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Topological materials (TMs) are a special class of quantum materials which include
Topological Insulators (TIs), Chern Insulators (Cls), Weyl Semimetals, Topological Su-
perconductors and Magnetic Topological Insulators (MTIs). Their non-trivial topology,
which differs from the trivial one of conventional systems, give these systems singular ther-
moelectric and magnetoelectric transport properties. These properties are not only rich
from the physical point of view but they can be technologically beneficial for different ap-
plications being used as thermoelectrics, transistors, spintronic devices, superconductors,
etc. Certainly, the origin of this thesis lies in the study of the thermoelectric properties
of topological insulators, currently the best thermoelectric materials. Our perspective
was theoretical from the beginning given the lack of a microscopic theory in the liter-
ature which answers why these systems have such an efficient thermoelectric response,
represented by their well known experimental figure of merit. This leads us to explore
other effects and interactions such as the electron-phonon coupling, thermal excitations,
and other orbital magnetic effects and phenomena which are a consequence of their non-
trivial topology and shall be developed in the following chapters of this thesis. We also
give a new interpretation to the physics of these systems by introducing the figure of a
topological intrinsic field which is derived from the Berry curvature defined in the non-
trivial topological bands of these materials.

In Chapter 0 we examine the fundamental aspects of the Dirac Hamiltonian in re-
lation to the topology and solid state physics. This preliminary chapter tries to give a
pedagogical connection between the Berry phase effects and the Dirac Hamiltonian, which
is the starting point to study the physics of topological insulators as well as other topolog-
ical materials. Besides reviewing some of the basic properties of T1Is in several space-time
dimensions, introducing the effective Hamiltonian for 2D and 3D TIs and their associ-
ated effective actions, the concepts developed constitute the basis of this study of the
thermoelectricity, orbital dynamics and axion electrodynamics in these materials. Re-
curring concepts along this thesis such as the Dirac Hamiltonian, the Berry curvature
and its field interpretation, the helical nature of the edge states, time-reversal symmetry,
the topological Chern-Simons action and the axion electrodynamics are addressed in this
chapter.

In Chapter 1 we explore the physics of thermoelectricity in Topological Insulators.
This study defined our first scientific article and provides a new quantum approach to the
thermoelectric phenomenon in TMs, which gives a formula for the topological Seebeck
coefficient and figure of merit quite close to the experimental value for BisTes. First, we
put this formalism into the proper mathematical context of these materials by making a
direct identification between the different topological branches that can be defined from
the Riemann-Hurwitz formula and the topological invariant Chern number. Degenerate
energy levels have several states per a given eigenvalue and therefore the Berry connection
and the Berry curvature become unitary non-Abelian matrix-valued. At room temper-
ature, these are the most realistic quantum fundamental states that we have considered
for those topological materials. Thus, within a Yang-Mills formalism, we calculated the
gauge transformations of the Chern-Simons action and by using thermal quantum field
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theory we reached an expression for the electric field £ and potential V' generated in
TIs when a temperature gradient is applied. These expressions only employ the temper-
ature T" and the topological index p among other natural constants, so they are easily
translated to give an expression for the topological Seebeck coefficient. Remarkably, we
identify two contributions to the thermoelectric phenomenon. One addressed directly to
the diffusion when the electrons are within a topological band with topological index g,
which corresponds to a topological mass for the electromagnetic fields, and the other to
the jump between topological branches when the temperature is enough to excite them.
The topological sectors might be tunnelled assuming that we have instanton solutions,
sharing in a natural form the Euclidean spacetime of the Thermofield Dynamics. This key
coincidence allows us to find a relationship among the electric potential V', the topological
mass 4 and the temperature 7" through a gauge transformation. Therefore, we see how in
these materials the thermodynamic and electromagnetism cannot be independent. In this
scenario, one contribution can be addressed to the creation of electron-hole Schwinger
pairs given that the critical electric F. and magnetic B, fields become experimentally
accessible due to the low Fermi velocity (in relation to the light velocity) which determine
the relativistic dispersion in these systems. Finally, we apply the obtained results in the
surface of a topological insulator, where conducting states are placed, to give a value to
their potential figure of merit. Neglecting contributions from the creation of Schwinger's
pairs, we find that our Seebeck coefficient can be derived from the entropy S using the
Berry phase appearing in the electron’s wave function. Thus, considering the well-known
quantum conductance of the edge states G = ne?/h with n the first Chern number and
calculating the electronic thermal conductivity we give a general formula for the dimen-
sionless figure of merit Z7 in TIs in absence of lattice thermal conductivity. The obtained
formula not only explains why these systems are so good thermoelectrics, it gives a value
of around 2.7 for the lowest topological numbers, but it fits quite well the experimental
result of 2.4 employing BisTes/ShoTes superlattices. Currently, this is the highest value
ever observed and is obtained precisely using topological insulators in an experimental
setup which reduces the contribution of the lattice thermal conductivity as we considered
in our model. This study constituted our first approach to the problem and defined the
route to analyze new interactions and effects in TTs.

Our next step focuses on the introduction of mechanical oscillations in the electron
dynamics in TMs. This study is developed in Chapter 2 and responds to the aim of
including the role of phonons in topological thermoelectricity. Our idea was that in a
strongly coupled spin-orbit system as these materials are, the nucleus oscillation should
induce an effective magnetic field in the surrounding electrons. But additionally, we need
to know how these oscillations are going to affect the topological properties, such as the
Berry curvature, and which consequences have this for the transport. To reach such a goal
we translated the topological information contained in the Abelian Berry curvature into
an effective topological intrinsic field b. It is well-known that the Berry curvature can be
interpreted as a kind of magnetic monopole in the momentum space, one magnetic field
with opposite sign for each band defined in a Dirac Hamiltonian. Taking into account
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that this magnitude is well localized around a singularity, describing a narrow single peak
Gaussian-like function in the momentum space, it is possible to translate it into a nearly
constant magnetic field in the real space. This laborious task is done through Heisen-
berg's uncertainty principle to determine the effective area of the topological electrons.
Therefore, the estimation of b is completed by considering a quantum flux associated to
these electrons which we suppose orbiting around the singularity due to this non-trivial
Berry curvature. We were conscious that most of these concepts are original from this
study and must be tested, as we develop in Chapter 2 and also in Chapter 3. In the same
way, the reader could find surprising when noticing that b corresponds with the quantum-
material version of the Schwinger's critical magnetic field. Nevertheless, all the elements
obtained are demonstrated to be part of an intuitive model that enlarge our study of the
thermoelectricity in TIs and describes a new path to transform heat from the lattice or
external fields into electricity.

To be more specific, we need to know that b is calculated from the Abelian Berry
curvature defined in the bands of a gapped 2x2 Dirac Hamiltonian. This system, which
has broken time-reversal symmetry, constitutes the simplest model of a Chern insulator.
In contrast, a TI has time-reversal symmetry, although in two-dimensions (2D) or for 3DTI
in thin-film conditions its 4x4 Dirac Hamiltonian can be decoupled into two time-reversal
counterpart copies of a 2x2 Dirac Hamiltonian. That is, in presence of time-reversal
symmetry the two Chern species of the TT contribute with an opposite b which takes a
net value zero for the full Hamiltonian. In other words, to test b we need to introduce
an opposite magnetic field B into each Chern species turning the Dirac Hamiltonian into
a Dirac oscillator. Making a perturbative calculation two important consequences are
deduced. First, if we apply an external magnetic field B with the same magnitude of b but
with opposite sign, the Berry curvature falls to zero. That is, our vision of the topological
intrinsic field is correct and well estimated. But what's more, we also demonstrate how
certain oscillations can take part in the electron dynamics in a TI. Of course, these
vibration modes are particular given that they need to have a linear/relativistic dispersion
law with an effective velocity that can be compared with the Fermi velocity of the electrons
and that must not break the time-reversal symmetry of the system. Polar optical phonon
modes in BisTes and BiySez are proposed to fulfil these conditions based on recent studies
although it might be general for other modes based on the fact that the spin-orbit coupling
of these systems could not imply the necessity of having two counter-propagating phonon
modes.

These results are also tested within the special axion electrodynamics of these sys-
tems. The last check of our model associates directly the temperature into the oscillation
frequency. In this way, we found the same result as that the one obtained by using the
Chern-Simons action (Chapter 1). Both formalisms need to be equivalent as one could
imagine. But the consequences and motivation are very different. In the first case, we
calculate directly the topological Seebeck coefficient from the Chern-Simons action using
thermal field theory. Now, we associated directly the temperature with the frequency
using the topological intrinsic field to demonstrate how the lattice oscillations caused
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by the temperature contribute to the thermoelectric effect. The conclusion is that for
some vibration modes in a wide range of frequencies the Seebeck coefficient of the system
remains unalterable while the velocity of the electrons can increase or decrease if their
coupling is coherent or decoherent. So, in summary, we have transformed energy from the
lattice to the electrons which can be technologically favourable for the thermoelectricity
in TIs where the topological states have definite conductivities and Seebeck coefficients
through the topological invariants.

In Chapter 3 we explore with more detail the previous model to analyze the intrinsic
orbital magnetism of TMs. This was motivated by the concept of orbit proposed before
for the topological electrons, which induces us to demonstrate explicitly how a magnetic
field modifies the different transport magnitudes in a non-zero Berry curvature system.
The problem of a charged particle in a magnetic field is well-known in physics but in these
quantum systems described by a Dirac Hamiltonian, we have a new ingredient which is the
Berry curvature that experiments a coupling with the external magnetic field. This led us
to read thoroughly several references in the literature to see how this problem was treated
before. The introduction of a magnetic field in these systems has been analyzed using a
semiclassical Lagrangian formalism and non-relativistic quantum mechanics. However, a
relativistic formalism that starts directly from the Dirac Hamiltonian and gives analytical
expressions for all the magnitudes involved had not been provided. In addition, we observe
that the role of second-order corrections in the magnetic field becomes important at
relatively low magnetic fields due to the small gaps which characterize the TMs in contrast
to what occurs in other physical systems in condensed matter. In the first approach to the
problem, we take the mass of the particle as constant. That is, we considered a gapped
Dirac dispersion and calculated the correction to the system eigenstates in presence of
a perpendicular magnetic field. This implies dealing with spinors, in contrast to what
happens with other non-relativistic formalism, and with gauge dependent corrections
derived from the degrees of freedom that we have when working with SU(N) unitary
groups. Once determined the corrections to the system eigenstates we calculate after some
tedious algebra the different transport magnitudes. Specifically, besides showing how the
Berry curvature is modulated by the external magnetic field we see mathematically and
numerically how the Chern number of the system remains unalterable. Thus, we quantify
how a positive Berry curvature is enhanced by a positive magnetic field or reduced if
we take the magnetic field negative as we postulated through the topological intrinsic
field. In a schematic framework, we can imagine the relativistic electrons orbiting due to
the non-zero Berry curvature, so by applying an external magnetic field we will have a
redefinition of the velocity of the particles, radius, orbital magnetic moment, energy and
density of states associated with the change of the effective field felt by these electrons. All
these elements are calculated analytically up to second-order reaching general expressions
which can be applied to a wide variety of compounds by containing no more ingredients
than the band gap of the system, particle's velocity and magnitude of the magnetic field.
Finally, these magnitudes are used to obtain the free energy of the system and hence the
orbital magnetization and susceptibility in CIs and TIs which are predicted to feature a
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dependence with the external magnetic field. The present study constitutes a method to
study magnetoelectric and thermoelectric transport properties in 2D topological materials
which allows taking into account other interactions in the system in a simple way.

One surprising result that is also found in the literature, is that the zero-field orbital
susceptibility has the same expression for a non-zero Berry curvature system indepen-
dently of whether its topology is trivial or non-trivial. This fact is remarkable given the
differences between the Berry curvature of both regimes. This will be clear in Chapter
3 when we show how the magnetization depends directly on this quantity through the
energy and the density of states. The key point is that we also need to consider the
momentum dependence on the mass term arising from the parabolic behaviour of the
energy spectrum at large momenta. As it is known, this term allows making a topological
distinction which is not possible when considering a pure linear dispersion. Examples
that need this term to define properly the topological invariant Chern number obtained
from the Berry curvature as an integer can be found in the literature. However, this term
is ignored given that most of the studies in the literature focus on graphene-like systems,
which has a linear dispersion. The scenario which arises after introducing it into our
formalism shows clear discrepancies between the orbital magnetic response of a trivial
insulator and a non-trivial one. Thus, while a trivial insulator is predicted to have a
limited response on this parameter, its non-trivial counterpart shows an additional term
in the orbital magnetic susceptibility that can be written in terms of the square of the
quantum magnetic flux. These results are postulated again to connect with the concept
of orbit in TMs and with the effective field b. From the practical point of view, we find
a new route to increase the intrinsic orbital magnetism of TIs and ClIs by enhancing the
parabolic dependence of their spectra. Subsequent studies can be done to extrapolate
similar implications in other thermoelectric and magnetoelectric properties.

In Chapter 4 we carry our research to a different perspective by examining the axion
electrodynamics which TIs need to explain their magnetoelectric properties. The axion
electrodynamics sources as a generalization of the usual electrodynamics including the
interaction of a kind of particles, named axions, with the electromagnetic field through a
scalar field 6(r,t). In physics, this electrodynamics is proposed to be part of dark matter
physics and was originally presented to study the charge-conjugation parity problem in
quantum chromodynamics. However, these particles have been not yet measured and
currently are considered virtual.

In this work, we move away from the usual application of axion electrodynamics
oriented towards magnetoelectricity to analyze a more fundamental perspective. If axions
are involved in the particular physics of TlIs, then, besides producing special electric
polarization and magnetizations when interacting with electric and magnetic fields they
must then give rise to internal fields and pressures that are suitable to be measured. There
is an analogy with another renowned effect in physics, which is the Casimir effect. The
Casimir effect is originated from the quantum fluctuation of the vacuum when two parallel
conductor plates are placed at a short distance. Briefly explained, it appears an attractive
force between the plates associated with the negative energy region created in their inner
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part when the plates cut the photons with lower wavelength. However, in the TIs given
that all surfaces are metallic no photons are expected to penetrate inside them acting
like a Faraday's cage, and the axions are the unique particles that can give the internal
energy. By applying boundary conditions to the scalar field 8(r,t) we find a pressure for
the TIs which is equivalent to the one of Casimir but with a very different origin and
magnitude. Its origin lies in axions instead of photons while the smaller magnitude of this
pressure is due mainly to the Fermi velocity which determines the relativistic framework
in TMs. The theoretical calculations presented can lead to a direct verification of the
axions besides implying a technological advantage when making thin-film based devices.

Overall, the work presented in this thesis aspires to collect a wide variety of original
results for the topological materials which can have important implications into the exper-
imental field besides going further in the singular physics of these materials. Specifically,
we have developed a microscopic formalism for the mechanism of thermoelectricity in TIs
taking into account directly the topological background of these systems and determining
its contribution to the figure of merit. We have introduced the role of phonons into the
relativistic context of these materials describing an original high efficient route for heat-
electricity transformation. We have got an effective interpretation of the Berry curvature
by means of the field b. Additionally, we have carried out a relativistic formalism that
addresses the orbital magnetic response of 2D non-zero Berry curvature systems. We have
demonstrated how the Berry curvature can be modulated by an external magnetic field
introducing it as a dynamical magnitude. In this sense, we have determined the differences
in the orbital magnetic response between topologically trivial and non-trivial insulators.
Finally, we have treated the axion field (r,t) in the context of TIs giving an expression
for the pressure associated with the axions and determining the ingredients needed for
the experimental detection of these particles in TIs. Therefore, these theoretical advances
have a direct application into different phenomena and properties and are sensible to be
generalized to include other interactions and effects.
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Os Materiais Topoloxicos (TMs) son unha clase especial de materiais cuanticos que
incltien os Illantes Topoloxicos (TIs), [llantes Chern (CIs), Semimetais de Weyl, Supercon-
ductores Topoloxicos e Illantes Topoldxicos Magnéticos. A sta topoloxia non trivial, que
difire da trivial dun sistema convencional, outorga a estes sistemas propiedades de trans-
porte termoeléctricas y magnetoeléctricas singulares. Estas propiedades non son soamente
ricas dende o punto de vista fisico senén que poden resultar tecnoléxicamente beneficiosas
para diferentes aplicacions sendo usados como termoeléctricos, transistores, dispositivos
para a espintronica, superconductores, etc. Certamente, a orixe desta tese reside no es-
tudo das propiedades termoeléctricas dos illantes topoldxicos, actualmente os mellores
materiais termoeléctricos. A nosa perspectiva foi tedrica dende o principio motivada pola
ausencia na literatura dunha teoria microscopica que respondese por qué estos sistemas
tenen unha resposta termoeléctrica tan eficiente. Esto levounos a explorar outros efectos
e interacciéns como o acoplamiento electron-fonon, excitacions térmicas e outros efectos
magnéticos orbitais e fenémenos que son consecuencia da siia topoloxia non trivial e que
serdn desenvoltos ¢ longo dos seguintes capitulos desta tese. Ademais, tamén daremos
unha nova interpretacion a fisica destes sistemas introducindo a figura dun campo to-
poléxico intrinseco derivado da curvatura de Berry definida nas bandas topoléxicas non
triviais destes materiais.

No Capitulo 0 examinamos os aspectos fundamentais do Hamiltoniano de Dirac en
relacion coa topoloxia e a fisica do estado sélido. Este capitulo preliminar tenta dar unha
conexion pedagoxica entre os efectos da fase Berry e o Hamiltoniano de Dirac, que é o
punto de partida para estudar a fisica dos illantes topoldxicos asi como doutros materiais
topoloxicos. Ademais de revisar algunhas das propiedades basicas dos TIs en varias di-
mensions espazo-temporais, introducindo o Hamiltoniano efectivo para TIs en 2D e 3D e
as stas accions efectivas asociadas, os conceptos desenvoltos neste capitulo constitien a
base deste estudo da termoelectricidade, dinamica orbital e electrodinamica axiénica nes-
tes materiais. Conceptos recorrentes ao longo desta tese como o Hamiltoniano de Dirac,
a curvatura de Berry e a stua interpretacion de campo, a natureza helicoidal dos esta-
dos de borde, a simetria de inversiéon temporal, a acciéon topoléxica de Chern-Simons e a
electrodinamica axiénica abordaranse neste capitulo.

No Capitulo 1 exploramos a fisica da termoelectricidade nos illantes topoléxicos. Este
estudo definiu o noso primeiro artigo cientifico e ofrece un novo enfoque cuantico ao fené-
meno termoeléctrico en TMs, dando unha férmula para o coeficiente Seebeck topoloxico e
para a figura de mérito que toma un valor bastante proximo ao valor experimental para o
BisTes. En primeiro lugar, poneremos este formalismo no contexto matemaético axeitado
destes materiais facendo unha identificacion directa entre as distintas ramas topoldxicas
que se poden definir a partir da férmula de Riemann-Hurwitz e o nimero de Chern. Os
niveis de enerxia dexenerados tenen varios estados para un autovalor dado e, polo tanto,
a conexion de Berry e a curvatura de Berry convértense nunha matriz unitaria non Abe-
liana. A temperatura ambiente estes son os estados fundamentais cuanticos mais realistas
que consideramos para eses materiais topoloxicos. Asi, dentro dun formalismo de Yang-
Mills calculamos as transformacions gauge da acciéon Chern-Simons e mediante o uso da
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teoria cuantica de campos térmica acadamos unha expresion para o campo eléctrico E e o
potencial V' xerados nun T1I cando se aplica un gradiente de temperatura. Estas expresions
s6 empregan a temperatura 7' e o indice topoloxico i entre outras constantes naturais,
polo que son facilmente traducidas para dar unha expresién para o coeficiente Seebeck
topoloxico. Salientablemente, identificamos dias contribucions ao fenémeno termoeléctri-
co. Unha asociada directamente & difusion dos electrons dentro dunha banda topoldxica
con indice topoléxico p, que corresponde a unha masa topoloxica para os campos elec-
tromagnéticos, e outra 6 salto entre ramas topoloxicas cando a temperatura é suficiente
para excitalos. O sectores topoldxicos poderian ser tunelizados asumindo que temos solu-
cions instantaneas, compartindo de forma natural o espazo-tempo Euclideo da Dinamica
de Termocampos. Esta coincidencia clave permite atopar unha relaciéon entre o potencial
eléctrico V', a masa topoloxica p e a temperatura T mediante unha transformacion gauge.
Polo tanto, vemos como nestes materiais a termodinamica e o electromagnetismo non po-
den ser independentes. Neste escenario, unha das contribuciéns poédese asociar & creacion
do pares electron-oco de Schwinger dado que os campos eléctricos criticos E,. e magnéticos
B, resultan experimentalmente accesibles debido & baixa velocidade de Fermi (respecto
a velocidade da luz) que determina a dispersion relativista nestes sistemas. Finalmente,
aplicamos os resultados obtidos na superficie dun illante topoloxico, onde se sitian os
estados condutores, para darlle valor & stia potencial figura de mérito. Rexeitando a con-
tribucion asociada & creacion dos pares de Schwinger, atopamos que o noso coeficiente
Seebeck podese derivar da entropia S usando a fase de Berry presente na funcion de onda
do electron. Asi, tendo en conta a conecida condutancia cuantizada dos estados de bor-
do G = ne?/h, con n o primeiro nimero Chern, e calculando a condutividade térmica
electronica, damoslle unha férmula xeral para a figura de mérito adimensional ZT en TIs
en ausencia da condutividade térmica de red. A féormula obtida non sé explica por qué
estes sistemas son tan bos termoeléctricos, d4 un valor ao redor de 2.7 para os nimeros
topoloxicos méis baixos, senén que se axusta bastante ben cos resultados experimentais
de 2.4 empregando superredes de BiyTes/ShoTes. Actualmente, este é o valor méis alto
xamais observado e obtense precisamente usando illantes topoléxicos nunha configuracion
experimental que reduce a contribucion da condutividade térmica da rede como conside-
ramos no noso modelo. Este estudo constituiu a nosa primeira aproximacién ao problema
e definiu a via para analizar novas interaccions e efectos en TTs.

O noso seguinte paso céntrase na introduciéon das oscilaciéns mecanicas na dinamica
electronica en TMs. Este estudo desenvolvese no Capitulo 2 e responde o obxectivo de
incluir o papel dos fonéns na termoelectricidade topoloxica. A nosa idea era que nun sis-
tema fortemente acoplado cun espin-orbital como son estos materiais, as oscilacions dos
nucleos deberian inducir un campo magnético efectivo sobre os electrons circundantes.
Pero ademais, tamén necesitamos saber como estas oscilaciéns van afectar as propiedades
topoloxicas, como é a curvatura de Berry, e que consecuencias ten isto para o transporte.
Para alcanzar tal obxectivo, traducimos & informaciéon topoléxica contida dentro da curva-
tura de Berry Abeliana nun campo topoléxico intrinseco b. E ben sabido que a curvatura
de Berry pode ser interpretada como unha clase de monopolo magnético no espazo de
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momentos, un campo magnético con signo oposto para cada banda definida nun Hamil-
toniano de Dirac. Tendo en conta que esta magnitude esta ben localizada ao redor dunha
singularidade, describindo unha funcién moi estreita de tipo similar & Gausiana cun solo
pico, é posible traducila nun campo magnético practicamente constante no espazo real.
Esta laboriosa tarefa é realizada a través do principio de incertidumbre de Heisenberg
para determinar a area efectiva dos electrons topoldxicos. Deste xeito, a estimacion de
b complétase considerando un fluxo magnético cuantizado asociado a estes electrons que
imaxinamos orbitando ao redor da singularidade definida nesta curvatura de Berry non
trivial. Somos conscientes que moitos destes conceptos son orixinais deste estudo e que
deben ser postos a proba, como faremos nos Capitulos 2 e 3. Do mesmo xeito, o lector
pode atopar sorprendente que b se corresponda coa version para materiais cuanticos do
campo magnético critico de Schwinger. Sen embargo, todos os elementos obtidos demos-
traranse pezas dun modelo intuitivo que incrementara o estudo da termoelectricidade en
TIs e que describird unha nova ruta para a transformacién de calor da rede ou campos
externos en electricidade.

Sendo mais especificos, necesitamos saber que b se calcula a partir da curvatura de
Berry Abeliana definida polas bandas dun Hamiltoniano de Dirac 2x2. Este sistema,
que non presenta simetria de inversion temporal, constitiie o modelo mais simple dun
[llante Chern. En contraste, un TI ten simetria de inversion temporal, ainda que en duas
dimensions (2D) ou para peliculas finas dun 3DTI, o seu Hamiltoniano de Dirac 4x4 podese
desacoplar en dias copias dun Hamiltoniano 2x2 relacionadas pola inversion temporal.
E dicir, en presenza de simetria de inversién temporal as dias especies Chern do TI
contribuiran cun b oposto tomando un valor neto de cero para o Hamiltoniano completo.
Noutras palabras, para comprobar b necesitamos introducir un campo magnético B oposto
en cada especie Chern convertindo o Hamiltoniano de Dirac no Hamiltoniano dun oscilador
de Dirac. Facendo un calculo perturbativo dedtcense diias consecuencias importantes.
Primeiro, si aplicamos un campo magnético B cbéa misma magnitude que b pero con
signo oposto, a curvatura de Berry cae a cero. E dicir, a nosa vision do campo topoléxico
intrinseco e correcta e ben estimada. Pero ademais, tamén demonstramos como certas
oscilacions poden tomar parte da dindmica electréonica nun TI. Por suposto, estos modos
de vibracion son particulares dado que precisan ter unha lei de dispersion lineal /relativista
cunha velocidade efectiva que se poda comparar coa velocidade de Fermi dos electrons e
que non rompa a simetria de inversion temporal do sistema. Os modos 6pticos polares
presentes en BisTes e BisSes son propostos a cumplir estas condicions basdandose en estudos
recentes, ainda que poderia ser xeral para outros modos basandonos no feito de que o
acoplamiento espin-érbita destes sistemas poderian non implicar a necesidade de disponer
de dous modos fonénicos que se propagan en oposicion.

