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Preface

Reducing the risk of building collapse during fires, as well as an efficient use of time and cost
reduction in material processing has become a priority in civil engineering. Hence, the study of
building materials response to high temperatures is a key problem and any contribution on this
topic is essential. In addition, the growing capabilities of numerical tools allow the simulation of
most coupled thermomechanical problems which model many of the real phenomena in this setting.
Consequently, an in—depth knowledge and understanding of modelling and mathematical analysis
in thermomechanics is necessary.

Under these premises, the aim of this dissertation thesis is the study of certain nonlinear
coupled thermomechanical problems in solid mechanics, arising from real processes subjected to
a strong raise in temperature, such as building fires or material processing. Pursuing this goal,
this manuscript is divided in three parts with the common topic of modelling and mathematical
analysis in thermomechanics. In the first part, the equations of a coupled thermomechanical
model for thermoviscoelastic materials with long memory and strongly dependent temperature
stresses are derived. These equations can be used to model, for instance, the solidification process
during an aluminium casting. The second and third parts follow a similar structure, devoted to
the study of existence, uniqueness and regularity of solution in two different submodels. For the
first problem, the mechanical submodel with mixed displacement—traction boundary conditions
and temperature dependent coefficients is analyzed, assuming that the temperature is known.
Mechanical deformations suffered by an alloy structure exposed to fire can be modelled under
this scenario. A fully coupled thermoelastic problem with mixed displacement—traction boundary
conditions in the mechanical submodel is the second case under study, considering also mixed
boundary conditions including a Robin type one for the thermal submodel. This is the adequate
setting for studying thermoelastic deformations of a structure exposed to fire.

Specifically, the outline of this dissertation thesis is the following:

Part 1. Modelling of materials with long memory

The first part of this thesis, which comprises a single chapter, is devoted to the modelling of
thermoviscoelastic materials with long memory, obtaining the corresponding coupled thermome-
chanical problem. For this purpose, the Eulerian conservation equations are introduced, but not
only in terms of the classical thermodynamical variables such as the deformation gradient and the
temperature, but also of an internal variable which gives the viscoplastic history of the material.
This internal variable is a symmetric second order tensor whose temporal evolution is governed

xiii
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by an ordinary differential equation. From the Lagrangian formulation of these equations, three
linearizations of the equilibrium laws are obtained, assuming small displacements, small tempe-
rature variations and small perturbation of the tensorial internal variable, respectively. Finally,
Maxwell-Norton materials are presented as an example of this type of materials.

Part I1I. Mathematical analysis of a viscoelastic problem with temperature-dependent coefficients

The second part is divided into two chapters. In Chapter 2, the quasistatic evolution of a thermo-
viscoelastic problem with mixed boundary conditions is studied, assuming that the temperature
is known. More precisely, for the mechanical problem with Maxwell-Norton type behaviour law
and temperature dependent coefficients, the existence and uniqueness of solution is established.
Under this model, the deformation rate tensor gathers the elastic, viscoplastic and thermal con-
tributions, namely: a Hooke’s law with temperature dependent coefficients for the elastic term,
a Norton—Hoff law for the viscoplastic part and a generalized Arrhenius’s laws for the thermal
effects. The main contribution of this chapter lies in the consideration of a complete temperature
dependence of the behaviour law which makes the problem fairly difficult. After introducing the
appropriate functional framework, the problem is transformed into a homogeneous one, which is
discretized in time. Existence and uniqueness of solution of this discretized problem is obtained
by using standard theorems on variational inequalities. Some a priori estimates are used in a limit
procedure to prove the existence and uniqueness of solution of the continuous problem.

In order to complete this mathematical analysis, local regularity properties of the stress solution
are given in Chapter 3. These properties are obtained by means of classical techniques in regularity
analysis assuming additional hypotheses on the data. Precisely, Hioc regularity of the stresses is
proved, and using a Galgiardo—Nirenberg inequality, H%OC is also achieved.

Part I11. Mathematical analysis of a thermoelastic problem

This third part is also organized in two chapters. A mathematical analysis of a quasistatic coupled
thermoelastic problem is carried out in Chapter 4. Mixed displacement-traction boundary condi-
tions are imposed on the mechanical submodel, whereas mixed boundary conditions, including a
Robin boundary condition, are considered for the thermal submodel. The reference temperature,
the thermal conductivity and the Lamé’s parameters are assumed to depend on the material point.
These considerations allow for the extension of some previous works.

With the aim of studying the existence and uniqueness of solution, an appropriate functional
framework is introduced. First, the Galerkin method is applied to derive a sequence approximating
the problem for which the existence and uniqueness of solution is shown. Then, based on some a
priori estimates, and using a limit procedure, the Galerkin sequence converges and so, the existence
of solution for the original problem is obtained. In addition, uniqueness of solution is proved via
Gronwall’s lemma.

The mathematical analysis of the thermoelastic problem is concluded in Chapter 5 with the
study of the regularity properties of the solution in space and time. Specifically, spatial H%OC
regularity of displacements and temperature is obtained, assuming additional hypotheses of reg-
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ularity on some data. The analysis is completed with two novel results concerning the regularity
of the solution with respect to time. In the first case, regularity in time is obtained by increasing
the smooth properties of the data and the solution at the initial time. In the second result, the
regularity analysis is restricted to the corresponding Dirichlet homogeneous problem, by assuming
some extra spatial smoothness on the data. In both cases, W™ (r € {0} UN) regularity in time
is achieved.

Finally, the last part of the manuscript collects the most relevant conclusions on the different ther-
momechanical problems analyzed along this dissertation, jointly with a summary of this manuscript
in Spanish.
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Chapter 1

Modelling of materials with long
memory

1.1 Introduction

In this chapter, we deduce different linearized Lagrangian formulations for the motion and e-
nergy conservation equations from the conservation principles of continuum thermomechanics for
materials with long memory. These results are published in Naya-Riveiro and Quintela [89].

The methodology is a generalization of that used by Carlson [26] for elastic materials and by
Bermudez [19] for Coleman-Noll materials. To define the constitutive laws for thermoviscoelastic
materials with long memory we consider not only the classical state variables -deformation gradient
and temperature- but also a new specific tensorial internal variable to take into account the memory
effect in the mechanical stresses.

The theory of nonlinear materials with specific vectorial internal variables is presented by
Coleman and Gurtin in [30], where it is applied to fluids. Also, Simo and Miehe [95] use this
methodology to a model of associative coupled thermoplasticity and Tzavaras [97] to a semilinear
model problem of stress relaxation. In this paper, we consider this theory to model the thermo-
viscoelastic materials with long memory and to obtain the associated equilibrium equations; in
particular, the energy equation we deduce is analogous to the one given in Tzavaras [97].

The Maxwell-Norton materials with mechanical coefficients strongly dependent on the tempe-
rature are a particular example of thermoviscoelastic materials with long memory. These materials
are used in the casting processes where there are strong temperature gradients; for their numerical
simulation it is very important to include the mechanical dissipation terms in the energy equation
and the temperature dependence of all thermomechanical coefficients. That is why we propose
different linearizations for the conservation laws associated with thermoviscoelastic materials with
long memory and particularly with Maxwell-Norton materials: a first linearization to consider
small deformations; a second linearization on the terms of the thermal response mapping which
depend linearly on deformation gradient with respect to temperature and a third one to simplify
the nonlinearities with respect to tensorial internal variable.
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This chapter is organized as follows. Firstly, we will introduce the notation used and we will
review some concepts and conservation principles of continuum thermomechanics. In Section 1.3
we will define the thermoviscoelastic materials with long memory, we will deduce the restrictions
on their constitutive laws in order to satisfy the second principle of thermodynamics and we will
rewrite the associated equilibrium equations in Eulerian coordinates for these materials. Then, in
Section 1.4 we will rewrite these equations in the reference configuration; in addition, assuming
small displacements, small variations of temperature and small perturbations of the tensorial in-
ternal variable, we will present three linearizations of the equilibrium laws. In Section 1.5 we will
choose the response functions associated with Maxwell-Norton materials whose mechanical coeffi-
cients depend on the temperature and we will rewrite the linearized models for these materials.

1.2 Notations and conservation laws

In this section we introduce the notation used along this chapter as in the books of Gurtin |65] or
Bermudez [19].

1.2.1 Motion of a body

Let £ be an affine Euclidean space on a vector space V. A body B is a regular region of &.

Definition 1.2.1. A deformation of B is a smooth one-to-one mapping f which maps B onto a
closed region in the affine Fuclidean space &, verifying detVf > 0.

Definition 1.2.2. A motion of B is a class C> mapping
X:BxR—¢&,
X (-, t) being a deformation of B for each fized t.

We denote by x = X (p,t) the place occupied by the material point p at time t. We refer to
B, = X(B,t) as the deformed configuration at time ¢ and we assume that B = By is the reference
configuration.

Definition 1.2.3. The set T = {(x,t) : x € By, t € R} is the trajectory of the motion X.
Let P(-,t) : B — B be the inverse mapping of X(-,t), verifying X (P(z,t),t) = x and

P(X(p,t),t) = p. Then, this mapping is called the reference map of the motion and it indicates
the material point p which occupies the place x at time t.

Fields defined in T are called spatial fields, while those defined in B x R are called material
fields.

The mappings X and P permit to express a spatial field as material field and vice versa:

e the spatial description ®; of a material field ®(p,t) is
O (x,t) = (P(x,t),t),
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e the material description ¢, of a spatial field ¢ (z,t) is
Um(p,t) = V(X (p, 1), 1)
In fact,
(@s)m =@, (Ym)s =.
Lemma 1.2.4. The reference map P is of class C3. In consequence, a material field is of class
CN, N < 3 if and only if its spatial description is of class C.

Proof. See Gurtin [65], p. 65. O

Given a material field ®, its material derivative

0P
(b(p7 t) = E(p7t)7

is the derivative with respect to time t holding the material point p fixed; its material gradient
vq)(pa t) = qu)(pa t)v
is the gradient with respect to p holding ¢ fixed.

In particular, we denote by F(p,t) = VX (p,t) to material gradient of motion X. Since, X (-, t)
is a deformation, for each ¢, it must verify det F(p,t) > 0 for all point p € B and for all time t.
Thus, F is called the deformation gradient.

The vector u(p,t) = X(p,t) — p represents the displacement of point p at time ¢, and so, it
satisfies F(p,t) = (I+ Vu)(p,t), where I is the identity tensor.

The material derivative with respect to time of u(p,t) is denoted by v,,(p,t), this is
vm(p,t) = u(p,t),

and it represents the material velocity of body; its spatial description is v(z,t) = v, (P(x,t),t).

Given a spatial field v,

v(wt) = 2 )

denotes the derivative with respect to time ¢ holding the spatial point x fixed, and
grad ¢ (z,t) = Vo ¥(, 1),

represents the gradient with respect to x holding ¢ fixed.

In consequence, the material derivative with respect to time of a spatial field ¢, is
1/} = ((wm) )S this 1S, w(xvt) - &lb(X(pu t)7t)|p = P((L‘,t)

Summing up:
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Spatial description @ of a material field ®(p,t) | Material description ¥, of a spatial field ¥ (z,t)
@S(l',t) = (I)(P(xat)vt) 'me(pat) :w(X(pvt)vt)

((I)S)m =9, (wm)s =1

= ((¢nl>)9

Proposition 1.2.5. Let ¢ and w be smooth spatial fields with ¢ a scalar field and w a vectorial
field. Thus,

p=¢ + v grade,

w =w + (grad w)v,

where " " defines the contraction product of 1 subscripts or the scalar product of two vectors.
Proof. See Gurtin [65], p. 62. O

The following table summarizes the notation used to different differential operators.

Material field ®(p, t) Spatial field v (z,t)
Domain BxR T
Arguments Material point p and time ¢ | Spatial point z and time ¢
Gradient with respect to 15* argument (space) Vo grad ¢
Derivative with respect to 25¢ argument (time) P !
Divergence Div ® div ¢

1.2.2 Conservation of mass

We assume the existence of a mass distribution defined in the reference configuration by a density
po : B — RT. The mass conservation law implies that the density in motion X, p(z,t), must
satisfy

po(p) = p(x,t)det F(p,t), with x = X(p,1). (1.1)

Theorem 1.2.6. (Local conservation of mass) We have

p+pdivv =0, (1.2)
P+ div(pv) = 0. (1.3)
Proof. See Gurtin [65], p. 89. O

1.2.3 Balance of linear and angular momentum
We represent by

e Lin the linear space of endomorphisms from V),
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Lin™ the subset of endomorphisms from V whose determinant is positive,

Sym the subspace of Lin of all symmetric endomorphisms,

Symg the subspace of Lin of all symmetric endomorphisms whose trace is null,

Skw the subspace of Lin of all skew endomorphisms,

Orth the subspace of Lin of all orthogonal endomorphisms,
e Orth™ the subspace of all rotations of Orth, and
e N the set of unit vectors of the vector space V.

Definition 1.2.7. A system of forces for a body B during the motion X is a pair (s,b) of vector
fields,

s:NxT —V, b: T —YV,

such that

e s(n,-,t), for eachn € N and t € R, is a smooth function of x in B,

e b(-,t), for each t € R, is a continuous function of x in By.

First component of system of forces, s, represents the density of surface force per unit area exerted
from positive side on negative side across an oriented surface S in By, when n is a unit normal
vector in = (Cauchy’s hypothesis). Second component of system forces, b, represents the density
of body forces per unit volume exerted on the point = at time ¢.

Theorem 1.2.8. (Cauchy) Let (s,b) be a system of forces for B during a motion X. A necessary
and sufficient condition that principle of conservation of linear and angular momentum be satisfied,
is there exists a spatial tensor field T (called the Cauchy stress tensor) such that

1. for each unit vector n, s(n)(x,t) :=s(n,z,t) = T(z,t)n, Y(z,t) €T,
2. T is symmetric,
3. T satisfies the equation of motion
plx, t)v(x,t) = div T(x,t) + b(z,t), (1.4)

being p the density and v the velocity of motion.
Proof. See Gurtin [65], p. 101. O

The equation (1.4) is known as the balance of linear and angular momentum .
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1.2.4 Balance of energy

We assume Cauchy’s hypothesis concerning the surface heat which supposes the existence of a
density of surface heat per unit area g(n)(z,t) := g(n,z,t), defined for each unit vector n and
every (z,t) in the trajectory of the motion, with the following property:

If S is an oriented surface in By, with positive unit normal vector n at x, then g(n,x,t) is the
heat per unit area and time flowing from the negative side of S to the positive side of S at point x
and time t.

We consider a density of body heat per unit volume defined by a scalar field f : 7 — R, where
f(x,t) represents the heat per unit volume supplied by environment at point = and time ¢.

Definition 1.2.9. A system of heat for a body B during a motion X, with trajectory T, is a pair

of functions (g, f),
g:NXxT—=Rand f:T — R,

such that

e for ecachn € N andt € R, g(n,-,t) is a smooth function of x on By,

e for eacht € R, f(-,t) is a continuous function of x on By.

Let us consider a system of forces (s,b) and a system of heat (g, f) during a motion X of
a body B. The energy conservation law, which is also called first principle of thermodynamics,
asserts that there exists a scalar field F, the specific total energy, such that for every part P C B
and time ¢,

4 pEdV:/ s(n)~vdA+/ b-vdV—/ g(n)dA+/ fav,
dt Jp, P, Py P Py

where P; = X (P, t) and n is the outward normal vector to P; at each point.
Definition 1.2.10. We define by specific internal energy per unit mass the scalar field

[v[?

—E .
€ 2

Theorem 1.2.11. We suppose that principle of conservation of linear and angular momentum
is verified. Thus, a necessary and sufficient condition that first principle of thermodynamics be
satisfied, is that there exists a spatial vector field q called heat flux per unit area, such that
1. for each unit vector n € N, g(n) := g(n,z,t) = q(z,t) - n, V(z,t) €T,
2.
pe =T:D —divg + f, (1.5)

where D s the symmetric part of L := gradv and "" defines the contraction product of 2
subscripts; in particular T : D is the inner product defined by T : D = tr(T'D), where tr
represents the trace and T the transpose of T.
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Proof. See Bermudez [19] Theorem 1.4.3, p. 8 and Proposition 1.4.6., p. 9. O

We will call to equation (1.5) conservation of energy equation.

Given a system of heat (g, f) during a motion X of a body B, second principle of thermody-
namics asserts the existence of a scalar field s, the specific entropy per unit mass, and a strictly
positive scalar field 6, the absolute temperature, such that

d q-n f
— | psdV > —/ —— dA + =dV, (1.6)
dt Jp, op, 0 P Y
for all parts P C B and times ¢t € R, being P, = X (P, t) and n the outward unit normal vector to
Pr.

Theorem 1.2.12. (Reynolds's transport) Let ® be a smooth spatial scalar or vector field. Then,
for any part P and time t,

d :
= @dV:/ (& + @ divv)dV, (1.7)
dt Pt Pt
4 <I>dV:/ <I>’dV+/ dv - ndA, (1.8)
dt Jp, Pi P,

being n a outward unit normal vector to Py.

Proof. See Gurtin [65], p. 78. O

Theorem 1.2.13. (Localization) Let ® a continuous scalar or vector field on an open set R in
E. Then given any xg € R,

1
O(xg) = lim / o dv.
vol(R)—0 VOI(R) R
ToER
Proof. See Gurtin [65], p. 38. O

Corollary 1.2.14. If

/<I>dV:0,
R

for all parts R C R, then

A
Il
o

Proof. See Gurtin [65], p. 38. O
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Theorem 1.2.15. (Divergence) Let R be a bounded regular region, and let ¢ : R — R,
w:R =V and H: R — Lin be smooth fields. Then

/VnpdV:/ pndA,
R OR

/divde: w - ndA,
R R

/ divHdV = HndA,
R R

where n is the outward unit normal vector to R on each point from its bordering.

Proof. See Gurtin [65], p. 37. O
Proposition 1.2.16. Let ¢ be a smooth scalar field and w a smooth vector field. Then

div (pw) = pdivw + w - grad .

Proof. See Gurtin [65], p. 30. O

Lemma 1.2.17. The local expression of second principle of thermodynamics is

1
p@é—pé—I—T:D—gq-gradGZO. (1.9)
Proof. Given inequality (1.6):
d / q-n f
— pst+/ ——dA— | =dV >0. (1.10)
dt Jp, op, 0 P, 0

Taking into account equation (1.7) of Reynold’s transport theorem, the first term of inequality
(1.10) takes the expression

/ (P38 + psdivv)dV = [ (s(p+ pdivv) + ps))dV = / psdV, (1.11)
Py

Pt Pt

where we have used equality (1.2).
Applying Divergence theorem to second term of inequality (1.10), and substituting (1.11) in in-
equality (1.10), we obtain

. . /9 f
pSs dV+/ div(=)dV — =dV > 0.
/Pt Ldv(G)av=[ g

Tranks to Localization theorem, we deduce

pé + div (%) - g > 0. (1.12)

Multiplying inequality (1.12) by 6, and taking into account Proposition 1.2.16, we have

1
p@é—l—divq—gq-gradﬁ—fzo. (1.13)
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Finally, by equation (1.5),
f=pé—T:D+divq,

and if we substitute the value of f in inequality (1.13), we conclude the result. O

Summing up, under smooth enough assumptions, the following conservation laws and principles
must be verified in any deformed configuration:

Conservation laws

Mass po = pdet F (MC)

Momentum pv=divT +b (FC)

Energy pe=T:D—divg+ f (EC)
Thermodynamics principle

Second pls —pé+T:D—1q-gradd >0 (E1)

1.3 Thermoviscoelastic materials with long memory

In this section, we follow the methodology used by Carlson [26] for elastic materials and by
Bermudez [19] for Coleman-Noll materials. Firstly in Subsection 1.3.1, we define the thermo-
viscoelastic materials with long memory. Then, we deduce the restrictions on their response func-
tions to guarantee the second principle of thermodynamics in Subsection 1.3.2. Finally, we rewrite
the equilibrium equations for the thermoviscoelastic materials with long memory in Subsection
1.3.3 and we see under certain assumptions on response mappings that these materials satisfy the
principle of material frame indifference and isotropy in Subsection 1.3.4.

The constitutive laws for these materials are introduced considering the theory of internal
variables: we suppose the existence of local variables which determine the state of material at
each point and time. In particular, the thermoviscoelastic model with long memory considers as
observable state variables the deformation tensor, F, the absolute temperature, 8, and a internal
variable Z which gives the viscoplastic history of the material. First two observable state variables
F and 6 are usual in thermoviscoelastic models, whereas Z is introduced to take into account the
thermal and mechanical loading histories; as we will see in Section 1.5 these choices will allow us
to consider the Maxwell-Norton materials as thermoviscoelastic materials with long memory.

A first study of the thermodynamics of nonlinear materials with constitutive laws defined in
terms of internal state variables is given in Coleman and Gurtin [30]; these authors introduce an
internal state vector in order to modelize the fluids. Later, Coleman [29] developes a general theory
for materials with fading memory but in his work internal variables are not considered. Alber |[3]
also introduces a vector of internal variables to describe the mechanical behaviour of materials
with constitutive equations of monotone type; this theory is used to include particular cases of
viscoelastic and viscoplastic materials in Alber and Chelminski [4], [5] and [6]. Adam and Ponthot
[1] model the thermomechanical behaviour of metals submitted to large strains considering also a
vector of internal variables.
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Other authors like Simo and Miehe [95] and later Serrano et al. [93] also include an internal
variable to define thermoplastic laws: the scalar corresponding to the part of the entropy dissipating
energy. More recently, Tzavaras [97] takes a scalar internal variable to consider the structure of
relaxation approximations to conservation laws; and Helm and Haupt [67] describe the material
behaviour of shape memory alloy including a scalar internal variable to the fraction of martensite
and some stress internal variables to consider the energy storage due to internal stress fields.

Lately, Lattanzio and Tzavaras |77] consider a model of viscoelastic stress-relaxation where the
viscoelastic stresses are described by means of tensorial internal variables.

In this chapter we consider as internal variable a symmetric second order tensor Z, whose
temporal evolution is governed by an ordinary differential equation similar to ones given in the
previously mentioned works. The variable Z, whose temporal evolution depends on variation of
plasticity potential, allows us to check the dissipated energy by history of the viscoplastic stresses
from initial time.

1.3.1 Constitutive laws

Definition 1.3.1. A thermodynamic process for a body B, with a mass distribution pg, is a set of
nine mappings:

1. X : BxR — & the motion of B,

2. T € CY(T; Sym) the Cauchy stress tensor,

3. b€ COT;V) the body forces per unit volume,

4. e € CY{T;R) the specific internal energy per unit mass,
5.0 € CY(T;R™") the absolute temperature,

6. q € CH(T;V) the heat flur per unit area,

7. f € CO(T;R) the body heat per unit volume,

8. 5 € CH(T;R) the specific entropy per unit mass,

9. Z € CY(T; Sym) the internal symmetric second order tensor,

verifying Equations (MC), (FC) and (EC) at each point of its trajectory.

Definition 1.3.2. A material body is a triple (B, po,C) consisting of a body B, a mass distribution
po and a family C of thermodynamic processes called the constitutive class of the body.

Definition 1.3.3. A material body (B, po,C) is called thermoviscoelastic with long memory if there
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exist seven smooth enough response mappings Teias, Tiher, Tplas; e, q,5andg,
Toas : LinT x RT x B — Sym,
Tiher : Lint x RT x B — Sym,
'f‘plas : Lin™ x RT x Sym x B — Sym,
€:LinT x RT x Sym x B — R,
qg:LinT xRT x Sym xV x B =V,
5:Lint xRT x Sym x B = R,
g: LinT x RT x Sym x B — Sym,

such that for every thermodynamic process (X, T,b,e,0,q, f,s,Z) € C it satisfies

T(2,t) =Tetas(F(p, 1), 0(2,1),p) + Tiner (F(p, ), 0(2,1), p) + Tpias(F(p, 1), 0(x, 1), Z(w, 1), p)

=T(F(p,t),0(x,t), Z(z, 1), p), (1.14)
e(z,t) =e(F(p,t),0(x,t), Z(z,t),p), (1.15)
q(z,t) =q(F(p,t),0(x,t), Z(x,t),grad 0(x,t),p), (1.16)
s(z,t) =s(F(p,t),0(zx,t), Z(z,t),p), (1.17)
Z(x,t) =g(F(p,t),0(x, 1), Z(x, 1), p), (1.18)

with © = X(p,t) and T : Lin™ x R* x Sym x B — Sym, being defined as
T(Fv 07 va) = TelaS(Fv 97p) + rf[\‘ther(]-?a eap) + ri\‘plas(Fv 07 va) (119)

111 practice 'i‘elas represents the elastic part of Cauchy stress tensor T, ’i‘ther its thermal part
and T4 its viscoplastic part which includes the memory of the suffering stresses in [0, ¢] through
the internal variable Z.

Remark 1.3.4. The heat fluz response function q depends on the temperature gradient as an in-
dependent variable to take into account that q is strongly dependent on the temperature changes
through the material. Consequently, by the Truesdell' s principle of equipresence, the variable grad 0
should also be present in all constitutive equations. Nevertheless, because of as shown in Coleman
[29] or Coleman and Gurtin [30], the presence of grad @ as independent variable in laws (1.14),
(1.15), (1.17) or (1.18) contradicts the second principle of thermodynamics (Clausius-Duhem in-
equality), and in order to simplify our paper we do not consider it.

1.3.2 Verifying the second principle

Throughout this chapter we suppose that the response mappings are smooth enough and verify
the following hypotheses:

(H1) There exists a smooth enough mapping, 9 : Lint x R x Sym x B — RY, such that if
F e Lint, 0 e R", Z € Sym and p € B then

s =3(F,0,Z,p) if and only if 6 = (F, s, Z, p).

~

Consequently 0 = 0(F,s,Z,p) = 5(F,§(F,9, Z,p),Z,p).
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(H2) Given a motion X, a smooth enough function 6 : T — R and Zy € Sym, there exists a
smooth tensorial function Z : T — Sym, unique solution of the system:

{ Z(‘T’t) = g(F(p,t),e({L',t),Z(.’L‘,t),p) mn 7-7 (L':X(p,t),
Zm(p,O) = Zo.

(H3) There exists h: Lint x RT x Sym x B — Sym such that,

g(F,0,Z,p) = h(F,0,T(F,0,Z,p),p), VFE€Lin" 0 R Zc Sym and p € B.

(H4) For all F € Lin™, there exists Z € Sym such that the function g verifies:
g(F,0,Z,p) =0, YOcR" andpc B.

Remark 1.3.5. Hypothesis (H3) relates the temporal evolution of Z to the Cauchy stress tensor
T, and hence, Z is connected to the history of suffered stresses by the material,

Z(z,t) = /0 h(F(p, $),0(X(p,s),s), T(X(p,s), s),p) ds +Zo, where p= P(x,t).

In addition, from a mathematical point of view, this hypothesis allows us to describe Z in terms of
the First Piola-Kirchhoff stress tensor in Lagrangian coordinates and, in consequence, to incorpo-
rate the presented linealizations for this tensor in the temporal evolution of Z.

Theorem 1.3.6. We consider a thermoviscoelastic material with long memory whose constitutive
class C verifies hypotheses (H1) and (H2).
Then, all elements in C satisfy the second principle of thermodynamics if and only if

e s
i aH(Faeazap) - 9%(F707Z7p)> (120)
Js e
_ . : > .
L eaz (F79? Z7p) 8Z(F’ 07 Z7p) g(F’ 07 Z7p) — 0’ (1 21)
(internal dissipation inequality)
oe s det F
F.0,Z,p) = 60— (F,0,Z T(F,0,Z,p)F " :
L aF( 79? 7p) eaF( 797 7p)+ pO ( 767 7p> ) (1 22)
e (68w 0.2 -5 F,02.p)| e 02— LaF 62w p) w0, (1.23)
8Z ) b 7p 8Z ) ) ’p N g ) ) ’p pgq ) ? ) ’p — ) *

(general dissipation inequality)

for all F € Lin™, § e RT, Z € Sym, w €V and p € B.

The proof is based on the following results:
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Lemma 1.3.7. i) Given a motion X, we have
F=L,F, (1.24)

where ¥ is the deformation gradient and Ly, is the gradient of the wvelocity in Lagrangian
coordinates.

i) Given F € LinT and L € Lin, there exists F : R — Lin® such that F(0) = F and
F(t)F(t)~' = L. Furthermore det F(t) = det F e"" (1)t > 0,

iii) Given W € Skw and Q € Orth™, the solution Q of the Cauchy problem:

Q1) =WQ(), Q) =Qq, (1.25)

verifies Q(t) € Orth™, Vt € R.

Proof. 1) See Gurtin [65], p. 63; ii) and iii) see Bermudez [19], p. 20. O

The following Lemma allows us to build up a particular thermodynamic process belonging to
each constitutive class C of a thermoviscoelastic material with long memory.

Lemma 1.3.8. Let us consider a thermouiscoelastic material with long memory whose constitutive
class C verifies hypotheses (H1) and (H2). Given F* € Lin™ and L* € Lin, there exists a motion
X such that F(p,0) = F* and grad v(x,t) = L*; let us denote by T its trajectory. Furthermore,
let s* € R, Z* € Sym, p* € B and 6 € C(T,R") satisfying

0(x*,0) = 6%, with 6* := O(F*,s*,Z*,p*) and z* = X (p*,0). (1.26)
Then there exists a thermodynamic process (X, T,b,e,0,q, f,s,Z) € C such that

F(p,0) =F*, Vpe B; L(z,t)=L" VY(z,t) €T; s(z*,0)=s" Z(z*0)=7Z". (1.27)

Proof. Let f‘(é) be given as in Lemma 1.3.7 for F = F* and L = L*. Let us define X by
X(p,t) =0+ F(t)(p — o), where o is any point in £. We have

F(p,t) = F(t) and L(z,t) = FO)F () = L*.

Let us consider the spatial function 6 verifying (1.26) and the motion X previously defined. By
hypothesis (H2), for Zo = Z* there exists Z(x,t) smooth enough such that

Z(z,t) =g (F(t),@(:z;,t), Z(m,t),p) , Z(x,0) = Z*.

Let s and T be defined by
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Thus, by hypothesis (H1) and using again (1.26), we obtain
s(z*,0) = s(F*,0(x*,0), Z(z*,0),p*) = s(F*,0",Z*,p*) = s™.
Finally, we consider

e(z,t) = é\(]?‘(t),e(az,t), Z(x,t),p),
q(z,t) = a(F(t),Q x,t), Z(x,t), grad 0(x,t), p),

and we define b and f by

b =pv—-divT,
f=pé—T:D+divq,

with p(x,t) = po(~p) and z = X(p, t).

det F(t)
Therefore, the thermodynamic process (X, T, b, e, 6, q, f, s, Z) belongs to the constitutive class of
the material and satisfies (1.27). O

Now we are ready to prove Theorem 1.3.6.

Proof. Let us consider the non-conservative expression of the second principle of thermodynamics
(E1):

1
p@é—pé—FT:D—gq‘gradGzO. (1.28)

By equations (1.15) and (1.17) and taking into account equality (1.18) we deduce

é(a,1) = D (B (p, ), 00, 1) B, 0).0) : F(p.0) + 00 (Fp,1), 0, ), Bl 1), p). 1

A~

+ 57 (B0, 0),0(2.1). Z(a, ). p) : g(F(p. 1), 6, 0), Z(, 1), p), (1.29)

$(z,t) = g;(F( 1),0(z,t), Z(x,t),p) : F(p,t) + gj(F(p,t),H(a?,t),Z(aﬁ,t),p)é(:c,t)
+ %(F(p, t),H(x,t),Z(x,t),p) : g(F(p,t),G(x,t), Z(:L‘,t),p)’ (1.30)

with © = X (p,t). Substituting expressions (1.29) and (1.30) in inequality (1.28), we obtain

Js 0s 0s
po [8F(F 0.Z,p): F+ 89(F 0,Z p)9+37(F 0,Z,p) : (F,G,Z,p)}

oe oe oe
[6F(F0Zp) F+89(F9Zp)9+8Z(F0Zp) (F,@,Z,p)}
+T:L—%q-grad920in7, (1.31)

where T : D was replaced with T : L thanks to the symmetry of the tensor T.
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e Now we choose a particular thermodynamic process. For this, let F* € Lint, L* = 0, s* € R,
Z* € Sym, p* € B be given and 6 € C(T,R") satisfying hypothesis (1.26) and such that
grad @ = 0 and 0'(2*,0) = a, a being any real number. Lemma 1.3.8 guaranties the existence
of a thermodynamic process (X, T, b,e,0,q, f,s,Z) € C verifying equalities (1.27); for this
process, inequality (1.31) can be rewritten as follows

0s 05
0| 5 F-0.20) 0+ 5 (F.0.2.1) s (F.0.2.0)
o | L w0200+ L®0.2.p) eF.0.2.0)| >0 inT (1.32)
P 90 p Y/ p yU, 4, p - n 3 .

since F = 0. Taking p = p* and ¢t = 0 in inequality (1.32), and given that the density
p* = p(x*,0) is a positive real number, we deduce

s oe
* * * * >k * * * >k >
[9 S5 (B0, 20 p") — S (F.6°, 2, )] >
%€ w0z ) — - B F 0m 7z )| e 0t 2 ), VaeR
8Z az 7p 'g b} b 7p ) a *

This inequality can be only verified if

*83 * )k * o ok 86 * Ok * ok —
[9 89(F 0", Z*,p") — 89(F 0", 72", )} =0, (1.33)
and, in consequence
0s Oe
* * )k * ok YT * )k * . * pk *R) > ] .
0 ) - S0 )| e 2 ) 20 0

Then, we get equality (1.20) from expression (1.33), and inequality (1.21) from expression
(1.34).

e In order to prove equality (1.22), we consider again a particular thermodynamic process with
the following choices: let F* € Lint, L" € Lin, s* € R, Z* € Sym, p* € B be given and
0 € CHT,RT) satlsfylng hypothesis (1.26) and such that gradf® = 0. We apply Lemma
1.3.8 for L* = K,L K being any real number, then there exists a thermodynamic process
(X, T,b,e,0,q, f,s, Z) € C verifying equalities (1.27).
Thanks to equality (1.20), inequality (1.31) becomes

Js 0s
pﬂWEGZMF g 0,21+ (F.0.2.0)

oc (F.0,Z,p): F

{8F 86(F,G,Z,p):g(F,G,Z,p)] +T:L*>0in 7.

0Z

Taking into account Lemma 1.3.7 and the property

0:(PQ)=(P'0):Q=(0Q": P, (1.35)
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O, P and Q being three second order tensors, the previous inequality can be rewritten as

follows
01n L 0.2,0F T+ L F.0,2,0): aF.0,2.p)| — prlC(F,0.2, p)F T
p aF 7p az 7p ) ) 7p 8F 7p
oe —
_ pa—;(F,e, Z.p):g(F,0,Z,p) +kT:L">0in T, Vs € R. (1.36)
o - : : .y Po(P) .
Taking p = p* and t = 0 in expression (1.36) and given that p(z*,0) = Qe pr e obtain
0s oe — det F* ~ —x
0*—— (F*, 0", Z*, p* F*. 0%, 72" F*': L T(F*,0* Z* L
[ L) = G | F T Rz )
aZ 8Z b ) ?p * g b ) 7p ) K b

thanks to equality (1.14). This inequality can only be verified if

*68****_%**** *t,*
[HaF(F,O,Z,p) g (5,072 )]F L

det F* - .
N TE, 64,25, pY) L =0,
Po

hence, we conclude equality (1.22).

e Finally, we choose again a particular thermodynamic process: let F*€ Lin™, L*€Lin, s* € R,
Z* € Sym, p* € B be given and § € C'(T,R") satisfying hypothesis (1.26) and such that
grad 0(z*,0) = w*, with w* € V. Applying Lemma 1.3.8 we obtain a thermodynamic process
(X, T,b,e,0,q, f,s,Z) € C verifying equalities (1.27).

Thanks to expressions (1.16), (1.20) and (1.22), inequality (1.31) can be rewritten as follows

s oe
|05 F.0.2.0) ~ S F.0.2.0)] s wlF.0. 2.0

1.
- éq(F7 0,Z,grad,p) - gradd > 0 in T. (1.37)

Taking p = p* and t = 0 in inequality (1.37), we deduce

* *83 * g% gk % e * g% kx| L * g% rpx %
{9 oz F 0527 p") — oo (F7, 607, 27, )}-g(F,H,Z,p)
1

B EG(F*,O*,Z*,W*,]?*) W > 0’

with p* = p(x*,0). Hence, we conclude inequality (1.23).

In order to prove the sufficiency, we notice that if expressions (1.20)-(1.23) are satisfied, the second
principle of thermodynamics holds. 0

From now on we suppose that hypotheses (H1) and (H2) are satisfied, and the second principle
of thermodynamics is verified too.



1.3. Thermoviscoelastic materials with long memory 21

Corollary 1.3.9. If the heat fluz response function q depends linearly on the temperature gradient,
then the heat conduction inequality

d(F,0,Z,w,p)-w <0, (1.38)

holds for all F € Lin™, § e RT, Z € Sym, w € V and p € B.

Proof. We suppose that there exist F*€ Lin™, L*€ Lin, s* € R, Z* € Sym, w* € V, p* € B such
that

a(F*, 0%, 2", w*,p*) - w* > 0. (1.39)

Let 0 € CY(T,R™") be satisfying hypothesis (1.26) and such that grad §(z*,0) = yw*, with v any
real number. Applying Lemma 1.3.8 we obtain a thermodynamic process
(X, T,b,e,0,q, f,s,Z) € C verifying equalities (1.27) for each v € R.

Using expressions (1.16), (1.20) and (1.22), the second principle of thermodynamics can be written
as in inequality (1.37), which for p = p* and ¢t = 0 results:

s e

,0* 9*87Z(F*,9*,Z*,p*) . %(F*39*7Z*7P*) . g(F*,H*,Z*,p*)
72
- %a(Fﬂ(:H*?Z*aW*:p*) : W* 2 07 V’}’ S R, (140)

with p* = p(2*,0), thanks to the linearity of q with respect to its fourth variable. But taking into
account inequality (1.21) and (1.39), there exists v € R for which expression (1.40) is negative
which is a contradiction. O

Corollary 1.3.10. If the mapping g satisfies (H4) and if the response function of the heat fluz
q is independent of Z, then heat conduction inequality (1.38) is verified.

Proof. Let F* € Lint, L* € Lin, s* € R, w* € V and p* € B be given, § € C'(T,R") satisfying
hypothesis (1.26) and such that grad (z*,0) = w*, and Z* = Z € Sym verifying hypothesis (H4),
such that g(F*,0* Z,p*) = 0. Using Lemma 1.3.8, we deduce the existence of a thermodynamic
process (X, T,b,e, 0,q, f,s,Z) € C verifying equalities (1.27). Taking into account expressions
(1.20) and (1.22), the second principle of thermodynamics written as in inequality (1.37) can be
rewritten for p = p* and t = 0 as follows:
P 9*8—§(F* 0*,Z,p*) — a—g(F* 0*,Z,p*)| : g(F*, 0", Z,p*) — ia(F* 0%, Z,w*, p*)-w" >0
oz 0z " 7 i o 0* B -
with p* = p(z*,0). In consequence, thanks to hypothesis (H4), the positivity of the temperature
and the heat flux independence with respect to Z, we deduce heat conduction inequality (1.38). [

1.3.3 Writing the conservation laws

Hereafter, we consider the following concepts:
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Definition 1.3.11. The specific heat at constant deformation is the scalar field defined by
CF(.CE,t) CF (F(p,t),@(:v,t),Z(x,t),p),

with

/C\F(F,G,Z,p) F 0 Z p)

00 (
Definition 1.3.12. The specific Helmholtz free energy is the scalar field v defined by

Y(@,t) = b(F(p,t),0(x,t), Z(z, 1), p),
with
O(F,0,Z,p) = ¢(F,0,Z,p) — 5(F,0,Z,p)b. (1.41)

Proposition 1.3.13. We have

~

s(F,0,Z,p) = —%(F,H,Z,p), (1.42)
= p) O

T(F,0.2,p) = 208 C8(F.0,2,p)F" (1.43)
O 0.2.p) : g(F.0.2 )+iA(Fezw )ow <0 (1.44)
8Z p b b 7p peq K ) b} 7p - K .

for all F € Lin™, § e RT, Z € Sym, w eV and p € B.

Proof. Applying the chain rule to expression (1.41), we have

31/) oe 0s
5 F:0:Z,p) = 55 (F.,0,Z,p) — =5(F,0,Z,p)8 —
87,!1 oe 0s
aF(F@Zp) 8F(F9Zp) 8F(F9Zp)¢9
azp 8 8

Then, of the first equation thanks to equality (1.20) and taking into account Theorem 1.3.6, we
deduce expression (1.42); of the second equation, by equality (1.22), we obtain expression (1.43)
and finally, of the third equation, by equality (1.23), we have expression (1.44). O

Corollary 1.3.14. Given a thermodynamic process (X, T,b,e,0,q, f,s,Z) € C, we get

. det F(p,t) OT

7t =~ &
i@ 1) po(p) 00
+ %(F(p,t),e(:v,t), Z(z,t),p) : g(F(p,t),0(x,t), Z(z,t),p), p € Band t € R.

(F(p,t),0(x,t), Z(x,t),p) : L(z,t) + cr(z,1)0(z,t)

0(x,t)
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Proof. By equality (1.42) we deduce

. = |

(1) = = D00 1) = — L (B (1), 0(0,1), Z(a, 1)) B 1)
aziFtetZtét a%FtetZt VALK
_W( (p> )7 (x7 )7 (iU, )7p) (J:‘, )_ azae( (p> )7 (l’, )7 (ZC, )ap) . (xv )

Thanks to Proposition 1.3.13, Theorem 1.3.6, Lemma 1.3.7 and property (1.35), this expression
can be rewritten as follows:

- T(F(p, t),0(x,t), Z(x, 1), p)F " (p, t)> B, 1)
+ B B 0,1),000.0). 2.0, p)i .1
4 O (B0 1).000.0). 2(.1).1) : Bl

o wg(m”’t)’e(“)a Z(x,t),p) : L(p,t)

0(;, ) $<F(p,t), 6, 1) Z(x, ), p)0(x.1)

+ gz(F(p, 1),0(z,t), Z(z,t),p) : g(F(p,t),0(z,1), Z(z, 1), p).

) _ 0 [detF(p,t)
et = < po(p)

_|_

Finally, using Definition 1.3.11 we conclude the result. O

Theorem 1.3.15. For a thermoviscoelastic material with long memory, energy conservation equa-
tion (EC) is equivalent to

p0s + p?é(F,Q, Z,p):g¥,0,Z,p)=—divg+f inT. (1.45)

Proof. Taking into account expression (1.29) and Theorem 1.3.6, é can be written as follows:

é(z,t) —e(x,t)gi(F(p, t),0(x,t), Z(x,t),p) : F(p, t)
det F(p,t)

e T(F(p,t),0(x,t), Z(x,t), p)F " (p,t) : F(p,1)

A~

0s
oe

+ 57 F@:1),0(2,1), Z(z, 1), p) : g(F(p, 1), (2, 1), Z(2, 1), p).

(F(p,1),0(z,1), Z(x,1),p)0(,t)
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Using Definition 1.3.12, this expression can be rewritten as follows:

é(z,t) zﬂ(az,t)a—g(F(p,t),Q(:L‘,t), Z(x,t),p): F(p,t)

QAT D) 3, 1), 0, ), 2, 1), )P () B 1)
+ O(x,t) 8§(F(p, t),O(x,t),Z(x,t),p)é(:v,t)

+0(w,t) = (F(p, ), 0(x, ), Z(2, 1), p) - &(F(p, 1), 0, 1), Z(x, 1), p)

* §§<F< 1),0(x,t), Z(2,t),p) : g(F(p, 1), 0(,t), Z(x,1), p).

0Z

Substituting the previous expression in energy conservation equation (EC), using property (1.35),
equality (1.24) and mass conservation equation (MC), we have

0s 0s s
F.0,Z F F.0,Z F.0,Z F.0,Z
PO 5 (F.0,Z,p): +0989( 0, p)9+p6’az( 0,Z,p) : g(F,0,Z,p)
ov : .
+p aZ(FQ Z,p):g(F,0,Z,p) =—divg+ f in T,
since T is a symmetric tensor, so T : L =T : D.
Finally, by expression (1.30) we conclude the result. O

Corollary 1.3.16. The energy conservation equation can be rewritten as

~

T
perd =00 (F.0.2.9) - L~ p 00 (F.0,2,1) : &(F.0,Z.p) ~ div + f in T,

where the first two terms on the right-hand side of the equality represent the thermomechanical
coupling phenomena.

Proof. We obtain the previous equality substituting in expression (1.45) the value of § given in
Corollary 1.3.14 and taking into account Definition 1.3.12. O

Summing up, under hypotheses (H1) and (H2), the equilibrium equations for the thermo-
viscoelastic materials with long memory verifying the second principle of thermodynamics are
summarized in the following problem defined in the deformed configuration:

Problem (DC)
Find p, v, T, 6 and Z verifying:

po = pdet F, (1.46a)

pv = divT(F 0,Z,p) + b, (1.46b)
oT oe

pepb = 0—— 50 (F,0,Z,p): L — paz(F 0,Z,p) :g(F,0,Z,p)

—divq(F,0,Z, gradf, p) + f, (1.46¢)
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with

Z =g(F,0,Z,p). (1.47)

All these equations of Problem (DC) must be verified on the trajectory 7, which is an unknown
domain.

1.3.4 The principle of material frame indifference and isotropy

In order to satisfy the principle of material frame indifference and isotropy, we consider for the
associated constitutive laws the same assumptions considered by Bermudez [19] and Coleman
and Gurtin [30]; so, the associated response functions must verify the following properties for all
FeclLint,0cR",ZecSym,peB, Qe Ortht and weV:
é\(Fa 07 Zap) = é\(QFa 07 Zap)a
§<F7 67 Zap) = é\(QFa 07 Zap>7
QT(F.0,Z,p)Q' = T(QF,0,Z,p), (1.48)
Qa(F7 97 Z7 w7p) = a(QF’ 97 Z7 Qw7p)7
g(F,0,Z,p) = g(QF,0,Z,p).
In these equalities, we suppose that the internal variable Z is an ordered n x n tuples of scalars
(n being the dimension of space, i.e. a positive integer number), each of which remains invariant

under a change in the observer; indeed, Z cannot behave as a spatial tensor under a change of
frame, since this would imply that

Z € Sym is transformed into QZQ?, VQ € Orth™, (1.49)

but this relation is incompatible with the constitutive equation (1.47). If assertion (1.49) was
certain and taking into account behaviour law (1.47) we would obtain:

(QZQ") = g(QF,0,QZQ",p), ¥Q € Orth™.

