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Abstract 

Purpose: Presbyopia correction involves studies such as lens design, clinical study, and the 
development of objective metrics, such as the visual Strehl ratio. We will analyze the potential 
use of the Jacobi-Fourier phase mask (JFPM) as an ophthalmic element for Presbyopia 
correction. This fact, to develop a contact or intraocular lens whose performance is nearly 
insensitive to changes in pupil diameter.   

Methods: Numerical simulations based on Fourier Optics were made to evaluate three different 
Jacobi-Fourier polynomials of different radial order with the aim of providing a range of clear 
vision of one diopter. The performance was evaluated in three different pupil sizes (6, 4, 2) 
mm. Polychromatic images were simulated using three different wavelengths (656.3 nm, 587.6 
nm and 486.1 nm). The Neural Transfer function was included in the simulation. We used the 
VScombined, as objective metric currently used in visual optics. 

Results: The results show that Jacobi-Fourier Polynomials are suitable for designing optical 
solutions for presbyopia. 

Conclusions: The use of Jacobi-Fourier phase masks as ophthalmic elements for presbyopia 
show promising results, with good range of clear vision, reduced pupil dependence and 
chromatic aberration. 

Key Points 

 The Jacobi Fourier Phase Masks as ophthalmic elements to correct presbyopia show 
less artifacts, reduced pupil dependence and chromatic aberration compared to the 
trefoil mask reported in literature. 

 For the analysis of the results, a new metric has been introduced that combines the 
contribution of the phase element and the neuronal function to determine the method 
performance. 

 The metrics show that the proposed method reachs its objective, and the threshold 
contrast function indicates that the images are clearly perceived by the human brain. 

Keywords: pupil diameter; presbyopia; ophthalmic element; Neural Transfer Function; Jacobi-
Fourier; visual Strehl. 
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1. Introduction 
 
Presbyopia is the inability to observe objects at short distances that affect people mostly 

over 45 years of age, due to the natural loss of flexibility of the crystalline lens, making it 
impossible to focus on objects at short distances1. 

There are various solutions, such as contact lenses, progressive lenses, or intraocular 
surgery2-5. There is a type of contact lens or intraocular lens known as EDOF lens. There are 
other non-continuous solutions that provides extended depth of field as for example the one 
proposed by Mira-Agudelo6 based on what is known as light sword lens. This solution behaves 
like an axicon providing a long focal spot that provides a good range of clear vision. 

Most of EDOF commercial solutions are based on spherical aberration. There are also a few 
works proposing the use of alternative phases. There is a recent proposal made by Galinier et 
al. based on the spiralization of an astigmatic lens to extend the depth of focus7. Earlier there 
were other solutions initially proposed in the field of wavefront coding 8-11. The first one to 
propose this use of kind phase masks was Cathey8. Later Almaguer et al.12 suggest the use of a 
cubic phase mask of the kind 𝐴𝑟ଷcos(3𝜃), being the parameter A the peak to valey of the phase 
mask, and 𝑟 and 𝜃, the radial and angular coordinates. Recently González Amador et al. 13 
proposes the use of a new base of polynomials, the Jacobi-Fourier polynomials, for building 
phase masks with application in wavefront coding. They found that: 1) JFP provided more 
flexibility to the design that the Zernike polynomials; 2) they reduce the amount of artifacts and 
thus, improves image quality13,14.  

Wavefront coding15 (WFC) is an optical-digital technique based on the use of a phase mask 
that makes that the Optical Transfer Function (OTF) of the system is nearly independent of the 
object position in a range of distances, providing invariance to defocus. Due to its ability to 
generate a defocus-invariant OTF this elements can be a solution to presbyopia. The invariance 
is achieved at a cost to the sharpness of the image. In WFC the loss of sharpness can be 
overcome thanks to digital image processing. In the case of using WFC phase mask elements 
for correcting presbyopia, the postprocessing for image enhancement have to be made by the 
visual system. So, there are limitations on the shape of the phase masks. Visual system provides 
an image enhancement based on contrast enhancement provided by the Neural Transfer 
Function16,17 (NTF), so it is important that the phase mask provides images similar to the object 
but with accepted reduction in contrast loss. 

In this work we analyze the performance of JFP for extending the depth of focus and use 
them for building optical elements (contact or intraocular lenses) for correcting presbyopia. We 
will perform the comparison by numerical simulations based on Fourier Optics. We compared 
three JFP and spherical aberration, using polychromatic light and for different pupil sizes. We 
used the VScombined, objective metric currently used in visual optics18-20. We also show the 
images obtained in the simulation for clarity. 
 