Estes resultados tamén son postos a proba dentro da electrodinédmica axionica destes
sistemas. A ultima comprobacion do noso modelo asocia directamente a temperatura
dentro da frecuencia de oscilacion. Desta maneira, atopamos o mesmo resultado que aquel
obtido usando a accién Chern-Simons (Capitulo 1). Ambos formalismos necesitan ser
equivalentes como un mesmo podria pensar. Pero as consecuencias e a motivacién son moi
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diferentes. No primeiro caso, calculamos directamente o coeficiente Seebeck topoléxico a
partir da accion de Chern-Simons utilizando teoria térmica de campos. Agora, asociamos
directamente a temperatura coa frecuencia por medio do campo intrinseco topoléxico para
demostrar como as oscilaciéns da rede causadas pola temperatura contribiien o efecto
termoeléctrico. A conclusion é que para algtins modos de vibracion nunha ampla gama
de frecuencias, o coeficiente Seebeck do sistema permanece inalterable mentres que a
velocidade dos electrons pode aumentar ou diminuir dependendo de se o seu acoplamento é
favorable ou desfavorable. En resumo, transformamos enerxia do rede aos electréns a través
dun mecanismo que pode ser tecnoloxicamente favorable para a termoelectricidade nos
TTs, onde os estados topoloxicos tefien condutividades e coeficientes de Seebeck definidos
a través dos invariantes topoloxicos.

No capitulo 3 exploramos con mais detalle o modelo anterior para analizar o magne-
tismo orbital intrinseco dos TMs. Isto foi motivado polo concepto de 6rbita proposto antes
para os electrons topoloxicos, que nos induciu a demostrar explicitamente como un cam-
po magnético modifica as diferentes magnitudes de transporte nun sistema de curvatura
Berry distinto de cero. O problema dunha particula cargada nun campo magnético ¢ ben
conecido en fisica pero nestes sistemas cuanticos descritos por un Hamiltoniano de Dirac
temos un novo ingrediente que é a curvatura de Berry que experimenta un acoplamento
co campo magnético externo. Isto levounos a ler a fondo varias referencias na literatura
para ver como se tratou este problema anteriormente. A introduciéon dun campo mag-
nético nestes sistemas analizouse usando un formalismo Lagrangiano semiclésico e unha
mecanica cuéntica non relativista. Non obstante, non existia un formalismo relativista que
parta directamente do Hamiltoniano de Dirac e dé unha expresion analitica para todas
as magnitudes implicadas. Ademais, observamos que o papel das correcciéons de segunda
orde no campo magnético se fai importante a campos magnéticos relativamente baixos
debido aos pequenos gaps de enerxia que caracterizan 6s TMs en contraste co que ocorre
noutros sistemas fisicos na materia condensada. Nunha primeira aproximacién abordamos
o problema tomando a masa da particula constante. E dicir, consideramos unha dispersion
de Dirac e calculamos a correccion aos autoestados do sistema en presenza dun campo
magnético perpendicular. Isto implica tratar con espinores, en contraste co que ocorre con
outros formalismos non relativistas, e con correccions dependentes do gauge derivadas dos
grados de liberdade que temos & hora de traballar con grupos unitarios SU (N ). Unha vez
determinadas as correccions dos autoestados do sistema calculamos, tras unha pouca de
alxebra tediosa, as diferentes magnitudes de transporte. En concreto, ademais de mostrar
como a curvatura de Berry é modulada polo campo magnético externo, vemos matema-
ticamente e numéricamente como o nimero Chern do sistema mantense inalterable. Asi,
cuantificamos como unha curvatura de Berry positiva é potenciada por un campo mag-
nético positivo ou reducida se tomamos o campo magnético negativo, como postulamos a
través do campo intrinseco topoloxico. De xeito esquematico, podemos imaxinar os elec-
trons relativistas orbitando debido & curvatura de Berry non nula, polo que, mediante a
aplicacion dun campo magnético externo teremos a redefiniciéon da velocidade das par-
ticulas, radio, momento magnético orbital, enerxia e densidade de estados asociados ao
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cambio do campo efectivo que senten estes electrons. Todos estes elementos calctulanse
analiticamente ata segunda orde acadando expresions xerais que se poden aplicar a unha
gran variedade de compostos ao non precisar mais ingredientes que o gap de enerxia, a ve-
locidade das particulas e a magnitude do campo magnético. Finalmente, estas magnitudes
usaranse para obter a enerxia libre do sistema e de xeito directo a magnetizacion e suscep-
tibilidade orbital en CIs and TIs que incorporan unha dependencia co campo magnético
externo. O presente estudo constitiie un método para analizar propiedades de transporte
termoeléctricas e magnetoeléctricas en materiais topoloxicos 2D xa que permite ter en
conta de xeito simple outras interacciéons dentro do sistema.

Un resultado sorprendente que tamén se atopa na literatura, é que a susceptibilidade
orbital a campo zero ten a mesma expresion para sistemas con curvatura de Berry distinta
de cero independentemente de se a stia topoloxia é trivial ou non. Este feito é notable dadas
as diferenzas entre a curvatura de Berry de ambos réximes. Isto quedara claro no capitulo
3 cando mostremos como a magnetizacion depende directamente sobre esta cantidade a
través da enerxia e da densidade de estados. O punto clave é que tamén hai que considerar
a dependencia do momento do termo de masa que surge do comportamento parabélico do
espectro de enerxia a grandes momentos. Como é sabido, este termo permite facer unha
distincion topoldxica que non é posible cando se considera unha dispersion lineal perfecta.
Exemplos desto pédense atopar na literatura onde se demostra que a presenza deste termo
¢é necesaria para definir axeitadamente o ntimero de Chern obtido a partir da curvatura
de Berry como un niimero enteiro. Non obstante, este termo é ignorado comiinmente na
literatura dado que a maioria dos estudos neste campo particular céntranse en sistemas de
tipo grafeno, que ten unha dispersion lineal. O escenario que xorde despois de introducilo
no noso formalismo amosa claras discrepancias entre a resposta magnética orbital dun
illante trivial e outro non trivial. Asi, mentres que se prevé que un illante trivial tena
unha resposta limitada a este parametro, o seu homoélogo non trivial mostra un termo
adicional na susceptibilidade magnética orbital que se pode escribir en termos do cadrado
do fluxo magnético elemental. Estes resultados postulanse novamente para conectar co
concepto de orbita nos TMs e co campo efectivo b. Dende o punto de vista practico,
atopamos unha nova via para aumentar o magnetismo orbital intrinseco dos TIs e Cls
incrementando a dependencia parabdlica dos seus espectros. Estudos posteriores pédense
levar a cabo para extrapolar implicaciéns similares noutras propiedades termoeléctricas e
magnetoeléctricas.

No capitulo 4 levamos a nosa investigacion a unha perspectiva diferente examinando a
electrodinamica axionica que necesitan os TIs para explicar as stias propiedades magneto-
eléctricas. A electrodinamica axiénica xorde como unha xeneralizacion da electrodindmica
usual, incluindo a interaccién dunha especie de particulas, denominadas axiéns, co campo
electromagnético a través dun campo escalar 6(r,t). En fisica, esta electrodinamica esta
proposta a formar parte da fisica da materia oscura e presentouse orixinalmente para es-
tudar o problema da paridade da conxugacion da carga na cromodindmica cuantica. Non
obstante, estas particulas ainda non foron detectadas e actualmente considéranse como
virtuais.
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Neste traballo, afastdmonos da aplicacion habitual da electrodindmica axiénica orien-
tada cara & magnetoelectricidade para analizar unha perspectiva mais fundamental. Se
os axions estan implicados na particular fisica dos TIs, entén, ademais de producir po-
larizacions electricas e magnetizacions singulares ao interactuar con campos eléctricos e
magnéticos, a stia presenza tamén debe dar lugar a campos internos e presions que poden
ser medibles. Existe unha analoxia con outro efecto coniecido en fisica, que é o efecto Ca-
simir. O efecto Casimir orixinase a partir da flutuaciéons cuanticas do baleiro cando duas
placas conductoras paralelas coldécanse a pouca distancia. Explicado brevemente, aparece
unha forza atractiva entre as placas asociada & rexion de enerxia negativa que se crea
entre elas cando as placas cortan os foténs con menor lonxitude de onda. Porén, nos TI en
3D dado que todas as superficies son metéalicas, non se espera que ningtn fotén penetre
no seu interior actuando como unha gaiola de Faraday e os axiéns son as tnicas parti-
culas que poden dar enerxia interna. Aplicando condiciéns de contorno ao campo escalar
0(r,t) atopamos unha presion para os TIs que é equivalente ao de Casimir pero con orixe
e magnitude moi diferentes. A sta orixe reside nos axiéons en lugar dos foténs, mentres
que a menor magnitude desta presion débese principalmente & velocidade de Fermi que
determina o marco relativista nos TMs. Os calculos teéricos presentados poden levar a
unha verificacion directa dos axiéns ademais de implicar unha vantaxe tecnoldxica a hora
de fabricar dispositivos basados en peliculas delgadas.

En conxunto, os traballos presentados nesta tese aspiran a recoller unha gran va-
riedade de resultados orixinais para os materiais topoléxicos que poden ter importantes
implicaciéns no campo experimental ademais de ir mais al6 na fisica singular destes ma-
teriais. En concreto, desenvolvemos un formalismo microscopico para o mecanismo da
termoelectricidade en TIs tendo en conta directamente a sta topoloxia e determinando
a contribucion desta a figura de mérito. Introducimos o papel dos fonéns no contexto
relativista destes materiais describindo unha nova ruta de alta eficiencia para a transfor-
macién de calor en electricidade. Obtimos unha interpretacion efectiva da curvatura de
Berry por medio do campo b. Ademais, acadamos un formalismo relativista que aborda
a resposta magnética orbital dos sistemas 2D con curvatura de Berry distinta de cero.
Demostramos como a curvatura de Berry pode ser modulada por un campo magnético
externo, introducindoa como unha magnitude dinamica. Neste sentido, determinamos as
diferenzas na resposta magnética orbital entre illantes topoloxicamente triviais e non tri-
viais. Finalmente, tratamos o campo axionico 6(r,t) no contexto dos TIs, dando unha
presion asociada aos axiéons e determinando os ingredientes necesarios para a deteccion
experimental destas particulas en TIs. Os avances teoéricos presentados tenien unha apli-
cacion directa en diferentes fenémenos e propiedades e son sensibles a ser xeneralizado
para incluir outras interacciéons e efectos.
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Introduction and Objectives

“FEl camino marca una direccién. Y
una direcciéon es mucho més que un
resultado.”

— Jorge Bucay

The study of the topological phases of matter encompasses different disciplines. So
in this area, condensed matter physics, quantum mechanics, quantum field theory and
algebraic topology become essential tools to carry out a research. Personally, this implied
a first formative stage to get familiar with the different concepts, effects and bibliography
belonging to the topological materials (TMs), that would subsequently be applied to the
study of the thermoelectricity in topological insulators (TIs). To get started, I found an
excellent basis on the book Topological Insulators: Dirac Equation in Condensed Matter
[1], from which T share its vision about the Dirac equation as the key to the door of
topological insulators. I consider this book, among others, necessary before taking the
leap to more specific scientific studies in the field [2-5].

From the historical point of view, the development of the topological band theory was
motivated in the 1980s by the discovery of the Integer (IQHE) and Fractional Quantum
Hall Effects (FQHE) [6, 7]. The integer quantum Hall effect, which is the quantum
version of the Hall effect [8], determined how the longitudinal conductance of a 2D system
modelled by a free electron gas vanishes when applying a strong perpendicular magnetic
field at the same time it appears a transverse quantized conductance o = v €*/h, being v
the filling factor associated to the Landau Levels of the orbital electrons [9]. For its part,
the FQHE applies to interacting electrons systems in which a quantized conductance is
also observed but where the filling factor v takes fractional values associated with the
effective charge that particles have in the condensate. Parallel to these effects, additional
contributions were postulated as a generalization to quantum mechanics of the anomalous
Hall effect and spin Hall effect. The anomalous Hall effect emerged as an extension of the
Hall effect for systems with non-zero magnetization M [10]|. Here, a transverse anomalous
velocity is generated with the application of an external electric field E. The origin of this
velocity lies in the coupling between the electron's spin and its orbital dynamics, resulting
in a spin-dependent band configuration in which electrons with opposite spin move with
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opposite transverse velocities with respect to £. However, later on, it was postulated
that the presence of a finite magnetization actually was not necessary. Thus, even though
the net electric current is zero, it is still possible to measure the effects and conductance
associated with both spin-currents. This is what we know today as the spin Hall effect 11,
12]|. Just as the IQHE and FQHE, these latter effects also have their respective quantum
versions in the QAHE and QSHE that also feature quantized conductivities [13-15]

The topological band theory arose intending to explain these effects and lived a crucial
moment with the introduction of a new dynamical phase into the quantum wave function
under adiabatic conditions [16]. This phase, known as the Berry phase, gave rise to
postulate theoretically through adiabatic changes in the Bloch wave function, the existence
of a new class of quantum materials with singular properties derived from their non-trivial
topological order which feature the previously mentioned effects. In this context, one of the
first breakout models was done by Haldane through his proposal for the integer quantum
Hall effect without magnetic fields [17]. Here, Haldane developed a spinless fermion model
in two-dimensional (2D) honeycomb lattices with periodic magnetic flux density. The
peculiarity was that this magnetic flux was set in such a way that its net value per unit
cell was zero, obtaining two copies of a 2x2 Dirac Hamiltonian with broken time-reversal
symmetry at the points K and K’ of the Brillouin Zone (BZ). Performing the calculation
of the conductivity, Haldane showed a quantized transverse conductivity o,, = ve?/h,
where v = 1/2 [sgn(mg) + sgn(mg-)] satisfies this relation between the effective masses
in both points. Nowadays, we know that v is in fact a topological invariant, the Chern
number C'. Afterwards, the idea of Haldane was revisited for Kane and Mele introducing
a spin-orbit coupling (SOC) in the graphene lattice which plays the role of the periodic
magnetic field with zero net flux preserving time-reversal symmetry for the system [18,
19]. In this case, the model takes into account the spin of the electron leading to 4x4
Dirac Hamiltonian which can be decoupled, in absence of Rashba term, in two non-
interacting copies of a 2x2 Dirac Hamiltonian with opposite chirality. Thus, the same
quantized conductivity found by Haldane can be associated to a pair of spin currents in
a Quantum Spin Hall configuration in which opposite spins move in opposite directions.
Kane and Mele also showed how spin and charge are transported by edge states, that
are robust against disorder, placed at the boundary of the system while its bulk remains
gapped [20]. However, the other significant result behind these works is how the Dirac
Hamiltonian emerged as one powerful tool to analyze topological phases and exotic effects
in solids [21]. This is not only due because it made it possible to connect in a direct way
the topological invariants with the particle wave functions and symmetries in a solid
but it also allowed to import singular phenomena from quantum field theory (QFT) to
the context of condensed matter physics. That is why rapidly, these works led to the
definition of a new class of quantum materials which include topological insulators [22—
25|, Chern insulators [26], Weyl semimetals [27-29], topological superconductors [30, 31],
and more recently magnetic topological insulators [32-34], as well as to study different
effects such as the chiral anomaly [35, 36|, Majorana states [37-39|, thermal hall effect
[40, 41], anomalous thermoelectric transport [42, 43|, etc.
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In this thesis, we focus on the topological insulators, although some of the results
obtained can be applied to Weyl semimetals and Chern insulators (CIs). This former
relationship is trivial in some cases, given that the physics of 2DTIs can be explained from
two time-reversal related Chern species, as it happens in the Kane-Mele model. Precisely,
that was the first model proposed for a topological insulator, which has as principal
elements, robust metallic edge states, an insulating bulk and time-reversal symmetry
[22]|. Edge states are named topologically protected because their existence is linked to a
topological invariant which tolerates local non-magnetic perturbations [44]. On the other
hand, time-reversal symmetry is guaranteed due to having SOC, allowing the existence of
both counterpropagating edge states, in pairs of spin-momentum locking channels, known
as Kramers pairs [45]. So in essence, TIs were born as candidates for Quantum Spin
Hall systems. However, in practice graphene has a limited spin-orbit interaction and
hence it was not the most ideal system to measure these effects. Elements with a greater
atomic number should be involved to obtain a significant SOC interaction [46]. It did
not take long until Bernevig, Hughes and Zhang (2006) presented their model predicting
a quantum spin Hall regime in HgTe/CdTe Quantum Wells (QWs) [23| and only a year
later, the first experimental realization of a 2DTI that presents a quantum spin Hall
effect came [47]. What was clear after these studies was that a band inversion induced
by the spin-orbit interaction should precede the topological regime. This fact was crucial
for the discovery of the first family of three-dimensional topological insulators (3DTIs)
that includes BiySes, BisTeg and ShyTes [24], and for the appearance of a wide variety of
studies analyzing singular properties of these systems depending on their dimensionality,
symmetries and topological invariants [48-57].

In this sense, the majority of the effects studied in TTs have a quantum-theoretical
framework, being well-known the relation between their magnetoelectric properties such
as electric conductivity, polarization and magnetization with the topological invariant
and Berry phase physics [49, 58, 59]. However, attending to the thermoelectricity, there
was a lack of a physical model in the literature that treats this phenomenon within
that theoretical context. Obviously, this task is not easy because a link between thermal
quantum field theory, topology and solid state physics is not a straightforward task. What
was evident is that TIs feature an excellent thermoelectric performance which is measured
through the figure of merit [51, 60, 61]

1 S%0
n T Ke + Kph

or in its dimensionless form ZT', being S the Seebeck coefficient, o the electric conduc-
tivity, k. the electronic thermal conductivity, x,, the lattice thermal conductivity and
T the temperature. BisTes as well as other tetradymites and their alloys are within
the most common thermoelectric devices [62]. But additionally, besides being excellent
thermoelectrics, some are topological insulators. Concretely, for p-type BisTez/ShyTes su-
perlattices, both TIs, it has been reported a ZT ~ 2.4, which consists of the highest value
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ever observed experimentally at room temperature [63]. To address this phenomenology
directly to the topology exits a simple interpretation. If the topological edge states are
responsible for the transport in TIs, then, a semiclassical Boltzmann formalism using
Landauer approximation is the first logical step [43, 64-68]. This method is accurate in
predicting high figures of merit, Seebeck coefficients and power factors (S20). However,
it does not usually take explicitly any topological information beyond the existence of the
edge states and their ballistic nature. In contrast, some important efforts have been done
directly addressing quantities such as the entropy and conductivities to the Berry phase
and curvature, although they are not enough to provide a microscopical picture of the
topological thermoelectricity [41, 49, 69, 70].

This thesis project arises with the aim of providing this connection between the ther-
moelectric phenomenon and topology. Therefore, our first efforts treat this effect from
a new perspective using thermal quantum field theory with the effective Chern-Simons
action that TIs employ |71]. The results obtained are summarized in Chapter 1 where we
reach an expression for the topological Seebeck coefficient in terms of the topological in-
variant. Here, we find an anomalous contribution associated with the creation-annihilation
of Schwinger's pairs close to the transition between states with different topological in-
dexes, as well as a contribution from the electronic diffusion in a topological band which
is close to the lower limit defined in ref. [69]. These ingredients are enough to give an
expression for the topological figure of merit that TIs feature in their surface considering
only the electronic part, i.e., in absence of lattice thermal conductivity. Thus, for the
most basic topological numbers, we find a value ZT ~ 2.7 which fits quite accurately
with the ones obtained using BisTes/ShoTes in a superlattice structure used to decrease
the lattice thermal conductivity [63].

However, while temperature has been introduced directly in the previous formalism,
phonons/lattice oscillations are also present at finite temperatures and at least their cou-
pling with the topological electrons must be considered. Note that a topological insulator
has time-reversal symmetry T and therefore excitations in the electronic Hamiltonian
should preserve entropy to maintain T. This second study is addressed in Chapter 2
where we demonstrate by means of an effective topological intrinsic field b, deduced from
the non-trivial Berry curvature of TIs, how oscillations can be introduced in the elec-
tron dynamics through the Dirac oscillator. Noteworthy, we demonstrate how in certain
conditions the coupling between electrons and phonons leads to isentropic processes just
as in the formalism derived in Chapter 1 for thermal excitations but under a new ap-
proach. Moreover, the field b, which has a successful verification through electrodynamics
and perturbation theory, allows us to figure out the intrinsic forces and fields that TIs
present. In this sense, given the magnetic field interpretation of the Berry curvature in
the k-space, the next natural step is the analysis of the electron dynamics in presence
of magnetic fields that leads us to the study of the orbital dynamics in 2D topological
electron systems with non-zero Berry curvature.

In Chapter 3 we analyze this issue by performing an accurate perturbative calculation
which allows a precise determination of the Chern number C. The relativistic formalism
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developed differs from other approaches using Landau levels, semiclassical Lagrangian for-
malism and non-relativistic quantum mechanics to give an expression for the orbital mag-
netization, thermal/electrical conductivity, density of states, energy, susceptibility, Berry
curvature, etcetera [42, 72-77|. Thus, besides complementing some results of the previous
works, the theoretical formalism developed provides a schematic picture about how the
Berry curvature couples with an externally applied magnetic field inducing a redefinition
of the remaining quantities previously mentioned which are given through analytical ex-
pressions. The ingredients obtained are enough to give an expression for the density of
free energy, orbital magnetization and susceptibility which include non-negligible correc-
tions due to the magnetic field. However, as the current literature indicates, this does
not involve any difference between the zero-field orbital susceptibility in both topological
non-trivial and trivial regimes. This is quite surprising, given that the transport proper-
ties of both phases are very different just as their topology. Thus, in the latter part of
Chapter 3, we include the natural parabolic dependence in the energy spectrum of a TI
which is needed to distinguish topologically both regimes through the Chern number. In
this way, we finally unveil the differences between both systems involving an anomalous
response that will be analyzed in detail.

Finally, in Chapter 4 we carry out an analysis of the axion electrodynamics in TIs
that culminates with an expression for the pressure that axions are predicted to exert on
the metallic surfaces of a TI. The obtained force is similar to the one obtained by Casimir
for photons but with a very different origin and magnitude. Given that photons are not
expected to enter inside a TT since all surfaces are metallic, resulting in a kind of Faraday
cage, an experimental verification of the axions in TIs is discussed after these results.

This thesis has been developed inside the Materials Science PhD program of the
University of Santiago de Compostela. The works and methods described along this
manuscript aspire to give a theoretical framework for different properties of topological
materials which can serve as a guide for further scientific studies, technological devices
and real-life applications.
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0 Topological insulators: Basic concepts

In this chapter, we will give the basic elements needed to understand some of the
main aspects behind the topological insulators. For a more detailed discussion about the
concepts developed here, there are excellent books that the reader can turn to [1-5| as
well as specific research articles that are provided throughout the text.

