POSITIVE PERIODIC SOLUTIONS FOR LOTKA-VOLTERRA SYSTEMS
WITH A GENERAL ATTACK RATE

CRISTINA LOIS-PRADOS AND RADU PRECUP

ABSTRACT. The paper deals with a non-autonomous Lotka-Volterra type system, which
in particular may include logistic growth of the prey population and hunting cooperation
between predators. We focus on the existence of positive periodic solutions by using an oper-
ator approach based on the Krasnosel’skii homotopy expansion theorem. We give sufficient
conditions in order that the localized periodic solution does not reduce to a steady state.
Particularly, two typical expression for the functional response of predators are discussed.
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1. INTRODUCTION

In this paper we consider non-autonomous Lotka-Volterra type systems with a general
attack rate

(11) {x = a(t)zg(x) = @(t,2,y)zy

y'(t) = =b(t)y + c(t)p(t, z, y)zy,

where a, b, ¢ € C(R, R, are w-periodic for the same period w > 0, a,b # 0, minge[ ) c(s) > 0;
v € C(R xRy x Ry, Ry) is such that ¢(+, z,y) is w-periodic for every (z,y) € Ry x Ry; and
g € C(R4,R) is decreasing, with ¢g(0) < 1.
In particular, we consider
g(z) =1 (linear growth of the prey), or
g(x) =1— % (logistic growth of the prey)

and one of the following expressions for the attack rate ¢,

@I(ta z, y) = )‘(t) + Oé(t) Y,
Alt) +a(t)y
L+ BE)(AE) + at) y) x’
both used in the literature to simulate cooperation between predators [12]. Here, we assume
that «, 8, A € C(R,R4) are w-periodic functions and A, 5 # 0.
Lotka-Volterra type systems are commonly use to describe interactions between two species,

prey and predator. In the autonomous case, these models have a Kolmogorov structure, being
of the form

orr(t,z,y)

y =yG(z,y),
1

{:p’ =z F(z,y)
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and most of them satisfy the following conditions:
Fy(z,y) >0, Gg(z,y) >0 and Gy(z,y) <0

(see, e.g., [3, Section 5.4]). For non-autonomous Kolmogorov type systems, we refer the
reader to the paper by Zanolin [15].
The original model given by Lotka [8] and Volterra [14] is the following one

' =ar — vy
(1.2) ,
y' = —by + cAxy.

For a historical note on this classical model, see [1]. As suggested by Volterra himself, a more
realistic prey growth is the logistic one, as is the case of Rosenzweig-MacArthur model [11],
namely

Y = —by + cop(x)y.

Some generalizations of the Rosenzweig-MacArthur model are given in [6], where in particular,
it is consider the logistic growth for both prey and predator populations (see also [4]).

As regards the function ¢ involved in the functional response of predators to the change
of densities in (1.1), we can mention the paper by Berec [2], where ¢ has the form

A+ ay
1.3 ox,y) = ;
43 D) = TR0+ e
which expresses the effects of hunting cooperation between predators. Also, in a recent paper
by Alves & Hilker [12], there are used the particular expressions of @7, ¢ involving constant
coefficients, namely

{x’ =azx(1—-%)— o)y

e, y)=A+ay (A>0, a>0)

and

_ A+ ay
z.y) = 14+ B8N+ ay)x (8> 0).

In this paper, we consider the more general system (1.1), which is non-autonomous, involves
a general prey growth g, and a general functional response of predators. We proceed as follows:

In Section 2, we give the integral version of the system, we state the Krasnosel’skii type
homotopy fixed point theorem, which is our main tool, and we give some useful notations.

In Section 3, we first study the steady states of the system giving a necessary and sufficient
condition for the existence of positive equilibriums. Then, in Subsection 3.2, we state and
prove the main result about the existence and localization of periodic solutions, whose suf-
ficient conditions are particularized for the cases of linear and logistic prey growth. In both
situations, the possibility of localization is discussed separately for ¢ = 5 and ¢ = 7. The
method that we use is based on a completely different topological argument as compared to
the one in [13], where only a particular case of our system is studied. Our proof appears to
be simpler and more natural. In Subsection 3.3, we give sufficient conditions in order that
the localized periodic solution does not reduce to a steady state, while in Subsection 3.4, a
positivity result about nonconstant periodic solutions is included. Next, in Subsection 3.5,
the existence results are improved for the case that ¢ does not depend on time. Finally, the
autonomous system is discussed as a very particular case.
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2. PRELIMINARIES

We are interested in w-periodic solutions of system (1.1) and for this purpose we use an
operator approach as in [10] (see also [13]). This approach is based on the fact that for
every w-periodic functions fi, fo € C(R,R) and a,b € C(R,R;), a,b # 0, there is a unique
w-periodic solution (x,y) of the system

' =a(t)xr — f1(t)
(2.1) {y' = —b(t)y + f2(2),

given by
o(t) = 17 Hilt, ) fu(s) ds
y(t) = [T Ha(t, 5) fa(s) ds,
where
e~ J; a(r)dr efts b(r)dr
Hy(t,s) = Hs(t,s) = ((t,s) e R x R).

