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ABSTRACT

We study a discrete-time model for a population subject to harvesting. A maximum annual catch H is fixed, but a minimum biomass level T
must remain after harvesting. This leads to a mathematical model governed by a continuous piecewise smooth map, whose dynamics depend
on two relevant parameters H and T. We combine analytical and numerical results to provide a comprehensive overview of the dynamics
with special attention to discontinuity-induced (border-collision) bifurcations. We also discuss our findings in the context of harvest control
rules.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0010144

In the context of sustainable exploitation of natural resources
(fishing, forestry, hunting), it is crucial to reduce the exploita-
tion rate at low stock size. Harvest policies aiming at protecting
endangered species are based on reference points such as a max-
imum allowable catch or a minimum biomass level that must
remain after harvesting. Discrete-time mathematical models for
these harvesting strategies lead in a natural way to piecewise
smooth maps, whose dynamics are challenging because multi-
ple discontinuity-induced bifurcations may appear. In this paper,
we provide a thorough analysis of a threshold harvesting model
depending on two parameters: a maximum harvesting quota and
a minimum population threshold with a twofold aim of under-
standing the interplay between both parameters and uncovering
interesting features of the underlying piecewise smooth map.

I. INTRODUCTION

In the context of chaos control, some strategies based on
thresholding or limiter controls have been proposed to stabilize a
fixed point or a desired periodic orbit.8,15,32 The same mechanism
determines effective harvest control rules to prevent population
collapses in fisheries and forestry.10,26

A simple threshold mechanism to control a variable x is the
following: choose a critical threshold T in such a way that when-
ever the value of x exceeds T, it is reset to T.33 In the framework of
sustainable harvesting, the same mechanism is known as threshold
harvesting (TH); this harvest control rule removes the surplus of a
population above a given threshold T (minimum biomass level) and
takes no harvest below T. The recent paper (Ref. 18) includes a table
collecting the many names of TH in different contexts.

When TH is applied to a one-dimensional map f, the controlled
system is governed by a flat-topped map F. The dynamics of F is
usually much simpler than the one of f, although it still has their
own and interesting features (see, e.g., Refs. 32, 36, and 39). In par-
ticular, F is a non-smooth map, so some bifurcations different from
the usual ones for smooth maps arise: the so-called border-collision
bifurcations.2

Perhaps, the more relevant property for usual flat-topped maps
is that almost all solutions converge to a periodic orbit containing
T. Though this behavior can be seen as a nice property from a chaos
control point of view, if TH is used as a harvesting rule, it opens the
possibility of harvesting moratoria, with serious socioeconomic con-
sequences. In the opposite side, a strategy of constant catch harvest-
ing keeps the yield constant, rather than the escapement (biomass
level after harvesting). It is well known that a serious drawback of
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FIG. 1. Different harvesting strategies
illustrated by sketching catch (red solid
lines) as a function of population density
or biomass. (a) Threshold harvesting, (b)
constant quota harvesting, and (c) pre-
cautionary threshold constant-catch har-
vesting. The blue dotted lines indicate the
identity diagonal line, T is the minimum
biomass level, and H is the maximum
allowed catch.

this method is that it highly elevates the risk of extinction, even lead-
ing to sudden collapses.26,30 Several combinations of the traditional
harvesting strategies with protection rules based on thresholds have
been proposed in order to minimize its drawbacks.10,12,13,17,26 In par-
ticular, a combination of threshold management and constant-catch
harvesting was proposed by several authors.6,26,35 In the latter refer-
ence, this strategy was named “conditional fixed harvest.” The idea
is simple: if population size is below a given threshold T, then no
harvest is allowed; otherwise, we allow to catch a constant quota H
but always ensuring that at least a minimum population stock T will
remain after harvesting. Thus, there are two reference breakpoints:
the maximum allowed catch H and the minimum biomass level T.
In the spirit of Ref. 12, this harvesting rule can be seen as a pre-
cautionary modification of threshold constant-catch harvesting, and
then we will refer to it as precautionary threshold constant-catch har-
vesting (PTCH for short). Figure 1 shows an illustration of the three
mentioned harvesting policies: threshold harvesting, constant quota,
and precautionary threshold constant-catch harvesting.

Our aim in this paper is twofold: first, we combine analytical
and numerical results to provide a rigorous mathematical analy-
sis of PTCH using a discrete-time single-species model; second, we
show that our model is a simple but insightful example of piecewise
smooth dynamical system, complementing in this way the growing
set of applications of this class of dynamical systems.2 As far as we
know, we formulate and study this harvesting rule in the frame-
work of dynamical systems for the first time. Our study is focused
on stability and bifurcations; in this regard, we consider the two
relevant harvest parameters T and H and obtain 1-parameter and
2-parameter bifurcation diagrams that help one to understand how
a continuous variation of any of them influence the dynamics, and
the interplay between both parameters. We identify regions where
global attraction, periodic attractors, bistability, or complex behav-
ior are likely to occur, paying special attention at border-collision
bifurcations.

We organize the paper as follows: in Sec. II, we introduce the
piecewise smooth one-dimensional map governing PTCH and the
main assumptions on the involved functions. Section III is devoted
to the study of fixed points: in Subsection III A, we give the location
of positive equilibria depending on the relevant parameters; Subsec-
tion III B is devoted to provide stability results for the positive fixed
points. In simple cases, all solutions converge to an equilibrium and
in the general case, there are stability switches and the global pic-
ture is more complicated; we give some general results for global
stability and study in more detail in the Ricker map, which is a
prototype for discrete population models, especially in the context

of fisheries;27,29,38 and finally, in Subsection III C, we describe all
possible bifurcations of fixed points (smooth and border-collision
bifurcations). In Sec. IV, we focus on a particular region of the
parameter plane for which chaos and essential attraction can occur.
The latter means that an equilibrium is not globally attracting, but
solutions converge to it with probability one. In Sec. V, we address
two case studies: a simple compensatory model, where only bifur-
cations of fixed points appear and an overcompensatory model
that exhibits richer dynamics; in both cases, numerical bifurcation
diagrams help one to understand the influence of the parameters.
Finally, in Sec. VI, we discuss the obtained results in the framework
of piecewise smooth dynamical systems (with special attention to
those with maps containing flat branches) and in the framework of
harvesting strategies.

II. THE MODEL AND BASIC ASSUMPTIONS

To carry out a theoretical study of the dynamics induced
by PTCH, we assume that population growth in the absence of
harvesting is governed by a one-dimensional difference equation

xn+1 = f(xn), (1)

where xn is the population density at time step n, n = 0, 1, 2 . . .,
starting at an initial value x0 > 0. The map f is the production (or
stock–recruitment curve), for which we assume typical conditions
for single-species population models,

(A1) f : [0, ∞) → [0, ∞) is continuous, has a unique positive fixed
point K, f(x) > x for x ∈ (0, K), and 0 < f(x) < x for x > K.
Moreover, f(0) = 0 and there exists limx→∞ f(x) < ∞.

Most of the results will require additional conditions, which are
summarized in the next hypothesis,

(A2) f is a C2 map having at most one critical point xc ∈ (0, ∞) such
that f ′(x) > 0 for all x ∈ (0, xc) and f ′(x) < 0 for all x > xc.
Moreover, f ′′(x) < 0 on (0, xc). If f has no critical points, then
we consider xc = ∞, and hence, f is increasing. If f has one
critical point, we assume that limx→∞ f(x) = 0.

Sometimes, we will also assume that f is a C3 map with negative
Schwarzian derivative.

We recall that the Schwarzian derivative is defined by the
expression

(Sf)(x) =

(

f ′′′(x)

f ′(x)

)

−
3

2

(

f ′′(x)

f ′(x)

)2

,
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FIG. 2. Illustration of the graph of the piecewise smooth
map F (blue solid line). We also plot the line y = x (red,
dashed) and the graph of f (black, dashed). (a) Unimodal Ricker
map f(x) = x e2.6(1−x), with H = 0.5 and T = 0.7. (b) Mono-
tone Beverton–Holt map f(x) = 2x/(1 + x), withH = 0.2 and
T = 0.7.

whenever f ′(x) 6= 0. When (A2) holds with finite xc, the map f is
unimodal; if, in addition, (Sf)(x) < 0 for all x 6= xc, then f is an S-
unimodal map.38 The concavity condition on (0, xc) is not usually
assumed for this type of maps, but it is not very restrictive: on the one
hand, it is satisfied by the models we consider; on the other hand, for
S-unimodal maps, f ′′(0+) < 0 implies f ′′(x) < 0 for all x ∈ (0, xc).21

Both (A1) and (A2) hold for many compensatory and over-
compensatory models usually employed in population dynamics.
Throughout this paper, we understand that the model defined by (1)
is compensatory if f satisfies (A1) and (A2) with xc ≥ K (that is, f
is nondecreasing at the positive equilibrium) and overcompensatory
otherwise. For example, the compensatory Beverton–Holt model is
defined by the map f(x) = r x/(1 + x), r > 1, which fulfills condi-
tion (A1) with K = r − 1, and condition (A2) with xc = ∞. The
Ricker model defined by f(x) = x er (1−x), r > 0, satisfies (A1) with
K = 1 and (A2) with xc = 1/r. It is compensatory if r ≤ 1 and
overcompensatory if r > 1.

