usual, o is the electrical conductivity of the material, € the electrical permittivity and p its magnetic permeability given by u = uyu,,
with y, the relative magnetic permeability of the material and y, the vacuum permeability.

Let us consider a 2D rectangular conductor with thickness 7" and width W with constant electromagnetic material properties
defined by (o, u, €). The conductor lies in the Cartesian yz-plane and it carries an alternating current with frequency f flowing in
this plane.

From the time-harmonic Maxwell’s equations presented above, one can derive a single equation governing the E-field in the
conductor in a similar way to the classical wave equations of electrodynamics [22]. By taking the curl operator of (2.1), inserting (2.2)
and (2.5), the following equation is obtained

curl(curl E) + iwucE = 0. 2.7)

Then, using the vector identity curl (curl E) = grad (div E) — div (grad E) and that div E = 0 for constant &, the previous equation
can be rewritten as
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Fig. 2. Schematic representation of a 1D domain with N layers.
. 2i
div (grad E) — 5—2E =0. 2.8)

Here, 6 denotes the skin depth defined as 6 =1/+/z fou.
By explicitly writing the 2D div-grad operator, (2.8) reads

2 B2+ LB, - 2B, =0 2.9)
) T ' '
Let us introduce the non-dimensional variables indicated by a tilde as:

y=WJ, z=Tz E=E.[E,

where E, is a characteristic field value such as, for instance, the maximum field strength at the conductor surface. Thus, the wave
equation (2.9) can be written in terms of non-dimensional variables as
1 9% - 1 0% = 2i &
— —EF.2)+ = —E(,2) - =E(3,2)=0. (2.10)
W2 a2 G:D+ 3 o2 3.2 - SEG.29)

Note that, in (2.10), the function E‘(j}, Z) is non-dimensional, while the coefficient in each term has units of 1/ m?. Furthermore,
the intensity E, has disappeared from the equation as it is a common factor in all terms. This shows that the intensity is a scaling
factor, determining the absolute value of the solution, while the qualitative behaviour is given by the remaining parameters.

The equation is written in non-dimensional form by multiplying it by a quantity with the unit m?. All four coefficients in (2.10) can
be used for this purpose. Depending on the particular problem, it will be natural to consider multiplication by W2 or T2. Multiplying
the equation (2.10) by T2 gives

T)Za%“ 0% = (TN e
) SEG.D+ SoRG2) -2 (<) B2 =0, 2.11
(3 SFE0 0+ SR -2 (5 ) e (2.11)

Now, consider a scenario where only the component Ey is significant because the current is mainly in the y-direction; notice
that the same analysis applies to E, in the opposite case where Ey = 0. Moreover, for “long and thin” conductors where the ratio
of thickness to width satisfies (T /W )?> < 1, the first term in (2.11) can be neglected. In this case, by reintroducing the dimensional
variable z = T'Z, the governing equation for the electric field is reduced to an analytically solvable differential equation:

d2

dz?

In the following section, we will present a solution to equation (2.12) for a generalized problem involving layers of adjacent

conducting materials. This layout could represent the different layers of materials in a smelting furnace and be used to study the

distribution of the electric field in conducting materials and how regions with different material properties affect each other. A

similar setup was studied in [20], focusing on electromagnetic waves in the radio frequency domain and investigating the “effective

skin depth” in coated conductors. The authors treated the inner layer as a base conductor with high conductivity that dampens the

field to zero. The motivation and derivation for the model presented here are different. Given the focus on electrical furnaces operating
at low-frequency AC, only the low-frequency solution is relevant here, thus simplifying the model and its corresponding solution.

E(2)— %Ey(z) =0. (2.12)

2.1. General 1D model

Let us consider a medium with N layers, with N > 3, as depicted in Fig. 2. This could represent a cross section z = z of the 3D
model including the various lining layers and the steel shell as depicted in Fig. 8. The materials are located in the infinite half-plane
z >0 and an alternating current flows parallel to the layers in the y-direction. We assume that the first N — 1 layers are conductors
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defined by their electromagnetic properties o; > 0 and y;, while the N-th layer is a dielectric of infinite thickness with the properties
oy =0and py = py. The interface between the j-th and j + 1-th materials is denoted by L, so that the j-th material occupies the
interval L;_; <z<L;,j=1...N —1 (with Ly =0), while the N-th layer occupies the region z > Ly _,. As material properties are
included in the equation, (2.12) must be solved for each layer individually. For j =1,..., N — 1, the general solution is given by