1—e™ I a(r)dr’ ef(;” b(r)dr _ 1

Now, if instead of linear system (2.1), we consider the nonlinear system

' =a(t)r — fi(t,x,y)
y/ = _b(t)y + f2(t7 z, y),

then its w-periodic solutions are exactly the w-periodic solutions of the nonlinear integral
System

y(t) = tt+w HQ(tv S) f2(57 x(s), y(s)) dS,

that can be studied as a fixed point equation.

In this paper, the fixed point arguments are based on the following Krasnosel’skii type
result in cones (see, for example, [9, Theorem 10.8]). We recall that by a cone C in a
Banach space X, we mean a closed convex set such that AC C C, for every A € R, and
Cn(-C)={0}.

Theorem 2.1. Let (X, ||-||) be a Banach space, C C X a cone,0 <r < Rand N : Cp — C
a compact operator, where Cr ={u € C: ||ul]| < R}. Assume that

(E1) N(u) # Au, for every u € C, |Ju|| =r and all X > 1,
(Eg2) there exists v € C'\ {0} such that u — N(u) # v, for every u € C, ||u|| = R and all
A>0.

Then, N has a fized point u in C with r < ||u| < R.

{x(t) — [T H(t,5) f1(s, 2(s), y(s)) ds

We conclude this preliminary section by the list of notations that are useful to simplify the
computations related to the application of Theorem 2.1 to our system (1.1).

= mi , b:= min b(s), c¢:= mi ,
XU R
@:= max a(s), b:= max b(s), ¢:= max c(s),

s€[0,w] s€[0,w] R
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1
m (t,s)e[O{Iolﬁle[t,ter] 1(t:) elo alr)dr _q
t+w
mq := min H(t,s)ds,
te[0,w] t
. Halt, ) 1
mo 1= min e —
2 (t,5)€[0,w] X [t,t+w] 2 elo b(r)dr _ 1
t+w
mey 1= min Hs(t,s)ds,
2 te0w] J¢ 2( )
M Hit, s) !
= max ,8§) = ———————,
! (t,5)€[0,w] X [t,t+w] ! 1 — e~ Jo a(r)dr
_ t+w
M, := max Hi(t,s)ds,
te[0,w] t
M Hlt,s) = —~
= max ,8) = m )
2 (t,5)€[0,w] X [t,t-+w] 2 1 — e Jo b(r)dr
_ t+w
My := max Hs(t,s) ds,
tE[O,w] t
M M2
q1: Ml’ q2 Mg’

ms := q1 g2 min{my,cma}, Ms:= max{Mj,¢Ms},
my = q1 g2 min{my, cmy}, Mz :=max{My,¢Ma}.
We shall also use the notation ||z||,, for the max norm of z € C ([0,w],R), i.e.,

= t).
il = mace |2 (1)

3. MAIN RESULTS

3.1. Steady states. We begin by looking for the steady states of system (1.1), that is for
points (zo,y0) € Ry x Ry such that

xo (a(t)g(zo) — (¢, z0,Y0)Yo)

=0,
3.1
& (et (t 20,10)0 — b(1) = 0
for all t € R.

It is clear that (0,0) is a solution of (3.1). In the following, we distinguish three cases:

Case I: 29 = 0, yo > 0. Under this conditions, the first equation in (3.1) is obviously
satisfied, while from the second one we have yob(t) = 0 for every ¢ € [0,w], which is not
possible for yo > 0 and b # 0. Therefore, there are no steady states of the type (0, o), with
yo > 0.

Case II: 29 > 0, yo = 0. Now the second equation in (3.1) trivially holds, while the first
one gives a(t)g(xo) = 0 for all ¢ € [0,w]. As a # 0, one must have g(xg) = 0. Therefore, a
point of the form (x0,0), zo > 0 is a steady state if and only if g(zp) = 0.

Case III: 29 > 0, yo > 0. Under this situation, system (3.1) is equivalent to

a(t)g(zo) _ b(t)

= for every t € [0,w].
W b 0

gp(tv Zo, yO) =
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The conclusions about the steady states of system (1.1) are collected in the following
proposition.
Proposition 3.1. A point (zo,y0) € Ry x Ry is a steady state of system (1.1), if and only
if one of the following conditions holds:
(a) xg =0 and yo = 0;
(b) @o >0, g(zo) =0 and yo = 0;
(c) z0 >0, yo >0 and
altyg(wo) _ bt
Yo c(t)zo
According to this proposition, in case of considering the linear growth of the prey popu-

lation, case (b) is not possible, and steady states of the form (xg,yo) with zg, yo > 0 exist if
and only if

(3.2) o(t, zo,yo) = for every t € [0,w].

a(t) _ b(t)
(33) SO(t,.f(],y(]) - % - C(t).’IJ()
If one considers the logistic growth of the prey population, then from case (b) we have the
steady state (K,0), and steady states of the form (z¢,yo) with xg, yo > 0 exist if and only if
o
(3.4) o(t, xo,yo) = at (;0 %) = CE)TS;S)CO for every t € [0,w].
Coming back to the general system (1.1), let us note that if there is not any constant k& > 0
such that

for every t € [0,w].

b(t
c(t)
then the system has no steady states (xo,yop) with xg,yo > 0. Therefore, under condition

(3.5), the orbits of all w-periodic solutions (x,y), with z(t), y(t) > 0 for every ¢ € [0,w], do
not reduce to points.