Applying the precautionary threshold constant-catch harvest-
ing rule to (1) and assuming that populations are measured
after reproduction and before harvesting, we obtain the difference
equation

xn+1 = F(xn) :=











f(xn) if f(xn) ≤ T,

T if T < f(xn) ≤ T + H,

f(xn) − H if f(xn) > T + H.

(2)

For convenience, we define the map g(x) = f(x) − H, which
allows us to write F in the form

F(x) =











f(x) if f(x) ≤ T,

T if g(x) ≤ T < f(x),

g(x) if T < g(x).

The piecewise smooth continuous map F can also be written in
a line as

F(x) = min
{

f(x), f(x) − min{H, f(x) − T}
}

= min
{

f(x), max{g(x), T}
}

and depends on the two harvesting parameters H and T. The typical
shape of F can be seen in Fig. 2. Roughly speaking, the graphs of f and
g are joined by flat segments defined by T, which typically results in

five intervals of smoothness for F if f is unimodal and three if f is
nondecreasing.

Throughout the paper, we will assume that H > 0 and T > 0. It
is clear that F ≡ f if H = 0 or T ≥ sup{f(x), x ≥ 0}. In the limit case
T = 0, (2) becomes the usual constant catch policy, defined by the
map F(x) = max{f(x) − H, 0}.

It is also worth noticing that if T < sup{f(x), x ≥ 0} ≤ H + T,
then the precautionary threshold constant-catch harvesting strategy
(PTCH) becomes the pure threshold harvesting rule (TH), defined
by the map F(x) = min{f(x), T} (see Ref. 18).

For convenience of the readers, we include some important
notations in Table I. Some of them have been already introduced,
and others will appear in the following.

TABLE I. Main notations.

Symbol/concept Meaning

H (Maximum) harvesting quota
T Threshold harvesting parameter
PTCH Precautionary threshold constant-catch

harvesting
TH (Pure) threshold harvesting
f Production map governing (1)
g g(x) = f(x) − H
F Map defining the PTCH rule (2)
Ricker map f(x) = x er(1−x), r > 0
xc Critical point of f (f′(xc) = 0)
x̃ Point such that f ′(x̃) = 1
x (Smallest) point such that f ′(x) = −1
K Positive fixed point of f
p, q Positive fixed points of g (0 < p ≤ q < K)
break point Point at which F is not differentiable
boundary fixed point Break point which is a fixed point of F
admissible fixed point Fixed point of F
virtual fixed point Fixed point of one map defining F

but not of F
BCB Border-collision bifurcation
SB Smooth bifurcation
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III. FIXED POINTS: LOCATION, STABILITY, AND

BIFURCATIONS

In this section, we study the fixed points of F depending on
the parameter values T and H. In the first subsection, we focus on
the number of fixed points and their location; in the second one,
we study their stability properties; and in the third subsection, we
describe the local bifurcations of fixed points, that is, we deter-
mine the critical values of the parameters for which fixed points are
created or destroyed, or stability switches occur.

One important consequence of conditions (A1) and (A2)
is that there is a unique x̃ > 0 such that f ′(x̃) = 1. Moreover,
x̃ ∈ (0, min{K, xc}). This property is a direct consequence of the
mean value theorem, and the concavity of f on (0, xc). The point x̃
plays an important role in the study of fixed points.

A. Positive fixed points

The following result provides the number of positive fixed
points of the map F defined in (2). Notice that 0 is a fixed point of F,
and it is always unstable. We assume that T > 0 and H > 0.

Proposition 1: Assume that (A1) and (A2) hold and denote
by x̃ the unique solution of f ′(x) = 1. Then,

(i) If T ≥ K, then K is the unique positive equilibrium of (2).
(ii) If x̃ ≤ T < K, then F has a unique positive fixed point, which is

T if H ≥ f(T) − T, and a fixed point q ∈ (T, K) of g if H < f(T)

− T.
(iii) If 0 < T < x̃, then

(a) F has a unique positive fixed point q ∈ (x̃, K) if H < f(T)

− T.
(b) F has three positive fixed points (T and two fixed points of

g) if

f(T) − T < H < f(x̃) − x̃.

(c) T is the unique positive fixed point of F if H > f(x̃) − x̃.
(d) F has two positive fixed points if either H = f(T) − T or

H = f(x̃) − x̃.

Proof. In view of (2), K is a fixed point of F if and only if
K = f(K) ≤ T. Moreover, if K ≤ T, then K is the only positive
fixed point of F because F(x) ≥ min{f(x), T} > x if x < K, and F(x)
≤ f(x) < x if x > K.

If T < K, then there are two possibilities for the positive fixed
points of F: the threshold T and the positive equilibria of g.

It is obvious from the definition of F that T is a fixed point if
and only if f(T) ≤ T + H, that is, H ≥ f(T) − T.

Since g′(x) = f ′(x) and g′′(x) = f ′′(x), g can have at most two
positive fixed points. Assume that p < q are two fixed points of
g. Then, by the mean value theorem, p < x̃ < q, where x̃ is the
only point for which f ′(x̃) = 1. It also follows that T < p < q
< K because p = F(p) = g(p) = f(p) − H > T and g(x) = f(x)
− H ≤ x − H < x for all x ≥ K.

Now, statements (ii) and (iii) follow easily. We include the
proof of (ii) and leave the other to the reader.

Assume x̃ ≤ T < K. If H ≥ f(T) − T, then T is a fixed point of
F, and it is the only one because g(T) ≤ T and g′(x) < 1 for all x > T.

If H < f(T) − T, then F has a fixed point q ∈ (T, K) because
g(T) = f(T) − H > T and g(K) = f(K) − H = K − H < K. This

FIG. 3. Number of positive fixed points of F with the Ricker map
f(x) = x e2.6(1−x). There are two positive fixed points for the parameter
values in the boundaries colored in red: H = f(T) − T , 0 < T < x̃ and
H = f(x̃) − x̃, 0 < T < x̃. There is only one positive fixed point for parameters
at the boundaries colored in blue: H = f(T) − T , x̃ < T < 1 and T = 1.

fixed point is unique because if there were two fixed points p < q,
then T < p and g(x) < x for all x < p would imply that g(T) < T, a
contradiction. �

Figure 3 illustrates the number of fixed points in the parameter
plane (H, T).

B. Stability of fixed points

This section is devoted to study the stability properties of the
positive fixed points of F. We divide it into three parts: first, we
deal with compensatory models; then, we give some global stabil-
ity results; finally, we focus on the Ricker model. The points K, x̃,
and xc have the same meaning as in Sec. III A (see Table I).

As usual, we say that a fixed point x∗ of a map h : I → I is
stable if for each neighborhood V of x∗ in I there exists a neighbor-
hood U of x∗ in I such that hn(x) ∈ V for all x ∈ U and all n ≥ 1.
x∗ is (locally) asymptotically stable (LAS for short) if it is stable and
is a local attractor, that is, there exists an interval J containing x∗

such that limn→∞ hn(x) = x∗ for all x ∈ J. If J = I, we say that x∗

is a global attractor (or globally attracting). Since globally attract-
ing fixed points of continuous interval maps must be stable, a global
attractor is sometimes called globally asymptotically stable (GAS for
short). Finally, we say that x∗ is semistable if it is not stable but
attracts either [x∗, x∗ + ε) or (x∗ − ε, x∗], for some ε > 0.

We recall that, by Singer’s results,34 if f is an S-unimodal map
with a unique fixed point x∗, then x∗ is a global attractor if f ′(x∗)

≥ −1, and unstable if f ′(x∗) < −1. We will use the following more
general result (Ref. 11, Corollary 2.9):

Lemma 1: Let g : I → Cl(I) be a continuous function with a
unique fixed point x∗ such that g(x) > x if x < x∗, and g(x) < x if
x > x∗. [Here, I is a real interval and Cl(I) denotes its closure.]
Assume that there are points c, d ∈ I such that c < x∗ < d and the
restriction of g to (c, d) has at most one turning point and (when-
ever it makes sense) g(x) ≤ g(c) for every x ≤ c and g(x) ≥ g(d)
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for every x ≥ d. If g is decreasing at x∗, assume additionally that
(Sg)(x) < 0 for all x ∈ (c, d) except at most one critical point of g and
−1 ≤ g′(x∗) < 0. Then, x∗ is a global attractor of g.

The following technical result will be also useful. It is a simple
generalization of Ref. 4, Lemma 1.

Lemma 2: Let f : (a, b) → (a, b) be a continuous function
defined on a real interval (a, b) (−∞ ≤ a < b ≤ ∞) such that f has
a unique fixed point x∗ with x < f(x) < x∗ for all x ∈ (a, x∗) and
a < f(x) < x for all x ∈ (x∗, b). Then, x∗ is a global attractor of f.

