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Abstract

This paper studies the existence of competitive equilibrium in markets with indi-
visibles. The basis of the paper is a theorem that relates the existence of equilibrium
to the core of certain associated cooperative games. From this result, we obtain a
significant improvement on a classical result in this literature. We then characterize
the existence of equilibrium in a two-agent three-good economy, showing that, in
this particular context, the existence of equilibrium is more likely when goods are
complements than when they are substitutes.
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1 Introduction

In our opinion, the main motivation of an economic model should be to reflect the
reality it wants to describe as closely as possible. In that sense, considering money to
be an infinitely divisible good seems a reasonable assumption but, in many contexts,
the classical hypothesis of the infinite divisibility of goods is undoubtedly unrealistic.
It seems, then, that considering indivisible goods is a good way for models to come
a little closer to the realities they want to explain. Along these lines therefore, in this
paper we consider a model of goods as indivisible and the classical notion of com-
petitive equilibrium in economies. Since many aspects of such models have already
been analysed in the literature, we focus here on the existence of competitive equilib-
rium. Studies of the existence of equilibrium in models with indivisible goods admit
several classifications, one of the most important of which is obtained by observing
where attention is focused.
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Some studies focus on demand functions, where gross substitutability, a prop-
erty introduced by Kelso and Crawford (1982), is perhaps the most studied. If the
demands of our model are verified, this property is sufficient to guarantee the exis-
tence of competitive equilibrium. This property, used in several works and models
such as matching, housing, and labour market models, has proved to be a condition
that guarantees the existence of competitive equilibrium. Generalizing Kelso and
Crawford’s result, Sun and Yang (2006) assume the existence of complementary and
substitute goods and prove that a competitive equilibrium exists if the demand func-
tions satisfy the gross substitutability and complementarity conditions (for a review
of relevant classical contributions on the subject, see Sonmez and Unver (2011)). A
relatively recent work in this field is by Baldwin and Klemperer (2019), who formally
classify demand types according to the point where small variations occur in the price
of demand bundles. That paper, which uses hard theoretical geometry, obtains exis-
tence results according to certain properties that must be satisfied by the demands.

Other studies focus on the utility functions of the agents. In the context of our
research, we draw most on a seminal study by Bikhchandani and Mamer (1997),
sharing the model and much of the notation. This work characterizes the existence of
equilibrium prices in terms of the efficiency of indivisible allocations in the associ-
ated divisibles market. Specifically, Bikhchandani and Mamer (1997) show that an
economy has competitive equilibrium if and only if every efficient allocation in the
indivisibles market is also efficient in the associated divisibles market. However, this
result does not solve our problem: although it may be simple to calculate an efficient
indivisible allocation, this is not the case for a divisible allocation. In a context where
all agents share the same utility function,Méndez-Naya and Méndez-Naya (2025)
give interesting conditions for the existence of equilibrium. Some of those conditions
are generalized in Méndez-Naya and Méndez-Naya (2024), which also puts forward
manageable equivalences in the context of convexity. As shown by Bevia, Quinzii,
and Silva (1999), if functions are concave and cardinal, then equilibrium exists.

Another author addressing the same problem and following the ideas of Kelso
and Crawford (1982) is Ma (1998). In that paper, a cooperative game of transferable
utility, “played” by agents and goods, is associated with the economy. In this associ-
ated game, the utility of a coalition S of goods and agents is given by the maximum
utility that the members of S can achieve among themselves. It is then shown that the
economy has equilibrium if and only if this associated game has a non-empty core.
In Theorem 2 we improve this result by simplifying the associated cooperative game,
finding that the characterization of the existence of equilibrium still holds for our
game. Going a little further in simplifying the conditions for equilibrium, we associ-
ate with each economy a cooperative game involving only the goods of the economy.
We thus obtain the principal result of our work: characterization of the existence of
equilibria in terms of the associated cooperative games (of fewer agents) having a
non-empty core (Theorem 1). This result is merely a generalization of Theorem 1 in
Méndez-Naya and Méndez-Naya (2025) for the context of multiple utility functions.

Even in the simplest case, i.e., two agents and three goods as dealt with here, the
subject is not trivial. Our main motivation is to search for conditions in the utility
functions of the two agents that are equivalent to the existence of equilibrium with
three goods. The essential point is Theorem 3, which guarantees that an economy in
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this class has equilibrium if and only if one of two easily valid alternatives is given.
The interest of our result lies in reducing an infinite search to verification of a few
inequalities. If the economy has equilibrium, then calculation of the associated equi-
librium prices is immediate. Using Theorem 3, many of the results already known in
more general contexts are easily deduced, and other specific results are also deduced
in the context of superadditivity. We show that, in this context, equilibrium is much
more likely to exist with complementary goods than with substitute goods.

The paper is organized as follows. Section 2 describes the model and the basic
notation. Section 3 is devoted to the central result of the paper (Theorem 6). Section 4
introduces the VL game and proves Theorem 2, which enables us to improve on the
results of Ma (1998). Section 5 is devoted to the class of an economy with two agents
and three goods and to proving our central result (Theorem 3) characterizing the
existence of equilibrium in this class.Also demonstrated are other interesting results.