Ej(2)=A;e /% + B;e®/%, for L; | <z<L,, (2.13)
where a = 1 +i and 9; is the skin depth associated with the j-th layer. For the dielectric layer (j = N), the governing equation reduces
to

2
dz?
which has the general solution

Ey(z) =0, (2.14)

En(z)=Anz+ By, forz>Ly. (2.15)

This results in a set of N equations with 2N unknown coefficients (4, B;). The interface conditions supplies 2(N — 1) equations.
One additional condition is then needed. Several options are possible. The obvious one is to specify E|, the value of the parallel
E-field at the surface. In addition, we will consider the case where the total (horizontal) current is given. We enforce the condition
that the field remains bounded everywhere implying A, = 0. Assuming no charge accumulation or surface currents, the tangential
components of the electric field E and the magnetic field H are continuous at the interface between adjacent materials. By applying
Ampere’s law (2.2) the latter can be expressed in terms of the electric field as explained in the sequel.

2.1.1. Solution with known electric field at the surface
Let us first assume that the electric field at the surface, E,), is known. In this case, the boundary and interface conditions can be
summarized as follows

E(z)=E, atz=0, (2.16)
E(z)=E;;(2) atz=1L;, (2.17)
1 d 1
ldpopy-_1 dp tz=1., 2.18
Hjdz /) Hjt1 dz 1 HE= @19
|E(z)] < C vz, (2.19)

where C is a positive constant and j = 1, ..., N — 1. By applying these conditions to the expressions (2.13) and (2.15), the coefficients

A;,B;,j=1,...,N can be determined, yielding

Ey
A= — (2.20)
1+ lellle—zah/él
1 1
Yy pp———R YL Jj=2...N-1, (2.21)
Yji-1+ B
Ay =0 (2.22)
Jri—1 .
B-=A-Me_2“/‘/"/ i=1,...,N -2, (2.23)
LB+ /
il
By_y = Ay_je 2 bn-1/on-1, (2.24)
By =2Ay_je @tn-1/0n-1 (2.25)
where, for N > 3, the constants B; and vpG=1..,N=2) have been introduced. These constants are, in turn, determined recursively
by
) =1
B, =e oL/ 4 Mea@/—ﬂm)/@n , (2.26)
/ Bini /7j+1 +1
_ 5j Hj (e—“Lj/51+1 _ ﬂj+1/}/j+l -1 ea(Lj—ZLj+1)/5j+1> , (2.27)
6j41 Mjr1 Biv1/Vjs1 +1

for j=N —3,...,1, given that fy_, and yn_, can be computed beforehand as
Bn_a= e LN-2/On-1 4 p@LN2=2LN_1)/ON-1 (2.28)
VN2 = —5N_2 N2 e~ @LN-2/0N-1 _ p@(LN-2=2LN_1)/dN—1 ) . (2.29)

T bN-1 M-
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Since the electric field is bounded, then Ay =0 (2.22), which implies that the electric field within the dielectric layer is constant.
The above expressions show that A, is determined from E, and the material properties. For j =1,..., N — 1, the remaining values
are then obtained from A;. This recursive procedure for computing the solution is easily implemented for a general number of layers
by simply knowing the positions of the interfaces and the conductivities and permeabilities of the different materials.

Once the electric field distribution has been determined, the current J 1(2) and the power density p ,(z) can be calculated for each
layer. The current density is computed using Ohm’s law (2.6); the power density is calculated by taking the time average of the
scalar product of the current density and electric field over one cycle of the AC current. In the harmonic regime, this integral yields
|J12/(20) (see, for instance, [21]). Then, for j=1,..., N — 1, straightforward calculations provide

=0, (A, 4 Bl ), (2.30)
O; _ .
pi(2)= 7’ [IAjlze‘ZZ/‘%' +|B;|?e*/% + 2Re (Aije‘z'Z/‘% )] , (2.31)

with B ; the complex conjugate of B;. The total dissipated power, P;, in the j-th layer is found by evaluating the integral of p;(z)
from L;_; to L;, which gives

P = %4&[_ 14,12 (e-zL,/aj — o2Lin1/8) ) +1B,? (euj/sj _ezLj_l/ﬁj) 12Re (iAjgj <e—2iLj/6j _ e-szj_l/aj))]_ (2.32)
2.1.2. Alternative formulation with known total current

A similar general solution can be obtained for the alternative case where the total electric current per unit length, I,,,, through
the conductor is known. This approach requires the expression (2.20) for A; to be rewritten as a function of I,,,. After this step, the
same recursive expressions as those obtained above can be utilized to determine the remaining parameters.