1. Compensatory models

Compensatory models exhibit simple dynamics. Recall that
the model defined by (1) is compensatory if f satisfies (A1) and
(A2) with xc ≥ K. This framework includes monotone maps like
in the Beverton–Holt model, and unimodal maps as the Ricker
function f(x) = xer(1−x) with 0 < r ≤ 1. Lemma 2 ensures that for
compensatory models, K is a global attractor of the model without
harvesting (1).

For the model with harvesting, we get the following result:
Theorem 1: Assume that f satisfies (A1) and (A2) with

T < K ≤ xc. Then, every solution of (2) converges to an equilibrium.
More specifically,

(a) If H < f(T) − T, then there is a unique positive equilibrium
q ∈ (T, K) of F and it is globally attracting.

(b) If H ≥ f(T) − T and T ≥ x̃, or T < x̃ and H > f(x̃) − x̃, then T is
the unique positive equilibrium of F and it is globally attracting.

(c) If f(T) − T ≤ H ≤ f(x̃) − x̃, then there is bistability between two
positive equilibria: T and q ∈ (T, K). If H < f(x̃) − x̃, denote by
p the largest fixed point of F smaller than q, and p∗ = min
{x ∈ F−1({p}) : x > p} [p∗ = ∞ if there are no x > p such that
F(x) = p]. If f(T) − T < H < f(x̃) − x̃, then the basin of attrac-
tion of T is (0, p) ∪ (p∗, ∞) and the basin of attraction of q is
(p, p∗). If H = f(x̃) − x̃, then q = p is semistable and its basin of
attraction is [p, p∗]. If H = f(T) − T, then T = p and the basin of
attraction of T is (0, p] ∪ [p∗, ∞).

Proof. The proofs of (a) and (b) follow from Lemma 2. Next,
we prove (c) when f(T) − T < H < f(x̃) − x̃. On the one hand, F
maps the interval I = (p, p∗) into itself, and Lemma 2 ensures that
q attracts I. On the other hand, F maps the interval J = (0, p) into
itself, and Lemma 2 also applies to prove that T attracts J. Finally, it
is clear that F maps (p∗, ∞) on J. The limit cases H = f(x̃) − x̃ and
H = f(T) − T are left to the reader. �

If T ≥ K, then the equilibrium K is a global attractor (see
Theorem 2 below).

2. Global stability results

In this subsection, we provide some sufficient conditions under
which the positive equilibrium is unique and globally attracting.

The first case occurs when T ≥ K, which is considered in the
next result. The proof is shifted to Appendix A 1.

Theorem 2: Assume that f satisfies (A1) and K is a global
attractor of f. If T ≥ K, then K is a global attractor of F.

In the following, we assume that (A1) and (A2) hold. Our
next result deals with sufficient conditions for the global stabil-
ity of T when T < K. Since the compensatory case was studied in
Subsection III B 1, we deal with the overcompensatory case.

Theorem 3: Assume that T < K and H ≥ f(T) − T. If any of
the following conditions holds, then T is the unique positive fixed point
of F, and it is globally asymptotically stable.

(a) T < x̃ and H > f(x̃) − x̃;
(b) x̃ ≤ T ≤ xc;
(c) f(xc) − H ≤ T < K; and
(d) f(g(xc)) ≥ T and T > xc.

Proof. In all cases, it follows from Proposition 1 that T is the
unique positive fixed point of F. In cases (a) and (b), it is easy
to check that x < F(x) ≤ T for x < T and 0 < F(x) < x for x > T.
Hence, the result follows from Lemma 2.

Since scheme (2) becomes threshold harvesting when H + T
≥ f(xc), in case (c), the result follows from Ref. 18, Proposition
2.1. Finally, conditions in (d) imply that the long-term behavior of
the solutions of (2) and equation xn+1 = G(xn), n ≥ 0, is the same,
where

G(x) =

{

T if g(x) ≤ T,

g(x) if g(x) > T.
(3)

Since T is stable for G, to prove the global stability it is enough
to exclude periodic orbits of G with prime period 2 (see, e.g.,
Ref. 14, Proposition 1). But G cannot have 2-periodic orbits because
G(x) = T for all x ≥ T. �

In line with case (d) in the previous theorem, we can prove a
global stability result for the fixed point q in case f is S-unimodal.

Theorem 4: Assume that T < K, H < f(T) − T, and f is S-
unimodal. If g′(q) ≥ −1 and f(g(xc)) ≥ T, then q is globally asymp-
totically stable.

Proof. Condition H < f(T) − T implies that q is the unique
positive fixed point of F. Since f(g(xc)) ≥ T, F can be replaced by
map G defined in (3) for the analysis of convergence of solutions,
as in the proof of Theorem 3. Now, the proof easily follows from
Lemma 1, with c = min g−1(T) and d = max g−1(T). �

We illustrate the results of Theorems 3 and 4 in Fig. 4.

3. Specific results for the Ricker map

In this subsection, we focus our attention on the PTCH
scheme (2) with the Ricker map f(x) = xer(1−x), r > 1, in order to
give a more comprehensive description of the stability properties of
the positive equilibria. Recall that the case r ≤ 1 has been addressed
in Subsection III B 1.

We recall some basic properties of the Ricker map. First, f
is an S-unimodal map. In particular, f fulfills (A1) and (A2) with
K = 1 and xc = 1/r, and there exists a unique x̃ ∈ (0, 1/r) ⊂ (0, 1)
such that f ′(x̃) = 1.

Since f ′(x) = (1 − rx)er(1−x) and f ′′(x) = −r(2 − rx)er(1−x), it
follows that f ′′(x) < 0 for all x ∈ (0, 2/r), f ′′ (2/r) = 0 and f ′′(x)
> 0 for all x > 2/r. Hence, f ′ attains its global minimum at 2/r and
f ′ (2/r) = −er−2 < −1 if and only if r > 2. Thus, since f is an S-
unimodal map, we have the following known result, which we state
for later reference.
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FIG. 4. Regions of global stability for PTCH with the Ricker map f(x) = xe2.6(1−x)

based on Theorems 3 and 4. The red solid curve is the graph of H = f(T) − T . T
is GAS in regions defined byH > f(T) − T and (a) T < x̃ andH > f(x̃) − x̃; (b)
x̃ ≤ T ≤ xc, (c) f(xc) − H ≤ T < K; and (d) f(g(xc)) ≥ T and T > xc. Notice
that when H < f(T) − T , condition f(g(xc)) ≥ T holds to the right of the dashed
line, so q is globally stable in region (e), determined by condition g′(q) ≥ −1 (see
Theorem 7).

Proposition 2: If f(x) = xer(1−x) and 0 < r ≤ 2, then f ′(x)
≥ −1 for all x > 0. Moreover, f ′(x) = −1 if and only if r = 2 and
x = 1. In particular, if r ≤ 2, then the positive equilibrium K = 1 is
a global attractor of f in (0, ∞). If r > 2, then f ′(K) = 1 − r < −1,
and, therefore, K is unstable.

If r > 2, then there exists a unique x ∈ (xc, 2/r) such that
f ′(x) ∈ (−1, 0) for all x ∈ (xc, x), f ′(x) = −1, and f ′(x) < −1 for
all x ∈ (x, 1). The value of x can be numerically computed as the
smallest root of equation f ′(x) = −1, that is, the unique solution
x ∈ (0, 1) of (rx − 1) er(1−x) = 1.

We begin considering the case when the Ricker map has a sta-
ble equilibrium. The proofs of Theorems 5 and 6 are provided in
Appendix A 2. They consider the cases when F has at least one pos-
itive fixed point different from T, or T is the unique positive fixed
point of F, respectively.

Theorem 5: Assume 1 < r ≤ 2, T < 1, and F has at least one
positive fixed point different from T. Denote by p, q (p ≤ q) the
positive fixed points of g. Then, there are two possibilities:

(i) If T is a fixed point of F (that is, H ≥ f(T) − T), then there are
three cases. If there are three positive fixed points of F (T < p
< q), then q attracts (p, p∗) and T attracts (0, p) ∪ (p∗, ∞),
where p∗ = max g−1(p). If there are two positive fixed points of F
(T = p < q), then q attracts (T, T∗) and T attracts (0, T]
∪ [T∗, ∞), where T∗ = min{x > T : g(x) = T}. If there are two
positive fixed points of F (T < p = q), then q attracts [p, p∗] and
T attracts (0, p) ∪ (p∗, ∞).

(ii) If H < f(T) − T, then q is the unique positive fixed point of F, and
it is a global attractor.

Theorem 6: If 1 < r ≤ 2, xc < T < 1 and H ≥ f(T) − T, then
T is the unique positive fixed point of F, and it is globally asymptoti-
cally stable.

Now, we are in a position to state and prove the main result in
this subsection.