1.1 Jacobi Fourier Polynomials 
 
The general definition of Jacobi Fourier polynomials can be found in reference 13. In this 

work we reduced the variability of options to the family of JFP with 𝑝 = 7, 𝑝 = 8, and 𝑝 = 9 
and the value of 𝑚 = 3, reducing the general equation to: 
 

 𝑆(𝜌, 𝜃 ) = 𝑘𝛼𝜌
೛షభ

మ cos(3𝜃), (1) 
 

where, 𝜌 = ඥ𝑥2 + 𝑦2; and 𝜃 = tanିଵ(𝑦/𝑥), 𝑘 is the wave number, 𝛼 is the strength of the 
mask, this parameter determines the difference in the optical path. The parameter 𝑝 is an integer 
constant that describes the family to which each mask belongs. The phase induced by the optical   
element is modeled by: 
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  𝛼 = ∆𝑡(𝑛(𝜆) − 1), (2) 

 
The thickness ∆𝑡 of the phase mask is calculated from Eq. 2, considering the material and 

the dispersion for the three wavelengths. The method for the optimal value is described in 
section 3.  

2. Numerical Evaluation 
 

To evaluate the Jacobi-Fourier phase mask (JFPM), we used computational Fourier optics 
from which we were able to simulate the retinal image provided by different phase masks, and 
the different visual Strehl criteria. We used in the simulations the JFPM obtained from eq. 1 
with 𝑝 = 7, 𝑝 = 8, 𝑝 = 9. and different 𝛼, the strength of the JFPM. 

We considered for the simulations the simplified model eye21 with 16.6 mm focal length. 
We considered three different pupil diameters (2, 4 and 6) mm to check the pupil dependence 
of the phase masks. We took into account the chromatic dispersion using three wavelengths, 
(𝜆ଵ = 656.3 𝑛𝑚, 𝜆ଶ = 587.6 𝑛𝑚 and 𝜆ଷ = 486.1 𝑛𝑚). We defined a range of clear vision 
from 6 m to 1 m, so we repeated the simulations for these two distances. We included in the 
simulations the Stiles- Crawford (SC)22 effect and the Neural Transfer Function (NTF). The 
NTF is calculated as the product of the EmG contrast sensitivity model16 and the skew effect, 
it is described by the Eq. 3.  
 

𝑁𝑇𝐹 = ൝𝑒
ቀି

೑

೑బ
ቁ
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೑
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್
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 1                                                     (𝑓 ≤ 3.48)  
ቋ, (3) 

 
where 𝑓 is the spatial frequency, 𝑓଴ is the lowest frequency, 𝑓ଵ is the highest frequency, and 𝑎 
is the attenuation factor at low frequencies, the parameters that best fit according to Whatson 
& Ahumada15 are: 𝑓଴ = 33.36 𝑐𝑦𝑐/𝑑𝑒𝑔, 𝑓ଵ = 5.38 𝑐𝑦𝑐/𝑑𝑒𝑔 and 𝑎 = 0.92. On the other hand, 
𝑏 and 𝑓ଶ are the parameters that describe the contrast attenuation, the optimal values are  
𝑏 = 13.57 𝑐𝑦𝑐/𝑑𝑒𝑔 and 𝑓ଶ = 3.48 𝑐𝑦𝑐/𝑑𝑒𝑔. The NTF is included in the calculation of the 
OTF of the system (𝑂𝑇𝐹௦௬௦ = 𝑂𝑇𝐹 ∗ 𝑁𝑇𝐹). 

We used as optotype the “E” Snellen. We have considered a size 0.1 Log Mar optotype with 
a spatial frequency of around 23.3 cyc/deg located on a range of 6 m to 1 m. We also considered 
the chromatic aberration that occurs in the eye using the model proposed by Thibos23 et al. The 
mathematical expression is given by 

 
 𝐷(𝜆) = 𝑢 − 

௩

ఒି௖
, (4) 

 
where 𝑢 = 1.68, 𝑣 = 0.63, and 𝑐 = 0.21. 

For a wavelength centered on 𝜆଴, the blurring of other wavelengths is determined as: 
 
 𝐷(𝜆, 𝜆଴) = 𝐷(𝜆) − 𝐷(𝜆଴). (5) 
 
Finally, we used the Zernike polynomials for quantifying blur in micrometers for the 

diameter d. 
 