0.1 Berry phase

The Berry phase is one of the principal aspects to be studied although their origin does
not lie precisely inside the context of condensed matter physics but in quantum mechanics.
In 1984 M.V. Berry demonstrated how an emergent phase arises when studying adiabatic
changes of the quantum wave function [16]. These concepts were later translated to J.
Zak using the Bloch wave functions in a solid [78]. Concretely, Berry considered an
arbitrary Hamiltonian H(R) which is defined on a parameter space R = (Ry, Ra,..)
with coordinates R;(t) (j = 1,2,...) having an adiabatic time dependence. That is, he
fixed the constraint that the coordinates must vary slowly in comparison with the energy
scale defined by the wave functions |¥(¢)) of the system. Thus, introducing a generic
dependence for |¥(t)) = e=*® |n(R(t)) in the Schrédinger equation

91¥(t))
ot

ih = H(R(1)) [¥(t)) (0.1)

where |n(R)) form the basis of eigenstates at a given time satisfying the eigenvalue equa-
tion

H(R) |[n(R)) = £"(R) [n(R)) (0.2)

being £"(R) the energy of the eigenstate |n(R)), Berry observed that the phase 6(t)
presented an additional factor beyond the well-known dynamical phase. That is, the
wave function

(U (t)) = e i Jo W) N n(R(1)) (0.3)

1
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differs from its usual expression in quantum mechanics [¥(¢)) = ¢~ Jo dver ) In(R(t)) by
a phase factor e”" where

i [ R in(R) ar 0.4)

is the Berry phase. Then, considering that the system evolution takes place between a
time ¢ = 0 and ¢ = T in such a way that R(t = 0) = R(T), i.e., in a closed curve C, the
integral can be written as follows

n__ - r / d / r
i / (R (R di' = 1 / (n(R)| Vi |n(R)) - dR

_ /C.A”(R) “dR = //CV x A"(R) - dS (0.5)

://CQ"(R)-dS

making use of Stocke's theorem and where dS denotes the area element in the parameter
space. Here, A"(R) =i (n(R)|Vg|n(R)) is named the Berry potential, in analogy with
the electromagnetic field, and Q" is the Berry curvature

Q"(R) =i Ve x (n(R)| Vg |n(R)) = i (Ven(R)| X [Vr n(R))

=iy (Ve n(R)|m(R)) x (m(R)|Vg n(R))

_ N\ ((R)|VerH [m(R)) X (m(R)| VrH [n(R))
v Z (éﬁn _ éﬁm)2
m#n

where we have used

[n) (n] =1 [m) (ml (0.7)

m#n

and the identity

(m| (VH) [n) = (m| V(H [n)) — (m| H [Vn) = (" = &™) (m|Vn) (0.8)

being |m) and |n) orthogonal eigenstates forming the basis of the Hilbert space of H.
From here on out, we are going to suppress the label R for simplicity remembering that
the parameter space is general and in particular, can apply either to the momentum or

2
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real space coordinates. In correspondence with the Berry potential, the curvature can
be interpreted as a magnetic field in the momentum space. Thus, as it is logical, the
curvature can be demonstrated to be a gauge-independent magnitude under rotations of
the basis while the Berry potential is not. Considering that |n) — ¢V ®) |n), being U(R)
single-valued, it is straightforward to see that

A" 5 A" — VU(R) (0.9)

and hence the Berry phase results

V' =" =—UR=T)+UR=0)=~"—2vr (0.10)

being v an integer which accounts the number of closed loops completed during 7', and
where the factor 27 satisfies the condition V(=% |n(R = 0)) = V=1 |n(R =T)) =
eV (E=T) In(R = 0)).

0.2 Magnetic monopole interpretation of the Berry cur-
vature

One of the key concepts used to derive an expression of the effective topological field
b in Chapter 2 is the magnetic field interpretation of the Berry curvature. This can be
seen easily by considering a two-level system just like in ref. [3]

(0.11)

T dy—id,
H_d"’_[dﬁidy —d, }

where o; are the Pauli matrices and d = |d|(sin 6 cos ¢, sin 6 sin ¢, cos #) is a 3-component
vector defined on a parameter space R = (¢,0). Calculating the eigenvalues of Eq. (0.11)

+ = 4|d| and their corresponding eigensates

’+>:[ cos /2 } !—>=[ sin6/2 } (0.12)

e sin /2 —e'% cos /2

we can calculate directly their associated Berry potentials

AT = (—sin?(/2),0) A = (—cos’(0/2),0) (0.13)
and curvatures
QF = iSigea (0.14)
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being u = & x 0 the perpendicular unitary vector. Thus, making a transformation from
(0,¢) to a general subspace R = (R;, R;) and subsequently considering the trivial case
d(R) = R it can be shown that the Berry curvature [3|

1d

+ — _—
O =t (0.15)

has the same form of a magnetic monopole of strength 1/2 with opposite signs for both
eigenstates. Integrating the Berry curvature over a sphere or over any closed curve on
its surface will give a factor 27. In general notation this result will be 27 C', being C'
the number of monopoles enclosed in the sphere. This number is not other than the
Chern number C' defined in algebraic topology measuring the number of singularities in

a compact surface [2, 5].
c- 2 // Qrds (0.16)
n 2T C ’

These ingredients will be determinant in the transport properties of the material, specially
in two-dimensions where we will be focused several times along this thesis and where the
Berry curvature allows a simple determination of the system's topology by means of the
first Chern number C. In this context, we have to remark that in presence of time-
reversal symmetry, Kramers pairs will have also opposite Berry curvatures leading to a
net field zero. This will be demonstrated later. Nevertheless, a generalization to higher
dimensional system will be explored also taking into account degeneracy in the eigenstates
which implies dealing with non-Abelian Berry potential and curvatures.

0.3 Two-level Dirac Hamiltonian

As a first approach to the physics of topological materials, it is straightforward to note
that the Hamiltonian defined in Eq. (0.11) has the same form of a 2x2 Dirac Hamiltonian
used to describe the relativistic dynamics of half-integer spin massive particles [79].

mc? he(ky — iky)

H= he(ky + iky) —mc?

(0.17)

Where c¢ is the speed of light, m the mass of the particle and k the wavevector asso-
ciated with the particle momentum p = hk. Additionally, there also exists a direct
correspondence with the case of a half-integer spin particle in a magnetic field, low-energy
tight-binding Hamiltonians with complex hopping elements, spin-orbit coupled systems
and more [19, 80, 81]. In this case, we can rewrite the previous eigenstates in the following
form
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1 1+mc2 1 1_m02

) =—=1 . =)= —= , - (0.18)
V2 el 1 —me V2 | _eio /1+m;

where ¢ is the energy of the positive energy solution ¢ = —¢~ = € = V/m?2c* + h2c2k?
and ¢ = arctan(k,/k,). Therefore, proceeding as before we find the components of the
Berry potential for both bands

k mc? k mc?
t—q Y - - =__Y -

k mc? k mc?
A, 2k2( ¢ ) y +2k2( : ) (0.20)

where we have made use of the derivatives for the positive

1 2,/1+4
\/§ _Wyeip [1 M Tk
k2 '3 2. /1—-M

1 2,/1+4
|0, +) = 75 | thepio 1o T (0.22)
N

and negative eigenstates

m

Ok, —) = (0.23)

1 2,/1-M
|aky_> =5 T Mé Dhyei® (024)
V2 | —ikeeit [1 4 M ky
k £ 21+
where M = mc? stands for the energy gap between the positive and negative solutions
and

T, k; (0.25)

Ok \ € £

) (M)__h2c2M
£ )=

In this way, considering for instance the positive energy solution it is straightforward to
reach the previous relations
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[k M\ T r
Al =i (+]0k,+) = % [—zk—g (1 — ?> —7?+724 (0.26)

and check the gauge-dependent nature of the Berry potential. With this purpose, we can
consider a rotation of the eigenstate |+) = ¢~ |+) and hence obtain

Al =i (|0, +) = i (], +) +1 <@> (+|+)

K (0.27)
L ky k, M '
ka k2 2k2 g

which clearly differs from Eq. (0.19). The same procedure will be employed to determine
gauge-dependent corrections to the system's eigenstates in Chapter 3 that must be re-
moved to define properly the physical observables. Complementary, we can define the
Berry curvature by applying Eq. (0.6)

Y, = ¢ [0 +]0k,+) = (O, [0k, +)]

= -2 Im{ <8k1.+ }aky+>}

(0.28)
. szkx -+ Fkyky . hQCQM
B 242 283
and for the negative solution we can proceed equally
_ szk’x + Fkyk’y h2C2M
Qg = — T =+ %8 (0.29)

or applying the simple substitution & — —¢& given that the system's Hamiltonian is
particle-hole symmetric. One of the key points arises when calculating the Chern number

1 1 [ 1M|™ 1
— — [t dekdk== [ oF a?=="2| — _Zegn(M .

which results a half-integer number instead of an integer. This issue is due to our func-
tions are not well-defined at the boundary k& — oo in the continuum limit. However, in
the context of solid state physics, this problem is addressed by considering the parabolic
dependence of the energy spectra that can be deduced naturally from several insightful
tight-binding models in the study of topological phases of matter [17, 19, 45, 81-83|. Ob-
taining the Dirac Hamiltonian from these models results immediate. Consider for instance
a simplified tight-binding Hamiltonian for half-integer spin particles in two-dimensions [1]

6
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N N-1
H,=¢, Z clﬂazcag + 1t Z <Cl+1ﬁazcaﬁ — cLﬁazcaHg)
0 of (0.31)

N-1
+1t Z (CLBHUycaﬂ - CLﬁaycab’H)

a’/B
where the summation « (/) runs over all the lattice sites in the x (y) direction, N is the
number of sites which we take equal in both directions for simplicity and CL 5= (cL 51 cL 5.1)

being CLB (cap) the fermionic creation (annihilation) operator at site (o, ). Here, &,
represents the on-site energy which plays the role of a Zeeman term and the second
and third summations stand for a complex spin-dependent first-neighbour hopping term.
Thus, considering a square lattice with lattice constant a and performing the Fourier
transform to the creation/annihilation operators, it is found that in the momentum space

_ & 2t(sin (kya) — isin (kya))
H(k?) - |: 2t(sin (k?g;(l) + 7sin (k;ya,)) _é‘v (032)
which at low energy k — 0 results in a 2x2 Dirac Hamiltonian [84]
gv th(ka — ik )
H(k) = 4 Y |
(%) { hop(ky + iky) —&, (0.33)

where vy = 2ta/h is the Fermi velocity of the electrons in the solid. It seems clear, that
in the context of topological materials vr replaces the speed of light ¢ given that the
Dirac dispersion law of massless fermions works with vp in these materials [23, 24, 85].
Equivalent models can be built employing diatomic lattices for spinless particles where
first neighbours are different atoms labelled as A and B, as in the Haldane model, or
even both cases just as in the Kane-Mele model among others (Fig.0.1). The differences
between them are the dimensions of the resulting Dirac Hamiltonian and its intrinsic
symimetries.

The previous illustrative model can be completed by introducing second-neighbour
hopping elements which are of course non-zero in the context of solid state physics. Con-
sidering that these hopping elements are given by

N
—t5 Z cZazcj = —1y Z CL+15+1O'ZCQB + .. (0.34)
L1,5>> a,B

where the symbol <> stands for second-neighbours, therefore, the resulting low-energy
Dirac Hamiltonian reads

M =Bk hop(k, —ik,) }

H(k) = [ hop(ks — ik,)  —(M — BE?) (0.35)
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Basis

Spi Hoxo(k) cn={ "1
o Ao (0]

Two-atom ngg(k) o = (Ck,A)

lattice

Ti A
*l Ck.B
B
A T'wo-atom Ck, At
lattice Ck,B
t " Hyxa(k) o= '
afe Spin Ch, AL
B p Ch.B1

Figure 0.1: Examples of the different Dirac Hamiltonian that will be obtained taking into
account spin and/or single/diatomic lattices. Square lattice is taken for simplicity and
without loss of generality.

being M = &, — 4ty, B = —2t5a?, £ = /(M — Bk?)? + h2v%k? the new energy spectra
of both conduction and valence bands and k* = k2 4 k7. In this situation, we have a
k-dependent effective mass, due to M (k) = M — Bk?, as usual in the context of materials
science and an energy dispersion which is linear at low-energies and parabolic at large
momenta. Strictly speaking, we have a Dirac hyperbola for each conduction and valence
band. The calculation of the Berry potentials and curvatures on these bands still results
direct, unlike now we have that

o (M(k) nv% (M + BE?)
I, = S k; 0.36
YOk ( § ) & (0.36)
and therefore the Berry curvature
h*v%(M + Bk?)

bk, = F— 2 (0.37)

leaves the Chern number as an integer

1 +1 MB >0
+ [ — p—t

CT = 2[sgn([3’) + sgn(M)] { 0 MB <0 (0.38)
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Figure 0.2: (a) Energy dispersion for the conduction and valence bands of Eq. (0.35) in
non-trivial (MB > 0) and trivial regimes (MB < 0). Red and blue colors stand for the
spin z-component. (b) Illustration of the k-dependent spin texture for the conduction
band in both regimes where spin inversion takes places at the corners of the BZ of a
non-trivial insulator.

for any non-zero value of B. Notice that B will be defined as negative in the majority
of cases since the energy tends to grow when increasing the particle momentum. So, we
have a topologically non-trivial regime (Chern insulator) determined by a Chern number
+1 for systems with negative M. This concept, which may seem counterintuitive in a
first instance, simply stands for the band inversion that needs to precede the topological
phase transition as it has been addressed in several cases [23, 24, 86-89|. Other quantities
of interest could be the spin z-component of the electrons,

M — Bk?

(HlozH = —

(0.39)

the electric conductivity and electric polarization as we will see shortly. In the first
case, we can already appreciate some peculiarities that the topological regime features
(Fig. 0.2). Finally, we have to remark that Eq. (0.35) is not the unique Dirac Hamiltonian
describing topological phases of matter. This type of Hamiltonian can be found in the
one derived by Bernevig, Hughes and Zhang for the HgTe/CdTe Quantum Wells which
includes two copies of Eq. (0.35) to preserve time-reversal symmetry |23, 90, 91]|. However,
the resulting Hamiltonian and hence the topological constraint, extremely depend on the
crystal structure of the system and its electronic interactions. In this way, the Dirac
Hamiltonians derived by Haldane and Kane-Mele have a different relationship between
the parameters M and B to determine the boundaries between the trivial and non-trivial
regimes [17, 19, 92-94].
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0.4 Quantized conductivity and electric polarization

One of the principal results that Haldane obtained in his low-energy model for the
integer quantum Hall effects without magnetic fields, was the presence of quantized elec-
trical conductivities directly associated with the Dirac Hamiltonian [17]. However, if this
quantization wants to be addressed to the topology, its origin must be linked with the
adiabatic theory. Of course, this is not the only possible route as we will see in Chapter 3
through the time-independent formalism developed to introduce magnetic fields into the
relativistic dynamics of these systems or complementary, from the semiclassical equations
of motion for systems with non-zero Berry curvature [73, 95, 96]. Both formalisms allow
a simple determination of the Hall conductivity through the Stréda formula [97]

on,
Opy = —€ <GB)M (0.40)

where e is the elementary charge, n. the electron density, B the magnetic field and p the
chemical potential. The other possibility goes through the introduction of an electric field
which gives a vector potential

Alt)=-Et (0.41)

given by Faraday's law, that is suitable to be introduced in the adiabatic corrections to
the system eigenstates [1, 5, 58|

In) — |n) zhz m|8tn (0.42)

m;ﬁn

provided that E is sufficiently small to carry out this evolution adiabatically. Supposing
that E is a one-component vector, i.e., E = E& for instance, we can rewrite Eq. (0.42)

) +ieE Z m]@km (0.43)

m;ﬁn

where the latter identity uses the Peierls substitution p 4+ ¢A to address the temporal
dependence of the wave vector k. From here, it is straightforward to compute the lon-
gitudinal and transverse components of the velocity. In general notation, the average

10
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velocity of a particle in a band n is

(n| 0 [m) (m|,n)

éﬁn_éﬁm

(n]vj|n) — (n|0;|n) + ieE Z
m#n

(0.44)
R Z (O, n|m m[vj 1)

m#n

where 0; = jt [H 7] = %@J.H is the j-component of the velocity operator following
Heisenberg notatlon and 7 is the position operator. It is easy to show that

N 1, ..
(n|0;|n) = ﬁakjf (0.45)
N 1 1 m n

(nl 0 [m) = = (n] (9 H) [m)) = 3 (€7 = &) (n|0k;m)

(0.46)
1
ﬁ(g —&" <5kjn|m>
which can be introduced in Eq. (0.44) to reach
el E

(Avy) = z% [<8kjn|8kzn> — <(’3kzn ijnﬂ = —% Qi (0.47)

making use of Eq. (0.7). Therefore, while the change in the longitudinal component results
clearly zero, the transverse velocity has a contribution proportional to the product of the
electric field with the Berry curvature

(vy) = —81%5” - %9” (0.48)

(Y

n
Y

or in vector notation v"™ = %Vf“ — #E x Q™ [98]. Physically, we are observing how a
transverse velocity arises when applying adiabatically an electric field to a system with
non-zero Berry curvature. But additionally, we can see intuitively, how the Berry curva-
ture plays the role of a magnetic field for the electron dynamics inside a band n, justifying
our interpretation through the field b in Chapter 2. Finally, obtaining the transverse con-
ductivity from the previous formula is direct by taking the density of electric current

in = o / / k) dokdk = ﬁc E, (0.49)

where f(k) is the Fermi-Dirac distribution function that is taken equal to the unity at
zero temperature conditions and fully occupied bands. This fixes the Hall conductivity
to be quantized in multiples of the Chern number C'

11
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og =0l —6—2L/Q”dk—e—20 (0.50)
77w ™ (2m)? T h '

Thus, coming back to the Dirac Hamiltonian Eq. (0.35), it is clear that electrons
in the conduction and valence bands contribute with opposite Hall conductivities given
that their associated curvatures and Chern numbers are opposite. Therefore, in this two-
level system, if the Fermi level lies inside the band gap, we will observe a quantized Hall
conductivity (e*/h)C~ which will decrease if the Fermi level goes into the bands or we
have temperatures with thermal energy kg7 similar to the band gap of the system [2M|
[70].

Within this formalism, it can also be demonstrated that the change in the electric
polarization AP is also related to the Berry phase dynamics [45, 82, 99, 100]

1 T

using the continuity equation 0;p = —V -J in absence of electric field V- P = p where p is
the density of charge [1]. Writting generally for a time-dependent adiabatic perturbation
the velocity as v} = QZM from Eq. (0.48), it is straightforward to show that actually in a
complete cycle AP; o«c ev where v is a topological invariant defined by the Berry phase.

0.5 Helical edge states

A reasonable question within the context of classical solid state physics is that if the
bulk system is an insulator, and we observe quantized conductivities when the Fermi level
is allocated within the gap, who is responsible for the electronic transport? Or more
precisely, where it takes place? This question, which is now obvious, can be addressed by
analyzing the bound states of the Dirac Hamiltonian at the interface of the system [19,
101, 102]. Thus, besides demonstrating their existence at the edge, it was also disclosed
their helical nature whereby opposite spin particles move in opposite directions in a spin-
momentum locking configuration [103].

Roughly speaking, edge states will be guaranteed whenever the topological constraint
for the Chern number is fulfilled, which for the particular case of a Dirac Hamiltonian
as Eq. (0.35) is given by a band inversion. However, before delving into this assertion
time-reversal symmetry should be introduced. That is because systems with a 2x2 Dirac
Hamiltonian such as Eq. (0.35) can only present one edge state while TIs have a pair
of helical edge states in their boundary [103]. Therefore, the complete spectrum of TIs
should take into account these states as it can be observed experimentally through ARPES
(angle-resolved photoemission spectroscopy) measurements [24, 104-106].

12
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0.6 Time-reversal symmetry

We have studied how a 2x2 Dirac Hamiltonian can host a topological non-trivial phase
defined by a non-zero integer Chern number where the effective transport is associated
to a helical edge state. However, TIs have time-reversal symmetry T while Eq. (0.35)
is non-T’ symmetric. This can be easily understood by noticing that our description
through a 2x2 Dirac Hamiltonian is incomplete, at least in the sense that we are selecting
only one spin species for each band and hence the inversion of time t — —¢, which implies
momentum inversion p — —p and spin inversion s — —s, is not considered by our system
since these states have different energy. Mathematically, this is shown by considering the
time-reversal symmetry operator for half-integer spin particles

~

T = —io,K (0.52)

which is an anti-unitary operator 72 = —1 whose inverse 7' = —7 and where K stands
for the complex conjugate operator [3]. This will be explained with more detail in Chapter
1. Nevertheless, just taking its definition, it can be checked the previous relations for the
particle momentum TpT_l = —p and spin TsT—t = —s (s = ga) implying that the

Halmiltonian Ho(k) = M(k)o, + vr(o - p) does not commute with T

THypyT ™' = —M(k)o, + vp(o - p) = —Hopo(—k) # H() (0.53)

being the diagonal term M (k)o, responsible for this fact. Nevertheless, the combination of
these two 2x2 Dirac Hamiltonian in a non-interacting situation does present this symmetry

M) hopk. 0 0

[ Haws () 0 Nhogks —M®E) 0 0
HE) =170 -k = | 0 0 —M(k) hopk_ (0.54)

0 0 hopk.  M(k)

having each of these Hamiltonians opposite configurations for the Chern number (M (k) —
—M (k)), transverse conductivities and spin. Here we have defined ky = k, £ ik,. Thus,
by simple applying T to one of these Hamiltonians, we will describe the physics of the
other. Or in other words, we have a spin degeneracy for each band having a definite
spin-momentum relation which allows time inversion in the full Hamiltonian H (k). In
general notation, if |n;(k, o)) is an eigenstate of the system H |ny(k,0)) = & |ni(k,0)),
being H time-reversal symmetric, by applying T to the previous equation we can see that
Ino(—k, —a)) = T'|ny) will be also an eigenstate sharing the same energy as |n;) but with
an opposite momentum and spin. That is what we know as Kramers pairs.

By performing a dimensional reduction, i.e., considering semi-infinite boundary con-
ditions in one direction, it is possible to see how each Hamiltonian forming H (k) will

13
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contribute with an edge state resulting together in a pair of non-interacting states with
linear dispersion and opposite helicity [103|. That is, we have a quantum spin Hall system
in which the spin transport substitutes the charge transport taking place in a quantum
Hall system. Thus, although the net transverse electric current in the bulk is zero, several
experimental setups can be designed to measure the quantized conductance G' = 2¢2/h
associated with both edge states and the spin Hall conductance Gg = e/(4m) following
Landauer-Biittiker formalism [19, 47, 107, 108]. Finally, note that the non-interaction
condition between the two Chern species forming H (k) will be flexible to preserve edge
states as long as the new terms introduced respect time-reversal symmetry. Topological
insulators accept a wide variety of terms in their Hamiltonian which lead to some exotic
effects. Examples are the introduction of Rashba spin-orbit coupling, structure inversion
asymmetry, proximity effects with a superconductor and even special electron-phonon
couplings as we are going to see in Chapter 2 [19, 38, 53, 109]. However, the presence
of interactions between both 2x2 Hamiltonians will couple the counter-propagating edge
states and hence the conductance will be no longer quantized [19].

0.7 Topological Insulators in two and three spatial di-
mensions

Although the first QSH system predicted was based on graphene, its low spin-orbit
coupling prevented this effect from being carried out in the experimental field using this
material. Nevertheless, its physical model was subsequently extended to other 2D materi-
als which also share a honeycomb lattice and could overcome this issue [110-113]. In spite
of this, the first experimental realization of a TI was in HgTe/CdTe QWs [47] a year after
its theoretical prediction through the effective Dirac Hamiltonian obtained by Bernevig,
Hughes and Zhang [23].

Ak) 0 } (0.55)

HBHZ:{ 0 H(-k)

where H(k) = €e(k)og + Hazo(k) has the same form of Eq. (0.35) plus a term e(k)oy,
where o is the 2x2 identity matrix, playing the role of a kind of k-dependent Fermi level
modifying the energy £+ = €(k) & /(M — Bk?)? + h2v2k2. For our purposes, € can be
set to zero given that it does not play any role in the calculation of the Berry curvature,
potential and Chern number [70]. If one performs a unitary transformation [23]

U= {"0 0 } (0.56)

0 —o,

which does not affect the spin z-component, it can be demonstrated that the resulting
Hamiltonian
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Uttanzt = |7 ]

o H(k (0.57)

is equivalent to the time-reversal invariant Hamiltonian Eq. (0.54) after rearranging their
basis and also to the 2D Dirac Hamiltonian

M<k) 0 0 hUF]{?_
Ho=1"o  popk. —mk) o |~ MEF+ve(e-p) (0.58)
hvpky 0 0 —M(k)
where
10 o oo O
n [ o; 0 ] b= [ 0 —oy ] (0.59)

are the Dirac matrices. So, it seems clear that both non-interacting Hamiltonian are still
two Chern species related by time-reversal symmetry with opposite Chern numbers. For
the particular case of HgTe/CdTe QWs the non-trivial topological regime is achieved for
well thicknesses d > 6.3 nm [47]. However, it did not take long until these advances were
extended to three-dimensions for the family of stoichiometric crystals BisSes, BisTes and
ShoTes [24, 104, 106, 114, 115]. In this case, without using heterostructures, we have
the first intrinsic topological insulators. 3DTIs have also an insulating bulk but with
2D metallic surface states instead of metallic edge states according to the dimensionality
change in their boundaries. This fact should not be ignored given that the physics will
be very sensitive to the system dimensionality as we will see later [49]. Their low-energy
effective Hamiltonian, using k - p theory, can be found to be [24]

Mg(k’) hvlkz 0 h’U”k’_

_ hwik, —Ms(k) Aok 0
Hyprr = e(k)Lapa + | hoky  Ma(k) —houk. (0.60)
hUHk—l- 0 —hULkz —Mg(k)

consisting in a 3D Dirac Hamiltonian that can be obtained intuitively by rearranging
Eq. (0.58) after including the z-component of the momentum p, through the Dirac matrix
a.. In this case, we have that My(k) = My — Byok? — Byk? also depends on k. while the
term €(k) = C — Dyk?® — D;k? is not taken as zero for the moment. There exist extended
versions of this effective Hamiltonian including k® terms, but for general purposes, we
will limit to work with Eq. (0.60) unless we need to explicitly address non-linear effects
[116-119].
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0.7.1 Surface states analysis

Surface states can be represented through the effective Hamiltonian Eq. (0.60) under
appropriate boundary conditions. In this section we will reexamine this fact to see how
edge states distribute along the material and see the principles to derive the effective
2D model from Eq. (0.60) such as in refs. [53, 70]. One can figure out that in their
two-dimensional limit 3DTIs will feature a QSHE. This dimensional reduction can be
extended for any given dimension [49, 103].