Theorem 7: Consider the map F defined by (2) with f(x)
= xer(1−x), r > 1. Denote by p, q, the fixed points of g(x) = f(x) − H,
when they exist, with T < p ≤ q.

(I) If T ≥ 1, then the positive fixed point K = 1 of f is the unique
positive equilibrium of F. It is a global attractor if 1 < r ≤ 2 and
unstable if r > 2.

(II) If T < 1 and 1 < r ≤ 2, then the conclusions (a), (b), and (c) of
Theorem 1 hold. In particular, every solution of (2) with initial
condition x0 > 0 converges to a positive equilibrium.

(III) If T < 1 and r > 2, then,
• T is a fixed point of F if and only if H ≥ f(T) − T and

T ≤ 1. Moreover, T is semi-stable if 0 < T < x̃ and
H = f(T) − T, and it is asymptotically stable otherwise. T is
a global attractor in the cases stated in Theorem 3 (see Fig. 4).

• The fixed point p is unstable if p < q, and semi-stable if p = q.
• The fixed point q ∈ (x̃, 1) is unstable if H < f(x) − x, and

asymptotically stable if H ≥ f(x) − x. In the latter case, q is a
global attractor if f(g(xc)) ≥ T.

Proof. The existence of the different fixed points of F is given
in Proposition 1. The proof of (I) follows from Theorem 2 and
Proposition 2. The proof of (II) follows from Theorems 3, 5, and
6.

Next, we consider the three cases of (III):

• First, we deal with the stability of the threshold value T. If
H > f(T) − T, then T is asymptotically stable because F is dif-
ferentiable in an interval (T − ε, T + ε), and f ′(T) = 0. When
H = f(T) − T, we distinguish several cases: First, if T > xc, then
there exists m1 > 0 such that F(x) = T for all x ∈ [T, T + m1),
which, by continuity, implies that there exists m2 > 0 such that
F2(x) = T for all x ∈ (T − m2, T); therefore, T is asymptotically
stable. Next, if x̃ ≤ T ≤ xc, then T is the unique positive fixed
point of F, and it is globally stable (see Theorem 3). When
T ∈ (0, x̃), T is semi-stable because there is η > 0 such that
F(x) = T for x ∈ (T − η, T], and F′(T+) > 1.

• As for the smallest fixed point of g, p is unstable if p < q because
F(x) = g(x) in a neighborhood of p and p < x̃. Hence, F′(p)
= f ′(p) > 1. When p and q collide, there is a smooth tangent
bifurcation and p is semistable.

• Finally, we address the stability of q ∈ (x̃, 1). Since F(x) = g(x)
in a neighborhood of q, the asymptotic stability of q depends
on g′(q) = f ′(q). Since q ∈ (x̃, K), it is clear that q is asymptoti-
cally stable if q ≤ x (that is, H ≥ f(x) − x), and unstable if q > x
(H < f(x) − x). The global stability result follows from Theorem 4.

�

C. Bifurcations of fixed points

The boundaries found in Subsection III A help us to analyze the
possible bifurcations of fixed points, using the bifurcation parame-
ters H and T. Since F is a piecewise smooth continuous map, some
bifurcations are non-smooth. We adopt some notations in Ref. 2; see
Table I for quick reference in the future.

The points where F is not differentiable are called break points.
When a break point x∗ is a fixed point of the map F, then we call
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x∗ a boundary fixed point. Boundary fixed points determine a kind
of bifurcations that are called border-collision bifurcations since the
work of Nusse and Yorke.24 Border-collision bifurcations (BCB for
short) occur when, under variation of some parameters, a fixed point
or a cycle collides with a break point, and this collision leads to
a qualitative change in the dynamics. Sometimes, we use the term
discontinuity-induced bifurcations for other type of bifurcations in
which a break point is involved (for example, when the metric attrac-
tor is an interval, and one of its endpoints collides with a break
point). For usual bifurcations where break points are not involved,
we use the term smooth bifurcations (SB for short). We emphasize
that F is continuous, so discontinuity refers to its first derivative.

According to Ref. 2, Sec. 3.1.2, there are four basic possible
dynamical scenarios at a BCB defined by a boundary fixed point.
We need the notions of admissible and virtual fixed points. For the
PTCH rule (2), we recall that F is a piecewise smooth map defined by
three differentiable maps: f, g, and the constant function T. A fixed
point of F is called an admissible fixed point, whereas a virtual fixed
point is a fixed point of one of the smooth maps defining F but not a
fixed point of F. For example, T and K are either virtual or admissible

fixed points of F; according to Proposition 1, K is admissible if and
only if T ≥ K, and T is admissible if and only if H ≥ f(T) − T and
T ≤ K.

• A fold BCB occurs when two coexisting admissible fixed points
collide at a break point and become two virtual fixed points.

• A flip BCB or period-doubling BCB occurs when an admissible
fixed point collides with a break point and a 2-periodic orbit
{p1, p2} appears, where p1 and p2 are at different sides of the break
point.

• A persistence BCB occurs when an admissible and a virtual fixed
point collide at a break point and interchange their roles. No other
periodic points are created or destroyed at the bifurcation point.

• A period-multiplying BCB occurs when an admissible fixed point
collides with a break point and an m-periodic orbit appears, with
m > 2.

In our framework, these bifurcations can only occur when T
becomes a boundary fixed point, that is, when g(T) = T [equiv-
alently, H = f(T) − T] or f(T) = T (equivalently, T = K). When

FIG. 5. Illustrations of BCBs arising
when H = f(T) − T in (2). The Ricker
map f(x) = xer(1−x) is the black dashed
curve, while the blue solid curve is the
corresponding map F. The red dashed
line is y = x. Top panel: fold BCB for
r = 2.1 and T = 0.1 < x̃ ≈ 0.353. (A1)
H = 0.3 < f(T) − T ≈ 0.562; (B1)
H = f(T) − T ; (C1) H = 0.9 > f(T)

− T . Center panel: flip BCB for r = 2.6
and T = 0.7 > x ≈ 0.485. The attra-
cting 2-cycle is represented by a mage-
nta box in (C2). (A2) H = 1 > f(T)

− T ≈ 0.827; (B2) H = f(T) − T ; (C2)
H = 0.6 < f(T) − T . Bottom panel: per-
sistence BCB for r = 2.1 and T = 0.7
(x̃< T < x≈ 0.77). (A3) H = 0.5 < f
(T) − T ≈ 0.614; (B3) H = f(T) − T ;
(C3) H = 0.65 > f(T) − T .
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H = f(T) − T, the first three BCBs can occur as T or H are continu-
ously changed. See Fig. 5 for illustrations.

• A fold BCB occurs if H = f(T) − T and T < x̃: T becomes a
boundary fixed point as T is decreased or H is increased; after
this critical value, two admissible fixed points arise: an attractor
T, and a repeller p.

• A flip BCB occurs if H = f(T) − T, T > x̃, and q is unstable for
g: the attracting fixed point T becomes virtual after becoming a
boundary fixed point as T or H decrease, while an unstable fixed
point q and an attracting 2-cycle {T, g(T)} appear. Notice that
the flat shape of F to the right of the break point prevents the
possibility of a period-multiplying BCB in our framework.

• A persistence BCB occurs if H = f(T) − T, T ≥ x̃, and q is asymp-
totically stable for g: as T or H increase, the virtual fixed point T
and the admissible attractor q interchange their roles.

In view of Theorem 7, for a Ricker map f(x) = x er(1−x), with r > 2,
a flip BCB occurs when H = f(T) − T and T > x, and a persistence
BCB occurs when H = f(T) − T and x̃ ≤ T ≤ x.

When T becomes a boundary fixed point at the critical value
T = K, it only makes sense to choose T as the bifurcation parameter;
in this case, persistence or flip BCBs can occur as T is continuously
changed. These bifurcations are typical of threshold harvesting.18,32

• A persistence BCB occurs if T = K and K is asymptotically stable
for f: as T is increased, the fixed point T becomes virtual and the
attracting fixed point K becomes admissible.

• A flip BCB occurs if T = K and K is unstable for f: as T is
increased, the fixed point T becomes virtual, K becomes admis-
sible, and an attracting 2-cycle {T, f(T)} emerges (see Fig. 6).

For the Ricker map, a persistence BCB occurs if T = 1 and
0 < r ≤ 2, and a flip BCB occurs if T = 1 and r > 2.

Finally, smooth local bifurcations of fixed points may also
occur for the bifurcation parameter H: a fold SB at H = f(x̃) − x̃ if
T < x̃, and a flip SB when H = f(x) − x.

In Figs. 7 and 9, we use solid lines for BCBs of fixed points and
dashed lines for SBs of fixed points. Specifically, we use red color for
fold bifurcations, orange for persistence BCBs, and brown for flip
bifurcations.

BCBs of periodic points and global bifurcations are shown in
the case study considered in Subsection V B.