2 The model

Consider an exchange economy E = {M, N, {V;, w}jeas} that consists of indivis-
ible goodsi € N = {1,...,n} and agents j € M = {1,...,m}, m > 1, who possess
an initial endowment (w?) of perfectly divisible money and whose preferences are
expressed by reservation value functions V; : P (N) — R (where P (Z) is the set of
all subsets of any set Z), where V;(T) is the greatest sum of money that agent j is
willing to pay for the bundle 7. We assume Vj € M, that V;(0) = 0, V; is monotone
(i.e., T C U, and thus, V;(T) < V;(U)), that w? > V;(N), and that the utility func-
tions U; are quasi-linear with respect to money. If agentj has a bundle 7 and money
wj, then

U; = Uj(T,U)j) = ‘/J(T) +w; VI'C N,Vje M.

Note that we use A C B when A C B and A # B. A feasible allocation is a set
of m bundles of goods S = (S1,...,Sm,) such that S; NS, =0 Vj, k€ M and
UjemS; = N. Note that S; may be empty (agent j receives no goods). The social
value of a feasible allocation S is V' (S) = X V;(S;), and a feasible allocation S
is efficient if it maximizes 7V, i.e., if

MI=V(S)>V(S)

for every feasible allocation S. We can think of M[ as the maximum indivisible utility
that can be achieved in the economy. Since the set of allocations is finite, at least one
efficient allocation exists.

Goods are sold in the market at prices p; > 0, expressed in units of money. The
demand correspondence of agent j is

Dj(p) ={T" € N | V;(T") = p(T") = V;(T) —p(T) VT C N},
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wherep = (p1, ..., pn) and p(T) = X;erp; (ingeneral,ifz € R*andT C {1, ..., 2},
we denote x (T') = >, ;). Given a price vector p € IR", D;(p) is the set of all
bundles that maximizes consumer agent j ’s surplus, e; = V;(T;) — p(T;). Note that
since

Vi(T*) — p(T*) > V;(0) — p(@) =0

V;(T*) > p(T*). Hence, the assumption w? > V;(N') and the monotonicity of V;
together guarantee that agent j has enough money to buy any bundle in their demand
set.

Definition 1 A competitive equilibrium for E is a pair (p, S) such that p € R,
S = (S1,...,Sm) is a feasible allocation and S; € D;(p) Vj € M. The vector p is
therefore an equilibrium price and S is an equilibrium allocation supported by p.

The precise quantities of the initial endowments of money are irrelevant to the exis-
tence of equilibrium because Definition 1 neither explicitly nor implicitly mentions
endowments. This is a consequence of the assumption that each agent initially has
sufficient money to buy any basket of goods, and this, in turn, allows us to define
the demand sets without reference to budgetary limitations. Note that the economy
is specified for our purposes by its valuation functions {V;} ;e s, which (abusing the
language somewhat) we will sometimes refer to as utility functions. For an economy
E = {M,N,{V;};em}, Bikhchandani and Mamer (1997) show that every equilib-
rium allocation is efficient and also that, if a price vector supports one efficient alloca-
tion, then it supports all efficient allocations.

3 The main theorem

In this part we first state and prove the central result of this work, namely, Theorem
1. The novelty of our approach consists in determining the existence of equilibrium
from the point of view of excesses. Our condition requires the existence of a vector
of excesses 7 such that a certain associated cooperative set V,. has a non-empty core.
This simple idea will give us sufficient room to work with, as we will see throughout
the paper. We begin by setting out specific notations and definitions.

For an economy E = {M,N,{V;}jem} and r = (r1,...,r) € R, we let
7=, rjand we define

) MI—F f T'=N
14 (T):{ maneJif{V}(T)*rj} ;{t TCN

In general, the functions V" are unconventional games in the sense that the image of
some coalitions may be negative and they may not be weakly increasing functions.
Nonetheless, we can define their core and work with this concept. The core of a func-
tion W from P (N) in R is
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C(W) = {(21,,20) € R" | (2(T) = W(T)VT C N) A (2(N) = W(N))}.

We are now in a position to state and prove the main result of this work.

Theorem 1 An economy E = {M, N, V'} has competitive equilibrium if and only if
there exists v = (11, ..., m) € IR such that

Proof (IF) Let r = (r1,...,7,) be a vector in IR verifying a) and b), and let
p = (p1, ..., pn) be a vector in C (V). We now prove that p is an equilibrium price.
We know that p verifies

p(N)=V"(N)=MI -7 (1
andVI C N,
p(T) = V' (T) = max {V; (T) —r;} )