The total current per unit length, I,,, is related to the electric field distribution by an integral over the current density in the
conducting domain. This integral can be expressed as the sum of the integrals for each layer, which, considering Ohm’s law, gives

L

-1
Ly=Y /O'jEj(z)dz. (2.33)
=y

This expression replaces the boundary condition (2.16) used in the previous case, while conditions (2.17)-(2.19) remain unchanged.
Taking into account the general solution for the electric field in each layer we can write

N-1
0.0
Ly=Y %( _yy [e—“L//5/ - e‘“L/fl/@] +B [e“L//5/ - e“L/—l/‘S/] ) (2.34)
=1

The recursive relations (2.20)-(2.25) for finding the coefficients A j and B ;, as given in previous section, are still valid. Moreover, for
all j, equations (2.20)-(2.29) can be employed to write Aj = Alf/fj and B; = Alﬁj, with Xl = 1. Thus, (2.34) yields

N-1
c;6; ~ ~
L, =A Z Jaj (_ A [e—aLj/éj _e—rtLj_l/ﬁj] + B, [eaLj/éj _eaL,_]/aj] )
=1

and solving for A, gives

& o8 N L,/s L,_,/5 5 [aL,/6 L./ 1\17!
=1 5 D= et o)
j=1
The expressions for A j and B ; can be obtained using equations (2.21), (2.23), and (2.24). Specifically,

Jj-1

A= 2 oL/t for j=2... N—1, (2.35)
ot Te T Pr
~ o~ Bifri—1
Bj=Ajﬁe_2"L/‘/5f, forj=1,....N -2, (2.36)
il
By, =Ay_je 2 n-1/on-1 (2.37)

where ﬂj and y; are defined in (2.26)-(2.29) depending on the value of j. Finally, the coefficients A, and By are also the same as
in the case where E|, is known (see (2.22) and (2.25)).

Remark. The model can easily be extended to include dielectric layers or conductive layer at the bottom. For dielectric layers,
(2.12) will be replaced by

2

d
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Table 1
Parameters of 1D model example with N =5 and f =
50 Hz.

Layer T[m] o[S/m] -1 S8[m]

1 0.5 5.10% 1 3.18

2 0.5 14-100 1 0.60

3 0.2 1-107° 1 7.1-10*
4 0.2 1-10° 100 7.1-1073
5 ‘00’ 0 1 -

Table 2
1D model example with N =5. Dissipated power.

H4 = Ho g = 1004,
layer P [Wl  P/P, [%] P IWl  P/P, [%]
1 73.09 14 71.61 11
2 424.01 82 507.30 78
3 0 0 0 0
4 20.30 4 74.87 11
Total 517.40 100 653.78 100

with the solution

Ej(z)=A;z+ B}, for L, <z<L;

i.e., linear variation within the layer.
For a conductive layer at the bottom, (2.12) will be valid, with solution

En(z)= Aye™%/ON 4 By e®?/oN

Here, By =0 since the field remains bounded everywhere.

In practical applications of the model, these two extensions do not need separate treatment. For dielectric layers, one can assume
a very low conductivity. The solution given by (2.13) will approach linear variation as ¢; — 0 (§; — o). For a bottom conductive
layer, one can let the layer be finite, but very thick, § <« L. Then, an extra dielectric layer can be added at the bottom. The E-field

will now vanish within the thick conductive layer, and the formulas in sections 2.1.1 and 2.1.2 can be applied.