 𝑐ଶ
଴ =  

஽(ఒ,ఒబ) ௗమ

ଵ଺√ଷ
. (6) 

 
We developed a method for finding the optimal value of 𝛼 which is described in section 3. 

In Fig. 1 we show the 2D and 3D contour maps of JFPM with 𝑝 = 7, 𝑝 = 8 , 𝑝 = 9. 
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Fig. 1: Contour maps for phase masks in 2D and 3D. 

3.- Phase mask thickness optimization 
 

To determine the optimal thickness ∆𝑡 of each phase mask we used the Average Difference 
(AD)24 metric given by Eq. 7: 

 
 

 𝐴𝐷 = ∑ ∑ [𝐼଺௠ − 𝐼ଵ௠]/𝑀𝑁ே
௜ୀଵ

ெ
௝ୀଵ , (7) 

 
where 𝐼଺௠ and 𝐼ଵ௠  are the image obtained for the optotype distance of 6 m and 1 m 

respectively. The pupil diameter is of 4 mm, N and M are the dimensions of the image of the 
optotype. The equation is evaluated at each of the wavelengths. The optimum value is achieved 
when: 
 𝐴𝐷௥ − 𝐴𝐷௕ = 0, (8) 
 

Finally, the merit function is defined as the point where the AD of the images generated 
with the red and blue wavelength (channels red and blue of the RGB image respectively) are 
equal with respect to the image generated with the green wavelength (channel green of the RGB 
image). The values obtained for ∆𝑡 are 13 𝜇𝑚 for p = 7, 22 𝜇𝑚 for p = 8, and 38 𝜇𝑚 for the p 
= 9 case; in the case of highly transparent thermoplastic polymer material, methyl methacrylate 
(PMMA). With 𝑛஼ = 1.4879, 𝑛ௗ = 1.4906, and 𝑛ி = 1.4971, where 𝑛஼ , 𝑛ௗ, and 𝑛ி are the 
refractive indices of the PMMA for the wavelengths of the Fraunhofer C, d, and F spectral 
lines. 
 

 
Fig. 2: Average Difference. 
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4.- Optical metrics  
 

We characterized the performance of the different JFPM using two criteria. Firs, to analyze 
the involvement of NTF in the improvement of retinal images within the method, a new metric 
is used, it is called the MTF system defined in eq. 9 as: 
 
 𝑀𝑇𝐹௦௬௦ =  𝑀𝑇𝐹 ∙ 𝑁𝑇𝐹, (9) 
 
and the VScombined proposed by Young et al.19 defined in eq. 10, which combines the OTF 
and the PTF in the calculation of the Visual Strehl criterion, emphasizing the weight of the 
phase of the OTF on the Visual Strehl calculation. 
 

 𝑽𝑺𝑪𝒐𝒎𝒃𝒊𝒏𝒆𝒅 =
∫ ∫ 𝑴𝑻𝑭൫𝒇𝒙,𝒇𝒚൯∙ቤ𝟏ି

𝑷𝑻𝑭൫𝒇𝒙,𝒇𝒚൯

𝝅
ቤ𝑵𝑻𝑭൫𝒇𝒙,𝒇𝒚൯𝒅𝒇𝒙𝒅𝒇𝒚

ಮ
షಮ

ಮ
షಮ

∫ ∫ 𝑴𝑻𝑭൫𝒇𝒙,𝒇𝒚൯∙𝑵𝑻𝑭൫𝒇𝒙 ,𝒇𝒚൯𝒅𝒇𝒙𝒅𝒇𝒚
ಮ

షಮ
ಮ

షಮ

, (10) 

 
where PTF is the Phase Transfer Function. We also used the simulates images for evaluating 

the performance of the JFPM. As objective criterion we have used the profile of the simulated 
retinal images of the optotypes. These profiles provide an idea of the contrast of the images. As 
subjective criterion, we used the retinal images provided by the simulations. These images 
allow the subjective quantification of the quality of the images. 

 
6.- Results and Discussion 
 
The Fig. 3 shows the 𝑀𝑇𝐹௦௬௦ corresponding to the different JFPM built with the optimum 
values of ∆𝑡. In all these cases the optotype is at 1 m. We also show the dependence with the 
pupil diameter. We have plotted the Neural Contrast Threshold25, 26 (NCT) to show the 
intersection point with the 𝑀𝑇𝐹௦௬௦ to get an idea of the cutoff frequency of the system. The 
optotype has a AV of 0.1 LogMar, that corresponds to the frequency of the around of the 23.3 
cyc/deg. The 𝑀𝑇𝐹௦௬௦ value is above the NCT contrast threshold in all cases for the frequency 
of the optotype (black line). This tells us that the retinal image is perceptible. 