In particular, if S = (S1, ..., Si) is an efficient allocation, then Vj € M,
p(S;) =2 V"(S;) = V;(S;) — 5. ©)
Summing Eq. (3) over j, and considering Eq. (1),
YiLp(S;) = 2L, Vi(S;) — 7 = MI — 7 =p(N).
However, as S is a feasible allocation, N =U;enS;, and we verify that
Y1 1p(S;) = p(N). Thus, X7 ,p(S;) = XL, V;(S;) — 7, which, along with Eq.
(3), implies that V5 € M, p(S;) = V;(S;) —rj, i.e.
rj = V;j(S;) = p(5))- )
Taking Eq. (2), Vj € M,VT C N, we verify that
rj = Vi(T) = p(T) ©)
and for 7' = N, from a) we have
F—r; <MI—-V;(N) VjeM
From Eq. (1) we obtain

MI—p(N)=r7

Summing the two last expressions, we obtain
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rj = Vj(N) = p(N)

Together, Egs. (4) and (5) imply that Vj € M, S; belongs to the demand set of agent
j . To prove that (p, S) is a competitive equilibrium we must prove that p is a valid
price vector, i.e., p; > 0Vi € N.

However, we first analyse a very particular case. Suppose that m = 2 and
S = (1, N\i); in this case M = V; (i) + V5 (N\¢), and, based on a),

T1+T2—T2§MI—V2(N)

Hence

1 < Vi (i) + V2 (N\i) — V2 (N)
= Vi (i) —r1 > V2 (N) = Va2 (N\i) > 0

and,asp € C(V"),

pi = V7 (i) = Vi (i) =1 = 0.

Note that in all other cases, since S is an efficient allocation, foreach+ € N, 3j € M
such that i ¢ S;, (S; U {i} # N), according to Eq. (5),

rj 2 Vi(S;U{i}) —p (S5 U{i}) = V;(S; U{i}) — p(S;) — ps
Therefore, given Eq. (4) and given that V; is weakly increasing,

pi > Vi(S; U{i}) = p(S;) —rj = V;(S; U{i}) =V (5;) = 0

This proves that p; > 0 Vi € N, and hence, (p, S) is a competitive equilibrium.
(ONLY IF) Let S = (54, ..., Sm) be an equilibrium allocation supported by a
price vector p = (p1, ..., pn) ; hence, Sis efficientand M I = Z;”:l V; (S;) . For each

j € M, we take r; = V; (S;) — p(S;), and obtain 7 =>""  r; = MI —p(N).
We see that p € C' (V"), and it is clear that

Hence, the first core condition is satisfied. As each S; € D; (p) that we have for each
TCN,

rj = Vi () =p(8;) 2 V; (T) —p(T) VjeM, (6)

then
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p(T)>V;(T)—r; VjeM VT CN

p(T) = max (V; (T) = ;) = V' (T) ¥T N

and p also verifies the second core condition, proving b). From Eq. 6, foreach j € M,
we have r; > V; (N) —p(N) (or —r; < =V; (N) +p(N))and 7 = MI — p(N).
Hence, summing up,

F—r; <MI—V;(N) VjeM

which proves a) and so the proof is complete. O
The following example, already explored in Example 1 in Ma (1998), shows the

greater effectiveness and clarity of our Theorem 1 in determining the existence of

equilibrium.

Example 1 For each «aj,as € [0,3], and as € [0,1], we consider the economy

E = (M, N, (V1,Vs)) where

1 2 3 12 13 23 123
1% 4 4 44+ oy 74+ ag 7 7 9
Vi A+ay 4 4 7 7 T+as 9

It is clear that MI =11+ max{ay,as,a3}. Let us first assume that
o1 = max {1, ag, az} and apply Theorem 1. We thus have

1 2 3 12 13 23 123
Vi—ri 4—m 4—r 44+ —7r 7T+az—r1 7T—ry T—7 9—r
VQ—’/‘Q 4+052—7‘2 4*7"2 4*7’2 777"2 777"2 7+OZ377‘2 977"2

The game V{;., ,.,) is given by
1 2 3

Virire) 4+ max{—ry,as — 72} 4+ max{—ry,—re} 4+ max{ag — 71,72}

12 13 23 123
7+ max {az —r1,—re} 7+ max{—ry,—re} 74+ max{-r,a3—re} 11+ a1—r; — 19

Two necessary conditions for C' (V{,, ,,)) # @ are

‘/(7"177“2) (3> + ‘/(ﬁ,Tz) (12) < VY(Tl,Tz) (123>
= 4d+a1—1T1+7+az3—r <1ll4+a; —1r1 —79 (7)
= a3 <11 — T2

and

V(m,rz) (1) + V(rl.rz) (23) < V(n,rz) (123) = 4d4+ay—ro+T+az—ro<1l4+a;—1r1 —172
—r1—ro<ap —ay— Qs

®)

Hence,
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az <1 —rg <o —ay—ag
Consequently, if a3 = max {«1, ag, @3}, a necessary condition for equilibrium to
exist is

2043 < a1 — Q.

If we now consider

rm=14+a —a3
T2:1—|—O[2

itis easy to verify that we comply with the conditions of Theorem 1 and, hence, equilib-
rium exists. Based on symmetry, the result is analogous when cs = max {«a, a2, as},
in which case a necessary condition for equilibrium is

2053 S Qo —

Furthermore, taking

r1:1+a1
T2:1—|—O[2—O[3

we derive that, in this case, equilibrium also exists when the necessary condition is
verified.