2.1.3. Example case with N =5 layers; influence of magnetic permeability

In this example, we analyze a 1D model consisting of five layers with different properties, including insulators, moderate and
very good conductors. The properties and thicknesses of each layer are detailed in Table 1, with values typical of those found in a
submerged arc furnace, such as the coke bed, carbon lining, oxide lining, and steel shell. For illustrating purposes, the steel shell
is unrealistic thick. The example considers magnetic and non-magnetic casing. The former is modelled as a linear material with
permeability p, = 100, while u, = 1 for the latter. For both cases the computations have been normalized by letting E(0) =1 V/m at
a frequency of f =50 Hz.

Fig. 3 shows the distributions of the electric field, current density and power density. In particular, the electric field transition at
the surface of the magnetic material is not smooth, while both the current and power densities show discontinuities at the material
boundaries due to conductivity jumps.

Table 2 shows the total power dissipated in each layer. In this example, the conductive layers generate a total power dissipation
of approximately 654 W, with the second layer being the largest contributor, accounting for 78% of the total power. To explore the
effect of magnetic permeability, the test was repeated by changing the relative magnetic permeability (4,4) of the fourth layer from 1
to 100. As a result, the power dissipated in this layer and the total dissipated power increased significantly. The resulting distributions
of electric field, current density and power density are also shown in Fig. 3.

2.2. An approximate solution for a conductor adjacent to a highly conductive material

In many applications there are scenarios where a moderately or poorly conducting material is adjacent to a highly conducting
one. In submerged arc furnaces, examples include materials adjacent to electrodes, the coke bed above the alloy, or the furnace lining
within the steel shell [16]. This section aims to provide an approximate solution to the general 1D model for a two-layer problem
where the inner layer is highly conductive. In such cases, the electric field quickly decays to zero, so the treatment can be simplified
by treating the layer as infinitely thick. The first layer is assumed to have thickness 7' and conductivity o, while the second layer
has conductivity o,. The analysis assumes a known total current per unit length, I, and examines the behaviour of the two-layer
system as the conductivity of the inner layer approaches infinity.
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Fig. 4. Electric field distribution in two layers as calculated by the full analytical (solid lines) and approximate (dashed) solutions. o, takes three different values,
while o, is fixed. The total applied current is 50 Hz AC with an amplitude of 1 A. The vertical dotted line at z = 2.0225 m represents the skin depth of the second
material.

2.2.1. Derivation of the model and validation
The general solution for the electric field distribution for this two-layer problem is given by

E\(z)= A e~ %/% 4 B ¢%*/% for0<z<T, (2.38)
Ey(z) = Aye /%2 4 B,e%/% forz>T. (2.39)

Since the electric field is bounded, it follows that B, = 0. The remaining unknown coefficients can be obtained in the same way as
the general recursive set up for N layers. Furthermore, by applying the interface conditions, both B, and A, can be written in terms
of A| as B, = B A, and A, = A,A, where:

. 6y — U6

B, = we—ﬂﬂ'/ﬁ] , (2.40)
M6y + 116y

dy=2— 120 ar1/5m1/m) (2.41)
M6y + 16y

Finally, given the total current, A, is computed as

aly,

66, (By(eoT/o1 — 1) — e=aT/31 4 1) 4 0,5, Aye=0T/52

(2.42)

The solution to the two-layer problem is obtained by substituting the expression for A; as well as those of B| and A, as a functions
of A; in (2.38) and (2.39).

Let us now explore the scenario where the second layer is highly conductive, i.e. when 6, approaches zero. Assuming for simplicity
that both materials have equal permeabilities (41, = y,), evaluating the limits for B, and A, yields

5lim01§1 =—e 20T /%1, (2.43)
2—)

lim A, =0, (2.44)
6,—=0

which gives the limit for A; as
5

20T /6 4 1° (2.45)

5121Ln0A1 =7 f ooy
This approximate solution considers E,(z) to be zero and E(z) to depend only on the material properties of the first layer. Fig. 4 shows
three example cases solved using both the full analytical solution and the approximate solution. Each case varies ¢, while keeping
other parameters constant: o, = 107 Sm™!, T =2 m, y; = p, = py, total cross section current of 1 A, and frequency f = 50 Hz. For
o, values of 50, 500 and 5000 Sm~! are considered, corresponding to skin depths &, of 10.1, 3.18 and 1.01 m respectively. These
values are representative of materials typically found in metallurgical furnaces. The approximate solution forces the electric field in
the second region to be zero (A, = 0), leading to a systematic error in the solution. This error decreases with increasing conductivity
(o) as the field tends to zero in layer 1. This phenomenon is illustrated in Fig. 4b, which shows the same curves as Fig. 4a, but
focuses on a small region around the material interface.
The approximate solution is compared numerically with the analytical solution by evaluating the relative difference between the
two solutions in the first layer, defined as
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Table 3