In particular, previous equality would be satisfied by Q(t) € Orth™ solution of Cauchy problem
(1.25), with Q =1; so

Q()ZQ'(1) + QZQ! (1) + QNZQ'(1) = &(QMF, 0, QHZQ! (1), p), vt € R.

Taking the time instant ¢ = 0, we would get

Q0)Z +Z + ZQ'(0) = g(F,0,Z,p),
and using again behaviour law (1.47) and the definition of Cauchy problem (1.25), we would have
WZ - ZW =0, VW € Skw.

Then, only the variables Z could take the form Z = oI, a being any scalar field.

In consequence, assertion (1.49) limits the choice of the initial state Zg and the choice of functions
g for constitutive law (1.47); in particular, it excludes all materials where the deviatoric tensor
plays an important role. A similar question was analyzed by Coleman and Gurtin [30] obtaining
an analogous conclusion when the specific internal variable is a vector.
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1.4 Quasistatic thermoviscoelastic problem with linearized ther-
moviscoelastic response

In this section we will rewrite Problem (DC) in the reference configuration, which is a data of
the problem. For this, we will apply the change of variable given by the First Piola-Kirchhoff
transformation defined by the own motion z = X(p,t). The obtained problem in the reference
configuration is nonlinear and it will be linearized using a Taylor’s formula around F = I, then
around 6 = 6y and finally around Z = Zg; I, 6y and Z( being the values at the initial state of
the deformation gradient, the temperature and the internal variable Z respectively. The linearized
equations are obtained by the same methodology used by Bermudez [19] for Coleman-Noll mate-
rials. Nevertheless, there are two significant differences: firstly, we consider the internal variable Z
to take into account the viscoplastic history of the material. Secondly, in this part the linearization
with respect to 6 is made only on the terms of the first order obtained from the linearization with
respect to F; this procedure allows us to write the linearized thermomechanical problem with
coefficients depending on temperature.

1.4.1 Changing to material or Lagrangian coordinates

In order to apply the change of variable x = X (p,t), we need the following results (see Gurtin
[65]):

Theorem 1.4.1. Let o, w, H be a scalar field, a vector field and a tensor field respectively, all
them continuous in T. Then, given any part P of B, it results:

. / oz, t)dV, = / det F(p, t)pm (p, 1) dV), (1.50)
P P

. / w(z,t) - m(z) dA, — / det F(p, )won(p, ) - F(p, n(p) d4,,  (151)
OP: oP

. H(z, )m(z) dA, — / det F(p, ) Hop (p, )F " (p, )n(p) dA,, (1.52)
OP: oP

where Py = X (P,t); m and n being the outward unit normal vectors to OP; and P, respectively.

Lemma 1.4.2. Let ® be a continuous spatial field. Then for any part P of B, we have

/ <I>(x,t)p(x,t)dvx=/ P (p, 1) po(p) dVp.
Py P

Definition 1.4.3. We define the First Piola-Kirchhoff stress tensor in the reference configuration
as

S(p,t) = det F(p, )T (z,t)F *(p,t), x = X(p,t), withp € B and t € R. (1.53)
The response function for this tensor is:

§(F7 07 Z,p) = §elas(F7 g,p) + §ther(Fa 67]7) + §plas(F7 07 Zap)v (1-54)
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defined for all F € Lint, 0 € RY, Z € Sym and p € B with

§elas(F79ap) = detFTelas(Fuevp) F_t7 (155)
§ther(F7 Hap) =detF Tthe’r(Fa evp) F_t7 (156)
Spias(F,0,Z,p) = det F Tyas(F, 0,2, p) F~. (1.57)

Because of the First Piola-Kirchhoff stress tensor S is not symmetric, we introduce the following
symmetric tensor.

Definition 1.4.4. The Second Piola-Kirchhoff stress tensor is
S(p,t) =F '(p,0)S(p,t), p € B, t € R, (1.58)
whose response function is defined as

i(F7 97 Z,p) = ielas(Fy g,p) + ither(Fa Hap) + iplas (F7 67 Z,p). (159)

~

Yelas f]ther and f]plas are obtained multiplying equalities (1.55), (1.56) and (1.57) on the left by
F~1, respectively.

Therefore, thanks to equality (1.53) and using hypothesis (H3) we can rewrite Z in terms of
the First Piola-Kirchhoff stress tensor:

Z(z,t) = h(F(p,t),0(x,t), T(x,t),p)

—h (F<p, ), 0 (p.1) S(p. ) F (. t>,p) |

1
" detF(p, t)

Then, defining h : Lint x R x Lin x B — Sym as

. 1
h(F,0,,,8,p)=h (F,0,,,——SF! p), 1.
(F, 01,8, p) < O = p) (1.60)

constitutive law (1.18) can be replaced with

Z(p.t) = h(F(p,t), 0m(p,t),S(p.t),p), with p € Band t € R.

The motion equation in the reference configuration

Hereinafter, we assume hypotheses (H1)-(H3) and the second principle of thermodynamics.

Theorem 1.4.5. Motion equation (1.46b) for thermoviscoelastic materials with long memory in
the reference configuration is given by

poit = DivS(F,6,Z,p) + b, in B xR,
where by is the density of body forces in the reference configuration defined as

b.(p,t) = det F(p, t)by.(p, 1)
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Proof. Let P be any part of B. Let us integrate over Py C B; each term of equation (1.46b),
obtaining

/Pt p(x,t)\'/(a:,t)de:/Pt div T(z, 1) de+/Ptb(a:,t)dVI. (1.61)

For the member on the left-hand side of the previous equality applying Lemma 1.4.2, we have

/p ), Ve = /P P0(D) ¥ (p. ) AV}, = /P po(p)i(p, 1) dVj,

since v,, = U.
For the first term on the right-hand side of equality (1.61), using the Divergence Theorem, equation
(1.52) and the definition of First Piola-Kirchhoff stress tensor, it results:

/ div T(z, 1) dV, / Tz, t)ym () dA, / det F(p, {) Ty (p, ) F " (p, £)n(p) dA,
Pi P P

_ / Div (det F(p, t) Ty (p, )F " (p, 1)) dV, = / Div S(p, £) V.
P P

Finally, for the last term of the second member of equality (1.61), we get
/ b(z, 1) dV, = / det F(p, )by (p, £) AV, — / b.(p,t) V),
Py P P
Summing up, we obtain
/ po(p)a(p,t) dV, = / Div S(p,t)dV, +/ b.(p,t)dV,, VP C B, Vt € R,
P P P

and applying the Localization Theorem we can conclude the result. 0

The energy equation in the reference configuration

Theorem 1.4.6. Energy equation (1.46¢) for thermoviscoelastic materials with long memory in
the reference configuration is

~

. oT Oe .
m — F m-an F7 mazm> : Lm - arr F7 m7zma : Zm
poCF,, Om = det F O~ (F, 0 p) P05 (F.0 )
—Divaq.(F, 0, Zp, Vb, p) + fs in BxR, (1.62)
with
G« (F, 00, Zyy, Wi, p) = det FFIG(F, 0, Z, F tw, p), (1.63)

fe(p,t) = det F(p,t) fm(p, 1)
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Proof. Let P be any part of B. Let us integrate over P; C B; each term of equation (1.46¢), we
have

/p(x,t)cF(x,t)é(m,t)dvx 0(x, t)g;‘( (p,t),0(x,t),Z(x,t),p) : L(z,t)dVy
Py Py -
= [ o) (B0 0).000,0), 20,0), ) 5 2(as0)
Pt

—/ divq(z,t)dVy + | f(z,t)dV,. (1.64)
Pt Pt

For the member on the left-hand side and for the second term on the right-hand side of the previous
expression, applying the variable change theorem given by (1.50) and taking into account mass
conservation equation (1.46a), we get:

[ ol tiente.08(.0)dV, = [ detF (o, )pm(,t)cr, (0.0 1) 0V,
Py P

_ /P po(P)Cr,, (p,1)0m (p, ) dVp,

and

/ P, 1) 00 (B(p, 1), 000, 1), 2, 1), ) 2, 1)V,

= [ At 0 (0.0) 5 (P00, 00, 0). 2o, 8).5): B, ) Y

= [ 00 5 (B0 0.0 (.00 Zi020).9) 2o () V5
P

For the first term and the last term on the right-hand side of expression (1.64), we use again
equality (1.50) obtaining:

e

P 59 (F(0,1),60(2,1), Z(2,1),p) : L(z,1) dVy

oT
and

/ Fla,t) dV, = / det F(p, 1) fn(p, £) dVy = / fi(p.t) Vi,
Py P P

Finally, for the third term on the right-hand side of equality (1.64), taking into account the
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Divergence Theorem and equality (1.51), we deduce

/ div q(z,t) dV, :/ q(z,t) -m(z)dA, = / det F(p,t) am(p,t) - F_t(p,t)n(p) dA,
Pr 0Pt oP

= [ @t Fp.0F 0. 0an (1) - nr) 4,

— [ Div (@t F o) F 0t (p.) Y,

P

- /P DIV G (F(p, 1), O (1,£), Zon (9, £), Vom0, 1), D) AV,

thanks to expression (1.63) and the following equalities
G«(F, 0,20, VO, p) = det FF1G(F, 0, Z, F'V0,,,p) = det FF'q(F, 6, Z, grad 6, p).

Summing up, we get
[ eo@lers, 0 0)io.t)
oT
= [ AP0 000 (0.) Z (B (p.1). 00 (0.1). B, 1)) Ton(pnt) 1,
oe .
— [ )5 (B0.0.00.0). B, 1).0) : Zuslp ) 2V
/ Div q«(p, t) dV}, +/ f«(p,t)dV,, VP e€B,VteR.
P P

Using the Localization Theorem we conclude expression (1.62). O
Corollary 1.4.7. The energy conservation equation rewritten in terms of§ 18

: a8 de
IOOCFme 9 69(F Hmazmap) Vu — poaz(F 9m7zmap) Z

— Divqu(F, 0, Zim, VO, p) + [« in B x R.

Proof. From equation (1.62), taking into account equality (1.24) and using property (1.35), we
obtain

A~

. oT oe .
POCE O = AU F O = (B O, Zin, p)E ™" 2 F = p0 3 (B O, Zom, )+ Lo
- Dlva*(Fa 0m7 Zma vemap) + f*
. /_\
From definition (1.53) and since F = (I + Vu) = Vu we can conclude the result. O

Summarizing up, the equilibrium equations for the thermoviscoelastic materials with long me-
mory define the following problem in the reference configuration:
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Problem (RC)
Find u, S, 0,, and Z,, verifying:

poit = Div S(F, O, Zm, p) + by, (1.65a)
. oS . oe _
pOcFmem == Hm%(]a 97717 Zm,]?) :Vua — pOa?(Fa ema Zm7p) : h(F, 9m7 S,p)
—Div a4, (F, O, Zm, VO, D) + fr, (1.65b)

where Z,, = ﬁ(F, Om,S,p).

Remark 1.4.8. Hereafter, we suppose that the forces by, and f. are dead forces i.e., they are
independent of the deformation.

Remark 1.4.9. Equations (1.65a) and (1.65b) are similar to those obtained by Tzavaras [97] and
Helm and Haupt [67]. Tzavaras [97] considers a vectorial internal variable whose definition de-
pends on considered models to obtain several relazation approrimations of conservation laws; in
his work the heat flux is given by a Fourier law. Helm and Haupt [67] consider a scalar internal
variable and some stress internal variables to take into account the stress-induced martensitic phase
transitions.

For Coleman-Noll materials the response function for the First Piola-Kirchhoff stress tensor in-
cludes a viscous part depending not only on F, 0, p but also on F (see Bermidez [19]) and the
dependence with respect to Z is not considered. Because of this, the energy equation for Coleman-
Noll materials differs from equality (1.65b) in the first two terms of the right-hand side of the
equality.

1.4.2 Thermoviscoelastic linearizations of the motion and energy equations

It is necessary to take into account that in materials processing, for example in the aluminium
casting, the temperature variations are very strong with respect to time and space, then it is
convenient to keep without linearizing the energy equation. For this purpose, we present a first
linearization in which we only linearize the First Piola-Kirchhoff stress tensor with respect to the
deformation gradient around the identity.

In other processes in which it is possible to suppose 0 — 6y = O(e), or if we want, for example,
to use an incremental method in order to make numerical simulations, it is justified the using of a
second linearization of the thermal contributions with respect to temperature without eliminating
the temperature dependence of the mechanical coefficients.

Finally, in order to simplify the numerical processing, we propose neglecting the nonlinearities
with respect to tensorial internal variable but we keep the nonlinear dependence that the own
variable has with respect to the First Piola-Kirchhoff stress tensor. This third linealization is
numerically used in Barral et al. [11].

From now on, in order to simplify the notation, we omit the subscript m which denotes the
material description of the corresponding spatial field.
We choose as reference configuration the initial equilibrium position of the body: By = B, and
To, b, 6o, 9o, fo, po and Zg the initial values for the Cauchy stress tensor, the body forces,
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the temperature, the heat flux, the heat source, the density of mass and the internal variable Z,
respectively. We suppose that they verify the equilibrium equations corresponding to the static
problem at the initial time:

To(p) = T(L,00(p), Zo(p), p), DivTy+bo=0, —Divay+ fo =0 in B. (1.66)

In this section we consider a thermodynamic process for 3 with small changes with respect to the
initial state, i.e. small displacements Vu = O(e), small temperature changes 0 — 6y = O(e) and
small changes of the internal variable Z — Zg = O(e), € being a small parameter. Our aim is to
linearize the equilibrium equations with respect to the initial equilibrium position.

Linearizing the motion equation with respect to F (1LFM)

We consider a thermodynamic process (X, T, b, e, 6,q, f,s,Z) € C such that at the initial time
X(p,0) = p and F(p,0) = L. In this first linearization we consider that the deformation gradient
is a small perturbation of its initial state, i.e., Vu = O(e), € being a small parameter.

We take into account the following results Wthh are presented in terms of S _and T but they
are also satisfied replacing S and T with Selas, TelaS or Sther, Tther or Splas, Tplas respectively,
omitting the dependence on Z when it is necessary:

Proposition 1.4.10. The response function T‘(F,Q,Z,p), satisfies
oT 9T,
OF

for all F € Lin™, W € Skw and 6 € RT.

F,0,Z,p)(WF) = WT(F,0,Z,p) + T(F,0,Z,p)W',

Proof. Let us consider the ordinary differential equation Q(t) = WQ(¢) with initial condition
Q(0) = I, where W € Skw. Thanks to item iii) from Lemma 1.3.7, we know that Q(?) is a
rotation for all ¢ and Q(0) = W.

Considering the derivative with respect to t of equation (1.48), we have

O (QF.0,2,p) (QF) = QUT(F,0,Z,p)Q'(1) + QUIT(F,0,Z, Q1)

and taking ¢ = 0 in the previous equality we conclude the result. O

Proposition 1.4.11. We have

a8 A L 0T
for all 0 € RY, Z € Sym and p € B, where e(u) is the linearized deformation tensor:
1
e(u) = 3 (Vu+vVu'),

and W its skew part:

W =_ (Vu—Vu').

M\*—‘
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Proof. Taking into account Definition 1.53, we can deduce
S(F.,0,Z,p)F' = det F T(F, 0, Z,p),
and applying the product rule of the differential calculus we obtain:

S—E(F,H, Z.p): UF' +S(F,0,Z,p) U’

_ T
= det Ftr(UF 1) T(F,0,Z,p) + det F %F(F, 0,Z,p) : U.

If we take F =1 and U = Vu, we get

S%F, 0,Z.p) : Vu=—S(L,0,Z,p) Vu' +tr(Vu) T(L 0, Z, p)
oT

Considering equalities (1.55)-(1.57) we can deduce §(I7 0,Z,p) = ’T‘(I, 0,Z,p) and by definition the
linearized deformation tensor and its skew part (see Proposition 1.4.11), we obtain Vu = e(u)+W
and Vu! = e(u) — W, and we can rewrite expression (1.68) as follows:

gi(l, 0,Z,p) : Vu=—T(I,0,Z,p)(e(u) — W) + DivuT(, 0, Z,p)
oT
+ o (L. Z.p) : (e(u) + W).

Taking F = I in Proposition 1.4.10 and since the differential is a linear mapping, the previous
equality takes the form
a/s\ e AN . o~
aiF(Iv 07 Zap) :Vu=— T(I’ 07 va)e(u) + T(L 97 Z>p)w + DIVUT(L 97 Zap)
oT . . .
+ 8—F(I, 0,Z,p):e(u) + WT(1,0,Z,p) + T(1,0,Z,p)W".

As W € Skew, then W + W' = 0, therefore we conclude expression (1.67).

Corollary 1.4.12. We have
S(F,0,Z,p) =(1+ W)T(1,0,Z,p) + DivuT(L,0,Z,p) — T(L,0,Z,p)e(u)

+ %(1, 0,7,p) : £(u) + (V). (1.69)

Proof. The previous equality is deduced applying a Taylor’s formula around the point (1,0, Z, p)
to the response function S:

. . S
S(F.0.2,p) = S(1,60,Z.p) + gFa, 0.Z.p) : Vu + o(Vu), (1.70)

taking into account expression (1.53) and thanks to Proposition 1.4.11. O
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Definition 1.4.13. The elasticity tensor is defined as
C(p,t) =C(p.t).p), peB, teR,
where the operator a(ﬁ,p) € L(Lin, Sym) is given by

a’/f‘elas

Clp.1).p) = 5

(L 0(p,t), ).

Considering equation (1.65a), substituting S by equality (1.54), we get
Poﬁ — Div (§elas(F7 Q,p) + §th6T(F7 07]3) + §plas(F7 07 Z,p)) = b*- (1-71)

Thanks to Corollary 1.4.12, Definition 1.4.13, equality (1.19) and neglecting the terms
o(Vu) = o(e), we can approximate motion equation (1.71) by its linearized one with respect
to the deformation gradient as follows:

First linearization of the motion equation (1IFLM)

pou — DivS*(Vu,0,Z,p) = b,,
S* being the linearized part of the First Piola-Kirchhoff stress tensor (see equality (1.69)),

S*(Vu,0,Z,p) =1+ W)T(1,0,Z,p) + DivuT(L0,Z,p) — T(1,6,Z,p)e(u)

6{[\‘:0[@5
OF

) a'/f er
+C(0,p) : e(u) + —Z(1,0,p) : e(u) +

OF (1,0,Z,p) : e(u), (1.72)

with T(I, 0, Z,p) deduced from equality (1.19).

Corollary 1.4.14. The quasistatic motion equation associated with (1FLM) in terms of the
Second Piola-Kirchhoff stress tensor is

— DivS*(Vu,6,Z,p) = b, (1.73)
S* defined by equality (1.72) written in terms of the Second Piola-Kirchhoff stress tensor,

S*(Vu,0,Z,p) =1+ W)Zeas(L, 0, p) + Div uZeas(L 0, p) — Seras(1, 6, p)e(u)

~ « 8§: er
+C(0,p):e(u) + I+ W +e(u)Zper(1,0,p) + 8;; (I,0,p) : e(u)

+ I+ W +e(u)E0.(L0,Z,p) + 8§§“S(I,a,z,p):s(u). (1.74)

Proof In order to symplify the proof, we consider T and ¥ instead of Tther or Tplas and Ether or
2pla3 respectively, omitting the dependence on Z in Tther and Ether

In quasistatic case, inertia term pgu is neglected.
From equalities (1.53) and (1.58), we deduce

T(F,0,Z,p)detF = FX(F, 6, Z,p)F, (1.75)
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and applying the product rule of differential calculus we obtain:

OT

o5 F-0.Z.p) UdetF + T(F,0,Z, p)det F tr(UF ')

~ >3\ .
=UX(F,0,Z,p)F" + FZF(F, 0,Z,p): UF' + FX(F,0,Z,p)U".

Taking F = I, U = g(u), and thanks to equality (1.75) we get

T ~ ~
0. 2.p)  e(w) =~ DivuSi(L,0,Z,p) + c(wS(L,0,Z,p)
< 3
+ (L0, Z,p)e(w) + S(1.0.2,p) s e(u) (1.76)
OTuner 1 0T plas
Finally, replacing in first linearization (1FLM) 8;? and 811)7{ with its corresponding expres-
sions deduced from equality (1.76), we conclude the result thanks to expression (1.75). O

Linearizing the energy equation with respect to F (1FLE)

Proposition 1.4.15. We have

090,02 w.p) = ~ Vu&(L0,Z,w.p) + Divud(L0,Z,w.p)
oq oq
+8F( 0,Z,w,p)(Vu) — p —(1,0,Z,w,p)Vu'Ve,

for all@ e RY, Z € Sym, w eV and p € B.

Proof. Taking into account equality (1.63), we can deduce
Fq.(F,0,Z,w,p) = det F4(F,0,Z,F 'w,p),

and applying the product rule of the differential calculus we obtain:

/\

UG.(F,0,Z,w,p) LR 0,7, w,p)(U) = det F tr(UF~1)§(F, 0, Z, F*w, p)

OF

oq oq
+detF 23R, 0,2, Ftw,p)(U) + det F —X(F, 0, Z, F'w, p)(—FUFtw).
OF ow
If we take F =1, w = Vf and U = Vu, we get
0q«
OF

(1,0,Z,w,p)(Vu) = — Vuq.(1,0,Z,V0,p) + tr(Vu)q(1,0,7Z, V0, p)
Jq Jq
+ aF(I 0,Z,V0,p)(Vu) — Sw

and since q«(1,6,Z,V0,p) = q(1,0,Z,V0,p), we can conclude the result. O

—(1,0,Z,V0,p)Vu'Ve,
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Proposition 1.4.16. The approzimation of the heat fluz is given by
q*(vu7 97 Z? Veﬁp) = a*(F7 9? Z7 VG?Z))?
where Qs is the linearization of the heat flur around F =1 as follows:

G+(F,0,Z,V6,p) =q(1,0,Z,V6,p) + Divuq(l,0,Z, V0, p) — Vuq(l,0,Z, Vb, p)
oq

+ 5 (L.0.2.Y0.p)(Vu) — 2= (1.6. 2, V0,p)Vu' V6 +o(Vu).  (L77)

Proof. Tt is deduced applying a Taylor’s formula around the point (I,6,Z,w,p) to the response
function Q:

~ ~ 0q.
a.(F,0,Z,w,p) =q.(1,0,Z,w,p) + 8‘:11?‘ (I,6,Z,w,p)(Vu) + o(Vu), (1.78)
using Proposition 1.4.15, equality (1.63) and taking w = V. O

Considering equation (1.65b), equalities (1.19), (1.54), (1.60), Corollary 1.4.12, expressions
(1.72), (1.77) and neglecting the terms o(Vu) = o(e), we have:

First linearization of the energy equation (1FLE)

o0S* de
OCF(I 0 va)e =0 o0 (vu7 07zap) Vu— P()az

—Divq*(Vu,0,Z,V0,p) + f..

(L.,Z,p) : h(L,6,S*(Vu,0,Z,p),p)

Corollary 1.4.17. The energy equation associated with (LFLE) in terms of the Second Piola-
Kirchhoff stress tensor is

*

~ . 0S oe
pocr (1,0, Z,p)0 =0—-(Vu,0,Z,p) : Via — poaz( 1,0,Z,p) : h(L,0,8"(Vu,0,Z,p),p)
—Divq*(Vu,0,Z,V0,p) + f, (1.79)
with S* given by equality (1.74).

Proof. It is deduced analogously to the proof of Corollary 1.4.14, using expression (LFLE), equality
(1.60), considering expressions (1.75) and (1.76) for TtheT and Tplas, taking into account that

Telas( L0,p) = f]elas( I,0,p) and Definition 1.4.13. O

Obtaining a second linearization with respect to 6

This second linearization is done with respect to the temperature only on the thermal contribution

8Sther

of the first order obtained from previous linearization i.e., in the term . For this purpose, we
consider that the deformation gradient F and the temperature 8 are small perturbations of their

initial states, i.e., Vu = O(e) and 0 — 6y = O(g), € being a small parameter.
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Corollary 1.4.18. We have
S(F,0,Z,p) =1 + W)Teas(L, 0, p) + DivuTeas(1, 60, p) — Teras(L, 0, p)e(u)

8r]:‘e as - . - -
+ aFl\ (L 9,]9) : E(U) + Tther(:[a eap) + Div UTther(Ia 00717) + WTther(L 90719)
-~ arfl\:‘ther -
- Tthe'r‘(L 907p)€(u) + OF (Ia 907p) : E(u) + (I + W)Tplas (17 97 Z>p)
. = = 8rf[\‘plas
+ Div UTplas (Ia 97 Zap) - Tplas (Ia 97 Z,p)&'(U) + OF (17 97 Z)p) : E(u)
+o(Vu) + o(0 — 0p). (1.80)

Proof. The previous equality is deduced applying a Taylor’s formula around the point (I, 6y, Z, p)
on the thermal part of the first order obtained of the previous linearization (see expression (1.70))
to the response function S, in fact:

~

. S elas & OSiher
S(Fa 97 Z7p) :Selas(Ia evp) + : (17 Qap) :Vu+ StheT(Ia Oap) + th (17 907p) : Vu

OF OF
a 8Splas
+ Spias(L, 0, Z, p) + oF (L,6,Z,p) : Vu+o(Vu) + o(f — o). (1.81)
Hence, thanks to expression (1.53) and Proposition 1.4.11 we deduce the result. O

Definition 1.4.19. We define the tensor
Y(p.t) = Y(F(p,1).p).

Y being

v 8’1\‘ er
Y(F(p,t),p) = 87?(];@7 t),60,p).

Considering first linearization (1FLM), linearizing with respect to 6 in the terms O(Vu) for
the thermal part and neglecting the terms o(¢), motion equation can be approximated as follows:

Second linearization of the motion equation (20LM)

poui — Div S™(Vu,0,Z,p) = b,
where S** is the linearized part of the First Piola-Kirchhoff stress tensor (see equality (1.80)),
$*(V,0,2Z,p) =(1+ W)Teiaa(L,0,p) + DivuTeias(I,0,p) — Teras(I, 0, p)e()
+C(8,p) : e(u) + Tiper(L,6,p) + DivuTiper (L, 6o, p)

~

" - oT er
+ WTtheT(17 007p> - TthET'(Ia HOvp)s(u) + atP}‘L <I7 907[)) : E(u)

+ (L + W) Tpias (1,0, Z, p) + DivuTpas(L, 0, Z, p) — Tpias(L, 0, Z, p)e(u)
a'/]E‘plas
OF

_l’_

(1,0,Z,p) : e(u). (1.82)
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Corollary 1.4.20. The quasistatic motion equation associated with (20LM) in terms of the Sec-
ond Piola-Kirchhoff stress tensor is

— DivS**(Vu,0,Z,p) = by, (1.83)
with S** defined by equality (1.82) written in terms of the Second Piola-Kirchhoff stress tensor,

S**(Vu, 0, Z,p) =(1+ W) Z10s(1, 0, p) + DivuSeas(1, 60, p) — Zeias(L, 0, p)e(u)
+ a(eap) : E(u) + fzthe?”(]:a evp) + (W + E(u))gther(]:a 007p)

~

0x er >
P01 () (1 W 0 Sy0102,)

03 pias
+ a;{ (1,6,Z,p) : e(u). (1.84)

Proof. The proof is deduced from second linearization (20LM) thanks to equalities (1.75), (1.76)
for Tiper and Tps, taking into account that Teqs(I,6,p) = Xees(1, 0, p) and Definitions 1.4.13,
1.4.19. O

Proposition 1.4.21. The approzimation of the heat flux considering this linearization takes the
form:

q**(Fa 9, Zv Veap) :a(Ia 07 Za vaap) + Div ua(:[? 90) Z7 vevp) - Vua(lv ‘907 Z7 vevp)

Jq Jq ¢
+ g (100, 2,V0.p)(Vu) = = (1,0, Z, V0, p) (Vu'V0)
+o(Vu) +o(0 — 6y). (1.85)

Proof. Tt is deduced applying a Taylor’s formula around the point (I, 6y, Z, w,p) on the first order

0 : . o . P
term 2 of the previous linearization (see expression (1.78)) to response function q:

OF

~

0q«
OF

(Al*(F» 95 Z7 va) = a*(Ia 07 Za Wap) + (I? 907 Za W,p)(VU) + O(Vll) + 0(9 - 90)7 (186)

using Proposition 1.4.15, equality (1.63) and taking w = V. O

Considering first linearization (1FLE), linearizing with respect to 6 in the terms O(Vu) for
the thermal stress and the heat flux response functions, neglecting the terms o(e), energy equation
can be approximated as follows:

Second linearization of the energy equation (20LE)

.98 % -
poer(L.0,2, )0 =07 (V0,0.2.p) - Vit~ po 0 (16,2,p) : B(1L0, 8" (Vu.0.Z.p).p)

— Div q**(vua 05 Za vevp) + f*a

with S** given by expression (1.82) and q** by equality (1.85).
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Corollary 1.4.22. The energy equation associated with (20LE) in terms of the Second Piola-
Kirchhoff stress tensor is

pO/C\F(:[? 05 Z,p)9 =0 aase (vuv 9) va) Vu — £0 gz( 0 Z p) h(I’ 05 S** (vua 05 Zap)ap)
—Divq™(Vu,0,Z,V0,p) + fs, (1.87)

where S™* and q** are given by expressions (1.84) and (1.85) respectively.

Proof. This equation is obtained from expression (20LE), equality (1.60), thanks to expressions
(1.75), (1.76) for Tthw and Tplas, taking into account that Telas(I 0,p) = Eelas(I, 6, p), Definitions
1.4.13 and 1.4.19. O

Obtaining a third linearization with respect to Z

This third linearization is done considering that the internal variable Z is a small perturbation
of its initial state, i.e., Z — Zo = O(g), € being a small parameter, besides considering that the
deformation gradient F and the temperature 6 are small perturbations of their initial states, i.e.,
Vu = 0(¢) and 6 — 6y = O(e) in same way the previous linearization.

Corollary 1.4.23. We have

S(F,0,Z,p) =1+ W)Teas(L, 0, p) + Div uTesas(L, 0, p) — Teras(L, 0, p)e(u)

a’i\‘e as A . =~ o
+ 8:5{ (I’ ‘971?) : E(u) + Tthe'r(Ia 97]3) + Div UTther(Ia 90717) + WTther (17 9(),]3)

. OT her .
- Tther(:[?e()vp)e(u) + th (I7 907])) : E(u) + (I+W)Tplas(1767 ZO)p)

OF
. s anlas
+ Div UTplas(Iaey 207 ) plas(I 9 Z(), ) ( )+ OF (1707Z07p) : E(u)
8rf[\‘plas
+ (1,8,Zo,p) : (Z —Zo) + o(Vu) + o(0 — 0y) + o(Z — Zy). (1.88)

0Z

Proof. The previous equality is deduced applying a Taylor’s formula around the point (1,6, Zo, B)
on the plastic part of the previous linearization (see expression (1.81)) to the response function S,
in fact:

Q Q ageas ) 6§ er
S(F.6,2,p) =Suias(L,0,p) + 2 (L.6,p) : Vu + Syper (1,0, p) + =2 (L, 60, p) : Vu

. S s S pias
+ Spias(I,0,Zo, p) + aii (I,0,Zo,p) : Vu + 8]% (I,0,Zo,p) : (Z — Zyo)

+o(Vu) +o(0 — 6y) + o(Z — Zy). (1.89)

Hence, thanks to expression (1.53) and Proposition 1.4.11 we deduce the result. O
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T
a;ias around Z = Z

and neglecting the terms o(¢), we can approximate the motion equation as follows:

Therefore, given the second linearization (20LM), linearizing '/I\‘plas and

Third linearization of the motion equation (3ZLM)
pou — Div S™*(Vu,0,Z,p) = b,,
S*** being the linearized part of the First Piola-Kirchhoff stress tensor (see equality (1.88))
S (V,0, Z,p) =1+ W) Teias(L, 0, p) + DivuTesas(I, 0, p) — Teras(L, 0, p)e(u)
+C(0,p) : €(u) + Typer(L,0,p) + DivuTiper (L, 0, p) + WTiper (1, 60, p)

. OT sher -
- Tthe’r(I’ Qg,p)E(u) + 8;1 (Ia QOap) : E(U) + (I + W)Tplas(Ia 97 ZOvp)

- IT pias
+DiVUTplas(Iaea Z07p) plas( 9 Zo, ) ( )+ aiﬂl (I,e,zo,p)ZE(U)

a’f[\‘plas
0Z

Corollary 1.4.24. The quasistatic motion equation associated with (3ZLM) in terms of the
Second Piola-Kirchhoff stress tensor is

— DivS*™*(Vu,,Z,p) = b,, (1.91)
with S** defined by equality (1.90) written in terms of the Second Piola-Kirchhoff stress tensor,
S™*(Vu,0,Z,p) =1+ W)Seias(1,0,p) + DivuSesas(1,0, p) — Seras (1,0, p)e(u)
+C(0,p) : £(u) + Ster(L6,p) + (W + (w) Styer (L. 60, )

i 8Ethe7" (I, 907p) . €(u> -+ (I+W+€( )) plas( 9 Z07 )

—+

(1,0, Zo,p) : (Z — Zy). (1.90)

OF
82;}[&3 . 82;}[&3 .
+ OF (17 07 ZOap) : E(U) + o7 (17 07 ZOvp) : (Z - ZO) (192)

Proof. The proof is deduced from expression (3ZLM) thanks to equalities (1.75), (1.76) for Tiher
and T\, taking into account that

r-/[\‘elas(L gap) = 2eICLs(:I:70ap>v (193)
OT s O plas
g (1.6, Z0.p) : (Z — Zo) = —5*(1,6,Z0.p) : (Z — Zo), (1.94)
and Definitions 1.4.13 and 1.4.19. O

Proposition 1.4.25. The approzimation of the heat flux considering this linearization takes the
form:
qQ™*(Vu,0,Z,V0,p) =q(1,0,Zy, V0,p) + Divuq(l, by, Zo, VO, p) — Vuq(l, 6y, Zo, VO, p)

~ A~

oq 0
+ BF( 907 Zy, VQ p)(vu) 8\?\7 (17 907 Zy, Vﬁ,p)(VutVG)

SZ( 00,20, V0,p)(Z — Zg) + o(Vu) + 0o(0 — 0y) + o(Z — Zy). (1.95)
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Proof. 1t is deduced applying a Taylor’s formula around the point Z = Zg on the previous lin-
earization (see expression (1.86)) to response function qy:

~ ~ q 09,
q*(F,G,Z,W,p) :q*(IaeaZOaW’p) OF ( 00,Z07W p)(vu) Y/ ( 007Z0aw p)(z ZO)
+o(Vu) +0(0 —6y) + o(Z — Zy),
using Proposition 1.4.15, equality (1.63) and taking w = V#. O

~

8r:[‘plas ~
OF and the heat flux q

around Z = Zg, and neglecting the terms o(¢) we can approximate the energy equation as follows:

Finally, given the second linearization (20LE), linearizing ’i‘plas,

Third linearization of the energy equation (3ZLE)

N . OS™ oe
pocr(1,0,Z,p)0 =0 20 (Vu,0,Z,p): Va — P05z L

— Divg*™*(Vu,0,Z,V0,p) + f,

(1,0,Z,p) : h(I,G,S***(Vu,H,Z,p),p)

where S*** is given by expression (1.90) and q*** by equality (1.95).

Corollary 1.4.26. The energy equation associated with (3ZLE) in terms of the Second Piola-
Kirchhoff stress tensor is

. . 88*** 8/\
pocr(1,0,Z,p)0 =0 50 (Vu,0,Z,p) : Va — pg 8Z( 0,Z,p) : h(I, 0,S**(Vu,0,Z,p),p)
- Divq***(Vu,Q,Z,VG,p) + f*a (196)

S*™* and q*** defined by equalities (1.92) and (1.95), respectively.

Proof. This equation is obtained from expression (3ZLE), equality (1.60), thanks to expressions
(1.75), (1.76) for Tiher and Tplas; taking into account (1.93) and (1.94) and Definitions 1.4.13 and
1.4.19. ]

1.5 Example: Maxwell-Norton materials with heat conduction

In this section we present an example of thermoviscoelastic materials with long memory: the
Maxwell-Norton materials with heat conduction. The main difficulty is the choice of appropriate
response functions for the Cauchy stress tensor associated with these materials in order to guarantee
the second principle of thermodynamics, that is verifying hypotheses (H1)-(H4).

Definition 1.5.1. A thermoviscoelastic material with long memory is called a Mazwell-Norton
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material with heat conduction if

~ 1 ~

Torus(F.0.p) = ——FA16,p) : EF! 1.
elas( P ,p) det F ( ,p) y ( 97)

_ 1 0 ~

Tiper(F,0,p) = ~9eiF (/00 a(r) d7'> A7 (0,p) : IB, (1.98)

~ 1 ~

Tyus(F.0.Z.p) = ————FA 10, p) : ZF? 1.
plas( ) ap) det F ( ap) ) ( 99)

a(F,0,Z,w,p) = —k(0,p)w, (1.100)

&(F.0,Z,p) = (0) 06, (A (0,p) : (B~ 7)), (1.101)

for all F € Lin™, 0 ¢ RT, Z € Sym, w € V and p € B, where:

o A is the elasticity tensorial function defined as

(0,p) e RT x B — K(Q,p) : Sym — Sym
_1+v(0p)  V(0,p) (T,
E(0,p) E(0,p)

T — AO,p): T

E(0,p), D(6,p) € CL(RT xB;R) being the response functions associated with Young s modulus
and Poisson’s coefficient, respectively. The inverse of A is defined by:
(0,p) ERT x B — K_l(Q,p) : Sym — Sym
7 — A Y0, p) s T=M0, p)tr(T)I + 27i(6, p)T,  (1.102)

with //\\(H,p), 1(0,p) € CLR x B;R) the response functions associated with Lamé s param-
eters of the material and related to E, U by,

< E@6.0)90,p) o E@p)
A0, p) = (1 +2(0,p)(1—20(0,p)) Al.p) = 2(1+2(60,p))

C-1
e E = is the Green-Saint Venant strain tensor, C = F'F and B = FF! are the right

and left Cauchy-Green strain tensors, respectively.

e & : R™ — R is a smooth enough response function associated with coefficient of thermal
ezpansion where 6y € RT given.

o k:R* x B R is the smooth enough response function associated with the thermal conduc-
tivity of the material.

¢ : RT — R is a smooth enough function, such that ©(s) > @min > 0.

¢q 1s the plasticity potential defined from Sym to R as

¢g(T) = 217%, (1.103)



1.5. Example: Maxwell-Norton materials with heat conduction 43

where ¢ > 2 is a strictly positive material parameter and T represents its deviatoric tensor
1
7P =7 — —tr(7)I, n being the dimension of the space, in particular, in our case n = 3. Its

n
subdifferential 0¢4 : Sym — Symy is

Dpy(T) = |7P|9727P. (1.104)

1.5.1 Verifying the hypotheses (H2)-(H4)

In order to prove the following result we introduce the spaces:
H = L*(B,Sym) and H? = {7 € H such that 77 € LY(B; Sym)} C H.

Lemma 1.5.2. The Mazwell-Norton materials satisfy hypothesis (H2): given a motion X, a
function 6 : T —R™ such that 0,, € L=(B x R;R") and a tensorial function Zy : B — Sym such
that Zo € HY. There exists a smooth tensorial function Z : T — Sym, unique solution of the
system.:

{ Z(w,t) = (0, 1)06, (A1 (0, ),p) : (B(p,t) — Z(w,1)) ) in T, & = X(p, 1), (1.105)
Z(X(p,0),0) = Zo(p),

in L*(T, Sym).

Proof. In order to prove this lemma, we use a result given by Attouch and Damlamian [9] and
the methodology used by Blanchard and Le Tallec [22]. Let X, 0 and Zg be given, and t; € R
arbitrary. We rewrite problem (1.105) in its material formulation:

{ Zm(p,t) = @(0m(p,t))0d, (/A\‘l(@m(w),p) : (B(p,t) — Zm(p,t))) in B x (0,ty), (1.106)
Zm(p,()) = ZO(p)7 pGB,

Z(p,t) belonging to L?(B x (0,ty); Sym).
To simplify the proof, we consider the following notation:

o 2(p,t) = ©(Om(p,t)),

o A(p,t): 7= Kil(ﬁm(p,t),p) T,

o i(p,t) = fi(0m(p,t), D),

at each point p € B and at each time instant ¢t € (0,¢7). If we define

%@mﬂzamwMéQ%M@wwm

and taking into account definitions (1.102)-(1.104), we obtain

1

Uo(p,t,7) = G(p,t) (20(p, 1)) dg (7). (1.107)
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Consequently,
OUy(p,t,)(T) = B(p, 1) [27i(p, )] 1721727 = B(p, )06 (A(p, 1) : 7).

Thanks to properties of the subdifferential (see Subsection 2.2.1 or Djaoua and Suquet [35]) the

function
CDQ(t’T) = / ‘Ijq(p,t,T) dp7 (1108)
B
verifies that 0®4(¢t,)(7(p)) = 0¥4(p,t,-)(7(p)). Therefore, if we consider the change of variable
U=E - Z,, € Sym, we have an equivalent formulation to problem (1.106) given by:

U +03,(t,U) = E in L*B,Sym) and a.c. t € (0,ty), (1.109)
u) = Z. .

In order to solve Cauchy problem (1.109) using Theorem 1 from Attouch and Damlamian [9], we

need the following properties:

i) H is a real Hilbert space.

ii) (@q(t,))te(0y) is a family of convex, proper and lower semi-continuous functions defined
from H — (—o00,400] (see Subsection 2.2.1 or Barral et al. [12]).

iii) Domain ((®4(t, -))te(07tf)) = HY is independent of time.
iv) Vr € H1,Vt, s € (0,ty) there exists a € Wh1(0,¢¢;R) and ¢ > 0 such that
[®4(t,7) — Og(s, T)| < |a(t) — a(s)| [Rq(t, T) +c]. (1.110)
In order to prove this assertion, we take into account that ¢ and g verify:
e € L®(Bx (0,tf);R) and @(p,t) > Pmin >0, a.e. in B x (0,ty); in consequence

(p,?)

Pmin

3SX

>1 ae inBx(0,tf). (1.111)

o i€ L®(Bx(0,tr);R) and fi(p,t) > pmin >0, a.e. in B x (0,t5); in consequence
fip, t)
Hmin

Then using definitions (1.108), (1.107) and (1.103) we have

=

>1 ae inBx(0,ty). (1.112)

‘<I>q(t,7') — <I>q(s,7')’

/ L 3(0.1) 2R(p, 1)1 |70 ()| 9dp — /B ; B(p. 5) (27(p, )1 |TD<p>rqdp\

B B4

< [ 1B @) = 30,925 | [0 0) " dp

q9J8

< 1/ [‘(2/7(17,75))‘1_1(&(29775) — o(p, 5)){ + ‘@(p’ 5)((2}7(]9,15))(1_1 — (2(p, S))q_l)”
q9J8

172 (p)|" dp.
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Thanks to properties (1.111) and (1.112), we get
D (£, 7) = Bg(s, )|

< {;gg @ )" (1) = B )| + sup [ ) (270, 0)* = 27, s))‘H)\}

1/ @(p,t)(20(p, 1)*
q.JB Pmin (2ﬂmin)q71

Furthermore, using again definitions (1.103), (1.107) and (1.108), we obtain
1
B0l 27 1) = (2R ) e Bt 7).

|72 (p)|* dp.

|[Bq(t,7) = Py(s,7)| <

)q,1 ||(2ﬁ(7 t))Q71 ”LOO(B) H&(’ t) - @(7 S)HL"O(B)(DQ(ta T)
. 1

Hence, we consider the functions a; and as defined as:

t 9> t
s ou s pEB

[ 2 "

9% (p, u)

u

t
du:/ ar(u)du,

(-, t) — &, o =
o [|2(t) —&( S)HL (B) Isolelg

o H(zlj('vt))qil - (2}1('7 3))q71HL°°(B) - 21612

t
g
s peEB

Taking into account the previous inequalities, we deduce

ou

d(2(p,u))*!
ou

t
du:/ as(u)du.

c t
|Dg(t,T) — Py(s, T)| < o (2; T </ supai(u)du> D,(t,T)

< a
T Omin (2,Umin)q_1

t s
/ sup a;(u)du — / sup a;(u)du
0o i 0 i

K3 K3

(I)Q(t’ T)a

where c; is a real positive constant.

Finally, we can conclude inequality (1.110), taking

t
C1

a(t) = sup a;(u)du

( ) Pmin (2ﬂmin)q_1 /) i Z( )

and ¢ = 0.

Therefore, we can apply Theorem 1 given by Attouch and Damlamian [9] which guarantees the
existence and uniqueness of the solution of problem (1.109) and in consequence of problem (1.105),
with E(-,t) € L?(B, Sym)). Furthermore,

t

Z(X(0.0).0)= [ (00X (0,).5)) 06, (31 (01X (0.).5).5): (Blp.5) = Z((X(p.5).).5)) ) ds

0
+Zo(p), VpeBandte(0,ty). (1.113)

O]
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Lemma 1.5.3. The Mazwell-Norton materials satisfy hypothesis (H3):
there exists h : Lint x RT x Sym x B — Sym such that,

g(F.,0,Z,p) = h(F,0,T(F,0,Z,p),p), VYFe Lin",0 cR",Z e Sym and p € B.

0
Proof. Taking into account that the deviatoric tensor of </ a(r) dr> A=1(0,p) : Tis null, expres-
0o
sions (1.97)-(1.99), (1.101) and equality (1.19), we can deduce

g(F.0.2.p) = ¢(0) 06, (A'(0.p) : (E - 2))
(i o (Looe)r-)
0) D, <det FF- [d T (A_l(Q,p): (E — </0: a(r) dr>I — z)) Ft} F—t)

( )8¢q detFF |:Telas(F 0 p) + Tther(F 0 p) + Tplas(F 9 Z p)] F- t)

= (0) D¢, (detFF_lT(F, 0, Z,p)F_t> .
Hence, we can conclude the result defining
h(F,0,T,p)=¢(0) 0¢, (det FF'TF "), (1.114)

forall F € Lin*t, 0 € RT, T € Sym and p € B. O

Lemma 1.5.4. The Mazwell-Norton materials satisfy hypothesis (H4):
For all F € Lin™, there exists Z € Sym such that the function g verifies:

g(F,0,Z,p) =0, VYOcR" andpc B.