The last case we consider is a3 = max {ay, @, a3} . Applying the same neces-
sary conditions as in Egs.(7) and (8), we obtain

a;p <1 —rg < —aa

which is only possible if «; = as = 0. Again taking r; = 9 = 1 — a3, Theorem 1
guarantees equilibrium in that economy. In sum, for a1, s € [0, 3] and as € [0, 1],
there is equilibrium in the economy if and only if

203 < |y — ag| or a3 = e = 0.

Remark 1 Note that, to analyse the existence of equilibrium, application of Theorem
1 is generally simpler than the method proposed in Ma(1988), since in Ma’s work it
is necessary to study the core of a game of n+m players, whereas Theorem 1 relies on
games of only n players. Obviously the difference becomes more noticeable for large
values of m and n. Further comments on this matter are made in Remark 2.
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4 A theoretical application

Ma (1998) associates each economy with indivisibles E = (M, N, V') with a coop-
erative game of n 4+ m players, and then shows that the economy has equilibrium if
and only if the associated game has a non-empty core. Here, our aim is to find a coop-
erative game with properties similar to those in Ma (1998) but considerably simpler.
We begin by defining both games: that considered in Ma (1998) is denoted VM, and
that introduced here is denoted VL.

ForTy; C N and T, C M, T; of cardinal ¢2, we define Pr, (T7) as the set of parti-
tions of 17 of t3 elements

IDT2 (Tl) = {K = (Kl, ...,Kt2) /KJ ﬂKk =g Vj,k‘ € T27UjeT2Kj = Tl}

ForaneconomyE = {M, N,V}andforeachT =Ty UTb, C NUM,o 4T, C N,
and @ # Ty C M, we define

B MI if T=NUM
VL(T>—{maxj€T21/j(T1) if TCNUM
VM (T) = max Y V;(K;)

KePp, (T
€Pry ( 1)],€T2

Of course, if 71 = @ or Ty, = & , then the value of both games is 0. Note that, in both
games, the utility that can be guaranteed by a grand coalition is MI. The game VL
represents, for each ' C N U M, the best use that one agent in 75 can make of 77,
and the game VM represents the optimal way to distribute the goods in 77 between
the agents in 75. We are now in a position to state and prove the corresponding cen-
tral result.

Theorem 2 An economy E = {M, N, V'} has competitive equilibrium if and only if
C (VL) # .

Proof (ONLY IF) Taking into account that VL (T) < VM (T) VT € N UM and
VL(NUM)=VM (NUM)=MI, it is obvious that C (VM) C C(VL). If
competitive equilibrium exists in E, by Theorem 1 in Ma (1998), we know that
C (VM) # @. As a consequence C (VL) # &, which proves the first implication.

(IF) Letting  ((p1,..s0n), (71, 7m)) € C(VL), we  set
p=(DP1,-sPn), 7= (T1,.ey ). Taking into account that
VL(MUN)=MI=3" pi+3 " rj=p(N)+7, wehave

VLINU{j})=V;(N)<p(N)+r;VjeM
p(N)+7=MI

Summing we have
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F—r; <MI—V;(N)VjeM

Hence, r verifies part a) of Theorem 1. We also can prove that r verifies part b) since

(P10 n) (11, 7m)) € C (VL) =
VL T1UT2) XV T1)<p(T1)+7"(T2) VT1UT2§NUM:>

VL(Tlu{j}) ](Tl)<p(T1)+’l"] VTICN VI]EM:>
Vi (1) —r; < p(T1) VI, C N, ¥j € M —

max (V; (T1) —rj) <p(T1) VL E N =

jen

peC (V")

Hence, r verifies Theorem 1 a) and b) both, and, as a consequence, the economy
E = {M, N, V} has competitive equilibrium. O

Remark 2 Note that VL is a much simpler game than VM. Looking again at Example
1, to calculate VM, it is necessary, for each S C N, to calculate VM (S, j, k), which
is the optimal use that {4, £} can jointly make of the goods in S; for VL this calcu-
lation is not necessary. Of course, the difference in efficiency between the games
becomes more noticeable as we increase the number of goods and agents. Actually,
Theorem 1 can be seen as a simplification of the study of the VL core, and VL as a
simplification of VM.

5 A particular case

From now on we focus on games with two players, m = 2, M = {1,2}, and three
goods, n = 3, N = {1, 2, 3}. Although the context is very particular and the exten-
sion to more goods and players does not seem easy, we consider that the characteriza-
tion given in Theorem 3 and the conclusions that follow from it are of interest, among
other things because they exclude many results for more general cases. For example,
in this context we prove that equilibrium is more likely with complementary goods
than with substitute goods. While at the moment we do not know if the result can be
extended, it is clear that the opposite result cannot occur in the general case.