FIG. 7. Stability diagram of PTCH with the Ricker map f(x) = xe0.3(1−x). There
is a region of bistability, while in the others there is a unique equilibrium, which is
globally attracting. We use orange color for persistence BCBs and red color for
fold bifurcations (the solid curve corresponds to a fold BCB, and the dashed line
to a fold SB).

IV. ESSENTIAL ATTRACTION AND CHAOTIC BEHAVIOR

In this section, we consider the regions of the parameter plane
(H, T) in which complex dynamics is more likely to occur.

First, we consider the case T < x̃ and H > f(T) − T. This
region of the parameter plane (H, T) is represented in Fig. 9(b) for
the Ricker map f(x) = xe2.6(1−x). Shifting the origin of coordinates
from (0, 0) to (T, T), we show that the dynamics of (2) in this case
can be derived from the results obtained by Schreiber30 for constant
quota harvesting models.

We introduce two definitions for later reference: an equilib-
rium x∗ of a real map h : I → I defined on an interval I is essen-
tially asymptotically stable if it is stable and limn→∞ hn(x) = x∗ for
Lebesgue almost all x in a neighborhood of x∗. If limn→∞ h(x) = x∗

for Lebesgue almost all x ∈ I, we say that x∗ is an essential global
attractor.

A discussion of essential asymptotic stability22 and the relation
to Milnor attractors23 can be found in Ref. 25, where the authors
introduce the concept of the stability index.

We state the main result of this subsection:
Theorem 8: Let f : [0, ∞) → [0, ∞) be a C3 unimodal map

with negative Schwarzian derivative satisfying (A1) and (A2). If F

FIG. 6. llustration of a flip BCB in (2)
when T = K. The Ricker map f(x)
= xe2.6(1−x) is the black dashed curve,
while the blue solid curve is the cor-
responding map F with H = 1.6. The
red dashed line is y = x. The attract-
ing 2-cycle {T , f(T)} is represented by a
magenta box in panel (c). (a) T = 0.95
< K = 1; (b) T = K; (c) T = 1.1 > K.
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FIG. 8. Bifurcation diagrams for the PTCH model (2) with the Ricker map f(x) = x e0.3(1−x). Red dashed lines correspond to unstable equilibria. (a) T = 0.1 < x̃: as
harvesting quota is increased, there is a fold BCB and a fold SB; bistability occurs between the two bifurcation points. (b) T = 0.6 > x̃: as harvesting quota is increased,
there is a persistence BCB. (c) H = 0.04 < f(x̃) − x̃: as the threshold is increased, there is a fold BCB and two persistence BCBs. Bistability is observed until the first
bifurcation point.

has at least 2 positive fixed points, let

p = min{x : x > 0, g(x) = x} and p∗ = max g−1(p).

Assume that T < x̃ and H > f(T) − T. Then, there are three generic
categories for the dynamics of (2),

1. (Global attraction) If H > f(x̃) − x̃, then T is the only positive
fixed point of F, and it is globally asymptotically stable.

2. (Bistability) If H < f(x̃) − x̃ and g2(xc) > p, then F has three pos-
itive fixed points T < p < q. T is asymptotically stable with basin
of attraction (0, p) ∪ (p∗, ∞) and p is unstable. If g′(q) ≥ −1,
then q is asymptotically stable and attracts (p, p∗); hence, every
solution of (2) converges to a fixed point. If g′(q) < −1, then
the interval [g2(xc), g(xc)] is forward invariant, with basin of
attraction (p, p∗).

3. (Essential attraction) If H < f(x̃) − x̃ and g2(xc) < p, then F has
three positive fixed points and T is an essential global attractor.

Proof. It is clear that the long-term behavior of the solu-
tions of (2) and equation xn+1 = G(xn), n ≥ 0, is the same, where
G was defined in (3). If we shift the origin of coordinates from
(0, 0) to (T, T), then the map G satisfies assumptions (A1)–(A5) in
Ref. 30. Thus, the proof follows from Lemma 1 and Theorem 1 in
Ref. 30. �

When H is the bifurcation parameter, the transition from bista-
bility to global attraction of T occurs through a smooth fold bifurca-
tion when p and q collide for H = f(x̃) − x̃. For this critical value, F
has two positive fixed points T and p; p is semi-stable with basin of
attraction [p, p∗], and T attracts (0, p) ∪ (p∗, ∞). In Figs. 7 and 9, the
fold bifurcation curve is represented by a red dashed line. The tran-
sition between bistability and essential attraction occurs through a
boundary collision when H < f(x̃) − x̃ and g2(xc) = p. Schreiber30

calls the dynamics in this case chaotic semi-stability because the
interval J = [p, g(xc)] is invariant and F is chaotic on J. Actually,
there is a homoclinic orbit containing the critical point xc (see
Ref. 20, Appendix C, for further comments). In Fig. 9(b), we rep-
resent the two boundary collisions as H is increased by black dashed
lines.

We emphasize that these boundary collisions are not due to
the non-smooth character of F; they occur when the attractor col-
lides with an unstable periodic orbit (a fixed point in this case),
and they were introduced by Grebogi et al.,16 who termed them
crises. Roughly speaking, these bifurcations are able to break chaotic
behavior and lead to a simple dynamics in which solutions converge
to the equilibrium T with probability one.

We now deal with the case H < f(T) − T (when T is a virtual
fixed point), under the same conditions for f. An important issue in
this case is the relative position between g2(xc) and T. If g2(xc) > T,
then we have two possibilities: (a) if g(xc) ≤ xc then q is a global
attractor, by Lemma 2 and (b) if g(xc) > xc then I = [g2(xc), g(xc)]
is a forward invariant interval whose basin of attraction is (0, ∞).
Hence, the long-term behavior of the solutions of (2) is governed by
the map g. If I does not contain any periodic attractor when g2(xc) =

T, then the unique metric attractor of g consists of a finite union
of intervals with a dense orbit (Ref. 38, Sec. II.3), and a new form
of discontinuity-induced bifurcation occurs at this point, when the
metric attractor collides with the break point T. We will refer to this
bifurcation as discontinuity-induced crisis. If g has an m-periodic
attractor when g2(xc) = T, then a persistence BCB (for Fm) occurs
when this orbit collides with T, that is, when gm(T) = T. In this
case, a sequence of period-doubling and period-halving bifurcations
giving rise to bubbles3 appear in the bifurcation diagram.

In Subsection V B, we give examples of both situations. The
branches of the curve g2(xc) = T inside the region H < f(T) − T are
represented by green solid lines in Fig. 9.

V. GLOBAL DYNAMICS: CASE STUDIES

A. A compensatory model

We begin with the simple case of compensatory models. In the
light of Theorem 7, analogous dynamics is exhibited by the Ricker
map if r ≤ 2.

Here, we consider the Ricker map f(x) = x er(1−x), with
r = 0.3 < 1. The corresponding 2-parameter bifurcation diagram
follows from Theorems 1 and 2, and it is shown in Fig. 7.
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FIG. 9. (a) Main bifurcation boundaries of PTCH with the Ricker map f(x) = xe2.6(1−x). We use solid lines for border-collision bifurcations (BCBs) and dashed or dotted lines
for smooth bifurcations (SBs). Bifurcations of fixed points: red for fold BCB, orange for persistence BCB, brown for flip BCB, brown dashed for flip SB, red dashed for fold
SB. Bifurcations of 2-cycles: magenta for fold BCB, light blue for persistence BCB, dark blue for flip BCB, blue dotted for flip SB, magenta dotted for fold SB. The dot-dashed
black line is defined by T = f(xc), so F ≡ f for larger values of T . Regions labeled with B1 and B2 exhibit bistability, while in regions labeled with G there is a 2-periodic
attractor p1 → g(p1) = p2 → f(p2) = p1 (see the text). The blue shadowed region and the green lines are explained in (B). (b) Zoom of (A) for 0 < T < x̃. According to
the results in Subsection IV, when f(T) − T < H < f(x̃) − x̃ and T < x̃ (blue shadowed region), we find regions of bistability between T and a periodic or chaotic attractor
(marked with B); bistability between T and other equilibrium q; and essential attraction to T . The green lines for H < f(T) − T (where T is not a fixed point) are defined by
g2(xc) = T . Complex behavior may be expected to appear in regions B, R1, and R2.

There are still some interesting comments. We show in Fig. 8,
the three relevant possibilities for bifurcation diagrams as one of the
harvesting parameters H, T is changed.

The values of the bifurcation points are easily found.
We first compute numerically the value x̃ ≈ 0.4808 such that
f ′(x̃) = 1.

For T = 0.1, a fold BCB occurs at H = H1 = f(T) − T ≈ 0.031
and a fold SB occurs at H = H2 = f(x̃) − x̃ ≈ 0.081. Bistability
between H1 and H2 induces hysteresis, which can have unex-
pected consequences for management: assume we increase harvest-
ing quota from a value slightly smaller than H2; then, at H = H2,
population falls abruptly to the threshold level T = 0.1. Then, we
decrease again the quota, but relatively high levels of population
abundance might not be recovered until H < H1 [see Fig. 8(a)]. If
T > x̃, then there is always a globally stable equilibrium, with a per-
sistence BCB at H = f(T) − T; in Fig. 8(b), we show the case T = 0.6,
with f(T) − T ≈ 0.076.