Proof. Evaluating expression (1.101) with Z = E, we obtain the result, i.e. in this case Z = E. [

Remark 1.5.5. For the Mazwell-Norton materials with heat conduction Theorem 1.3.6 and Lemma
1.3.8 are satisfied under the assumptions of Lemma 1.5.2.

1.5.2 The motion and energy equations in the deformed configuration

From now on, we omit the dependence on the different operators and functions with respect to
the material point p.

In order to give the expressions of the motion and energy conservation equations, we calculate
some derivatives of the response functions associated with the Maxwell-Norton materials with
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heat conduction:

8rf[\‘elas _ 1 A-—1/ . t
o« TOe(F.0) = ——FA(0):EF (1.115)
o 8Tther (F 0) _ _ 1 a(a)]\\—l(g) -IB + /6 a(r) dr ;\\_1 ,<9) :IB (1116)
00 det F 6o ’
a'/]E‘plas o 1 A—1/ . t
I (F,0,2) = ———FA1(0) : ZF, (1.117)

for all F € Lin*, § € RT and Z € Sym.

Corollary 1.5.6. The momentum and energy conservation equations in the deformed configuration
for Mazwell-Norton materials with heat conduction are respectively as follow

1 ~
v = di FA ') : E . F| +b i
pv = div [detF (0) : Eelas } +binT,
pepl ——— [7\—1 "(0) : Eeras — AO)A1(0) - 1} F': L
det F ehas

- pgp(@)g;\(F, 0,Z) : 9o, (7\—1(9) (E - Z)) + div (E(a) grad 9) Y fanT,

with
po = Pdet F,
0
Ees = B — (/ a(r) dr) -2
)

Z = 0(0)0¢y(A~1(0) : (E—1Z)) in T.

Proof. They are deduced from equations (1.46a)-(1.46¢), taking into account equalities (1.97)-
(1.101) and (1.115)-(1.117). O

1.5.3 The motion and energy equations in the reference configuration

Lemma 1.5.7. We have

8Telas X o 1 A-1 . t -1 1 A—1 . t
F (F,0): U =— detFFA 0) : EF' tr(UF 1) + detFUA ) :EF
1 .~ 1 - U'F F'U

FA Y0): EU '+ ——FA1(0) : F!

+detF (0) U +detF () 2 + 2 ’

for all F € Lin™, § € RT and U € Lin.

Proof. Taking equation (1.97) we get

Te1os(F,0) det F = FA~'(6) : EF,
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and applying the product rule of the differential calculus, we deduce:

arj\:‘elas
OF

—UA () : EF' + F;F (7\—1(9) : E) :UF'+FA~1(9) : EU". (1.118)

(F,0) : UdetF + T 04 (F,0) det F tr(UF 1)

Thanks to definition of the Green-Saint Venant strain tensor and expression (1.102) we have:

0

J [~ C-1 . C—1
a c-1 |:v

A7) E| U= )= 5T 27(0) =5

_9 _X(O);(tr(FtF) _ 34 zﬁ(e)Fth I} .U

[~ 1
= A(9)§(F :F —3)I+ u(0)(F'F — I)] U
-~ 1 -
= )\(9)5(2U :F)I+ 7(0)(U'F + F'U) = A(0)(U : F)I + 1(0)(U'F + F'U).
Thus, taking into this equality in expression (1.118) we can conclude the result. [

In order to obtain the motion and energy equation in Lagrangian coordinates we calculate the
expressions for the First Piola-Kirchhoff stress tensors; thanks to equalities (1.55)-(1.57), (1.97)-
(1.99) we get:

§elaS(F79) = FK_I(G) : E, (1119)
6

Syner(F, 0) = —3 ( / a(r) dr) RO)F, (1.120)
0o

Spias(F,0,2) = ~FA™'(0) : Z, (1.121)

. 1 ~
where K(0) = =(3\(0)+27(0)) is the bulk modulus and hence, using (1.58) we deduce the following
3

expressions for the Second Piola-Kirchhoff stress tensors:

2elczS(F 0) (9) (1122)
6

Siher(F,0) = —3 / a(r )K 01, (1.123)
6o

Sy1as(F,0,Z) = —A~! (1.124)

Corollary 1.5.8. The motion equation and the energy equation in the reference configuration for
Mazwell-Norton materials with heat conduction are

poit =Div (F A1) : Eelas) +b,,
pocrl =0F [K*“(e) : Eojas — 3&(9)}?(0)1} Vi
(&

oe ~
~ o (0) 5 (F.0.Z) : 96, l) +Div(k(9)detF(FtF)_1V0) +
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where

7 = o(0)0¢, (7\—1(9) : El) .

Proof. The results are deduced from equations (1.65a)-(1.65b) using expressions (1.119)-(1.121)
and taking into account equality (1.60) to obtain that

Z = p(6)06, (F'S) .

1.5.4 Thermoviscoelastic linearizations of the motion and energy equations

We assume as in Subsection 1.4.2 that the reference configuration is the initial equilibrium position
of the body: By = B, and Ty, by, 8o, qo, fo, po and Zg are the initial values for the Cauchy stress
tensor, the body forces, the temperature, the heat flux, the heat source, the density of mass and
the internal variable Z, respectively; we assume that they verify equilibrium equations (1.66) with
Zy =0 and T( = 0 in order to have the reference configuration like a natural state.

Lemma 1.5.9. For Mazwell-Norton materials:

i) the elasticity tensor C() is related with the elasticity tensorial function A=1(0) by:

Tt T Tt T

CO):7=A"10): < 5 ) = A(0)tr(T)I + 271(6)( 5~ ). V7€ Lin,
i1) the tensor Y is
Y(F) — T YPRYS . _La(b) »
Y(F) =~ —=a(60)C(0) : 1B = ~3- ~= K (60)B.

Proof. i) Considering Definition 1.4.13 and Lemma 1.5.7, we have for all U € Lin

GH):U = a?;“ (L0): U=23"10): (Ut ; U> — [X(e)tr(U)I +21(0) <Ut ; U)] ,

since for F =1, E = 0.

ii) Thanks to Definition 1.4.19, equalities (1.116), (1.102) and taking into account the previous
item, we conclude the result.

O

Hereafter, we take into account the following properties of the response functions associated
with Maxwell-Norton materials with heat conduction:

° T‘elas(l, 0) = /S\elas(:[a 0) = f]elas(l, ) = 0 for all § € R, since the Green-Saint Venant strain
tensor is null as F =1,
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o Tiper(F,00) = Siner(F, 00) = Siher(F,00) =0, for all F € Lin™, and

° f]theT(F,H) and f)plas(F, 0,Z) are independent of F.

Thanks to equalities (1.122)-(1.124) we deduce from equations (1.73) and (1.79) associated with
the first linearization of motion equation (1IFLM) and of energy equation (1FLE), respectively,
taking into account expression (1.74) for Maxwell-Norton materials with heat conduction:

Problem (1FL-MN)

o~

( _Div (A 1(9) : e(u) — (I+ Vu) [K*l(a) (B — Em)D = b,, (1.125a)

pocr(L,0,Z)6 = —8 [(1 + Vu) (7\—1'(9) . (E — Eias) )} . Va
+0 [K—l'(e) L e(u) — 36(0)K (6)(1+ vu)] . Vit

—pogo(ﬁ)a—é\(l, 0,7) : 0¢, (K—l(e) ce(u) — (I+ Vu) [K—l(e) (E — Eelas)D

o7
“Div (—%(9)(1 + Divu)Ve + 2%(e)s(u)ve) + fa, (1.125b)

Z = (0)06, (R7(6) : e(w) — (1+ V) [A7(6) : (E — Eetas) | ) -

Considering equalities (1.122)-(1.124) again, we deduce from equations (1.83) and (1.87) associated
with the second linearization of motion equation (20LM) and of energy equation (20LE), respec-
tively, taking into account expression (1.84) for Maxwell-Norton materials with heat conduction:

Problem (20L-MN)

_Div (Klw) : <€(u) - ( /9 9 a(r) dr) 1) (14 Vu)h(6) : z) ~ b, (1.1264)

A~

"
—pggp(&)gg(l,ﬁ, Z) : 0, (7\—1(9) : (e(u) - ( 6: a(r) dr) I) — (I +Vu)A~'(6) : z)
k

7 = o(0)06, (7\—1(9) : (s(u) _ ( /9 9 a(r) dr) 1) I+ Vi) z) .

Taking into account equalities (1.122)-(1.124) again, we deduce from equations (1.91) and (1.96) as-
sociated with the third linearization of motion equation (3ZLM) and of energy equation (3ZLE),
respectively, considering expression (1.92) for Maxwell-Norton materials with heat conduction:
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Problem (3ZL-MN)

~Dive (6, u,Z) = b,

pocr(1,0,Z)0 = 6 [ge (6,u,Z) — 3a(60)K () Vu| : Vi
oe _
—poe(6) 5 (1.6, 2) : 96, ((6, 1, 2))

“Div (—E(e)ve — %(60)Divu V8 + k(8)Vu Vo + E(eo)vutve) + o,
Z = ¢(0)0¢, (3(0,u,Z)),

being
G(0,u,Z) = A" (0) : €pas(u), (1.128)

with

€ otas(1) = (u) — (/: a(r) dr> -7 (1.129)

Remark 1.5.10. We notice that for Problem (3ZL-MN), o(0,u,Z) = S**(Vu,0,Z,V0) is the
response function of o which is the linearized Second Piola-Kirchhoff stress tensor, considering a
linearization for 3 as the described one in the proof of Corollary 1.4.24.

Proposition 1.5.11. The classical mechanical behaviour law for Mazwell-Norton materials (see
Friaa [52], Lemaitre and Chaboche [79] and Barral et al. [12]) is

~

e(u(p,t)) = AO(p, 1)) : a(p,t) + a(0(p,1))0(p, )T + 0 (0(p, 1)) Ig( (p, 1)),
for allp € B and t € (0,ty).

Proof. Applying K(Q) to expression (1.128), taking into account equality (1.129) and deriving with
respect to the time, we obtain

o~

A(Q(p, t)) : O'(p, t) - E?( (p,t)) (9(p, t))é(p’t)I - Z(p, t)v

for all p € Band t € (0,ty), with Z(p,t) given by
Z(p,t) = (8(p, 1)) 004 ((p, 1))

Hence, we can deduce the result. O

Remark 1.5.12. The energy equation from Adam and Ponthot [1] is similar to our one of Prob-
lem (3ZL MN): their coefficients also depend on temperature but they do not consider the term
—30(00) K (0p)Vu : Va and they only include the term —k(0)V0 for heat flux. Furthermore these
authors consider the same motion equation like Problem (3ZL-MN).

Remark 1.5.13. The motion equation from Problem (3ZL-MN) has been considered to simulate
the aluminium casting process (see Barral and Quintela [14] and Barral et al. [11]).
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Part 11

Mathematical analysis of a viscoelastic
problem with temperature-dependent
coeflicients.

93






Table of Contents

2 Existence and uniqueness of a viscoelastic problem 57
2.1 Introduction . . . . . . . . . L a7
2.2 Mathematical Model . . . . . . . .. o8

2.2.1 Plasticity potential’s properties . . . . . . . .. ... ... ... ... .... 61
2.2.2 Problem (Pr) . . . . . . .. 61
2.3 Choice of a Functional Framework . . . . . . . ... ... ... ... ... .. 62
2.3.1 Space of displacement fields . . . . . . ... ... 0oL 62
2.3.2 Spaceof stress fields . . . . . . .. L 63
2.4 Existence and Uniqueness of Solution . . . . . . . . ... ... ... L. 64
241 Assumptions . . ... L e 64
2.4.2 Existence and uniqueness of a solution of Problem (Pr) . . . ... ... .. 65

3 Regularity of a viscoelastic problem 95
3.1 Introduction . . . . . . . . .. 95
3.2 Preliminary notation . . . . . . . ... L L 95
3.3 Mathematical Model . . . . . . . .. L 97

3.3.1 Existence and uniqueness of solution . . . . . .. ... ... 99
34 Hi . Regularity . . . ... ... e 100

3.5

HE  Regularity . . ... ... .. 114




o6

TABLE OF CONTENTS




Chapter 2

Existence and uniqueness of a
viscoelastic problem

2.1 Introduction

In this chapter, we consider a thermoviscoelastic problem with mixed displacement-traction bounda-
ry conditions. The behaviour law is the sum of the thermal and viscoelastic effects modelized by
Arrhenius and Maxwell-Norton laws respectively, with coefficients depending on temperature. This
problem arises from the modelling of processes in the aluminium industry (see Drezet et al. [36])
and it has several applications like extrusion and lamination of metals and alloys as well as the
modelling of the deformation of alloy structures exposed to fire, where temperature changes play
a fundamental role. Although for the numerical simulations of such deformation it is necessary to
consider a fully thermomechanical coupled problem, for simplicity, in this part we only consider
the mechanical problem assuming that the temperature has been previously computed. This prob-
lem coincides with the linearized motion equation of Problem (3ZL-MN) studied in the previous
chapter.

The mathematical analysis has been divided into two chapters. In this first one, we prove the
existence and uniqueness of solution, which was published in Barral et al. [12]; the regularity pro-
perties of this solution will be the aim of Chapter 3, whose results were gathered in paper Barral
et al. [13].

In the literature there exist several existence results for viscoelastic problems of the Maxwell-
Norton type: Djaoua and Suquet [35] and Le Tallec [78| consider mixed boundary conditions and
Barral and Quintela [15] extend the results for a Signorini contact problem; in all these papers
the coefficients are time independent but, as we have remarked, our aim is to model processes
with temperature variation. In Blanchard and Le Tallec [22], the proof given in Le Tallec [78]
is extended to a Maxwell-Norton law with viscoelastic coefficients depending on time and space;
nevertheless, the behaviour law includes neither the thermal strains nor the derivative of the elas-
ticity tensor with respect to time. It is also worth noting that there are several existence results for
other viscoelastic and plastic behaviour laws: for example, a thermoviscoelastic law under contact

o7
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conditions with Coulomb friction is presented in Eck |46]; however, the plastic part is linear and
the elastic and viscoelastic coefficients are temperature independent. In Hlavac¢ek and Whiteman
[69] a result of existence and uniqueness for elastoplastic laws with isotropic hardening is given
but temperature dependence is not considered.

The main contribution of this part is that we assume a complete temperature dependence of
the behaviour law. For that purpose, we follow the techniques used in Barral and Quintela [15]
and Djaoua and Suquet [35]. The proof consists of discretizing the problem in time, proving the
existence and uniqueness of solution for the discretized problem and passing to the limit. The
main difficulties are calculating a priori estimates and deducting the constitutive law for the limit
of the discrete solutions; those difficulties come from the temperature dependence of the elasticity
tensor.

This chapter is outlined as follows: firstly, we will describe the mathematical model. After
introducing in the Section 2.3 the appropriate functional framework, in Section 2.4 we will prove
the existence and uniqueness of solution of the problem.

2.2 Mathematical Model

Following with the model developed in the previous chapter, we consider the mechanical submodel
of Problem (3ZL-MN), corresponding to the third linearization of the quasistatic motion equation
(3ZLM) for Maxwell-Norton materials with heat conduction (see Subsection 1.5.4, Chapter 1).
So, we are going to study the existence and uniqueness of a mechanical problem whose equilibrium
equation is given by:

—Dive (0, u,Z) = b,, (2.1)

with '
Z=0¢4(0(0,u,Z)). (2.2)

The linearized Second Piola-Kirchhoff stress tensor & (6, u,Z) is obtained as follows:
& (0,u,Z) = A71(8) : £eis(u), (2.3)

where

Eelas(1) = €(u) — (/99 a(r) dr) I-7Z. (2.4)

0

It is recalled that in expressions (2.1)-(2.4) we use the following notation:

e 0 is the absolute temperature.
e u is the displacement and e.qs(u) is the elastic part of e(u) = 3(Vu + Vu').
e Z is the internal symmetric second order tensor and Z its evolution with respect to time.

e b, are the body forces per unit volume at the reference configuration.
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e ¢, is the plasticity potential defined from Sym to R as

©) | _pa
¢q(T) = ’7' | 5 (2.5)
q
where © : RT — R is a smooth enough function, such that ©(s) > ©,,;, > 0 and ¢ > 2 is a
strictly positive material parameter. Given any tensor T, 7P represents the deviatoric tensor

1
7P = 7 — —tr(7)I, n being the dimension of the space and I being the identity tensor. Its

subdifferengal O0¢q : Sym — Symy is
O0¢qy(T) = 0(0)|rP 24D, (2.6)

Here | - | denotes the norm induced by the usual scalar product, Sym is the subspace of Lin
of all symmetric endomorphisms and Symyg is the subspace of Lin of all symmetric endo-
morphisms whose trace is null.

Notice that equalities (2.1)-(2.2) with (2.5) are equivalent to expression (2.2) introduced
in the previous chapter (see Problem (3ZL-MN) Subsection 1.5.4). In this part we take
this expression of the plasticity potential in order to simplify and improve the notation of
the behaviour law.

e A is the elasticity tensorial function defined as

(0,p) € RT x B — K(Q,p) : Sym — Sym

:1+W&m7_g@m%dﬂL

T — ANO,p): T E(H,p) B 0.p)

E(9,p), (6, p) being the response functions associated with Young's modulus and Poisson’s
coefficient, respectively, and p the material point. The inverse of A is defined by:

(6,p) €ERT x B— A~'(8,p) : Sym — Sym
T — A71(0,p) : T=A(0, p)tr(T)T + 27(6, )

where X(Q,p), 11(0,p) are the response functions associated with Lamé’s parameters of the
material and related to F, U by

E(0,p)D(6,p)
(1+2(0,p)(1 —20(0,p))

A detailed description of the elastic behaviour law can be found in Ciarlet [28] and Gurtin

[65].

E(0,p)

N0 1+ 7(0.07)

, (8, p) =

e @ : R"™ — R is a smooth enough response function associated with coefficient of thermal
expansion. In equation (2.4), 6 € R is the initial temperature.

In this chapter, we choose as reference configuration the initial equilibrium position of the
body: Bg = B. From now on, in order to simplify the notation we will omit the * of the response
functions and the -, of the body forces.
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From equality (2.4), we can obtain the deformation tensor, e(u), as a superposition of elastic,
Eclas(1), plastic, €pjqs(u), and thermal, e4pe,1, contributions:

e(u) = ecias() + etperI + €pras(n), (2.7)
where:
e the elastic deformations are related to the stress tensor o by Hooke's law with coefficients
depending on temperature, given by
Ectas(u) = A(0) : o (2.8)
e the viscoplastic part is
Eplas(1) = Z.
Notice that from equality (2.2), we obtain that
Eplas(1) = 0dy(0), (2.9)
which is the classical Norton-Hoff law (see Friaa [51, 52]):

e and finally, we consider that the thermal law is a generalization of Arrhenius’s law:

0
5th€r:/ a(r)dr. (2.10)

0o

Furthermore, if we derive equality (2.7) with respect to the time and we replace equations (2.8)-
(2.10), we obtain the classical mechanical behaviour law for Maxwell-Norton materials:

e(t) = A(0) : o + a(0)01 + D¢, (o). (2.11)

In Proposition 1.5.11 of the previous chapter we can check the calculus. This law were studied in
the works of Drezet et al. [36], Mariaux et al. [84] and Barral and Quintela [14, 15].

Remark 2.2.1. An example of an alloy that can be modelled with this kind of law is aluminium
(see Lemaitre and Chaboche [79], Drezet and Plata [37] and Drezet et al. [36]) for which

0(8) = Qe T

where B¢ is a strictly positive material parameter, G is the activation energy for the process and
R s the universal gas constant.

Remark 2.2.2. In practice, to take into account the volume changes due to possible phase trans-

formations a is given by
1

1 pg dp(0)
4 )
3p(0)s 4o

alf) =

p being the density of the material and py = p(0y) its density at the initial temperature.

Remark 2.2.3. In this part, as in whole dissertation thesis we consider the case n = 3, but the
results of this part are also true for the case n = 2. Therefore, we keep the notation with n.
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2.2.1 Plasticity potential's properties

In this part we summarize the main properties of the plasticity potential ¢4, which will be needed
hereinafter. It verifies:

® ¢, is a convex, proper and lower semicontinuous (l.s.c.) function on S, (see Friaa [52], p. 8),
being S, the space of symmetric second order tensors over R”.

e ¢, is continuous and differentiable on S, so its subdifferential coincides with its derivative
(see Friaa [52], p. 9).

e Since ¢, is convex and differentiable, its subdifferential ¢, is monotonous on S, (see Ekeland
and Teman [47]).

e J¢, is hemicontinuous (see Lions [82], p. 157), this is: for all 71, T2, T3 € S, the function
s €R — 0¢y(T1+ s12) : T3, (2.12)
is continue from R into R.

e Furthermore, since plasticity potential ¢, is convex, its integral over € is also convex (see
Ekeland and Teman [47|) and it verifies (see Djaoua and Suquet [35], p. 197):

/ $q(T1) dp — / ¢q(T2)dp < / O¢y(T1) : (11— T2)dp, YT1, T2 € Sp. (2.13)
Q Q Q

2.2.2 Problem (Pr)

Let © C R™, be a bounded, open, connected region with a Lipschitz boundary I' = 02 and n its
outward unit normal vector. We assume that I'p and I'y are open subsets of ', verifying

° PZTDUTN,

e I'pNIly =0,

and meas (I'p) > 0. We represent by [0,%;] the time interval of interest. At each time ¢ €
[0,tf], the temperature field §(p,t) at each point p € § is assumed to be known. The me-
chanical problem consists of determining the displacement field u(p,t) and the stress tensor
o(p,t) = o(0(p,t),u(p,t),Z(p,t)) at each (p,t) € Q x (0,t¢]. Then, the problem we are going to
study is the following:

Problem (Pr)
Given O(p,t) in Q x [0,ty], find u(p,t) and o(p,t) in Q x (0,ty], verifying:
Equilibrium equation:

—Dive =b in Qx (0,t]. (2.14)
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Behaviour law:

/—'\ .
e(a) =A(0) : 0+ 0¢y(o) + a(0)01 in Q x (0,ts]. (2.15)
Boundary conditions:
on=g on I'y x(0,tf], (2.16)
u=up on PD X (O,tf]. (2.17)
Initial conditions:
u(0) =ugp, o(0) =0 in . (2.18)

Here, we use the following notation:

e g is the density of surface forces on the Neumann boundary, and

e up is the displacement on the Dirichlet boundary.

In order to complete the mathematical model, we consider the following set of initial conditions
u(0) =ugp, o(0) =0 in £,

where ug and o must verify the following compatibility conditions:

—Diveg =  b(0) in Q,
oon = g(0) on I'y,
uy = uD(O) on FD, (2'19)

6(110) = A(eo)()’o in Q.

Then, at the beginning of the process eP/**(ug) = 0 and £*¢" = 0.

2.3 Choice of a Functional Framework

In this section, we first introduce the spaces of vectors and tensors defined in the domain €2 which
were studied by Geymonat and Suquet [63]. Next, for the time dependence we use the usual
functional spaces (see for instance Lions and Magenes [83]).

From now on, we suppose that the parameter ¢ of the Norton-Hoff law verifies ¢ > 2, so its
conjugate p is such that 1 <p < 2.

2.3.1 Space of displacement fields

Let us introduce the displacement space

UP = {ve [WP(Q)]"; Divy = tr(e(v)) € LA(Q)}.
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UP is a Banach space with the norm
Ivliue = [Vllize@ye + 1€” (Wllie@ynxn + DIV vl L2(0)-
In order to consider the boundary condition on I'p we define the closed subspace of UP:

U)={veUP’; v=0onTp}

2.3.2 Space of stress fields

Let us define the space of stresses
X = {1 = (735); 7ij =m0, 7" € [LIQ™", tx(7) € L*(Q)}.
X1 is a Banach space with the norm
7% = 17| ragymxn + l[tr(T)[| L2 (-

We introduce the subspace of X4

HY = {7 € X% Divr € [LY(Q)]"},
which is also a Banach space with the norm

7 lle = lI7llxe + [1Div 7 [ {£o(0)n-

It can be proved that the space of distributions [D(€2)]"*™ is dense in H? (see Geymonat and
Suquet [63]). Moreover, the following properties are verified:

Lemma 2.3.1. The mapping
1
TeH! -5 e [W D),

is lineal and continuous. Furthermore, the following Green's formula is verified:

/ T:e(v) dp—l—/ Divrt-vdp = (tn,v)r, V7 € H? Vv € UP,
Q Q
where (-, )1 denotes the duality product between [W_%’Q(I’)]” and [Wl_%’p(F)]”.

Finally, given b € [L%(2)]" and g € [W_%’q(F)]" N[LY(T n)]™, we introduce the following space
of stresses
Hb,g) ={r € HY; -Divr =bin Q, tn=gon I'y}.

The following results, whose proofs can be found in Geymonat and Suquet [63], give an ortho-
gonality relation between stresses belonging to X?¢ and deformation strain for displacements in
UP.

Lemma 2.3.2. For all T € X? and v € UP the following relation is satisfied:
1
/ T:e(v)dp = / TP eP(v)dp + / tr(7)tr(e(v)) dp.
Q Q nJo

Proposition 2.3.3. Lete € XP, 1 < p < 2. A necessary and sufficient condition for the existence
of v € U}, such that e(v) = e, is that

/T :edp =0, Vr € H!(0,0).
Q
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2.4 Existence and Uniqueness of Solution

2.4.1 Assumptions

From now on we assume the following hypotheses:

(H1) The temperature field 6 € W2°°(0,¢s; L>(9)). Moreover, it is positive and 0 >0 ae in
Q, Vtel0,ty].

(H2) The applied forces verify:
b e W2(0,t5:[LUQ)]"), g € W (0,15 W+ (D))" N [LUTw)]")-

Consequently, there exists x € W2>(0,ts; X?) such that
x(t) € Hi(b(t),g(t)), Vt € [0,tf] (see Djaoua and Suquet [35]).

(H3) The tensor of Hooke’s law A is symmetric and the following hold true:

4
o A€ [W2°(R)]" , therefore,
there exists 51 > 0 such that |A(s)7| < SBi|7| and
there exists B2 > 0 such that |[A'(s)7| < Ba|T|, VT € S,, Vs €R.

e there exists k > 0 such that A(s)7: 7 > & |7]>, VT €S, Vs € R.
e N(s)T:7>0, VreS,, VseR.

(H4) The coefficient of thermal expansion o € W1 (R).
(H5) The coefficient of the plasticity potencial © € L>*(R) and O(s) > O,in> 0, Vs €R.
(H6) The initial stress oo and the initial displacement field ug verify:
oo € H(b(0),g(0)) and ug € UP.
Furthermore, they satisfy the compatibility conditions (2.19).

(H7) The boundary Dirichlet condition satisfies:
2,00 1-1p n
up € W20, 55 W+ (D)),

(H8) The exponent g verifies ¢ > 2, and its conjugate p is such that 1 < p < 2.

Remark 2.4.1. Taking into account hypothesis (H1), (H3), (H4) and (H5), we have:
o A(B) € W2(0,tp; [Lo(Q)]™),
o af) € WLe°(0,ts; L°(Q)), and
o O(F) € L>(0,ty; L>=(Q)).
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Remark 2.4.2. The hypothesis
(N(s):7T):7>0, Vr € S,, Vs €R,

is nmecessary for the treatment of the time derivative of elastic stress (see behaviour law (2.15)).
This hypothesis is verified for a thermomechanical process with a temperature increment, as in
building fires. It is easy to check this expression for materials which are used generally under these
premises.

Remark 2.4.3. Thanks to hypothesis (H1) and (H3), we obtain

e

(A@):T):7 >0, VT €S, ae. in Q, Vte[0,ty].
Remark 2.4.4. From hypothesis (H7) we can deduce that there ezists a lifting of
2,00 1-p n 2,00
up € W22(0,t5; W »(D)]") on W=2(0,t5; UP),
(see Geymonat and Suquet [63]). From now on we denote this lifting by up.

Remark 2.4.5. The above assumptions are satisfied in extrusion or lamination processes of alu-
manium alloys.

2.4.2 Existence and uniqueness of a solution of Problem (Pr)

Theorem 2.4.6. Under assumptions (H1)-(H8) there exists a unique solution (u, o) of Problem
(Pr) such that ueW12(0,t5; UP) and o€ WH2(0,t5;X?) N L>(0,t5; X9).

The proof is divided into eight steps with the following scheme:

i) a change of variable by translation transforms Problem (Pr) into a homogeneous one,

ii) this problem is discretized in time by an implicit scheme obtaining a variational inequality
in stresses,

iii) the weak discretized problem has a unique solution,

iv) the existence and uniqueness of the displacement field is obtained,
v) a priori estimates are achieved, that let us pass to the limit,

vi) the convergence of the sequences is established,

vii) the limit is a solution of the Problem (Pr), which is checked by means of monotony’s tech-
niques,

viii) and finally, the uniqueness of the continuous problem is proved.
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Step I: The homogeneous problem

In order to transform Problem (Pr) into a homogeneous problem we introduce the unknowns
n =0 —x € HY0,0) and u=u—up € U} with x as in (H2). With respect to these new
unknowns, the behaviour law satisfies:

e(it) = e(1) — e(ip) = A(8) : n + A(D) : x + alO)L + Ddy(m + X) — £(iip) in @ x (0,1].

Problem (Pr) can be rewritten as follows:
Problem (H Pr)

Given 6 in Q x [0,t¢], find u and n such that:

(Divp =0 in Q x (0,4], (2.20a)
nn= 0 on I'y x (O,tf], (2.20b)
u=0 on FD X (O,tf], (2.20C)
e() —A() :m+g=00,(n+x) in Qx(0,ty], (2.20d)
u(0) =0, n(0) =09 —x(0) in £, (2.20e)

— e

where g = e(up) — A(0) : x — o(6)01.

Step II: Time discretization

Let us consider a regular partition of the time interval [0,¢¢] into I + 1 points: ' = iAt,
i = 0,1,....,1, with step size At = tTf From now on, given any function f we will denote by

f! its approximation at time #’. Then, using an implicit Euler method, we obtain the following
scheme:

Given n° = n(0) = a9 — x(0), u’ = u(0) = 0, for i > 0 and u'~!, n'~! known, u’ € U},
n' € H9(0,0) are determined as weak solution of the equation

e (ul _A% 1) _A@) _;\t(ez D' +g' = 0¢l(n' +x), (2.21)
with
g' = (e (ip))' - <XW£) ~a(0)(O)'L. (2.22)
and ¢, given by (2.5) for 0" = 0(p, t").
For this, let us denote by g’ = gi — E(IZ:), then (2.21) can be written as

i AOD) - mt — A6 - pi—l ) o .
E(“)_ (67) :m" = A6™7) : m +8 =00, (n" +X")- (2.23)

At At
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Multiplying this equality by 7 — n°, integrating over { and taking into account that ¢, is differ-
entiable and convex (see Subsection 2.2.1), we get

[ (Zt) (e [ MO “MOTD oy

S i NS i (i q
+/Qg.<r n)dpé/g¢q(f+x)dp /quqm +x')dp, Vr € H(0,0).

Using the orthogonality property given by Proposition 2.3.3, we have the following variational
stress problem

A : ' — AG1) it , _ ;
- [AE ST T yap+ [ g ) dp
Q Q
gA¢g(r+xi)dp—/ngsg(nwxi)dp, vr € H(0,0). (2.24)
If we denote by

vi(r) = /Q oL(T) dp, (2.25)

and A(O 1) -

~74'_fi 71— :nl—

the inequality (2.24) can be rewritten as the following discretized problem in stresses:

Problem (H Pr)’
Find n° € H?(0, 0) such that for all 7 € H%(0, 0) verifies

/Q <A(0A)tn - Ei) (1 =) dp+ Wy (T + x) — Yy’ + x) 2 0. (2:26)

Step III: Existence and uniqueness of a solution of the discretized problem

In order to prove the existence and uniqueness of solution of Problem (H Pr)® we use the following
result, which can be directly deduced from Theorem 3.1 and Remark 3.4 in Chapter II of Ekeland
and Teman [47], p. 40.

Theorem 2.4.7. Let 'V be a reflexive Banach space and V* its dual. Let A be an operator from
V into its dual V* and ¢ a function from V into R verifying:

e © is conver, lower semicontinuous (l.s.c) and proper function,
o A is weakly continuous on the finite dimension subspaces from V,
e A is monotonous: (Aw — Av,w —v) >0,Vv,weV,

e there exists vo in the domain of ¢ such that

— o0 if ||v]] = oc.
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Therefore, given 1 € V* there exists w € V wverifying:
(Aw —Lv—w)+p(v) —p(w) >0, Vv e V. (2.27)

Furthermore, if operator A is strictly monotonous, there exists a unique w € V wverifying inequality

(2.27).
Proposition 2.4.8. Under assumptions (H1)-(HS8) given g € XP Problem (HPr)' admits a
unique solution n° € HY(0,0) for each i, 1 <i < 1.

Proof. The proof is based on Theorem 2.4.7 which is a classical result for variational inequalities.
We define the operator A" from X into its dual XP as

wer= [ (M0, v

where (-, -) denotes duality pairing on XP x X9. We consider

(&) = Xra0,0)(€) + Vo(€ +x'), €€XT, (2.28)

where Xq(0,0 is the indicator function of H?(0,0),

B 0 if &eHY0,0),
XH‘?(O,O)(g) = { +oo if & ¢ Hq(0,0). (229)
From equalities (2.5) and (2.25), we obtain
Vg +x) =2 [ 0O)](€-+x)°|" dp, with x' € HO(b. &),
With this notation the Problem (H Pr)® can be rewritten as:
Find n’ € X9 such that
(An' —g', 7 — ') + (1) —p(n') 2 0, ¥ € X1 (2.30)

This problem has the following properties:

e The functional ¢ is convex, proper and l.s.c. Indeed, these properties can be deduced taking
into account that H?(0,0) is a convex and closed, not empty, subset of X? then its indicator
function Xpe(0,0) is convex, Ls.c and Xga(0,0) Z +00 (see Brezis [25], p. 13). Besides, the
potential ¢ is convex, proper and continuous (see Subsection 2.2.1), therefore Py, is convex,
proper and l.s.c. since it is the integral of a convex, proper and continuous function. Hence,
© is a convex, proper and l.s.c. function because it is the addition of two convex, proper and
l.s.c. functions.

e Thanks to hypothesis (H3) and applying Holder’s inequality, the operator A is continuous:

A7) :
e i< [ MO o < Rlelholirle < cQtliehalrix. v, 7exe
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where ¢ is a strictly positive constant. In consequence, it is weakly continuous on the finite
dimension subspaces from X9%. Furthermore, taking into account again hypothesis (H3), A
is strictly monotonous:

(A€ — A6 1) = €~ Tlke > 0. V€, T XL £ £,

since (A6 — AT, €—7)=0& £=T.
By definition of operator A, we get for 7 € X1

(ALE-—T) +9(§) 1 [/Q A(QAZ)tE L (& = 7) dp + Xea(0,0)(€) +/Q<Z5q(5+xi)dp] :

1€ x  l€lxs
Let us take 7 = 0 € H9(0,0) C X9 and from hypotheses (H1), (H3), (H5) and (H8) we
can deduce,
(A€, &) + ¢(§) _ 1 [ A" & Py o(6%) oy ]
1€ ]/ x 1€ ] /Q Ar 8P+ X008 +/Q . (€ +x)P|" dp
1 i szn i
- el (”f“§<2+?fm<o,o><£>+ 5 H<s+x>Dququ)

> el (1615 + Froi00)(€) 1€ + X7 fLaenn)

where c is a positive constant. Therefore,

(A'E,8) + o(&)

1m
1€l xxa —+o00 1€ ]l5xq

= +o0. (2.31)

Indeed, since
1€lxa = 1€ | zaqyxn + lltr €llL2(q)

then, as ||&||x« — +oo we have three possibilities:

A s k@mzn
e 2 e (1615 + xam00(©) + 16+ g0

>
vl 2 B

and therefore, in this case (2.31) is true.

= If [|tr &[[12() — +oc

A s kazn
< £||£€>H—|X_:O(€) 2 thH£||Xq (Hé”%@ + XHq(0,0)(g) + ”(£ =+ X ) H[Lq Q)]nxn)

> min_ (), ,
= th”£||X‘1 (H ‘S”LQ(Q))

and therefore, in this case (2.31) is also true.
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— Finally, if H£D||[Lq(ﬂ)}n><n — +00 and |[tr SHLQ(Q) — 400

1€llxs 7 qAt[|€][xa

k@mzn 9 D
> e q
AU (Htr el + i€ H[Lq(m]"xn),

(1€1%e + Xa100.0) (&) + € + X)) 2o e )

and (2.31) holds true.

We can deduce the existence and uniqueness of a solution for problem (2.30) directly from Theorem
2.4.7. O

Step IV: Construction of the corresponding displacement field

Our aim in this step is to prove the existence and uniqueness of displacements field u’ which is
solution of equation (2.21).

Proposition 2.4.9. Under assumptions (H1)-(H8), given n' the solution of Problem (HPr),

there exists a unique displacement field u* € UY solution of equation (2.21).
0

Proof. Let us consider €' = A(6") : n' + 04l (' + x") At — g'At. Since the tensor 1" is the solution
of the inequality (2.26), it verifies

At
— Xpa00)(n') — Ti(n' +x) >0, VreX,

L (R &) (7 o+ Aoy () + Byl 4 X
Q

and it can be rewritten as follows:
AG)) :mt ; i
/Q<(A)tn_g> S(r=m")dp+o(t) — (') >0, VreX?

By definition of subdifferential, we get

AO):n' i
—T+g € dp(n'),

and thanks to the properties of ¢ (convex and l.s.c.), we obtain

A9 : ' ~i i i i
_(A)tn+g € 0Xm4(0,0)(n") + V(0" + X')-

Furthermore, since ﬁwz(ni +xt) = 8¢2(ni + x*) we have

A(0") : ' ~i iood i i
- (A)thrg — 0¢g(n' + x") € 0XH4(0,0)(N"),
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this is,
A(Qi) ‘' ~i i iy . i i q
A +8' = 0dg(n' +Xx") | : (T —n")dp + Xua(0,0)(N") — Xna(0,0)(7) <0, V1€ X

and, in consequence

/Q <_W + 8~ 0gg(n' + x">> H(r—n")dp <0, VreH!(0,0).

In particular, if we consider 7 + ' € HY(0,0) we get
INCARE . 4
/ <_(A)tn +g" — 0¢q(n' + XZ)> :Tdp <0, V7 e HY0,0),
Q

and if we take —7 + 1’ € H?(0,0), we have

A(OY) - nt . . )
/<_(9A>t77+gz_a¢q(nl+xl)> crdp >0, Ve HY0,0).
Q

Then, we can conclude that
/ e :7dp=0, Vr € H(0,0).
Q
Thus, from Proposition 2.3.3, we deduce the existence of a displacement field u’ € Uy, such that

e’ = ¢(u'). Furthermore, this displacement field is unique, since if there exist two solutions u} and

u} such that ' ‘ ‘ ‘
uj =u; =0 on I'p and e(u)) = e(u)),

then u} = u} thanks to Korn's inequality in Ub. O
Step V: A priori estimates
We define o/ = n + x* € Hi(b’,g’), 0 <i < I, and we consider the following functions:

e the linear interpolant

gl - L
O'I(t):(oﬂ—oﬂ’ l)m‘f—al 1, VtE [tl 1,t2], (232)
e the step functions
ol*(t) = o, Yt € [t 1, 1), (2.33)
olty=0"t, vt e [t1 1), i=1,..1. (2.34)
Analogously, we define n’, n'*, nL, u!, u’* and ul.

Our aim is to obtain the limit of these sequences as I — +o00. For that purpose, it is necessary to
deduce some a priori estimates independent of I. The main difficulty arises from the dependence
of the elasticity tensor on temperature which can be overcome with the following lemma:
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Lemma 2.4.10. Under hypothesis (H3) we have the following inequality:

(A(s1) : 1) : 71 — %(A(sz) L T9) T

1
+§((A(31) —A(s2)):71):71, Vs1,820€R, V7, T2 €S,. (2.35)

(A(Sl) L T1 — A(SQ) : TQ) i T Z

N

Proof. Let us consider the first two terms of the second member of inequality (2.35) without

considering the factor 3. Adding and subtracting (A(s2) : 71) : 71 and (A(s2) : 72) : 71 we have

(A(s1) :71) 11— (A(s2) : m2) : T2 =((A(s1) — A(s2)) : T1) : 71
—|—(A(82)ZT2) : (TI_TQ)+(A(82) : (7-1_7-2)):7'1.

Thanks to symmetry of A(s), it results

(A(s1):711):m1— (A(s2) : T2) : T2 =((A(s1) = A(s2)) : 71) : 71+ T2 : (A(s2) : (71 — T2))
+ (A(s2) : (71— 72)) : 71,

and adding and subtracting the term (A(s2) : (71 — T2)) : 71, using the symmetry of A(s) again,
we obtain

(A(s1) i 71) s 71 — (A(s2) : T2) : T2 =2(A(s2) : (11— T2)) : 71 — (A(s2) : (71— 72)) : (11 — T2)
+ ((A(s1) — A(s2)) 1 T1) = T1.

Thanks to the hypothesis (H3), we have
(A(s1) :11) 11— (A(s2) i 72) : T2 < 2(A(s2) : (11— 72)) : 71+ (A(s1) — A(s2)) : T1) : 715

hence, we obtain the inequality

1 1 1
§(A(sl) STY) T — §(A(52) :79) T2 < (A(s2) : (71 —T2)) : 71+ 5((/\(81) —A(s2)) :71) : T1.
Finally, adding and subtracting the term (A(sy) : 71) : 71 to the second member of this inequality
we get

1 1

§(A(51) PTY) T — §(A(52) i19) T2 < (A(s1): 71— A(s2) : T2) 1 71

1
+§((A(81) —A(s2)) :71) 11— ((A(s1) — A(s2)) : T1) = T1,4

and hence we can deduce inequality (2.35). O

Lemma 2.4.11. Given I € N, under assumptions (H1)-(H8) we have the following two estimates:

i) For any constant c; > 0, there exists ca > 0 such that

cill(0)P|xe < Vi(0") + e, 1<i<T; (2.36)
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i)
~ I .
In" 2 < co + croAt > [|In'[lx2; (2.37)
=1

where I < I; from now on, c;, I > 1, will denote a positive constant independent of 1.

Proof. 1) Taking into account definitions (2.5) and (2.25), we get

1
. . . q
109 Pllxe = 1092 lliagayeen = ( IS dp)
1

(o) (21 e ) < (5 ) (22 1o e )’

- (5) o)t

Using the inequality

£ 6T, V8> 0, Vr > 1, Vs >0, (2.38)

for r = ¢, we obtain

1 1 . .
) .. q [P (o
||<aZ>D||xq§<@q, )quﬁs(@q. )( qfsa)ﬂqll),\mo, (2.39)

where O, is the lower bound of the function ©(0). Then, taking § = ¢; <@q >q, we
min
deduce estimate (2.36).

ii) Multiplying both sides of the discretized behaviour law (2.21) by Atn’, integrating over
and considering the sum for 1 <¢ < I, we obtain

i i
Z/Q(A(ﬁi) ' = A0 i) iyt dp + Z/{)At&bé(ni +x'):n'dp
=1 =1

I
:Z/Atgi:nidp,
=17

thanks to the orthogonality relation given in Proposition 2.3.2. Hence, taking into account
inequality (2.35) and the convexity of the function Vg, we get

3 [N )y indp =5 [ A6 o) Py

L
i =1\ . a0 . aal
+2Z“/Q((A(9)_A(9 P

i i
FAES (W 4 x) — W) < A /Q g ' dp.
=1 =1
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From hypothesis (H3) and Holder’s inequality, we have

I I
Koofz o, L i T I N Qg i
P ||X2+2;/52<<A<0>—A<0 i)l dp e MDD
4 oo Lo .
< e + ALY W) + Aty gl xelln’lxa- (2.40)

i=1 i=1

Taking into account that assumptions (H1)-(H8) guarantee that g € WH>(0,¢5; XP), we
deduce

g’ |xe 7' llxa < eslln’llxa < esllollxa + esllx’ I xa- (2.41)
On other hand, since
lo?Ixa < [1(6")7 |xa + [lo* | x2, (2.42)

inequality (2.41), applying estimate (2.36) and given that x* € X9, we can bound the last
term of equation (2.40) as follows:

I I I I
ALY g lxe[In'llxe < e3ALY " [[0flxe < ALY h(o') + c3At Y [lo”||xz + ca.
i=1 i=1 i=1 i=1
Using the previous expression in inequality (2.40), we get

T f . . . . f . .
Sl + 5 3 [ ()~ M@ ™)) ') s dp+ S W)
=1

i=1

I I I
< B+ A S W) + ALY W (o) + st Y o s + e
i=1 i=1 i=1

hence, since o' = 1" + x*, we can deduce

i i
1'%z < e5 +cot Y [In'llxz + 072/9((/\(91_1) —A(6)):m') : " dp.
=1 i=1

Applying hypotheses (H1) and (H3), we obtain

I : I
7 . lomrn .
Il < e+ coAL Y Iz + erALA (D)) > I
* 2 sy o] 271
< o5+ et Y [n'llxe + st 0l (2.43)
=1 =1

Finally, from this inequality we deduce (2.37). In effect:
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o If |[n'|x2 < 1foralli=1,..,1, we have

j .
> ln'lxz < 1.
i=1

Since I < [ and At = tTf, then

I
In' [z < 5+ ceALT + csAt > 0|l (2.44)

i=1

o If |p'|lx2 > 1foralli=1,..,1, we get

I i
olmlixe < lIm'lke,
i=1 i=1

then, from expression (2.43) we deduce

I
In" |z < 5 + (6 + ) At Y 0I5 (2.45)

i=1

e Let us suppose that there exists a set {i1,...,ix} with k < I, such that ||[n%|x2 < 1
with j = 1,..., k and furthermore, ||9%||x2 > 1 with ¢; & {i1,...,4;}. Thus,

1
'z < cs+colt Y nllxe +esAt Y In'llxe +esAt) |0l

i5€{i1,08 } 15 {11, ik } i=1

I 1
<5+ Atk + CGAtZ In* |5z + csAt Z HIE
=1 =1
i
< (5 + cAtk) + (c6 + cs) ALY ||’ [Ix2- (2.46)
=1

Taking co = c5 + ceAtI and c19 = cg + cs, from inequalities (2.44), (2.45) and (2.46) we
conclude the result.