~—

(3.5) a(t) =k for all ¢ € [0,w],

3.2. Existence of periodic solutions. In this section, we prove the existence of w-periodic
solutions of system (1.1). To this aim, we introduce the following conditions on ¢:
(i) there exists n € C(R x Ry x Ry, R;) such that
n(-, z,y) is w-periodic for every (z,y) € Ry x Ry,
n(t, -, y), n(t,z,-) are increasing functions for every (t,y), (¢,2) € R x R4,
o(t,xz,y) < n(t,z,y) for every (t,z,y) € R x Ry x Ry,
(ii) there exists 1 € C(R x R4, Ry ) such that
Y(+, z) is w-periodic for every z € Ry,
Y (t,-) is decreasing for every t € R,
o(t,z,y) > P(t,z +y) for every (¢t,z,y) € R x Ry x R4
The main result of this paper is the following

Theorem 3.1. Let conditions (i) and (ii) hold. If there exist r, R € R, 0 < r < R such that
(3.6) 1>aM;(1-g(r)),

(3.7) Mia(1l—g(r))+ Mg?“/ow n(s,r,r)ds <2,
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(3.8) R/zpsts>

then system (1.1) has an w-periodic solution (z,y) € C such that
r < (@)l = lzllco + Iyllec < R
Proof. We apply Theorem 2.1 in the Banach space
X, i={(z,y) € C(R,R)?: z(t) = z(t +w), y(t) =y(t+w) for every t e R},
endowed with the norm

(@, )| == llzlloo + lylloo
and with the cone

C:=A{(z,y) € Xo: z(t) 2 q1l|zlloo; y(t) = q2||yllc for every t € R},

to the operator N = (Ny, Na), where
t+w
Nz, y)(t) = Hi(t,s) [a(s) 2(s)(1 — g(x(s))) + ¢ (s, 2(s),y(s)) 2(s) y(s)] ds,
(3'9) tt—‘rw

Na(z,y)(t) := t Hy(t, s)e(s)p(s, (s),y(s)) #(s) y(s)ds.

As shown in Preliminaries, the w-periodic solutions of system (1.1) are the fixed points in X,
of the operator N.

First note that since a, ¢, ¢, 1—g and Hy, Hy are nonnegative functions, one has N(C) C C.
In addition, the compactness of N immediately follows from the Arzela—Ascoli theorem. It
remains to prove that conditions (E;) and (E2) hold, where the element v € C'\ {0} is chosen
to be any (xo,yo) with xg, yo > 0.

We start by proving condition (E7), which in our case reads as follows

(3.10)  (Mi(w,y), No(z,y)) # Ma,y) for every (z,y) € C, ||(z,y)l| = and all A> L.

To this aim, we consider three cases:
(a) Assume x = 0, y # 0. Then condition (3.10) trivially holds since Ni(z,y), Na(z,y) = 0.
() If z 2 0 and y = 0, then No(z,y) = 0 and (3.10) reduces to

(3.11) Ni(z,0) # Az for all (z,0) € C, ||z|loc =7 and all A > 1.

To proof this, assume the contrary, namely that there exist (z,0) € C, ||z]lcc =7 and A > 1
such that

Ni(z,0)(t) = Ax(t) for every t € [0,w].
Let ty € [0,w] be such that z(ty) = ||z]lcc = r > 0, then also using the property that —g is
increasing, one has

to+w
= x(to) < Az(to) = / Hi(to,s)a(s)z(s) (1 —g(x(s)))ds

N to+w o
r(l—g(r))/t H(to,s)ds <ar(1—g(r)) M.