Difference between approximate and
full solution: Relative error A, for
some values of o, and o,.

o, [S/m] o, [S/m] Ay

50 107 0.0157
500 107 0.0151
5000 107 0.0064
50 108 0.0050
500 108 0.0048
5000 108 0.0021

0.016

0.014
0.012
0.010
g 0.008

0.006

0.004

0.002

0.000

01 [S/m]

Fig. 5. Difference between approximate and full solutions: values of the relative error A, vs. o, for different values of o,.

T
A _fo | E 11 (%) = Egpy(x)|dx
1= T

Jo VEun(ldx

where E Full is the full solution (in material 1) as given by the coefficients in equations (2.40), (2.41) and (2.42), while Eapp is the
approximate solution given by the coefficients in (2.43), (2.44) and (2.45). Table 3 shows the values of A for each of the three cases
presented in Fig. 4, as well as for the same three values of o; but with ¢, increased by a factor of 10. The values show that for the
given setup the errors tend to decrease as o increases. This is due to the fact that the skin depth of the first layer is reduced so that
the field is more attenuated before the interface where it is forced to zero by the approximate solution. We also see that the overall
error is smaller as o, increases, as one would expect. The decaying error with increasing o is also shown in Fig. 5, which plots the
error integral as a function of o, for five different cases of o,.

(2.46)

2.2.2. Distribution of current and power

In this section, we will further explore the approximate solution and investigate the distribution of current between the two layers,
as well as the resulting total power generated. Since the approximate solution yields a zero electric field in the highly conductive
layer, the power generated in this layer will consequently be zero as well. But we cannot preclude a current in this layer.

We will now focus on analyzing the behaviour of the total power P, generated in the outer layer (o) with respect to changes in
material properties and thickness. Using the approximate expressions for E’l and A, derived in (2.40) and (2.42), respectively, the
total current through the cross section in material 1 is given by

(e—(ﬂ/a1 _ 1)2

L=ly———,
1 tot o—20T /5y +1

(2.47)
showing that I; generally differs from I,,,. As E, =0, it does not make sense to define a distributed current I,. Instead, we define a
surface current /; flowing in the infinitesimal skin layer of material 2:

(e—aT/(Sl _ 1)2

IT:Imt_Il:Il‘Of l_m

(2.48)
The real parts of these expressions are plotted in Fig. 6 for different values of §; /T. As expected, for small values of 6, /T, layer 1 is a
very good conductor and all current flows in this layer. Conversely, for large values of §, /T, the layer is a very poor conductor and all
current flows at the surface of the very good conductor (material 2). Between these two extremes, an interesting behaviour occurs: for
a range of values of 6§, /T ~ 1, the total current in material 1, I;, exceeds the applied total current I,,,, while simultaneously a reverse
current appears in material 2. This is interpreted as a consequence of normal induction: when there is AC in layer 1, layer 2 responds

10



M. Fromreide, D. Gémez, S.A. Halvorsen et al. Applied Mathematical Modelling 139 (2025) 115809

L e N B eSS

Re(l1)

fod2 Re(lr)

61/T

Fig. 6. Approximate solution depending on the skin depth in layer 1. Blue: real part of the total current in layer 1. Red: real part of the total line current at the interface
z=T.
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Fig. 7. Non-dimensional power in material layer 1 as a function of 4, /T. The vertical line indicates the maximum of the function.

with an induced current in the opposite direction. For increasing values of 6, /T, the current prefers to flow without resistance at the
boundary, until all current is found here.

In regard to the power, since E, is zero, there is no power associated with material 2. To analyze the total power in material 1,
we introduce non-dimensional variables as follows:

z=T3Z%, 0(z) = 06,6(2), E(z)= Lot E(z). (2.49)
o, T
Here z is scaled by the thickness T' of the first layer and o by o, while the electric field is scaled by the total current I,,,, the
conductivity o, and T'. This choice for the electric field is natural when the total current is given, or can be properly estimated, for
instance due to induction.