O]

From these estimates, using Gronwall’s discrete lemma (see Lions [82]) and proceeding analogously
to Barral and Quintela [15] we obtain the following result:

Corollary 2.4.12. Under assumptions (H1)-(H8), n’, n’*, ol and o'* are bounded in L>(0,t;; X?)
for I — +o0.
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Proof. We have to prove that Hni Ixz2, I < I, is bounded independent of I for At enough small.
For this purpose, we apply Gronwall’s discrete lemma (see Lions [82]) to expression (2.37) and we
get,

clOtf

C _
9 617(;10At ,

In'|%= < T eit

then an | %2 remain in a bounded set of X* independent of I for At enough small. Therefore, we
deduce

\|77f||§(2 <en, VI<I, as T — +oo,

and we conclude
In'llx2 < 12, VI < I, as I — +oo,

being c11 and cj2 positive constants independent of I.In consequence, we obtain

1’ and n'* remain in a bounded set of L2°(0,t5;X?) as I — +o0.

Furthermore, thanks to hypothesis (H2) we have also that o/ and o/* remain in a bounded set

of L>®(0,t5;X?) as I — +o0. O
In order to obtain an analogous result for the time derivatives and to generalize the previous bound
to L>°(0,t¢; X9) we need the following estimate.

Lemma 2.4.13. Under assumptions (H1)-(H8) we have

i

+2\11g( )<cQ5+c%Athﬂ D) (2.47)
i=1

i—112

ZAtH" — 0

where [ <.

Proof. Let us consider again the discretized behaviour law (2.21). If we multiply this relation by
o' — o'~! and we proceed analogously to the previous proof, we arrive at

i . . , . . . i
AO") : ' — A(O) it n -t PN L i i—1
;/ﬂm = T dp—i—;/ﬂﬁqbq(a).(a o) dp
i—1

i . . .
() —e(u) x'—-x
— A :
;/g t At AP

1 Wi A (D=1 .ol i il
—Z/AtA(e)'" AOT):n T X —x i
. Q

At At

+Z / (o' — oY) dp. (2.48)
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In order to bound the first addend, we write its integrand as follows:
A@) i =A@ 0 =t A@) (=) -t

At At At At ‘
L@ A 0
At At
Thanks to (H3) and the convexity of ¥, from expression (2.48) we obtain
1 —l 2 .
- fo I 0( 40
ﬁ;m' A | + Ul (o!) — W)

I i—1) _ %)\ . gai—1 i ayi—1
Bl P G . R
=1 Q

At At
i . , . .
e(w) —e ) x'—x""
At : d
+ ;/Q Al At P
A(Qz) . ,rlz o A(@Z_l) . nz—l ' XZ o Xz—l
Z/ﬂAt Az : A dp
=1
+ Z/Qg’ (o' — o) dp. (2.49)
=1

Let us bound the first term of the second member under hypotheses (H1) and (H3), applying
Holder’s inequality, the mean value theorem and Corollary 2.4.12:

5 PN AR, S
=18

At At

i . , 4 4 .
(AOTH = A@) 0" n'—n'"!
< At ‘ : dp
>, N ¥
Lo ‘ ' — i1
< Atz A [| oo 0,81 () 0" HlIx2 AL
i=1 X2

0 — ni-1
At

(2.50)

At

,rli _ 7,Ii—l 1
H S ClgAtZ
X2 i=1 X2

’ i
< [ AO) Nl Lo (0,8, L0 ()) Al Z [P
i1

For the second term on the right hand-side of equation (2.49), applying Holder’s inequality, the
mean value theorem again and hypothesis (H2), we get

e(u’) —e(m ) x'—x"! / e(u) —e(u ) x'—x"!
A : < A :
;/ﬂ ! At At —; o At At |
L [le() — e(ui?)
< HXHLOO(O,tf;Xq)AtZ — At — .
Xp

i=1
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In addition, from behaviour law (2.21), adding and subtracting the term A(6?) : ni~!

the same reasoning, we deduce

and using

e(u') —e(u)
At

- HA(Qz) . ,,72' _ A(Qi—l) . ,r’i—l
- At
< H A@): (' —n' 1) H (A(6") — A" )n"!
= At - At

+ g xe + 1005 (a") 1x»;

+ g lIxr + [1964(0")]|x»
Xp Xp

Xp

hence, using hypotheses (H1)-(H8) and Corollary 2.4.12

e(u’) —e(")
At

| T HA@ 0.2 () "~ xe + gl
X

i i1
<4 H??An
Xp ¢

0 — i1

+ 96yl < 61 |

+ [0¢5(a")[Ixp + c1a. (2.51)
X2

The term [|[0¢}(o")||xp is bounded using definitions (2.5), (2.25) and inequality (2.38) for § = 1,

q i i q
V! (0")||xq and r =
o W (o) xs and v = 2

5§ = T obtaining

i i i - q K =
oy lxe < Osll@)7I5 < 0s (L) T o)
< Og < T g, (o) + 6q1> =g O i (0') + 05 (2.52)
o emzn6 I @mm 1 7 .

where ©g is an upper bound for ©(f). Summing up,

Zf:/Ats(ui)—e(u“) XX Atzf: n' -0
—~ Jq At A P TR TA s
I . .
+er Aty Wi(o?). (2.53)

=1

Next, we search for an upper bound for the third addend of the second member of (2.49). For that
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) i—1

INCARE —
(6") :m X X , deducing

purpose we add and subtract the term AL : At
1 i i i— i— i i
Z AtA(G)”’I—A(Q 1)177 1,X—X ldp
— Ja At A
i . , . . )
AG) (' —n""H) X' —x"T"
< At : d
= z; [ /Q ‘ At At P
(AB) =A@ 0t X =
At : d
+/Q ‘ At At P
I ni —ni-1
<51Atz AtH HXHLOO (0,t5;Xa) T Atz HA HLoo(o ty;L>°(S2)) \W 1HX2 HXHLOO (0,t5;X4)
i=1 i=1
1 i el
<018Atz n A,’ZZ + C19, (254)
i=1 Xz

where we have taken into account Holder’s inequality, the mean value theorem, hypotheses (H1)
(H3) and Corollary 2.4.12. The last term of the second member of expression (2.49) is bounded

similarly as in Djaoua and Suquet [35], where they prove that

Z/ G Z/ ettt [ (@0l (' ol dp

I-1

< Ngllz=o.yixe) Y Atllolxcs + llgl o 0.1;:x0) (o |xs + |0 x4)
i=1
< ¢ Z At]| (0P [xa + el (@))P[xa + e2. (2.55)
To sum up, from inequalities (2.49)-(2.55) we obtain
I 771 _ ’I"iil 2 R R I A
oot TG vl < e w00+ e Y Wi
i=1 =1
I i — i1 o
+ @4&; At o+ CQOZAtH )P lxca + ca1]|(a)P | xca. (2.56)
2c4 n' -0 P :
In addition, if we get d = —, r=2and s = || ———— in expression (2.38), we deduce that
K At X2
1 i i—1 1 i i—11|2 2
n'-n K n'—n 2(c24)
At < At _— ty. 2.57
e Z At X2 -2 ; At X2 + K f ( )

=1
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1

)q for the fifth term on the right-hand

Furthermore, from inequality (2.39), with § = 2620( @q
min

)q for the sixth term on the right-hand side of

=

side of inequality (2.56) and with & = 2@1(
inequality (2.56), we get

q
@min

N
q g\
@mm)> , (2.58)

A\

|

<
+

7 N

[\

Q
Do
()

A~

exl(0) e < 5

and

N

callo)Plxs < 300" + (2 (g) ) (2.59)

Finally, if we add expressions (2.57), (2.58) and (2.59) to the inequality (2.56),

7j z 112 N N _
kY At + Ul(o") < ez + V(") + cr7 At Y Wi(o') + At H
otz i S
2(624)2 — 1 q 1 q%l 1 = = q 1 q%l
“\tad) A 7\:[]'5‘ A ) ( )q 7\111 I 9 ( )q ’
T t”i; t<2 q(””(% G ) )+2 7)ol
we deduce result (2.47). O

From these estimates, we deduce the following corollaries:

Corollary 2.4.14. Under assumptions (H1)-(HS8),

o ol ol* nl, ™ remain in a bounded set of L°(0,t;X%) as I — +oo.
o ﬁf and ol remain in a bounded set of L*(0,t;X?) as I — +o00.
Proof. Using Gronwall’s discrete lemma (see Lions|82]) we deduce from inequality (2.47) that
Vl(oh) < cyr, VI < T as T — +oo. (2.60)
Then, from expression (2.36) and Corollary 2.4.12 we can conclude that

loT|lxs < eas, VI < T as I — +oo,

so that o, o*, !, n* remain in a bounded set of L>(0,tf;X9) as I — +oo. Furthermore,
applying 1nequahty (2.60) in expression (2.47) we deduce

ZAtH" —

then 1!, so o, remain in a bounded set of L%(0,t5;X?) as I — +o0. O

—1112

S €29,
X2
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The inequality (2.52) is combined with (2.60) to obtain the following property of d¢,(a'*).

Corollary 2.4.15. Under assumptions (H1)-(H8), d¢L*(o"*) remains in a bounded set of L>(0,tz; XP)
as I — +oo.

Proof. Tt is sufficient to consider inequality (2.52) and estimate (2.60). O

Finally, applying these results to behaviour law (2.21) we can bound the field of displacements.
Corollary 2.4.16. Under assumptions (H1)-(HS8), it follows that

o u’* and u! remain in a bounded set of L>(0,ts;UF) as I — +oc.

o u/ remains in a bounded set of L*(0,t;Up) as I — +o0.

I

e ul and u! remain in a bounded set of L>°(0,t5; UP) as I — +o0.

o u! remains in a bounded set of L*(0,t5;UP) as I — +o0.

Proof. Considering the sum for 1 < i < I of equation (2.21),

i i i i
D () —e@ ™)) =) (AE) 0" =A@ ) = ) Atgh+ ) Atdy(o),
i=1 1=1

i=1 =1

for I < I, we deduce

) o i i
e(u') =)+ A@O) :n' =A%) :n" =D Atg' + > Atdg,(o?).
=1 =1

Using Corollaries 2.4.14 and 2.4.15, we can conclude that E(gi ) remains in a bounded set of XP,

independent of I , for At small enough. Thus, thanks to the Dirichlet condition on I'p, we deduce

that u! remains in a bounded set of U} for all I<I, as ] — 4. Consequently, also for u’*, u!,

ul and u! taking into account Remark 2.4.4.
From expression (2.51) and applying Corollaries 2.4.14 and 2.4.15 once again, with the same
reasoning, we obtain the result for the velocity fields. O

Step VI: Passage to the limit as I — +o0

As we have announced, the previous estimates let us obtain the following convergences.
Corollary 2.4.17. Under assumptions (H1)-(HS8), there exist
n, o c WI’Q(Ovtf;X2) mLOO(Oatfvxq)7 77*7 o€ LOO(Ovtf7Xq)7
u € Wh2(0,t4;Up), u* € L>(0,ts;Ub),
u € Wh(0,t;;UP), u* € L>(0,ts;UP),



82 Chapter 2. Existence and uniqueness of a viscoelastic problem

and subsequences (again indexed with I) such that

2.61
2.62
2.63
2.64
2.65
2.66
2.67
2.68
2.69
2.70
2.71
2.72

n' —=nin L>(0,ty; X9) weak-star,
ol ~oin L>(0,t5; X9) weak-star,
ﬁl — 7 in L*(0,t5; X?) weakly,

ol =& in LQ(O,tf;XQ) weakly,

™ =~ n*in L>(0,t¢; X9) weak-star,
o =~ o* in L>(0,t¢; X9) weak-star,
u ~uin L>(0,ts;UY) weak-star,
ul = uin L>(0,t¢; UP) weak-star,
ul — 1 in L2(0,t;Up) weakly,

w = in L2(0,t; UP) weakly,

u* —~u*in L>(0,ts; UY) weak-star,
u’* —u* in L=(0,t; UP) weak-star-.

(2.61)
(2.62)
(2.63)
(2.64)
(2.65)
(2.66)
(2.67)
(2.68)
(2.69)
(2.70)
(2.71)
(2.72)

Furthermore, from definitions (2.32)-(2.34), it is easy to prove some strong convergences, which
are summarized in the following lemmas.

Lemma 2.4.18. Under assumptions (H1)-(HS8),

IEIJPOO(UI —n™*) =0 in L>(0,t;;X?) strong, (2.73)
IEIJPOO(O'I — ™) =0 in L>(0,t; X?) strong, (2.74)
IETM(EI —u'*) =0 in L>°(0,t;;UP) strong, (2.75)
IEI-Eoo(UI —u*) =0 in L>(0,t;; UP) strong. (2.76)

Proof. By definition of n’ and n’* (see expressions (2.32) and (2.33)), we have
n' —n"! i—1 i il
|

I (£) — 0" (8) [xe < ‘

i—1

<2l — e <2 ZNH L

)

X2 1)
for t € [t*"1,¢%) and from Corollary 2.4.14 we conclude result (2.73).
Convergences (2.74)-(2.76) are proved in the same way. The proof of the remaining results can be
proved with a similar methodology, thus for the second case thanks to

O

From Corollary 2.4.17 and Lemma 2.4.18 we deduce the following result.
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Corollary 2.4.19. Under assumptions (H1)-(H8), n* =7, 0* =0, u* =u and u* = u.

Proof. Thanks to convergences (2.61) and (2.65) and since L*°(0,t;X%) is the dual space of
LY(0,ts; XP), we can deduce

n' — nin L®(0,t5;X?) weakly
and
n™* —n* in L®(0,t5;X?) weakly.
Hence, we obtain
nl—n* ~n—n*in L>°(0,t5;X?) weakly.
Then, taking into account convergence (2.73) and the uniqueness of limit we have n = n* a.e. in
Q x (0,tf). With the same reasoning, we achieve the other results.

O

Lemma 2.4.20. Under assumptions (H1)-(HS8), we have

2.77
2.78
2.79
2.80
2.81
2.82

ufj — up n W1’°°(0,tf; UP) strong,
ufj* — up in L>(0,ts; UP) strong,
x' = x in Wl’OO(O,tf;Xq) strong,
x* = x in L>(0,ts; X9) strong,

0" — 0 in W00, t 75 L®(Q2)) strong,
0™ — 0 in L>(0,t5; L°°(Q)) strong.

AAAAAA
~— ~— ~— ~— '

Proof. 1t is sufficient to consider hypotheses (H1), (H2) and (HT). O

Taking into account the definition of g'* given in (2.22), we deduce from Lemma 2.4.20 the strong
convergence given in the following result.

Corollary 2.4.21. Under assumptions (H1)-(H8) the following convergence holds:

gl* — g in L>(0,t5; XP) strong. (2.83)

Corollary 2.4.15 implies the following convergence.

Lemma 2.4.22. Under assumptions (H1)-(H8) there exists a function X such that

a¢é*(ﬂl*) — X in L>(0,ty; XP) weak-star.
Proof. 1t is obtained taking into account Corollary 2.4.15 and applying a result from Brezis [25]. [

Therefore, it has been proved that

oc=n+x and u=u+up ae inQx(0,tf).
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Step VII: Verifying that (u, o) is a solution of Problem (Pr)

In order to complete the proof of the existence of a solution it is necessary to prove that (u, o)
verifies Problem (Pr). The proof is similar to that given in Barral and Quintela [15] except for
the behaviour law.

Initial conditions. Since u and u’ belong to W12(0, ty; UP), they are continuous functions from
[0,2f] into UP, except on a null subset of (0,t7) (see Lions [81]). Then, taking into account weak
convergences (2.68) and (2.70) we can assert that u’(0) — u(0) in UP, and since u’(0) = ug, VI,
we conclude u(0) = ug. The same reasoning holds true to prove that o(0) = oy.

Equilibrium equations and boundary conditions. Since 1!(t) belongs to H9(0,0),
nl(t) = n(t) in X7 a.e. in (0,ts), and HY(0,0) is a closed convex subset of X?, we conclude
that n(t) € H1(0,0), and therefore

o(t) € Hi(b,g) a.e.in (0,ty).

Furthermore since u = u+ up and u € Ug, then u verifies Dirichlet’s condition on I'p.

Behaviour law. From equation (2.21) and using definitions (2.32) and (2.33), we can write the
behaviour law as follows

e(ul) — (A(9) : )’ + g = 0ol (a™) a.e. in Q2 x(0,15). (2.84)

Let us choose 7 € D(2)"*™ and ¥ € D((0,s)); multiplying the previous equality by 7(p)J(t) and
integrating over €2 x (0,ts), we obtain

/Of /QT(p)’lg(t) S (AO(p,1)) : n(p,t))l dp dt — /0 ! /QT(p)ﬁ(t) : 6(2'1(]9’ #)) dp dt
- /otf /S)T(p)ﬁ(t) (8" (p,1) — 00" (0" (p.1))) dpdt = 0. (2.85)

/—.\
In order to prove the convergence of the first term of equality (2.85), we rewrite the term (A(6) : 1),

as follows

(AO) : ) = (MA@ : ™ + (A@)L: 0! ace. in Qx(0,t)).

Since A(0) € W2°°(0,t; [LOO(Q)]"4), and thanks to convergences (2.63) and (2.65) we get the
weak convergence

(AONT :m™ + (A(O) il — A(G.) :m in L2(0, ¢ 55 X?). (2.86)
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Hence,

/tf/ (9) 77) (p,t dpdt—>/tf/ 9‘) m)(p, t) dp dt.

The convergence of the remaining terms of expression (2.85) is deduced thanks to convergences
(2.69), (2.83) and Lemma 2.4.22; so, we can pass to the limit as I — +o0 in equality (2.85) and
we obtain

ty .
/ /‘ A0) :n—e(it) — g+ Y)(p,t) dpdt = 0.
Consequently,
A@):n—e() —g+ T =0 ae in Qx(0,tf). (2.87)

In order to conclude that (u, o) verifies the behaviour law, left to prove is that
Y = 0¢4(0) a.e. in Qx(0,tf). (2.88)
For that purpose, the following lemma is necessary.

Lemma 2.4.23. Under assumptions (H1)-(H8), for all 7 € L>(0,t5; X9) the following inequality

holds:
liminf/ / T)dpdt > / / A0 — 1) dpdt,
I—+oo

where (A(0) : m)! denotes the sequence defined by expression (2.32).

Proof. Since a’* = n'* 4 x™*, and from convergences (2.80) and (2.86), we get

liminf/ / )dpdt—hmlnf/ / (n™ +x™ — 1) dpdt
I—+oco
—hmlnf/ / n'* dpdt+11m1nf/ / (x* — ) dpdt
:liminf/ / Lol dpdt+/ / :(x — T)dpdt.

I—4o00

Therefore, we only need to prove that

tf /—
hmM/z/ n”@ﬁ>/‘/A@:mn®ﬁ. (2.89)
I—+o00 0 Q
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Taking into account definitions (2.32) and (2.33) and applying inequality (2.35) of Lemma 2.4.10,
we can deduce

/ / ' dpdt = Z/ AO) i m = AOTY g Y i nidp
> Z / B(A(ei) )= A dp
+Z/[ NG i) s a

—5 [AO" sty 0 = (A ) sy (2.90)

Q
+1I AOY =AY :nY) :nid 2.91
3 2 (A0 = A0 ) (291)

where we notice that here the term A(07)n’ : ' represents the value of A(6%) : n' : p' for i = I.
If we express

A7) — A 1
N — (AO) (1), te (1),

it results,
—_—

A(0'1) = A7) — (A(9)At,

hence, we can deduce
1< 4 . o 1< . . o
2;/9((/\(92) —AO") ') :n'dp 222/((A(91) — A)) + (AB)) At : ) : i dp
Z/ At(( n') :m'dp
= Z / / 71<<A<9>>f )’ dedp
// n'*) : n™ dt dp.

Thanks to this expression we can rewrite inequality (2.91) as follows:

tf /—\
lim inf / / (A(B) : ;)T - p* dpdt
I—+o00 Jg Q

> liminf{;/ﬂ[(A(QI):nI) ' = (A(0°) : n°) :n°]dp + ;/Q/o f((A(Q))I ‘™) nI*dtdp}. (2.92)

I—+o0
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Using convergences (2.61) and (2.63), applying Lemma 1.2 in Lions [81] and taking into account
that A(67) is the value of A(6) for t = tf, we can bound the first addend on the right-hand side of
expression (2.92) as

liminfl/ [A@D) :nl) sl — (M) n®) 0] dp > /tf/ n] dpdt. (2.93)
I—+o00 2 Q dt
In effect, n’ € L°°(0,t¢;X%), ¢ > 2 and since X9 C X2, we get

n' € L(0,t5;X?) C L*(0,t5; X?).

Furthermore, ﬁl € L?(0,ts;X?), and applying the result from Lions [81] (see Lemma 1.2, p. 7),
we obtain

77[ :[O,tf] — X2

te — nl(t*) is continuous except on a null subset.

The same reasoning holds for 7.
Hence, we can write ’(t;) and n(tf), and in order to obtain the result, left to prove is that

n’(t;) — n(tr) in X? weak star.
In fact, thanks to weak-star convergence (2.61), we deduce the convergence
n! — min L®(0,t5;X?) weak star. (2.94)

Taking into account Corollary 2.4.14, there exists a positive constant csg, such that
||77[HL00(0’tf;X2) < ¢30, hence we can deduce || (t)||x2 < cs1 for all t € (0,t7). Therefore, there
exists 7)(t) € X2 such that

0! (t) — f(t) in X? weak star. (2.95)
From the previous convergence, we have
1n()lx2 < l}gjrannI(t)Hm < csp ae. t € (0,1).
oo

In consequence 7) € L>°(0,¢¢; X?). Thus, from convergence (2.95), we get the strong convergence

/ Edp—>/ c€Edp, VEe X2

And applying Dominated Convergence Theorem from Brezis [25] (see p. 54), taking 7 € L>°(0,t; X?),
we obtain

4mww@@eﬂmwx

since

An%wﬂw@eﬂmwx
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/ () dp—>/ t) dp,

/Q (1) () dp] < I () e

ty ty
/ / t) dpdt — / / t) dpdt,

this is nf(t) = 7(t) in L>°(0,t; X?) weak star.

and

Hence, we can deduce

Then, taking into account convergence (2.94), and since if there exists the limit, it must be
unique, we get = 7, and we obtain the convergence n’(t) — n(t) in X? weak star. Therefore,

tminf / (A (£)) = 0 (7)) = ' (t) — (A(E°) < ) < ] dp
Q

I—+o00
= timint 5 [ (A0 (1)) = (MO(e) + (A0 s (41)) (1) = (A s )]

> 2 [ 1@ ) mieg) — (A <) 2]
Q

and hence we conclude (2.93).
For the second addend on the right—hand side of (2.92), we consider

liminf — // ')l dt dp
T—+o00 2
ty :
> Tim L [_ . I . I
> it [ / <[<A<e>> (@) : n'™) : 0" dedp
+ liminf = / / - m*dtdp. (2.96)
I—+00 2
Firstly, let us prove that

1 ty /_\ /—.
hminf// ([(AO)F = (A0))] : ™) : " dt dp = 0. (2.97)
I—+oco 2 aJo

Applying Hélder’s inequality, we have

3 [ GO - G st drp

—_—
S 5 - n n 1L (0,ts;XP)
< <~ HHA@0)" = (A(9))] : p™* ln"™|
LOO(O,tf;Xq)
< SNAO)T = RO oo 110 (et I i 0o |17 3 0150

< A — (A9 Ix)12
< ess][(A(8))" — ( ())IlLoo(o,tf;[Loo(m]nzx)lln 2o (0,4 %9
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where ¢33 is a positive constant. So, using the weak convergence (2.65) and the strong convergence
—_— —_—
(AB) = R(B) in W0, t; L()),

we obtain equality (2.97).
In order to bound the second term of the second member of (2.96) we use a classical result of
convex analysis! (see Ciarlet [28], p. 122). For that purpose, let us define the function

g:Qx (0,t5) x R™*" — [0, +00]

((p,t), 7)) — (A1) :T):T,

which verifies

e g((p,t),-) is convex for almost every (p,t) € Q x (0,%y).
In effect, let us consider A € (0,1), 7, £ € R™*", then

g((p, 1), AT + (1= 1)€) = (A(0(p, 1)) : AT + (1 = A)§)) : (AT + (1 = N)€)
=N2(AO(p, 1)) = T+ (1= D)2 ((A(O(p, 1))  €) - €+ 20(1 = A)((A(G(p, 1)) : T) : €.
Taking into account the equality
21 = )((AOp: 1)) 1) : €= A1 = D((AO@, 1) = 7) - 7

— —

FAL = A)((A0(p,1))) - €) : £ = AL = 1) ((A(B(p, 1)) : (T —&)) = (T = &),

and since A(1—X) ((A(6(p, 1)) : (T—&)) : (T —&) > 0 thanks to hypotheses (H1) and (H3),
we deduce

g((pv t)aAT + (1 - A)&)

=N (AO(p, )7 = 7+ (1= 2)*(A0(p, 1)))€ - € +2A(1 = A)(A(O(p, 1)) : &

— — —

=2 ((A0(p.1))) - T? T (L= A2 ((A0(p, 1)) - €) - €+ AL = N ((AB(p. 1)) : 7) = T

+A(1 —.A)((A(9(p,t))) :§) € -1 _—A)((A(9(p,t))) H(r=§): (T -¢)

<A(AO(p, 1) : 7) = 7+ (1= N ((AO(p, 1)) : &) - § = Ag((p, 1), 7) + (1 = A)g((p, 1), §)-

'Result from Ciarlet [28] p. 122:
Theorem 2.5.1. Let m and v be two integers > 1 and a € R. Let  be a open set from R™ and g : @ X R” — [a, +o0]
with a = 0 if meas Q2 = +o0, such that g(p, ) : ¢ € R” — g(p, q) € [a, +o¢] is convex and continuous a.e. p € 2 and
9(,q) : p € 2 — g(p,q) € [a,+0] is a measurable function for all ¢ € R”. Then,

gn — g in L'(Q) :>/9(p7q(p))dp§1irginf/ 9(p, qn(p))dp.
Q n—oo Ja
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e g((p,t),-) is continue for almost every (p,t) €  x (0,ts), since thanks to hypothesis (H3)
it can be rewrite as the composition of two continuous functions.

e g(-,7) is a measurable function for all = € R"*".

Furthermore, from convergence (2.65) we deduce the weak convergence n'* — n in L'(0,t £ X9);
therefore, from Theorem 2.5.1 in Ciarlet [28], we obtain

lim inf — // o) nl*dtdp > = // : ndt dp. (2.98)
I—+4o00 2

Sumiming up, from expressions (2.92) (2.96) and (2.98) we arrive at

jint [ 0T
=5 (A1) () 10 17) = (A0 1.0 1. 0]
w5 [ [ RGw D o0yt
_Q/tf/dt n) dpdt + 5 / / : ndpdt. (2.99)

But, if we apply the chain rule to the second member of this inequality we deduce

/tf/dt n) dpdt + / / cmdpdt |

/ / ndpdt+ - /tf/ T[dpdt—f—;/g/otf(m:n);ndpdt
/tf/ smdpdt+ 5 /tf/ ndpdt+1/0tf/Q(A(9)iT’I)2ndpdt
/tf/ :mdpdt

/ / ndpdt+/ / ‘mdpdt

/tf/ s dp di. (2.100)

Hence, we obtain inequality (2.89). O
Corollary 2.4.24. Under assumptions (H1)-(HS8)

Y =0¢q(0) a.e. in Qx(0,ty).
Proof. Let T € L*(0,ts;X9), since the subdifferential is a monotone operator, we have

/ ! / (081" (%) — 061 (7)) : (o* — 1) dpdt > 0. (2.101)
0 Q
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From the discrete behaviour law (2.84), we obtain

[ [ootiiomy - -y [ [ g0t iy
+ /Otf /QE(‘H) (o' — 1) dpdt — /Otf /Q((A(G). ) (e — 1) dpdt. (2.102)

The convergence of the first term of the second member of this expression is deduced from weak
convergence (2.66) and strong convergence (2.83):

ty ty
lim /gf*: T)dpdt = / / o —T)dpdt.
I—+o00 0 O

For the next term, if we use that o/* = n’* 4 x™* and we apply the orthogonality property given
in Proposition 2.3.3, we have

/Otf /Qg(u'f) (T — 1) dpdt = /Otf /Qa(uj) () dpdt.

Therefore, thanks to convergences (2.70) and (2.80) and applying again Proposition 2.3.3, we

deduce
ty . ty
lim / e(ul): (e —7)dpdt = / / e(n): (o —7)dpdt.
I=+o00 Jo  Ja 0o Ja

Then, if we pass to the upper limit in expression (2.102), we can apply Lemma 2.4.23, obtaining

ty ty
limsup/ /8(155*(0'[*)' T)dpdt </ / o —T)dpdt
I-+00 Jo Ja
ty ty
+/ /6(1'1):( o—T) / / o —T)dpdt.
0 Q

So, taking into account (2.87), we get

iy
limsup/ /aqsg*(af*): dpdt</ /’I‘ o — T)dpdt.
I—+o0c0 JO Q

Consequently, using (2.101) we have

/tf / (Y — 06y(7)) : (o — 7)dpdt > 0, ¥r € L(0,1;:X9).
0 Q

Finally, we can conclude the result applying Minty trick (see Fuc¢ik and Kufner [54], p. 146). In
effect, the previous expression is valid for all 7 € L*°(0,ty; X9), then, taking 7 = o + s7, with
s> 0and 7 € L>(0,t5; X9), it results

ty o i
0 </0 /Q(T—ﬁqzﬁq(a—l—S'r)) (o — (o +sT))dpdt

ty - -
:_5/0 /Q(’I‘—aqbq(a'+s7')) : Tdpdt,
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hence,
ty
0> / /(T — 0¢¢(o + sT)) : Tdpdt, YT € L(0,t5;X?).
0o Ja

Passing to limit as s — 0 on the right and applying the hemicontinuity of 0¢,, (see Subsection
2.2.1, definition (2.12)), we get

iy
0> / /(T — 0¢¢(0)) : Tdpdt, V7 € L>(0,t5; X7). (2.103)
0o Jo
If we replace stress 7 in the previous expression with —7, we obtain

0>/0tf/Q(T—8¢q(0')) (—7) dp dt = / /r 06,(c)) : 7 dpat,

and we can deduce
ty
0< / /(T — 0¢4(0)) : Tdpdt, V7 € L=(0,t5;X9). (2.104)
0 Q
Then, from inequalities (2.103) and (2.104), we get
tf
/ /(r — 0¢,(0)) : Fdpdt = 0, V7 € L®(0, 17 X9),
o Ja

and we conclude the result. O

Step VIII: Uniqueness of solution of Problem (Pr)

Let (u1,01), (ug, 02) be two solutions of Problem ( Pr) and let us denote by o = o1 —02 € H4(0,0)
and u =u; — uy € Uj. They verify

e(a) =A0) : 01— A0) : 092 + 0py(01) — Opg(02) a.e. in Q x (0,t5], (2.105)
0(0) =0 and u(0) =0 a.e. in Q.

Thanks to the orthogonality between H?(0,0) and U}, multiplying (2.105) by o and integrating
in time and space, we obtain for all ¢ € (0, ]

/ | (G0 aapas + / | @0ufon) = 06,02)) : (01— @) dps o (2.106)

The second term of expression (2.106) is positive due to the monotony of the subdifferential d¢g,

therefore
/ / odpds <0.
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If we use the equality

(A@):7):T=

// s o dpdt + = // odpds <0.

/_‘\
Furthermore, from hypotheses (H1) and (H3) we deduce that the term A(6)7 : 7 is positive.

Thus
/ / c0):odpds <0.

Then, if we integrate in time, and since o (p,0) = 0, we obtain

we have

/ (MO, 1)) : o(p.1)) : o (p.t) dp < / (AB(p,0)) : 0(p.0)) - 7(p, 0) dp = 0;
Q Q

hence o = 0, so, o1 = 2. Now, from equation (2.105) we obtain €() = 0. In consequence, since
u(p,0) = 0, e(u) = 0. Thus, from Korn's inequality in Uf, we conclude that u; = us. O

Remark 2.4.25. The uniqueness of solution guarantees the convergence for the whole sequence
(u!, a!) to (u, ) and not only for a certain subsequence.
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Chapter 3

Regularity of a viscoelastic problem

3.1 Introduction

This chapter deals with the question of regularity for the stress solution of the Maxwell-Norton
model with temperature dependent coefficients studied in the previous chapter. We recall that
the mathematical model arises from the modelling of the deformation of aluminium structures
exposed to fire where temperature changes play a fundamental role. The existence and uniqueness
of solution for this problem has been proved in the previous chapter and their results are published
in Barral et al. [12].

Bensoussan and Frehse [16]| proved that the stress solution of a Maxwell-Norton model belongs to
[HﬁOC(Q)]”Q for the static case. Afterwards, they obtained a similar result for the time dependent
case (see [17]). They also proved that, when the deviatoric stress tensor is bounded, the H?
regularity is reached. In this chapter by assuming that all coefficients of the behaviour law depend
on temperature, we will prove the regularity properties for the behaviour law studied in Chapter 2,
which is a combination of two parts: an Arrhenius thermal part and a Maxwell-Norton viscoelastic
part.

The outline of this chapter is as follows: after giving some preliminary notations in Section 3.2, we
will recall the mathematical model and the result of existence and uniqueness of solution proved
in Chapter 2 in Section 2.4. In Section 3.4 we will prove the Hﬁoc regularity of stresses after
introducing the appropriate hypotheses. Finally, in Section 3.5 we will obtain the HI%OC regularity.

3.2 Preliminary notation

We introduce some useful notation about differential calculus and tensorial products.

Let g(p, t) be a scalar function defined in R™ xR. We represent by ¢(t) the function p — g(p,t),
g¢ its partial derivative with respect to ¢ and 0;g or g; its partial derivative with respect to the
variable p;, 1 <i <mn, n=3. Vg, D?g, D3g and Ag denote its gradient, Hessian, differential of

95



96 Chapter 3. Regularity of a viscoelastic problem

third order and Laplacian respectively, defined by

(V9)i = 0ig = g4, (D?9)ij =059 = 955 (D*9)iji = Oijkg = guijks 1 <i4,5,k <n,
Ag = 049,

where the sum over repeated subscripts is implied.
If uis a vectorial function in R™, we denote by Vu, D?u, Au and Divu its gradient, Hessian,
Laplacian and divergence respectively, determined by

(V)i = 0y = uji,  (D*W)ijk = Opjup = ks, (Au); = Ay, 1<4d,5,k<n,

Divu = d;u;.

For T € S, we denote by D7, D?1 and Div 7 the differential operator of first and second order
and the divergence of the tensor valued function 7 respectively, defined by

(DT)kij = OTij = Tijs  (D*T)piij = Omij = Tijwt, 1 <, 4.k, 1 <mn,
(DiVT)j = aiﬂ'j = Tijis 1 Sj S n.

If V is a fourth order tensor valued function, we denote by DV and D?V its differential operator
of first and second order respectively, with components

(DV)kijih = OkVijih = Vijing, 1<4,5,1,hk <n,
(D*V)kmijin = OkmVijih = Vijingms 1 <i,7,0,hk,m < n.

Let L"(Q2), for 1 < r < oo, be the usual space of r-integrable functions on . We denote by
[L"(2)]" the space of vectors whose components are in L"(£2), dotted with the norm

1
[ullizr @ = [Z/ﬂ!ui\rdp] :
=1

Analogously, we can define the corresponding spaces of tensors provided with the usual norm. So,
given T € [L"(€2)]"* we consider the following norms:

T

I = | 3 [ Irlran|

S =

||D7'||[LT(Q)]n3 = [;Hak"'n[ry(m]m] )

and

3=

n

HD2T”[L""(Q)}"4 = Z HaleHEnLr(Q)]n?
k=1
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Definition 3.2.1. Let A be an n-th order tensor and B be an m-th order tensor. Then the tensor
product AB is an (n +m)-th order tensor defined by

(AB)iy . inim = Air i Bin i1

Definition 3.2.2. Let A be an n-th order tensor and B be an m-th order tensor. We define the
contraction product of 1 subscripts, with | < n, m, as the following (n—1)+ (m—1)-th order tensor:

(A 1B, i iitrims = Aivoin k1 bt By iy f 1< m, m,
(A 'l B)jl,-n,jmfl = A]ﬁ...k’lBkl...k‘ljl...jm_l7 Zfl =n<m,
A ‘1 B = Akl---lek‘l---klv ’Lfl =n=m.

We notice that if u, v are vectors in R", with components u; and v;, their scalar product can be
understood as a contraction product of one subscript: u -} v = w;v;. Analogously, for 7, £ € S,
their scalar product can be represented by 7-2& = 7;;&;;. Hereinafter, | 7| denotes the norm induced
by this scalar product.

Examples: Using the previous notation and taking into account Definitions 3.2.1 and 3.2.2, we
have

(Vgu)i; = (Vg)iu; = g,uj,
Vg-1u=(Vg)iu; = gui,

T 2 Vu = Tij(Vu)Z-j = TijUj,i,

(Vo) 27 = VijimTim)Tij>

(V-3 D7) = Vijim(DT) jim = VijimTim,j

2 2
V4 D1 = Vigii (D7) iy = VietijTij k-

In order to familiarize readers with this notation see Segel [92].

3.3 Mathematical Model

We recall the mathematical model studied in the previous chapter in order to introduce the new
notation.

Let © C R™ be a bounded, open and connected domain with a Lipschitz boundary I'; we

assume
I =TpUTlN,IpNTy =0 and meas(I'p) > 0,

where I'p and I'y are n — 1 dimensional open subsets of I'.

Let [0, %] be the time interval of interest. The field of temperatures 6(p,t) is assumed to be known
at each (p,t) € Q x (0,t]. We denote by u(p,t) the displacement field and by o (p,t) the stress
field at each (p,t) € Q x (0,].

We study the regularity properties of the stress tensor which is the solution of the following
problem:
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Problem (Pr)
Given f(p,t) in © x [0,t¢], find u(p,t) and o(p,t) in Q x (0,tf], such that:

—Dive =b in Q x (0,ty],

o-1n=g on 'y x(0,ty],

u=up on I'p x (0,tf],

e(w) = (A(0) -2 0)t + Doy(o) + (0)6,I in Q x (0,t¢],
u(0) =up, 0(0) =0 in Q.

Ve

Here

b are the applied body forces,

n denotes the outward unit normal to 2,

g is the surface force,

up is the boundary Dirichlet condition,

e(u) is the linearized deformation rate tensor,

e A represents the tensor of Hooke's law,

« is the coefficient of thermal expansion and

D¢, is the differential of the plasticity potential given by

Deg(e) = O(0)|o”|"?a?,

(3.2)

where ¢ is a strictly positive material parameter and © is a function depending on tempera-

ture.

Furthermore, the initial conditions ug and o must verify the usual compatibility conditions:

—DiVO‘O = b(O) in Q,
op-1n = g(0) on Iy,
uy = up(0) on I'p,

e(ug) = A(bp) 2009 in Q,

with 6y = 6(0). For more details of the model see Chapter 2 or Barral et al. [12].

(3.3)

Remark 3.3.1. In behaviour law (3.1d) the coefficients only depend on temperature. Nevertheless,
the methodology used in this chapter could be extended to behaviour laws that include a coefficient

of material damage.
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3.3.1 Existence and uniqueness of solution

Let us remember the existence and uniqueness result proved in the previous chapter. In order
to simplify the writing of regularity results we rearrange the hypotheses of that theorem in the
following way:

(H1) The temperature field is positive and 6; > 0 a. e. in Q, Vt € [0,ty].

(H2) The applied surface force verifies
g € W20, 153 W3 ()]" 1 [LA(Tw)]").
(H3) The exponent g verifies ¢ > 2, thus its conjugate p is such that 1 < p < 2.
(H4) The initial displacement field verifies
u € UP = {v e [W'P(Q)]"; Divv = tr(e(v)) € L*(Q)}.
(H5) The Dirichlet function verifies
up € W20, tp; (W2 P (D)),
(H6) The tensor of Hooke’s law A is symmetric and the following hold true:

° A c [W2’OO(R)] n4'
e there exists £ > 0 such that (A(s) 2 7) -2 7 > & |7]>, V7 € Sy, Vs € R.
o (N'(s)aT) 2T >0, VT €S, Vs €R.

(H7) The coefficient of thermal expansion verifies o € W1 (R).
(H8) The coefficient of the plasticity potential verifies
© € L*°(R) and O(s) > Oun, > 0, Vs € R.

(H9) The temperature field verifies § € W>°(0,¢; L(€2)).
(H10) The body force verifies b € W2°°(0,t; [LI(Q)]").
(H11) The initial stress verifies

og € X9 = {’7’ = (Tij); Tij = Tjis TD € [Lq(Q)]n2 , tl"(T) S L2(Q)}.

The functional spaces UP and X?are studied in-depth in Geymonat & Suquet [63] and they are
defined in Subsection 2.3.
In the previous chapter the following result was proved:

Theorem 3.3.2. Under assumptions (H1)-(H11) and assuming also that vy, oo verify compati-
bility conditions (3.3), there exists a unique solution (u,o) of problem (Pr) such that

u e Wh%(0,tp;UP) and o € WH2(0,t5;X?) N L>(0,; X7). (3.4)
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3.4 H} . Regularity

The aim of this section is to prove the Hﬁoc regularity of stresses. To do so, throughout this section
we replace (H8)-(H11) with the following hypotheses:

(H8) © € WL°(R) and O(s) > O > 0, Vs € R.
(H9) 6 € W2%°(0,tp; Whoo(Q)).

(H10) b € W2>(0,ts; [H1(Q)]") and Ab € L>®(0,t5; [L9(2)]").

2

(HIT) o € X0 [HL, ().

(H12) The trace of the stress tensor verifies tr(o) € L>(0,¢s; L(S2)).

Theorem 3.3.2 establishes that the stress tensor o (), solution of problem (Pr), belongs to X2 and
hypothesis (H12) assures that o (t) € [LI(Q)]"" a. e. in (0,tf). Because o(t) cannot be derived
in [L‘I(Q)]"2 with respect to any spacial variable, in the forthcoming proofs its derivatives should
be replaced with the corresponding difference quotients which have the same regularity as o (t);
nevertheless, since this is a classical technique in regularity analysis, we present for the sake of
simplicity a formal proof using the derivatives of o (t); for details, see Bensoussan and Frehse [17]
or Frehse and Mélek [50]. In this context, given ' CC Q and 7 a second order tensor valued
function in [L"(Q)]", with 1 < r < oo, we consider the following norm for its difference quotients:

T

||DTH[L’V‘(Q/)]’"«3 = [; HakTH?Lr(Q/)yﬂ] 5

where

7(p + he*) — 7(p)
h b

pe, e = (e, .. e with e;? = Oy,

Ot (p) =
dx; being the Kronecker delta and |h| < dist(€', 09).

Theorem 3.4.1. Under assumptions (H1)-(H7) and (H8)-(H12), the stress solution of problem
(Pr) satisfies o(t) € [HﬁOC(Q)]"Q, vVt € [0,tf].

The proof is based on the following lemmas.