To get an image of the edge states one can consider finite boundary conditions in an
arbitrary direction, z for simplicity (V(z = +L/2) = 0). Therefore, to calculate the wave
functions of Eq. (0.60) it is useful to divide it into two parts, one dependent on k, and the
other part treated as a perturbation that will include the information of k, and k,. This
is done because one only needs the information of the surface states near £ = 0 and this
approximation will simplify greatly the calculation of the wave functions. In this sense,
k, and k, are still good quantum numbers of the system while k, = —i0,. Thus, from
Eq. (0.60) we have

Hsprr = Ho(k,) + AH (k,, k:y) (0.61)
where

h(A;) 0 . _[C+ My —D_5? —iA40,

Ho= { 0 h(—Al)] WA= { —ido,  c-M-D| (06
and Dy = Dy £ By, Ay = hwy, Ay = hw. I have adopted the notation used in ref. [53]
in order to make it easier for the reader the procedure. As it can be observed, Hj is
diagonal so one can solve each part separately. However, this is not necessary at all since
both are related by time-reversal symmetry and therefore, one only needs to calculate the
eigenfunctions belonging to h(A;) and then, we will apply T to get their time-reversal
counterparts without solving h(—A;). Taking a trial wave function ¥ = Wye?* it can be
found four different eigenvalues for h(A;)

1

—F+ (-1)*WR|®

2D, D_

BAa=12 = £Aa = (0.63)

that can be obtained from solving the Schrédinger equation h(A;)V = EV¥ and where
coefficients R = F?> — 4D, D _(E — L)(E —ly), F = A2+ D.(E — ;) + D_(E — lv),
Iy = C+ M, and Iy = C — M, satisfy the previous relations. The total wave function W
must be a linear combination of these solutions

_ 1—‘1 A1z FZ Aoz 1—‘1 -1z FQ —Aoz
\I/—cl[ : Je +co [—2}41)\2}6 +c3 AN € + ¢4 AN € (0.64)
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Figure 0.3: Probability density distribution of the electrons associated with the functions
U* (red line) and ¥~ (blue line) for different thicknesses L. Plot parameters M = 0.28
eV, By = 10.0 eVA2, C = —0.0068 eV, D; = 1.3 eVA2, A; = 2.2 éVA were taken from ref.
[24].

satisfying the boundary conditions and where we have defined I'; = C — My — E — D, \2.
It can be checked that there are two wave functions satisfying W(z = £L/2) = 0, one
associated with the condition ¢; = —¢y = —c3 = ¢4 and other with ¢; = —¢cy = ¢35 = —¢4
which define two different energies E* through the relations

Tido tanh(%) INPCe tanh(%)
Toh  tanh(2L) Codi tanh (%)

(0.65)

These energies ET and E~, which can be found numerically, will define the two wave
functions of h(A;)

Iy simh()\Jr fr
+ 2 2
Yy =cs —iA; cosh(A]) (0.66)

/T

)
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- s cosh(/\_)f_
Py =eo {—2341 Sinh(i;)}_l (067)

which for the particular case of the family of TIs BiySes represent spin-up electrons due
to the configuration of their basis [24]. Here, ¢, and c_ correspond to the normalization
factors while superscripts stand for £t and E~ and subscripts for the parity of the
functions that are defined below

_cosh(hz)

B cosh(’\lTL) cosh(A?TL) E—E. (0.68)
. sinh(Az)  sinh(Ag2)

~sinh(25)  sinh(225) [p_p, (0.69)

A representation of the probability density |\I/%t|2 of both positive and negative solutions
can be found in Fig. 0.3. It can be demonstrated that for large thicknesses (L) both
states are well confined near the boundary, sharing the same energy having a similar
probability distribution while for thin-films, top and bottom surface states overlap opening
a gap between both solutions. The effective 2D model for the surface states can be
obtained immediately from the functions \If;r , W5 and their time-reversal counterparts
which are taken as unperturbed states. Hence, it can be demonstrated that the 2D
effective Hamiltonian which arises

Hyp = {h()* ho_} (0.70)
has the form of a 4x4 Dirac Hamiltonian similar to the one derived for HgTe/CdTe QWs
and being their parameters dependent on L [70]. It can be shown, as one can deduce
from Fig. 0.3, that for large L the parameter M tends to zero having both solutions E*
the same energy and describing a Dirac cone at low energy [53]. In contrast, for small
thicknesses (~ 30 — SOA), the overlap between top and bottom surfaces states opens a
gap 2M which describes a pair of Dirac hyperbolae with MB > 0 in their non-trivial
topological regime, i.e., a QSH system. This fact is very significant given that it enables
us to play with the parameters of the Dirac Hamiltonian which could be potentially useful
when studying some transport magnitudes in 2D. In Chapters 2 and 3 we will explore
with more detail the role of the parameter B when deriving an expression for the effective
field b and unveil the differences between the orbital magnetic response of a topologically
trivial insulator and a non-trivial one. Moreover, this will allow us to take realistic values
for the Hamiltonian parameters that will be used throughout the next chapters. Finally,
note that for L. — 0 a transition to the topologically trivial regime is also predicted
[70]. The point at which this transition might occur will depend on the material and the
parameters of its 3D effective Hamiltonian.
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0.8 Topological insulators in higher dimensions

While in (2+1) space-time dimensions the transport equations (j* = 6S.ss/0A,) can
be derived from the topological Chern-Simons action [49],

Sop = % / dt / d*rA,e"P9,A, (0.71)

being d*x = dx dxy, pu, v, p = 0,1,2 the temporal and spatial index, e*? the Levi-Civita
tensor and C' the first Chern number previously defined, their generalization to higher
dimensional systems addressing (441)D does not employ the same topological invariant
following Chern-Simons theory [49, 120]

Cy

Sip = ——
DT 9ure

/ dt / die"r7T A,0,A,0, A, (0.72)

and we need to introduce the second Chern number

1

C, =
27 3972

/ d* ke tr (fij frm) (0.73)

defined on the momentum space which works with non-Abelian curvatures

127 = 05" — 0;05” +ila;, a;]*” (0.74)

and potentials

a3 (k) = i (a (k)| 2%, |5(K)) (0.75)

J

instead of the Abelian ones. Here, i,5,[,m = 1,2,3,4 runs over the momentum coordi-
nates while « stands for the occupied bands in a multi-band model. Physically, we have
that the electron dynamics strongly depends on the surface dimensions whose response is
given in this case by

, &
]ZD = @&,AP&TAT (076)

Therefore, considering for example a constant magnetic and electric field externally ap-
plied in the z-direction we obtain j,p = fTéBzEz. By applying a dimensional reduction,
it is demonstrated that this theory has a direct application to 3DTIs where one can give
an expression for the effective action in three spatial dimensions [49]

1
S = 1= / it / Bt Py, )0, A,9, A, (0.77)
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where P3(x,t) is a pseudo-scalar quantity that can be directly related to the axion field
O(z,t) in axion electrodynamics [52, 121, 122]. However, this correspondence needs to be
treated carefully since both magnitudes have a different physical origin. That is, one is
obtained from a topological Chern-Simons action and takes a value Py = n + 1/2 as can
be deduced by the response equation

N 1 vpo
Jsp = %5“ P70, P30,A, (0.78)

considering P3 = P3(z), which describes a quantum Hall effect in the plane xy [49], while
O(x,t) is a scalar field intended to address the coupling between photons and virtual
particles, named axions, in different physical systems [123-125] and that needs to take a
value 7 in the surface of a TI to preserve time-reversal symmetry.

0.9 Conclusions

In this chapter, we have tried to make a didactic introduction of the Dirac Hamilto-
nian and its connection with the topology in different dimensions. These are the basic
elements needed for a comprehension of the theoretical advances included in the following
chapters and in their respective publications. The study of the thermoelectricity, which
employs Chern-Simons theory, the topological intrinsic field, which makes use of the field
interpretation of the Berry curvature, the Dirac oscillator as key to the introduction of
relativistic oscillations in TIs preserving time-reversal symmetry, the orbital dynamics as
well as the study of the pressure associated with axions within T1Is are pieces of the same
theoretical background described in this introduction. Moreover, we have gathered some
of the elements and skills obtained in a first formative stage which can also be applied to
the study of other topological materials.
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In this chapter, we describe the theoretical aspects used to give an expression for
the Seebeck coefficient and dimensionless figure of merit in topological insulators.
The motivation is clear, TIs are currently the best thermoelectric materials. How-
ever, its physics involves more than solid state and electronic structure. Through a
formalism that employs concepts in algebraic topology and thermal quantum field
theory, we determine a topological contribution to the thermoelectric effect. That is,
directly from the Chern-Simons actions associated with these systems, we find the
electric potential V' generated by a temperature gradient in a topological insulator.
The Seebeck coefficient which arises contains two terms, one associated directly to
the electronic diffusion in a topological band, and other giving an anomalous con-
tribution that we associate to the creation of electron-hole Schwinger's pairs. Once
obtained these elements, we can give an expression for the dimensionless figure of
merit Z7T in the surface of a TI neglecting contributions from the lattice thermal
conductivity. Besides that, using the Riemann-Hurwitz formula, we show that the
compatibility of the torus symmetry of the Brillouin zones and the Kramers de-
generacy for the currents, obliges to use non-Abelian Berry curvatures. That is
to say, the U(1) gauge symmetry, which glues Quantum Mechanics and Electrody-
namics, must be enlarged to at least the SU(2) carrying us to topological massive
Chern-Simmons terms that we directly relate with new thermal excitations.

1.1 Introduction

It is evident that the high efficient thermoelectric performance of TIs should be as-
sociated with their singular physics and transport properties [59-61]. They are the best
thermoelectric (TE) compounds at room temperature, specially if we are able to reduce
their lattice thermal conductivity [43, 65, 126, 127|. A good example is bismuth telluride
[128], BisTes, which has a small band gap giving a good number of carriers at room
temperature (300K) and reaching 2.4 for its dimensionless figure of merit ZT for p-type
using alternating layers in a superlattice with SbeTes [63]. This is the highest value of
thermoelectricity observed so far at room temperature. Even though the electronic struc-
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ture of these materials was exhaustively studied in relation to their thermoelectricity,
there is still lacking in the literature a physical model able to explicitly take into account
their common topological and physical features [51, 129-131]. Semiclassical Boltzmann
theory applied in a Landauer approximation gives accurate results for some properties
using the ballistic nature of their conducting channels [43, 64-68|. However, they do not
take into account directly the non-trivial topology of these systems whose physics links
different scientific branches which were developed independently: particle physics, sta-
tistical mechanics, condensed matter and algebraic topology. This is a characteristic of
materials that exhibit linear dispersion laws instead of quadratic ones, allowing a quan-
tum field interpretation where the spinors play a fundamental role substituting the usual
non-relativistic wave function.

From solid state physics, we need obviously the concept of symmetry and periodicity.
Thus, in a crystal with translational symmetry, we can use Bloch theorem to reduce
the analysis of the different physical properties to the first Brillouin zone (BZ). These
are necessary elements to determine the wave functions and eigenstates in a solid. In this
sense, parity Por space inversion is straightforward followed while time-reversal symmetry
T is not always fulfilled. For example, the Schréodinger equation

0

i (t) = Hy() (L1)

under time inversion gives —ih-21)(—t) = Hy(—t), where classically H = P’ T+ V(x,t) is

periodic in x and ¢ and hence 1 (—t) is not a solution. This can be solved if the T operator
has also associated a complex conjugation K operator. In fact, we must define T=UK
for spinless states where U is a unitary operator [3]. In the case of having half-integer
spin particles, the unitary operator can be written in function of the o, Pauli matrix as
U = exp(—ifo,). This, given that 05 =1, allow us to write the time-reversal operator as

~ ~

T = —io, K (1.2)

which acting on the multiparticle state gives T2 = 1 for an even number of fermions or
T? = —1 when the number is odd. Generally written, T2 has eigenvalue (—1)% for a
particle of spin s, and if |n) is an energy eigenstate, then 7" |n) is also an eigenstate of the
system, sharing the same energy and being orthogonal to each other. Thus, if there is an
odd number of electrons there must be (at least) a twofold degeneracy; known as Kramers
degeneracy. This is Kramers theorem, which when it is completed with the previous Bloch
theorem for the bands, should provide us with the first tools to examine topologically the
first Brillouin Zone (BZ) of a TI [25].
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1.2 Singularities and translational symmetry

We can represent schematically how the 2D BZ evolves under different translation
operations transforming the square BZ into two equivalent cylinders S; (Fig.1.1). Con-
sequently, it is easy to see that combining the two lattice periodicities available in two
dimensions, a 2D torus S' x S! arises. That is, the existence of translation symmetry
allows us to transform a topologically trivial square into a non-trivial torus with genus
g # 0. Given that all crystals are able to develop these fundamental properties, non-
trivial topology is not enough when we study TIs and the presence of singularities which
are usually counted on the band structure are needed. Obviously, without extra informa-
tion, these singularities break the translation symmetry or the periodicity of the Bloch
states [17, 18].

Figure 1.1: Evolution of the 2 — D Brillouin Zone with trivial topology under different
translation symmetries. Applying individual translation symmetries, two cylinders equiv-
alent topologically to two S* circles arise. Combining the two translations symmetries we
obtain two equivalent torus 72 = S*! x S1.

Analyzing in more detail the possibility of these translation symmetry breaking, we
know that infinitesimal translations are generated by the linear momentum operator
Lidz) =1— Lp(dx), where [Z,p] = il follows the Heisenberg’s principle of uncertainty.
By extending this operation over the whole crystal one gets the finite translation opera-
tor L = limy_,o0[1 — Lp(£)]N = exp(—1ipa). Taking into account the periodicity of the
crystal potential V (z) = V(x 4 a), which involves the periodicity of the states, we can

write

Lo [(x)) = [¢(z — a)) = exp(ika) [{)(x)) (1.3)
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where k is the wavelength number associated to the momentum p = hk. On the contrary,
the presence of singularities makes that

[ (x — a)) = exp(ika) exp(i7) [¢(x)) (1.4)

being v the Berry phase which gives to electrons an anomalous phase factor during a
complete cycle in the parameter space. Thus, in order to maintain the periodicity of
the Bloch states, preserving the non-trivial topology that results from having a torus,
singularities must take place on the edges of the crystal, where translation symmetry is
no longer satisfied. Since singularities manifest in energy bands by means of Fermi points,
bands are good hosts for feeding the non-trivial topology of a material whose electronic
structure is appropriate and whose surface shows the breaking of translation symmetry.
In this way, the Berry phase joints the non-trivial topology of the crystal employing its
curvature and connection on the bands [132].

1.3 Riemann-Hurwitz formula and its application to
topological insulators

The topological elements of the TI have been found, but now it remains to see how
they work together employing their associated invariants. The Riemann-Hurwitz formula,
which generalizes the Euler topological invariant, enable us to construct an equation
relating the genus g and g’ of two compact surfaces, i.e., whose boundary is zero [133].
Actually, this formula establishes the conditions for a map f : T—S being surjective and
holomorphic, reducing the several topological invariants introducing the genus of T, the
genus of S, N the degree of the map f and the number of ramifications ef(k). Riemann
used the mentioned formula in the case that the genus of S were zero, i.e., spheres. Much
later the general proofs were obtained by Zeuthen and Hurwitz. The formula is

2(gr —1) = 2N(gs = 1) + Y _(es(k) = 1) (1.5)

keT

In our case we have a 2D torus T2 with genus gr = 1 mapped in a S® sphere with genus
gs = 0 and the degree of the map N = 2 due to the Kramers double degeneracy, see
Fig. 1.2. Hence we obtain five ramifications branches, i.e., e;(k) = 5. This result can be
directly related to the second Chern number as discussed below, playing a fundamental
role in the transformation of heat in electricity. The number of ramification branches
diminishes to three when there are no Kramers pairs, that is, N = 1 with e;(k) = 3. But
it is very remarkable to observe that this formula does not depend on the dimensions of
the involved sphere or torus, which justifies us to work with a 7 torus instead of a 7" or
T* without being worry about new results.
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3
St x S %y (1% §1/T) ~ 5= by 3

Figure 1.2: Schematic illustration of the projection of a torus into a sphere. The first
torus is mapped by a on the second torus, which is equivalent to one sphere since it
includes Kramers pairs with the same energy and orthonormal. The map b carries points
of the previous torus on a real sphere. It is immediate to see that the map ¢ = b - a is
commutative.

In the presence of singularities in the band structure, the map ¢ of Fig. 1.2 can be
interpreted as the d, map within the Hamiltonian H introduced to study TI in (4+1)-D
[49],

H =ty da (k)T (1.6)

being d,(k) = (m+p)_, cosk;,sink,,sink,,sink,,sink,,) and I's the Clifford matrices
{T* T} = 29" 15.5. Then, we can calculate the second Chern number Cy associated to
this Hamiltonian

3 wvede [ o Odb(k) Ode(k) Ddy(k) Dd.(k)
Cy = 5 /dk dq(k) [ e T T (1.7)

which is no more than the winding number resulting from the map daik) = % of a
four-dimensional torus 7% to a sphere S*, having the mass m associated to the spinor’s
I's five critical values given by the condition Zk i d? = 0, that allows us to identify, in the
same way as the Riemann-Hurwitz theorem, five different branches for the second Chern

number
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Co=p=1 —3,mée (—2p,0) (1.8)
+3,m € (0,2p)
—1,m € (2p, 4p)

where p is taken as a mass parameter which must be equal to the background kinetic
energy of the particles 2k5T /v% for keeping its physical meaning. In this way, p is mainly
associated with the quantization of the temperature [134]. It is easy to see that for non-
T symmetric Hamiltonians there are only three ramifications available for the second
Chern number. As we saw, this can be interpreted, in one straightforward form, into the
Riemann-Hurwitz formalism as two different maps, where we change the degree of the
map N from 2 to 1.

1.4 Topological Seebeck coefficient
Physically the non-Abelian Berry phase takes into account the allowed bulk degener-

ate states which are directly related with the change of temperature, as we shall see soon.
First, we take the definition of the non-Abelian Berry connection

a®® (k) =i (a, k| 9/0k; |5, k) (1.9)

J

and the associated field (or curvature)

fio;ﬁ = aiajo-‘ﬁ — Oja?’g + i[a,-, aj]o‘ﬁ (110)
and second Chern number
Cy— — d* ke tr (fi; fon) (1.11)
2 3271'2 jJmn .

where the indixes of the Levi-Civita tensor stand by ¢,7,m,n = 1,2,3,4 and « refers
to the occupied bands. This can be written within a pure gauge Yang-Mills formalism,
where their solutions transform in general by a, = T"a!, and fos = T"f.; being the
T"s the generators of the inner symmetry group, which in our case will be SU(2) [2].
For a U € SU(2) being position dependent, we have the gauge transformations for the
potentials

ao—al = U ta,U +U0,U (1.12)
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and fields

fas—fag = U fapU (1.13)

It is immediate to observe that the non-Abelian fields are not gauge invariant, unlike
what happens with the Abelian ones, which tell us that the curvature depends of the
group representation but not the topological numbers. Thus, given that tr(e9™" f;; fu,) =

AT, [t (a;0man — 3;4may)], we can define the Chern-Simons term [120]

| 2
W(a) = —# Bre T tr(a;05a,, — gaiajam) (1.14)

where p is a topological mass and which is not gauge invariant under gauge transforma-
tions

872

H 3, ijm 19 7777-19.7777—1
+247r2/dl’6 tr(Uo,UU " 0;,UU " 0,,U)]

W(a") =W (a) L/dgx[eijmaitr(ﬁjUU_lam) s
1.15

The first term of the integral is a total derivative that can be made zero in a manifold
without boundary, while the second, is an integral written in short as w(U ), which provide
us topological information of the manifold as a winding number. This integral is actually
an integer number coming from the homotopy group m3(S?) for the SU(2) group and
we can take the Abelian Chern-Simons gauge symmetry associated to the background
electrodynamics, i.e., the U(1) as a subgroup of transformations close to the surface. In
this case, we can rewrite the Chern-Simons transformation for both fields. Hence, the
transformation of the Chern-Simons can be rewritten as

W (a)—W (a) + %2%%((]) = W(U) + 2mpw(U) (1.16)

But as the path integral et must be invariant, hence it means that p is an integer. These
are going to be the dynamic fields meanwhile the electromagnetic gauge potential A, will
appear as a background gauge field.

Let us go now to the thermodynamic part of the topological thermoelectricity ap-
plying the instanton solution associated with the second Chern number developed above.
Within this mathematical context, it is possible to make a direct relationship between
thermodynamics and quantum formalism. Feynman path integrals give us an expression
for the amplitude of probability to evolve a particle from the coordinate x;(0) to z(t) a
time later by
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. rf .
<$f|€_ZHt|xi>:/ Dze™'S (1.17)

where § is the classical action, which could be obtained by S = fot at’ [% — V(z)]. On the
other hand, in Statistical Mechanics the partition function is defined in quite a similar
form by Z(3) = tr (e_BH) where 5 = kBLT There is a way to change from one to the other
using the Wick trick, i.e., doing the time a pure complex variable and transforming the
Minkowskian space-time in a Euclidean one. Thus, we have —iS = [ d7’ [2’% —V(x)] =
Sg where Sg is the new Euclidean action. This fixes the concept of temperature relating

it directly with the time by 7 = hf making

z(B)=w;
tr (e ") = /dxi (z;] e PH |2;) = /dxz/ Dxe™5F (1.18)
z(0)=z;

where we have assumed a cyclic motion z(0) = x(f3), i.e, the particle must come back
where it started after Euclidean time 7 = A [135, 136]. This is exactly how Berry phase
works and justify partially its introduction as a gauge field.

Remember that the Berry phase is directly related with the electric polarization P
[58, 100],

AP:%/OTdt/Z dk " fulk) (1.19)

neoccu

being
Foll) = | 5 W 0)] 5 k(8) = 5 k(0] k)| (120

the Abelian Berry curvature. Under a gauge transformation of the electromagnetic poten-
. . oA
tials A,— A, = A, + 0,A(x,t) the electron wave function transforms ¢)— = e*n. The

above exponential function needs to be single valued while the A(z,t) doesn’t. Thus, we
2w pht 2T

can write it as A(x,t) = g = Mg where p is a winding number quantizing the tem-
perature. This allows to find the electric potential directly related with the temperature

by

2
VoV =V + ungT (1.21)

which means that we have transformed the electric potential into another, plus a ug—g
thermal term. This turns out to be a fundamental result: the thermal energy appears
quantized by the winding number being added to one electric potential under a gauge
transformation. Notice that a Chern-Simons term was necessary since it is not gauge-
invariant and appears as surface actions. This allows to have, in non-Abelian Chern-
Simons, the coupling constant g directly associated to the temperature, related to the
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Figure 1.3: (a) Schematic illustration of a virtual electron-hole pair when the parameter
m is far away from the boundary between two topological branches, that is for example
2p. When m is close to these value the jump in the topological mass p generates a
potential difference that is able to break the vacuum and to generate a real electron-hole
pair representing a new mechanism to transform thermal energy into electric in solid state
physics. (b) Representation of electron-hole creation at the hot (red) side of the TT where
m =~ 2p. Electrons and holes take place on different branches, leadind to an electric
field E,. Due to charge carriers are responsible to thermalize the material, this originates
electron J. and holes .J, currents where each type of carriers have different movilities since
they below to diferent branches.

2hp
g2

Chern-Simons action transforming Scs—Sig = Scs + where p is the topological
mass.
Getting back to the topological electric potential Eq. (1.21), we can easy calculate

the Seebeck coeflicient

ov 2 27 0

choosing V' = 0. We can identify two contributions, the first, that comes purely from the
temperature gradient in a topological branch, and the second, which takes into account the
contribution due to a change in the topological index p, i.e, a jump between ramifications.
As we will see, the first term is equivalent to that we find when we compute the surface
Seebeck coefficient while the second, does not appear since there is only one ramification
available on the surface. Once we have seen that the instanton solutions allow us to
relate the electric potential V' with the temperature T and hence the electric field E
with VT, we can give a microscopic picture of how the thermal energy is invested in
electricity. Besides determining the electronic diffusion within a topological branch, the
main idea is that there is a creation of electron-hole Schwinger’s pairs (Fig. 1.3), provided
that the electric field is big enough [136-139]. Calculating the critical electric field E.,
following Heisenberg-Euler, we notice that the limit for obtaining a great number of real
electron-hole pairs is

2,3
mvy

E.= ~ 0.152V/nm (1.23)
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Virtual particle-hole
creation

Pair production

Figure 1.4: Non-Abelian topological contribution to the thermoelectric effect close to the
U(1) electromagnetic surface. Charge transport towards the cold (blue) side originates a
potential difference V' represented by the electric field El. Pair production in the hot side
(red) of the material leads to a local heat transfer, increasing the Seebeck coefficient.

where we have considered typical values for the energy gap (= 0.21eV) and the Fermi
velocity vp ~ 6 x 10°m/s in TIs [24, 140]. This provides a critical electric field of almost
ten orders of magnitude lower than the critical electric field in quantum electrodynamics
(QED) and with one equivalent temperature of ¢ = 1.74 x 107® Knm™!, being these
values accessible in these topological materials at so small scales as at hundredths of volt
at distances of angstroms. In this way, we can rewrite the second term of the Seebeck
coefficient considering that the dependence of p with the temperature, as we show in
Eq. (1.22), is represented by a Heaviside function, leading to the following expression for
the Seebeck

2 2
S = gukB + ga(p)k:BT (1.24)

being p the different values where p changes, that is, 0, £m/2, +m/4 and where the
local increase, represented by the second term, can be interpreted as the contribution
originated in the creation of real electron-hole pairs (Fig. 1.4). Eq. (1.24) for the Seebeck
coefficient has two terms, the first one quantize S in integers due to the Chern-Simons
topological mass, whereas the second corresponds to the variation of this mass respect
to the temperature 7. The relevant point is that the topological bands allow finding a
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1 Thermoelectricity in TIs

new term in the Seebeck coefficient which can increase it depending on the value of the
temperature. But what is more important, these strings of singularities separate ther-
mally some regions from other, resulting in a temperature gradient (ﬁT) which produce
an electric field E, capable to create Schwinger’s pairs whose electrons and holes have
different velocities depending on the level where they are situated respect to the Fermi
level (Fig. 1.3). Thus, unlike what happens with metals, the effect of temperature on elec-
trons and holes can be quite different without cancelling each other, leading to a Seebeck
coefficient that would be also higher than in a semimetal. It is fundamental to observe
that without the topological ramifications we would have a homogeneous crystal without
thermoelectricity.