Using the non-dimensional variables and considering the definition of B, in (2.40), the non-dimensional power density in material
1 can be expressed as

2

T s . < . 5

52 = % <%> 14,2 [e—<2T/51>z +1B,2e@T/50% 4 2Re (B1 e—<2'T/51>Z)] . (2.50)
0

The total non-dimensional power Pl in the first material is then obtained by evaluating the integral of p;(Z) from O to 1. In the

approximation where 6, tends to 0, this gives

- 1) _
Note that this expression is a function of the ratio between 4, and T, which are the only physical quantities in the expression. It
is plotted as a function of the ratio §, /T in Fig. 7. The curve has a distinct maximum and decays rapidly on both sides near the
maximum. For small values of 6, /T, the expression reduces to §; /2T, consistent with the almost linear slope below the maximum.
The maximum point has been numerically determined to be §, /T = 0.88724. In cases where our model is a reasonable approximation,
Fig. 7 shows that the total generated electric power depends strongly on the value 6, /T, with a maximum to be expected around
6,/T =0.9.

3. Numerical simulations/ 1D model applied to the linings and casing of SAFs
In this section, we use the general analytical 1D model to analyze the electromagnetic field distribution within the linings and
steel shell of a SAF. We compare these results with numerical simulations performed using a 2D out-of-plane model in COMSOL

Multiphysics® finite element software, and in particular, with the AC/DC module [23]. The geometry of the 2D model, shown in

11
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Steel Carbon
v \

Fig. 8. 2D geometry including an enlarged detail of the linings and steel shell.

Table 4
Material properties [12] and layer thickness for the furnace casing
model; the skin depth is given for f =50 Hz.

Material T [m] o [S/m] u, [-] S [m]
Carbon 0.5 14-104 1 0.60
Oxide 0.2 1-107° 1 7.1-10%
Magnetic Steel 0.025 3-10° 100 0.0041
Non-Magnetic Steel ~ 0.025 1-10° 1 0.71

Fig. 8, represents a horizontal section of the full 3D model (cf. Fig. 1) including all three electrodes, an inner charge material, various
lining layers, and the steel shell. The dashed circle outlines the air included in the numerical computations. The main assumption of
the 2D model is that the domains are infinite in the z-direction and the current density only has non-null component in such direction,
that is, J = J,(x, y)e,. Hence, the model is applied in the upper part of the furnace, above the coke beds, where most of the current
flows vertically. For a detailed description of the 2D model setup, we refer the reader to [10], where two and three-dimensional
simulations are conducted to analyze induced currents in the lining and steel shell of three-phase SAFs. Note that the assumption of
vertical current is also appropriate in the lining and steel shell if we neglect the current loops that flow horizontally in the upper part,
as can be observed in 3D simulations. Similar models have also been used to study the proximity effect between the electrodes, and
also the proximity effect between the electrodes and the steel shell [12,13,15].

In this study, we use the 1D model to analyze the area highlighted in Fig. 8, which includes a conductive carbon lining, an
insulating oxide lining, the steel shell, and the surrounding air, forming a four-layer system. Since the 1D model presented above
includes conducting materials except in the last layer, the oxide lining will be modelled as a very poor conducting material with
extremely low electrical conductivity. To apply the 1D model we assume that the conductors are very long in the z-direction and
the only non-null component of the electric field is the vertical one; moreover, we assume that the electric field only depends on the
radial component r through the conducting layers.

Before comparing the 1D and 2D models, we verified that the results of the 2D FEM model were independent of mesh resolution
by running simulations with different mesh sizes. Specifically, we used a reference mesh with a scale factor of 1, along with finer
and coarser meshes corresponding to lower and higher scale factors, respectively. Table 5 shows the power dissipated in both the
entire furnace and the carbon lining for each scale factor. As can be seen, the results converge to a consistent value as the mesh size
decreases. In particular, a scale factor of 1 generates a mesh with 475 893 elements, while a scale factor of 0.55 results in 1 127 229
elements. Since using a finer mesh (scale factor < 1) does not significantly affect the results, we have selected the mesh with a scale
factor of 1 for all subsequent analyses in this paper.