Lemma 3.4.2. Let ¢ be a time independent smooth function with compact support in Q. Then,
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under the assumptions of Theorem 3.4.1, the following equality holds:

1d
2dt o,

+/¢@MWW&@3DWM+/w@MWWWM3D0®
Q Q

¢ (Do -2 A(0)) -3 Do dp + % /Q © (Do -2 (A(0)):) -3 Do dp

1 _ _
+5 [ #laPIE©O) 1 Vie o+ [ p0O)a” D dy

-2
-1—q4/Q@@(9)\0D|‘1—4’V|0D’2|2dp+/Q<pV(a(9)9t) 1 V(tr(o)) dp
_/ut-1 [D3<,0‘2°'_D2g0'1 b]dp+/ u; -1 (Vg -1 Vb + @Ab) dp

& Q

_ / Divu, (D% 50 — V-1 b) dp+2 / {[(A0) -5 &) + Déy(e)] Vo) 5 Dor dp
Q Q

— 2/ a(0)0:Vy-1bdp =0 in L>=(0,ty). (3.5)
Q

Proof. Let us consider a time independent smooth function ¢ with compact support in £2. Following
the techniques used in Bensoussan and Frehse [16, 17|, the proof consists of multiplying constitutive
law (3.1d) by the test tensor function —0(¢0k0o), integrating over €2 and summing over k, k =
1,....n:

—/dmh@wmw@:—/mwawm@wmw@
Q Q

— / Doy(o) -2 Ox(pOko)dp — / a(0)0:1 -2 O (@O0 )dp. (3.6)
Q Q

For the first member, using the definition of the strain tensor and integrating twice by parts, we
have

1
— /Q s(ut) ) 8k(g06k0') dp = A&kaij(ut)gaakaij dp = /Qak {2(8i(ut)j + 8](11/75)1) (pakO'ij dp
1 1
= 2/ k0 (ur) j OO dp+2/ Ok 0;(ut)ipOkoij dp
Q Q
1 1
=5 [ o diton) o~ 5 [ uludi(eia)dp
Q Q

1 1
= —2/ Ok (ut) j0; P00 dp—2/ Ok (ut) jp0ik0ij dp
Q 0

1 1
—2/ Ok (ut) ;050,035 dp—2/ Ok (ut)ip0ji04 dp.
Q Q
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Taking into account the equilibrium equation and the symmetry of the tensor o, it follows that
1 1
—/Q E(ut) ) 8k((pakd) dp = — 5 /Q 8k(ut)j8i<p8kaij dp + 5 /Q 8k(ut)j<p8kbj dp
1 1
— 2/ 8k(ut)@-8j<,08kaji dp + 2/ 8k(ut)l<p8kbl dp
Q Q
= —/Q 8k(ut)jaig08k0ij dp —l—/ﬂ 8k(ut)j(pakbj dp. (3.7)

The second term on the right-hand side of equation (3.7) can be rewritten as

/Qak(w)jw@kbj dp = — /Q(Ut)j [0k pOkbj + ©Okkb;] dp. (3.8)

In addition, the first term of the second member of equation (3.7) takes the expression
—/Q Ok (ut) 10500045 dp :—/Q 2¢ . (uy) O30k 045 dp —1—/9 0;(ut) 0300 dp. (3.9)
From behaviour law (3.1d), we convert the first term on the right-hand side of this equality into
- /Q 2¢ i (uy) 030k 045 dp
= 2/Q [(A(B) 2 o) + quq(cj')]j,C 0;pO04j dp — 2 /Q a(0)0:0;1,0;00k04; dp.
Thanks to equilibrium equation (3.1a), we obtain
- /Q 2e j1,(uy) 030k 045 dp

= — 2/ [(A(Q) 9 O')t + ngq(d)]jk &goﬁkaij dp + 2/ Oé(«g)gtaicpbi dp. (310)
Q Q

Let us consider the second term on the right-hand side of equation (3.9); integrating by parts and
using the equilibrium equation, we deduce

/Q@j(ut)kaiwak%j dp = —/Q(Ut)kajiﬁpawij dp—/ﬂ(ut)kaiSoaijz‘j dp
= —/Q(ut)kﬁjwakffij dp+/Q(ut)kaz'903kbi dp,

and, integrating by parts again, we obtain

/Q 8j (ut)kﬁiapé)kaij dp

_ /Q O ()i (D100 — Duioby] dp + /Q () [Ohyi00s) — Dnisobi] dp. (3.11)
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Therefore, from equalities (3.7)-(3.11) we have the following expression for the first member of
equation (3.6)

~ [ e 2 uletne) dp = = [ 2{(AO) 200+ Doy(e) Vi} s Drdp+2 | al0)0i -1 by
—|—/QDivut (D*p 20— V-1 b)dp
+/Qut 1 [D*¢ 20 — D*p 1 b]dp
- /Qut 1 (Ve -1 Vb + oAb) dp. (3.12)

Integrating by parts the first term of the second member of equation (3.6) we obtain the expression

- /Q(A(G) 2 0)t 2 Op(pOko)dp = /Q ©Ok(A(0)ijimTim)t -2 OO dp
:/Q@ak((A(e)ijlm>t0'lm) 9 0oy dp
+/Q%03k(A(9)ijlm((0')lm)t) 2 Op0ij dp
Z/Qwak(/\(@z'ﬂm)tmmakaij dp+/QSO(A(G)ijZm)tako'lmakUz’j dp
+/Qgoak(A(H)iﬂm)(alm)takaij dp
+/£]¢A(9)ijlm8k(olm)takoij dp. (3.13)
From the chain rule, we have

((DO’ 9 A(@)) ‘3 DO’)t = (DO’ D) A(@))t '3 Do + (DO’ ‘9 A(9 ) 3 DO’t
= (DO’t 9 A(Q)) -3 Do+ (DO’ 9 (A(@))t) -3 Do+ (DO’ 9 A(Q)) -3 Doy,

and we can deduce the following equality:
1 1
(DO’ ‘2 A(H)) '3 DO’t = 5((D0’ ) A(G)) ‘3 DO’)t — §<DO' ) (A(Q))t) '3 DO’,

so expression (3.13) can be rewritten as

- / (AO) -5 )1 -2 OO0 )dp — / o (D)) -2 &) -5 Dadp—i—% / (Do -5 (A(O):) -3 Do dp
Q Q Q

+ / 2 (D(A(0)) 2 01) 3 Do dp
Q

/ng (Do -2 A(6)) -3 Do dp. (3.14)

N |
&



104 Chapter 3. Regularity of a viscoelastic problem

For the second term on the right-hand side of equation (3.6), and taking into account expression
(3.2) and integrating by parts, we obtain

—/QD%(U) 2 3k(903k0)d13=/93k(3¢q(0)) -9 pORo dp
= /Q 0(0(0))|aP 9% 00045 dp + /Q ©(0)0klo” "0 ] pokai; dp

T / 0(6)|o 20402 00k dp.
Q

Since
_ _9 _
(o - UD)qu) = qT(aD 9 a’D)qTQ_120ka'D ool
_ _9 _
= (g=2)(” 20")T 9o 20" = T2 (0P 5 0P) 5 0o,
and
o D)2
ol 5 ol = k(o™ )7
2
we obtain,
o D)2
oLl = (g~ )P HIT L (3.15)

2
Then we deduce

- [ Dou(@) 2 0u(e0i0)p = [ 1oV ©®) 1 ViePE dp
+ 12 [ o) vie PPy
+A¢@(0)|aqu—2\DaD12dp. (3.16)
Finally, for the last term of the second member of equation (3.6), we obtain

—/ﬂa(@)etl 9 8k(cp8k0')dp:/98k(a( ))0:0i00k04; dp+/ a(0)00.6:500k0;; dp

—/LthV(a(G)) 1 V(tr(o dp+/ ea(0)VO, 1 V(tr(o)) dp
Q Q

:/ e V(a(6)8;) -1 V(tr(o)) dp. (3.17)
Q
Therefore, from equalities (3.6), (3.12), (3.14), (3.16) and (3.17) we conclude result (3.5). O

Lemma 3.4.3. Let ¢ be a time independent smooth function with compact support in Q. Under
assumptions (H1)-(HT) and (H8)-(H12), the following inequality holds:

@ . t (_) . t
5 1 eDo(0) [y +5 [ [ Pla2Daapds + 22 [ PP Vi Ppds
0/ 0/

< ca0(9) + es0(9) /O | eDa(s) |2, ds, Vte(0,ty), (3.18)

(L2()™
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where O¢ is a lower bound of ©(0) and c;(), I > 0, denotes a positive constant depending at most
on Q.

Proof. Let us replace ¢ with ¢? in expression (3.5) and integrate over (0, 1),
1 I 9
(Do 2 A6) s Dodpt 5 [ [ (Do (A(6))1) s Do dpds
/ / (0)|eP)972| Do P|? dpds+ / / ()P 774V |oP 2| dpds
_2/9 (Do -2 A(bp)) - 3D0'0dp—|—/ /ut 1 [D*¢? -9 o — D*¢? -1 b dpds
— / / u; -1 (V? -1 Vb + ©*Ab) dpds —i—/ / Div uy (D2<p2 wo — Vg b) dpds
0 JQ

t
+2//a( )0;V ? 1bdpds—2// 0)|oP |7 26PVp?) -3 Do dpds

—2// 9 0) V(p)gDadpds—// 0)) -2 0) -3 Do dpds

- / / ©*(D (A(B)) -2 0¢) -3 Do dpds — 2/0 /Qg020'D|q_2V(@(6?)) -1 V|oP [2dpds
/ / 1 V(tr(o))dpds. (3.19)
Using hypotheses (H6) and (H9), we have

1 K
5 [ #Do 2 MO w Dadp = SleDo, .
O (2@

Thanks to hypotheses (H1), (H6), we get

1 t
2/0 /QSDZ (Do -5 (A(8)),) 5 Do dpds > 0.

Applying hypotheses (H6) and (H9), we obtain

1

2/ ¢*(Dag -2 A(fo)) -3 Do dp <
Q

HA(GO) H [Loe ()]t
2

Then, from equality (3.19) we deduce

t
I{ —
lleDa* . . + Omin 2oL |92\ D P |2 dpds
2 (L@ 0 Ja

—2 @min t —
#0200 [ oo 419102 dps
0

||A(90)”[LOO(Q)]TL4 9
< 5 leDao®I”, s lez! (3.20)
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where to simplify the notation, I; denotes the (I + 1)-th term of the second member of equality
(3.19).

The first term of the second member of equation (3.20) is bounded by hypothesis (H11).
Since w; € L?(0,t5;UP), o € L>(0,t5;X?) and taking into account assumptions (H7), (H9),
(H10) and (H12), terms I;, [ = 1,2, 3,4 are bounded. Indeed:

e We obtain an estimation for I; thanks to u; € L?(0,ts; UP), o € L>(0,ts; X?), hypotheses
(H10), (H12) and applying Hélder’s inequality on L2(0,t; [LP(Q2)]™) x L2(0,t; [LI(2)]™)
(see Zenisek [101] p. 40 and 299):

uly<//}ut1D32 \dpds+//}ut1D“ b)| dpds

< w204 3120 (2 [HD?) 20|20 20 + D07 1 bHL2(O,tf;[Lq(Q)}")]

< ”ut||L2(O,tf;[LP(Q)]") [Cl(gp)||a||L2(07tf;[Lq(Q)]n2) + 02(30)\|b||L2(o,tf;[Lq(Q)}n)] :

Since
3 9 i 2 2 2
1% 2 ollsoayizse = | [ 1% 2 oo
t 2 2 t 2 7z
= /</ ]D3902 '20|qdp> ds| < /</ |D3902|q|a]qdp> ds
0 0o \Ja
sely [/ (/ ’U‘qdp> ds] = @l 2 ma @2y
and

2
q
D262 4 bl 20 ety [/ 1D% 1b|r[m<m]nds] [/ ([ 1D%* 1birap)” ds]
t % 2 %
< [/ </ ]D2g02\q|b]qdp> ds]SCQ [/ </ \b|‘1dp ]:
0 Q

e For I, if we consider that u; € L?(0,¢s; UP), hypothesis (H10) and Hélder’s inequality on
L2(0,t5; [LP(Q)]™) x L*(0,t4; [LI(Q)]"), we have

©)|IbllL2(0,t:La(@))m)-

t t
2] < / / |ut ‘1 (V@Q ‘1 Vb)‘ dpds —|—/ / ‘ut ‘1 (QOQAb)‘ dpds
< w220, 53120 ) [HVSO 1 Vb |20, siza@)) + 197 Db 1200, raoy) )}

< el 220, 1m0 ()1) [03(80)||Vb\|L2(o7tf;[Lq(Q)]n2) + 64(90)||Ab‘|L2(0,tf;[L‘1(Q)]")} :

N|=
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since

1 2 1
Bl t 7 2
1962 1 bl 200 na) [/ IV6? 1 Tbl P }— [ /0 ( /Q V2 -1Vb|%zp) ds]
t 2 % t 2 %
[ / ( / rw?rqwuowozp)"ds] < e5(9) [ / ( / |Vqup)qu]
0 Q 0 Q

= @IVl 204, pa ()

IN

and

1 2 1
2 t 2 2
|lo® Ab|| 12 (0,t3[L2() {/ Htp2AbHLq ]nds] = [/0 </Q|<p2Ab|qu> dS]
t 2 2 t 2 2
<1[(/ |¢2|qmbwp) as| <ale) | [ ([ 1abrap)” as
0 \Jo 0 \Jo

= ca(@)|Ab] 12(0,¢ 3 [La()m)-
e Analogously, for I3 we get
t t
|I3] </ / IDivuy (D*¢* 2 0)| dpds+/ / IDivu; (Ve -1 b)| dpds
0 Ja 0 Ja
< [IDivue||r2(0,6,522(0)) {HD%Q 920|120 ,22(2) + IVE? 1 bHLQ(O,tf;LQ(Q))}

< |[Divugr2(0,4,:22(0)) [05(¢)|!U||L2(0,tf;[L2(Q)]n2) +06(90)\|bHL2(o,tf;[L2(Q)}2)] ;

since

st [ st [ ([ ) o
[{ o) o sl )]

= 05(<p)‘|G||L2(0’tf;[L2(Q)]n2)7

and

2 K 2 2 % ! 2 2 % %
Vo™ 1Bl 20, ,522(0) = [/0 [[Ve® 1 b||L2(Q)dS] = /O </Q|V90 ‘1 bl dp> ds
t 2 2 t 2 2
< [/ ([ 1veemea) ds] < ca(y) [/ ([ 1an) ds]
0 Q 0 Q

= c6(P)IIbllr2(0,t 5122 0)m)-
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e For Iy, using hypotheses (H7), (H9) and (H10), we obtain the estimation

t
‘I4| < 2/0 /Q \a(@)@thﬂ ‘1 b‘ dpdS < ||Oé(€9)9tv¢2||L2(0’tf;[L2(Q)}n)||b||L2(0,tﬁ[L2(Q)]n)

< cr(@)a(@)0c]| 220, s2 ) [Pl L2 (0.t 53 L2 ()17)

since

1

1
t b t % 2
0@T P lt0aaon = | [ 18T is] = [ [ ([ re@nwean) ds]
2 3 t 3 :
[/ ([ 19 2iaonza) ds] < erlp) [/ ([ a0 Pap) " as
0

= cr()[|a(0)6:|r2(0,t ;22 (0))-

Terms I;, 5 < I < 10 of equation (3.19) are bounded combining Holder’s and Young’s' inequalities.
In effect:

e In order to bound I5, we apply Green’s formula in space to obtain

\I5r<2' / P G IO P

//@ (o7 1 V|73V ?] 5 o dpds

+2 / /@(9)|0D\q_2( div 6PV ?) -5 o dpds
0 Jo

t
+2 / / 0(0)|oP |7 2(aP -1 D*?) -5 o dpds
0 Jo

=2 (|I51| + [I52] + [I5,3] + [15.4]) - (3.21)

From hypotheses (H8) and (H9), we get

t t
a2 [ [ 1oP10 29 O0)IVloldpds < es() [ [ 1ot o] dpds.
0 JQ 0 JQ

'We recall Young’s inequality:

1 ’ 1 1
—b%, VYa>0, Vb2>0, §+?:1and5>0.

ab < ea’® +




3.4. H! . Regularity 109

Since o(t) € [L1(Q)]", applying Holder’s inequality on Lq%l(Q) x L1(Q),

o [{(frer0) (fore) o
coir [ {[ () (o)}

t
O [ 1o 1l & gagape s

hence, we conclude that |15 1] < cg(¢p).
Let us apply equality (3.15) in the next term I52 of expression (3.21), so it can be bounded
as follows

-9 t
a2l < %5 V /[Uqu_4@(9)(UD 1 V|oP ) V] 2 o dpds
0 Q
t
<g-2 /0 /Q 10(0)||o”|74 V|0 |0 0| Veollo| dpds
t
< e(p) / / oo P13V o P|[or| dpds

<) [ [ ola1"5 Vi Pllo”| "5 o dpis,
where we have taken into account that Vp? = 2¢pV. Then, thanks to hypothesis (H12)

we can apply again Holder’s inequality firstly on L?(Q2) x L?(€2) and secondly on Lq%2(Q) X
L?(Q), obtaining

t % %
s o] < e10() / ( /Q ¢2\aD|q4rV|aDP|2dp> ( /Q raD|”|a\2dp) ds
0

1
q=2 2

t 2 1% )’
< cul) [ (/Q ¢2|aD|q—4|vwaD|2|2dp) ([/Q <aD|q—2>q—2dp] [/Q <|a|2>%dp] ds
t % —2
=) [ ([P TIa ) o 1o e

Using Young's inequality for e = %() we conclude that

|I572| Omin // ) |0-D|q 4|V’0D|2‘2dpd + o, /H D H[Lq(Q o | o H[2Lq(Q)]n2 ds
Omin / / Plo P11V P 2 dpds + 1 ().

Taking into account hypotheses (H8) and (H9), we have

t t
T3] < c1a(p) / / o292 |Dive”||o| dpds < cia(p) / / 102192 DorP||or| dpds.
0 Q 0 Q
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In a similar way as term I3 2, under hypothesis (H12), we apply Holder’s inequality firstly
ﬂ
2

q
on L?(2) x L?(92) and secondly on Li-2(Q) x L2(2), obtaining

t —_ —
Tl < c12() / / 0P| T |DoP||o”| 2 o] dpds
0 Q

t % %
<ene) [ ( / raD\q-Q\DaDPdp) ( / \aqu—Z\anp) s
0 Q Q

t 2
<enle) [ ([ P00 ap)
0 Q

®m7ln
8c12(p)’

mzn D 2 D2 D
/ [ 1?12 1Da P dps + 2 / 12 12 el & gy s

< Tgm/ /902|0D|q_2|D0D|2de8+013(90)-
0o JQ

le® 1 Lo d
T Nipa@m2 !l @ lliza@? @9

and using Young's inequality for € = we conclude that

Finally, the bound of I5 4 is obtained analogously to term I i:
t t
Gal <2 [ [ 10@lo?1 0P 1D% o] dpds < cute) [ [ o711 o] dpds,
0 JQ 0 JQ

and considering Holder’s inequality on Lq%l(Q) x L1(Q),

t
T4l < c1a(p) / / 10219 | dpds
0 Q

counf{ ([ ()}
< euly / [(/yaD\qdp)] (/\a’]%lp) ds

~ culy / [P 10l gy ds < cis().

e Let us apply Hélder's inequality on [L2(€2)]"" x [L2(Q)]"” to term Ig:

1
2
16| < ci6(p (/ | (A HQLQ(Q) ) (/ ||<PDUHL2<Q)]3d5> :

Then, taking into account that

(AO) 2 ) = (A(O)); 2 0 + A(6) 5 o, (3.22)
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using hypotheses (H6), (H9) and since o € L>®(0,t5;X?) and oy € L%*(0,tp;X?) we
conclude that

1 1
t 3 t 3
< . . 2 D 2
] < c16(p) ( L@ ae a0 @nl, ds) ( [ renel, ds)
1
2

< al) ([ 01O 20 sy + 16 2 @) )5

t 3
Do ||? _ds
(/0 leDol?, )
t
< eur(e) [ 1Da s g ds-+ ens(e)

by applying Young's inequality with e = 3.

e Analogously, terms [;, [ = 7, ..., 10 can be bounded from hypothesis (H9), applying Hélder's
and Young’s inequalities consecutively for an appropriate &

— and using hypothesis (H6) for term I7:

< et [ I DA 20 e ds)é (/ " eDo |2 i)

t
< en(e) [ IeDa Ry s + en (o)

— and thanks to oy € L?(0,t7;X?) and (H6), for term Is:
1 1
t 3 t 3
1 = (o) ([ 1 D40 201 e as) ([ oD 1 as)
0 0
t
2 .
< () [ IeDolgpads + ene):
— and hypothesis (H8) for term Iy:

t — —
1To| < cas(9) / / olo?| 7| Do 0P| 0P| dpds
0 Q

t % %
<enlo) | ( / ¢2|aD|q—2|DaD\2dp) (/ |aDq—2|aD|2dp) s
0 Q Q
t % %
< exlo) | ( / ¢2|aD|q—2|DaD\2dp) (/ |oDde> s
0 Q QO
t A
<eno) [ ([ @D an) " 1 0” Iq, d

Omin [*
- Zm/ /S02|0.D|q—2’Da-D|2dpd8+C26(<P);
0 JO
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— and hypothesis (H7) for term I;o:
L] < / / OV (0(6)80)] |0V (tx(0)) | dpds < / / oV (0(6)60)| | otx(Der) dpds

< cor(p //|V 8)6:)||¢Do|dpds

< enl9) / ([ 1vta@s de> ([ 1o0a] dp) ds

< anle) [ Dol e + (o).

Summing up, we deduce the result. [

Proof of Theorem 3.4.1. From inequality (3.18), since all terms on the left-hand side are positive
we get

2co9(p 2c30(p) [*
I 0Do(0) s s 20 4 2908 [y ono(o) 2, s

K [2(o)n

and using Gronwall’s lemma (see Lions [82], p. VI-8), it follows that

2029 (p) . 2e30(2) <

leDa(t) 175y, < ca1(ep)-

The function ¢ may now be chosen as an appropriate cut-off function to conclude that
o(t) € [H'(Y)]" for any subdomain Q' CC Q (see for instance Gilbarg and Trudinger [64],
p. 155). O

K

In the following Lemma, we prove that if o is bounded, then u:(t) belongs to [H{ (€)™
This result allows us to obtain the H} . regularity of stresses replacing hypothesis (H12) with the

Loc

bound of o” and relaxing assumption (H10) about b.
Lemma 3.4.4. Under assumptions (H1)-(H11) if 0P verifies

o e [L=((0,t5) x Q)" (3.23)

then
w, € L2(0, 455 [Hioe()]"). (3.24)
Proof. Since o is bounded due to hypothesis (3.23), from Theorem 3.3.2 and behaviour law (3.1d)

we deduce that e(u;) € L?(0,; [LQ(Q)]"2). Therefore, from Corollary 1 of Bolley & Camus [24]
we obtain (3.24). O

Theorem 3.4.5. Under hypotheses (H1)-(HT), (H8)-(H9), (H11), assuming that
b e W(0,t; [LYQ)]") N L2(0,t; [HY(Q)]"), &b € L*(0,tg; [L*(2)]") (3.25)
and o verifying property (3.23), then the stress solution of problem (Pr) satisfies
o(t) € [Hio ()", vt [0.tg]
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Proof. The proof is analogous to Theorem 3.4.1, except for the bound of terms [; with [ =1,..,5
of Lemma 3.4.3.

Applying Theorem 3.3.2 and Lemma 3.4.4 we obtain that o € W12(0,ty; [L2(Q)]™*) and
w, € L2(0,ts; [H,.(2)]"); therefore hypothesis (3.25) about b is sufficient in order that terms
I; with [ =1, ..,4 are well defined and bounded. In effect, denoting ¢;(¢), [ > 0 a positive constant
depending at most on ¢, we get:

e For Iy,
t t
]Il|</ / ‘ut-l (D3¢? - a)‘ dpds+/ / ’ut-l (D?¢? b)‘ dpds
0 Ja 0 Ja

< [l 2(0,¢522(0)m) [Cl(gp)"0-|’L2(07tf;[L2(Q)]n2) + e2(@)lIbll L2 (0,122 ) | < €3(0),

where we have used u; € L?(0,t¢; [H{ ,.()]"), 0 € W2(0,ty; [LQ(Q)]”2), assumption (3.25)
and Hélder’s inequality on L2(0,¢s; [L?(Q2)]™) x L2(0,ts; [L*(2)]").

e Terms I and I3 are bounded considering again u; € L(0,ts; [H{ .(2)]"), assumption (3.25)
and Hélder’s inequality on L2(0,¢s; [L?(Q2)]™) x L2(0,ts; [L*(92)]"):

t t
L= [ [ o (V6 1 V) dpds+ [ [ Jueer (222b)] dpds
0 JQ 0 JQ

< Ilwill =z | @YDl 2y ) + @Bl 2iz2@y | < co(s),

and
t t
|I5| < / / }Divut (D2gp2 ‘9 a)! dpds +/ / ‘Divut (VgpQ 1 b)‘ dpds
0 JQ 0 JO
< IDivue||r2(0,t,5220)) [HD2<P2 20|1200,2(0)) + VP 1 bHLQ(O,tf;L?(Q))}
< IIDiv will 20,420 [r@Ill o qrzgapsy + sOIBll2za@ip | < col9).

e For I4, using hypotheses (H7), (H9), (3.25) and Hélder's inequality on L?(0,ts; [L?()]") x
L2(0,t5; [L*(2)]™), we obtain the estimate

t
] 2/0 /Q |(0)0:V? -1 b| dpds < [|c(0)0:V 0% || 12(0,t 312220 | [P L2 (0, :122(020)m)
< c1o()|(0)0:L2(0,t,:02(0) [Pl L2(0,t 5122y < c11(0)-

Finally, term 5 is bounded taking into account that o € [L*((0,t5) x Q)]”Q, hypotheses (HS),
(H9) and Holder’s and Young's inequalities:

t
Is| < 4 / / ©(0)Vllo P ¢ Do dpds
0 Q

L Dpa-t 2 2 2 :
< 4/ llo™||? ) / |©(8)Vo|~dp / leDa|*dp | ds
; @ 0

t
< enale) [ IeDalf gpads + enne)
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In the following section, we extend the previous theorem to prove the Hﬁoc regularity of stresses.

3.5 H?, . Regularity
In this section we replace (H6), (H7) and (H8)-(H12) with the following seven hypotheses:

(H6) The tensor of Hooke’s law A is symmetric and the following hold true:

4

o A [W3®R)"
e there exists k> 0 such that (A(s) -2 7) -2 7> & |7|*, V7 € Sp, Vs € R.
e (A'(s)-a1) 21 >0, VT €S, VseR.

(H7) a € W2>(R).

(H8) © € W2™(R) and O(s) > Opmin > 0, Vs € R.

(H9) 0 € W22((0,tf) x Q).

(H10) b € W2>(0,ts; [W31(Q)]") and Ab € L®(0,t5; [H()]™).

2

(H11) o9 € XN [HE, (D))"
(H12) The deviatoric tensor verifies o? € [L>((0,tf) x Q).

Theorem 3.5.1. Under assumptions (H1)-(H5) and (H6)-(H12) the stress solution of problem
(Pr) satisfies o(t) € [HI%OC(Q)]”Q, Vt € [0,t].

To prove this result, we need the following lemmas:

Lemma 3.5.2. Under assumptions (H1)-(HT7), (H8)-(H11) and (H12) there exists ¢ > 0 such
that

t
[ )iz, qpeds < el (3.26)

Proof. Let ¢ be a time independent smooth function with compact support in €. Following the
techniques used in the proof of Lemma 3.4.2, we multiply constitutive law (3.1d) by the test tensor
function —0k(¢Jkot), we integrate over €2 and sum over k, k = 1,...,n to obtain:

—/ e(uy) -2 Op(@Ohot)dp = — / (A(O) -2 0)t -2 Ok (@Okoy)dp
Q Q

—/ngq(a) -9 ak(wﬁkat)dp—/aw)@tl 9 Ok (pOgoy)dp.  (3.27)
Q Q
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For the first member, we deduce, as in equation (3.12), that

- / e(uy) -2 O (0Oor) dp = — 2 / ([(A(0) -2 0)s + Dorg(e)]Vg) -5 Dary dp
Q Q

+ 2/ a(0)0,;Vp -1 b dp+ / div uy [D2g0 90—V bt} dp
Q Q

+ / us -1 [D3<p 9 O¢ — D2<p 1 by]dp + / ¢ Vu; -2 Vbydp, (3.28)
Q Q

where the last term is obtained without considering the change of expression (3.8).
For the first term on the right-hand side of equation (3.27), taking into account (3.22) and inte-
grating by parts, we get

- /Q (AB) -2 ) 2 Dn(pOrcrs)dp — /

. o(D(A(0))t 2 o) -3 Doy dp +/ p(Da -2 (A0))¢) -3 Do dp

Q
4 / S(D(A(0)) -5 00) -5 Doy dp
Q

+/ o(Doy 5 A()) -3 Doy dp. (3.29)
Q

For the next term on the right-hand side of equation (3.27), integrating by parts and taking into
account expressions (3.2) and (3.15) we obtain

—/ Doy(o) -2 Ox(p0Oko)dp :/ ©|oP|972(V(0(0))o?) 3 Doy dp
% %

(q—2)
2

4 / 2 0(0)|oP |4 (V|oP o) -5 Doy)dp
Q

+/ ©0(0)|cP |7 2Do? -3 Doy dp. (3.30)
Q
Finally, for the last term on the right-hand side of equation (3.27),

- / a(0)0,1 -5 (0o )dp / oV (0 (0)0,) 1 V(tr(or)) dp. (3.31)
Q Q
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Therefore, from equalities (3.27)-(3.31), we obtain

9 / ((A(0) -3 0); + Dy(@)] V) -5 Doy dp + 2 / (0)0,V -1 by dp
Q Q
+/ div uy [D2<P 20t — V-1 bt} dp +/ Ut 1 [Dg‘P 20t — DQSD -1 by]dp
Q Q
+ / oV, - Vby dp = / o(D(AO)): 2 ) -5 Doy dp + / (Do -5 (MO))1) 3 Do dp
Q Q Q
+ / ©(D(A(0)) -2 0¢) -3 Doy dp + / o(Doy -2 A(9)) -3 Doy dp
Q Q
+ [ olo? IV (©(0)a”) - Doy dp

+(q

2
) / 0 0(0)|a” 114 (V|oP PaP) -3 Day)dp
Q

+/ cp@(@)\a'D\q_zDo'D -3 Doy dp—l—/ e V(a(0)8;) -1 V(tr(o)) dp,
Q Q

rearranging the terms, integrating over (0, 1), replacing ¢ with ¢? and using hypothesis (H6) and
(H9), we have

t
2
[ 10D gy 5 <

t
+ / /thVut -9 Vb, dpds| +
0 JQ

t
+ 2/ /a(@)@tVQOQ'l b; dpds

n /0 /Q P (D(A(8)) -2 1) -5 Dorydpds

t
i / / o |12 (V(©(0))oP) -5 Doy dpds

w; 1 [DP¢? 9 0y — D*¢? -1 by)]dpds
Q

div uy [D2<,02 9 O — V@Q 1 bt} dpds
Q

t
+ ‘2/ /(D¢q(a)Vg02) -3 Doy dpds

t 20’) ‘3 DO’tdpdS

+ // 0)6;) -1 V(tr(o+))dpds| + 2(Day -9 (A(0))¢) -3 Do dpds
—2)
+ q // )| (V|oP 2o D) -3 Dorydpds
+ // (0)|eP|"2Da? -3 Doy dpds| . (3.32)

We denote by I; the [-th term of the second member of this inequality.
Following the methodology used in Lemma 3.4.3, we can bound terms I, [ =1,2,3,4 thanks to
Theorem 3.3.2, Theorem 3.4.5 and hypotheses (H7), (H9), (H10), obtaining:



3.5. HEOC Regularity 117

e For Iy,

1 1
t 3 t 2

1 = ([ Tlfiegayetas) ([ 1D% 2 auliayeds
1

1
t P t q
([ ellatas)” ([ 1026 bilfgeas) <o @3

thanks to Theorem 3.3.2, hypothesis (H10) and Hélder’s inequality.

e 5 is bounded as follows,

1 1
t 2 t 2
2 2
< ([ lewlgods) ([ 10Db e as) <o @30

considering Theorem 3.4.5, hypothesis (H10) and Holder's inequality.

t t
|I3] < (/0 HdiVUtH[ZLQ(Q)]anS> (/0 D22 - o‘tH[Lz(Q)]nds>

1 1
t 3 t b
([ tavadpds) ([ 1962 blpds) <o @39

taking into account Theorem 3.3.2, hypothesis (H10) and Holder’s inequality.

e For I3,

[N
[N

e Finally, I is bounded thanks to hypotheses (H7), (H9) and Hélder’s inequality:

1
t b t
|14\g2< /O | 689 [y ds) ( /0 I bt B2 ds> <elp).  (336)

Terms I;, | = 5,...,13 can be bounded taking into account hypotheses (H6), (H7), (H8), (H9),
(H12), applying Holder’s and Young's inequalities consecutively for an appropriate € and using
H{ . regularity of o(t) proved in the previous section, in the form:

t
K 2 —
’Il‘ < 20/0 ” pDoy H[Lz(Q)]ni* ds + Cl(@)? [=5,..,13. (337)
Indeed:

e [ is bounded considering hypotheses (H8), (H9), (H12) and applying Holder’s and Young's
80©(0) | Lo (02)

K
¢ 21 _D2(qg—2)| _D 2 % 2 1
I5] < 4]00)]| 1= (e /O ( /Q VePlaP P oP) dp) ( /Q (@D dp)3 ds

t
K 2
<55 | 10D By ds+ calio)

inequalities consecutively for € =
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e For I we have,

1
t b t 2
<4 ([ 19000 200 B ds) ([ 10D gy )

< o [ VDo g ds + (o)

thanks to Theorem 3.3.2, (Hj . regularity of o (t)), hypotheses (H3), (H9), and Hélder’s
80

[

and Young’s inequalities for e = —.
K

e I7 and Ig can be bounded taking into account hypotheses (H3), (H9), Holder’s and Young's

: e 20
inequalities for e = —:
K

1
t b t
2 2
= (/0 DA '2””[L2<9>}"3d8> </0 leDatlipagye ds)

t
K 2
<55 | 10D 12 gy ds+ erlio)

1
t 3 t
2 2
= (/0 o D(AL®)) - "t”[mmnn‘”’ds) </0 leDatlipagye ds)

t
K 2
<55 | 10D 12 gy ds+ cx(i)

N|=

N|=

e For Iy we obtain

t
IVOO) 1o /0 ( /Q w\aDr“q-”raD\?dp)

t
K 2
< 20/0 H (PDo-t ”[L2(Q)]n3 ds +CQ(§0>,

N
=

Lo

IN

(” ¢Doy H{iﬁ(g)}wﬁ) *ds

considering hypotheses (H8), (H9), (H12) and Hoélder's and Young’s inequalities for
_ 20[[VO(0) | (o)

K

20
e Applying hypotheses (H7), (H9) and Holder's and Young's inequalities for e = —, we get
K
the following bound for I1¢

Lol < / / 69 (a(0)0) |9V (tx (o))l dpds < / / 6V (a(0)01)[|p(tr(Da)) | dpds

< [ [1evia@aioneipis

1

2 t 5 2
([ 19 ) ([ oDl gy s

o [ Do s s+ el

IN
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e Term I;; is bounded thanks to hypotheses (H3), (H9), Theorem 3.4.1 and Hélder’s and
Young's inequalities for ¢ = ,
20(|(A(8))¢ll Lo ()

1 1

t 3 t 2

il < ([ leDaws (O, gads) ([ 1000 1200 )
t 3 t 3
O ([ VDo Bgads)” ([ 16D0 g0 )

t
K 2
<55 | 19Do B gya ds+ene)

IN

e For I15 we deduce the estimation

1
(¢—2) ! D2(¢—2) D2, )2 2
L2100l [ ([ e P2 Nena?Pdp) " (I eDer Iy o) ds

t
K 2
< 20/0 H SODUt H[L2(Q)]n3 ds + 612(90)7

[N

[ 112

IN

using hypotheses (H8), (H9), (H12), Theorem 3.4.1 and Hélder’s and Young’'s inequalities
20452 |0(0)l| (@)

K

for e =

K
20 Omin, H b H

o If || o ||[LOO(Q)]n2 is no null -another case is trivial- and ¢ =

LW(Q)]”
have the following bounded for I3:

|I13] = ‘/ / 0)|eP)92Da? -3 Doy dpds

t
. D D 2 1 2 1
<Omin H o H[LOO( )}nQ / (H QODO- ||[L2(Q)]n3)2(” pDoy ||[L2(Q)]n3)2d8

—20/ || @Do.t H[LQ Q)]n3 ds +013(90)

Summing up, from (3.32)-(3.37) we get

t 13 t
2 K 2
[ oD gy s <Y ale) +5 | 1eDa By g s

hence, we conclude the result. [

Lemma 3.5.3. Let ¢ be a time independent smooth function with compact support in Q. Then,
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under assumptions (H1)-(H5) and (H6)-(H12) the following equality holds:

— /{22(D [(A(0) 20)t+ Doy(o) V) 4 D%cdp + /Q 2V (a(0)0;) -1 (Vb -1 V) dp

— / Vu; - (D*¢ -9 D*¢ — D*b -1 Vi) dp — / Vu; -2 (Vo -1 D*b + V(Ab)yp) dp
Q Q

— [ ADHA0)): 20) 1 D dp+2 [ oD% 5 DIAG))) 5 Dordp
Q Q
+5 [ D2 2 (A0)) 4 Do dp+ [ o(DAAE) 2 o) Doordp

+2 [ oD 5 DNO)) a Dadpt 55 [ 9 (Do 2 A(6) 4 Dady

+ [ AP HDHO)P) s Didp+2 [ (VIaP [ (©(0)a”) 4 Diordy
2 /Q plo P [12((/(8)) DoP) -4 D2 dp + /Q #0(0)(D|o” 725 ) -, D2 dp
+2 /Q ©O(0)(V|eP |9 2DeP) -4 D?*o dp + /Q 0O (0)|oP |92 D% .4, Do dp

+ / ©D?(a(0)8y) - D?(tr(o))dp.
Q

(3.38)

Proof. Following the techniques used in Lemma 3.4.2, the proof consists of multiplying constitutive
law (3.1d) by the test tensor function Oy (¢0 o), integrating over 2 and summing over k, [, with
kl=1,..n:

/ e(uy) -2 O (@O0 )dp Z/(A(9) 2.0 )¢ -2 Opt(@Ok10)dp
Q Q

+/QD¢,1(O') 9 8kl(cp8klo-)dp+/ﬂa(0)0,gl 9 akl(goakld)dp.

(3.39)

Applying integration by parts twice, taking into account equilibrium equation (3.1a), the symmetry
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of the tensor o and behaviour law (3.1d), the first member of equation (3.39) can be written as

/QE(ut) -9 Opi(pOr10) dp = — /Q 20, [(A(0) -2 @)1 + Dpg(0)],; 0ipOpioij dp

_ AQ@k(a(Q)Gt)5zjai¢aklUij dp — /Qak(ut)l[ajigoakzaij — 0j0k1b;] dp
_ /Qak(ut)j[alcpaszj + 0Ok Afj]dp
. /Q 2(D [(A(8) -2 0); + Déy()] V) -4 Do dp
+ /Q 2V (a(0)6:) -1 (Vb -1 V) dp
_ /QVut o (D?0 -9 D*¢ — D?b -1 V)dp

- / Vu; -5 (Ve -1 D*b 4+ V(Ab)p)dp. (3.40)
Q

Due to the equality
1 1
(D% -5 A(#)) -4 D0y = 5((D20' 9 A(0)) -4 D*o); — §(D20 -9 (A(B));) -4 D?0,

and using integration by parts, we deduce for the first term on the right-hand side of equation

(3.39) the expression

/ﬂ (A(0) 2 &)s -2 O 9B dp

—/Q@3kz(A(9)ijmn)t0mn3szij dp+/Qwak(A(G)ijmn)taszmnamffij dp

1
+ [ OO ) eDhn D Ao+ 5 [ DN Duson Dy dp

+/Qwakz(A(Q)ijmn)(dmn)takzaij dp+/Q903k1\(9)¢jmn3z(Umn)taklaij dp

1d

+ [ MO im0 Dy dp+ 5 5 [ o MO iimnOusnDuars do
Q Q

— [ D@ 20) Do dp-+ 2 [ p(DPo s DAO)) s Dodp
Q Q

#3 J,PP% 2 A0 Dot [ D40 200 4 Do dp
+2 /Q ¢(D?*c -3 D(A(6))) -3 Datdp%% ¢ (D0 -2 A(6)) -4 D?c dp. (3.41)

For the second term on the right-hand side of equation (3.39), taking into account expression (3.2)
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we obtain:

/D% 2 Opt(@0k10)dp

/ 0(0(8)) 0”120 D ooy dp + / A1(©(6))0k(|o 1202 04073 dp
/ A1(0(6))|0” |4 2002 0o dp + /Q 0(0(6))0u(|o 172)o P pBiors; dp
+/ O(0) O (lo” |7 %)af oo dp+/ O(0)9i(lo”9*)0ko ] pOkoij dp
/ 0(0(0)|e” | 2010 oo dp + /Q 0(0)0k(|o” 72010} Ooi; dp
+/£2@(9)’0'D‘q2ak105908k10ij dp

~ [ eloP i (DH©(0)”) 4 Doy + 2 [ o(TIaPTAV(O0)a?) 4 Doy
+2/QQDUD|‘7_2(V(@(9))D0D) 4 D2Udp+/Q<P9(9)(D2|UD|Q_20D) -4 D?o dp
+2[ pBO)(VIa?12 D) s Diadp+ [ (OO D2 Doy

—/Qw\UD!q_ZD2(@(9)UD) 4 DQUdPJr2/§2¢(V\0D!q_2v(9(9))0[)) -4 D*adp

+/@@(0)(D2|0'D|q_20D)-4 D?’c dp—|—2/<p@(9)(V|0'D|q_2Da'D)-4D20'dp. (3.42)
Q Q
Finally, for the last term of the second member of equation (3.39), we have

/904(9)9t1 2 3kl(¢akz0)d1?=/ Ok ((0))016:5 00k dp+/ O ((0)) 010416 90k dp
/81 ))0k0:6:00k1045 dp—l—/ﬂoz(@)@kﬁtéijgoaklaij dp
N /Q p0:D*((0)) -2 D*(tr(0r))dp + 2 /Q p(V((8)) V) -2 D*(tr(0)) dp
+ /Q 20 (0) D, -5 D*(tx(o))dp
_ /Q oD2((0)8;) -» D2(tx(c))dp. (3.43)

Therefore, from (3.39)-(3.43) we conclude (3.38). O

The main inequality of this section will be proved in Lemma 3.5.5. For that purpose we need
a Gagliardo-Nirenberg inequality involving difference quotients, which is given in the following
Lemma.
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Lemma 3.5.4. Let T be any tensor valued function of second order in [H'(Q)]"* N [L*(Q)]"* and
© a smooth function with compact support in . Then,

1D s < €0 1Tl p) {IDETP g + ID2@DN et} (3.44)

where c(¢p, HT||[LOO(Q)],L2), is a positive constant depending on ¢ and ”TH[Loo(Q)]n2

Proof. Since T € [HY(Q)]" N[L*°(Q)]™, we obtain the result applying Theorem 10.1 of Friedman
[53] (see p. 27) to difference quotient 0 (¢7) for the choice

ea=0,p=q=4j7j=0m=1landr=2ifn =2,
° a:%,p:4,q:3,j:(),m:1andrz?ifn:B
and taking into account Lemma 15.1 of Friedman [53] (see p. 46). O

Lemma 3.5.5. Let ¢ be a time-independent smooth function with compact support in 2. Under
assumptions (H1)-(H5) and (H6)-(H12) the following inequality holds:

t
K 2 2 212
201(90)||90D o.(t)”[LQ(Q)}n‘l = 019(90) +620(()0)/0 ”SOD O'H[LQ(Q)}n‘ldsu (3 45)
where ¢;(p), | > 0, denotes a positive constant depending at most on p.

Proof. Integrating in time over (0,t) and replacing ¢ by ¢* in (3.38), we deduce that

% / (D20 5 A(0)) 4 Do dp+ = / t/ ¢! (D0 -2 (A(6))) -4 D* dpds

:1 / (D oo 2 A(eo)) ‘4 D? (o) dp+/ / QV )Ht) 1 (Vb 1 V(p4) dpds
- 2/ / -9 @)t + Dpy(0)] V?) -4 Do dpds

— / / Vu; -5 (D0 -5 D*p* — D?b -1 V! + Vit -1 D*b + V(Ab)p?) dpds
0 JQ

_ /Ot/Q(pAt(Dz(A(e))t 9 0) Y D?c dpds — /t/ (p4(D2(A(9)) 00 D2o dpds
_2/0 /Q<p4(D2a -3 D(A(0))¢) -3 Do dpds — // D(A(6))) 5 Dorydpds

—/t/ ot|eP|92D*(0(0)aP) + 2V|eP |72V (0(0)) o] -4 D odpds

// 4D%(a(0)8;) - D?(tr(o dpds—// 0)(D?*eP |7 %6P) -, D*o dpds

—2/ / 0)(V|o? |7 2Do?) -4, Do dpds.
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From (H6), (H9) and (H11), we get
11
K
e (D0 (1), < €2(0) + D011 (3.46)
=1

Taking into account the regularity given in Theorem 3.4.5 and Lemma 3.5.2, terms I}, [ =1,...,9
can be bounded using the same techniques as in the previous lemmas. In effect,

e We bound term I; considering hypotheses (H7), (H9), (H10) and using Holder's inequality:
1] < 2V ()80 20,4122 I VP 1 Vo'l L2022 @) < €sle)-

e For I, taking into account hypotheses (ﬂ), (H8), (H9), (H12), Theorem 3.4.5, Lemma
3.5.2 and applying Holder’s and Young's inequalities we obtain the following estimation:

t
|Iz|§8</0 ?VeD(A(B)); - 20||L2(Q 4ds> </ |l<,0D20'H[L2 4ds)
t
+8</ 6V e(A®): 2 Do, n4d3> (/ oD%, s )
0
t
—l—8(/0 l*VeD(A(H)) -2¢7'15||[2L2 4d8> </ ngDzo'H[L2 4d$)
t 5
+8</0 l*VeA(®) 'QD"t”[zLQ(m]“ds) </ H(PDQUH[LZ(Q)]“‘*CZS)
t i 1
#8IVOOmie) [ ([ Vel PO V) (oD 1 gye) s
t 3 1
#8100~ [ ([ AVelle P OlaP 1 1oD0? ) (oD 0l ) ds
t 1 1
#8100~ [ ([ AVl P 2loDa ) (oD% ) ds

t
< i)+ esle) [ oDl gueds

e Under assumptions (H1)-(H5) and (H6)-(H12) we can also obtain the bound for u; from
Lemma 3.4.4, hence term I3 is bounded using Holder’s and Young’s inequalities and hypoth-

esis (H10):
t
|I3] < 4 </0 |cp2D2<p|2|Vut|2ds> </ Hgo]_?zo'H[L2 4d5>

+ ”vut||L2(0,tf,[L2(Q)]"2)HD b 1 v(p i|L2(07tf,[L2(Q)]n2)
IVl 2z V9" 1 DBl e quaayp)
+ HVutHLQ Otf [LQ(Q)]nQ)HV(Ab) 4)HL2(07tf;[L2(Q)]n2)

< ) +ere) [ 1oD?0 1 g0
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e Considering hypotheses (H6), (H9), Theorem 3.4.5 and Holder’s and Young's inequalities
for terms Iy, I5, Is and Iy we get:

1 1
t b t 2
32 2 2 2
= </0 g s '2"”[L2m>1"4d5) (/0 oD ””[mmn"‘*ds>

t
< esle) + (o) [ oDl g

i< ( /Ot||803(D2(A(9))'2Ut)||[2L2(Q)]n4d8> ([ 1evol, 4ds>

t
< en()+en(e) [ oDl geds

<2 ([ et s DA, Q)]ngds) ([ 1001, 3ds>

t 2
2 2 3 2
< 2ADAOM o ([ 16001 gets) ([ 16Dl 0

t
< eun(e) +enn(e) [ 1eD* Ry geds,

2

and
1 1
¢ 2 2 ! 3 2 2
<2 ( [ 160%0 2 DOO By gyes) ([ 169011 005
3/t 3
< 2ADAO iy ([ 1600 gyts)” ([ 19000 00
< ) +e1s(e) [ IoD0 1 s

e We bound term Ig thanks to hypotheses (H8), (H9), (H12), Theorem 3.4.5 and Holder’s
and Young's inequalities:

t
I| < / / Aol |72 D2(O(0)0P) + 2V|0P 12V (0(0))o ] -1 D2ordpds
0 Q

¢ 1 ¢ 1
31 -Dig—2 N2 2 2
< ([ 191020202000 By s (/ oD% g0
t
2 ([ 189112V, 4ds) ([ 1erot, 4ds)

< o) + 1706 [ IoD 0
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e Finally for term Ig, applying hypotheses (H7), (H9) and Holder’s and Young's inequalities,
we have:

1 1
t 3 t z
312 2 2
il = ([ 19000 By gallts) ([ 100, g 005)
3/t 3
3 2 2 2
< ([ 19°0@@8) gyl ([ hoD%o s g005)

< (o) +ene) [ ||soD2«r||fL2(m]n4ds-

The main difficulty is to bound the last two terms, since those techniques lead to an expression like
fg Jo¢*|DaP|?|D*aP|dpds. Indeed, let us begin with Io; taking into account (3.15), we obtain

[T10| < ‘/Ot/g(q —2)¢'0(0)[V|a" " (Do ? -, 0P)] -2 (D*0 5 0”) dpds

t
(4 - 2)¢'0(6)|a " ((D?0 2 oP) -1 Do) -5 Do® dpds
Q

t
(¢ —2)¢*0(0)|c”|" (D> -, 67) 2 (D*0 -3 o) dpds| .
0

Then, by hypotheses (H8), (H9) and (H12), we can bound the first addend as follows:

t
o] < e30 / / D2 D2 dpds, (3.47)
0 Q

and, applying Young's inequality for € = 2, we have

t 1 t
[110,1] < 2020/ /804’D0'D|4dpd8+ 2621(<P)/ / lpD*a” [Pdpds
0 Jo 0 Jo

t 1 t
<en [ IeDoP I qpods+ gen(e) [ IeD el Bgpads. (349

2

In order to bound the term |@DaP||* we use the Gagliardo-Nirenberg inequality given in

[LA@)*
Lemma 3.5.4. Indeed, from hypothesis (H12) we deduce

1D )14 gy < c28(0) (1D a s + 1D ) (3:49)

Since o (t) € [.FII{OC(Q)]"2 and using hypothesis (H12) again together with the product derivation
rule, we obtain from (3.49) that

1D )l s < €28(0) (V00 P12 18 + 19D 120 18 + 21990 Pl 2 oyt 9D | gy
D260 D), g0
< c4() + a3 ()| D?* (0o )H[Lz Q)



3.5. LOC Regularity 127

o0, with an analogous reasoning for HDz(goo'D)||[2L2(Q)]n4, we get
Do)y < e24(8) + e2s(2) [IDV) ) gt + 2V D) [z

2
+HSOD20.DH[L2(Q)} 4} (3.50)
< e5(0) + as(@) [0 D20 P2 (351)
Besides, since o is bounded, we have
HQDDO-D”?L4(Q)}n3 < [HD(QDUD)”[[A(Q)W?’ +C27((P)]47
and, using (3.51)
leDa Pl s < c28(0) + caa(@)lleD*a P12, ) s (3.52)

Summing up, from (3.48) and (3.52), we obtain

[T10,1] < es0(p) + cai(yp / [E7ou o A—

Term 19,2 can be bounded with the same technique, and for /193 we have
t
= ’/ /(q - 2)@4@(9)]0D|q_4(D20'D 9 o’D) 9 (D20' -9 ch) dpds
0 JQ

t t
<enl) [ [ 0% dps = cnle) [ 10D%0P g s,
0 Jo 0
using hypotheses (H6), (H9) and (H12). Therefore

[T10] < es3(¢p) + caalp / H<PD2 D||[Lz Q)]n4d5-

For term I11, using (3.15) and hypotheses (H8) and (H9) we deduce

t
111 §635 4D0'D2D20'Dd ds
111 @ pds,
0 JQ

which is analogous to (3.47).
Substituting all bounds in (3.46), we deduce the result. O

Proof of Theorem 3.5.1. From inequality (3.45) and using Gronwall’s lemma, it follows that
H‘PDZO'(t)H[m(Q)]n‘* < c21(yp)-

The function ¢ may now be chosen as an appropriate cut-off function to conclude that o(t) €
2
[H2(Q)]™ for any subdomain ' CC €. O

Remark 3.5.6. The regularity properties of stresses proved in this chapter can be generalized to
the contact problem studied in Barral and Quintela [15], given that they are reqularity results in
the interior.