When we use T as the bifurcation parameter, the most inter-
esting case occurs when H < f(x̃) − x̃. For H = 0.04 and small T,
there are three equilibria: T and the two positive fixed points p ≈

0.135 and q ≈ 0.846 of g. T and q are asymptotically stable, and
p is unstable. At the critical value T = p, p and T become virtual
fixed points through a fold BCB, and q becomes globally attract-
ing until T = q, where a persistence BCB occurs and T becomes
globally stable. A new persistence BCB occurs at T = 1, and, after
that, the positive equilibrium K = 1 of f is the global attractor
[Fig. 8(c)].

B. An overcompensatory model

For overcompensatory models, the dynamics are richer than
those exhibited by compensatory maps. In this subsection, we show
some interesting phenomena that can be observed in (2) with the
Ricker map f(x) = x er(1−x), r = 2.6. For this map, the unharvested
population (when H = 0) has an attracting 4-cycle. We have chosen
this value for r because it has been used by Schreiber30 for constant
harvesting, and by Hilker and Liz18 for threshold harvesting, which
can be seen as particular cases of PTCH. In this way, it is easier to
relate our results with those in the previous references. Although we
expect more complicated dynamics for larger values of r, for which
f is chaotic, our case study also shows transitions between order
and chaos. As shown by Schreiber30 (see also Ref. 19), maps with
a periodic attractor can exhibit chaos when constant harvesting is
applied.

We have seen that for compensatory models and for any sta-
ble Ricker map, the dynamics of (2) are trivial in the sense that
all solutions converge to an equilibrium; in these cases, the BCBs
are determined by the pairs (H, T) for which T is a boundary fixed
point of F, that is, either T = K or g(T) = T (Fig. 7). For exam-
ple, in this section, an important role is played by the pairs (H, T)

for which T is a boundary fixed point of F2. It may also occur that
T is a boundary fixed point of F4, but for simplicity we restrict
our analysis to bifurcations of 2-cycles; we discuss BCBs for F2 in
Subsection V B 1. Other interesting dynamics correspond to the
results given in Sec. IV: when T < x̃, boundary collisions can drive
the system from a periodic or essential attractor to chaos as H is
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FIG. 10. Illustration of a fold BCB
for F2 in (2) with the Ricker map f(x)
= xe2.6(1−x) and T = 1.2. The red
dashed line is y = x. Top panel: the black
dashed curve is the graph of F, and the
blue solid curve is the graph of F2. (A1)
H = 0.2; (B1) critical value H = 0.303,
when F2(T) = g(f(T)) = T ; (C1)
H = 0.4. Bottom panel: the black dashed
curve is the graph of f , while the blue
solid curve is the graph of F. Attracting or
semistable 2-cycles of F are represented
by magenta boxes. (A2) H = 0.2 (one
attracting cycle, corresponding to region
G in Fig. 9); (B2) H = 0.303 (the
attracting 2-cycle persists, and a new
2-cycle {T , f(T)} arises at the fold BCB
and it is semistable; it corresponds to
the magenta curve between regions
G and B2 in Fig. 9); (C2) H = 0.4
(bistability between two attracting cycles,
corresponding to region B2 in Fig. 9).

increased. Figure 9 shows a 2-parameter bifurcation diagram which
describes quite well the dynamics and bifurcations of (2) in terms of
the relevant parameters H and T. We also plot in Subsections V B 4
and V B 5 some numerical 1-parameter bifurcation diagrams, which
help to understand the main features of the dynamics. We discuss
other relevant aspects such as bistability regions and the influence
of threshold dynamics in Subsections V B 2 and V B 3, respectively.
We emphasize that the bifurcation curves plotted in Fig. 9 have been
obtained from analytic expressions (often implicit) and represented
using the software Mathematica. The 1-parameter bifurcation dia-
grams in Figs. 11–14 have been obtained numerically in the usual
way: for each value of T or H, a random initial condition is selected
from a suitable interval and a number of iterations are plotted, after
removing transients.

1. Border-collision bifurcations for F2

Specific border-collision bifurcations for F2 are determined
by the solutions of F2(T) = T (with F(T) 6= T), so there are four
cases:

1. If T > 1 and f2(T) = T, then the 2-cycle {T, f(T)} becomes
attracting as T is decreased for a fixed H, through a flip BCB.

2. If T > 1 and g(f(T)) = T, then the 2-cycle {T, f(T)} emerges or
disappear as H or T continuously change in a variety of BCBs
(fold, persistence, flip).

3. If T < 1 and f(g(T)) = T, with T < g(T), then the 2-cycle
{T, g(T)} emerges or disappear as H or T continuously change
in a variety of BCBs (fold, persistence, flip).

4. If T < 1 and g2(T) = T, with T < g(T), then the 2-cycle
{T, g(T)} emerges or disappear as H or T continuously change,
through a flip BCB.

In Fig. 9(a), we represent BCBs for F2 with solid lines: magenta color
for fold BCBs, light blue for persistence BCBs, and dark blue for flip
BCBs. Figure 10 illustrates a fold BCB corresponding to the second
case: as H increases and crosses the magenta bifurcation curve, the
virtual cycle {T, f(T)} becomes an admissible cycle of F after colli-
sion with a virtual fixed point of F2 (a fixed point of g ◦ f). After the
bifurcation occurs, the cycle {T, f(T)} coexists with other admissible
attracting 2-cycle (which is destroyed for a larger value of H through
a fold smooth bifurcation for F2).

Remark 1: For r = 2.6, the critical value H∗ = H∗(r) at which
the fold smooth bifurcation for F2 occurs is H∗ ≈ 0.44, and it
is numerically determined as the solution of the nonlinear sys-
tem f(g(x)) = x, f ′(g(x)) g′(x) = 1. See the magenta dotted line in
Fig. 9(a). The graph of the function r → H∗(r) can be plotted
numerically, and it is an increasing function of r, with H∗(2

+) = 0.
Recall that, by Theorem 7, F does not have other 2-cycles than the
fixed points if r ≤ 2. We conjecture that T is a global attractor for (2)
with the Ricker map if (H, T) belongs to the region

R =
{

(H, T) : H > H∗(r), H ≥ f(T) − T, xc < T < 1
}

.

This would complete the global stability region shown in Fig. 4. The
reason why we think the conjecture is true is that F is a continuous
map and, once the 2-cycle is destroyed in the fold bifurcation, no
other 2-cycles seem to appear. Hence, due to Coppel’s results,7 T is a
global attractor.

2. Bistability regions

An important consequence of fold bifurcations (either smooth
or border-collision) is that they create or destroy regions of bistabil-
ity. Bistability has important consequences in population dynamics
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FIG. 11. (a) Bifurcation diagram for (2)
with the Ricker map f(x) = x e2.6(1−x),
H = 0.4, and bifurcation parameter
T ∈ (0, 2). (b) Zoom of (a) for 0 < T
< 0.3. Red dashed lines represent unsta-
ble fixed points of F (p < q < K = 1),
and magenta dashed lines denote
unstable 2-cycles of F.

because in this case the long-term behavior of the solutions strongly
depends on the initial condition.

As H or T are continuously changed, regions of bistability in
the 2-parameter diagram shown in Fig. 9 appear between two fold
bifurcation curves, with the only exception of a region of essential
attraction. For small values of T, we find these regions between the
curve H = f(T) − T and the vertical line H = f(x̃) − x̃. The regions
marked with B represent bistability between the attracting equilib-
rium T and a periodic or chaotic attractor, and there is a region
where two attracting fixed points coexist. In the region of essential
attraction, solutions converge to T with probability one, so there is
not bistability. This dynamical behavior has already been observed
for models of constant quota harvesting,20,30 and it is explained in
Sec. IV.

For larger values of T, we find a region of bistability between
fold bifurcation branches for F2. We distinguish two types of regions
labeled with B1 and B2 in Fig. 9(a). In region B1, the equilibrium
T is attracting, and it coexists with another periodic attractor A,
with period 2 or 4. In region B2, the attracting 2-cycle {T, f(T)} (if
T > 1) or {T, g(T)} (if T < 1) coexists with the attractor A. The

period of A is 4 if H < H∗ ≈ 0.126 and 2 if H ≥ H∗, where H∗ can
be numerically approximated solving the nonlinear system f(g(x))
= x, f ′(g(x)) g′(x) = −1. The (smooth) period-doubling bifurcation
at H = H∗ is represented by the vertical blue dotted line in Fig. 9(a).