5.1 The theorem
To prove the corresponding main result, we start by providing a number of defini-

tions. The set of all partitions of N = {1,2,3} of ¢ elements, with t = 1,2, 3, is
defined as

P = {(51,...,St)/5j CN, Sj NSy =9 VjkeM, UjeMSj ZN}

The utility functions of the agents are defined as
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V;:P(N) > Ry j=1,2

The values of a series of constants associated with the economy are defined as

MI= max  (Vi(S1)+Va(52)

Vi = max {Vi(i)+Vi(j)+ Va(k)}

(1,5,k)EPs

Vige = max {Vi(i)+Va(j) + Va (k)}
(4,5,k)€Ps

Viip = max {Vi(ij) + Vi (jk) + V2 (ik)}
(’L)JJC)EP?»

Vise = max  {Vi(ij) + Va (jk) + Va (ik)}
(4,4,k)EP3

Vil = Vi (12) + Vi (13) + V1 (23)
Ving = Vo (12) + Vo (13) + V5 (23)

Vip = (hax Vi (i) + V1 (Jk)}

Voo = Vo (2 Vo (7K
22 (i’?}ﬁgpz{ 2 (i) + Va2 (jk)}

Also defined are
T1 =max {0, Vit — MI}
zy =min {2M1 — Vi5y, MI — V5 (N)}
Y1 =max {0, Vll22 — MI}
y2 =min {2M1 — V{3, MI—V; (N)}

Finally, for j = 1,2 we define

aj =MT —Vj;

by =MI —V; (1) = V;(2) - V; (3)

¢ =2MT —V; (12) ~ V; (28) — V; (13)
We are now in a position to state the main result of this part.

Theorem 3 Let E be a two-agent three-good economy. The economy has equilibrium
if and only if one of the following conditions holds:

1 — b . T+ ¢
a) z1 < x9, rnax{yhxlfag,Q:L'lch, 12 2} SIII]Il{yQ,CL'1+a1,2.'L‘1+b1, 12 1}

y1— b
2

Y1+ c2
2

b) y1 <y, max {JL‘hyl*al, ,2y17c1} < min {$27y1+02, ,2y1+b2}

@ Springer



1 Page 12 of 22 L. M. Naya

Proof See Appendix. i
5.2 Applications

Of course, results for the existence of equilibrium in situations more general than
the two-agent three-good scenario are also valid here, and all of them are immediate
consequences of our Theorem 3. Below we explore in more detail what our result
yields in specific contexts.

5.2.1 Convexity, concavity, and gross substitutes

In Méndez-Naya and Méndez-Naya (2025) it is proved that, if all agents have the
same quasi-symmetric and concave utility function, then equilibrium exists. This
result, in our particular case, is an immediate consequence of Theorem 3. Further-
more, in Méndez-Naya and Méndez-Naya (2024) it is proved that a two-agent econ-
omy in which the utility functions are convex always has equilibrium, and again, for
n = 3, this result is an immediate consequence of Theorem 3.

Even in our particular context, it is known Bikhchandani and Mamer (1997) that
the utility concavity condition is not sufficient to guarantee the existence of equilib-
rium. By means of a simple numerical simulation and making use of our Theorem 3,
we can verify that, if the utility functions of our economy V; and V5 are concave, then
the probability of equilibrium is very high — approximately 0.993. This amounts to
saying that examples are very rare of markets with concave utility functions that do
not have equilibrium. If we want to guarantee the existence of equilibrium we have
to resort to gross substitutability. Using the characterization of this property as given
in Fujishige and Yang (2003), it is easy to see that for n = 3, V' verifies gross substi-
tutability if and only if ¥ is concave and there exists a re-enumeration {,j, k} = N
such that

V(ij) +V (k) =V (ik) + V (§) 2 V (k) + V (i) )

Obviously, the probability of equality in Eq. (9) is zero, i.e., within the concave func-
tions, those verifying gross substitutability are practically negligible.

Remark 3 Even though it is true, in our case at least, that gross substitutability is
a sufficient condition for the existence of equilibrium, contrary to what is usually
believed, gross substitutability is very far from being a necessary condition; indeed,
not even the much weaker condition of concavity is a necessary condition.
5.2.2 Superadditivity
Let us look now at superadditive functions, which are those that verify that

V(A +V(B)<V(AUB) VALBCN, ANB=9g

When the inequality is in the opposite direction, the function is called subadditive.
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Proposition 1 Let E be a two-agent three-good economy such that V; and Vs are
superadditive. The economy has equilibrium if and only if

2M12maX{V1212,V1222}
{ 3MIZV2§22+V1(N)
2MT > Viyy
or
{ 3MIZV1§11+V2(N)
2MT 2> Vo

Proof See Appendix. i

Note that, if the market is superadditive, it is normal that the equilibrium condi-
tions occur in “large” coalitions. In Proposition 1, the values of single component
baskets do not appear explicitly (only implicitly when monotonic and superadditive).
This is natural, given superadditivity, and also Proposition 2 of Bikhchandani and
Mamer (1997), which seeks for M[ to be as large as possible.