Remark 3.5.7. Since the regularity results proved in this chapter are local in Section 3.4 and 3.5,
it would be enough to consider local regularity hypotheses on both temperature and the applied body
force.
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Chapter 4

Existence and uniqueness of a
thermoelastic problem

4.1 Introduction

Once we have studied the modelling of Maxwell-Norton materials with heat conduction and the
mathematical analysis of a quasistatic thermoviscoelastic problem of the Maxwell-Norton type,
in this chapter, our purpose is to carry out a mathematical analysis of the coupling between the
motion and energy conservation equations for thermoelastic materials. This problem is deduced
from equations obtained in Chapter 1 of this manuscript, and its mechanical part is a simplification
of the mechanical problem studied in Chapters 2 and 3.

Next, we present a bibliographical review of some results of existence and uniqueness of ther-
moelastic problems arranged chronologically.

In literature, there exists several existence results for thermoelastic problems, although not
many deal with quasistatic problems with a Robin boundary condition. The equations of the
coupled thermoelasticity are considered for the first time by Duhamel [38] in 1837. A step forward
in the study of this problem is carried out by Biot [20] and Lessen [80], and for the first time,
in 1960 Boley and Weiner [23] face the quasistatic theory for thermoelastic problems. Other
authors, like Hetnarski [68| presents a solution for dimensionless equations of a coupled dynamic
thermoelastic problem. Dafermos [33] is concerned about the dynamic initial-boundary value
problem of linear thermoelasticity theory in which the boundary conditions are homogeneous and
the initial conditions and source terms (body forces and heat supply function) are non-zero. The
problem is formulated for an inhomogeneous, anisotropic material occupying a bounded region in
space and subject to small disturbances over a natural reference configuration. It is proved, in
particular, that the solution is kinetically stable in the sense of exhibiting continuous dependence
on the initial data and the source terms. Later, Duvaut and Lions [40, 41, 42, 43| consider the
dynamic thermoelastic problem with the particular boundary conditions of contact and semi-
permeable wall, and they give two theorems of existence and uniqueness.

Gawinecki in [55] proves the existence of the solution of a generalized dynamic thermoelastic
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134 Chapter 4. Existence and uniqueness of a thermoelastic problem

problem with null Dirichlet boundary conditions using the Faedo-Galerkin method, later in [56]
he studies its uniqueness and regularity. Taking the same problem of these two previous articles
but unconsidering the dynamic term to the energy equation, Gawinecki obtains its existence and
uniqueness in [57], and a year later he presents its regularity properties in [58]. In the same year,
Bermuidez and Viano [18] give a result of existence for a dynamic thermoelastic problem, where they
considerer null Dirichlet and Neumann boundary conditions, with constant reference temperature.
Gawinecki et al. [62] analyze also the existence and uniqueness of a solution of the dynamic
initial value problem, with mixed boundary conditions, in linear thermoelasticity, whose energy
equation presents the mechanic dissipated term. In Gawinecki [61] the existence, uniqueness and
regularity of several problems of the dynamic thermoelasticity with different boundary conditions
are studied applying the Faedo-Galerkin method. In addition, Day [34] presents a quasistatic
thermoelastic problem with the body clamped at the boundary, whose static case with unilateral
Signorini boundary condition together with heat flux has been investigated by Duvaut [39].

Afterwards, Shi and Shillor [94] present the n-dimensional quasistatic thermoelastic problem of
frictionless contact of a thermoelastic body with a rigid foundation and they give the same results
which guarantee the existence of a solution. Later, Ames and Payne |7] obtain the uniqueness and
the continuous dependence on the initial temperature for this problem.

Next, Figueiredo and Trabucho in [48, 49] give a summary of some existence results for dynami-
cal contact problems with friction in the framework of thermoelasticity and thermoviscoelasticity
theories. These works extend the previous results of Duvaut and Lions [43, 45|, Martins and Oden
[85] and Rabier et al. [91]. Also, Munoz Rivera and Racke in [88] consider dynamical thermoelastic
problems with a contact condition of Signorini’s type without source terms and with homogeneous
boundary conditions, and they study the quasi-static case. They obtain a result of existence of
solution weaker than our one without obtaining the uniqueness by applying a penalty method.

On the other hand, the uniqueness of mathematical models of thermoelastic problems has
been considered in many papers (some already named previously), amongst which, let us mention:
Weiner [99] proves a uniqueness theorem for the coupled dynamic thermoelastic problem without
source terms for an isotropic elastic solid, which is generalized later by Ionescu-Cazimir [73, 74].
Iesan [70| gives the form to the solutions of the coupled dynamic thermoelastic mixed problem
for non homogeneous and anisotropic materials. Also in [71] he studies the same problem but for
a homogeneous and isotropic solid with two temperatures establishing some general uniqueness
theorems. In 72|, Iesan derives some uniqueness theorems for these problems. Knops and Payne
|76] examine the continuous dependence on the initial data of solutions of the linear anisotropic
thermoelastic initial boundary value problem. Carlson [26] gives a uniqueness theorem for the
dynamic mixed problem of the theory of thermoelasticity.

Lately, Chrzeszczyk |27] formulates results about uniqueness, regularity and continuous depen-
dence on the data for generalized solutions of some coupled problems in the nonlinear theory of
thermoelastic shells. Blanchard and Francfort [21] present a study of a dynamic behaviour of a
three-dimensional linear thermoelastic flat plate.

Nowadays, many of these results are used for example, for the thermoelastic thermistor problem
given by Wu and Xu [100] and Badii [10], in planar thermoelasticity considered by Copetti [31] and
in a contact problem in thermoelasticity with second sound studied by Sprenger [96]; although new
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existence and uniqueness results for quasistatic thermoelasticity problems have not been found.

Therefore, our purpose in this chapter is the studying of the existence and uniqueness of a
quasistatic thermoelastic problem with mixed displacement-traction boundary conditions for the
mechanical submodel and mixed boundary conditions including a Robin boundary condition for
the thermal one, considering non homogeneous materials. Besides local regularity properties of
the solution are studied in the next chapter. A similar problem has been studied by Viano in
[98] for both anisotropic and isotropic elastic materials in contact with another elastic body, and
by Figueiredo and Trabucho in [48, 49] for three different types of materials and considering the
dynamic motion equation. We use the same methodology, the Galerkin’s method, in order to prove
the existence of a solution of the problem. Our main contributions are:

e the problem is quasistatic,
e 3 convection heat transfer boundary condition is considered, and

e the reference temperature, the thermal conductivity and the Lamé’s parameters depend on
the material point.

These contributions cause some difficulties to calculate a priori estimates, since different and
new terms appear in the weak formulation of the problem. Furthermore, in order to prove the
uniqueness their techniques can not be applied to our case. To overcome this difficulty, we apply
a result used by Gawinecki [56, 58, 59, 60] and Gawinecki et al. [62].

The outline of this Chapter 4 is as follows: firstly, we will describe the mathematical model.
After introducing in Section 4.3 the appropriate functional framework, in Section 4.4 we will prove
the existence and uniqueness of a solution of the problem.

4.2 Mathematical model

Taking into account the model developed in Chapter 1, we consider a thermodynamic process
with small changes with respect to a reference state, i.e. small displacements Vu = O(g), small
velocities Vi = O(¢g), small temperature changes with respect to a reference temperature 6,,
6 — 0, = O(e), and small changes of the internal symmetric second order tensor with respect to
initial internal symmetric second order tensor, Z —Zo = O(e), € being a small parameter (see
Section 1.4, Chapter 1). So, neglecting the terms o(e), the equilibrium equations for quasistatic
thermoviscoelastic materials with long memory can be expressed as follows:

—Div S™*(Vu, 0, Z,p) =b,, (4.1)
N . OS*** . Oe ~ s

pocr(1,0,Z,p)0 zﬂw(Vu,G, Z,p):Vua— pOB—Z(I, 0,Z,p):h(I,0,S™*(Vu,0,Z,p),p)

— Divg™*(Vu,6,Z,V0,p) + fu, (4.2)

where S** is the linearized part of the First Piola-Kirchhoff stress tensor considering a (3ZLM)
linearization written in terms of the Second Piola-Kirchhoff stress tensor (see Subsection 1.4.2,
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Chapter 1), which is given by the expression

S***(Vu, 0, Z,p) =(1+ W)Z10s(1, 0, p) + Divu Ee105(1, 0, p) — Seas(L, 0, p)e(u)
+C0,p) : e(0) + Siper(L,0,p) + (W + () Sier (L, 07, p)

O iher .
+ o (Lo p) s () + T+ W () Zpias (L. 6. Zo. )
0% pias 0% pias
(T 0, Z,p) : e(u) + —22(1,0, Zo, p) : (Z — Zo), (4.3)

OF 0Z

and q*** is a (3ZLM) linearization of the heat flux as follows:

q***(vua 97 Za Veap) :a(Ia 07 ZOa v97p) + Div ua(Iv 01"7 Z07 Vavp) —Vu a(:[v 07‘7 Z07 V‘gvp)
aq oq

_ T _ _1 t
+ 52 (L0, Z, V0, p) (V) = 53 (L,6,, Zo, V6,p)(Vu' V)
94
+ 87;(1767‘5Z07ve7p)(z - ZO) (44)

It is recalled that in expressions (4.1)-(4.4) we use the following notation:

e u is the displacement and Vu its gradient,

e 0 is the absolute temperature and V@ its gradient,

e 7 is the internal symmetric second order tensor,

e p is a material point,

e b, are the body forces per unit volume at the reference configuration,
e po is the reference density,

e Cp is the specific heat at constant deformation,

e ¢ is the specific internal energy per unit mass,

e h is the function which defines the evolution of internal variable Z, verifying

Z = h(1,0,S**(Vu,0,Z,p), p),

e q is the heat flux per unit area,
e f,. is the body heat per unit volume at the reference configuration,

e Iis the identity tensor, W = £(Vu — Vu'), e(u) = 1(Vu+ Vu),

° f]elas, f)ther, iplasa are the elastic, thermal and plastic part of the Second Piola-Kirchhoff
stress tensor,
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e and finally, C is the elasticity tensor which is defined by

~

~ <« Ee as « «
C(eap) U= Uz@laS(I’ G,p) + 8:lF (Ia Hap) U+ Eelas(Ia 9>p)Ut —trU z]elas(:[) 97 p)7 (45)

for all U € Lin, where Lin is the linear space of endomorphisms from a vector space V. It
can be deduced of Definition 1.4.13, Subsection 1.4.2 of Chapter 1.

Furthermore, given any function s, § indicates the response function of s and so(p) = s(p,0) its
value at the time £ = 0.

In this chapter, we choose B as the reference configuration, we neglect the plastic part of the
behaviour law and so, we consider thermoelastic materials whose response functions in Lagrangian
coordinates are given by:

Seias(F,0,p) = A7'(0,p) : E, (4.6)
(4

S (F.09) =3 ( [ alr)ar) Ko @)
0

G+(F, 0, w,p) = detFF'q(F,0,F *w,p) = —k(0, p)detF (F'F) 'w, (4.8)

where:

e A is the elasticity tensorial function defined as

(6,p) € RT x B— A(0,p) : Sym — Sym

~ 1 N N
T — AO,p): T = —ty(ﬁ,p)T - Zw’p) tr(T)IL,
E(0,p) E(0,p)

E(G,p), 7(6, p) being the response functions associated with Young’s modulus and Poisson’s
coefficient, respectively, and Sym being the subspace of Lin of all symmetric endomorphisms.
The inverse of A is defined by:

(0.p) ERT x B— A~1(0,p) : Sym — Sym
T AN0,p)  T=A0 (T + 20(0, )7, (49)

where X(H,p), 11(0,p) are the response functions associated with Lamé’s parameters of the
material and related to E, U by

—_— E0,p)5(0,p) E(0,p)
MOP) = G550, )1 - 206,9)) 21+7(6.p))’

Considering elastic response function (4.6) and taking into account the expression of the
elasticity tensor (4.5), it is easy to deduce that

i, p) =

. ~ U'+U
C(e,p):U—Al(e,p):< ; >
for all U € Lin. The proof of this assertion can be seen in Lemma 1.5.9, Subsection 1.5.4 of

Chapter 1.
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o E =

Green strain tensor.

is the Green-Saint Venant strain tensor, where C = F'F is the right Cauchy-

N . 1/ «
e K is the bulk modulus of the material: K (6,p) = 3 (3)\(6, p) + 21(0, p)).

e 0 : RT — RT is a smooth enough response function associated with the coefficient of thermal
expansion.
In equation (4.7), 6, : Rt — R™ is a smooth enough given function. In practice, 6, will be
the reference temperature or the initial temperature.

e q is the heat flux which is defined by the Fourier’s law in the deformation configuration as
follows:

a(F,0,w,p) = —k(0,p)w, (4.10)
for all w € V.

e k : R* x B — R is the smooth enough response function associated with the thermal
conductivity of the material.

Under these assumptions, thanks to response functions (4.6)-(4.7) and since i]plas = 0 and
Yewas(I,0,p) = 0, S** takes the following form:

0
S**(Vu,0,p) = A 1(0,p) : e(u) — 3 </ a(r) dr) K(0,p)I (4.11)
Or
Furthermore, from expressions (4.4) and (4.10), we obtain q*** as follows:
a*(Vu,0,V0,p) = —k(0,p)V6 — k(6,, p)DivuVe + 2k(6,,p)e(u) V0. (4.12)

If we replace equalities (4.11) and (4.12) in equilibrium equations (4.1) and (4.2), we get:

~ Div (Kl(e, p):e(u) =3 ( /9 0 a(r) dr) R0, p)1> — b, (4.13)

oA
o0

pocr(IL,0,p)0 =0 ( (6,p) : e(u) — 3a(0)K (6, p)1> .V

— 30 (/: a(r) dr> %f(e,p)x . Vit — Div (( — k(0,p) — k(6,, p)Div u)ve)
— Div (2]2:(¢9T,p)€(u)V9) + £ (4.14)

In order to study the mathematical analysis of a thermoelastic submodel, as a first approximation,
we simplify the previous equations, considering the following hypotheses:

(ﬁl) The mechanic coefficients E/ and v are independent of temperature and consequently, A and
K are also independent of temperature.
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(ﬁ2) The thermal coefficients %, cp are also independent of temperature and the coefficient of
thermal expansion @ is a constant.

Furthermore, to avoid the nonlinearities in equation (4.14), we assume:
1. Vu=0(e), Va=0(e) and 6 — 0, = O(¢), € being a small parameter.

Therefore, taking the temperature as 6 = 6, + (6 — 6,.) = 6, + O(e), neglecting the terms o(e) and
considering that the coefficients are independent of temperature, equations (4.13) and (4.14) can
be rewritten as:

—Diveo(0,u,p) = by, (4.15)
pocr(Lp)d = —6, (3@1?(;9)1) . Vi + Div(k(p)V0) + fu, (4.16)

where we denote by
&(0,u,p) = S*™(Vu,0,Z,p) = A" (p) : e(u) — 36 (0 — 6,)K(p)I,

(see Section 1.5.4, Chapter 1).

From now on, in order to simplify the notation we will omit the dependence of the different
operators and functions with respect to the material point p, the = of the response functions, and
-« of the body forces and the body heat. So, we rewrite the equilibrium equations as follows:

—Diveo(0,u) = Db, (4.17)
pocrb = —0,a(3\ 4 2p)Diva + Div(kV6) + f, (4.18)

with

o@,u)=A":e(u) - 3a(0 -6, KL

4.2.1 Problem (P)

Let Q C R? be an open and bounded set with smooth boundary I' and n its outward unit normal
vector. We assume that I'y p, I'u,n, I'e,p, I'g, v and I'g g are open subsets of I', such that

e =Ty, pUlyn=TppUTynUTyp,

e IyupNTuyn=0,TopNTon=0,T9gpNTyr=0,TgrNTon =0,

meas(I'y,p) > 0 and meas(I'y p UT'g g) > 0. Let [0,%¢] be the time interval of interest. Then, the
problem we are going to study is the following:
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Problem (P)
Find u(p,t) and 0(p,t) in Q x (0,ty], verifying:
Equilibrium equations:

—Divo(f,u) =b in Q x (0,%y], (4.19)
pocrd = —0,a(3)\ + 21)Div 1 + Div (kV) + f in Q x (0,t]. (4.20)

Behaviour law:
o@,u) =A"":e(u) — a0 —0,)(3\ +2u)I in Q x (0,ty]. (4.21)

Boundary conditions:

u=up on I'yp x (0,tf], (4.22)
o(@,uyn=g on I'yny x (0,tf], (4.23)
kEVO-n=a.(0°—0) on T'gr x(0,tf], (4.24)
kEVO-n=h on T'gn x (0,t], (4.25)

6 =0p on T'gp x (0,tf]. (4.26)

Initial conditions:

Here, we use the following notation:

e up is the displacement on the Dirichlet boundary,

g is the density of surface forces of the mechanical problem,

a. is the coefficient of convective heat transfer,

0¢ is the external convection temperature,

h is the heat flux on the Neumann thermal boundary, and

0p is the temperature on the Dirichlet thermal boundary.

In order to complete the model, ug and 6y must verify the following compatibility conditions:

I in £

(0) in €,

L e uD(O) on Fu7D, (4.28)
(0) on Tyn,

( ) on FB,D-
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4.3 Functional framework

In this section, we introduce the spaces of admissible displacements and temperatures. We consider
D(Q) = [D(Q)]?, LA(Q) = [L2(Q)]?, LX(Q) = [L=(2)]? and HY(Q) = [H}(Q)]? with their usual

NorIms.
e The admissible displacements space is
Hir () ={veH"(Q): wir,, =0, 1<i<3},

which is a Hilbert space with the usual norm in H(Q).

e The admissible temperature space is
Hyr, () ={6 € H'(Q):  ¢lr,, =0},
which is a Hilbert space with the usual norm of H!(Q).
Furthermore, we have the classical continuous, dense and compact embeddings:
Hir, ,(Q) € L*(Q) € Hyp, () and Hgr, () € LX) € Holr, , (),

where Hy'n (Q) and Hg'p, () are the dual spaces of Hyp (Q) and Hjp, (), respectively.

And finally, we denote by:

o <+ >y the duality between Hyp, (Q) and Hy'n (), and

o < -, - >¢ the duality between H&,Fo ,(§2) and H&,’Fg 5 (8).

4.4 Existence and uniqueness of solution

4.4.1 A weak variational formulation

Let us assume that (u,#) is a smooth enough solution of Problem (P). Then, taking into account
equation (4.19), we have

—/Div U(G,u)-vdp—/b-vdp,
Q Q

for all v.e D(2) with v =0 on I'yp and t € (0,%y].

Applying Green’s formula, we obtain

/a(ﬁ,u):Vvdp—/a(@,u)n-vdfz/b-vdp,
Q r

Q
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and using boundary condition (4.23), we deduce

/a(@,u):Vvdp:/ g-vdF—i—/b-vdp.
Q 1_‘u,N Q

Besides, thanks to expression (4.21), definition (4.9), and the properties of scalar product, this
expression can be rewritten as follows:

1. o) : elv — | a8 — N - v
/Q(A Le(w) : e(v)dp /Q (60— 0,)(3\+ 2u)T : (v) dp /Fu’Ng dr

for all v € D(Q) with v =0 on 'y p and ¢ € (0,¢¢].

Analogously, considering energy equation (4.20) since 6, is not null in €, we have

POCF o 1. f
/Q 0 0o dp = /(la(3)\+2u)1.e(u)¢dp+/ﬂ&D1V(kVt9)gz§dp+/ — o dp,

Q r

for all ¢ € D(Q) with ¢ =0 on 'y p and ¢ € (0, /).

Applying Green’s formula, we obtain

bodp == [ a(sx+ 201 e@odp— [ k90-9(]

/0¢dp r

Using boundary conditions (4.24)-(4.25), we get

/pOCFé¢dp——/a(3A+2u)I:s(u)¢dp—/kva-V(¢)dp+/ b ar
0 0’/‘ (9] (9] 97“ F@,R 97‘

0 h
—/ @ ¢dr+/ ¢dr+/f¢dp, (4.30)
To.r Or IR Or a0
for all ¢ € D(Q) with ¢ =0 on 'y p and ¢ € (0, /).

pPoCF
Q 0r

)dp+/kV9-n¢dF
Fer

Then, we propose the following weak variational formulation for Problem (P) as follows:

Find (u(t),0(t)) € H(Q) x HY(Q) such that u(t) = up(t) on Ty p and 6(t) = Op(t) on Ty p
a.e. t € (0,ty), and verifying:

/ (A_1 te(u)) :e(v)dp— / ad —0,)(3N+2u)I: e(v)dp
Q Q

:/ g-vdl'+
1—‘uN

pOCF0¢d = — a(3)\+2,u)1:s(1'1)¢dp—/kvg.v(¢)dp+/ ol bdr
Q 01' 0 67« Ty R 97"

—/ a69¢dr+/ h(bdf‘-l-/ i(bdp, V(bED(Q) with ¢ = 0 on F97D and t € (O,tf].
To,r Or Fo N Or 997’

b-vdp, Vv eD(Q) withv=0onT,p andt e (0,t/],

D\D\

In addition, let us introduce:



4.4. Existence and uniqueness of solution 143

e the bilinear form a(-,-) defined on H(Q) x H(Q) by:

a(u,v) = /Q(A1 ce(u)) :e(v)dp. (4.31)
e the bilinear form x(-,-) on HY(Q) x H() such that:
(60) = [ K96 V() dp. (432)

For simplicity of notation, x will be considered as the sum of bilinear forms k1 and kg, this
is:

k Vo,
(60) = m1(000) + ral00) = [ 20 Vodp— [ K00 Grudp, (439
relations deduced applying the product rule to definition (4.32) of k.
e Finally, the bilinear form m(-,-) defined on L?(Q2) x H(Q) by:
m(p,v) = / pa(BAN+2u)I : e(v)dp = / pa (3N +2p)I : Vv dp. (4.34)
Q Q

Taking into account this notation, we can rewrite the proposed weak variational formulation for
Problem (P) as follows:

Find (u(t),0(t)) € H(Q) x HY(Q) such that u(t) = up(t) on Ty p and 6(t) = Op(t) on Ty p
a.e. t € (0,ty), and verifying:

a(u,v) —m(f —0,,v) = /F g-vdl“—i—/gb-vdp, Vv € D(Q) with v =0
on I'y p and t € (0,t], " (4.35a)
) L dp = —m(6,9) = x(6,¢) +/ O‘ggewr = / O;C%dr
r Tor Ur Tor Or
+/r9N giqﬁdI‘ + /Q i¢dp, V¢ € D(Q) with ¢ = 0 on T'g p and ¢ € (0, t4]. (4.35b)

4.4.2 Assumptions

Besides assumptions (H1)-(H2), from now on we will also assume the following hypotheses:
(H1) The elasticity tensor A~! € [L°(2)]* and there exists @i, > 0 such that
(A7) o7 > | T)?,

for all 7 € S3, being S3 the space of symmetric second-order tensors over R3,
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(H2) The reference temperature 6, € W5*°(Q), and there exists Oy min > 0such that 6,(p) > 0, pmin
in Q.

(H3) The reference density pp > 0, the specific heat at constant deformation ¢y > 0 and the
coefficient of thermal expansion a > 0.

(H4) The thermal conductivity coefficient k& € W1°°(Q), and there exists kmin > 0 such that
k(p) > kmin in Q.

(H5) The body forces b € W22(0,¢s; L%(12)).

(H6) The body heat f € Wh2(0,ts; L?(2)).

(H7) up is the restriction to I'y, px (0, 5) of a function called tip such that ap € W22(0,ty; H> (I)).
(H8) 6p is the restriction to I'g,px (0, ) of a function called fp such that p € W22(0,ty; H: (I)).
(H9) The surface forces g € W22(0,ts; L(Ty,n)) and h € WH2(0,¢5; L?(Tg v)).

(H10) The coefficient of convective heat transfer a. € L*(I'pr), and there exists acmin > 0
verifying a.(p) > @ min a.€. on I'g g.

(H11) The external convection temperature 6 € W12(0,¢¢; L*(Tg g)).
(H12) The initial conditions uyg € H(Q) and 6y € H(Q).
(H13) The initial conditions ug and 6 verify:

a(ua,v) — m(O — 0,,v) = [

Fu,N

g(0) - vdl +/ b(0) -vdp, Vve Hé’ru ,(Q),
0 :

Uy = uD(O) on Fu,D,
90 = HD(O) on F97D.

Remark 4.4.1. From hypothesis (H1) we can deduce that expression (4.31) defines a symmetric
and surjective continuous form in H'(2) x H'(Q). Furthermore, since meas(I'y,p) > 0,

Vv € H(l),Fu,D(Q) CL(V,V) > ammHVH%—Ié r D(Q), (436)

i.e. the bilinear form a(-,-) is HéyFuD(Q)—elliptic.

Remark 4.4.2. Taking into account hypotheses (H2) and (H4), equality (4.32) defines a continuous
form and, thanks to Poincaré' s inequality in H(%,Fe D(Q), the expression of k1 is an equivalent norm

to the usual one of HY(Q) (see Brezis [25]); therefore, it verifies:

k .
1 man 2
Vo € HO,FG’D(Q) K1 (d)a ¢) > MHW‘H&FQ,D(Q). (4_37)

Remark 4.4.3. Considering assumption (H1), expression (4.34) defines a continuous form in
L2(2) x HY(Q).
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Remark 4.4.4. Thanks to hypotheses (H2)-(H3), we can consider L*(Q) with the scalar product

6002 = [ B,

which is equivalent to the usual one and we denote its associated norm as || - ||2.

Using the expressions (4.35a)-(4.35b) and taking into account Remark 4.4.4, we obtain a weak
formulation of Problem (P) as follows:

Problem (VP)
Find (u(t),0(t)) € HY(Q) x HY(2) such that u(t) = up(t) on 'y p and 8(t) = Op(t) on [y p a.e.
t € (0,t5), and verifying:

a(u(t),v) —m(0(t) — 0, v) = / g(t)-vdl + / b(t)-vdp, VveHgp, (), (4.3%)
Fu,n Q

(B(t), 8)2 + £(O(L), d) + m(e, u(t)) + /Fm afft)vﬁdf _ /Q fe(f)¢dp

+/FG’R acZi(t)¢dr n /FQ,N héf)¢dr’ Vo € Hyp, ,(9), (4.38b)

u(0) =ug, 6(0) =6 in . (4.380)

4.4.3 Existence of a solution of Problem (VP)

Theorem 4.4.5. Under assumptions (H1)-(H13), there exists a solution (u,0) of Problem (VP)
such that

ue L>(0,tp; HY(Q)), ue L?(0,ty;HYQ)), and (4.39)
0€ L®(0,t;; H(Q)), 0€L*(0,t5;L*(Q)). (4.40)

We prove this result applying the Galerkin‘s method. The proof, which is divided into five
steps, follows the following scheme:

i) we make a change of variable by translation in order to obtain a problem whose Dirichlet
boundary conditions are null,

ii) we define approximations of the solution using the Galerkin’s method, and we prove the
existence and uniqueness of the approximated solutions,

iii) we get some estimations for the Galerkin sequence that let us pass to the limit,
iv) we prove the convergence of the Galerkin sequence,

v) and finally, we check the limit of the Galerkin sequence is a solution of Problem (VP) verifying
regularity properties (4.39)-(4.40).
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Step I: A variable change by translation

Assumptions (HT7)-(HS8) imply the existence of u and 6 verifying (see Duvaut and Lions [44], p.
125):

ue W?%(0,t,;,H(Q)) and u=up on T'yp x (0,/], (4.41)
0. € W22(0,tp; HY(Q)) and @ = 0p on Ty p x (0,ty]. (4.42)

Hence, we deduce that u € C1([0,¢s]; H!(2)) and 6 € C*([0,¢¢]; H' ().
We take

fl:ll—ll, fl():llo—g(()), éIQ—Q, éQZGQ—Q(O) (443)

Therefore, with respect to these new unknowns, Problem (VP) can be transformed into an equi-
valent one:

Problem (VP)
Find (u(t),0(t)) € H(l),l“u L, (8) x H&,FG ,(82) a.e. t € (0,tf) verifying:

a(a(t),v) —m(A(t),v) =< Ly(t),v >4, Vv € Héypu’D(Q), (4.44a)
(B(0). 0% + 1(0(0),6) + m(o,50) + [ 2 gl =< Lo(0),6 >0, Vo € Hp, , (2),(4:440)
1(0) =1, 6(0) = by, (4.44c)

where Ly(t) and Ly(t) are the linear forms defined by:

< Lu(t),v >u= / e(t) vl + / b(t) - vdp — a(u(t),v) + m(@(t) — 6,,v),  (4.45)
Fu,n Q
with v € H(I),FU,D(Q> and
[ f®) acf(t) h(t) ;
< Loft) >o= | Z20a+ [ e / |, 6T~ (0 0~ (0100
—moa) - [ *2oar, wim o e i, , @), (4.46)

Furthermore, taking into account that a, m, (-, )2, k are continuous forms and thanks to hypotheses
(H2), (H5), (H6), (H9)-(H11), Ly(t) and Ly(t) are also continuous forms for all t € [0,%y].

Summing up, it is sufficient to prove the existence of a solution of Problem (17]3) satisfying

{ ae L>(0,tHyr, ,(9), e L2(0,ty; Hjp, ,(2), and (47

610, tp; Hyp, (). 0€ L2(0,t5: ().
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Step 1I: Existence and uniqueness of a solution of the approximated problem

First of all we remark that thanks to hypothesis (H13) and to change of variable (4.43), we deduce:
€ Hyp, (), 6o € Hyr, , (), a(fo,v) —m(fo,v) =< Lu(0),v >u, Vv € Hyp (Q). (4.48)

Since the spaces H} r, ,(§2) and H} r, ,(§2) are separable, there exist numerable bases
{wi, wy, ..., w, ...} and {wf,wf, ..., wl , ...}, respectively, such that for all m > 1, {wl, wy, ..., w%}
(%

and {w{,wf,...,w’} are linearly independent, and the finite linear combinations of the wi' and
wf-, j > 1 are dense in H(l],ru’D(Q) and H&FQ,D (Q2), respectively. In addition, we can choose a base
in H&,F&D () verifying:

(Wi, w)e =6, 1Lk >1,
and furthermore,
u_ - o_ %
wi' = Uy, ] = m

We notice that it is possible to do thanks to (4.43).

if ||fo||2 # 0 and any other function with unitary norm in other case.

S

We denote by HE 1 = [w{', wY, ..., wy,] and Hgﬁ L= [wf, wh, ..., w? ] the subspaces generated

by {wi, wy, ..., wd} and {wf, wf, ...,w?}, respectively.

We consider the following approximated problem:

Problem (VP,,)

»tou,

5 X Hg}”w for all t € (0,t5) verifying:

(W (t),v) = m(On(t),v) =< Lu(t),v >u, Vv eH{E (4.49a)
(B (0): 0+ 5(0n(0),6) + m(6.5n(0) + | a0 La(0).6 50, v B, . (1.490)
W, (0) = 01g, 0, (0) = 6. (4.49¢)

Lemma 4.4.6. Under assumptions (H1)-(H13) there exists a unique solution (i, Om) of Problem
(VP,,) such that

U, € CH([0,¢4); Hyp, (Q)) and b, € C([0,8¢]; Hop, ,(2)). (4.50)

Proof. The proof is based on transforming Problem (ﬁm) into an equivalent one expressed as a
differential system, whose existence and uniqueness is easy to prove. For this purpose, we write
u,, and 6, as:
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Then, Problem (ﬁm) is equivalent to the following differential system:

{ (Al G ()} = (Ml o (8)} = {Lum (8} s
{hm ()} + (K] {Ban ()} + [Min]{Gin (£)} + [Hon]' { P (1)} = {Lom (1)}, '
with the initial condition

{Gm(0)} =e1,  {hm(0)} = [1f0]2e1, (4.52)

where e; is the first vector of the canonic base.

In system (4.51), we have used the following notation:

[Am]ij = a(wy', w}-‘) [Mp)ij = m(wf,w}),  [Knlij = r(w!,w), and

[(Hmlij :/ —w wedf with 1<4,5 <m.
Lo,r Or

{gm(t)} = (éylm(t)j cees G (£)" and (o ()} = (ham (£), ooy B (1))
{Lam(®)} = (< Ly(t), 0 >, ...,.< Lu(t), w? >)! and {Lom(8)} = (< Lo(t), wf >, ..., < Lg(t), w’, >)".

Deriving with respect to time the first equation of system (4.51), and substituting {g,,(¢)} in the
second equation, we obtain the following equivalent problem:

Problem (ﬁm)a
Find {gim}, {hm} € C*([0,ts]; R™) verifying:

(] + (Mo (A M [Mon]'] (D)} + (]! + [H)'] {8} = {Lm (D)}, (4.53a)
{gm(t)} = [Am]™ [{Lum(t)}+[ ]{ﬁ ()}] (4.53b)
{hn(0)} = [16o]l2e1, {Gm(0)} = e1, (4.53¢c)
with
{Lm(t)} = {Lﬁm(t)} - [Mm] [Am]_l{Lum(t)}- (4-54)

We deduce of hypothesis (H1) that the matrix [A,,] is symmetric and positive defined thanks to
the coercivity of a(-,-). Therefore, [A,,] ™! is also symmetric and positive defined:

([An) 'p.P)rm > vlPI% VP ER™, (v>0). (4.55)

Taking into account assumptions (H2), (H5), (H6), (H9)-(H11), properties (4.41)-(4.42) and that
a, k, m and (-, )2 are continuous forms thanks to (H1), (H2) and (H4), we deduce

Lum € CH([0,¢¢;R™) and Lgy, € C([0,t7; R™).

So, Problem (V P,,) is equivalent to Problem (V Py, )q.

Problem (4.53a) with the first initial condition from (4.53c) admits a unique solution, since
L, € C([0,t7];R™) and the matrix [S,,] = [Ln] + [Min][Am] " [M]" is invertible. Indeed, —1 is
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not a proper value of [M,,][An] " [M,]! because if there existed any p € R™, p # 0, ||p|| = 1 such
that [Mp][Am] ™ [Mm]'p = —p, taking this value of p into inequality (4.55), we would obtain:

—1=(=p,p) = ([Mp][An]  [M]'P, p) = ([A] ! [Min]'p, [Min]'P) > || [Myn]'p* > 0,
which is a contradiction.

_ In consequence, there exists a unique {hy,} verifying equation (4.53a) and the initial condition
{hm(0)} = [|fp]|2€1. Now, we can define {g,,} through the relation (4.53b). Since {gn(0)} = e;
thanks to property (4.48), we have proved that problem (V P,,), admits a unique solution verifying
(4.50).

O

Step III: A priori estimates

Our aim is to obtain the limit of these sequences as m — oco. For that purpose, it is necessary to
deduce some a prior: estimates independent of m. From now on, ¢, [ > 1 will denote a positive
constant.

A priori estimates I Considering Problem (V P,,,) and taking v = i, (t), ¢ = 0 (t), we obtain
for any t € (0,t¢]:

A (t), U (1)) = M (1), W (1) =< Lu(t), U (t) >u,

(O (1), O (¢ ())2+l€(9~m(t),9~m(t))+m(ém(t)7ﬁm(t))+/ ol (1) )

dl' =< Ly(t),0m(t) > .

Adding these equations, we have:
A8 (), 8 (8)) + On (1), O ()2 + (B (£), B (1)) +/F SCG2 (1) dr
=< Lu(t), U (t) >u + < Lo(t), O (t) >g .

Taking into account definitions (4.31) and (4.33), the previous equality can be rewritten as follows:

3 0 95 080D 5 1 (4 2B 0), B (0) + ) o) + [ G 0y
d
T dt

Integrating over (0,t), we arrive at

t1d _ ~ t1d, - t 5 5
/OQCLS[a(um(S),um(S))]der/O QdSH@m(S)HSdSJF/O K1(0m(s), O0m(s))ds

s)dlds = tmg(ém(s)ﬁm(s))ds + t i[ < Ly(8), U (s) >u |ds
FeR Or 0 o ds
—/ < Lu(s).0 <>>uds+/t<La<s>,ém<s> > ds
0 0

[ < Lu(t), @n(t) >u ] = < Lu(t), @ (t) >u + < Lo(t), O (t) >0
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and hence we can deduce,

;a(ﬁm(t),ﬁm(t))—ir;Hém(t)]]%—i—/o 1 (G (5), ds+/ /r@R 0% (5) drds

1 1 - ¢ ~ -
= §a(ﬁ0,ﬁ0) + §HHOH% _/ K2(0m(5),0m(s)) ds+ < Ly(t), 0m(t) >u — < Lu(0), 00 >y
0

— /t < Ly(s), 0 (s) >u ds — /t < Ly(s),0m(s) > ds. (4.56)
0 0

Since a, Ly, Ly, Ly are continuous and the terms on the left-hand side of equality (4.56) are all

non negative, taking into account hypotheses (H2), (H4), (H10), Holder’s inequality and definition
of ko from expression (4.33), we obtain:

1.~ b
—a(Qm(t), W (t)) + =||0m (¢ 2+//<a 0, (s 9 ds + ———— Qre,min / 9 ds
58 (), Bon(1)) £ 510 I3+ | 1 Oon(5), D) + s | ()
1 i 1Bl Lo (@) [[VOr L () - =
< Somarlolify o)+ 3100l + = /0 196 (5)ll2 ) () 2 e s

r,min

IOl Ol o+ VOl o

IIL Say.  @lom()lay,  (@ds+ HLe Wy, (Q)Hé (M. (@ds, (4.57)
u,D 0.l'w,D

0.T9.p

Amaz being the constant of continuity of a(-,-). Using inequality

2\/a\/Bab < aa® 4 Bb?, where a, 8> 0, (4.58)

with a = % and 8 = % for the fifth term on the right-hand side of inequality (4.57), we have

- 1 - ¢ 5 ~ Qemin
300 (0) (1) + 5@ + [ 1 (Oo), D) + / 16 (5) 3,y

1 5 -
< 5 [+ DLy + 1B+ a0y, )
2 ,D w.D
H"CHLOo ) IVO: |l .
@) ©) Hve )l 18 (5) | 2@y ds + | Lu(®llery, (1B (®) 1y
0 w,D ,

Q)
o1,
r,min u,D

t ~
-/ ||Lu<s>||Hg)gruD(g)nam(s)uﬂé s + [ Vg, @l | s (159)
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Taking into account properties (4.36) and (4.37), we rewrite expression (4.59) in the following
form:

Amin || ~ 2 1 - 2 kmin
il o+ 310+ 2 [ 10y, s

(0% o 1 ~ ~
cmzn/ Hem(S)H%Z(Fg,R) ds < 5 |:(amax + 1)”“0”%{(1)F D(Q) + HQOH% + HLu(O)H%{é,F D(Q)

H@ | 2o (02)
el 190 i
" / 1m,  eollfm (5 20y
L)y, ,D(mnﬁm( . / ey, @iy, @ds
+ [ 1)y, ol <>\|H5F9D(mds- (1.60)

Now, we apply again inequality (4.58) to the following terms on the right-hand side of inequality
(4.60):

- 1112 |96 12 161 5 0
e the second term with « = ———— and 8 = ,
4”97” ”LDO (Q) 9% mmkmzn

the third term with a =

1
the fourth term with o = 1 and f =1 and

kmin HGTHL"O(Q)
the fifth term with o = ————— and f = ————.
4”‘91””L°°(Q) Emin

So, we get

amln - 9 1 ~ 2 mZn
iy, o+ IO+ 2 [y, s

Qe b 1 ~
c,min 0m 2 ds < = s Dlla 2 0 2 L 2 ,
DT o Hm) / 10 ()12, 5 < [(a F Dol o+ 13+ 1LaO) Ry, o

%117 oo (0 IV Or 15 0 () 167 [l oo 2
4H0 HLoo / 1 (5 W, 085 + g / 10un ()72 5

,min mm

Amin || ~
Iy, o+ 2 (Ol / Iy, (s
in Fu,D u,D

U, (s ds Fomin /9 ds
/ W (M 00 50 ey Sy 1ot

16,
Ml ”L (m/ ILo() 3, yds- (4.61)
mzn 0,D
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From equality
t
Lu(t) = La(0) + [ Luls)ds,
0

and applying inequality (4.58), we deduce:

2

Lu(())—l—/0 Lu(s)ds

Lut 2 ’ ==
2y, o= o

<ALy, )+ H/

Hl/ D(Q)
t
<ULy, o+ [ @l ol @62

Then, thanks to the previous expression, inequality (4.61) can be rewritten as follows:

Amin || ~ 2 1 0 2 mzn
il o+ 5100+ g [ 1y, s

Qcmin L. 1 ~ B
g [, g < [<amax+1>||uougér o+l

2 2
i + 4 2 1 |00 e 61
F () Oy, o+ . / 16 (5) 22 s

20min r,min kmm

Apmin + 8t f ~ 2
+( o ) / ILu(ry, s + /0 (o), oy
L ATE) HL°° )
kmin To,D

Summing up and applying Remark 4.4.4 to the second term on the left-hand side of the previous
inequality, we have

t
er (IOl o+ 1Ol [ 10y, eyds+ [ 10 )

<o Il * Wl + ILaOry, o]
v [ Nanliy,, ads+ [ 1020]ads]
¢

' 2 2

+cy [/0 HLU(S)HH&:FU,D(Q)dS—'—/O HLO(S)HH&IF&,D(Q)CZS]7 (4.63)

with
¢l = min { Amin POCF kmin Qe min } ¢y = AT { Amaz + 1 Qmin + 4}

47200l Loy 210rll o) N6rlLooe) 7 27 2 )

{ HkH%OO(Q "VGT"iW(Q)||0T||Lw(Q) } {amin+8tf ||97‘||Loo(ﬂ)}
c3 = mazx , 12, ¢4 =max , .

4
‘97« min kmin 4amin kmin
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We introduce the notation

7] .
I1LNI1? = /0 <||Lu<s>||%larw(m + ||L9<s>ui,3;%m)) ds,

(I)m(t) = ”ﬁm(t)H%{})F D(Q) + Hém(t)H%?(Q)v

and we rewrite expression (4.63) as follows:

t t
Bnt)+ [ 1My, s+ [ 10, s

t
2 |1~ 12 RIE 2 a3 C4 2
< 2 oty o+ 1B+ 1Oy, o]+ [ ealoiis+ CHEIE 40
t _ t B _
Since /0 Im (2, s > 0, /O 16n(5) 225,y ds > 0, 0, fo and [||L||[* axe known, we
deduce: ’

t
Op(t) < o5+ 2 [ Dp(s)ds.
C1 0

In consequence, thanks to Gronwall’s lemma we obtain

€3

D, (t) < cseet’, with t € [0,¢].
Therefore, there exists M y ¢ independent of m, such that

Hﬁm(t)”%-IéI D(Q) < Ml,u,@; Hém(t)”%Q(Q) < Ml,uﬂ; 0 <t< tf. (465)

We can now establish the following result:

Corollary 4.4.7.  a) The sequence {Qy,} is bounded in LOO(O,tf;HéIuD(Q)).

b) The sequence {0,,} is bounded in L=(0,t5; L*(R)) and L(0,tf; Hyp, ().