3. The influence of threshold dynamics

In Fig. 9, we can identify large regions where the dynamics
of (2) is governed by the flat part of F. In this situation, we do not
expect complicated dynamics, since, with probability one, all orbits
fall into a stable periodic attractor of the form {T, F(T), . . . , Fm(T)}.
The period m is the return period of the orbit to the flat part, starting
at T. In the case of threshold harvesting (TH), m can be determined
as the least positive integer for which fm(T) ≥ T.32 In the same ref-

erence, we can find typical features of the bifurcation diagram for
flat-topped maps that are also present in the dynamics of PTCH.
For example, ranges of effectively chaotic behavior (corresponding
to periodic orbits of long period), periodic windows, and “star-like”
intersections in the bifurcation diagram.

FIG. 12. (a) Bifurcation diagram for (2)
with the Ricker map f(x) = x e2.6(1−x),
H = 1, and bifurcation parameter
T ∈ (0, 2). (b) Zoom of (A) for 0 < T
< 0.3. Red dashed lines represent
unstable fixed points of F (p < q < 1),
and magenta dashed lines correspond to
unstable 2-cycles.
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FIG. 13. (a) Bifurcation diagram for (2)
with the Ricker map f(x) = x e2.6(1−x),
T = 0.13, and bifurcation parameter
H ∈ (0, 2). (b) Zoom of (A) for 0 < H
< 0.2. Red dashed lines represent
unstable fixed points of F (p < q < 1),
and the magenta vertical line denotes a
discontinuity-induced crisis (see the text).

The simplest case occurs when m is a power of 2: in this case,
decreasing T leads to a sequence of period-halving bifurcations until
T becomes a global attractor for T ≤ K.18 We observe this bifurca-
tion scenario when H + T ≥ f(xc), corresponding to the rightmost
region in Fig. 9(a) (in this case, PTCH becomes TH).

There are other parameters for which the orbit of T converges
to an attractor that does not contain T. In these cases, it is possi-
ble that a single periodic orbit governs the long-term behavior of
almost all solutions, as in regions marked with G in Fig. 9(a) [see,
e.g., Fig. 10(A2)], but the attractor can also be chaotic. This compli-
cated behavior can be expected for some values of (H, T) in regions
marked with B, R1, and R2 in Fig. 9(b). Increasing T tends to pre-
vent chaotic behavior, but increasing H can either induce or prevent
chaos, as it happens in a strategy of constant quota harvesting (see,
e.g., Ref. 30, Fig. 3).

4. Case studies when T is the bifurcation parameter

In this subsection, we choose two particular values of the max-
imum allowed harvesting quota H and study the changes in the

dynamics of (2) as the threshold harvesting T is increased, that is, as
the harvest rule PTCH becomes more conservative. As we can see in
Fig. 9(a), for sufficiently large values of H, there is a unique attractor,
which is the periodic orbit of T (1, 2, or 4-periodic). For small values
of H, in particular, for H < H∗ ≈ 0.44 (see Remark 1), the dynamics
is more influenced by BCBs for F2. We plot the bifurcation diagrams
in two cases: H = 0.4 < H∗ and H = 1 > H∗.

We begin with H = 0.4. Since g does not depend on T, the fixed
points of g are virtual or admissible fixed points of F for every T. We
obtain numerically that p ≈ 0.035 < q ≈ 0.852. Since g′(p) > 1 and
g′(q) < −1, both are unstable.

As T ranges from 0 to 2, there are ten border-collision bifurca-
tions (see Fig. 11). For small values of T, a zoom of the bifurcation
diagram shows the first one, which occurs for T = T1 = p ≈ 0.035,
in a fold BCB: the admissible fixed point T is an essential attractor
for T < T1; then it becomes virtual and a periodic attractor contain-
ing T arises. Between T1 and T2 ≈ 0.2216, we can observe typical
features of bifurcation diagrams for piecewise smooth maps with
flat branches: intervals of effective chaotic behavior (periodic attrac-
tors with long periods) alternate with periodic windows and star-like

FIG. 14. Bifurcation diagrams for (2)
with the Ricker map f(x) = x e2.6(1−x)

and bifurcation parameter H. (a) T = x̃
≈ 0.32 andH ∈ (1, 1.6); (b) T = 0.8 and
H ∈ (0, 1). In both cases, the red dashed
line represents the unstable fixed point q
of g, and magenta dashed lines corre-
spond to unstable 2-cycles. The dashed
vertical line in (A) denotes a persistence
BCB for F4, giving rise to a bubble (see the
text).
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structures.32 For example, we can see a star for T ≈ 0.13, when
g(T) = q. At T = T2 [satisfying g2(T2) = T2], there is a flip BCB,
and {T, g(T)} becomes an attracting 2-cycle. After a persistence BCB
at T = T3 ≈ 0.407 [where f(g(T3)) = T3], {T, g(T)} is replaced by a
2-periodic orbit {p1, p2}, with f(g(p1)) = p2. There is bistability for
T ∈ (T4, T7), where T4 ≈ 0.602 and T7 ≈ 1.294 correspond to fold
BCBs of F2; in particular, the fixed point T coexists with {p1, p2} in
(T5, T6), where T5 ≈ 0.852 and T6 = 1 correspond to flip BCBs. At
T8 ≈ 1.5, the 2-cycle {T, f(T)} becomes attracting after a persistence
BCB; this cycle becomes unstable at T9 ≈ 1.75, in a flip BCB, after
which {T, f(T), f2(T), f3(T)} becomes attracting. Finally, this 4-cycle
is replaced by the attracting 4-cycle of f at T10 ≈ 1.9.

Next, we consider H = 1, which exhibits some new features; the
corresponding bifurcation diagram is shown in Fig. 12. The fixed
points of g are now p ≈ 0.109 < q ≈ 0.637, and they are unstable.
Since H > H∗, bistability is not observed for intermediate values of
T. However, for small values of T, bistability occurs between the
equilibrium T and a chaotic attractor of g. Bistability is observed for
T < p; at T = p, the admissible fixed point T becomes virtual after a
fold bifurcation. The chaotic attractor persists for T ∈ (p, T∗), where
T∗ ≈ 0.158 corresponds to a discontinuity-induced crisis, when the
lower edge of the chaotic interval collides with T (g2(xc) = T∗); this
bifurcation changes abruptly the dynamics, from a chaotic attractor
to a periodic attractor defined by the superstable orbit of T. After
that, typical behavior of maps with flat intervals occur, as explained
in the previous case. Notice that the equilibrium T is globally asymp-
totically stable for T ∈ (q, 1) (see Theorem 3 and Fig. 4); a sequence
of two flip BCBs (period-halving and period-doubling) occurs as
T increases and collides with q and 1, respectively. For T > q, the
bifurcation diagram coincides with the bifurcation diagram of TH
(compare with Ref. 18, Fig. 3).

5. Case studies when H is the bifurcation parameter

As we have already mentioned, for T = 0 PTCH becomes
the constant quota harvesting strategy defined by the map
F(x) = max{f(x) − H, 0}. For the Ricker map f(x) = x er(1−x), the
dynamics of F depending on r and H was studied by Schreiber.30

In particular, the bifurcation diagram for r = 2.6 corresponds to
Fig. 5(b) in that reference, and it is characterized by two intervals
of bistability (where zero and an interval bounded away from zero
are attracting), an interval of essential extinction, and total extinc-
tion for large values of H due to overharvesting. As explained in
Sec. IV, for small values of T > 0, for which T is an admissible fixed
point, a similar situation holds for (2), but extinction is not possible
due to the positive minimum biomass level T. In this subsection,
we consider three different values of T and plot the correspond-
ing bifurcation diagrams as H increases; as expected, larger values
of T not only help to avoid extinction but also tend to simplify the
dynamics.

Recall that there is a point x̃ ≈ 0.32 such that f ′(x̃) = 1. If
T < x̃, then a fold SB occurs at H = H̃ := f(x̃) − x̃ ≈ 1.555, and T
is a global attractor for H > H̃.

We begin with T = 0.13 < x̃. As H is increased from zero, the
curve defined by g2(xc) = T is crossed twice [see Fig. 9(b)]. Looking
at the 2-parameter bifurcation diagram in that figure, the dynam-
ics starts in region R1, where the 4-periodic attractor of g for H = 0

undergoes a route of period-doubling bifurcations to chaos. After a
first discontinuity-induced crisis at H = H1 ≈ 0.086 [magenta ver-
tical line in Fig. 13(b)], the dynamics is governed by the superstable
periodic orbit of T. Notice that there are still periodic orbits with
long periods until a 6-periodic window appears at H ≈ 0.098, when
g6(T) = T; see Ref. 32, p. 4836, for comments on periodic windows.

Then we observe, as in the previous examples, a typical bifur-
cation diagram of maps with flat segments for H ∈ (H1, H2) [see,
for example, the star-like structure at H ≈ 0.394, for which g(T) is
a fixed point of g], where at H2 ≈ 0.959 the second discontinuity-
induced crisis occurs. We notice that at the first crisis, the metric
attractor of g consists of two intervals, while in the second one, it
consists of only one interval; in both cases the bifurcation occurs
when T collides with the smallest point of the attractor, that is, when
g2(xc) = T. The dynamics is again chaotic in region R2, until a series
of period-halving bifurcations leads to an attracting fixed point at
H4 ≈ 1.364. At H3 ≈ 1.118, T becomes an admissible fixed point in
a fold BCB. There is bistability for H ∈ (H3, H5), where H5 = H̃.