Dividing by r > 0 yields 1 < @ (1 — g(r)) M1, which contradicts our hypothesis (3.6). Thus,
condition (3.11) holds.
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(c¢) Finally, we prove that condition

(3.10) holds for x, y # 0. If it does not hold, then
there exists such a pair (x,y) € C, ||(x,y)

| =r and A > 1 with
Ni(z,y)(t) = Ax(t), Nao(x,y)(t) = Ay(t) for every t € [0,w].
Let ¢y € [0,w] be such that ||z|lec = z(to). Then also using condition (i) over ¢, one has
[2]loc = 2(to) < Az(to) = N1(x,y)(to)

to+w
512) = [ it la(s)(s) (1L - gla(s))) + pls,2(5),y(5)) 2 (5)u o)l

to

. to+w
< allzfloo (T = g(llzlloc)) M1 + [|2]loo l[ylloc My /t 1(s, [[2]]oo, |ylloo)ds.
0
After dividing by ||z|/c and using the fact that ||z||eo, ||ylleo < ||(z,y)|| = 7, it gives
o w
(3.13) 1 <a(l - g(r)) My + ||y|ooM1/ n(s,r,r)ds.
0

Similarly, from Na(x,y) = Ay, we obtain

w
(3.14) 1< Hx||OOcM2/ n(s,r,r)ds.

0
Now, adding (3.13) and (3.14) yields

2 <a(l—g(r)My+ Ms(|z] + !y\loo)/o n(s,r,7)ds,

which in virtue of ||z|lcc + ||¥||oc = 7 contradicts our assumption (3.7). Therefore, condition
(3.10) is satisfied.
Now, we prove condition (F3), which reads as follows

(3.15) (z,y) — (Ni(x,y), Na(z,y)) # Mxo,yo) for every (z,y) € C, ||(z,y)]| =R, A>0.

To this aim, we distinguish again three cases:

(a) If =0 and y # 0, then Ny(z,y), Na(z,y) = 0, so condition (3.15) trivially holds.

(b) If z # 0 and y = 0, then Na(x,y) = 0. Therefore condition (3.15) is satisfied since
0 < Ayo.

(c) Finally, it remains to consider the case when x, y # 0. If condition (3.15) does not
hold, then there exists a pair (z,y) € C with ||(z,y)| = R such that

x(t) > Ni(x,y)(t), y(t) > Na(x,y)(t) for every t € [0,w],

where we have used that A, zq, yo > O.
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On the one hand, for each ¢ € [0,w], using condition (ii) over ¢, one has

[2]loo = 2(t) > Na(z,y)(t)
t+w

=/ | (t, 8)]a(s)x(s)(1 — g(x(s))) + ¢ (s, 2(s), y(s))z(s)y(s)lds
t+w

z | Hlts)e(s als) y(s)) o(s) yls)ds

zmwwﬂﬂMMWxA (5, 2(s) + 4(s))ds

ZmlunzIIwHooHyHoo/o ¥(s, (2, y)l)ds,

which after dividing by ||z]| yields

(3.16) 1> maalyle [ 0s, R)ds.
0

On the other hand, in a similar way, from y(t) > Na(x,y)(t) for every ¢t € [0,w], we deduce
that

(3.17) 1> macaplole [ v(s R)ds.
0

Now, by adding inequalities (3.16), (3.17) and using ||z|ls + ||y|lcc = [|(z,¥)|| = R, we obtain

2> ng/ Y(s, R)ds,
0

which contradicts our assumption (3.8). Thus, condition (3.15) is fulfilled.
Therefore, all the conditions of Theorem 2.1 being satisfied, the operator N has a fixed
point (z,y) € C with r < ||(z,y)|| < R. This fixed point (x,y) is an w-periodic solution of

the Lotka-Volterra type system (1.1). O
Remark 3.1. There ezists a number r > 0 such that conditions (3.6) and (3.7) hold, if
1
3.18 0)>1— =——.
(3.18) 90)> 1 - =

Indeed, by using the continuity of g at 0, if (3.18) is satisfied, then there exists ro > 0 such
that g(r) > 1—1/ (M1a), or equivalently condition (3.6) holds for every r € (0,7).
From (3.18), we also have g(0) > 1 — 2/ (Ma), or equivalently

(1—9(0))Ma < 2,

which guarantees (3.7) for any small enough r > 0.
Notice that condition (3.18) is trivially satisfied when g(0) = 1, which is the case of both
linear and logistic growth of the prey population.

We consider now the particular expression of g which correspond to the linear or logistic
growth of the prey population, and we show how the conditions over r, R > 0 in Theorem 3.1
look. Moreover, we study the existence of such numbers r and R, when ¢ = @5 or ¢ = ¢y7.

For that purpose, let us start by proving that ¢; and ¢j; satisfy all the conditions previ-
ously required to a general ¢. It is clear that both functions belong to C(R x Ry x R4, R)
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and are w-periodic in the first variable. Concerning conditions (i) and (ii), for function ¢y,
we can take

n=¢r and P =A,
while for function ¢y, we can set

At)
= d t,z) = .
n=r and U2 = TEEE R et o)
Additionally, we fix the following notations
A= sIer[l(%i} A(s), A= Sren[(zizcu] A(s), @:= Sren[(zizzcu} a(s) and B := Sren[(zi:zcu} B(s).