Proof. The bounds of {G,,} in LOO(O,tf;Hé,FuD(Q)) and {0,,} in L>®(0,¢z; L*(R2)) are obtained
directly from (4.65). Taking into account these bounds in inequality (4.64), we can also deduce
that {6} is bounded in L?(0,ty; H&FQ L (). O

A priori estimates II Thanks to Lemma 4.4.6 we can derive in time the first equation of
Problem (V P,,) and we obtain:

a(Up (1), v) = m(Om(t),v) =< Lu(t),v >, Vv e Hy " o,

Oon(), D)2 + KO (£), &) + m(6, Tom(t)) + / el (t)

Lo r Or

¢pdl =< Ly(t), ¢ >p, Yo € H{T

Lo p*
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Taking v = U, (t), ¢ = () and adding the previous equations, we get for any ¢ € (0,t]:

M%mﬁﬂm+%ﬁWMMﬁw@ﬁﬁmm+/ 2 (10 () T
=< Lu(t)7ﬁm(t) >u+ < Le(t)vém(t) >9 -

Applying definition (4.33), the above equality can be rewritten as follows:

M%@@WWW%W@;i[@(m%wﬂﬂiémwﬁﬂﬂﬂ
= — k(O (1), O (1)) + %[ < Lu(t), 0 (t) >u ] = < Lu(t), @m(t) >u
1< Lolt), Onlt) >0 ] < Lo(t),Brn(t) >0

Integrating over (0,t), we have

b 5 boa 1 = ~
| (o). dns + [ 1068 + Gma(@u®).00) + [ G @) ar

0,R
_1 (6o, 6 )+/
= 2'%1 0, Y0 Fon 20

t
— < Ly(0),09 >y —/ < Ly(8),0m(8) >u ds+ < Lg(t),0m(t) >9 — < Lg(0),0p >
0

)2 dT — /Ot Ko (O (s), ém(s))dﬁ— < Lu(t), G (t) >u

—/0 < Lg(s),0m(s) > ds.

Thanks to hypotheses (H1)-(H12), all terms on the left-hand side of the previous expression are
all non negative and a, Ly, Lu, Ly, Ly, Le are continuous. So, taking into account Remark 4.4.2
and applying Holder’s inequality, we get

| o) o)s+ [ (s + 51 (080 + 50 GO,

21601 Lo ()
Ill e el <
= m”GOHHl )o@ + WHHOHB (To.r)
15| Loo () VO || Lo (2 N
e — >/WV9 ez (s + 1 Lu®llmy, o lBn® iy, @

t
+HLU(O)”H}JfFuD(Q)HﬁOHH})’FuD(Q)+/0 [ Lu(s )HHl’ (Q)Hﬁm(s)\\H&FuD(Q)ds

-Hwammupmm%ﬁw%mﬂ@+wm<u%ﬁﬁmWﬂ%%D@

/nm Mgy, @ ln()liy,, @ds

OFQD
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Taking into account Remark 4.4.4, this inequality can be rewritten as follows

t - - POCF ~
| ot 9) o)+ / [6m(5) 15 + 551 B (0, G ()

Qemin 15 )12 L HL levell oo ()
m” m (220 ) < mWoHHI . (Q)+m”00HL2(F9 )
||k||L°° @IVOrllL=) [* > .

- R C I A P

1La®lliy, | @GOy, o+ 12uOly, ol o

/||L My, ’D(Q)Hﬁm(s)HHé}Fu’D(Q)ds+”LG(t)”H&’Fg’D(Q)Hé Ol @

OFQD

~ t . ~
+ HLO(O)HH&’FG’D(Q)HQOHH&FG,D(Q)+/0 HL@(S)HH(}”FG’D(Q)Hem(S)HH(}’FB’D(Q)dS'

1
Using inequality (4.58), with =1 and 8 = T to the fourth, fifth, sixth, eighth and ninth terms

on the right-hand side of the above equation, we arrive at

| 0B G2 [ 0oy + 3514,

Aemin ~ 2 ” HL ||aC||L
|| m( )HL2(F9,R) = 29Tmm || HH1 D(Q) + 29Tmm H 0||L2 (To,r)

HkHLoo HV9 Lo @ B
S / 6m(Mzy, @ I0m(lz2ends + 1Ll gy, (o)

T, min

||um( )||H1 . o)t | L (0 )HHé:Fu’D(Q)—i_z”uOHHé’ b / | Lu( ||H1, ,D(Q)ds

N 2
/ J5un(5) gy )D(mds+||Le<t>||H3gF0,D(m||em<t>||H5,F9YD(m+HLa(O)HHé;Fw(m

~ . 1 ft .
2 2 2
+ ZHQOHH&’F&D(Q) +/0 HLG(S)HH&IFG,D(Q)dS + 4/0 Hﬂm(s)HH&FG’D(Q)ds. (4.66)

Considering properties (4.36) and (4.37), and applying again inequality (4.58) to the following
terms on the right-hand side of expression (4.66):

Hk”ZLoo(Q)HverH%oo(Q) HGTHLOO(Q)

4
29r,minpocF

POCF

e the third term with a = P T
2|16 Lo ()

nd =

97’ oo min
0[] Loo () and § = k

e the tenth term with o = =
kmin 4||9T||L°°(Q)
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we can rewrite inequality (4.66) as

POCF Emin ~ )
min, (s ds + ————— / 9 ds + ————||0,,(t
[ oy, o Tt | 1m () Eaayds + g™ ol

O,FQ!D
Qe min ~ 2 2”kHL°°(Q +‘97‘,mm 2 HO‘C”LOO(Q)
+M&MMmWMﬂhmwﬁg< rr— 1ol o+ g Mol
n HkH%oo(Q)HverH%oo(Q)HQTHL‘X’(Q) /t Hé (8)”2 ds+ POCE / H@ H
201 inPoCE o My O 9]0, oo e
: 1
+||Lu(0)|!§{u @7ty IIUOHH1 (Q)+!\Le( )IIHu +||L ()HHv @

1, . 9 . 9
+4wa%%ﬂm+Aw%@m&w(ﬁ+ /m% Mg, s

0] Lo () ) Emin ) . )
O o0 3 OO i+ | VO
/H@ HH1 @S (4.67)

From equalities

Lu(t) :Lu(0)+/0tiu(s)ds, Lo(t) :Lg(O)—F/OtLg(s)ds,

and applying on these equalities the same reasoning used in inequality (4.62), expression (4.67)
can be rewritten as follows:

t
k3 2 POCF kmzn ~ 2
Amin u,,(s ds+ ————— / 9 ds + ———||0 (¢
/0 H ( )HH(1)7FU,D( 2”9 ”Loo H HLQ(Q 4H9r”L°°(Q)|| ( )HHI D(Q)

0,I'g

A min ~ 2Hk;HLOO +0rm7,n =02 ||aCHL
- QHHTHLO"(Q) Hem(t)HLZ(FO’R) = < 40rmm HQOHH&FQ,D(Q) + 29rmm H60HL2 (o r)
||k|!%oo(g)||V9r||ioo 10| oo (02) . ) 1,
QegmmpocF / 10 (g, s + 1Oy, o)+ gl o)

. . 1
2 2 2 ~ 2
+ ||L0(0)||H017/F6,D Q) + QHLu(O)HHé:Fu,D Q) + 2tf /0 ||LU(S)||H(1)5FU’D (Q)dS + ZHum(t)HH(l),Fu,D(Q)
L IR 210x] Lo ()
[y, st [ Tl s =
u,D tu,D mn

2t 116, o< o
2l lim m/|L Mg, s+ [ o)y (@+_/w M, (@ds.
mzn To.p 0 ®Te.p "

||L49( )HHlf (Q)
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And rearranging the terms, we get

t .
pPoCF 5 2 Emin
i [ Wiy, s+ gt [ ot g By, o

0,0y, D 0.9, D
Qemi ~ 2||kl oo (@) + Ormin el oo ()
c,min Hm " ) 0 2 0
+ 2H0 HL°° H ( )HL2(F@’R) — < 497‘mln H OHH1 D(Q) + 29r,m7,n H OHLz(Fg R)
2[1k)17 HV9 300 (0 107l oo (02) + 67 im0 :
n L>=(Q) L iQ / 6 ( HH1 (Q)ds—i—SHLu(O)H%{y @
49r,minpocF 6,D 0lu,p

2”9THL°°(Q) + Emin

1 ~ ) 9 t . 2

+ ZHUOHHé,Fu,D(Q) + < km’m ) ||L9(O)||H5’IFG,D Q) + (2tf + 1)/0 HLu(S)HH(l)fFu’D(Q)dS
1. 5 1/t 9

+ *Hum(t)HHl () + n ||um(8)”H1 D(Q)ds

2tf||9 ||L°° Q "’kmm
+( @ )/HM Mgy, s

mzn

Summing up, we have
b 2 Lo 2 7 2 5 2
o | [ Winly, st [ 1 aands + 10y, o+ 1m0 e
< oo ol 100+ Vol 1By, o) + 1Oy, o]

t
bes [l o [ 1y, st [ Ty, s
6,D 0 »tu,D

. 9 r 2
+/0' ||Lu<8)||Hé{Fu,D(Q)dS+A ”LQ(S)’H&/FQ’D(Q)dS}’

with
6 = min {CL ) PoOCF Emin Qe min }
2000 o) 410l ()” 2010k
c max{QHkHLOC(Q) +0r,min ”OéCHL‘>o 3 2H0 HL°° +kmzn}
T = ) 5 9y
49r,min 29r,min kmzn
and

+1,

cg = max 2Hk||%oo HV@ [ Q)HH Iz @ +0§mmp0€F 2 2t4[10r] o () + Kmin
T 49?,mmPOCF e Kin '

If we introduce the notation

ty
e o
MENE = [ (Mg, o+ ooy, o)) ds
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we can rewrite the previous inequality as follows:

t t .
< 2 n 2 0 2 n 2
o | [ Wingy, st [ 1B ands + 1y, oy 4 1m0
0112 N 112 ~ 12 r 2 2
<c |:H00HHS’F9,D(Q) + HGOHLQ(F&R) + HUOHH(l)»Fu,D(Q) + ||LU(O)HH6:FU,D(Q) + HLG(O)”H&/F&D(Q)
t t
(112 ~ 2 0 2 ~ 2
FINEN?] + es [Hum(t)HHé’Fu,D(Q) +/0 ||9m(5)||H01’F9,D(Q)ds+/O ||um(5)||Hé,Fu7D(Q)ds] . (4.68)

where

cg = max {cy, cs} .

Thanks to Gronwall’s lemma and Corollary 4.4.7, we can deduce from expression (4.68), the
existence of a constant Mp ¢ independent of m, such that:

t t .
/ ([T, () |24 @)ds < Mz up, / Hem(s)”%?(n)ds < Mz up,
0 O’FU,D 0

Hém(t)”%jl Q) < M2,u,ea a.e. te (O,tf].

0.lg.p
Finally, we conclude:

Corollary 4.4.8. a) The sequence {U,,} is bounded in LZ(O,tf;HéIuD(Q)).

b) The sequence {ém} is bounded in L*(0,ts; L*(9)).

¢) The sequence {0} is bounded in LOO(O7tf;H&,F9YD (Q)).

Step IV: Passage to the limit

Taking into account some well-known results of compactness, we deduce the following result from
Corollaries 4.4.7 and 4.4.8:

Corollary 4.4.9. Under assumptions (H1)-(H13) there exist

u € W1,2(0’ tf; H(l),l"u,D (Q)) N LOO(Ov tf; H(l),Fu,D (Q))v
6 € Wh2(0, 855 L7(2)) N L™(0,t5; Hyp, (),

and subsequences (again indexed with m) such that, as m — 0o:

U, — uin L>(0,ty; H(l),ru (Q)) weak-star,
Uy, — 1 in L2(0,ty; H(%,FUD(Q)) weak,
O, — 0 in L>(0,ty; H&pe (Q)) weak-star,

Om — 0 in L*(0,t7; L*(Q)) weak.
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Step V: Verifying that (@1, 6) is a solution of Problem (ﬁ)
As consequence of Corollary 4.4.9, (1, é) satisfies properties (4.47).

In order to complete the proof of the existence of a solution, it is necessary to prove that (q, 0)
verifies Problem (V' P). For this purpose we use the methodology from Viano [98].

Let j be an arbitrary non negative fixed integer, and [ > j. Then, (ﬁl,él) is a solution of
Problem (V P;), with m = [. We are going to prove that we can pass to the limit in order to obtain

that (, ) is a solution of Problem (V P).

Verifying the weak formulation (4.44a) for the mechanical submodel.

In equation (4.49a), considering the test function v;(t) € Hgf;u 5, C H&{ﬂu b

vi(t) =&y, £e€CN0,ty), &(ty) =0, (4.69)

and integrating over (0,t¢), we obtain

/0 ' [a(al(t),vj(t)) — m(B1(t),v; ()~ < La(t), v;() >u} dt=0, foralll>j. (4.70)

Thanks to Corollary 4.4.9, we can pass to the limit as [ — oo, and we have
ty -
[ [otau) —m@e). - < Lu(o), wg =] &0 = (4.71)
0

for all £ € C1(0,1y), &(tf) = 0. In particular, we have proved that for all £ € D(0,ty),
a(@(t), w) —m(0(t), w}) =< Lu(t), w} >u, (4.72)

in the sense of distributions on (0,).
Taking all non negative integers j, and using the density of the finite linear combinations of
w} in H(]iju L (£2), we deduce

a(a(t),v) —m(0(t),v) =< Lyu(t),v >u, (4.73)
for all v e H(l),l“u ,(82) in the sense of distributions on ¢ € (0,¢5).

Verifying the weak formulation (4.44b) for the thermal submodel.
In equation (4.49b) taking the test function ¢;(t) € Hg%g 5 C Hg,lFo R E

¢;(t) =Ctw?, (e 0,ty), ((ty) =0, (4.74)

and integrating over (0,ty), we obtain

I [<5l<t>,¢j<t>>2 (@10, 50) + mios (o). 8u0) + [ 2,0 ar
0 Lo,r r

— < Ly(t), j(t) >¢]dt =0, forall l > j. (4.75)
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Taking into account equality

d

(B1(t), &5t = 5 G1(0),05()2 = (Bi(8),65(1)a. (476)

and since ¢;(ty) = 0, expression (4.75) can be rewritten as:

/tf
0

— < Ly(t), ¢;(t) >g] dt = (6;(0), ¢;(0))2, for all I > j. (4.77)

—(01(t), 65(1))s + £(B1(1), 6;(8)) + m(ey (1), (1)) + /

To,r

Applying the initial condition for 6; (4.49¢), we have
123 - . - .
/0 —(B1(1). by (8))a + R (BU(E), 65 (1)) + (1), Fu(t)) + /F

— < Ly(t), ¢;(t) >g]dt = (6o, $(0))2, for > j, (4.78)

for all ¢; given by expression (4.74). So, thanks to Corollary 4.4.9, we can pass to the limit
as [ — oo, and we get

o 0(t)

0
0. wj ar

ty 5 o ty _ . o -
/0 (e(t)’wj)ZC(t)dt+/0 [K’(e(t)’wj)er(wj,ll(t))Jr/Fe,R

= < L(t), wf >o] C(H)dt = (B, w])2¢(0), (4.79)

for all ¢ € C1(0,t5), ¢(tf). In particular, equation (4.76) is true for all ¢ € D(0,y), so

d - : o(t

SO0 w0+ w00, )+t i0)+ [ ST << Lyl >0, @430)
dt J J J ron Or 7 J

in the sense of distributions on (0,).

Taking all non negative integers j, and using the density of the finite linear combinations of

w? in H&FQ!D (), we deduce

d  ~ ~ 2 Oécé t
G000+ 1(00.0) +mo i) + [ 2odr —<Lyw.0>0 (s
0,R r
for all ¢ € H(%,Fe ,(82) in the sense of distributions on ¢ € (0,¢f).
As 0 e L%(0,t5; L*(9)), equality (4.81) is equivalent to
o 0(t)
Or

(6(0).0)2 + r(0(0). ) + m(6.5(0) + [ pdl =< Ly(t), b >0, (4.82)

To.r

for all ¢ € H&,Fe ,,(£2) in the sense of distributions on (0,y).
In consequence, from equalities (4.73) and (4.82) we can conclude that (i1, §) verifies weak equalities
(4.49a) and (4.49b) of Problem (V P). In order to complete the problem, we must prove that (q, )
verifies the initial conditions (4.49¢) of Problem (V P).
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Verifying the initial condition for temperature.

Considering the test function of (4.74), in the weak equality (4.82) and integrating over
(0,t¢), we obtain:

/ f [(é@), Ctyul) + m(B(8), C(tyu?) + m(C(t)ul, (1)) + /
0 Py r

_ /Otf < Lo(), C(tyw’ >p dt, V¢ € CL0,17); C(ts) = 0.

Taking into account equality (4.76) we have,

ty _ . 5 '
/o [<e<t>,c<t>w§>2 + £(0(8), C(O) + m(C(Eu], (1)) +/r i

— < Lo(t), C(B)wf >o] dt = (8(0), C(O)w)e,

for all ¢ € C'(0,t¢), ((ty) = 0. Now, if we compare the previous expression with equality
(4.79), we obtain:

(0(0), w$)26(0) = (o, w})26(0),  ¥¢ € CH0, 1), C(ty) =0,
for all non negative integer 7, hence, we conclude 6(0) = 6.

Verifying the initial condition for displacements.

As Ly € CI(O,tf;H(l)fFuD(Q)) it is possible to derive expression (4.73) in time, since 01 €

L2(0,tp: Hyp, () and 0 € L2(0, 5 12(Q)), we have
a(@(t),v) = m(0(t),v) =< Lu(t),v >u, ¥veHir  (Q).
In particular, taking again the test function of (4.69) and integrating in time, we obtain
t . ~ .
[ a0, geru) = m@e). ) < Lue). g >u] de =0,
Ve € CH0,t5); &(ty) = 0.
Since &(t¢) = 0, we deduce
t . ~ . .
| [P, €0up) +m@©. E0up+ < Lu(o). 60u >u] di = a(s(0).£0)03)
= m(60(0),£(0)w})— < Lu(0),£(0)w] >u, VE € CH(0,5); £(tf) = 0.

Taking into account expression (4.73), the term on the left-hand side of expression
vanishes; and since 0(0) = 6y, we get

a(@(0), £(0)w}) = [m(fo, wi)+ < Lu(0),wl >4J€(0), Ve CH(0,tf), &(ty) =0.

(4.83)
(4.83)

Finally, compatibility condition (4.48) let us write this equation in the following equivalent
form:

a((0), w)€(0) = a(tg, wiE(0), VE € CH(0,ty), &(ty) =0, VjeEN.

Therefore, we can conclude that (0) = @y thanks to coercitivity of bilinear form a(-,-).
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4.4.4 Uniqueness of solution of Problem (VP)

In this section we prove the uniqueness of solution of Problem (VP).

As we have considered the reference temperature, the thermal conductivity of the material and
the Lamé’s parameters depend on the material point, and we have also considered a convection
heat transfer boundary condition, so the methodology used by Vianio [98] can not be applied for
his case becouse following the techniques given in his proof, there appear new terms whose signs
are not known.

Therefore, our proof is based on applying Gronwall’s lemma following the papers of Gawinecki
[56, 58, 59, 60] and Gawinecki et al. [62].

Theorem 4.4.10. Under assumptions (H1)-(H13), there exists a unique solution (u,0) of Problem
(V P) such that

ue L>*(0,t; H(Q), ueL*0,t;H(Q)), and
0 € L>®(0,tp; H'(Q), 6€ L*(0,t5;L*(Q)).

Proof. In order to establish the uniqueness of solution of Problem (VP), we take into account that
this problem is equivalent to Problem (1715), therefore it is enough to prove the uniqueness of
solution of Problem (V P). For this purpose, we consider that let (i1, ), (fi2, f2) be two solutions
of Problem (‘7?’) and let us denote by

0=ty — 0y € L®(0,t5;Hyp, (Q) and 6 = 6; — 0, € L0, t; Hyr, ().
So, they verify:

a(a(t),v) —m(A(t),v) =0, Yv e H(l),Fu,D(Q)7

(60 02 + w(00),6) + (o, 50) + [ oWy —0, voe i, ,(©)

Lo r Or

Integrating over (0,¢) these equations, taking v = u(t), ¢ = 6(t) and adding the resulting equa-
tions, we arrive at a.e. t € (0,):

/Ota(fl(S),ﬁ(S))ds+/0t(§(8),§(5))2d5+/ (0(s),0(s) ds+/ /FGR i s)dlds = 0.

Taking into account the definition of k given in expression (4.33), this equation can be rewritten

/0;i[a(u(s),ﬁ(s))]ds—l—/ot;jgﬂé(s)”%ds—i—/ 1(0(s), 0(s) ds+//FeRa: s)dr'ds

_ / o ((s), B(s))ds.
0
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Since 1(0) = 0 and 0(0) = 0,
%a(ﬁ(t),ﬁ(t)) + %Hé(t)H% +/0 1(0(s),0(s) ds+/ /FBR . s)dTds

= /0 /Q gé(s)vé(s).vardpds. (4.85)

Thanks to hypotheses (H2), (H4), (H10) and Holder’s inequality, we have:

1 ~ ~ 1 - t A A c,min 0
QG(U(t),U(t)H2||9(t)||§+/0 r1(0(s),0(s ))d8+m!\9(t)!\%2(rm>

< 1%l oo () VO [ (o)

T, min

t ~ ~
/0 1005) | 260 | VO(3) |2y s (4.86)

Consequently,

1

Zala(d). alt - b 7] g4 Jemin 5 2,
salu(t),u(t)) + ||9( )||2+/ 1(0(s),0(s))ds + A 10221y )

el V6 o
< T S NPT r—— (487

T‘ min

with ¢ the constant of equivalent norms. Taking into account properties (4.36), (4.37), and using
inequality (4.58) with

G A A P R oo
203 mznkmin 2”97“ ||L°° Q) ’
we deduce
Amin || ~ 2 POCF 0 2 Kmin
t —||0(t 0(s d
250y, o+ g 0O+ e [ I, o
Qe min ~ 2 02Hk‘|%00 Hve HLOO(Q)HQTHL‘X’ ~ 9
ol ooy PO 220y < o 10
s rrar WIS (459

This above inequality can be rewritten as follows:

Amin POCF 0 2 mzn
Zmin — 16t 0(s d
5 la(t )HH1 L@ + 20l 16( )HL2(Q 200, [ Lercn @) / 16( HHl ) 5

2
o ~ ||k”Loo Q)||V9 ||LOO(Q)”6THL°°(Q) ~
cmzn 0 t < 9 2 d 4.
F Bl 1220 = 6 inin [ 16 s, )
and we get
20712 2
PoCF A2 ¢ HkHLOO HV9 HLOO(Q)”97“||L°°(Q) /t < 1o
——|0 < 0(s ds. 4.90
2”97’”L°°(Q)H Olz20) < 293mmkmm 10C) 2 (4.90)
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Thanks to Gronwall’s lemma, we can conclude Hé(t)||%2(9) =0 a.e. t € (0,tf), hence we deduce

0, = 0y. Finally, using again inequality (4.89) and taking into account that 0, = 0y, we directly
deduce that ||f1(t)HH(1)F @ = 0 ae t€(0,tf). In consequence, we conclude that u; = us.
u,D

Therefore, hence we can deduce the result.

O



Chapter 5

Regularity of a thermoelastic problem

5.1 Introduction

In the previous chapter we have proved the existence and uniqueness of a quasistatic coupled
thermoelastic problem with mixed displacement-traction conditions for the mechanical submodel
and mixed boundary conditions including a Robin boundary condition for the thermal one. In this
chapter, we study the regularity properties of the displacements and temperature with respect to
time and space. Assuming additional regularity on the data we prove the H 1206 regularity in space
and the W regularity in time, r € {0} UN. We present two results for the time regularity. In the
first one, the regularity is obtained increasing the smooth properties of the solution at the initial
instant. In the second one, the regularity result is restricted to the corresponding homogeneous
Dirichlet problem; in this case the regularity properties at the initial instant are obtained by means
of an auxiliary linear elasticity problem. These are the main contributions of this chapter.

In the bibliography there are many works that deal with the regularity properties of the solution
of coupled thermoelastic problems with respect to space. However there are not many studies which
have as subject the regularity properties with respect to time. So, firstly we mention some studies
about the regularity properties in space and then some in time.

For example, Kacur and Zenisek [75] study the regularity in space of approximate solutions
of coupled dynamical thermoelasticity and Marzocchi et al. [86] formulate a result of regulari-
ty in space assuming smoother initial data for a transmission problem in thermoelasticity with
symmetry. In these works, they use results given in Athanasiadis and G. Stratis [8], Lions and
Magenes [83], Mizohata |87] and Necas [90]. Nevertheless, they consider the dynamic thermoelastic
problems where the coefficients of the mechanical behavior law and the reference temperature are
independent of the spatial variable. In the case of quasistatic problems, Copetti and Elliott [32] give
regularity properties with respect to space of the solution of a one dimensional linear thermoelastic
problem with unilateral contact of the Signorini type. Afterwards, Munoz and Racke [88] study the
interior smoothing effects in a multidimensional quasistatic contact problem in thermoelasticity
with Dirichlet boundary conditions; in particular, they prove that the displacements and the
temperature are infinitely smooth in time and space, no matter how smooth the initial data are.

165
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On the other hand, with respect to regularity properties in time we emphasize the works of
Gawinecki [56, 58, 59, 60, 61] and Gawinecki et al. [62], who present results of regularity with
respect to space and time for dynamic coupled thermoelastic homogeneous Dirichlet problems.
Considering their techniques, we achieve similar regularity properties in time for the quasistatic
coupled thermoelastic problem with mixed displacement-traction boundary conditions for the me-
chanical submodel and mixed boundary conditions including a Robin boundary condition for the
thermal one. Furthermore, assuming less smoothness over the solution at the initial instant and
with homogeneous Dirichlet boundary conditions, we also obtain the same regularity for the qua-
sistatic coupled thermoelastic problem. Nonetheless, these considerations cause some difficulties
such as the obtaining of the initial conditions for an auxiliary problem that we will see hereinafter.
Using results of Necas [90] and Agmon et al. [2] we overcome these difficulties. So, in this part,
our main contributions are the results of the regularity properties in time.

This chapter is outlined as follows: firstly, in Section 5.2, we will prove the H%OC regularity of
displacements and temperature with respect to space. In Section 5.3, we will obtain the regularity
properties of the displacements and temperature with respect to time for the complete problem and
after for a simplified case where we consider homogeneous Dirichlet conditions on the boundary.

5.2 Regularity of the weak solution with respect to space

In this chapter we consider @ C R3 a bounded, open and connected set with smooth enough
boundary I We assume that 'y p, I'u,v, I'o,p, I'g, v and I'g g are open subsets of I', such that

e =Ty pUlyn=TppUTlynUTyp,

e I'ypNIyn=0,TopNTon=0,TopNTer=0TgrNTyn =0

Furthermore, they verify meas(I'y p) > 0 and meas(I'y,p UT'y r) > 0. Let [0,tf] be the time
interval of interest.

In order to study the regularity properties of the solution of the quasistatic coupled problem
introduced in the previous chapter, we recall the weak formulation of Problem (P) (see Subsection
4.2.1, Chapter 4), given in Subsection 4.4.2 of Chapter 4, as follows:

Problem (VP)
Find (u(t),0(t)) € HY(Q) x H'(Q2) such that u(t) = up(t) on Ty p and 8(t) = Op(t) on Ty p a.e.
t € (0,t), and veritying:

(

ault).v) = m(O() - 6,.v) = [

Fu,N

g(t)-vdl —I—/ b(t)-vdp, Vve H(l)’Fu’D(Q), (5.1a)
Q

abt) . [ f)

Td) dl' = /Q TTéb dp

He(t h(t
+/ 7 : )¢dr+/ 9( Jgar, voe Hyr, (), (5.1b)
FG,R T FB,N T

u(0) =ug, 6(0) =6y in Q. (5.1c)

(6(£), )2 + w(8(1), &) + (s, a(t)) + /

Por
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Here,

we use the following notation:

u is the displacement,

up is the displacement on the Dirichlet mechanical boundary,

0 is the absolute temperature,

0p is the temperature on the Dirichlet thermal boundary,

0, is the reference temperature,

g is the density of surface forces of the mechanical problem,

b are the body forces per unit volume at the reference configuration,
a. is the coefficient of convective heat transfer,

f is the body heat per unit volume at the reference configuration,
0¢ is the external convection temperature,

h is the heat flux on the Neumann thermal boundary,

a(,-) is the bilinear form defined on H(Q2) x H'(2) by:
a(u,v) = / (A e(n)) : e(v) dp,
Q

where A™! is the elasticity tensor and e(u) is the deformation tensor,

m(-,-) is the bilinear form defined on L?(2) x H(Q) by:
m(p,v) = / pa(BA+2u)I :e(v)dp = / pa(3A+2u)I: Vvdp,
Q Q

a being the coefficient of thermal expansion and A and p the Lamé’s parameters,
(-,+)2 is the scalar product in L?(Q) given by

POCF
Q 07“

(¢7¢)2 = ¢¢ dp7

where pg is the reference density and cp is the specific heat at constant deformation,
#(+,-) is the bilinear form on H'(Q) x H! () such that:

k(6. 0) = /Q KV V<;’i>dp,

k being the thermal conductivity coefficient of the material, and we recall that

Vo,

K(0.6) = m1(6,0) + ra(0.9) = | 5106y~ [ k.

(5.2)

(5.4)

(5.5)
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e the admissible displacements space is

Hjr, ,(Q) ={veH'(Q): win,, =0, 1<i<3},

e the admissible temperature space is
Hor, ,() ={p e H'(Q): ¢, , =0},

e and finally, ug and 6y are the initial conditions.

In Chapter 4, in Theorems 4.4.5 and 4.4.10, we have proved that under assumptions (H1)-(H13)
(see Subsection 4.4.2), there exists a unique solution (u, ) of Problem (VP) such that

u e L>(0,t; HY(Q)), ue L*0,t;HY(Q)), (5.7)
0 € L>(0,tp; H'(Q), 0€ L*(0,t5; L*(Q)). (5.8)

In this section we are going to prove additional regularity properties with respect to the space
of the weak solution of Problem (VP). The proof is based on the methodology used by Kacur and
Zenisek [75], which consists in rewriting our coupled problem as two equations defined by means
of elliptic operators. So, we can apply the results given by Necas [90], Lions and Magenes [83]
and Mizohata [87] to these operators in order to obtain the H? . regularity of displacements and
temperature with respect to space.

For r € {0} UN and ¢ = (t1,¢2,t3) a 3-tuple of nonnegative integers, let us denote by C"(2)
the vectorial space consisting of all functions ¢ which, together with all their partial derivatives of
orders |¢| < r, are continuous on 2.

Definition 5.2.1. If 0 < § < 1, we define C"°(Q) to be the subspace of C" () consisting of those
functions ¢ for which, for 0 < || < r, the partial derivative of order |i| satisfies in Q a Holder
condition of exponent §.

Remark 5.2.2. We notice that C>'(Q) is a subset of Lipschitz continuous functions on Q, which
18 a Banach space with the usual norm.

Remark 5.2.3. We notice that if v.e WL (Q) with Q an open and convez set, then v is a Holder
function with exponent 1, since

[v(p1) — v(p2)| < [|VVlLee@slpr — p2l,  Vp1, p2 € Q,
(see Brezis [25] Remark 8, p. 154).

In order to prove the regularity, we increase the smooth properties of the hypotheses (H1),
(H2), (H4), (H7) and (HS8), considering the following assumptions:

4 4

_13 _13
(H1") The elasticity tensor A1 € [Cl (Q)} N [Co’l(Q)} and there exists ay,in > 0 such that
(A7) o T > | T)?,

for all 7 € S3, being S3 the space of symmetric second-order tensors over R3.
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(H2') The reference temperature 6, € C'(2) N C%(Q), and there exists Oy min > 0 such that
9r(p) > er,min in 2.

(H3) The reference density po > 0, the specific heat at constant deformation ¢y > 0 and the
coefficient of thermal expansion o > 0.

(H4') The thermal conductivity coefficient k& € C1(Q2) N C%1(Q), and there exists ki, > 0 such
that k(p) > kpmin in Q.

(H5) The body forces b € W22(0,¢s; L%(12)).

(H6) The body heat f € W12(0,ts; L*(Q)).

H7') up is the restriction to I'y px (0, ) of a function called tp such that ap € W22(0,t ;H% ).
) f f

(H8") 6p is the restriction to I'g, p x (0, t¢) of a function called p such that p € W22(0, tr; H2 (I)).

(H9) The surface forces g € W22(0,ts; L%(Ty,n)) and h € WH2(0,t4; L2(Tg v)).

(H10) The coefficient of convective heat transfer a. € L>(I'pr), and there exists acmin > 0
verifying a.(p) > @ min a.e. on I'y g.

(H11) The external convection temperature 6 € W12(0,t¢; L*(Tg g)).
(H12) The initial conditions up € H*(Q) and 6y € H*(Q).

(H13) The initial conditions ug and 6 verify:

a(ug,v) —m(0g — 0,,v) = / g(0) - vdl +/ b(0)-vdp, VveE H(l),ru D(Q),
Fun Q '

uy = uD(O) on Fu,Dv
6o =60p(0) on I'y p.

Remark 5.2.4. Taking into account hypotheses (H1'), (H2') and (H4'), the Lamé’s parameters,
the reference temperature and the thermal conductivity satisfy a Hélder condition of exponent 1.
Thus there exist constants ayp >0, a,p >0, 0,5, >0 and ky, > 0, such that

IMp1) = AMp2)| < aanlpr —p2l,  |plp1) — u(p2)| < aunlpr — p2l,

10-(p1) — Or(p2)| < Orplpr —p2| and  |k(p1) — k(p2)| < knlp1 — p2l,

for all p1, py € €.

Theorem 5.2.5. Under assumptions (H1')-(H2'), (H3), (H4'), (H5)-(H6), (H7')-(H8") and (H9)-
(H13), the solution of Problem (VP) verifies

u € L°(0,t;HY(Q) NHT,(Q) and 0 € L(0,t5; H'(Q) N Hf ,0(Q)). (5.9)
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Proof. Firstly, in order to obtain a problem with null Dirichlet boundary conditions, we introduce
the change of variable by translation given in the previous chapter (see Subsection 4.4.3). We
recall that

ﬁ:u—g, ﬁo:uo—g(O), éZQ—Q, égzgo—Q(O),

where u and 0 are fields whose existence is guaranteed by assumptions (H7')-(H8') (see Duvaut
and Lions [43], p. 125), verifying

u € W%(0,t5;, H*(Q)),

u=up on I'yp x (0,tf],
0 € W»*(0,t5; H*(Q)), 60 =0p onTgp x (0,5

With respect to these new unknowns, we introduce the following problem:

Problem (VP)
Find ((t),0(t)) € HOF D(Q) X H(%,F@ () ae. t€(0,ty) verifying:

p

a(@(t), v) — m(@(1),v) :/F e(l) -vdI‘+/Qb(t)-vdp— a(u(t), v)
+m(0(t) — 0,,v), Vve H(l),Fu,D (Q), (5.10a)

(060,012 + w0(0,0) + m(o. i) + [ “Hgar— [ Tgap [ 20 gar

T

N / M0 g ar — (@(t), 6)2 — w(6(t), &) — m(o, ()
Fo.n

0,
—/F O‘Cer( ) pdD, Vo € Hip, ,(9), (5.10b)
La(0) =y 6(0) = 6. (5.10¢)

We remind that Problems (VP) and (V P) are equivalent and therefore, thanks to theorems of
existence and uniqueness (see Theorems 4.4.5 and 4.4.10), we get

e L0t Hy (), ueL?(0,tpHyp (), and

~ L o, ) (5.11)
6 e L0ty Hip, (), 6 € L2017 LX(Q)).

Next, we are going to rewrite equations (5.10a)-(5.10b) in their differential form in order that the
members on the left-hand side define two elliptic operators. So, we can apply a result for this kind
of operators given in Necas [90] in order to obtain the H%Oc regularity with respect to space.

Thus, taking into account equations (5.10a)-(5.10b) of Problem (171/3) and applying the Green's
formula, we can deduce that its solution ((t),0(t)) € HY(Q) x H'(Q) is a weak solution in the
sense of distributions of the equations:
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being
Auu(t) = -Div[A~!:e(u(t))],
bu(t) = -Div(af(t)(3)\ +2u)I) +b(t) + Div[A~! : e(u(t))] — Div(a(8(t) — 6,)(3)\ + 2u)1),
Agb(t) = Div(é‘;vé(t)),
folt) = —p(;jF 0(t) — a3\ + 21 : e((t)) — kVA() - Vei g e(t) _L (;CF o(t)
+Div (ekrve(t)) V() - V9§ a3\ + 20) : e(at)).

s
In order to apply the regularity result given in Necas [90] (p. 197) to equations (5.12)-(5.13), we
verify the hypotheses of that result:

e the operator A, is H{(Q)-elliptic with coefficients of C**(Q). This is true taking into account
Remark 4.4.1 and hypothesis (H1').

e the operator Ay is also H}(Q)-elliptic with coefficients of C%1(2). Considering Remarks 4.4.2
and 5.2.4 and assumptions (H2') and (H4'), we get for p1, pa € Q:

1
=0, (p1)0r (p2) ’ k(p1)0r-(p2) — k(p2)0r(p1)|

_ ‘k(plwr(m) — k(p2)6:-(p1)
0r(p1)0r(p2)

< o IKpn)6 (22) — (2200 (02) + K(p2)6 (p2) — K(p2)0r(p1)

r,min
1

;;(pﬁ - i(m)

{110:] Loo () [k (p1) — K(p2)| + |1l Lo ) 10 (p2) — 0, (p1)}

e by(t) € L?(Q) a.e. t € (0,ts) taking into account hypotheses (H1')-(H2'), (H3), (H4'),
(H5)-(HS6), (HT')-(H8') and (H9)-(H11).

o fo(t) € L*(2) a.e. t € (0,t5) thanks to assumptions (H1')-(H2'), (H3), (H4'), (H5)-(HS6),
(H7')-(H8') and (HO)-(H11).

Therefore, (@(t), 6(t)) is the weak solution in the sense of distributions of problem (5.12)-(5.13),
verifying

((t), 6(¢)) € HE,0() X Hio(92).

And hence, we can conclude the regularity properties (5.9) for u and 6. ]
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5.3 Regularity with respect to time

In this section, we present two results of regularity with respect to time. The main difficulty is in
establishing the assumptions of regularity properties at the initial instant. In the first subsection,
we study the regularity in time of the previous problem and the regularity result is obtained
increasing the smooth properties of the data and the solution at the initial instant. In the following
subsection, we consider the regularity with respect to time of the associated homogeneous Dirichlet
problem. In this case the regularity properties of the solution are not increased at the initial instant,
but we extend the smooth properties in space of the data of the problem.

5.3.1 Regularity of the weak solution with respect to time

In this part, we study the regularity properties of the solution of the quasistatic coupled Problem
(VP) (see equations (5.1a)-(5.1c)) with respect to time.

From now on, we consider the notation 9; in order to denote the partial derivative with respect
to t of order r, with » € {0} UN.

The aim of this section is to prove the W™ regularity of displacements and temperature
with respect to time for r € {0} UN. To do so, we generalize assumptions (H1), (H5)-(H9) and
(H11)-(H13) as follows:

- 4
(H1) The elasticity tensor A=t € [Wloo(Q)} and there exists am, > 0 such that
(A7) o7 > amin|T]?, VT € S3.

The body forces b € W™22(0,¢¢; L?()).

The body heat f € W12(0,ts; L*(2)).

(H5)

(H6)

(H7) up is the restriction to I'y px (0, f) of a function called Gp such that up € W"22(0, ¢ ; H> (T)).

(H8) 0p is the restriction to I'y p x (0,t¢) of a function called fp such that 0p € W22(0,¢; H? (T)).

(H9) The surface forces g € W"%2(0,¢s; L?(I'y,n)) and h € W™T12(0,¢; L2(Tg ).
(H11) The external convection temperature 6¢ € W' t12(0,ts; L*(Tg g)).

(H12) The displacements and temperature verify at time t = 0:

olu(0) € HY(Q) and 910(0) € HY(Q), 0<I<r
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(H13) The displacements and temperature verify at time ¢ = 0 for all 0 <[ <7r:

a(dlu(0),v) — m(0L0(0) — 8'0,,v) = / dlg(0) - vdr

1ﬂu,N
+/ aib(()) -vdp, Vve H(IJ,FU 5 (€),
0 ,

dyu(0) = dpup(0) on Ty p,
910(0) = 90p(0) on Ty p.

and for 0 <1 <r:

-1 -1
(810(0), &) + K(8110(0), ¢) + m(s, 3511(0))*/ WWF:/ @ef(O)MP
Lo r r Q "
-1 pe -1
+/F WMH/F atef(%dr, Vo € Hop, , ().

Remark 5.3.1. We notice that in hypothesis (H13) the term 0'0, of the first member of the first
equality is only not null in the case | = 0.

Theorem 5.3.2. Let r € {0} UN be a fized parameter. Under assumptions (H1), (H2)-(H4),
(H5)-(H9), (H10) and (H11)-(H13), the solution of Problem (VP) satisfies

ue W (0,t H(Q)), 07 ue L3015 HY(Q)) and
6 € Wh(0,t5; H(Q)), 9]0 € L*(0,t5; L*(Q)).

Proof. We prove this result using the methodology of mathematical induction. For this purpose,
we show the induction from r = 0 to 7 = 1 and the induction from 7 to 7 + 1 runs in the same
way. S0, the proof is divided into two steps following the scheme:

e Step r = 0. It is directly deduced from Theorems 4.4.5 and 4.4.10 of existence and uniqueness
of solution.

e Step r = 1. In order to obtain the regularity of the first derivative with respect to time
we define an auxiliary problem, where the second members are the derivatives in time of
the Problem (V P) ones. We will prove that this problem verifies the assumptions of the
theorems of existence and uniqueness (see Theorems 4.4.5 and 4.4.10), and, finally, we will
prove that the unique solution of the auxiliary problem is the derivative in time of the solution
of Problem (V P).

Auxiliary problem. Deriving the second member of equations (5.1a) and (5.1b) of Prob-
lem (V P) with respect to time, we can define the following problem:

Problem (V P), ~

Find (ti(t),0(t)) € HY(Q) x HY(Q) such that U(t) = d}up(t) on Ty p and 6(t) = 9}0p(t)
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onI'gp a.e. t € (0,tr), and veritying:

~

a(@(),v) — m(B(t) — 6, v) = /F [0}8(t) + (a8, (37 + 2 T)n] - v.ar

* / 01b(t) = aV (0,(3X +2)) | - vp, vV € Hip, (%), (5.14a)

Q ;

Yy ~ 0 1
(810(1), ¢)2 + K(B(1), 8) + m(d, O}T(L)) +/ acg(t)cédf :/ até‘(t)édp

To r r Q T
a0y 0°(t) OLh(t) X

" /1“9,3 T¢dr * /Fe,N 0, ¢dl, Vo € HO,Fe,D (), (5.14b)
u(0) = o, 67(0) = 9\0 in Q. (5.14¢)

The initial conditions in (5.14c¢), Uy and Bo, are defined as:

o = 9} u(0) and 6y = 0;6(0).

These initial conditions are well defined thanks to hypothesis (H12).

Existence and uniqueness of solution for Problem (‘71\3% Next, we prove that the
data of Problem (V P); verify the assumptions of Theorems 4.4.5 and 4.4.10 of existence and
uniqueness. Indeed:

Taking into account hypotheses (H1), (H2), (H3) and (H5), we deduce that the body

—

forces associated to Problem (V P); verify:

Oib(t) — aV(0,(3X +2p)) € W>2(0,t5; L*(Q)).

Thanks to assumption (H6), we obtain that the body heat for Problem (ﬁ)t verifies:

off € WhH2(0,t4; L*(Q)).

Considering hypotheses (H1), (H2), (H3) and (H9), we have that the density of surface
forces associated to Problem (V P), verify hypothesis (H9):

Org(t) + (ab,(3X + 2u)I)n € W2(0,t5; L*(Ty,n)) and 9 h(t) € WH2(0,t5; L2 (To ).

Under hypothesis (H11), we get that the external convection temperature for Problem
(V P); verifies:

Or0c(t) € WH(0,t5; L*(To. ).

— Finally, thanks to hypotheses (H12) and (H13) for r = 1, the initial conditions Uy and
(

0o verify hypotheses (H12) and (H13) of Theorem 4.4.5:

~

a(dg,v) —m(6y — 0,,v) = /F [8tlg(0) + (afr(3X + ZM)I)n} -vdl

+/ (3tlb(0) — Div(fra(3X +2u)I)) - vdp, for all v € H(lJ,I‘u 5 (€2),
0 :

ﬁ() = 8t1uD(O) on Fu,D, /0\0 = 8,510D(0) on FQ’D.
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Therefore, we can deduce the existence of a unique solution (u, 5) of Problem (/VF)t such
that

u e Wo(0,t5,HY(Q)), 0ite L*(0,t;; HY(Q)) and (5.15)
0 € WO=(0,t5; HY(Q)), 910 € L*0,t5; L*()). (5.16)

The solution of Problem (?P\)t is the derivative of the solution of Problem (V P).
We introduce the helpful functions

t t
w(t) =ug —i—/ u(s)ds and ©O(t) =6 +/ O(s)ds. (5.17)
0 0
From the regularity properties (5.15) and (5.16), we deduce that
w € Whe(0,t:; HY(Q)), 07w € L*(0,t;; HY(Q)) with w(0) = uy,

and

© € Wh(0,t5; H'(Q)), 976 € L*(0,ty; L*(Q)) with ©(0) = fo.