1.5 Surface figure of merit Z7T in TIs

Finally, let’s calculate the topological contribution to the surface figure of merit in
TIs, limiting our calculations to (2 4+ 1) dimensions, where the topology is determined
through the first Chern number n and the winding number n. We start considering that,
in a given direction z or y, exists a temperature gradient in our TI in such a way that
eigenstates evolve adiabatically. We can define then the Seebeck coefficient through the

entropy as S = %B (ln|%] + me) where 1, and v); are the final an initial states, 6 is the

angle between the states and n is the winding number which can only take odd integers
values, otherwise the topological Seebeck coefficient would give zero. In fact, we are
representing the entropy of a Riemann surface. Notice that although the von Neumann
entropy would give zero considering pure states, this is not true considering that these
states are in entanglement due to their global topological properties [69]. Actually there
are many local Wannier bands, i.e., V(k,t) = \/LN > Vi(ki, t), providing separate electrons
which move coherently producing what is called Thouless charge pump and relates Berry
phase with the electric polarization P [141-143]. In fact, due to the previous definitions, it
is easy to see that ln|%] = 0 and we can simplify the expression of the Seebeck coefficient
for the TT as

S = ’%Bme - n’%B i (Y()| Y, [(r)) d(r) = gnﬁkB ~ 270V /K (1.25)
C

being 6 the angle directly associated to the Berry phase on the closed curve C. This leads
to an expression very similar to that obtained before, first term of Eq.(1.22), where the
product pw(U) has been transformed into nn, where 7 is the Berry phase of a non-trivial
material, n counts the number of times we complete a cycle and 7n is the first Chern
number which takes into account the whole topology on the Brillouin zone for our TI.
In order to complete the calculation of the surface figure of merit, we need to know the
electronic thermal conductivity and the electric conductivity. For the electronic thermal
conductivity, we consider the 2D density of states in the semimetal region as
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1 1
D(¢) = 2657 / 5(& — hwpk)2nkdk = mg (1.26)

where the factor 2 comes from the spin degeneracy. If the system has also valley degen-
eracy, such as graphene, we need to consider an additional factor 2 [144]. This allows us
to obtain the electronic thermal conductivity s, as

19
20T

aeD(©)ef (et = iz (1.27)

/{:6
by means of the density of internal energy u = [ £D(€)f(£)d€, where f(€) is the Fermi-
Dirac distribution function, ((3) the Riemann zeta function of dimension three (Apery’s
constant) and where we have supposed a temperature dependent mean free path | =
hvp/kgT. On the other hand, given that we have a ballistic regime for electronic trans-
port, its conductivity o. appears given by the simple expression o, = ﬁ% [47, 145].
Therefore, despite using so different expressions than the ones of the metals, where a
quadratic dispersion equation is employed instead of the linear one of the semimetal, we
obtain a good Wiedemann-Franz law yielded by

2
re _ 36(3) (k—B) T=LT (1.28)
Oc n e

where the Lorenz number L = 3((3)/7 (kg/e) is one constant, as it ought to be, but
divided by a Chern number n which tell us that this expression is only valid within the
context of the non-trivial topological materials that we have considered. Finally, we can
calculate the figure of merit Z for these topological insulators

0,52 B S?

7 = = —
Ke LT

(1.29)

where we are not considering the phononic part of the thermal conductivity [146, 147].
In this way, the dimensionless figure of merit turns out to be a simple expression

(1.30)

This is the extra pure topological figure of merit for the edge states, which is zero in the
case of trivial topological materials. Although these conditions are quite ideal and trans-
port constraints can diminish its efficiency under real physical features of each material,
this result opens a great hope because it tells us how to improve highly the thermoelec-
tricity associated to the topological materials. In the case of BiyTes, for the quantum
numbers equal to one we obtain a value ZT = 2.737 close its present maximum [63].
Additional estimations of the electronic thermal conductivity in ballistic channels can be
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found in refs. [148, 149|. They give a value k., = %”%TT which is numerically close to

&,(LB’)/C%T. Noticeably, this expression leads to the usual Wiedemann-Franz law and a di-
mensionless figure of merit ZT = n*n?3 which grows in multiples of 3 in absence of lattice
contributions.

1.6 Conclusions

In summary, we have shown the relationship between topological insulators, such as
the family BiyTes, as well as other topological related materials without time inversion
protection as the Pby_,Sn,Te, and their associated thermoelectricity [150]. We have also
seen that the second Chern number obtained for the non-Abelian SU(2) field leads to a
thermal topological mass on a Chern-Simons action. This is equivalent to have a quantized
temperature working in a kind of topological bands that we define as the ramification
branches using the Riemann-Hurwitz formula on a Euclidean spacetime where instanton
solutions substitute the Bloch oscillating states. Physically what we have is a pumped
charge between bands connected by the non-Abelian Berry phase within the insulator bulk
at low temperature with an electromagnetic background field on the surface. Therefore,
close to the surface we have only an Abelian U(1) Chern-Simons term providing us with
one transformation between electric and thermal energy because we have only one kind of
states. Moreover, we show that the Schwinger’s electron-hole pairs, close to the topological
bands, produce an increase of the Seebeck coefficient contributing to the transformation of
thermal into electric energy which is one of the key points of the model that we present in
this paper. Finally, we calculate a general expression to the dimensionless figure of merit
in terms of the Chern number and winding number, getting a value that coincides quite
well with the one experimentally measure for the BisTes, doing zero its phononic thermal
contribution. It is open for future a new class of topological materials using topological
indices higher than one which can cross what is considered nowadays the efficient critical
value for the ZT figure of merit changing the physical conditions suggested in the presented
model [151].
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2 Emergent topological fields, electron-
phonon coupling and thermal excita-
tions in Tl1s

Here we develop the idea of the topological intrinsic field b deduced from the Abelian
Berry curvature belonging to the surface Hamiltonian of 2DTT and 3DT1Is thin films.
Besides putting it within the context of the special electrodynamics of these sys-
tems, the theoretical model developed through the field b allow us to treat and
interpret relativistic oscillations within the Dirac Hamiltonian of these systems.
This describes an special mechanism in which electron-phonon coupling allows the
transformation between heat from the lattice into electricity. In the same way, we
find a new path to introduce thermal excitations in the system obtaining an equiv-
alent result to that found from the Chern-Simons action in the previous chapter.
This describes an scenario in which oscillations and thermal excitations can couple
to the topological electrons, without changing the entropy of the system and hence
contributing to the high efficient thermoelectric performance of TIs.

2.1 Introduction

As we shown in the previous chapter, decreasing the thermal conductivity as much
as possible and take advance of the highly conducting edge channels present in TIs seems
essential to provide a high efficient thermoelectric response |23, 71]. Besides the exper-
imental difficulties to obtain high-quality thin-films, eliminate bulk carrier transport or
adjust the Fermi level to lie in the small topological gap there is not a physical model to
guide us towards a new generation of thermoelectric devices by treating phonons or oscil-
lations produced by temperature in the topological context. The problem is that physics
is fundamentally local and topology must enter through those tools. With this purpose,
we need to connect topology and electrodynamics to introduce phonons and thermal ex-
citations together with the topological electrons at the surface. The scenario which arises
after this study, supported on an obtained expression for the topological intrinsic field,
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solves most of the difficulties involved in the topological thermoelectricity and allows to
find experimental work to confirm it.

The global characteristics of TIs are printed on their band structure within their
first Brillouin zone (BZ), concretely through their curvatures and Berry phases. These
materials are both insulators in the bulk and semimetals on their surface where they
contain Dirac points on account of the band crossings. But the bands are not the unique
factor to take into account to determine the topology. One fundamental ingredient is the
dimensions of the spacetime where the Hamiltonian is defined. That is why generally, for
a given Hamiltonian H (k) following Schrédinger equation, we are able to define a map
from the BZ to the manifold of their symmetries X (k) : BZ — % by means of a
unitary matrix U(n) which diagonalizes the Hamiltonian for n states (Bloch bands) being
¢ the occupied ones and n — ¢ the unoccupied with respect to the Fermi level. This allows
calculating the number of maps X (k) which cannot be deformed continuously each other
using the homotopy group obtaining m [X (k)] = m3[X (k)] = 0 and m[X (k)] = Z, being
Z an integer and each subindex the dimension of the spacetime [2|. That means that
there is only one non-trivial topology associated with the direct relabeling of the bands
in two dimensions. Or in other words, band insulators with different integers cannot be
continuously deformed into each other without crossing a quantum phase transition. This
is what happens, for instance, in the Integer Quantum Hall Effect, where the number
of chiral edge states are the integers associated to the above homotopy group [18, 54,
152, 153|. But in one or three dimensions we need to introduce more symmetries of
the Hamiltonian if we want to take into account their non-trivial topology. In TIs this
symmetry is the time-reversal symmetry T which induces a Kramers degeneracy [19, 154],
such that the square of T operator is equal to —1 for half-spin electrons (fermions), acting
on the map previously defined as TX (k)T~' = X(—k). This enables us to define a new
topological number by the discrete cyclic group of two elements Z; called spin-Chern
number [19, 20]. The form to do it is somewhat subtle dividing the Hilbert space into two
parts, one for each kind of Kramers states, and calculating the Chern number on them
for extending the definition of the topological index [49, 59].

Once we know how the non-trivial topology can be determined on the bands, we need
to figure up how the electromagnetic fields and heat exchange behaves physically under
such non-trivial topologies. For such aim, we need to employ the axion electrodynamics
which enlarges the Maxwell’s action using the two Lorentz invariants associated to the
fields. That is to say, to add the pseudo scalar quantity %EWQBF w peB  besides the
usual scalar F,5F* which is enough to provide Maxwell electrodynamics in the trivial
topological vacuum. Then, we have the axion action

1 e? 1
S= [ di* | —F3F* — O(r, )€ pasF* FO8 + Z A, J* 2.1
J et (o Fon = bl D F L4, 1)

which leads directly to the equivalent Maxwell equations in TTs,
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W,
'

VAN EF
Helical edge channels

Figure 2.1: Lattice oscillations in the topological electronic transport. Schematic illus-
tration of helical edge states and surface of a 3DTT in thin-film conditions. The energy
spectrum is displayed on the right side of the panel. The quintuple layer describes the
addition of in-plane lattice oscillations, in this case represented by a polar phonon mode,
to the topological electronic transport.

v (E + 2ac (;ﬂ) B) - é (2.2)

substituting the Gauss law and

10E 2« o (0 0
B = poJ B E 2.3
V x Ho +28t+c[8t< )+V(2W)x ] (2.3)
instead of the Maxwell-Ampere one, being a = 47r€ — the dimensionless fine structure

constant. The other two equations, Faraday and non-existence of isolated magnetic poles,
maintain the same form [52, 155, 156]. In particular for the TIs, § = 7 and we can choose
a gauge function A(r,t) = 7’2” associated to the degree of freedom of the electromagnetic
potentials where a is a lattice constant and || the modulus of the distance given in
the electromagnetic fields. By constraining these fields on a torus, these ingredients are
enough to connect # with the non-trivial topologies of the lattice using Gauss-Bonnet,
however, not with the bands through the Chern number. To reach such result we are
going to translate the topological information into a physical field named as b. This will
be done through the Berry curvature €, x, = —2Im <8kzn|8kyn> defined on the non-
trivial bands of a 2D Dirac Hamiltonian which behaves as a spin-dependent magnetic
field in the k-space and whose integral determines the Chern number C'.
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Supported by this topological field, which is intrinsic to these materials and consistent
with their special electromagnetic background, we are able to introduce and interpret
the thermodynamic part associated to the phonons in TIs (Fig. 2.1). This is done by
including oscillations in the Dirac Hamiltonian, i.e., relativistic phonons associated to the
Dirac oscillator [157]. By means of the adiabatic mechanism, we are going to establish an
equivalence between the phonon field w of the Dirac oscillator and the field b containing
the information of the dynamic and the robustness of the topological regime. This is a
crucial result for the topological formalism of the thermoelectricity. On the one hand, we
demonstrate in a direct way how relativistic phonons enters into the topological context,
modifying the Berry curvature and allowing heat-electricity transformation. On the other
hand, we give an explanation of why topology is preserved at high temperatures in most of
the compounds which exhibit it. The previously mentioned relationship between the field
b, which can reach values in the order of Teslas for each spin subsystem with the typical
parameters in 3DTI thin films, and w defines a limit (>THz) for the frequencies tolerated
by the system without involving entropy change. Under these conditions, we would find
a temperature regime in which such excitations would not break the quantum coherence
necessary for the conservation of the topological signatures allowing the observation of
the high figures of merit associated to the topological states around room temperature.

2.2 The effective topological field b

The family of 3DTTs BisSes, BisTes, SboTes has a special interest by the fact of being
topological besides including on their members the most efficient thermoelectric material
up to now. The highly conducting edge states, provided by the topology, are predicted to
be responsible for their high figure of merit in low thermal conductivity conditions [64, 71].
However, this must not be the unique ingredient to explain the thermoelectricity in these
materials where the coexistence of time-reversal symmetry and non-zero temperatures,
which usually involves entropy change, might cause a conflict. Given that, our starting
point must be a 2D effective Dirac Hamiltonian used to describe the physics inside 2DT1Is
as well as in 3DTTs thin films, i.e. when the thickness of a 3DTT is enough small to overlap
its top and bottom surface states forcing them to be placed at the edge |70, 103, 158].

o= [ 0] (50 Y

Here ki = k, & ik,, M (k) = M — Bk? is the effective mass in the solid, k* = k2 + k2, vp
is the Fermi velocity, A is the Planck’s bar constant and the basis has been rearranged to
be [111, Y2y, Par, ¥1y], allowing the separation of the Hamiltonian into two non-interacting
time-reversal counterparts Hy which can be treated independently [70, 159]. The energy
spectrum of Eq. (2.4) define two non-interacting Dirac hyperbolas centered at the I" point
for which conduction and valence bands for H, have an associated Berry curvature
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Figure 2.2: Non-trivial Berry curvature and effective flux quantization in TIs. Non-trivial
(M <0, B <0) Berry curvature 2, , for the positive energy eigenstates of H. labelled
as |n) and |n’) respectively. The compass indicates the orientation of the field felt by
the electrons on each band. In the bulk of a TI, this curvature allows considering the
existence of helical orbits with an associated flux ® = i/e C, being C' = £1 the Chern
number associated to the conduction bands of H.

. " R*vi (M + BE?) .
haky = T Phok, = 75 N2 L 72,2 1213/27
(M — Bk?)? 4+ h?v;.k?]

(2.5)

which is spin and band dependent, resulting in the opposite sign for H_ (M — —M).
This Berry curvature defines the Chern number C' = 1/(27) [ Qdk which in the non-
trivial regime of Hsyp, given by the condition MB > 0, is an integer equal to £1 which
also shares the same dependence of € and its responsible of transport quantization [70].
Thus, for instance, for the conduction band of H, we have

C = %/OOO Qdi? — 1/000 0 (M - B’“Q) A2 = — % (sgn(M) + sgn(B))  (2.6)

2 ), Ok ¢ 2

where d*k = 2mkdk and & = /(M — Bk2)2 + h202k? is the positive energy solution.
Essentially, the Berry curvature plays the role of a magnetic field in the k-space obtained
through the rotational of the Berry potential A [3]. This allows us to consider in a TI, the
presence of a pair spin-momentum locking orbits associated to the topology, which present
a quantized flux (C' h/e) in terms of the Chern number C' and whose sum obviously gives
zero due to T symmetry (Fig. 2.2). Of course, this is consistent with the fact of why in the
presence of an in-plane electric field we can talk about opposite transverse spin currents
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which in the edge produce a quantized electrical conductance G = (Cy — C_)e?/h, being
C the Chern numbers associated with the branches H. [15, 47|. The idea to understand
and address effects associated with thermal fields and phonons or external fields is to
link the topological information into a physical field consistent with their phenomenology.
But, how can it be done? The answer lies in the translation of the Berry curvature into the
real space. This can be done by noticing that under small gap conditions, as it happens
for 3DTTs in the thin-film limit, the non-trivial Berry curvature €2y, x, associated to the
states of Eq. (2.4) has the form of a single peak Gaussian-like function centered at the I"
point [70], which has characteristic length small enough to consider an equivalent magnetic
field b constant along the bulk crystal and whose magnitude must be determined by the
constraint that its flux is quantized and equal to h/e C, i.e., h/e [ Qp, 1k, dk = JbdsS.

Given that b can be extracted from the integral, we need now to estimate the area
defined by the topological electrons on their motion. This surface element AS can be
obtained in an original way by applying Heisenberg’s uncertainty principle matching the
quantum conductance (e?/h) with the conductivity o = AS™1T in the Heisenberg limit
(1 = h/Ac) being e the elementary charge, T the scattering time and Ae = 2¢ the energy
uncertainty which can be considered to be in the order of the energy of the particle &
due to the low energy of the topological electrons and that we take equal to 2¢, i.e., the
energy difference between the two eigenstates [160]|. In this way, we obtain the following
expression for the field b

2m€§C 5 2mv%

b pr—
he he

Cz (2.7)

which can be approximated by setting & &~ m.v% taking into account of the small mo-
mentum of the particles and where the electron effective mass can be considered as
me = hz(%)_l = M/v% neglecting any contribution from the Hamiltonian parameter
B, that gives us the information about the localization or delocalization of the bands in
the space, and limiting to materials that present v% >> 2M3/h* This approximation,
easily fulfilled thanks to the small gap and high Fermi velocity that typically character-
izes 3DTI thin films (M ~ —25 meV, vp = 6.17 10°m/s), determines an equivalent field
for electrons on the surface |b| &~ 5T for these values consistent with the robustness that
characterizes topological surface states and whose sign, determined by the Chern number,
keeps time-reversal symmetry intact [70]. This expression for b is not far from the one
obtained directly by transforming a narrow Gaussian function from the momentum space
to the real space where its value is determined by the inverse of the maximum of the
source function. In this way, the large magnitude of b is uniquely due to the size of Berry
curvature which is associated to the band singularities. Note that in Eq. (2.7) m, must
not change its sign when we pass from H, to H_ (C'— —C') given that its inversion has
already been considered in the conductivity change €?/h — —e?/h. Thus, our formalism
defines an effective area AS = hh/(2m.&) for the electrons inside TIs, which corresponds
with the inverse of the 2D density of states, and a magnetic field b with opposite sign for

40



2 Emergent topological fields, electron-phonon coupling and thermal excitations in TTs

each band and branch H,, which attending to the full Hamiltonian, results in a special
spin-dependent interaction consistent with the singular dynamic of the topological regime
and the band inversion. The obtained expression for the field b also shares a direct corre-
spondence with the critical magnetic field B, = m?c?/(he) necessary for two photons to
create Schwinger pairs in the vacuum, adapted to the particular context of the TIs due
to the small gap and the substitution of ¢ by vgr, making this quantity experimentally
accessible [138]. Additionally, it can be checked that indeed Eq.(2.7) matches with the
critical value of the external magnetic field B making zero the density of states and Fermi
sea volume in non-zero Berry curvature systems at £ = 0, being these quantities propor-
tional to the factor (1 + <242) [73, 161]. Along this chapter and the following, we are
going to test this result demonstrating that the field interpretation of the Berry curvature
through b is consistent and accurate within the electrodynamics and directly introducing
a magnetic field in the Dirac Hamiltonian of T1Is.

2.3 The Dirac oscillator

From the historical point of view, the introduction of mechanical oscillations in a
relativistic context was first analyzed by M. Moshisnky and A. Szczepaniak [157| incor-
porating a linear term in r to the Dirac equation. The origin of this term lies in the
introduction of an harmonic oscillator potential into the Klein-Gordon equation, leading
to the well-known Dirac oscillator

ih(OY/0t) = [vpa(p — imrwB) + muz B (2.8)

where

0 g; 0o 0
ai_{ai 0} 5_{0 _UO} (2.9
are the Dirac matrices, o; the Pauli matrices, m the mass of the particle, r the position
and where we have substituted the original speed of light ¢ by the Fermi velocity vg
in order to adapt equation Eq.(2.8) into the context of TIs. Afterwards, the equation
was further analyzed, always in the context of Quantum Field Theory (QFT) [162, 163],
where working with phonons it is always convenient to employ operators defined on a Fock
space and Eq. (2.8) can be rewritten in function of the right and left chiral annihilation
and creation operators

1 1
_ ; T T ot
ar = Ay — 10 a, = a, +1a
7 2 7 2
1 1
a——ax—l—za a——az—za
l \/5( y) 1 \/5( y)
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being a,, a,,al, and a;f! the usual annihilation and creation operators of the harmonic
oscillator. There are two Pauli spinor eigenstates which present entanglement between
the spin and orbital degrees of freedom.

2mugn/e 2muEa/e 4
_ _ _jSmUpveE 2.10
1) = ip— —— |1h2) [Y2) = —ig ol [y (2.10)
being |11) and [¢») the two components of the spinor [¢0), e = 4 takes into account the
F

non-relativistic limit and |n;) = ﬁ (al)™ |0) the basis in which the Fock space is expanded
[162]. The energy spectrum is £ = +F,, = +muv#+/4en; + 1, whose eigenstates can be
written as Pauli spinors |¢+) and |¢;) components, employing the angular momentum
z-component definition given by L, = h(ala, — alTal)

|=En) = Buy ) |d1) + o, [ — 1) |dy) (2.11)
| En ) = oy ) [ o) — iBp, [ — 1) [0) (2.12)
E,, +muv? En, —mu? . . .
where o, = .—F and 3,, = L_—% Finally, time dependent state of the spinors

2, 2En,

excited by the Dirac oscillator is

7 ) 4e,, .
[Y(t)) = (cos Wh, t + \/ﬁsm wmt> Ing — 1) [pr) + ( msm wnlt> In) [oy)
(2.13)

In this way, we see how there is one oscillation between the spin-orbit states |n; — 1) |¢4)
and |n;) |¢,), in such a form that the change of spin polarization implies one for the orbital
and vice versa. However, these abstracts does not take into account the topology of the
system and are not enough to treat relativistic phonons into TIs without losing the notion
of the Berry curvature. With this purpose we are going to introduce it into the adiabatic
context to see explicitly how they affect to the topological properties and thus to the
thermoelectric response in T1Is.

2.4 Perturbative analysis

With these remarks, now we are in a position to interpret the role of relativistic
oscillations in TIs. In fact, it can be straightforward to figure out that the role of b
is closely related to the phenomenology of the Dirac oscillator Hamiltonian ih(0v/0t) =
[vpa(p—imrwB)+muZ B, which also preserves time-reversal symmetry and incorporates
a linear correction in r to the electron momentum p in the form of a magnetic field B =
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2mw/e. Remember that b has been interpreted as a magnetic field deduced from the Berry
curvature. So, we have an opposite magnetic field for each Dirac band in Hyp and also
for each Hamiltonian Hy. In a 2D Hamiltonian as Eq. (2.4) the perturbation introduced
in the Dirac oscillator enters in the same way of a magnetic field B in the z-direction
with opposite sign for each branch Hi with the usual substitution 2w = eB/m. The
factor 2 comes from the non-minimal coupling present in the Dirac oscillator equation to
guarantee of having a harmonic oscillator in its non-relativistic limit [157, 164]. Precisely
in this limit, is where a spin-orbit coupling of strength 2w/h arises motivated by the spin-
dependent magnetic interaction introduced in the system. As we saw, the Dirac oscillator
has been analyzed in different studies [157, 162-164|, however, it has not been treated
into the adiabatic formalism. Only then, we are going to be capable of visualizing the
role of phonons inside the topological context. Given that the Hilbert space was divided
into two time-reversal counterparts, we are able to work in only one of the subsystems
H. where the adiabatic correction to the energy eigenstates can be calculated [1, 5.

Ok, (m|0y,n)
ot 26

aky <m‘akyn>
W—Qﬁ [m)

In) — |n) — ik m) — ik (2.14)

being |n) and |m) the unperturbed eigenstates of H, associated respectively with the
positive and negative energy solutions & = ++/M?2(k) + h2v%k?2.