3.2.1. Linear growth.

Corollary 3.1. Assume that g =1 and conditions (i), (ii) over ¢ are satisfied. If there exist
rReR, 0<r <R such that

“ 2
3.19 7’/ S, T, T ds S a5
(3.19) [ tsurryas < 7
and (3.8) hold, then the system
[ —
y' = =b(t)y + c)p(t, 2, y)ry

has an w-periodic solution (x,y) € C such that
r <@yl =zl + lyllee < R

Next, we give sufficient conditions for (3.19) and (3.8) to hold, for each one of the two
particular expressions of ¢ given in the Introduction.
Case I: When ¢ = ¢y, conditions (3.19), (3.8) read as

« 2 2
(3.21) r/ (A(s)+a(s)r)ds< —, R> —FG—-r
0 3 m3 [, A(s)ds
and are respectively satisfied provided that
— 2 2
.22 Atar) < —— .
(3.22) r( —i—ozr)_Mgw, 2 oA

Therefore, under condition (3.22), which is satisfied for small enough r and sufficiently large
R, Corollary 3.1 applies. Note that the existence of small enough r > 0 is proved also at the
end of Remark 3.1. However, the expression in (3.22) tells us how to choose suitable values
of r and R.

Remark 3.2. We mention that in the particular case of a =0, system (3.20) turns into

¥ =a(t)r — \(t)zy
y' = —=b(t)y + c(t)A(t)zy,
which was studied in [13] by means of index theory. Even in this particular case, our result

based on Theorem 2.1 gives a better localization of w-periodic solutions, namely in the annular
conical set

Crr={(x,y) € C: 7 < |2]oo + lylloc < R},
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where
2 2

=—w o BRE—m o
M3 [3" A(s) ds m3 [o" A(s) ds
3.19), (3.8) become

r

Case II: When ¢ = ¢y, conditions (

v 2 w A(s) 2

3.23 r Als) +a(s)r)ds < —, R/ ds > —
@) 7 [[OGabnds< oy R [ s>

and are respectively satisfied provided that

A 2
< , R == > .
Msw 1+ BA+a@R)R ~ m3w
The first inequality in (3.24) is satisfied for small enough r > 0 as it happens in Case I.

Next we study the existence of R as required by the second inequality in (3.24). To this
aim, we consider the function f: R4\ {0} — Ry \ {0},

(3.24) r(A+ar)

A __ _
f(Z) = m, where A := ms OJA, B .= /BA, C .= /Ba
Let us prove that there exists R > 0 fulfilling the last inequality in (3.24), if and only if
(3.25) A>2(2VC + B).

One can easily prove that lim, o f(z) = lim,, 1 f(2) = 0 and f(z) > 0 for every z > 0.
Additionally, f has a unique critical point at 1/4/C > 0 and the previous properties ensure
that f attains a maximum at zpmayx := 1/ V/C. Therefore if

f(Zmax) > 25

equivalently A > 2 (2 VC + B), then it is possible to choose R close enough or equal to zpyax,
such that the required inequality holds. Moreover, under assumption (3.25), we can precise
the interval where we can choose R. It is [z1, 23], where 21, 22 are the solutions of the equation
f(z) = 2, namely

_ A-2B—,/(A-2B)?-42C
B 4C ’

_A-2B+./(A-2B)?-42C

(3.26) Z1 10

22

3.2.2. Logistic growth.

Corollary 3.2. Assume that g(x) = (1 — z/K) and conditions (i), (i) over ¢ are satisfied.
If there exist r, R € R, 0 < r < R such that

K
(3.27) TS ——,
aM1
(3.28) aKlr—i—MgT/ n(s,r,r)ds <2
0

and (3.8) hold, then the system

o =a(t)z (1—£) — otz y)zy
(329) {y/ = —b(t)y + C(t)so(ta T, y)l’y,
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has an w-periodic solution (z,y) € C' such that
r < |l(@ )l = [zl + [yl < R.

It is clear how condition (3.27) can be satisfied. In addition, it is not necessary to study
again the existence of an R > 0 fulfilling condition (3.8), since it does not depend on the
expression of g, and therefore we can follow the arguments of Subsection 3.2.1. Thus, let us
state some sufficient conditions on r > 0, such that (3.28) holds when ¢ = ¢ or ¢ = 7. As
it is explained before Section 3.2.1, we can consider 1 = ¢ for both expressions of ¢. Then,
for both cases, condition (3.28) reads as

Mla
K

r+ M37“/0w (A(s) + a(s)r) ds < 2,

being trivially satisfied provided that
Mla
K

We know from Remark 3.1, that there exists small enough r > 0 fulfilling condition (3.28).
However, condition (3.30) tells us how to obtain suitable values of r > 0.

(3.30) r+Mswr (A+ar) <2.

Remark 3.3 (w-dependence of r and R). Since w-periodic functions are also nw-periodic,
for every natural number n > 2, it makes sense to ask in what way the numbers r and R
depend on the period. For each natural number n > 1, denote by r, and R, the numbers r
and R satisfying the conditions (3.21), when w is replaced by nw.