Next, we are going to integrate in time the equations of Problem (T/F)t and we will get that
w and O are also solutions of Problem (V P). Then, by uniqueness of solution of Problem
(V P) we will obtain that

i(t) = 9ju(t), 0(t)=0.0(t),

which will complete the proof. In effect, if we integrate the equations of Problem (/V]?)t over
(0,t), we get

/ ds—/ m( —Gr,vds—/ /UNatg -vdlds

//UN (6ra(3X + 2p)I)n )'Vdrds"‘/o/ﬂatlb(s)-vdpds

—/0 /QOJV(QT(3)\+2M))-VdpdS, vveHr, ,(9), (5.18)
f@W>@M”/tﬂ w+/m¢@<»@+f%i“ﬂ$wms

1 1pe
//a & dpds +// O“’M @D 0°(5) , a1 s
To.r Or

/ / quFd Vo € Hyr, ().
Ton Or ’
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Applying the Green’s formula to term m(6,,v) of the first member of equation (5.18), they
can be rewritten as follows:

/ d&_/Tn ds_AxMﬂ—b@Dvwm

+/ (g(t) —g(0))-vdl', Vve Hé’pu’D(Q), (5.19)
Fu,n
(010 = 5(0).0)2 + | w(0(s).0)ds + m(, (1) {/AM 2 garas
(f(t) ~ £(0)) 0 (0°(1) — 0°(0))
- [ ¢@+AM 6T
+ / (h(t)gh(o))gbdf‘, Vo € Hyp, (). (5.20)
To v r ’

On the other hand, considering hypothesis (H13) for [ = 0 in displacements and for [ =1 in
temperature, we have:

/ b(0) - vdp +/ g(0) - vdl' = a(up,v) —m(bp — 0,,v), Vve H(l),FuD(Q)7
0 ,

I‘u,N

A A p
(B, #)2 = —k (6o, ¢) — m(, o) _/F & O¢dF+/ﬂf£0)¢d

acee h O
+/ 9( )¢dr+/ é)‘f’dr’ ¥ € Moo, (D
Tor r Po N r

Thus, if we replace the previous equalities in expressions (5.19)-(5.20), we obtain

/ ds—/ m(6 ds-/ﬂb(t)-Vdp—l—/Fu’Ng(t)-vdF

—a(ug,v) +m(0g —0,,v), Vve Htl),Fu,D(Q)7

~

PN e}
<wwm+mw@+ﬂmua@w+mamm+ﬁ g ar

//FHR . acs) ; iras _/f b dp +/F0Ro‘czi()¢dr

(t)
+/FM 5o Ve € Hyp, ().
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These equations can be rewritten as follows:
t t
a(up + / u(s)ds,v) —m(6bp —i—/ 0(s)ds — 0,,v)
0 0
= / b(t) - vdp +/ g(t)-vdl', Vve H(l),FuD(Q)’ (5.21)
o :

Fu,N
Qe (90 + f[f g(s)ds)
0y

~

(9(t),¢)2+n(00+/0 é(s)ds,¢)+m(¢,a(t))+/r

¢dl
5 M)
:/QJ"H(?MH/F O‘H(t)qsdf—l—/r gt)aﬁdl“, Vé € Hyr, (). (5.22)

T T

Therefore, w and © are solution of the problem:

a(w(t),v) —m(O(t) —0,,v) = /Qb(t) -vdp + /F g(t)-vdl', Vve H(l),Fu,D(Q)’

u, N
a0(t)
0

(D1O(1), )2 + K(O(), &) + m(6, iw(t)) + / o dr

To.r
G b (t) h(t) 1

— /Q Tr(bdp—i_ /FF}’R Tr(bdF—F /FB’N er d)dr, ng S HO,l—‘g’D(Q)?
w(0) =ug, ©(0) = b,

which coincides with Problem (V' P) (see equations (5.1a)-(5.1c)). Since this problem has a
unique solution we can conclude that

w(t) =u(t) and O(t) =0(t).
Furthermore, from (5.17) we deduce that
dlw(t) =1(t) and 9!O(t) =6(1),
and therefore
U(t) = dlu(t) and 6(t) = 00(¢).
Finally from the regularity properties (5.15) and (5.16), we obtain

ue Whe(0,tH'(Q), dfue L0, H'(Q)) and
0 € W (0t HY(Q), 070 € L2(0,t5; L*(Q)),

and Theorem 5.3.2 for r = 1 is proved.

O

To conclude this subsection, we summarize the regularity properties in time and space for the
solution of Problem (VP) from Theorems 5.2.5 and 5.3.2.

To do so, we replace (H7) and (HS) by the following hypotheses with r € {0} UN:
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(H7) up is the restriction to Iy, p x (0, f) of a function called up such that up € Wr+2:2(0, tr; H2 (T)).

(H8) 6p is the restriction to I'y p x (0, ¢5) of a function called 6 such that p € W™22(0, ¢ ¢; H2 (T)).

Theorem 5.3.3. Let r € {0} UN be a fived parameter. Under assumptions (H1'), (H2'), (H3),
(H4"), (H5), (H6), (HT), (H8), (H9), (H10) and (H11)-(H13), we have

w € W (0t HH(Q) NHE(Q)), 07w e L2(0, ¢, HY(Q) and
0. € Whe(0, 3 H'(Q) N HEoo(), 07710 € L2(0, 5 L(92)).

Proof. The proof is deduced directly from Theorems 5.2.5 and 5.3.2. O

5.3.2 Regularity of the Dirichlet problem with respect to time

In this subsection, we are going to consider a particular case of Problem (P) with homogeneous
Dirichlet boundary conditions in displacements and temperature. In the previous subsection we
have proved the W regularity in time under hypotheses (H12) and (H13) on the solution at the
initial instant. Here, we are going to prove that if we replace those hypotheses by another ones on
the initial data, we can obtain the same regularity in time for the Dirichlet case.

From here on, let us denote by » € N a fixed parameter.

In order to prove the regularity properties in time the following results are necessary.
Definition 5.3.4. Let us consider A=1 as the perturbation of A= given by
Al:r=A"1: 7T 497, (5.23)

where T belongs to S3, Ts denotes the spherical part of T and v is a non-negative scalar function.

Lemma 5.3.5. Let us consider m € N a fized parameter. We assume that the elasticity tensor

4 4 34

__ 13 __ 13 _
Ale [0071(9)} and if m>2 A"l e [6071(9)] N [021“—1(9)] (5.24)
and there exists amin > 0 such that

(A_1 T T > amm|7'|2, V1 € S3.

Then, if the body forces b € H2™=1(Q) and
v € C¥N(Q) and if m > 2y € O Q) NP TH(Q), (5.25)
there exits a unique weak solution u € H{(2) NH>(Q) of the following equation:

~Div(A~1:e(@)) =b in Q.
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Proof. Notice that, since A~! satisfies (5.24) and ~y verifies (5.25) then
N
- [COJ(Q)] if m=1
A-1le Y o3t .
[Co’l(Q)] N [c?m—l(m} i m > 2

Indeed, from definition (5.23) the Lamé’s parameters of A—! are p and A + %, which belong to
COY(Q) if m = 1 and C*1(Q) NC?™~1(Q) if m > 2.

Thus, we can deduce the result for m = 1 from Necas [90] (see Theorems 3.7.2, 2.4.10 and
Lemma 3.2 of Chapter 5, Section 3.2 about existence and uniqueness of linear elastic systems with
variable parameters). Next, for m > 2, the H?™ regularity is obtained thanks to the estimates for
elliptic equations with variables coefficients (Theorem 10.5 of Section 10.2) from Agmon et al. [2]
(see also for example, Healey [66], Theorem 2.8 of Chapter 2). O

Let us define the following problem:

Problem (P")
Find @"(p) in Q, verifying:

—Div(A~l:e(@")) =b" in Q (5.26
' =0 on I, (5.27
— 0, A+ 2
where A~1 is the perturbed operator defined in expression (5.23), with 3 a 5030 +2)° and
0CF
_ 2 _ 2 r—1
b =3 b(0) Div<MDiv (k70 HT) - Div(a(s)\ =200 /() T). (5.28)
POCF PoCF
Here, for r > 1
- Ora (3 + 2 Div (kV§" 1 A
gr— OraBA 20 e DVRVOTT) 0 TO) g (5.29)
POCF POCF POCF

and 69 = 6.

Corollary 5.3.6. Let 1 <1 <r. Under hypothesis (H3) and the following assumptions:

h1) 6., X and p strictly positive functions in C**~1(Q) NC%(Q),
h2) ke H>(9),

h4

(h1)

(h2)

(h3) 6y € H*T1(Q),
(h4) 0jb(0) € H*~2(Q),
(h5)

h5 al 1 )E H2r721+1(Q)}
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there ewists a unique weak solution 0’ € H(Q) N H2~242(Q) of each Problem (P').

Proof. This result is proved using the methodology of mathematical induction. For this purpose,
we take any fixed parameter r € N .

e If r =1 then [ = 1 and the result is deduced from the previous lemma taking m = 1. For

this purpose, we are going to prove that the body forces verify the hypotheses of Lemma
5.3.5 and that the scalar function v satisfies a Hoder condition with exponent 1.

Then, thanks to assumptions (H3) and (hl)-(h5) for » = 1, the body forces associated to

Problem (P!) given by (5.28) belong to L2(2). And, from assumptions (H3) and (h1), we

get:

30r.minc® (3A(p) + 241(p))?
pocr

v €CH(Q)NC™ (Q) and y(p) > >0, forallpeQ.

In effect, to prove that v € C%1(Q); let us take p; and pa € Q, we have

302

y(p1) — (p2)| = P |6, (p1) (BA(p1) + 214(p1))* — 6 (p2) (BA(p1) + 2u(p1))?

+0,(p2) (BA(p1) + 2u(p1))* — 0,(p2) (BA(p2) + 204(p2))?]
2

< (3A(p1) + 2u(p1))” |6-(p1) — 6:(p2)|
poCcr
a?
+ jocF 1671 oo 0y |(BA(D1) + 26(p1))? — (3BA(p2) + 214(p2))?|

thanks to hypotheses (H3) and (h1). Then, taking into account again assumption (h1), that
inequality can be rewritten as follows,

30429,,«’h

o) = 2tpa)| < (2222

302
0, 700 A+4 . A 2
poCF” | oo (@) I6A + 4pa]| Lo () [BA(P1) + 202(p1)

—3A(p2) — 2p(p2)|,

0, being the constant of Holder condition for 6,. Finally, we conclude

(O e gy + 120N ey 1l 3y + 4|mu%m(m)> o1 — pal

_l’_

30420rh
[v(p1) = v(p2)| < (pocF’(9||>\||%oo(Q) + 12[[Al| oo @)l ll Lo () + 4”#”%00(9))

3a?
+8]| 11l oo () auin) ) [P1 — 2|,
a)p and a,p being the constants of Holder condition for A and p, respectively.

If r > 2, we prove the result by mathematical induction on the parameter [. For this purpose,
we show the induction from [ =1 to [ = 2 and the induction from [ to [ + 1 runs in the same
way. So, the proof is divided into two steps, following the scheme:
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— Step | = 1. Thanks to assumptions for [ = 1, we can apply Lemma 5.3.5 with m = r
using the same reasoning that in the previous case, and we obtain a unique solution
al € H}(Q) N H?"(Q) of Problem (P!).

— Step [ = 2. In this step, we get Problem (P?) and, thanks to the previous step,
al € H{(Q) N H¥(Q) and §' defined by equality (5.29) belongs to H*~1(Q). So,
b? € H>~4(Q) (see (5.28)). Thus, we can apply again Lemma 5.3.5 with m = r — 1
and we obtain a unique solution 4% € H}(Q) N H?~2(Q) of Problem (P?).

We notice that, at each step I, we can apply Lemma 5.3.5 for m =r — [ 4 1.

O]

Remark 5.3.7. We notice that the result is also valid taking 6, A and p strictly positive functions
in W2r=1ee(Q)n ().

As we have announced, throughout this subsection we consider the following Dirichlet problem:

Problem (Pp)
Find u(p,t) and 6(p,t) in Q x (0,tf], verifying:

—Divo(f,u) =b in Q x (0,%y], (5.30a)
pocp0i 0 = —0,.a(3\ + 2u)Div 9ju + Div (kVO) + f in Q x (0,y], (5.30Db)
u=0 on I'x (0,tf], (5.30c)
=0 on T x (0,tf], (5.30d)
u(0) =ug, 0(0) =0y in Q, (5.30e)

with
o@,u)=A""1:e(u) —a(d —6,)(3\+ 2u)I.

Following the reasoning of Subsection 4.4.1 and 4.4.2 of the previous chapter, we consider the
following weak variational formulation:

Problem (VPp)
Find (u(t),0(t)) € H}(Q) x HY(Q), verifying a.e. t € (0,t5):

a(u(t),v) —m(0(t) — 6,,v) = / b(t)-vdp, Vv eH}(Q), (5.31a)
@}00),0)2 + w(6(0),6) + m(s.0tu(v) = [ Todp. voemi@), (31
u(0) =ug, 6(0) =6y in Q. (5.31c)

Under hypotheses (H1)-(H6), (H12)-(H13), Theorems 4.4.5 and 4.4.10 imply the existence and
uniqueness of solution (u,#) for Problem (VPp), such that:

u e Wo2(0,t5;HY(Q), Ofue L*0,tp;H(Q)) and (5.32)
0 € WO°(0,t5; Hy (), 0/0 € L*(0,ty; L*()). (5.33)
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The aim of this section is to prove the W regularity of displacements and temperature with
respect to time for r € N. To do so, we generalize assumptions (H1), (H2), (H4)-(H6), (H12) and
(H13) as follows:

4 4

_ _13 _
(H1) The elasticity tensor A=1 € {CQT_I(Q)} N [CO’I(Q)} and there exists apin > 0 such that

(A_1 T) T > amm]7'|2, V1 € S;3.

(H2) The reference temperature 6, € C>~1(Q) N C%(Q), and there exists Ormin > 0 such that
er(p) > Hr,min in Q.

(H4) The thermal conductivity coefficient k € W?2™>°(Q), and there exists ki > 0 such that
k‘(p) Z kmin in Q.

(H5) The body forces b € W"+22(0,t,; L2(Q2)), and d!b(0) € H>~2(Q), 1 <1 <.
(16) The body heat f € W+12(0,t;; L%()), and 9L £(0) € HZ @) 0 <1 <r—1.
(}/11\2) The initial conditions ug € H§(Q) and 8y € HY Q).

(}Tl\?)) The initial conditions ug and 6y verify:

a(ug,v) —m(0y — 0,,v) = /Qb(O) -vdp, YveHLNQ).

(ﬁl\él) For 1 <1 < r, the solution @' of each Problem (P') verifies that

Dival € HZ 2T (Q).

Remark 5.3.8. We notice that in hypotheses (I—/I\l) and (I—/I\Z), it would be enough to consider
4 _13* _
Ale [WQT—LOO(Q)] N [COJ(Q)} and 8, € W2r=12(Q) N O (Q).

Theorem 5.3.9. Letr € N be a fized parameter. Under assumptions (I-/I\l), (ITI\Z), (H3), (IfIZL)—(IfI\G)
and (H12)-(H14), the solution of Problem (VPp) satisfies

ue Wm0t Hy(Q), 9, ue L*0,t5;Hy(Q)) and

0 € WH™(0,t5; HY(Q), 9,110 € L*(0,t5; L*()).

Proof. We prove this result using mathematical induction. For this purpose, we prove the result
for r = 1 following the methodology of Theorem 5.3.2.
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Auxiliary problem. Deriving the second member of equations (5.31a) and (5.31b) of Problem
(V Pp) with respect to time, we can define the following problem:

Problem (Y/TDD)t
Find (4(t),0(¢)) € H{(Q) x HE(R), verifying a.e. t € (0,%):

~

Mmmw—mw@—@ypépﬂm—av@@»mmﬂv@pWEHm» (5.34a)

~ ~ 1
(O18(), 8) + v(B1), &) + m(d, DT(1)) = /Q @g% dp, V6 € HL(9), (5.34b)
1(0) = U, 6(0) = o in Q. (5.34c)

In (5.34c) the initial conditions are defined as:

L (5.35)
L (5.36)

e

0=
Oy =

)

where ! is the weak solution of Problem (P!) and ! is defined from (5.29).

Remark 5.3.10. The initial conditions Uy and /9\0 were defined to coincide formally with the
derivatives with respect to time of u and 0 (the weak solution of Problem (Pp)) att = 0. In effect,
if we evaluate energy equation (5.30b) at time t = 0, we obtain

0, (3 + 211)Div 0} u(0) N Div (kV6)) N f(0)

9,0(0) = —
POCF POCF POCF

n .

In addition, if we formally derive motion equation (5.30a) with respect to time, we consider t =0
and we replace the previous expression, we obtain equation (5.26) for ' playing the role of otua(0)
with b* given by equality (5.28).

Lemma 5.3.11. Under assumptions of Theorem 5.3.9 for r = 1, the initial conditions Uy and é\o
given in (5.35)-(5.36), are well defined.

Proof. Under hypotheses (I—/I\l), (}/1\2), (H3), (}/I\Zl)—(}/i\ﬁ) and (151\2) for r = 1, we obtain the assump-
tions of Corollary 5.3.6. Thus, we can conclude that Uy € H}(Q) N H?(Q) is the unique solution

of equation (5.26) for 7 = 1. Therefore, Up is well defined. Finally, 0y = 6! can be defined from
equality (5.29). Notice that 8y € H'(2), then g is also well defined.

O]

Existence and uniqueness of solution of Problem (V{I?D)t. In the following, we prove the
existence and uniqueness of Problem (@)t The main difficulty is to verify that the initial con-
ditions of this problem, (g, o) satisfies hypotheses (H12) and (H13) of the theorems of existence
and uniqueness (Theorems 4.4.5 and 4.4.10).
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Lemma 5.3.12. Under assumptions of Theorem 5.3.9 for r =1, there exists a unique solution of
Problem (V Pp); verifying

U € Wh2(0,t5HY(Q), ofu e L*(0,tp;HY(Q)) and (5.37)
0 € WO(0,t5; H3(Q)), 91 € L*(0,t5; L*()). (5.38)

Proof. Taking into accowypotheses (}/I\l), (I—/I\Q) and (I—/I\S), we easily deduce that the body forces
associated to Problem (V Pp); verify:
Itb —aV (0,(3) +2p)) € W2(0,t5; L*(Q)).
In the same way, considering assumption (I/{\G), we obtain:
O; f € WH(0,14; L*(Q)).

Furthermore, from Lemma 5.3.11, Gy € H§(Q) N H?(Q2) and in consequence b0 € HY(Q), so
hypothesis (H12) of Chapter 4 is verified.

In order to complete the proof of the existence and uniqueness of solution for Problem (@)t
it is necessary to prove hypothesis (H13) for the initial conditions of this problem. From definition
of Uy, we can prove that (g, 6p) verifies the weak equality:

o~

a(ug, v) —m(by — 9T,v):/9(8tlb(0) — Div(f,a(3) + 2)I)) - vdp for all v € Hj(Q). (5.39)

Indeed, since Uy is the weak solution of Problem (P1) given by equation (5.26), considering the
definition of b! (see (5.28)), we get:
a(3X+2p)

_/QDiv(A1 :e(Uo)) - vdp :/Q [&tlb(()) - Div( PoCF

_ / [Div(o‘(?’A +21)1(0) 1)] -vdp, forall ve H(Q).
Q PoCF

Div (kveo)l)] vdp

. 30,0 (3N + 2p)?
From the definition of A=! given in (5.23) with v = ra”(3A + 241 , we have:
pocr

—/Q [Div(A‘l :e(lp)) + Div (‘91”0‘2(236: 2u)2Div (ﬁo)I)} -vdp=/ﬂ<‘9}b(0)-vdp

2 2
- / [DW(OMDN (EV00)T) + Div(a(g/\ +21)1(0) I)] vdp, for all v e H5Q),
Q POCF POCFE

By rearranging the terms, we obtain

0, A+ 2 . Div (kVy)I
—MDW ()T + iv (kV6o) + F(0) I}) vdp
POCF POCF POCF

_ /Q Div(Al ce(Up) — a3\ + 2#)[

- / 8tlb(0) -vdp, for all v €& H(l)(Q)
Q
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Furthermore, considering expression of 6! (see (5.29)) and taking into account that fp = 6, this
equation can be rewritten as

_ / Div (A" e(8) — (38X + 20) (B — 0,)1) - v dp
Q

= / [atlb(()) — Div(ab,(3X\ + 2)I)] - vdp, for all v € H}(Q).
Q

Hence, we can easily obtain the weak formulation (5.39).

Furthermore, by definition of Problem (P1), we have Uy = 0 on I'. Therefore, it only remains
to prove that «90 = 0 on I'" But, thanks to equality (5 29) and taking into account assumptions
( 2), (H3), (H6) (H12) and (H14), we deduce that 6y = 0 on I'. Then hypothesis (H13) of the
theorems of existence and uniqueness is true when they are applied to Problem (VP p)t- Notice
that hypothesis (H14) is necessary to obtain the boundary condition 90 =0onT.

Summing up, from Theorems 4.4.5 and 4.4.10, we can conclude the existence of a unique weak
solution (u,6) of Problem (V Pp), with regularity (5.37)-(5.38).

O]

The solution of Problem (@)t is the derivative of the solution of Problem (V Pp).
We introduce the helpful functions

w(t) =ug + /Ot u(s)ds and O(t) =6+ /Ot g(s)ds. (5.40)

From the regularity properties (5.37) and (5.38), we deduce that
w € Wh(0,t:,HY(Q)), 07w € L*(0,t; H{(Q)) with w(0) = uy,

and
© € Wh(0,t5; HY()), 9760 € L*(0,t7; L*(Q2)) with ©(0) = bo.

Next, we are going to integrate in time the equations of Problem (@)t and we will get that w
and O are also solutions of Problem (V' Pp). Then, by uniqueness of solution of Problem (V Pp)
we will obtain that

i(t) = ofu(t), 0(t) = 0}0(1),

which complete the proof. In effect, integrating the equations of Problem (V Pp), over (0,t), we
get

/ ds—/ m(0(s) — 6,,v) ds-/ /81 - v dpds

—/ /aV(@T(3)\+2u))-vdpds, Vv € HL(Q), (5.41)
0o JQ

¢ 17 b ¢ 1o _ ¢ 8t1f(5) 1
@t 00t + [ w@s).0rs+ [ mi.otaas = [ [ S odpas, voe mj(@).
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Applying the Green's formula to term m(6,,v) of the first member of equation (5.41), this can be
rewritten as follows:

/ ds—/ m(f ds_/Q(b(t)—b(o))-vdp, Vv € H(Q), (5.42)
(B(t) — B(0), 0)> + /0 w(@(s), )ds-+m (6, T(t) — 6(0))
- /Q (f(t)e_f(o))qﬁdp, Vo € HI(Q). (5.43)

On the other hand, considering (ﬁl\?)), we have:
/ b(0) - vdp = a(ug,v) — m(by — 0,,v), Vv € H}(Q).
Q
In addition, due to expression of 6y = 6" (see equation (5.29)), we can deduce:

Vo € Hy ().

(6o, ¢)2 = —m(¢, To) — K(6o, B) / J(©

Thus, if we replace the previous equalities in expressions (5.42) and (5.43), we obtain
/ ds—/ m(6 ds—/b(t)‘vdp—a(uo,v)—i—m(Go—@r,v), Vv € H)(Q),
Q
) f(0)
gl ¢>2+/ (0. ) ds + m(6.5(0) + n(00,0) ~ [ T2

0

:/(f(t)e_f(o))wp, Vo € HE ().
Q T

These equations can be rewritten as follows:

a(up —i—/o u(s)ds,v) —m(6bp —i—/ f(s)ds — 6,,v) = /Qb(t) ~vdp, Vv eH)Q), (5.44)
1@,

997“

~

(0(t), d)2 + K( 00+/ 0(s)ds, ¢) + m(p,u dp, Vo€ HY Q). (5.45)

Therefore, w and © are solution of the problem:

a(w(t),v) — m(O(t) — by, v) = /b( )ovdp, v e HL)Q),

(02611, 6) + £(O(1), ) + m(6, diw / IO 6 ap, v e HA(Q),
w(0) =, ©(0) = o,

which coincides with Problem (V Pp) (see equations (5.31a)-(5.31c)). Since this problem has a
unique solution, we can conclude that

U(t) = dlu(t) and 6(t) = 06(1).
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Finally from the regularity properties (5.37) and (5.38), we obtain
we W0t HY(Q),  Ofu € L2(0, ¢y HY(Q)) and
0 € Wh(0,t5;Hy(Q), 070 € L*(0,t5; L (),
and Theorem 5.3.9 for r = 1 is proved.
]

In order to conclude this part, we summarize the regularity properties in space and time for
the solution of Problem (VPp) of Theorems 5.2.5 and 5.3.9.

To do so, we need that the thermal conductivity belongs to C%*(Q), so, we replace (}/171) by the
following hypothesis with r € N:

(@) The thermal conductivity coefficient k& € C?"(2) N C%'(Q), and there exists kyi, > 0 such
that k(p) > kmin in Q.

Remark 5.3.13. We notice that it would be enough to consider k € W*>°(Q) N C% ().

Theorem 5.3.14. Let r € N be a fized parameter. Under assumptions (ﬁ\l), (ITI\2), (H3), (@),
(H5), (H6), (H12), (H13) and (H14), we have

u e Wr(0,t Hy(Q) NHY, (), 9, u e L0, Hy()) and
0 € Wh(0,t5; H () N Hioo(), 07710 € L*(0, 15 L*(92)).

Proof. The proof is deduced directly from Theorems 5.2.5 and 5.3.9.
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Conclusions

The aim of this dissertation thesis is the modelling and mathematical analysis of certain nonlin-
ear coupled thermomechanical problems in solid mechanics, arising from real processes under a
strong raise in temperature. Model equations for thermoviscoelastic materials with long memory
have been obtained, and existence, uniqueness and regularity of solution in two thermomechanical
submodels have been shown. More specifically, existence, uniqueness and regularity of solution
has been proved for a fully coupled thermoelastic submodel and for a mechanical one considering
thermoviscoelastic materials and assuming that the temperature is known in the last case.

The main conclusions drawn from this dissertation thesis are briefly presented:

e General constitutive laws in order to define thermoviscoelastic materials with long memory
have been introduced in Part I, including a tensorial internal variable which accounts their
viscoplastic history. To guarantee the second principle of thermodynamics, and to satisfy the
principle of material frame indifference and the isotropy, some restrictions on the response
functions have been obtained. Moreover, the corresponding equilibrium equations -mass,
momentum and energy conservation- have been deduced in Eulerian as well as in Lagrangian
coordinates.

Given that thermoviscoelastic materials with long memory are mainly employed in materials
processing, three different linearizations for their conservation laws have been introduced.
These linearizations will allow us:

— to model processes that present very strong changes in temperature -first linearization-;

— to perform numerical simulation using, for example, an incremental method -second
linearization-; and

— to simplify the viscoplastic nonlinearities coming from tensorial internal variable -third
linearization-.

These three linearizations have been illustrated with Maxwell-Norton materials.

e Existence, uniqueness and regularity of a quasistatic thermoviscoelastic problem with mixed
boundary conditions have been proved in Part II. This mechanical problem corresponds
to the linearized motion equation according to the third linearization introduced in Part
I. The behaviour law is of the Maxwell-Norton type, whose deformation rate tensor is a
superposition of elastic, viscoplastic and thermal contributions. Its elastic part is given by
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means of a Hooke’s law, whereas the viscoplastic term is related to the classical Norton—
Hoff law and the thermal part is a generalization of the Arrhenius’s law. In addition, all
mechanical coefficients depend on temperature.

The methodology for proving the existence and uniqueness of solution is based on:

(i) a discretization in time of the problem by an implicit scheme and

(ii) a limit procedure using monotone techniques (see Chapter 2).

Subsequently, local regularity properties of the stress solution of this problem have been
obtained. Assuming additional hypotheses on the data, spatial Hioc regularity of stresses
and H7 , regularity are also achieved (see Chapter 3).

A mathematical analysis of a quasistatic coupled thermoelastic problem has been carried out
in Part ITI. Particularly, the existence, uniqueness and regularity of the problem solution has
been accomplished with mixed displacement—traction boundary conditions for the mechanical
submodel, and mixed boundary conditions, including a Robin boundary condition, for the
thermal one. Furthermore, the reference temperature, the thermal conductivity and the
Lamé’s parameters depend on the material point. All these contributions extend the previous
results in the literature.

The proof of the existence of the problem has been obtained applying a Galerkin’s method
and the uniqueness has been proved using Gronwall’s lemma (see Chapter 3).

Regularity properties of the solution with respect to space and time have been obtained in
Chapter 5. Specifically, spatial H% o regularity in displacements and temperature is achieved,
along with W"> (r € {0} UN) regularity of displacements and temperature with respect
to time. The same is concluded for a simplified case of this problem, where homogeneous
Dirichlet conditions on the boundary have been imposed.
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Resumen

En la actualidad, siguen apareciendo nuevos materiales en la industria cuyo comportamiento a
altas temperaturas se aleja del tipico material elastico lineal. Ademés, con més frecuencia se usan
este tipo de materiales en el campo de la Ingenieria Civil por lo que estudiar su respuesta cuando
se somenten a altas temperaturas es muy importante, y cualquier contribucién en el avance de
este tema es esencial. En consecuencia, un profundo conocimiento y una buena comprensién de
la modelizacién y del anélisis matemético en termomecéanica es necesario y fundamental. Por este
motivo, en esta memoria se plantea avanzar en el conocimiento del comportamiento no lineal de
ciertos materiales a altas temperaturas, y estudiar algunos problemas bajo este contexto para este
tipo de materiales.

De este modo, el objetivo de esta tesis doctoral es el estudio de ciertos problemas termomecani-
cos acoplados no lineales de la mecanica de solidos, los cuales surgen de procesos reales bajo fuertes
gradientes de temperatura, tales como el procesado de materiales o el incendio de un edificio. Con
esta tematica en comun, este manuscrito, dividido en tres partes, aborda la modelizaciéon y el
andlisis matematico de varios submodelos en termomecéanica. En la primera parte se deducen va-
rios modelos termomecanicos acoplados para materiales termoviscoelisticos con memoria larga y
con tensiones dependientes de la temperatura. Estos modelos permiten modelar, por ejemplo, los
procesos de solidificaciéon de coladas, de extrusion de piezas de metal o de laminacién de metales
y aleaciones. La segunda y tercera parte de la memoria, con una estructura similar, se dedican al
estudio de la existencia, unicidad y regularidad de solucién de dos submodelos termomecénicos.
En la segunda parte se analiza el submodelo mecénico con una ley de comportamiento no lineal de
tipo Maxwell-Norton, con parametros dependientes de la temperatura y condiciones de contorno
mixtas desplazamiento-tracciéon. En este caso, se supone que el campo de temperaturas es cono-
cido. Bajo este contexto se pueden modelar, por ejemplo, las deformaciones mecéanicas sufridas
por una estructura de aleacion expuesta al fuego. En la tercera parte de la memoria se analiza un
problema termoelastico completamente acoplado, con condiciones de contorno mixtas e incluyendo
una condiciéon de contorno tipo Robin para el submodelo térmico. Este modelo permite realizar
una primera aproximacion de las deformaciones termomecanicas de una estructura expuesta al
fuego.

En lo que sigue, veremos cada una de las partes de la tesis mas detalladamente.

Parte I. Modelizacion de materiales con memoria larga

La primera parte de esta tesis, que consta de un tnico capitulo, estd dedicada a la modelizacién
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de materiales termoviscoelésticos con memoria larga, obteniéndose varios submodelos del corres-
pondiente problema termomecéanico acoplado. A partir de los principios termodindmicos clasicos
se deduce un modelo termomecéanico acoplado asociado a estos materiales, tanto en coordenadas
Eulerianas como Lagrangianas, considerando variables tensoriales internas. Para adaptarse mejor
a distintos contextos reales proponemos tres linealizaciones diferentes para el modelo obtenido en
la configuracion de referencia:

e una primera linealizaciéon bajo la hipdtesis de pequenas deformaciones, que permite, por
ejemplo, modelar procesos que presentan variaciones importantes de temperatura;

e a partir de la primera linealizacién se obtiene una segunda linealizando, con respecto a la
temperatura, el término de la funcién respuesta térmica que depende linealmente del gra-
diente de deformacién. Esta segunda linealizaciéon estd muy bien adaptada para introducir,
por ejemplo, un algoritmo numérico siguiendo las técnicas de métodos incrementales para
resolver el correspondiente problema no lineal;

e a partir de la segunda linealizacién se deduce una tercera, linealizando la parte pléastica
del tensor de tensiones con respecto a la variable interna tensorial para simplificar las no
linealidades. Este submodelo permite recuperar modelos clasicos en la literatura como el
asociado al comportamiento de materiales de Maxwell-Norton, con coeficientes dependientes
de la temperatura, durante procesos con fuertes variaciones térmicas.

En este contexto, se introduce como variable interna un tensor simétrico de segundo orden cuya
evolucién temporal estd dada por una ecuaciéon diferencial ordinaria que depende de la variacion
del correspondiente potencial de plasticidad. La introduccién de esta variable interna permite
controlar la disipacién de energia derivada de la historia de las tensiones viscoplésticas desde el
instante inicial. La metodologia empleada es una generalizacion de la utilizada por Carlson [26]
para materiales elasticos, y por Bermudez [19] para materiales de Coleman-Noll, introduciendo una
variable interna capaz de dar cuenta, en cada instante de tiempo y en cada punto, de la historia
plastica del material.

Los resultados de esta primera parte estan publicados en Naya-Riveiro y Quintela [89].

En la literatura hay distintos trabajos en los que se modela el comportamiento termodindmico
de materiales no lineales introduciendo distintos tipos de variables internas, diferentes, por supuesto,
de las clasicas en este ambito: gradiente de deformacién y temperatura. Asi, por ejemplo, Simo y
Miehe [95] y méas tarde Serrano et al. [93] introducen una variable interna escalar correspondiente
a la parte de la entropia que disipa energia para definir nuevas leyes termoplasticas. También,
Coleman y Gurtin [30]| consideran variables internas vectoriales para modelizar los fluidos, y en
particular los gases ideales, y Alber [3] para describir el comportamiento mecanico de materiales
con ecuaciones constitutivas de tipo mondtono. Sin embargo, hasta donde nosotras conocemos,
solo el trabajo de Lattanzio y Tzavaras [77] utiliza una variable interna tensorial para describir las
tensiones viscoelasticas de las ecuaciones elastodindmicas. Esta variable interna viene definida a
través de la teoria de memoria evanescente u olvidadiza ("fading memory") con nicleo o kernel
que comprende un dnico tiempo de relajacién, mientras que la considerada en esta memoria, como
ya se ha comentado anteriormente, viene dada por la variacién del potencial de plasticidad.



Resumen 195

Los materiales de Maxwell-Norton con coeficientes mecéanicos fuertemente dependientes de la
temperatura son un ejemplo particular de los materiales termoviscoeldsticos con memoria larga
modelados en esta parte de la memoria. De hecho, se demuestra que la tercera linealizacién antes
anunciada permite recuperar este modelo, que es el modelo termoviscoeldstico mas usual. Estos
materiales se usan, por ejemplo, en procesos de colada (ver, por ejemplo, Drezet et al. [36, 37]), de
laminacién de metales y aleaciones o de extrusion de piezas, donde existen fuertes gradientes de
temperatura. Para su simulacién numérica es muy importante incluir los términos de disipacién
mecanica en la ecuacion de la energia y la dependencia de la temperatura en todos los coeficientes
termomecanicos.

Esta primera parte de la tesis est4 organizada como sigue:

e se introduce la notaciéon y una revision de algunos conceptos y de los principios de conser-
vacion de la termomecanica del continuo;

e se definen las funciones respuesta asociadas a los materiales termoviscoelasticos con memoria
larga y se deducen las restricciones necesarias para satisfacer el segundo principio de la
termodinamica, el principio de la indiferencia material y la isotropia;

e se obtienen las ecuaciones de equilibrio asociadas a estos materiales en coordenadas Euleria-
nas, y se reescriben en la configuracion de referencia, es decir, en coordenadas Lagrangianas;

e asumiendo pequenos desplazamientos y/o pequenas variaciones de temperatura y/o pequenas
perturbaciones de la variable interna tensorial se muestran tres linealizaciones de las leyes
de equilibrio;

e se presentan las funciones respuesta asociadas a los materiales de Maxwell-Norton con coe-
ficientes mecanicos dependientes de la temperatura, como caso particular de materiales ter-
moviscoelasticos con memoria larga;

e y, finalmente, se reescriben los modelos linealizados para los materiales de Maxwell-Norton
identificando el modelo clésico asociado.

Parte II. Andlisis matemdtico de un problema viscoeldstico con coeficientes dependientes de la tem-
peratura

En esta segunda parte de la memoria se realiza el andlisis matematico del submodelo mecanico
correspondiente a los materiales de Maxwell-Norton obtenido en la Parte I, suponiendo que el
campo de temperaturas es conocido. Se trata, por tanto, de analizar la evolucién cuasiestética
de un problema termoviscoeldstico con memoria larga y con coeficientes mecénicos dependientes
de la temperatura. En esta ley, la variacién del tensor de deformaciéon es una superposiciéon de
las contribuciones elasticas, viscoelasticas y térmicas. La parte elastica viene dada por una ley
de Hooke, la parte viscoelastica por la ley no lineal de Norton-Hoff y la parte térmica es una
generalizacion de la ley de Arrhenius.

Esta segunda parte esta dividida en dos capitulos, en el primero se demuestra la existencia y
unicidad de solucién de este problema y en el segundo se obtienen propiedades de regularidad en
espacio de su solucion.
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Los resultados de esta segunda parte estan publicados en Barral et al. [12, 13].

Para demostrar la existencia y unicidad de solucién se siguen las técnicas usadas en Djaoua
y Suquet [35] y Barral y Quintela [15], que se basan en discretizar el problema mediante un
esquema implicito y probar la convergencia de la solucién discretizada a la soluciéon del problema
inicial aplicando técnicas de monotonia. Si bien en estos trabajos se dan resultados de existencia
y unicidad para problemas viscoelasticos de tipo Maxwell-Norton, en el primero con condiciones
de contorno mixtas, y en el segundo incorporando una condicién de contacto tipo Signorini, en
ambos casos los coeficientes son independientes de la temperatura. Por este motivo, la principal
contribucién de este capitulo es, no solo considerar una completa dependencia de la temperatura
de la ley de comportamiento, sino también incluir la contribucién de la parte térmica al tensor de
tensiones, lo que hace que el problema tenga una cierta dificultad anadida.

El Capitulo 2 sigue el siguente esquema:

e se realiza una revision bibliografica de los resultados més importantes relativos a la existencia
y unicidad de este tipo de modelos;

e se introduce el modelo matemético a considerar;

e se definen los espacios funcionales apropiados siguiendo los trabajos de Geymonat y Suquet
63];

e se presentan las hipotesis que deben verificar los datos del problema;

e se transforma el problema inicial en uno homogéneo mediante un cambio de variable por
traslacion;

e gse discretiza el problema en tiempo mediante un método de Euler implicito obteniendo una
inecuacién variacional en tensiones;

e se demuestra que el problema débil discretizado tiene una tinica solucién aplicando resultados
de anélisis convexo de Ekeland y Teman [47]; a partir de esta tension solucion discreta, se
obtiene el campo discreto de desplazamientos asociado;

e se obtienen estimaciones a priori que permiten pasar al limite;

e se demuestra que el limite hallado es una solucién del problema inicial mediante técnicas de
monotonia;

e y, finalmente, se prueba la unicidad del problema continuo.

Como se ha comentado anteriormente, en el segundo capitulo de esta segunda parte de la tesis
se estudian las propiedades locales de regularidad en espacio del tensor solucién. Para alcanzar
este objetivo, se sigue la metodologia empleada en Bensoussan y Frehse [16, 17|, que se basa en
obtener estimaciones a priori de las derivadas espaciales del tensor solucién mediante un calculo
formal. En los trabajos citados anteriormente se obtienen propiedades locales de regularidad de
la solucién del problema viscoelédstico de tipo Maxwell-Norton, en el primero considerando el caso
estatico, y en el segundo incluyendo la dependencia del problema con respecto al tiempo. Pero en
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ninguno de ellos se considera la contribucién térmica del tensor de tensiones ni la dependencia de
los parametros mecanicos con respecto a la temperatura.

Este Capitulo 3 esta organizado como sigue:

e para facilitar la lectura y simplificar el calculo desarrollado en esta parte se introduce una
notacién preliminar referente al calculo diferencial y al producto tensorial similar a la dada
por Segel [92];

e se reescribe el problema estudiado en el capitulo previo utilizando la nueva notacién intro-
ducida;

e se obtienen dos resultados de regularidad Hioc en espacio del tensor solucién asumiendo
hipétesis adicionales sobre los datos; en el segundo resultado se suavizan determinadas hipo6te-
sis sobre los datos a costa de suponer que el desviatorio del tensor de tensiones esté acotado;

e usando una desigualdad de Gagliardo-Nirenberg, que se obtiene al aplicar un resultado de
Friedman [53], se demuestra la regularidad espacial H%OC para las tensiones.

Parte I1I. Andlisis matemdtico de un problema termoeldstico

En esta tercera parte de la tesis se lleva a cabo un anélisis matematico del acoplamiento entre
las ecuaciones de conservacién de la energia y del movimiento para materiales termoelasticos. Este
modelo se deduce de las ecuaciones obtenidas en la primera parte de esta memoria, siendo su
parte mecénica una simplificaciéon del modelo estudiado en la segunda parte. Se trata, por tanto,
de analizar un problema termoelastico acoplado cuasiestatico con condiciones de contorno mix-
tas desplazamiento-traccion sobre el submodelo mecénico, y con condiciones de contorno mixtas,
incluyendo una condicién de contorno tipo Robin, para el submodelo térmico. Ademas, la tem-
peratura de referencia, la conductividad térmica y los parametros de Lamé dependen del punto
material. Esta tercera parte también esta dividida en dos capitulos, en el primero se demuestra la
existencia y unicidad de solucién de este problema y en el segundo se obtienen las propiedades de
regularidad de la solucién, es decir, de desplazamientos y temperatura, tanto en espacio como en
tiempo.

Para probar la existencia de solucién se utiliza un método de Galerkin, siguiendo la metodologia
usada en Bermudez y Viano [18], Figueiredo y Trabucho [48, 49], Gawinecki [55, 57] y Viano [98].
Para demostrar la unicidad de solucién se siguen las técnicas empleadas en Gawinecki [56, 57, 61]
y Gawinecki et al. [62]. En todos estos trabajos se dan resultados de existencia y unicidad para
problemas termoelésticos; por ejemplo, en Viano [98] se consideran materiales elasticos isotropicos
y anisétropos en contacto con otro cuerpo eldstico tomando la temperatura de referencia constante;
en Figueiredo y Trabucho [48, 49] se analizan problemas con tres tipos diferentes de materiales con
contacto, siendo la ecuacién del movimiento dindmica. La principal contribucién de este capitulo
es obtener un resultado de existencia y unicidad de solucién considerando que:

e ¢l problema es cuasiestatico;
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e hay una condicién de contorno de transferencia de calor por conveccién, que viene dada por
una condicién tipo Robin;

e la temperatura de referencia, la conductividad térmica y los parametros de Lamé dependen
de la variable espacial.
Todas estas aportaciones amplian los trabajos de la literatura, y causan diversas dificultades para
calcular las estimaciones a priori y demostrar la unicidad de solucién del problema considerado.
El Capitulo 4 tiene el siguente esquema;
e se hace una revision bibliogréafica de los resultados més importantes relativos a la existencia
y unicidad de solucién de este tipo de modelos;
e se introduce el modelo mateméatico a considerar;
e se definen los espacios funcionales apropiados;
e se propone una formulacién débil para el problema;
e se presentan las hipotesis que deben verificar los datos del problema;

e se realiza un cambio de variable por traslacién para obtener un problema cuyas condiciones
de contorno Dirichlet son homogéneas;

e se definen aproximaciones del problema mediante un método de Galerkin;
e se prueba la existencia y unicidad de solucién de los problemas aproximados;

e se obtienen algunas estimaciones a priori para la sucesién de Galerkin que permiten pasar al
limite;

e se prueba la convergencia de la sucesion de Galerkin;
e se demuestra que el limite de la sucesién de Galerkin es una solucién del problema inicial;

e y, finalmente, se obtiene la unicidad de solucién aplicando el lema de Gronwall.

El analisis matemaético del problema termoelastico se concluye en el segundo capitulo de esta
tercera parte de la memoria con el estudio de las propiedades de regularidad de la solucién. Para
obtener las propiedades de regularidad con respecto al espacio se sigue la metodologia empleada en
Kacur y ZeniSek [75], que consiste en reescribir el problema acoplado como dos ecuaciones definidas
mediante operadores elipticos y aplicar resultados dados en Athanasiadis y G. Stratis 8|, Lions
y Magenes [83], Mizohata [87] y Necas [90]. En estos trabajos no se considera el caso en que los
coeficientes mecanicos, la conductividad térmica ni la temperatura de referencia dependan de la
variable espacial, como es el caso estudiado en esta memoria.

Para demostrar los resultados de regularidad con respecto al tiempo se aplican las técnicas
usadas en Gawinecki [56, 58, 59, 60, 61] y Gawinecki et al. [62], ampliando los resultados alli
obtenidos a condiciones de contorno mixtas e incluyendo una condicién de contorno tipo Robin.



Resumen 199

Se presentan dos resultados de regularidad con respecto al tiempo: en el primero se demuestra
la regularidad W™ (r € {0} UN) del problema analizado en el capitulo anterior; para obtener este
resultado se incrementan las propiedades de regularidad de los datos y de las condiciones iniciales;
en el segundo resultado se demuestra que en el caso Dirichlet homogéneo se puede obtener la
misma regularidad en tiempo sin pedir tanta regularidad a las condiciones iniciales. Para ello,
en este segundo resultado, se definen las condiciones iniciales de los problemas asociados a las
sucesivas derivadas como solucién de un problema de elasticidad lineal auxiliar y se demuestran
las propiedades necesarias de regularidad de estas condiciones iniciales asi definidas utilizando
resultados de Necas [90] y Agmon et al. [2].

Este ultimo capitulo de la tesis, esta organizado como sigue:

e asumiendo hipoétesis de regularidad espacial sobre algunos datos se obtiene regularidad H%OC
en espacio del campo de desplazamientos y de temperaturas del problema estudiado en el
capitulo anterior;

e se presenta un resultado de regularidad en tiempo W (r € {0}UN) para el mismo problema
tal y como se indicé anteriormente;

e se demuestra un resultado de regularidad en tiempo W"> (r € {0} UN) para el problema
Dirichlet homogéneo correspondiente, asumiendo hipétesis més suaves sobre las condiciones
iniciales;

e y, finalmente, para cada uno de los problemas se agrupan las propiedades de regularidad en
espacio y tiempo en un resultado conjunto.
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