To compare the 1D and 2D models, we examine the radial distribution of the (vertical) electric field along the red dashed line in the
figure. Two simulation cases were analyzed, differing in the magnetic properties of the steel shell: one with magnetic steel (¢, = 100)
and the other with non-magnetic steel (y, = 1). The electrical conductivity of the steel shell also varies, with o, =3 - 100 S /m for the
magnetic case and 6, = 1 - 10° S/m for the non-magnetic one, reflecting different types of steel casings found in practical applications
(see [12]). All materials are assumed to be magnetically linear. Table 4 summarizes the material properties and thickness of each
layer used in the calculations, with the skin depth calculated at an AC frequency of 50 Hz.

Fig. 9 shows the radial electric field distribution (with r = 0 defined at the inner boundary of carbon lining) obtained from both
the numerical 2D model and the analytical 1D model. The field value at the surface (E;) is extracted from the numerical solution,
sampled at the inner edge of the conductive carbon lining, and used as input for the 1D model. The sampling is performed behind

12
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Table 5
Power in the furnace and in the carbon lining vs. the mesh size.

Scale factor Furnace power [kW] Carbon lining power [kW]

0.55 300.131 43.859
0.6 300.131 43.858
0.75 300.133 43.854
0.9 300.127 43.828
1 300.130 43.834
1.1 300.131 43.839
1.5 300.104 43.760
2 299.899 43.374
4 298.826 41.903

1.4

1.2+ Carbon Oxide Air

1 Steel < |
E 0.8
Z
= 0.6
L
044 — 2D, s =100 N =
—— 1D, ps=100 ~
021 D=1 ~_|]
0l =~ Dus= 1 \
0 02 0.4 0.6 0.8

r[m]

Fig. 9. Radial electric field distribution as calculated by the numerical 2D simulation (solid) and the analytical 1D model (dashed) for two cases with magnetic and
non-magnetic steel.

Table 6
Deviation (A) of the radial electric field calculated by the analytical 1D model compared with 2D simulations for varying furnace
diameters (D).

Dy [m] 7 8 9 10 11 12 13 14 15 16 18 20
A 0.058 0.047 0.039 0.034 0.030 0.026 0.024 0.022 0.020 0.018 0.016 0.014

one of the three electrodes, as indicated in the figure. The results demonstrate that the 1D model effectively captures the behaviour
of the electric field for both simulation scenarios.

Note that due to the conservation of current, the total current in the three electrodes is zero at any given time (1o, + Lo, + Lo, =
0, 1,;, being the current at i-th electrode). According to Ampere’s law, there will then be a net zero current induced in the surrounding
conducting parts.

However, at any given radial transverse sector, vertical currents will be induced due to the high electrode currents and different
distances to each electrode. Herland et al. [13] present an analytical solution for the case with infinitely thin electrodes and steel
shell, with no other conducting materials present. This current in the steel shell can be applied as an approximation for the total
current within any radial sector. In real life, the total current will deviate due to finite thickness of electrodes, lining and steel shell as
well as the curvature of the furnace lining, but we expect that the basic properties will be captured by the simple model. To analyze
the influence of curvature, we repeated the simulation shown in Fig. 9 for different furnace diameters, ranging from 7 to 20 meters.
At the same time, we adjusted the distance between the electrodes to maintain a constant ratio between the “pitch circle diameter”
(the circle passing through the centers of the three electrodes) and the furnace diameter. For each configuration, the thicknesses of
the lining and shell were kept constant. We calculated the radial electric field distribution using both the 2D numerical simulation
and the 1D analytical model, considering a non-magnetic steel shell case. By evaluating the relative error as defined in (2.46), we
obtained the results summarized in Table 6. The results indicate that the fit to the 1D model improves with increasing furnace radius,
as expected. In particular, for a furnace diameter of 13 meters (a typical size for industrial furnaces and used in our previous cases),
the deviation between the models is minimal.