Making some computations it can be shown that

T'n+1 <rp < Rn < Rn+1,

for every natural number n > 1. Therefore, by taking a multiple of the period w, it can happen
to localize the same w-periodic solution for every n > 1, and the best localization is that for
n=1.

The same conclusion is true if we refer to conditions (3.23) instead of (3.21).

Remark 3.4. It deserves to mention that the classical Krasnosel’skii compression-expansion
fized point theorem does not apply to the integral operator N given by (3.9) and associated to
the Lotka-Volterra type system (1.1). We recall that one of the hypotheses of Krasnosel’skii’s
theorem requires that for some positive number T,

(3.31) (x,y) — N(x,y) ¢ C  forall (z,y) € C with ||(z,y)| =T

However, in our case, if we choose pairs of the form (0,y) € C, with ||(0,9)| = [|y|lcc = 7,
then since N(0,y) = (0,0), one has

(Ovy) - N(Ovy) = (O,y) S C

Consequently, condition (3.31) does not hold. This shows the appropriateness of the homotopy
version of Krasnosel’skii’s theorem for Lotka-Volterra type systems, as compared to the other
more popular versions.

We can easily see that for the classical Lotka-Volterra system with nonconstant coefficients,
the vector version of Krasnosels’skii’s theorem used in [10] still cannot be applied.
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3.3. Nonconstant periodic solutions. Here, we are interested in sufficient conditions in
order that the periodic solution guaranteed by Theorem 3.1 does not reduce to a steady state,
letting it the possibility to be a limit cycle.

Theorem 3.2. Assume that condition (3.2) does not hold and
(3.32) g(x) #0,  forall x> 0.

Then any w-periodic solution (x,y) of system (1.1) with ||(x,y)|| > 0, does not reduce to a
steady state.

Proof. In view of the inequality ||(z,y)|| > 0, the result follows once we have proved that the
only one steady state is (0,0).

From Proposition 3.1, we know that there are no steady states of the form (0,yp) with
yo > 0, also that if g(z) # 0 for all > 0, then there are no steady states of the type (zg,0)
with zg > 0, and that if condition (3.2) does not hold, then there are no positive (with both
positive components) steady states. Therefore, the unique steady state of the system is (0, 0),
as wished. O

In case of linear growth of the prey population, condition (3.32) of Theorem 3.2 trivially
holds. Consequently, if there exist numbers 0 < r < R satisfying conditions (3.19), (3.8) in
Corollary 3.1 and condition (3.3) is not fulfilled, then by means of Theorem 3.2, we can assert
that there exists a nonconstant w-periodic solution (z,y) € C with r < [|(z,y)| < R.

In particular, when ¢ = ¢y, conditions (3.19), (3.8) read as (3.21), which can always be
satisfied for small enough r and sufficiently large R. Therefore, if we ensure that condition
(3.3) does not hold, then there is an w-periodic solution which is nonconstant. For instance,
if @, b, ¢, A are constants, but the cooperation coeflicient « is nonconstant, then condition
(3.3) is not fulfilled.

However, for the logistic growth of the prey population, Theorem 3.2 does not apply since
g(K) = 0. Nevertheless, if condition (3.4) does not hold, then the only steady states of
system (3.29) are (0,0) and (K,0). Recall that we can always consider small enough r > 0
such that conditions (3.27), (3.28) in Corollary 3.2 are fulfilled. Therefore, if the exists a
number R > 0 such that K > R > r > 0 and condition (3.8) hold, then the orbit of the
w-periodic solution given by Corollary 3.2 does not reduce to a point.

As regards the possibility to have the inequality R < K, we mention that in the particular
case when ¢ = ¢y or ¢ = ¢y, such a choice is possible provided that

2
K> ——pFb— o z1<K
m3 [y A(s)ds ! ’
respectively, where z; is given in (3.26).
In particular, when ¢ = ¢y, if a, b, ¢, A are constants and « is nonconstant, then condition
(3.4) does not hold. Therefore, for every

2
maw\’

the w-periodic solution of system (3.29) given by Corollary 3.2, is nonconstant.
Let us finish this subsection by an example where all the coefficients, except ¢, are non-
constant.
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Example 3.1. Let the coefficients of system (3.29), when ¢ = p;, be
a(t) :=sin®wt, b(t) :=cos’t, c(t) :=ce(0,1),
A(t) == 0a(t) + (1 —0)b(t) (6 (0,1)), aft):=(1—0bt))bt).

We start by giving a brief interpretation of this particular system, that could be suitable to
model the interplay between prey and predator populations by taking into account the following
factors: ecological seasonal effects; the prey growth rate a attains its maximum value, when
the predator mortality rate b reaches its minimum and vice versa; the attack rate of predators
A 1s a convexr combination of the prey growth and the predator mortality rates, and the hunting
cooperation coefficient o vanishes when the mortality rate of predators attains its mazximum
oT MINIMAUM.