Onthe other hand, in view of Proposition 1, and giventhat M1 > V; (N), j =1, 2,
a sufficient condition for a superadditive market to have equilibrium is

2M I > max {V12227 V1212a V12117 V2222} (10)

This condition is almost necessary, in the sense that the only possibility with equilib-
rium that does not verify the condition is when, for some j # k,

2
V2 >2MI

and

3MI > VJQM + Vi (V)
Using Proposition 1 and implementing a simple numerical simulation, the probabil-

ity that Eq. (10) is not a necessary condition for the existence of equilibrium is very
small, i.e., 0.024.

5.2.3 Complementarity versus substitutability

In a given economy, goods are complementary when utility functions are superaddi-
tive, and are substitutes when utility functions are subadditive. For the case of two
agents and convex utility functions (hence, superadditive), there is always equilib-
rium, but this is not the case for concave utility functions (hence, subadditive). This
fact may lead one to think that equilibrium is more likely with complementary goods
than with substitute goods. However, here we not only prove that this is true, but also
quantify the corresponding probabilities. The problem is delicate because there are
”more” superadditive functions than subadditive functions. In view of Proposition 1
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it is clear that, if the utility functions of a market with equilibrium are superadditive,
then we can indefinitely increase the value of the basket of all goods, N (at least for
one agent), with the utility functions remaining superadditive and the market continu-
ing to have equilibrium. This fact notoriously distorts the probability of the existence
of equilibrium in this case, which obviously does not happen for the subadditive case.
Our way of implementing the numerical simulation takes this issue into account and,
to some extent, resolves it. Our two-agent three-good economy is represented as

1 2 3 12 13 23 123
Vi a1 a2 a3 a1 taz+aiz2 art+az+aiz az+azt+as a1 +a2+ a3+ aies
Vo B1 B2 Bs Br+Pa+Bi2 Pr1+B3+P1s Po+ B3+ P2z P14 P2+ B3+ Pies

It is clear that, if the constants «;, 3; are positive, then V7 and V5 are superadditive
if and only if

0 < aj < a3
0 < Bij < Bias

and are subadditive if and only if

0> aj > a3
0> Bij > P23

We now use numerical simulation to determine whether equilibrium is more
or less likely to exist in the case of complementarity or of substitutability.
We first randomly simulate the constants a1, as,as, 1,082,583 in an interval
(0, 7), where the value of T is irrelevant. We then randomly simulate the val-
ues of ayj, 3;; such that all are negative and the utility functions are monotonic.
With these values for a;;, 8;5, in the same way we simulate ajp3 and (323, i.€.,
o123 <min{ey;/i,j € N}, Bi2s < min{f;;/i,j € N} such that V1, V; are mono-
tonic. The outcome, thus, is a pair of monotone and subadditive functions. To this pair
of functions we associate the obtained superadditive functions by simply changing
the signs of o, B, a123, B123. We now examine whether or not the pair of subad-
ditive functions and the pair of superadditive functions have equilibrium. Repeat-
ing this process 20000 times, we obtain equilibrium probabilities for a subadditive
economy and a superadditive economy of 0.962 and of 0.982, respectively. These
data confirm our suspicion.

Remark 4 While equilibrium is more likely with complementary goods than with
substitute goods, the difference in probabilities is very small.

6 Concluding remarks

In this paper several significant contributions are made to the literature on economies

with indivisibles. Our central result, Theorem 1, can be considered an alternative to
the Bikhchandani and Mamer (1997) theorem widely cited in the literature. While an
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alternative approach in itself is meritorious, Theorem 1 is also essential to proving
the remaining interesting results of our paper. As to whether Theorem 1 improves on
Bikhchandani and Mamer, it is true that to apply our theorem one must search for the
vector 7, and it is no less true that determining whether a cooperative set has an empty
core requires proving that no balanced collection has a value greater than V' (V). To
apply the result of Bikhchandani and Mamer, however, an analogous proof is neces-
sary for a very much larger set of all divisible allocations.

Another contribution — from Sect. 4 on the theoretical application of Theorem 1 —
is that we prove Theorem 2. This proof significantly improves on the result given in
Ma (1998), as we characterize the existence of equilibrium by a much more tractable
cooperative game.

Finally, in characterizing, from Theorem 3, the existence of equilibrium in two-
agent three-good economies, we obtain a number of interesting results. While it is
true that the context is very particular, it is no less true that a characterization such as
that of Theorem 3 is tremendously useful, especially for the purpose of contrasting
properties that can then be extended to more general contexts. This will be the goal
of future research.

One could consider extending Theorem 3 to four or more goods, but such an
extension would not be simple. Just as the step from n = 3 to n = 4 in terms of the
number of conditions to be verified is frankly large, we believe that, if we tried to
extend Theorem 3, something analogous would result from calculating the core of the
cooperative game Shapley (1967).

Numerical simulations based on Theorem 3 suggest an interesting way of working
with many mathematical properties. When we write A implies B but B does not imply
A, to what extent can we numerically quantify this non-implication? In other words,
how likely is it that B occurs but not A? How far is B from being a sufficient condi-
tion for A? Gross substitution, for instance, is a sufficient property for equilibrium
to exist but, as we see here, in our particular context it is certainly far from being a
necessary condition.