As mentioned above, the 1D model in the provided example relies on input data derived from the 2D simulations, which may
introduce some uncertainty in the numerical results. However, as the example shows, the value E, is almost identical for the two
cases. The main advantage of the 1D model is that it quickly provides a proper qualitative understanding. As shown in this example, it
can be effectively used, for instance, to investigate the effect of modifying specific layer properties, as the ratio of the two distributions
remains (approximately) independent of E,. This is reasonable in situations like this where the value of E is primarily determined
by the applied electrode current and the distance to the conducting outer layers (carbon lining and steel shell) [13]. Therefore, this
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Fig. 10. Normalized total power dissipated in the carbon lining as a function of 6, /T calculated with varying conductivity by the analytical 1D model (2.51) and by
numerical 2D integrals over the full domain and a small section of the carbon lining.

shows that the change in electric field density and consequently the current and power distributions could have been estimated by
the 1D model.

If the steel is considered a “very good” conductor, and the combined carbon and oxide linings are considered a moderately
conductive layer, this model can also exemplify the approximate model outlined in Section 2.2.

It is of interest to investigate whether the qualitative behaviour described by (2.51) and illustrated in Fig. 7 can replicate the
behaviour of the 2D model. To examine this, the 2D model was simulated with varied carbon lining conductivity, while keeping
the remaining parameters constant according to Table 4, with non-magnetic steel in the shell. For each simulation, the total power
generated in the carbon lining was computed by numerical integration in COMSOL. The integration was performed for the entire
annulus representing the carbon lining and for a small section with an angular width of 0.1° placed centered behind an electrode,
as shown in Fig. 8. The integration within a small section is adequate to compare the 1D model with the 2D simulations, as similar
qualitative results are expected for each section. The integration of the entire annulus provides an average of all sections and is
performed to verify that it behaves similarly to a single section. The results are shown in Fig. 10 as a function of §; /T along with the
1D approximated solution. Each of the curves has been normalized by dividing by its maximum value. The thickness of the carbon
lining was kept constant at 7" = 0.5 m in each of the simulations. The values obtained from the numerical 2D integration show the
same qualitative behaviour as the analytical 1D approximation, with a slight shift in the peak position. Some deviation from the
analytical 1D model is expected due to the cylindrical geometry, the distributed electrodes and the design of the lining. One would
expect the results from the small section closest to the electrode to be more similar to the analytical result, and they are. However, the
discrepancy in peak position between the small section integral (orange) and the full integral (green) is insignificant. This example
shows that the induced power in the lining will peak around 6, /T = 1, providing valuable information for the design of future furnace
linings. It provides a semi-quantitative insight into how the amount of induced power will change due to changes in material data
or thickness of the lining layers. Additional modelling, including a heat balance for the lining, is required to determine the optimum
design.

4. Conclusions

A low-frequency 1D analytical model has been developed to characterize the electric field within layered conductors, with par-
ticular focus on metallurgical smelting furnaces. This model can determine the electric field distribution across a layered material by
knowing either a single field value or the total cross-sectional current per unit length. It provides valuable insight into the mechanism
of inductive effects between adjacent conductors and how the material properties of one material affect other materials in its vicinity.
The distribution within a single layer of material is determined by the ratio of the skin depth of the material to the thickness of the
layer.

By comparing the electric field distribution predicted by the 1D model with a numerically solved 2D model, we have shown that
the 1D model gives a good estimate of the 2D solution. Thus, the physical mechanisms involved are adequately described by the 1D
model.

In addition, a special case where a moderately conductive layer is adjacent to a very good conductor has been analyzed, an
arrangement that can be related to several regions in a SAF, such as the steel shell surrounding the furnace lining. In this case, an
approximate solution was derived that considers only the moderately conductive layer itself to determine the solution. This solution
showed a distinct behaviour in the total power generated by the conductors, described by a simple expression in terms of the ratio
6/T, which has a clear maximum. Thus, for any thickness T, there is a given conductivity ¢ that gives the maximum amount of power
dissipated. This behaviour has been further validated by numerical 2D calculations of the power dissipated in the carbon lining of
submerged arc furnaces, confirming the effectiveness of the analytical model.

The 1D model can be used as a tool to better understand inductive effects for distributions through multiple material layers. It is
easy to implement and analyze for any number of material layers, and can serve as an aid in the design of furnace linings or other
applications where the current can be considered one-dimensional. Overall, the 1D model remains a valuable tool for qualitative
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analysis and insight into the mechanisms at work in metallurgical furnaces. More accurate full-scale models are still needed for a
detailed understanding of the entire process.
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