M (k) M(k)
1 1+ M8 1 1 — M
¢ — £ (2.15)

n)=—71 . m) = |
V2 e“ﬂ/l—@ V2 —e“ﬂ/l—i—@

Rigurously, Eq. (2.14) must have a summation over every state |m) different from |n)
but this does not apply to the two-level system considered. Coming back to Eq. (2.14),
we know that the Lorentz force provided by w increases or decreases (depending on its
sign) the electron momentum in the direction i proportionally to their perpendicular
components. In that way, as a first approximation to the problem we can formulate the
temporal variation of the momentum as 0k;/0t = €;;,k;w), and, regrouping terms, write
the correction to the eigenstates given by the Dirac oscillator

hw
In) — |n) + 4—€2hvpk |m) (2.16)

This can be done taking the previously defined derivatives for the eigenstates

™

M(k)
1 2y/1+ 2

’akzn> = E —iky €i¢ 1 B M(k) B szeid) (217)
S R
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1 2\/14+7

|akyn> = E Zk_zewﬁ 1 B M(k‘) _ Fkyei¢ (218)
- T aTE

as well as the ones corresponding to the negative eigenstates |m). Here, 'y, = —Wk
Then, it is straightforward to reach the following identities
. 1 (T ky Tk
zamky =1t (<akwn|akyn> o <8kyn‘akwn>) - 2 ( IZQ t 12;2 y) (2.19)
ky hopk k2 hupk  hupk
) _ Y F z F . F
—i (ky (m|Ok,n) — ky (M| Oy, n)) = (2_k52 ¢ ER: ) BT (2.20)

From Eq. (2.14) we can compute after some tedious algebra the corrections to the
Berry curvature of the bands g, = —2Im (O, 1|0k, i). Two cases were analyzed, both
sharing an ability to modulate the Berry curvature. The first one, considering a purely
uniform w, represents phonons or oscillations with a constant energy dispersion and their
corrections have the form of a function similar to the Berry curvature which changes its
sign at some point k. Besides being quite restrictive, these modes might not be suitable to
introduce in the thermoelectric mechanism. The second case considers an explicit energy
dependence on the phonon frequency, i.e. hw = A\, which not only could maximize the
coupling with the topological electrons given its linear energy dispersion but at the same
time is consistent with its apparent relation with the intrinsic topological field b = 2mw/e,
with no more ingredients than substituting Eq. (2.7) into the previous relation. True to
the Dirac oscillator, as well as to test b, we are going to consider B = 0.

2.4.1 Constant w

The first case corresponds to a purely constant w, i.e, the phonon frequency does not
incorporate any dependence on the position r, the energy or the temperature. In that
situation, the correction to the Berry curvature of the conduction band of H, results
(Fig. 2.3)

hw M hw hvh  hw b} M?
n O _ T On _ F_ r 1 — — 2.21
by = Sy T 5 ey T 98 9 T ¢ g2 ( £ ) 220
which can be written in a more compact form
. . . hwM 1 202 k?
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Figure 2.3: Unperturbed Berry curvature (blue solid line) of the conduction band of a
Dirac Hamiltonian H, and first-order correction to it (dashed lines) for different constant
frequencies below the critical value w, = eb/2m. The parameters used are M = —0.025
eV, B=0 and vr = 6.17 10°m/s.

2,2
using that Qp = —ﬁ;}% when B = 0. The perturbation introduced produces a cor-

rection to the Berry curvature whose direction will depend on the sign of w. At critical
frequencies w, = eb/2m, the magnitude of the perturbation has the value of the unper-
turbed Berry curvature at k = 0 evidencing the good interpretation of our approximation
for the topological intrinsic field b ~ 2M?/hev? as a measure of the robustness of the
topological regime. The behaviour of the corrections is what one can expect from a con-
stant perturbation into the real space and its homologous field into the k-space. This case
might be enough to introduce certain phonons in topological insulators, however, it can
not be applied generally given that thermal excitations and the majority of the phonons
have an energy/momentum dependent nature.

2.4.2 Energy dependent w

Given the physical equivalence between the frequency w given by the Dirac oscillator
Hamiltonian and the field b = 2mé/he we are going to suppose the phonon frequency
to have an energy dependence of the type w = eb/2m = £/h. This dispersion is typical
for acoustic phonon modes as well as certain type of polar optical modes in BisTes and
BisSes [165, 166]. In this way, we can explore the interpretation of b and demonstrate how
oscillation, at least below this limit, can modulate the Berry curvature of the bands. If
our interpretation of the field b as a translation of the Berry curvature into the real space
is correct, then its corrections should result in a function of the type of the unperturbed
Berry curvature. In this case, the corrections to the positive an negative eigenstates read
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Figure 2.4: (a) Unperturbed Berry curvature (blue solid line) of the conduction band
(H,) of a topological insulator (M < 0) and first-order correction to it (dashed lines)
for different energy dependent frequencies below the critical frequency w, = eb/2m. The
parameters used are M = —0.025 ¢V, B = 0 and vp = 6.17 10°m/s. (b) Schematic
illustration of the Berry curvature modulation from the electronic point of view (blue and
red points) where in-plane nucleus (green circles) displacements are showed to change
the field b defined on each orbital motion. Red and blue points represent electrons with
opposite spins for which nucleus move in opposite directions attending to the helical
nature of electronic motion in a TT.

|m) (2.23)

and the correction to the Berry curvature is slightly different from the previous situation

— Q" - )\%Q” (2.24)

1 h2 2 h2 2 h2 2k2 M
vaky — Q}jmy + AE ( Vg Vp VURRT _Qn)

e Toe e T

where A (€ [0,1]) is a dimensionless parameter measuring the relative strength of w with
respect to b. The obtained results, plotted in Fig. 2.4, demonstrates how phonons and
oscillations can be introduced into the context of TIs modulating the Berry curvature
and hence the field b even when the perturbation is not small compared with the energy
of the system but whose variation can be adiabatic. Again, for the limit case A = 1,
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2 Emergent topological fields, electron-phonon coupling and thermal excitations in TTs

ie. w = eb/2m, the obtained first-order correction have the same height at I' = 0
than the unperturbed Berry curvature. This confirms the correctness of the expression
for the field b and its interpretation as a measure of the topological robustness and as a
critical value for the strength of in-plane oscillations and external forces (strain, spin-orbit)
supported by the surface states. Beyond this limit, the Berry curvature might change its
sign. Of course, these effects are not produced by every phonon mode presented in the
crystal but some specific phonons for which the concept helicity must be involved in order
to couple topological electrons and capable to cause a correction to the momentum of
Ok; /0t = €;jckjwy, ie., relativistic. This constraint, that will need a suitable phonon
dispersion, has been shown to be on the energy range needed for polar optical modes in
BiyTes and BisSes [166]. The expressions derived above are also extensible to the case of
taking into account the dependence of the mass term M (k) = M —Bk? on the Hamiltonian
parameter B [109]. Finally, it should be noted that the curvature corrections displayed in
Eq. (2.24) are valid for quantitative purposes and no for a faithful determination of the
Chern number by means of their integral. A pure perturvative calculus of these corrections
implies that the temporal variation of the particle momentum must be written in terms
of the velocity operator and no with the momentum [73]. This will be explored in the
next chapter. However, the approximation used is suitable as an estimation of the effects
produced by the perturbations simplifying the calculations and avoiding to deal with
gauge dependent corrections.

2.5 Electrodynamics and band topology

Both, electrodynamics and bands, have a common degree of freedom given by the
gauge transformations within the Abelian group U(1). Mathematically they also share
non-trivial topological features where the homotopy group 71 (U(1)) is equivalent to the
integer numbers: the bands through the Berry curvature and the electrodynamics through
torus constraints with genus equal one. Let us to develop it deeper from the physical
consequences. Using the periodicity of the Brillouin zones, we can define the function
A(r,t) = %, where a is the lattice constant, which allows a transformation of the
potentials such that A, — A} = A, + 9,A(r,t). This makes the space-time to be on a
torus of four dimensions 7% = T x T? for the electromagnetic fields and taking = degrees
between E and B, i.e. sharing a spatial direction. This leads to a quantized electric and
magnetic fields,

h , he

B=n E=n (2.25)

ea? ea?
where n,n’ € N are natural numbers which determine the topological sector. Coming
back to the EB term of the action we can see how this part of the action is quantized
making 6 belong to the interval [0, 27) and therefore obtaining a topological vacuum angle
that usually is written as |0) = ) exp(ivf) |v), being v the winding number [156]. The
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defined electromagnetic background can be now easily connected with the topology of
the bands through the intrinsic topological field b, substituting the area a? by the one
AS = hh/(2m.€) obtained for the electrons in a TI, resulting that

_ 2mg

B
he

C=b (2.26)

where n is now interpreted as the Chern number C. Notice that b is associated to the
curvature of the bands, while B is a pure magnetic field of axion electrodynamics carrying
information of the non-trivial topology on the spacetime. Both things are conceptually
very different, one worked with Chern numbers and the other with genus using Gauss-
Bonnet theorem; but physically they are connected linking the singularities of the bands
and the real spacetime. Consistently, by making the same substitution we also find
an expression for the electric field £ = 2m2v3n’/he inside TIs, obtaining a value that
determines the field needed to force a topological phase transition and which is again
related with the corresponding critical field E. in the vacuum needed to create electron-
hole pairs [71, 140, 167]. This is all that we can have for the electromagnetic fields within
the TT with constant 6, they are fixed and hence can not intervene in the dynamics, but we
can overcome this difficulty just introducing phonons that move the different topological
sectors. In this case the lattice constant depends of time and also the above electric and
magnetic fields. Berry curvature also do it, as we have shown, keeping gauge invariant
the bands with respect to the electromagnetic potentials.

2.6 Phonons and thermal excitations

Now, we can tackle the phenomena of topological thermoelectricity by means of the
uncertainty principle, equivalently to a treatment through the instanton solutions of the
Chern-Simons action |71], with an effective field b that varies due to the effects of phonons
or thermal oscillations. In that case, the role of temperature into the topological trans-
port was addressed by introducing it in the electromagnetic potentials through the gauge
transformation A(T) = 22—2’? being 7 = hfs = h/kgT the Euclidean time, but now can be
joined up directly by assigning to the energy Ae an adiabatic temperature dependence
kgT. Note that there is an infinite number of orbits for which the relation between b and
AS defines a quantized flux h/e. Thus, when a phonon or a thermal excitation couples to
a topological electron, the electron must move towards another orbit consistent with its
new b, curvature and energy in order to maintain the quantum flux h/e C' constant. In this
way, given that all these states share the same electrical conductance G = AI/AV = €2 /h
in presence of an external electric field, we can directly find the contribution to the electric
potential AV = ATl h/e? generated by a thermal gradient, and vice versa, substituting
the electric current Al = e/7 with the scattering time 7 = h/Ae = h/kpT defined in
Eq. (2.7). Thus, we can obtain the change in the electric potential due to thermal effects
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2
V=Vt g(Jk:BT (2.27)

and also its associated electric field

FE = —Z—WCkBVT — 2—Wa—ol’{;BT T (2.28)
e e Or

where the Chern number C takes into account the number of channels taking part in the
thermalization of the system. The resulting expressions are identical to that obtained
in ref. [71] introducing the thermodynamic part in TIs through a Chern Simons action.
The second term in Eq. (2.28) makes reference for strong thermal perturbations which
are able to change the Chern number, producing an anomalous Seebeck contribution
S = 2?“/{3‘3—? associated to the creation of electron-hole Schwinger pairs or to jumps
between bands with different Chern numbers. In contrast, the first one take into account
the perturbations which can produce changes in the Berry curvature without changing
the Chern number. Focusing on this regime, the explanation of why we can observe
the high thermoelectric response associated to the topological edge states around room
temperature is immediate. Consider for instance a coherent process (Fig. 2.5a), in which
a phonon or a thermal excitation couples to a topological electron increasing the field b
and producing an electric field E = —27/e CkgVT. As it can be easily calculated, the
Seebeck coefficient S = OV /9T = 2w /e kpC', and hence the entropy of the system, does
not depend on temperature. That is, all the possible final states, associated to a small
or a large adiabatic perturbation, share the same Seebeck coefficient, keeping the entropy
constant, up to the limit in which the second term of Eq. (2.28) must be considered. In
this way, the coherence needed to observe quantized topological signatures would still
being conserved up to a temperature T ~ 2muv%/kp proportional to the band gap of
the system (Ae = kgT). Notice that the sum of all the entropy associated with these
processes is zero, as the Chern numbers do when there is time-reversal symmetry. The
translation of these results to edge physics is clear. The electric field generated due to the
temporal variation of their intrinsic b turns into an enhancement (coherent) or reduction
(decoherent) of the relative moment between the two helical currents, however, the edge
states remain to be ballistic with a quantized conductance G' = ¢*/h C up to the Chern
changes to zero or the coherence is lost (Fig. 2.5b). These results stand uniquely for
the thermoelectric response of the edge states without considering quantum interference
effects between the top and bottom surfaces in the case of 3DTIs thin films and neglecting
contributions from the bulk carriers [66]. From here, it can be obtained an expression
for the topological figure of merit ZT associated with the edge states [71|. This is done
through a topological formalism which gives a Seebeck coefficient, that despite having
a different physical origin and interpretation is in the order of the ones resulting in the
Landauer transport formalism from optimizing the position of the Fermi level £z in TIs
with a large ratio between the edge and bulk scattering times [43].
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Figure 2.5: Adiabatic coherent process with 0C'/0T = 0 (a) Illustration of an adiabatic
coherent process, for which the magnitude of the field b increases. Blue and red circles
represent the initial and resulting final states on each branch defined in Hyp. (b) Adia-
batic coherent evolution of electronic wavefuntion W(r,t). Seebeck coefficient and entropy
are not modified in this process allowing heat-electricity transformation in a completely
reversible process. As a consequence of the enlargement of the b field and the Berry
curvature, the moment of the possible final states ps are higher than the initial elec-
tron moment p;. Below the critical value, edge states remain to be ballistic with their
conductance quantized.

2.7 Conclusions

In summary, we present a formalism based on a purely effective topological intrinsic
field b which allows to treat topology in a new way measuring its robustness at the same
time it allows to incorporate relativistic phonons and thermal effects into the topologi-
cal context. Below the limit defined, phonons and thermal excitations could couple to
electrons without changing entropy, and hence, the Seebeck coefficient S and maintain-
ing the coherence necessary to keep the quantum conductance G = e¢?/h C of its highly
conducting channels invariant too. This fact is valid for a wide range of values given the
magnitude of b, which for the parameters characterising 3DTT thin-films (M ~ 0.025eV/,
vrp = 6 10°m/s) defines a field of 5T and a frequency limit above the THz which can
be generalizable to any topological insulators in 2D or for 3DTIs in thin film conditions
with no more ingredients as their band gap, Fermi velocity and Chern number. This
explains exactly how temperature and time-reversal symmetry coexist allowing the ob-
servation of the topological signatures and their associated high figure of merit at room
temperature [158, 168, 169|. The ingredients provided are basic to derive the expression
for the topological figure of merit ZT associated to the Kramers edge states in zero lattice
thermal conductivity conditions |[71], but additionally, we define in which circumstances
the current experimental limit can be overtaken [63].

A new route to find high efficient thermoelectric devices by means of a special cou-
pling between electrons and phonons at the surface is described [170]. In such situation
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there should be a depression in the number of phonon modes available in the system to
contribute to thermal transport meaning a reduction in the lattice thermal conductiv-
ity and a heat-electricity transformation. This can be translated from an enhancement of
electron-phonon coupling as it has been observed in 3DTTs BisSes and BiyTes where polar
optical phonon modes seems to couple strongly with Dirac electrons when the Fermi level
lies close to the Dirac point [166]. The map between these results and the model seems
immediate since we are considering in-plane oscillations (polar) in our surface Hamilto-
nian at the same time as the enhancement of electron-phonon coupling takes place for
frequencies satisfying the condition 2w = eb/m previously underlined. This could imply
an alternative method to decrease lattice thermal conductivity for certain phonon modes
as compared with other techniques (superlattices, impurities, dislocations) for increas-
ing the thermoelectric efficiency or lead to exotic phenomena [63, 171-173]. Additional
experimental scenarios can be proposed to support our results. Besides a relativistic
electron-phonon coupling and a high thermoelectric response, the study of the topological
intrinsic field b can lead to more direct verification. Defined as an outcome of the topo-
logical robustness, it enables us to define the critical magnetic and electric fields on each
spin subsystem H. that could be measured.
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3 Orbital dynamics in 2D materials with
non-zero Berry curvature

Motivated by the field interpretation of the Berry curvature we perform a relativis-
tic analysis of the electron dynamics in 2D non-zero Berry curvature systems in
presence of an external perpendicular magnetic field. The present formalism allow
us to show analytically how the Berry curvature is modulated by a magnetic field
whereas their associated topological invariant remains unalterable. This process
implies a redefinition of several magnitudes such as the velocity, orbital magnetic
moment, energy and density of states which are obtained to address the intrinsic
orbital magnetism of non-zero Berry curvature systems. We see that the role of
second-order corrections due to the field become important at relatively low val-
ues given the small gaps and high Fermi velocities which these systems typically
feature. Thus, reaching analytical expressions for all the magnitudes involved, our
results unveil new contributions to the orbital magnetization and susceptibility and
provide a new path to enhance the intrinsic orbital magnetic response of topological
materials. This unveils an anomalous response in the orbital magnetism for topo-
logically non-trivial insulators which is given in terms of the quantum magnetic flux
and is explained within the context of the topological intrinsic field b.

3.1 Introduction

One of the most special features of the topological insulators is the presence of pro-
tected helical states on their boundaries which are responsible for their singular transport
properties [23, 24]. Just as their robustness against non-magnetic impurities or external
fields, the quantization of their transport properties also depend directly on the topol-
ogy by means of a topological invariant which can be defined according to the intrinsic
symmetries of the system and its dimensionality [18, 20, 25, 54]. In time-reversal symme-
try broken systems as well as in two-dimensional topological insulators this invariant is
the first Chern number C' obtained throughout the integral of the Berry curvature over
the momentum space [26, 49, 70|. Besides the well-known relation between the electric
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conductivity and electric polarization vector with the topological invariant [47, 58, 100],
great and original advances have been done to address the thermoelectric response of
systems with non-zero Berry curvature in presence of electric and magnetic fields 21,
40, 42, 73, 74, 77, 119, 174]. These studies, which not only include the previously men-
tioned topological materials but also graphene-like systems and Weyl semimetals, take the
semi-classical equations of motion for the Bloch electrons or a non-relativistic quantum
formalism to derive magnetization and electric and thermal currents for a wide variety of
compounds. These are the bases used to study planar Hall and chiral anomaly effects in
topological insulators and Weyl semimetals through Boltzmann transport equation with
in-plane magnetic fields [175, 176].

Recently, the original studies have been extended by addressing second-order correc-
tions through the Lagrangian formalism [75, 76]. However, determining these quantities
in a purely quantum way for these materials, which present a non-zero Berry curvature,
involves some difficulties. First, we have to deal with a relativistic system described
through a Dirac Hamiltonian [70, 103], where spin and angular momentum are no longer
good quantum numbers of the system. Secondly, the evolution of eigenstates needs to be
considered adiabatically; i.e., keeping the final and initial states of the system the same
along the perturbation to preserve Berry phase effects. In the previous chapter, we made
a first approach to the problem by considering directly the Lorentz force produced by the
external magnetic field. However, strictly speaking the calculations must be introduced
through the velocity operator in a time-independent formalism which allows an accurate
calculation of the Chern number. The problem is that this involves dealing with gauge
dependent and divergent corrections to the system eigenstates that must be analyzed in
detail to get the usual equations of motion for non-zero Berry curvature systems in an
adequate relativistic context for these materials at low energies.

Doing that, we give analytical expressions to show how the introduction of a perpen-
dicular magnetic field in 2DTIs and Chern insulators produces a modulation of the Berry
curvature, which can affect its shape dramatically, but keeping the Chern number C' of
the system invariant. Behind these results, we can find the additional contributions to
the density of states, orbital magnetic moment and energy corresponding to second-order
corrections in perturbation theory. These terms must be taken into account at relatively
low external magnetic fields due to the small topological gap characterizing these systems.
In particular, we show that for the energy only those terms coming from the modified
orbital magnetic moment, which are associated with the correction to the Berry potential,
are necessary, while the other obtained with the semi-classical Lagrangian formalism in a
relativistic particle-hole symmetric system vanish [75]. Additionally, we observe a modi-
fied density of states that is strongly sensitive to the sign of the magnetic field and whose
dispersion differs substantially from its first-order expansion |73]. These results can be
directly introduced to determine explicitly the thermodynamic grand potential and hence
the transport magnitudes in such systems, or in the Dirac oscillator Hamiltonian, as an
argument to demonstrate how certain type of chiral photons or phonons can couple to the
topological electrons preserving their topology and time-reversal symmetry T necessary
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3 Orbital dynamics in 2D materials with non-zero Berry curvature

for the presence of Kramers pairs [109, 157, 162, 177]. So it turns out that, besides being
sensible to include other interactions and effects, the perturbative analysis performed gives
non-negligible field corrections to the orbital magnetization and susceptibility while their
zero-field expressions are consistent with the different formalism that we complement and

help to generalize considering the Berry curvature as a dynamical magnitude [72, 75, 77,
178].

3.2 Orbital dynamics in 2D

Our starting point is again the solid state version of the Dirac Hamiltonian used to
describe 2D and 3DTIs [23],

H = M(k)§ + vr(c - p) (3.1)

where the Fermi velocity vg substitutes the speed of light ¢, 5 and «; (0;) are the Dirac
(Pauli) matrices, p = hk the momentum of the particles and M(k) = M — Bk? a k-
dependent diagonal term where M and B depend directly on the on-site energies and
second-neighbour hopping elements. This effective Hamiltonian allows a simple determi-
nation of the system's topology, especially on its two-dimensional version where we can
easily differentiate between the topological non-trivial and trivial regimes by looking to the
relative sign between the parameters M and B. That is, it reduces to a Bernevig-Hughes-
Zhang (BHZ) model with two non-interacting time-reversal copies (M (k) — —M (k)) of
a 2D Dirac Hamiltonian Hop = M(k)o, + vpo - p [23, 70]. Thus, we have MB > 0
for the non-trivial regime and MB < 0 for the trivial one that fixes the integer Chern
number C' to be 1 or 0 respectively. Remember that B is usually negative as the en-
ergy tends to grow when increasing k& and the energy spectrum of Eq. (3.1) is given by
& = +/(M — Bk?)? + h2v2k2. So essentially the topology depends on the sign of M,
which for the particular case M < 0 (inverted band structure) results non-trivial. A simi-
lar Hamiltonian can be obtained from a Kane-Mele model on a honeycomb lattice although
with a different topological constraint for the M B parameters [19]. The introduction of
a magnetic field B = (0,0, B) in the z-direction breaks the translational symmetry in x
and y directions, which is evident by choosing an axial gauge A = (—By/2, Bx/2,0) to
enter the perturbation in the Hamiltonian through the Peierls substitution p — p + €A,
being —e the electron charge. In such situation, the correction to the positive eigenstate
by a constant uniform magnetic field has the following form up to first order

eB (—]| Uy Ok, +)

~6B <_| @x ‘8ky+>
) = 1) i (22 e O )

=) =i 2 -) (3.2)

being i the imaginary number and 9; = (i/h)[H, 7] = k10, H = vpo; — 20~ ' Bk;o, the
velocity operator in the j direction. In this chapter we labeled again |+) and |—) as the
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cigenstates with energy ¢+ = :i:\/ M (k)? 4+ h?v%k? of Hyp, so that in the denominator it
appears a factor 26 = £ — &~ prov1ded that H is particle-hole symmetric. The system
eigenstates, as we saw before, can be found to be

MG | _ MK

1 1+ 1 ¢

=G| wiim | | e i B (33

being ¢ = arctan(k,/k,).

3.3 Gapped Dirac dispersion

For simplicity, we proceed by setting the Hamiltonian parameter B as zero. As it
seems logical, it is worthy to note that the corrections in Eq. (3.2) are proportional to
the product of the magnetic field with the z-component of orbital magnetic moment
m, = —e/2(2v, — y0,) of the Bloch electrons |74, 96, 179].