Appendix

Preparing Theorem 3

The following lemma expresses the existence condition given in Theorem 1 in a more
manageable form for proving Theorem 3.

Lemma 1 Let E be a two-agent three-good economy. ¥ has equilibrium if and only if
a vector (z.,y.) € IR? exists, verifying that
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.,e—l LeTC
e)T 2)2 SyeST—Qi-('l

Proof As is well known (see Shapley (1967)), for a three-agent cooperative game

WP(N)—)B_A,_

the properties

(2) + W (3) < W (123)
) 23) for any ({i}, {r, s}) partition of N (11)
(23) < 2W (123).

are equivalent to a non-empty core of W. The proof of the lemma is reduced to a
rewriting of the properties of Eq. (11) for the cooperative game V" = V,_,. ) of
Theorem 1, taking into account the different possibilities for maxima to be reached in
the definition of this game. For example

‘/(me,ye) (1) + V(a:e,ye) (23) < V(a:e,ye) (123) max {Vl (1) — Te, V2 (1) - ye}

12
+max {V7 (23) — x, V2 (23) —ye} < MI — ze — ye (12)

Taking into account that

Vi(1) + Vo (23) < MI

V(1) + Vi (28) < MI

Eq. (12) is equivalent to

V1(1)+‘/1<23>SMI+$e_ye<:>yeSxe‘i‘MI_‘/l(l)_Vl(Q?’)
‘/2(1)+V2(23)SMI+yefxe<:>ye2$6+V2(1)+V2(23)7MI

Repeating the process for partitions ({2} ,{13}) and ({3}, {12}), we obtain the six
conditions equivalent to

€)Te — a2 < Ye < Te + a1

The remainder of the proof is implemented in the same way. O

Note that Lemma 1 yields a characterization of the existence of equilibrium
that is not very applicable in practice. The logical question is: when does such
(7e,ye) € IR? exist? In fact, to answer this question we would have to represent
in IR? all the inequalities given in Lemma 1. We would thus obtain the points of a
rectangle (as given by the limits of variation of x and y ) intersecting with the (pos-
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sibly empty) surface between two lines of slope 2, between two lines of slope 1, and
between two lines of slope %

Theorem 3 is an efficient and rapid method to determine whether or not the inter-
section is empty. In fact, what this theorem guarantees is that, if that intersection
in IR? is non-empty, then there is an element of either the form (zy,y) or the form
(x,y2) in that intersection. Note that both conditions are immediately verified. This
theorem, which transforms an ”infinite search” into the verification of a few inequali-
ties, represents a simple means of checking whether or not an economy of the cor-
responding characteristics has equilibrium. Obviously, on knowing an equilibrium
excess” (Ze, Ye ), calculating equilibrium prices is reduced to calculating the elements
of the corresponding game core.

Proofs

Proof of Theorem 3:
(IF) Let us suppose that a) is verified. It is clear, taking

_ 1 — by

Yy = max {yl,xl — az, 21‘1 — Ca, 2}
that (x1,y) would be excesses verifying all the conditions of Lemma 1, and con-
sequently, there would be equilibrium. The proof for part b) is analogous, and this
proves the (IF) part.

(ONLY IF) Suppose now that the economy has equilibrium. Lemma 1 guarantees

that there are (z.,y.) verifying the five conditions of the statement. It is therefore
verified that

71 <we < T23 Y1 < Ye < Y2 (13)

Te + C1

} <y, gmin{yQ,IchahQIeﬂLbh B } (14)

:L'esz

max {yhxe — az,2x, — C2,

Ye + C2

2 72ye+b2} (15)

e—b
max {mlvye —ar, y‘2717 21/6 - Cl} <z, < min {-7"27 Ye + a2,
We demonstrate by reductio ad absurdum. Let us suppose that neither a) nor b) in the
statement is verified. In that case, Eq. (13) implies, of necessity, that

r1—b T1+c1

2}>min{yg,z1 + aq, 2z + by, } (16)

max {ylaxl — ag, 271 — c2,

+ co
2

—b )
max {m,yl —az, ?/17172311 - 01} > min {1’2,3/1 + az, 21 +b2} (17)

It is simple to prove that, since the four functions (thought of as functions of x )
for which the maximum is taken are linear, then the maximum function of the four
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is always convex (as x increases, the maximum must be reached in function of the
greater slope). For analogous reasons, the minimum function is always concave.
Hence, the only possibility for Egs. (14) and (16) to be verified simultaneously is
that, in = x7, the maximum is reached in function of a smaller slope than that in
which the minimum is reached. In other words, the only possibilities to consider are

max min
; +
Z) Y1 11261
i) Y1 T1+ a1
217 U1 2x1 + by
] BN

’U) 7‘1’1;172 21’1 + bl
vi x1 —ag | 2z1 + by
vit) | 21 — ¢ —

v1i1) — Y2

)
)
)