Fig. 4a shows the images obtained with the optotype of 0.1 LogMar, for the different pupil 
sizes, for the naked eye case (without including the JFPM). For the case of the object distance 
of 𝑠௢ = 6 𝑚, it is possible to read the lines of “E” letter. However, in the case where the 
optotype is at 𝑠௢ = 1 𝑚 the images quality is highly dependent on the pupil size. Other problem 
readily appreciated is the chromatic aberration due to the dispersion of the eye optics. 

Figs. 4b, 4c, and 4d show the simulated images obtained with the optotype placed at  
𝑠௢ = 1 𝑚 and 𝑠௢ = 6 𝑚, for the three different pupil diameters, 2 mm, 4 mm, and 6 mm, and 
for the JFPM p = 7, p =8, and p = 9 respectively. For p = 7 case, we can observe some artifacts 
ruining the image quality. These artifacts are more visible in the case of 2 mm diameter.  We 
also appreciate a dependence of contrast with the pupil diameter, diminishing as the pupil 
increases. 
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Fig. 3: 𝑀𝑇𝐹𝑠𝑦𝑠with pupil size of 2 mm, 4 mm y 6 mm for 𝑠௢  =  1 𝑚  

With p = 8, these artifacts are less pronounced, and the contrast is higher than with p = 7. 
With p = 9, the artifacts are less than p = 8 and p = 7 cases, besides, the images show greater 
contrast than p = 7 and p = 8.  

In addition, the decrease in the influence of chromatic aberration on the images is also 
evident. In general, there is a loss of contrast, more significant for cases where the pupil 
diameter is large. The method shows invariance to the pupil diameter in terms of the image 
shape but not at the contrast. 
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Fig. 4: Results for: a) without phase mask, b) with p=7, c) with p=8 and d) with p=9. 

Fig. 5 shows the profiles of the images obtained of the optotypes. The best contrast is 
obtained with JFPM p = 9. It is noticeable that the profiles are nearly the same, presenting 
differences just in the contrast. 
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Fig. 5: Row profile for optotype with different pupil sizes and phase mask. 

Fig. 6 shows the comparison of the profiles of the images obtained with each of the JFPM 
with the different pupil diameters. Again, we observe that the shape of the profiles are very 
stable, showing a decrease of the contrast as the diameter increases. 
 

 
Fig. 6: Row profile for optotype comparison with different pupil sizes and phase masks for 𝑆௢ = 1 𝑚. 

 
Finally in Fig. 7 we show the results of the Visual Strehl criteria for the naked eye, and the eye 
with the different JFPM respectively.  
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Figure 7: Metric VScombined for each case. 

7.- Conclusions 
 

1. The invariance of the PSF provided by the phase mask, in combination with the 
neuronal transfer function, allows us to observe objects with an AV of 0.1 LogMar 
units, in average values of the human visual system, with a pupil size of 2 mm, 4 mm, 
and 6 mm, but reducing the contrast of the final image. 

2. We proposed the definition of the MTF of the system (MTFsys) which takes into 
account the Neural Transfer Function providing a more adequate description of the 
system. 

3. The contrast of the final images after passing through the neural transfer filter is not 
only a function of the frequency but is also affected by the pupil size; at larger pupil 
sizes, the contrast decreases. 

4. The use of Jacobi-Fourier phase masks as ophthalmic elements for presbyopia show 
promising results, with good range of clear vision, reduced pupil dependence and 
chromatic aberration. 

5. The optimal parameter of the thickness of the phase mask delivers acceptable results 
regarding contrast and invariance. For the 𝑝 = 7 the optimal ∆𝑡 = 13 𝜇𝑚, ∆𝑡 =
22 𝜇𝑚 for 𝑝 = 8, and ∆𝑡 = 38 𝜇𝑚 for 𝑝 = 9, according to the metric used to find the 
optimal parameter. 

6. The Jacobi Fourier polynomials obtained with p=8 and p=9 provide similar results to 
that provided by trefoil Zernike phase mask, but with increased contrast and reduced 
amount of artifacts, contributing to a better identification of the optotypes. 
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