B{-|7 x?[+)

)= )+ G

-) (3.4)

However, in order to get a proper definition of the angular momentum and orbital
magnetic moment on the band n, the previous expression needs to be corrected by
m = —e/2(r x (v—(v™))), where (v") = (n|v™|n) = A 19" is the average veloc-
ity of the electrons in band n. This is equivalent to the addition of the center-of-mass
position r. and its velocity in the Lagrangian formalism |75, 76]. In this way, we can
define properly the orbital magnetic moment [42, 73, 74, 179],

m" (k) = —z% (Vin| x (H—£&")|Vgn) (3.5)
which results
m" = gnQn (3.6)
z h .

for a two-dimensional system as Hyp and the first-order corrections to the energy &7 =
—m - B. While this latter relation is easily obtained through Eq. (3.4), calculating the
z-component of the orbital magnetic moment could be not immediate. Thus, despite
the second term in Eq. (3.6) i5£" (Vin| x [Vin) = i26"((0k,n|0k,n) — (O,n|0k,n)) =

576" has not complication glven that we have deﬁned previously the Berry curvature
Q” = —2Im <8kzn|3k n> in a band n. The first term involves a little algebra to achieve
it. Thus, for the positive eigenstate we have
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. 1 — M(k 1 1
{00 H {00, ) = g | skt §+—MEk§ #MRR" Il = 5707+ )
. 1 — M(k 1 1

where the imaginary terms on both expressions cancel after adding both contributions
and hence we recover Eq. (3.6). The same result is obtained for the negative solution
given that the change £ — —¢ maintains it unalterable (m, oc £Q oc 1/€2). That is, both
conduction and valence bands have the same orbital magnetic moment [70]. Nevertheless,
the difficulties arise in Eq. (3.2) when one computes the matrix elements

(0o )n (S ) e =5 3.7

where it appears a divergence at zero particle momentum after gauge dependent terms
have been removed. This behaviour is also present when computing velocity corrections
and hence this contribution must be unphysical given that the force exerted by a magnetic
field on a particle at rest is zero. We can solve this problem by decoupling the different
contributions produced by the perturbation through the other definition of the velocity
operator h~ 19, H. In this way, we can identify the ill-defined terms and properly obtain the
corrections for the electron's velocity. Rewriting Eq. (3.2) by using that (m| 0y, H |O,n) =
ij (H |m>)* |8kln) — <(’9k]m| H |8kln>

eB| (1 _ 1 _
|+H|+>+zi—g (;_Lakyf (=10, +) = 70k.€ <—|aky+>)
vE ( (D=0 — <a,%—\a,§y+>> (3.8)

- (-1t = @0, )| 19)

it can be shown that the third term is purely gauge dependent by rotations e’ of the
eigenstates, i.e. for [n’) = e |n) and |m’) = e |m) it changes its sign, and thus we
can set one in which this term goes to zero. On the other hand, the first and second terms
give a contribution equal to

€BQ+ hUF/iI
4h M

eB (1 _ 1 B
—|—ZZ—5 (ﬁﬁkyf <—|8kz+> - ﬁasz <—‘6ky—|—>> = — (3.9)
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& eBQY M
H (5 @ lot) - Gl ) ) = -SSR 2L )

leading their sum to Eq. (3.7) after rearranging terms.

Working with free divergent terms, i.e. the first, which must be considered twice due
to the redefinition of the orbital magnetic moment, we can now easily compute velocity
corrections in both directions. In fact, it is straightforward to see that corrections due to
transverse components disappear and only longitudinal terms remain. Thus, we obtain
the following corrections to the velocity which apply to both conduction and valence band
by substituting their associated energy and curvature,

eB . Q™

— O(B?) (3.11)

1 1
’U;L — 7—181%5” + ﬁak]fn

where v = (n| 9; |n) the average velocity in the band n for the component j and O(B?) =
—1/(4h) 0r,£" (eBQ/h)*h*v,k* /M? second-order corrections. In a simple way, we are
observing the coupling effects between the magnetic field and the Berry curvature, which
can be viewed like a magnetic field in the k-space on each band of Hamiltonian (3.1)
in two dimensions. Thus, introducing a perpendicular B in these systems enhances or
decreases the field felt by their electrons depending on the relative sign between B and
2. For instance, the conduction band of Hyp for M < 0 has a positive Berry curvature
in the z direction and therefore an opposite magnetic field will decrease the velocity of
their electrons and the Berry curvature even doing it zero or changing its sign. Given that
the Lorentz force is radial this process causes an accommodation of the charge without
involving any net current, as it can be checked by computing the integral of the previous
expression. This is intrinsically related to the renormalization process affecting the phase-
space volume and density of states for non-zero Berry curvature systems as we are going
to show [42, 73, 76, 161].

Complementing these effects, we can also consider contributions associated with a
slow time dependence for B which incorporates a transverse term that can be easily
transformed through Faraday’s law into the well-known anomalous velocity using that

E, = ;%’f y and L, —%%—]fx. The obtained expression up to first-order
" " eB - Q e n
vF — v (1 +—7 ) + ﬁ(E X Q"); (3.12)

represents the velocity of the electrons in the band n of a Chern insulator (Hyp) or in
one of the two branches of a two-dimensional topological insulator in a slowly variant
time-dependent magnetic field. In contrast to the first contribution, the second term is
associated with the electromotive force £ generated by the variation of B which couples
to the Berry curvature to produce a transverse and non-zero electric current.
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3 Orbital dynamics in 2D materials with non-zero Berry curvature

3.3.1 Berry curvature, Chern number and density of states

Setting aside this latter case, we wondered, as we postulated before if one of the crucial
magnitudes for the topology and the transport, the Berry curvature, has experimented
changes under this procedure. For the calculation it is convenient to employ an axial gauge
A = (—By/2,Bx/2,0) from which, as we showed, we are able to write the correction to
the eigenstates in an easy to handle form

_ eB - Q1 hupk =)
2h M

+) = [+) (3.13)

Once we formulated the correction of the eigenstates the calculation of the Berry curvature
corrections for the conduction band can be achieved by applying —2Im <3kz+|8ky+> or
O, A — O, Af in Eq.(3.13), being A7 = i (+|0y,+) the Berry potential and [+) the
modified eigenstate. In fact, it is straightforward to show that the obtained corrections
to the Berry potential are the same as the theoretically presented in ref. [76] using a
Lagrangian formalism. After some algebra, it can be proved that Berry curvature turns
out in the following form

p i (3.14)

O st (1+2eB- Q+) _2Q+eB - QT R20% k2
demonstrating how a perpendicular magnetic field B modulates the Berry curvature and
the field seen by the electrons in these topological systems. Besides the familiar first term
in Eq. (3.14) we have obtained a second contribution in the corrections which affects the
Berry curvature at k out of k = 0. This term is important at intermediate values whereas
it falls to zero when k — oo and k& = 0, although it can be shown to be tuned and even
to disappear if we consider some energy dependence in the field B.

Since the Berry curvature has been modified, the next step is to compute the first
Chern number C given its relation to the transport and hence with different physical
observables. With this purpose, we can consider a uniform magnetic field of the form B
m?v%/(he) just like in the preious chapter and its reference [109], where the translation of
the Berry curvature into a real field b was made using the magnetic flux quantization of
helical orbits in terms of the Chern. As it has been analyzed, this field is closely related
to the critical field B. needed to create electron-hole Schwinger pairs in the vacuum.
However, this consideration is not necessary and one can also proceed equally by extracting
B from the integral and computing it numerically (Fig. 3.1a). Choosing the first option,
the term 2eB + Q/h can be written as —M?/£3 given that M = m.v% and hence

1 1 M} M
C—%/Qdkz%% 9(1—25—3+?>dk (3.15)

where dk = 2mkdk. By using that QF = £0/0k?(M/€) it is straightforward to see that
the sum of second and third terms in the integral cancel
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Figure 3.1: Berry curvature corrections for the conduction band of Hamiltonian (2) for
different values of B = (0,0, B). The inset shows the numerical calculations of the Chern
number C' = 1/(27) [ Qdk. Plot parameters are (a) M = —0.025 eV, vp = 6.17-10°m/s,
B =0.0 VA2 and (b) B = —5.0 eVA?

1| =0 (3.16)
0

1| (10 (M de2 19 (M 4dk2 1 M?
2 s (6) = s (6) ) -1, 1)
As consequence, the Chern number of the band does not change even though the Berry
curvature does it. This occurs independently of the magnitude and time dependence of
B until Zeeman terms and higher-order effects need to be considered. These calculations
can also be derived for non-zero but small B values (v >> 2BM/h?). In this case, after
neglecting terms in the energy derivative dy,{ in Eq. (3.8), the curvature corrections turn
out into a more tedious expression

. O+ _ 2 . O+ 2,2 1.2 . 2
eB-Q M — Bk )_QQ+6B Q hPvnk (1—3BM Bk)

O 5t (142 M
~ <+ n (M + BE2)? R (Mt Bk2)?

but for which the Chern number C'is constant and well-defined by an integer value, i.e. 1
if MB >0 and 0 if MB < 0 (Fig. 3.1b). Notice that here Q" = —h?vi (M + Bk?)/(2£3).
In both cases, there is a value (B ~ —2.5T for the values of M and vp taken) for which the
Berry curvature falls to 0 at the I point. This value is not other than the one delimited
by the equation b = 2m?v2%/(ke) in the previous chapter with a difference of a factor
1/2 which comes from the redefinition of the orbital magnetic moment. This opens the
possibility to enter in a regime where electron-hole pair creation might be experimentally
accessible for certain k values. In contrast, we find that the case with eBQ/h = —1
making zero the density of states coefficient D which arises when considering constant the
Berry curvature [73], actually does not take place for k = 0 (Fig. 3.2). For these values of
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Figure 3.2: Momentum dependence of D for the critical case B = —m?v%/(eh).

B, second-order corrections need to be taken into account and the density of states writes
as

D:1+eBQ

(3.18)

with ©Q* the modified Berry curvature displayed in Eq. (3.14) or (3.17) |75, 76]. This
function has a minimum at k& # 0 (Fig. 3.3) which can be tuned by B becoming zero for
sufficiently high magnetic fields. Nevertheless, the transverse electrical conductivity

Oy = —e(On./0B), (3.19)

at zero temperature remains to be quantized and equal to —e?/h C' being

N, = / (55)2 <1 + eiﬂ*) (3.20)

the electron density [73].

3.3.2 Energy

We are also in position to write second-order corrections to the energy given that the
matrix element (—| AH |+) = —B (—|m, |[+) has been computed before. Then, we can
directly obtain that

1 (m - B)? h202.k?
¢ 5é-m.B4 LB

¢ i (3.21)

where —m - B is the well-known first-order response and the third term comes from
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Figure 3.3: Modified density of states of the conduction band as a function of k£ and B.

second-order effects. This formula seems to enter in conflict with the one obtained from
a semi-classical Lagrangian theory [75], in which the energy up to second-order for a
relativistic particle-hole symmetric system as Eq. (3.1) is

_ 1 B-Q
fzf’o—m-BjL—]m-Be
) 4 h (3.22)

- §e2€sik€tlethgijakl — eB(A" x vy)

where g;; = Re (0;n|0;jn) — (O;n|n) (n|0;n) is the quantum metric in the k-space, ajy =
I/ h* the inverse of the effective mass tensor, vg = h™'0x¢ and A} = —<BY IR ()| 9;m)
is the j component of the modified Berry potential. But by computing g;; and ay; for the

positive energy eigenstate we find that

LRy RPRRE |, 6K

Joo = 45t ¢ 202 )2
k2 202k, &k
I =4t e H20 k2
Gy = Gyz = _1 ik, hQU%kQ + Q2 §2kzky
4 ke R2v2 k2
v RPotkpk
Qg = 5kl?F - %

and hence it is worthy to show that actually, the third and fourth terms of Eq. (3.22) cancel
and only the one coming from the corrections to the Berry potential holds, recovering the
energy dispersion presented in Eq. (3.21).
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3 Orbital dynamics in 2D materials with non-zero Berry curvature

3.3.3 Orbital magnetization and susceptibility

Given these ingredients, we can reach the grand potential F' determining the transport
properties of the TIs in presence of perpendicular magnetic fields

a2k BQ :
F = —kBT/ @) <1 + 2 - > In(1 + e~ E-m/keT) (3.23)

which incorporates the modified density of states and energy obtained with the changes
of the Berry curvature and orbital magnetic moment. From here, we can compute the
different transport magnitudes and coefficients such as, for instance, the system orbital
magnetization M and susceptibility X,. Thus, for zero chemical potential (1 = 0)
and zero temperature, it is immediate to obtain the dependency of M with the external
magnetic field B

Mo vy, 3l eth?vb, B (3.24)
67| M| 1287 M3 12607| M|
and the orbital magnetic susceptibility x = —(9*F/9B?)
e?v? 3e3hvt eth?08
Xorb = g - £ 2 (325)

S 6m| M| 64nM3 T 4207 | M|

with no more ingredients as their band gap 2M and Fermi velocity. Remarkably, we find
a diamagnetic zero field susceptibility xo = —e?v% /(67| M]|) (Fig. 3.4), which is identical
to that obtained in ref. [75] (x/x» = —97%t/(6w|M|) with ¢ the first-neighbor hopping
parameter), plus additional B-dependent terms which are not negligible for systems with
small M. Thus, despite the first and third terms gives always a diamagnetic susceptibility,
the second is dependent on the sign of the gap and hence it is expected to show differences
between the topological non-trivial and trivial regimes. This stands for individual Chern
systems while the linear term in B in the susceptibility cancels for time-reversal symmetric
systems as the change M — —M gives opposite contributions. Finally, notice that for
zero gap systems (M = 0) these corrections are not well-defined since the Berry curvature
vanishes.

3.4 Gapped Dirac dispersion with parabolic dependence

That is all we have for a constant mass term m, = Mv%, as we have in a pure linear
dispersion. The external magnetic field modulates the different magnitudes involved in
the thermoelectric and magnetoelectric transport. However, 2D and 3D TIs thin-films
usually present non-negligible parabolic terms in their spectra |24, 47|. This dependency is
introduced in the Dirac Hamiltonian through the k-dependent diagonal term M — Bk?. In
this context, we can define properly the Chern number as integer and remove the fermion
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Figure 3.4: Zero-field orbital magnetic susceptibility for B = 0 (gaped Dirac dispersion)
as a function of M. The color gradient indicates the z component of the k-dependent spin
texture of each regime. For Hsp, the red color stands for spin down and blue for spin up.

doubling problem [70, 180-182|. As we saw, introducing a perpendicular magnetic field
B = Bz on H,p causes a correction in the eigenstates of the systems that can be written

as [76, 95|

ny = [ny+ —2 L g emamn o em A 1m) (3.26)
@ —&h ’

being A7 = i{m|0y;n), |n) and |m) are the eigenstates of the bands n and m with
energy £" and ™. These corrections represent the coupling effects between the magnetic
field and Berry curvature of the bands which induce second-order corrections to the Berry
potential, Berry curvature, particle's velocity, density of states, orbital magnetic moment
and energy [95]. Thus, for the Berry potential A" = i (n|0xn) we find from Eq. (3.26)
that

hw?
(& —¢m)

being w? = €.,,2=30;, E™AT™ as it can be deduced by different formalism [76, 95]. These
expressions involve quite tedious calculations especially if we want to take into account
the role of the parameter B in our Hamiltonian or deal with a particle-hole antisymmetric
system. We are going to focus on the first case given that as the current literature
indicates, there are no differences in the orbital magnetic susceptibility at zero magnetic
field xor(B = 0) between the trivial and non-trivial regimes when we consider a gapped
Dirac dispersion |72, 75, 77, 95, 178]. This is quite impressive given that both regimes
present clear differences in their curvatures and ¥, is directly related with it (Fig. 3.5).

A — AT 4 2Re A7 (3.27)
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MB <0

MB >0

2M|

Figure 3.5: (a), Energy spectrum of a two-dimensional Dirac Hamiltonian Hyp for the
trivial (M > 0, B < 0) and non-trivial (M < 0, B < 0) cases. The color gradient indicates
the z component of the k-dependent spin texture of each regime. In this configuration,
the red color stands for spin down and blue for spin up. (b), Berry curvature of the
conduction band of Hap for different values of B ranging from 0 to —300 eVA? in steps of
10 éVA2. The arrows indicate the change in Q when increasing B.

Remember that at zero temperature x,m, = —90*E/0B? being E = [ %Dg the density

of energy, D =1+ % the modified density of states, Q the modified Berry curvature
and € = ¢ (1 — % + (’)(Bz)) the corrected energy resulting from the application of the
magnetic field. Then, one would expect to observe some differences although under linear
dispersion conditions there are not (Fig. 3.4). Introducing B and after some algebra, it can
be shown that the corrections of the Berry curvature Q" = —2Im <8kzn 8kyn> =V xA",
obtained by applying Eq. (3.26) or Eq. (3.27) to the eigenstates of Hyp, are given by

~ eB)
0=0+2220
T <<

M—Bi2 B2k,
M + Bk?)? (k%) — (M+Bk2)2G( ))

(3.28)

being as usual £ = £1/(M — Bk?)2 + h202k2, Q = —h*v*(M + Bk?)/(2¢%) and
&8 B(M — Bk*)(M + Bk?)

F(k*) =M —
(k%) h?v% h?v%
M — BE? (M — Bk?)? &
k) =1-6B——>— P 2B
G(k?) 68 ) + 68 ot B ot

Eq. (3.28) generalizes the results obtained for linear dispersions introducing B which is
essential to define properly the Chern number C' = 1/(27) [ Qdk as an integer and dis-
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tinguish the topological regime from the trivial one [70, 95|. Numerically, it can be tested
that the Chern number of the system is fixed for any given value as long as we maintain
the sign of M B invariant.

Having Q and hence D, we only need to calculate the second-order corrections for the
energy induced by the perpendicular magnetic field B

(eBQ)2 vk (1_25M)2 (3.29)

_ 1
= — B —
=8-mBHo\ 7 ) riBe 1202

2

and then it is straightforward to show how the orbital magnetization at zero-temperature
My = —OF /OB is a function of the magnetic field B given by M., = M, B+ MyB? +
M;3B3. Or equivalently, we have an orbital magnetic susceptibility xom = o+ X1 B+ X2 B>
where

€3 (—1 + (1= 2rs)B + 10(1 + r5)5°)

Xo = 67(1 — 48)[M] (3.30)
B 3

X1 = _647TM3(1 _ 45)3/2/\(5) (331>

‘@ G B (3:32)

T 420n|MP(1 — 48)?

We defined 8 = MB/h*v%, s = sgn(M) and r = sgn(B). A complete expansion of
the functions A(5) and ©(f) can be found below. Notice that . is given in units of
amperes (A) per tesla (T) being typical to represent it as a dimensionless quantity by
using a normalization parameter y, as the inverse of effective magnetic permeability u
in two-dimensions. That is, e2avg/(67%h) for the particular case of a honeycomb lattice
with lattice constant a |75, 77|. In Fig. 3.6 we can see that x5 is practically paramagnetic
for any value of M and B, although a detailed inspection reveals a paramagnetic region
defined by the condition 4MB > h?v% (8 > 1/4) for the non-trivial topological regime
(Fig. 3.8). This term is liable to play an important role only for tiny gaps and/or high
magnetic fields where corrections due to Zeeman effects should also be considered. That
is, for a typical gap |2M| = 50meV, vp = 6-10° m/s and a field B = 1T whose equivalent
energy (hw) does not exceed this gap we have that |ya/xo| ~ 1073 and |y2/x1| ~ 1072
Attending to y1, its contribution to the orbital magnetization and susceptibility is opposite
for both regimes resulting in paramagnetic for the topological non-trivial and diamagnetic
for the normal state when B is positive. Compared to g the ratio between both is close to
107! under the same prior conditions and hence become to be non-negligible at relative
low-magnetic fields depending on the band gap 2M of the system. Its dependence on
B can be explored in more detail in Section 3.4.2. Thus, besides it is evident that y»
and y; have a weaker dependence on this parameter compared with M (Fig. 3.6b and
c), for a fixed gap both regimes shows a very different response, with a nearly constant
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Figure 3.6: (a), Zero-field orbital magnetic susceptibility of the trivial and non-trivial
topological regimes. B ranges from 0 to —300 VA2 and v is set to 6 - 10° m/s. In
contrast to the current scenario displayed in Fig. 3.4, the introduction of the parabolic
dependence at large k given by B determines a drastic change in the behaviour of both
regimes (b),(c), Linear (x;) and quadratic (2) coefficients in the magnetic field of the
orbital susceptibility.

dependency for the trivial regime and strong for the topological one (Fig. 3.8). Finally,
note that for time-reversal symmetric systems such as Eq. (3.1) the contribution of the
two Chern species cancels each other and y; will be zero while the even pairs in the
magnetic field for the susceptibility appear with a spin-degeneracy factor g = 2.

A significant result is obtained when analyzing the zero-field orbital susceptibility
Xo- A first-look to Fig. 3.6 indicates that there are clear differences with the current
scenario in which yo manifest the same behaviour for the non-trivial and trivial cases
(Fig. 3.4). However, we can go further by subtracting the common background term at
zero B displayed in Fig. 3.4 to Eq. (3.30). This factor is obtained by different methods

and it is equal to yy = —6;2'1]’;‘ [72, 75, 77, 95, 178]. In this way, we find that it
5 €2

appears a continuum spectrum for yo — xas with a ratio g~ % given in fundamental units
when plotted versus B (Fig. 3.7a). This unexpected behaviour belongs uniquely for the
topological regime while for the trivial we have a non-homogeneous dependence on B. In
general formulae, we can write the zero-orbital magnetic susceptibility for both topological
non-trivial

B e2v? N 5e?
6m|M|  67h?

Xo = B (M<0,B<0) (3.33)

and trivial phases
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_ v*(hPvg — 3MB)
6| M|(h*v% — AMB)

Xo = (M >0,B<0) (3.34)

by introducing in the same expression the principal parameters M, B and v for the topol-
ogy and transport which are directly related with the different hopping elements. Thus,
roughly speaking for the simplest case of a square lattice with complex spin-dependent
first neighbour hopping it; and staggered potential for the on-site energies &, and second
neighbour hopping ¢5 we can reach for the topological regime that

131 12

-7/ — (Cy— 3.35
MXo X 1‘50—4t2| 2t1 ( )

obtaining from the tight-binding that vy = 2at,/h, M = &, — 4ty, B = —2tya®, p=!
e?vpa/h. Numerical factors accompanying these relations will depend on the crystal
structure of the system which determine the coefficients C and Cj.

We can also observe by computing the large B limit (MB >> hzvfpz 2)thaut X0 Erows
linearly for the topological regime while it saturates in a finite value —¢-% (M > 0) for
the trivial insulator with a softer dependence on this parameter (Fig. 3.7b). The role
of B opens a new possibility for tuning the orbital magnetization and susceptibility in
topological materials breaking the current scenario in which we need to employ materials
with a tiny gap for maximizing the response. This could be experimentally unpleasant
given that then you are limited to work with a small frame of temperature and /or magnetic
fields. Notice that the orbital susceptibility, also known as geometrical, is dominant only
inside the band gap and decays to zero as the Fermi level enters the conduction and
valence bands [75]. In other words, a more robust parabolic dependence in the energy
spectra causes an enhanced orbital magnetic response in topological materials.

3.4.1 Possible physical interpretation

The present results have another direct experimental consequence. On the one hand,
directly from Eq. (3.34) it is straightforward to note that the dependence on B in the
trivial regime seems to be weak, as one can verify it by computing the ratio (h%*v% —
3MB)/(h*v} — 4MB) under the high Fermi velocity and small gap conditions that these
systems feature. Typically, these are in the range of 10° — 10° m/s for the velocity while
the gap is in the order of meV |23, 24, 183]. In contrast, a topological non-trivial insulator
shows a ratio o :_;2 independent of such parameters which can be related directly with
the quantum magnetic flux ®; = h/(2e). Thus, varying B we expect a change in the
orbital magnetic susceptibility Axg o< m/®2. This result seems to connect perfectly with
the concept of orbit developed in the previous chapter for the topological electrons in 2D
and 3DTT thin films by translating the topological information contained in the Berry
curvature into a topological effective field b [109]. As we saw, this relies on the concept of
orbit for the topological electrons, for which, the topological quantization by means of the
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Figure 3.7: Normalized zero-field orbital magnetic susceptibility. a, xo — xa vs M for
different B € [—300,0]eVA2. b, xo — xa vs B for different values of M ranging from
10 (blue line) to 50 meV (purple line). The upper panel represents the behaviour of the
normalized zero-orbital susceptibility in a trivial insulator MB < 0 whereas the lower
panel stands for a topologically non-trivial insulator (MB > 0) . This latter case exhibits
no dependence on the gap giving a linear diamagnetic contribution to the zero-orbital
susceptibility.

Chern number allows to associate a quantized flux to each orbit and hence an effective
magnetic field b and area AS to these electrons.

_ (@m*7 . hh

Here m is the effective mass and the factor (2) vanishes when redefining the orbital
magnetic moment [95]. That is, matching b with the solid-state version of the Schwinger
critical field [138|. In summary, it can be defined a magnetic field b from the Berry
curvature on each band of a TI or Chern insulator with net value zero in presence of
time-reversal symmetry. Mathematically, it is straightforward to connect these results
with the orbital magnetic susceptibility given that by its proper definition b and AS
define a quantized flux ® = h/e associated to each band. So, this magnetic flux should
be reflected as is in the system's response to an external magnetic field. This must occur
when one band is fully filled, i.e., when the Fermi level lies in the band gap and the
orbital susceptibility is dominant. Physically, by looking at the energy dispersion it is
obvious that varying B makes it more localized/delocalized in the k-space and modifies
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the effective mass of the particles. Given that the topology is the same (sgn(MB)) remains
invariant), this would change the effective area of the electrons AS and also the field b
associated to each band to keep its flux invariant inducing a singular magnetic response
that needs to be related to this flux.

Further corrections can be taken into account implying that the numerical factor
accompanying 7/®Z in the second term of Eq. (3.33) should experiment changes. Notice
that by considering B in our Hamiltonian we are introducing a k-dependent mass term in
our system. So the perpendicular magnetic field should also give a diagonal contribution
in the perturbed Hamiltonian that could be introduced in Eq. (3.26). This would lead
to more accurate expressions but from the physical point of view, this would also imply
the necessity to consider Zeeman corrections. Nevertheless, if one performs the simple
calculation associated with first-order corrections of this term to the energy it is easy to
show that (n| AH. |n) = B being AH, = <FBo.(k,y — kyx). Comparing this factor
with the first-order term —m - B we can verify that at low energy :5 E%/ /hh = é‘;f g is again
negligible for a wide range of parameters that typically characterize these materials.