The option vii) cannot be given, since, as already said, if

1 — bo

T+ c
} = 2x1 — co > min {yz,ml + ay,2x1 + by, ! 1}

max {thl — ag,2x1 — Cq, 3

then Vx > x; we would have

— by

xr+c
}:2:5—02>min{y2,x+a1,2w+b1, 2 1}

x
max {yh T — ag,2x — Ca,
since the slope of the minimum function is always less than or equal to 2, and so
Eq. (14) could never be verified. In an analogous way, neither can viii), vi), and v)
be given. Furthermore, reasoning in a similar way for condition b) of the statement,
we obtain that the maxima and minima for Egs. (16) and (17) can only be attained at

max min max min
: T1+c - yi1Feca
Z) yl 1 2 L 7/) X1

2
(16) i7) Y1 T+ a (17) i7) T Y1+ ao
ZZ’L) Y1 2%1 + b1 100 X1 2y1 + bg
) ks Y1+ az

~

)
) | 52| mita iv) —ylgbl

The rest of the proof is reduced to demonstrating that none of the 16 possible combi-
nations from the two tables above can occur.
1. Case i), i). In this case we have

T+
2
Y1+ 2
>7
2

Y1 >

x

@ Springer



Competitive equilibrium and indivisibles Page 190f22 11

Hence

T+ %—Fcl
2 2

Y1 >

In other words

3y1 > 2¢1 + ¢

from where

3y > AMI — 2V (12) — 2V; (13) — 2V4 (23) + 2M 1 — V3 (12) — Va (13) — V3 (23)
If y; = 0 we obtain

1 1 1 1 1 1
MI < GVi(12) + Vi (13) + 5 Vi (23) + £ V2 (12) + V2 (12) + (V2 (12)

which would give us a valid divisible allocation with a value greater than the optimal
indivisible allocation (MI). However, according to Proposition 2 of Bikhchandani
and Mamer (1997) this cannot be, since we know that the economy has equilibrium.
If

h = V1122 - MI

we obtain
3Vihy — 3MT > AMI — 2V; (12) — 2V; (13) — 2V4 (23) + 2M T — Vi (12) — Va (13) — V5 (23)
IMI < 2V; (12) +2V4 (13) 4 2V4 (23) + Va2 (12) + V2 (13) + V2 (23) + 3VA (1) + 3V2 (j) + 3V2 (k)
MI < 2V; (12) + 3V4 (13) + 2V4 (23) + $ VR (12) + §Va (13) + §V2 (23) + 3V4 (i) + 3 V2 () + 2Va (k)

Therefore, as before, we would obtain a valid divisible allocation with a value
greater than M1, which we already know cannot be. Similar arguments prove that
none of the remaining 15 cases can be given either. This completes the proof. O

Proof of Proposition 1:

Supposing that, in our economy, V; and V5 are superadditive, then it is immediate
to verify that

xr1 = anl :07a1 Z 07a2 Z O7b1 Z 07b2 Z 0
and the two conditions of Theorem 3 we are left with are

a)0 < z9, max {0, —ca} < min {y%ahbl, %1}

b) 0 < y2, max {0, —¢1 } < min {$27a27b27 %2}

Taking into account that M1 > V5 (N), we always have
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and analogously
0<yse2MI >V,
On the other hand,

oy <y d AMI 2 V5 (12) + V3 (13) + V3 (23) + Vi,
2= 3MI > V3 (12) + V3 (13) + V5 (23) + V4 (N)

but for some i, j, k

Va (12) 4 Vo (13) + V5 (23) + V2, = Vo (12) + Vi (13) 4 Vo (23) + V4 (i) + V4 (ik) + Va (jk)
< V3, + Vi, <2MI +2MI = 4MT

As a consequence

—ca Sy & 3MI > V5 (12) + V2 (13) + V2 (23) + Vi (N)

In addition —co2 < a1, because for some i, j, k

3MI > Vo (12) + Vo (13) + Vo (23) + V4 (i) + Vi (k) <
3MI > Vi (k) + Va2 (i) + V2 (ik) + V2 (jk) + Vi (i)

That is always true because

Vi (k) + Va (if) < MI
Va (ik) + Va (jk) + Vi (i) < Vipp < 2MT

In the same way it can be proved that —co < by and —co < % Hence, the only con-
dition that we must include to verify

c
max {0, —c2} < min {927 ar, br, 51}

is that ¢; > 0. Making the same arguments for part b) of Theorem 3, equilibrium is
verified to exist if and only if
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2M1I > V3,
3MI > V5 (12) + V2 (13) + V2 (23) + V4 (N)
2MI > Vy (12) + Vi (13) + V4 (23)
or
3MI > Vy (12) 4+ V4 (13) + V4 (23) 4+ V2 (N)
2MI > Vy (12) 4 Vo (13) + V5 (23)
That is to say
2M1T > max {V1212, ‘/1222}
3MI > Vip + Vi (N)
2MT > Vi,
or
{ SMT > ‘/1211 + V2 (N)
2MI > Vi
This completes the proof. O
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