For this particular system, condition (3.4) does not hold. Indeed, we can show that there
is no any constant k > 0 satisfying condition (3.5). Fort =0 and any k > 0, we obtain

cos? 0 b(0)
c

k
a(O):sinQO:O;éE:k

c
So, condition (3.5) does not hold for t =0 and, consequently, condition (3.4) is not fulfilled.
Therefore, if
S 2 _ de(y/e—1)
ms fol A(s)ds ¢ ’

then the 1-periodic solution given by Corollary 3.2 is nonconstant.

3.4. Positiveness of periodic solutions. Theorem 3.1 yields the existence of an w-periodic
solution (x,y) such that

(3.33) z(t) 2 qullzlleo,  y(t) 2 g2llylloe  for every ¢ € [0,w],

and
r < z]oo + lylls < R

However, in this way, it is not guaranteed that x and y do not vanish. The next result shows
that, when (z,y) is not a steady state, this is indeed the case.

Theorem 3.3. Assume in addition that o(t,-,-) : Ry xRy — Ry (t€R) andg: Ry — R
are locally Lipschitz. Then for every nonconstant w-periodic solution (z,y) € C of system
(1.1) such that

(3.34) 1@, )l = llzlloc + llylloc >0,

one has
xz(t) >0 and y(t) >0 forall te0,w].

Proof. First note that, the local Lipschitz property of ¢ and g guarantees the uniqueness of
the solution to any Cauchy problem associated to system (1.1).
Let (x,y) € C be a nonconstant w-periodic solution of system (1.1) such that condition
(3.34) is fulfilled. According to (3.33), we have to prove that ||z|lc > 0 and ||y||c > 0.
Assume that ||z||ooc = 0. Then from (3.34), one has ||y|lcc > 0, so there is a tg € [0, w]
such that y(tp) > 0. Also, when ||z|s = 0, i.e., z = 0, the second equation in system (1.1)
becomes



14 CRISTINA LOIS-PRADOS AND RADU PRECUP
and gives the expression of y, namely

y(t) = ylto)e o "O" teR

Since y is periodic and for y (tp) # 0 the function in the right-hand side is not periodic, the
above equality yields a contradiction. Thus, ||z|/ec > 0.
Assume next that ||y|lcc = 0. Then the first equation in (1.1) reads as

(3.35) '(t) = alt)z(t)g(z(t)), teR.
We claim that
(3.36) x(t)g(xz(t)) #0 for every t € R.
To prove this, we start by showing that

xz(t) >0 forall teR.

Indeed, if there exists ¢y € R such that x(tp) = 0, then (z,0) is a solution of the Cauchy
problem with the initial conditions x(t9) = y(tp) = 0. But (0,0) is also a solution of this
Cauchy problem, and by the uniqueness of solution, we must have x = 0, which is excluded
by our assumption (3.34). Hence z(¢) > 0 for every ¢ € R as wished. Next, we prove that

g(xz(t)) #0 for every teR.

Indeed, assuming the contrary, there exists t; € R such that g(x(¢1)) = 0. Then, as shown by
Proposition 3.1 (b), (z(t1),0) is a steady state of system (1.1). Therefore, the steady state
(x(t1),0) and (x,0) solve the same Cauchy problem with the initial conditions z(t1) = z(t1)
and y(t1) = 0. Again by the uniqueness of the solution of the Cauchy problem, one has
(x,0) = (z(t1),0), i.e., (x,0) is a constant solution of the system, which is excluded from the
hypothesis. Thus, g(z(t)) # 0 for every ¢t € R and our claim is proved.

Now using (3.36), we can put equation (3.35) under the equivalent form

which by integration gives

t& S = taS S
(3.37) /0 e _/0 (s)ds, teR.

Let D :={r e Rx \{0}: ¢g(7) # 0} and G : D — R be such that

Then, from (3.37), we have

As z is periodic, G(x) is also periodic, while the function in the right-hand side is not periodic,
since a # 0. This contradiction shows that ||y|sc > 0, and the proof is finished. O
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3.5. Case of a not time-dependent . In case that ¢ does not depend on ¢, then 1 and
1 do not depend on ¢ as well and we can obtain a better localization of a solution.

Theorem 3.4. Let ¢, n and ¢ in conditions (i) and (ii) do not depend on t. If there exist
r, Re R, 0 <r < R such that condition (3.6) is satisfied and

(3.38) Mia (1 —g(r))+ Msrn(r,r) <2,
(3.39) RyY(R) > 2
ms

then system (1.1) has an w-periodic solution (z,y) € C such that
r <@yl =zl + lylleo < R-

Proof. The proof is similar to that of Theorem 3.1, except the step (¢) for proving conditions
(3.10) and (3.15). For instance, when proving (3.10), we can replace the estimations in (3.12)
by the following ones:

[2]loe = x(to) < Az(to) = Ni(z,y)(to)

to+w
= / Hi(to, s)[a(s) x(s)(1 — g((s))) + ¢ (2(s), y(s)) x(s) y(s)ds

to

_ to+w
2[00 (L = g([|z[loc)) M1 + [[2loo [1¥lloc n(l|2|oo, HyHoo)/ Hi(to, s)ds
to

|20 (1 = g2 ll00)) M1 + [[2]loo [¥lloe 7% ]loos [[Ylloc) M1,

<a

<a

which gives
1L<a(l—g(r)) My+ [[yllocn(r,r) M.
Similarly, instead of (3.14), we obtain
1 < ||z|lcoeMan(r,r).
So, adding the two last inequalities, we find that
2< Mia(l—g(r))+rn(rr)Ms,

which now contradicts our assumption (3.38).
The sufficiency of condition (3.39) for proving (3.15) can be shown in a similar way. O

For the linear growth of the prey population, when ¢ does not depend on ¢, we have the
following result that improves Corollary 3.1.

Corollary 3.3. Assume that g =1 and ¢, n, ¥ fulfill conditions (i), (i) without depending
ont € R. If there exist r, R € R, 0 < r < R such that

ri(r, ) < Ai, Ry(R) >

then system (3.20) has an w-periodic solution (z,y) € C such that
r < [l(@ )l = [zl + ylleo < R.

B

For the logistic growth of the prey population, when ¢ does not depend on ¢, we improve
Corollary 3.2 as follows:
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Corollary 3.4. Assume that g(x) = (1—x/K) and ¢, n, ¥ fulfill conditions (i), (ii) without
depending on t € R. If there exist r, R € R, 0 < r < R such that

K Mia —
r< ——, r+ Msrn(r,r) <2,
=3 I srn(r,r)
2
Rp(R) > —
ms

then system (3.29) has an w-periodic solution (z,y) € C such that
r <@ )l = 2l + ¥l < R.

3.6. Case of constant coefficients. Under the conditions required to ¢ in Subsection 3.5,
we now assume that a, b and ¢ are constant. Then

e—a(s—t) eb(s—t)

Hl(t,S):m, Hz(t,s):m.

Moreover, for every ¢ € R, one can compute

o t+w 1 o t+w 1
My =m, = Hl(t,s)ds:g, Mo =mq = Hg(t,s)dSZB,
t t

) 1 ¢ — 1 ¢
m3:Q1Q2m1n{aab}7 M3:max{a7b}'

As a direct consequence of Theorem 3.4, we have the following result, where the conditions
over r, R look much more simpler.

Corollary 3.5. Let a, b, ¢ be constant and ¢, n, v in conditions (i),(ii) do not depend on
time. If there exist , R € R, 0 <1 < R such that

(3.40) g(r) >0, rn(r,r)max {clf Z} —g(r) <1,

2
RY(R) > —————~
qig2min 5 p

then the system

(3.41) rc/’ = axg(z) — p(z,y)zy
y' = —by + cp(z,y)zy,

has an w-periodic solution (x,y) € C such that
r <l yll = [zl + yllo < R

Notice that, in particular if g = 1 (linear growth on prey), condition (3.40) becomes

and we have the following remark about the classical Lotka-Volterra system:
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Remark 3.5. In the particular case where ¢ = X\ > 0, system (3.41) reduces to the classical
Lotka-Volterra model (1.2). Then, one can consider n, ¥ = ¢ = X, and the conditions over
r and R reduce to

SR T A
r_max{a,b})\ i a’c A

2 b 1
R > =2max<qa,- p ——.
qrgzmin {1, £} X c) qrgeA

It is easy to see that the non-trivial steady state (x,ys) := (b/ (cA\),a/N) satisfies

<ominda 2Lyl = (L 4a) 5 <2maxfa
r<2minqa, -+ < (@4l = S ta) ¢ < 2Zmaxqa, -0 o

§2max{ab} L < R.
q1G2A

Therefore, it may happen that the localized solution given by Corollary 3.5 is in fact the steady
state (Ty, Ys)-

In case that g(z) = (1 — 2/ K) (logistic growth on prey), condition (3.40) becomes

1 ¢
— <2
ab} (Tr)—i_K

and we can make the following remark about the classical Lotka-Volterra model with logistic
growth of the prey population:

r< K, max{

Remark 3.6. In the particular case where ¢ = XA > 0, system (3.41) reduces to the classical
Lotka-Volterra model with logistic growth on prey

¢ =az(1-%) — Azy
y = —by + cA\zy.

Then, one can consider n, ¥ = @ = X, and the conditions over r and R become
2

r < K, r <
K+max{a7b})\
bl 1
3.42 R>2 - —.
( ) > max{a,c})\
If one has

K > Qmax{a,b} l,
c) A

then (3.42) holds for R = 2 max {a,b/c} /A < K. Therefore, we are not localizing the steady
state (K,0), but it may also happen that the localized solution given by Corollary 3.5 is in

fact the steady state
b a b
* * — o _ 1 _
@ = (5 5 (- k)

where ¥, y* > 0.
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