3.4.2 Orbital susceptibility at finite magnetic fields. [ depen-
dency

The functions A(f) and O(f) associated with the orbital magnetic susceptibility terms
at non-zero magnetic fields are

3e3hug

_647rM3(1 — 44)3/2 [@ (1 — 68 —63%(—1+ 25)) i

X1 =

483(—=2 + 3p) (2 arctanh (%)

()
() )]

RS (1 — 148 + 6867 — 1208% 4 128(1 + 1s) 5 — 512(1 + 75)5° + 1024(1 4 75)57)

= 4207 MP(1 — 48)3

It is important to note that y; is real for any value of 5 and the imaginary factors
arising when > 1/4 in both terms of the fraction cancel. A numerical representation of
X1 Vs 0 can be found in Fig. 3.8. The particular case 5 = 1/4 corresponds to the condition
4MB = h*v* which makes the energy dispersion to be fully parabolic £ = +(M + Bk?).
Despite all terms contain a factor (1 — 43) in their denominators it can be checked that
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Figure 3.8: B dependence of the y; and ys coefficients. Normalized coefficients y; =
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as the zero-field term xo, x1 and yo also show clear differences between the trivial and

non-trivial insulating regimes.

no divergences occur since the numerators also have the same root for positive j, i.e., for
MB > 0. By computing the previous formulae for x; and x» it can be shown their weak
dependence on B which results negligible for a wide range of values taking into account
the different magnitude between these terms and the zero-field term yg. This fact is more
marked for the trivial regime (8 < 1) in all terms of the orbital magnetic susceptibility
and more corrections might be expected to reduce the B contribution increasing the
discrepancies between both topological trivial and non-trivial regimes. Notice that in
the chart, the coefficients are normalized by their value at zero B, so they still present a
divergent behaviour when closing the band gap.

3.5 Conclusions

All materials respond as paramagnetic or diamagnetic under an applied external mag-
netic field although their physical origins are very different. For example, diamagnetism
depends mainly on the atomic number and the orbital electron radius, while paramag-
netism strongly depends on the temperature and magnetic momenta of the ground state
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within the first order approach. This last condition can be overcome by introducing higher
order perturbative terms as occurs with van Vleck paramagnetism when also consider-
ing the magnetization of excited states. However, in 2D materials with non-zero Berry
curvature, new orbital magnetizations emerge from this property.

First, we have performed a relativistic quantum formalism for two-dimensional topo-
logical systems with non-zero Berry curvature in presence of a perpendicular magnetic
field. We have found that the change in the velocity of the electrons due to the coupling
of the magnetic field and the Berry curvature involves new corrections in their energy,
orbital magnetic moment and density of states which is associated with their relativistic
nature. This is accompanied by a modulation of the Berry curvature, suitable to work
on the Bloch electron dynamics, that keeps the Chern number of the system invariant
opening the door to study higher-order non-trivial magnetic and thermoelectric effects in
Chern and topological insulators.

Afterwards, we introduced the natural & dependence in the energy dispersion and
mass that the Dirac electrons have in condensed matter. Given the crucial role of this
term for a proper definition of the topological invariant Chern number, the analytical
expressions which results from this perturbative analysis of the Dirac Hamitonian in
presence of a perpendicular magnetic field are able to disentangle the topological orbital
effects besides extending the previous results using linear dispersion to a broader variety
of compounds. The new scenario which arises involve drastic differences in the orbital
magnetic response of the topological trivial and non-trivial regimes. Thus, while a trivial
insulator is predicted to have a limited dependence on B based on the common values
that these materials have, its topological counterpart features a unexplored term in the
zero-field orbital magnetic susceptibility which is given in fundamental units and is in-
versely proportional to the square of the quantum magnetic flux. The results obtained
go further in the study singular physics of these materials approaching it to the quan-
tum phase transition phenomenology and enables different paths to modulate the orbital
magnetization and susceptibility in these materials. As well, they establish the basis to
treat directly other non-linear thermoelectric and magnetoelectric properties of non-zero
Berry curvature systems.
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4 Axion detection in TIs via pressure mea-
surements

In this chapter, we analyze the axion electrodynamics in TIs considering its La-
grangian density in its natural form. That is, taking that the axion field € is a
function of time and space. In this way, 6(r,t) can be interpreted as a Klein-
Gordon field satisfying the boundary conditions of the crystal whose associated
density of energy gives an internal pressure quite similar to the Casimir but with
a very different origin and magnitude. Since no Casimir effect is expected because
of all surfaces being metallic, the results obtained could lead to the experimental
verification of axions in TIs via pressure measurements.

4.1 Introduction

The quantum field theory tells us that the vacuum is not empty, but it is formed
by virtual particles which are created and destroyed within fluctuating fields having a
zero-point energy [184, 185]. One paradigmatic example is given by the vacuum of quan-
tum electrodynamics, where the virtual photons transform into pairs of electron-positron.
Those photons have high energy, high frequency, or short wavelength. Thus, two near
parallel conductor plates can cut such photons selecting the ones of short wavelength and
even creating a region of negative energy in their inner part. This means that it must
appear an attractive force between those plates or one equivalent pressure on them, which
is known as the Casimir effect [186-189|. That is to say, this assumes that the photons of
high frequency go in by the surfaces where there are no conductors, which do not apply to
the topological insulators where all its surface is metallic. Later on, this calculation was
generalized to dielectrics, showing that the condition of having good metallic boundary
conditions for the plates was not necessary for obtaining such effect [190-192]. Although
there are differences; for instance, the Casimir employing the van der Waals interaction
shows that the pressure depends on the magnitude of the fine structure constant « [193].
This is also a straightforward dependence that is present in this paper for the TIs employ-
ing its associated axion electromagnetic fields and without needing to use van der Waals
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fluctuations. The special dynamics and features of these materials, which present both
conductor and insulating behaviours, made them very interesting for introducing different
fields and boundary conditions to measure experimentally singular Casimir effects [194—
196].

For taking into account all this physics, we need to enlarge the usual Maxwell electro-
dynamics action, which only uses the scalar Lorentz invariant associated with the fields
for obtaining all Maxwell electrodynamics in the vacuum, because classically the pseu-
doscalar invariant does not contribute to the motion equations more than with a surface
term. In fact, the Lorentz pseudoscalar can only be implemented physically within an
action working on a phase of an exponential expression, i.e. in a quantum formalism [134].
Besides that, it is also necessary to introduce a scalar field 0(r, t) field, named axion field
to take into account the non-trivial topology. This field might be interpreted as an angle
between the electric £ and magnetic B fields because it keeps invariant the action under
a shift of 2. In the non-trivial zone of the TIs, i.e. in the surfaces, where the bands are
crossed, this field takes a constant value equal to 7 for conserving the time invariance T
and having Kramers currents. Hence, the axion electrodynamics employs the two Lorentz
invariants associated with the fields and a new scalar field [48, 49, 52, 109, 197].

Furthermore, the non-trivial topology of T1Is is simultaneously found within the band
structure through their Berry curvature besides in the axion electrodynamics. In one
case, the E and B fields can also be determined by constraining it into a Brillouin
zone torus S' x S! employing the Gauss-Bonnet formula, whereas the Chern number
is used for the bands through the Berry curvature only [109, 198]. The crossing bands
singularities in the k—space are in correspondence with the genus of the torus in the
Brillouin zone. More accurately, in TIs, where the topology is non-trivial, taking the
energy &(rp, k) = (k) + eE - r,, — my,(k) - B under electric and magnetic fields, the
equations of motion for an electron in a single band n would be [73, 199]

0 1 e 0
—k=—= - —— B 4.1
ot = TR T e (4.1)
0 1 0
. = - — 4.2
5T = 7 Vién = 5.k X Qn (42)
where m,, = —§ (n|r x (v — (v)) |n) = ££,82, is the orbital magnetic moment of the

electrons in the band n, (v) their average velocity, €2, the Berry curvature, i the Planck
bar constant and —e the charge of the electron. This shows clearly a relationship between
the transport in the bands or in the lattice, where the electric and magnetic fields produce
anomalous contributions to the particle's velocity in presence of non-zero Berry curvatures.
Thus, it is straightforward to obtain the quantized electric conductivity o,, = %Cn for
a filled band, being C,, = 5= [, g1 >k Q, the integer Chern number of the n-band, just
using J,, = —ﬁ Jor g dzk%rn [141]. This is one of the main results for the topological
transport, but we are interested to focus on the pressure made by the electromagnetic
fields. For such aim, we are going to enlarge the axion electrodynamics action allowing it
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4 Axion detection in TIs via pressure measurements

to propagate the scalar field 6(r, t) within the bulk, while in the surface takes the constant
value 6(r,t) = 7.

4.2 Axion electrodynamics and confined electromag-
netic fields

The action in the axion electrodynamics contains the two Lorentz invariants associ-
ated to the fields. That is to say, it is added the pseudoscalar quantity %ewaﬁF w el —
—1E - B, besides the usual scalar F,sF*® = —2(E*/c? — B?) which is enough to provide
Maxwell electrodynamics in the trivial topological vacuum, without taking into account
finite local boundaries for the fields or their global properties. Hence we have the La-
grangian density [52, 200]

1 e’c

L=——F3F"—A,J" O(r, t)eumas " F*P 4.3
4//60 B 1Z + 327T2h (T, )E,U B8 ( )

where the first two terms are associated with the usual Maxwell’s electrodynamics and
the last term gives the axion electromagnetic contribution through the 6(r,t) scalar field.
This leads directly to the equivalent Maxwell equations in TIs considering the variation
of the electromagnetic potential A,

v-o-p-v(’ B (4.4)
“ P T '

oD e [0 (6 0
VXH—Jf—FW—Fm[&(%)B—FV(;)XE] (45)

The first equation substitutes the Gauss expression, while the second does it for the
Ampere-Maxwell. The other two equations, Faraday and non-existence of isolated mag-
netic poles, maintain the same form allowing to define locally the usual electromagnetic
potentials [155, 156]. It is necessary to observe in the previous equations, that 0(r,t) must
be a scalar field of modulo 27 for the action. That is to say, it needs to be a function of
the space and time if the new electrodynamics wants to take into account the topological
background. In fact, the axions can be thought as excitations of the 0(r,t) scalar field
coupled to the electromagnetic field as the phonons, magnons or plasmons do for obtain-
ing polaritons [122, 201|. Their coupling with the photons is quite weak and we are going
to neglect their mass my in this work where these axions are going to play a fundamental
role under thermal changes in the T1Is.

To have the same non-trivial topology for the bands and for the lattice, in the surface,
where = 7™ we can determine the magnetic and electric fields living on torus on each
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Brillouin zone. This can be done through the magnetic and static electric flux quantization
over the torus [71, 109, 202]

h
Byl = n— 4.6
B =n— (4.6)
hUF
Eol =n/— 4.7
Bl =n'"— (4.7)

Here, n,n’ € N are natural numbers that determine the topological sector and vg the
Fermi velocity that share the relativistic Dirac electrons and photons due to having both
rest mass zero; i.e., the relativistic Minkowski spacetime is taken with vr instead of ¢ for
assuming the diffusion equation & = pvp for low energies. It is worthy to observe that
we can choose a common gauge function A(z,t) = i—;‘ for the electromagnetic potential
and the Berry connection, being x the position of one point of the torus and a the lattice
constant [2]. This means that we can synchronize the change of the phase 6(z,t) on
the Bloch bands and the electromagnetic potential for each topological sector where the
function is continuous, keeping control of the gauge freedom parameter. This allows
to define simultaneously Eq. (4.1) and Eq. (4.2) on the surface, where the singularities
exist, for the electromagnetic fields associated to the axion electrodynamics as pieces of
the same topological manifold. Mathematically we are using the common gauge U(1)
Abelian group, which is not trivial topologically, for the bands and the lattice symmetries
in the case of TIs; i.e. m;(S') = Z can have homotopies with values different than zero
and define them out of each singularity [2].

It is immediate to find the density of energy of these topological axion electromagnetic
fields & = %(Eng + HyBy) given by

Thup

§o = (4.8)

aat

being a the fine structure constant in this medium with the Fermi velocity vg instead of ¢
[203, 204]. This term corresponds only to the fields because the density of energy due to
the electric polarization P and magnetization M cancel each other. M is negative while
P is positive as can be seen from the above generalized Maxwell equations. Explicitly,
the values are given by

e? e?

M=—F P=—B
4mh 4h

(4.9)

taking that the fields have 7 radians between them [49]. Actually, this expression was
calculated in a Brillouin zone, but it must be the same in all these zones for the surfaces.
Interpreting the energy density as a classical conductor is very easy since E = o/¢y 7,
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4 Axion detection in TIs via pressure measurements

where o is the surface density of charge, and the density of energy is £ = 02/(2¢y). Notice
that here i stands for the unit vector normal to the surface. That is, the energy density
in the surface is associated to the square of the charge density and reasoning in parallel,
we could also think that we have a growth of the density of charges due to the topological
fields that exert an orthogonal force to the metallic surface and outwards in the direction
n. But going to the generalized Gauss equation we obtain that p = avFeBan(%), where
the % is a step Heaviside function, going from 1 to 0 outside the TI, whose derivative
gives a Dirac delta function. Thus, the density of charge in the surface gives ¢ = aevpB
which grows with these fields.

4.3 Axion pressure vs Casimir pressure

We can observe that the above density of energy, Eq. (4.8), might be interpreted as
a pressure and only differs on some constants from the Casimir pressure between two
conductor plates placed at a distance d instead of the lattice constant a, nevertheless its
source is absolutely different (Fig. 4.1). Remember that the Casimir pressure at 7' = 0 is
given by

m2he

and its dependence at low temperatures can be written as

2 4
m=he 1 /T
P=— R e =
240d* 3\T.
where T, = 5 515 is the effective temperature, whose pressure is important at distances
B

higher than the thermal wavelength kth [190, 191, 205]. Unlike what happens for the
electric and magnetic fields, the scalar axion field §(r,t) is defined in all the material and
it can evolve naturally with the temperature changes as we show in what follows.

Following with the TI, in a layer with width d where the x and y lengths are much
higher than d, the scalar axion 6(r,t) field has good Dirichlet conditions in the z-direction
orthogonal to the plates. That is to say, we have a normalized field § = /7 which satisfies
that (2 = 0) = 0(z = d) = 1, knowing that §(r,t) = 7 must be the constant values
that this field takes on the surface. Hence we have a discrete quantized linear moment
D, = nzh%’r as the translator generator. In fact, it is a Klein-Gordon field with rest mass
zero and Lagrangian density £ = %@56“0_ [206], which allows to quantize it via the mode
expansion

(4.11)

O(r,t) apexp(—;p r)+a exp(—k%p.r)] (4.12)
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Figure 4.1: Representation of the Casimir effect (left panel) between two conductor plates
placed at a distance d and its counterpart effect produced by the axions within the topo-
logical insulators (right panel). Due to all the surfaces in the TI are metallic no virtual
photons are expected to penetrate leading to a measurable pressure different from the
Casimir between opposite plates.

where the Lorentz invariant measure is given by f 290 , being pg = 51}}1, making to define

the creation-annihilation operators by a, = % f(po, p) and a}t =/ 3 L f(—po, —p) being

f(po,p) and f(—po, —p) relativistic normalized annihilation and creation operators to
obtain the only non vanishing commutators

[ap, al,] = (27)*2hwd*(p — p') (4.13)

which keep the form of the Heisenberg's indeterminacy within the canonical quantization
for this real scalar field. Thus, the dispersion energy &, = vpy/p?+ (h%T")Q, where

p:=p:+ pz are the momenta on the surfaces determined by z and y coordinates, allow
us to write the density of energy

fon = %2 / £, (4.14)

This leads us to an infinite value which needs regularization as usually is made for the
Casimir effect with the difference of having one polarization for the axions instead of the
two arising for photons [207]. For doing this regularization we use the factor e=¢dn/2mhvr
whose limit is one when € tends to zero. Making thls straightforward calculation we have

for the integral the result 3” (2 )3e=ne(1 4+ ne+ 2 6 ). In this way, the sum on n is made

by considering it as a geometric progression with ratlo e

€ _+ZZ 720 30240+

—€
oo

E e—ne —
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§oa = (4.15)

where we have developed the approximation till quadratic terms in € and subtracted the
zero-point energy %hw in Eq. (4.14) [186]. In contrast with the third term that tends to
zero, the first term diverges as € becomes smaller. Nevertheless, this term is well-known
as the one associated with the vacuum contribution in non-periodicity conditions or long
distances m fooo dn [ &, d*ps whose contribution, making use of the same regulator,

must be subtracted for obtaining the equivalent Casimir pressure

2 ho

for the axion field 6(r,t). This expression differs from the one exerted by the photons
in some constants that are associated with the change in the field periodicity, number
of wave polarizations and velocity propagation of the fields in the medium. However, its
dependence on the distance and sign remain invariant, and hence it tends to decrease the
distance between the surfaces giving an attractive force between them, as it happens with
the Casimir force.

Furthermore, we can see the dependence on the temperature of the above pressure.
Having that the partition function of this gas of bosons is given by

z=1] (ijo exp {-N%B—_T“D =11 L - (4.17)

: e[

where the sum was taken as a geometric series with N the number of particles and p
the chemical potential. This is possible if and only if £, — ¢ > 0 or when the chemical
potential is negative or zero because we can reach the fundamental state. Notice that
this condition cannot be filled by a fermion system where the chemical potential is always
positive. From the physical point of view, it seems natural to think that the axions are
special photons in the TIs or at least that both are directly related. Now we can calculate
the density of free energy F' of our system for a finite temperature T
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kgT L
27rBzh2 Z /d2psln (1 —exp [ ngTM}) (4.18)

where we used that InZ = —3_ In[l — exp(—(i’;%T“))] and where the sum in n has a

factor of 1/2 for the term n = 0 for taking into account properly the zero-energy point

energy as before [186|. Setting u = 0 and making the change of variable z = ki" with

d?ps = 2n(kpT)*vp>xvdx, we have

(kgT)?
27Th21)F Z AMEUF (1 —e®)ade (4.19)

kpTd

¥ ldx __

1
(s—l)!f er—1

Thus, for n = 0 we can do an integration by parts and employ the result

((s) for obtaining

(kBT) ]’CBT
47Th2 2 C( ) 27TFL2 27rnth ]. —e )xdl‘ (420)

kpTd

where ((s) is the Riemann zeta function. On the other hand, the second integral has not an

analytical expression, but for low temperatures (or distances) with 2;'?5 much higher than

one, the logarithm can be expanded in powers of e and the dominant term is for n = 1.

(kpT)? 2rhvg _ 2rhug
27rh2v%[ + Tpra P T, )-

Therefore, we find the density of free energy of the axions associated with the topological
fields at low-temperatures

Thus, we have for this integral term the approximation —

w2 kT kpT)3 2mhv 2mhv kpT)*d

Pt ) - o [ T e (2T 4 Dt
180d’ 4mh2v 2nh2vy, kgTd kpTd 272 (hor)

(4.21)

and the pressure exerted by them on the surfaces
71'2h’UF 27T]€BT 27Th’UF (kBT)4
P=_ — — 4 4.22
coat T @ P ( kBTd) EETmENS (422)

Again, the last term corresponds to the temperature dependence of the free energy
without taking into account the axion field periodicity which is subtracted following the
same procedure as before. Notice that for photons this latter factor, known as the black
body free energy of a photon gas 2(kgT)*d/(m*h>c®)((4), is proportional to four times the
given value due to the change in the number of possible polarization and periodicity of the
fields. It is worthy to observe that for low temperatures or distances the second term in
Eq. (4.22) is negligible when compared with the other two. Thus, we can write the force or
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Figure 4.2: Distance dependency of the pressure associated with the axions in a topological
insulator (dashed line) compared with the pressure exerted by the photons in the Casimir
effect (solid line) taking T'= 10 K and vp = 6 10° m/s. The inset shows the normalized

pressure with respect to the dimensionless parameter x = T'/T* = kgT'd/(hv) << 1 for
both cases.

pressure exerted on the surfaces as P = Py(1+ %(TT )4). This follows the same dependence

as the Casimir force Eq. (4.11) but redefining its principal variables Py = —“gggf and the

effective temperature T = hvp/(kpd) (Fig. 4.2). In this context, it seems obvious that
is possible to get a technological advantage when making thin-film based devices due to
having an effective pressure for the axions substantially smaller than the one of Casimir.
This latter fact about its magnitude constitutes a differentiating signature when testing
experimentally the physics of the axions in these systems.

4.4 Conclusions

We have examined the topological magneto-electric effect of the TIs and obtained
a behaviour quite similar to that of Casimir, although with very different origins. The
electric and magnetic fields have a very high density in the surface and inside the TTs it
is the axionic scalar field that acts as the temperature-dependent Casimir. Thus, we can
obtain a distribution of the topological energy associated to the electric, magnetic and
axion fields within the TIs. All these results are suitable for being measured and therefore

help to understand both the topological behaviour of the TIs and the electrodynamics of
axions.
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Conclusion and Outlooks

In this thesis, we have tackled theoretically different aspects related to the transport
and physics of topological insulators. Precisely, their singular physics, as well as that of
other topological materials, can sometimes make this task a challenge but it also opens
the possibility to study special effects and properties as it is described in the introduction
or in the current literature. This thesis was born with the aim of giving a microscopic
formalism for the thermoelectricity in topological insulators, but delving into this effect
has led us to explore and find an interpretation to some fundamental points of the physics
of these systems such as the Riemann-Hurwitz formula, the topological contribution to the
thermoelectric effect, the field interpretation through b, the intrinsic orbital magnetism,
the Berry curvature modulation, the axion electrodynamics and the pressure associated
with the scalar field 0(r,t), etc. All these elements are pieces of the same mechanism that
need to be glued by an effective action in which the topology of the system plays a leading
role.

We have started with a brief introduction to the physics of the Berry phase and its
connection with the Dirac Hamiltonian for different space-time dimensions to revise some
of the main concepts which TIs employ and that has been needed in our research. At
the same time, I have also gathered some of the concepts and skills obtained in the first
formative stage carried out at the beginning of my thesis. Next, I have developed the
microscopic formalism obtained for the thermoelectricity in TIs starting directly from
the effective Chern-Simons action that these systems employ for the electronic transport
and whose necessity has been demonstrated using pure mathematical concepts, summa-
rized in the Riemann-Hurwitz formula. We have given a new formula for the topological
Seebeck coefficient, electric field and potential generated by a temperature gradient in
these materials and we have calculated the topological contribution to the dimensionless
figure of merit in the surface of a TI. Following the same line of reasoning, we have pro-
ceeded to address the electronic transport in presence of lattice oscillations through the
Dirac oscillator Hamiltonian. This second study reaches a successful field interpretation
of the Berry curvature which allows to understand the role of phonons in the relativis-
tic electronic Hamiltonian of these systems at low energy as well as their intrinsic orbital
magnetism which arises from their non-trivial Berry curvature. From a fundamental point
of view, besides answering why TIs can preserve time-reversal symmetry in presence of
temperature gradients and phonons, an efficient route to transform heat from the lattice
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into electricity was also described. In our next effort, we have provided a relativistic cal-
culation of the corrections to the Dirac Hamiltonian in presence of magnetic fields which
is demonstrated to be consistent with the existing formalisms based on Lagrangian the-
ory, Landau Levels and non-relativistic quantum mechanics. In addition, we have given
a physical interpretation for the coupling between the Berry curvature and the magnetic
field and we have finally revealed the differences between the orbital magnetic response
of both topological non-trivial and trivial regimes. In the final chapter, we have analyzed
the TIs from the standpoint of axion electrodynamics to address a fundamental result,
their inner pressure. This latter case pretends to establish a path to measure directly the
existence of axions via pressure measurements in analogy with the Casimir effect.

The research carried out during these years has answered most of the questions that
gave rise to this thesis, but it has also induced new ideas and perspectives that I would
like to explore in the future. Moreover, several theoretical findings and predictions such
as the field b, the role of phonons, and the axion pressure in TIs have been done and
look forward to experimental verification. Probably this is only the beginning. Pending
studies could search for materials that exhibit higher topological numbers to enhance their
thermoelectric properties and beat the current experimental limit, treat theoretically the
lattice contribution to the thermal conductivity in TIs, extend the coupling of the Berry
curvature with the external electromagnetic fields to study other transport properties,
etc. On the other hand, I do not rule out extending my research to other topological
materials or even exploring the fundamental origins of the topological phase transitions.
I am confident that someday all the diverse pieces that topological materials comprehend
will be connected and that these will be crucial for future technology.
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The origin of this thesis lies in the study of the thermoelectric
properties of topological insulators, currently the best
thermoelectric materials. Our perspective was theoretical from
the beginning given the lack of a microscopic theory in the
literature that answers why these systems have such an
efficient thermoelectric response, represented by their well
known experimental figure of merit. Coherently, this leads us to
explore, throughout the different chapters of this thesis,

other effects and interactions such as the electron-phonon
coupling, orbital dynamics and axion electrodynamics which are
a consequence of the non-trivial topology of these materials.
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