For T ≥ x̃, Eq. (2) does not exhibit complex behavior. In
Fig. 14, we show the bifurcation diagram in two particular cases:
T = x̃ and T = 0.8 > x̃. When T = x̃, we show the bifurcation dia-
gram for H ∈ (1, 1.6), where we underline two interesting features:

• first, the period-doubling bifurcation cascade observed in Fig. 13
as H is reduced from H = H̃ is broken in this case when the
attracting 4-periodic cycle of g collides with the superstable 4-
periodic orbit {T, g(T), g2(T), g3(T)} at H ≈ 1.2 [persistence BCB
for F4, represented by a vertical dashed line in Fig. 14(a)]. Thus,
the sequence of flip bifurcations to chaos is replaced by a bubble
in the bifurcation diagram and

• second, the fold SB that occurs at H = H̃ when T < x̃ does not
take place in this case; instead, we observe a persistence BCB, since
g(T) = g(x̃) = x̃ = T.

When T = 0.8, we distinguish four bifurcations as H ranges from
0 to 1. For H < H1 = H∗ ≈ 0.126, there is an attracting 4-periodic
cycle of F; at H = H1, a flip SB leads to an attracting 2-cycle of
F. At H = H2 ≈ 0.211, a fold BCB occurs when f(g(T)) = T, and
{T, g(T)} becomes attracting. Both attracting 2-cycles coexist until
the first one disappears at H = H3 = H∗ ≈ 0.44 in a fold SB for
F2. The segment (H1, H2) corresponds to region G in Fig. 9(a), and
(H2, H3) to region B2. Finally, the 2-cycle {T, g(T)} is destroyed in a
flip BCB at H = H4 = f(T) − T ≈ 0.545, and T becomes an attractor
for H ≥ H4.

VI. DISCUSSION

Piecewise smooth dynamical systems are undergoing an
increasing interest for two main reasons: on the one hand, they find
applications in various fields, like economics, social sciences, elec-
tronics, mechanics, population management, and control, among
others;1,2,28,31,37 on the other hand, they exhibit a rich dynamics,
including new bifurcations different from the well known bifurca-
tions for smooth maps. In this paper, we present a new example of
piecewise map that comes from a precautionary threshold constant-
catch harvesting strategy (PTCH). An important characteristic of
this map is that it has flat branches, which in some cases lead to
superstable attractors. In this situation, border-collision bifurcations
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play an essential role. Piecewise smooth maps with flat branches
appear in different applications, ranging from chaos control8,15,32,36

to economic models,1,5,37 and sustainable harvest rules.18

PTCH can be seen as a combination of constant catch harvest-
ing (CH for short) and threshold harvesting (TH) rules. The maps
governing these two strategies are piecewise smooth: the graph of
the map for constant harvesting has a flat part at the bottom,30 and
the corresponding map for TH is flat-topped.18 The dynamics of
PTCH is strongly influenced by both maps: results valid for CH
help understanding the dynamics of PTCH for small values of T,
and typical features of the bifurcation diagrams of TH are present in
those of PTCH. As a result, the dynamics of PTCH is richer than and
qualitatively different from the dynamics of TH and other threshold
rules as proportional threshold harvesting (PTH, for short) (see, e.g.,
Ref. 17).

We combine analytical and numerical results to provide a com-
prehensive overview of the dynamics of PTCH. For simple cases
(compensatory models), the dynamics and bifurcations are thor-
oughly described analytically. As expected, overcompensatory mod-
els exhibit more complicated dynamics; in this case, some regions
of the 2-parameter plane (H, T) can be completely understood;
for example, some global stability results (Subsection III B 2), and
regions where bistability or essential attraction occur (Sec. IV). We
have chosen as case study a Ricker model which in the absence of
harvesting is oscillatory but not chaotic. This choice allows us to
provide good 2-parameter bifurcation diagrams (Fig. 9) and also to
compare our results with those obtained for CH by Schreiber30 and
for TH by Hilker and Liz.18 Selected numerical bifurcation diagrams
illustrate the main dynamical features of PTCH, which include bista-
bility regions created and destroyed by fold bifurcations or boundary
collisions, sudden transitions between chaos and periodic attractors,
and bubbles, among others.

From a biological point of view, PTCH is a harvesting rule that
helps preventing some undesirable consequences of traditional har-
vesting strategies, and, in particular, of constant quota harvesting,
which can lead to sudden collapses due to overexploitation. The
main drawback of a threshold approach is the fisheries moratoria
associated with low stock size. A combined strategy like PTCH also
helps to overcome this weakness of threshold harvesting rules. In
this direction, a manager would be interested in situations where the
long-term dynamics is governed either by g (usual constant harvest-
ing) or by g and the threshold T. The reason is that periods without
harvesting only appear when f plays a role in the definition of F. As
it is expected, this undesirable situation corresponds to a combina-
tion of high values of T and small values of H (more conservative
strategies).

In contrast with other threshold harvesting rules (TH, PTH),
the fixed point of F does not need to be unique for the usual
unimodal maps. When two stable equilibria coexist, we observe a
phenomenon similar to the so-called Allee effect: too low or too
high population densities asymptotically approach the threshold
value T, while intermediate population densities tend to a higher
equilibrium.

There are two different forms of increasing harvesting effort in
PTCH: increasing the harvesting quota H or decreasing the thresh-
old value T. For large H, PTCH becomes TH, and, therefore, a
stable equilibrium cannot be destabilized increasing harvesting by

decreasing the threshold.18 However, fixing a lower value of H,
decreasing T can produce several stability switches, some of them
destabilizing. For the Ricker map, increasing H cannot destabilize
a stable equilibrium. However, it might occur for other popula-
tion models governed by unimodal maps with negative Schwarzian
derivative. Examples of such situations for a strategy of constant
quota harvesting are provided by Jiménez López and Liz.19
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APPENDIX A: PROOFS

1. Proof of Theorem 2

The proof of Theorem 2 in the main text follows the proof of
the analogous result for proportional threshold harvesting (Ref. 17,
Proposition A.3). It is an easy application of the following lemma:

Lemma A.3: (Ref. 11, Theorem B) Assume that f : (0, ∞)

→ (0, ∞) has a globally attracting equilibrium K, and let h :
(0, ∞) → (0, ∞) be a continuous map satisfying that x < h(x)
≤ max{f(x), K} for all x < K and x > h(x) ≥ min{f(x), K} for all
x > K. Then, K is a globally attracting equilibrium of h.

Proof. To prove the theorem, let us show that the condi-
tions of Lemma 3 are fulfilled with h = F. First, by Proposi-
tion 1, K is the unique positive equilibrium of (2). In particular,
x < F(x) for all x < K. Hence, the result is trivial for x < K because
F(x) ≤ f(x) ≤ max{f(x), K} for all x ≥ 0. Now, it is clear by (2)
that F(x) ≥ min{f(x), T}, and therefore, since we are assuming that
T ≥ K, it follows that x > F(x) ≥ min{f(x), T} ≥ min{f(x), K} for all
x > K. �

2. Proof of Theorems 5 and 6

Proof of Theorem 5. To prove (i) when f(T) − T ≤ H < f(x̃) −

x̃, notice that g has negative Schwarzian derivative and by Propo-
sition 2, g′(q) ≥ −1. Hence, q is a local attractor of g and we can
define J as the connected component of the set S = {x ∈ (p, p∗) :
limn→∞ gn(x) = q} containing q. Clearly, J = (a, b) is an open inter-
val. If J 6= (p, p∗), then, since g has no other fixed point than q in
J, the only possibility is that g(a) = b and g(b) = a. But this case is
ruled out by Singer’s results (see, e.g., Ref. 34, Lemma 2.6). Finally,
it is obvious that T attracts [0, ∞) \ [p, p∗] if T < p and attracts
[0, ∞) \ (p, p∗) if T = p. The case H = f(x̃) − x̃ is left to the reader.

To prove (ii), we use a different approach, following the
ideas used in Ref. 17, Proposition A.4. Let us consider T ∈ (0, 1),
H ∈ (0, f(T) − T) arbitrarily fixed; we prove that q is a global attrac-
tor using the enveloping method (Ref. 9, Theorem 3). For that
purpose, we consider the linear map φ(x) = 2q − x and show that F
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FIG. 15. Diagrams showing the map F
(blue solid curve) enveloped by φ (red
dot-dashed line). The original Richer map
f(x) = xe1.8(1−x) is represented by the
solid black curve, which is enveloped
by the black dot-dashed line y = 2
− x. The black dashed line is y = x.
(a) φ(x) = 2q − x. The equilibrium q
is GAS for T ∈ (0, 1) and H ∈ (0, f(T)

− T). (b) φ(x) = 2T − x. The equi-
librium T is GAS for T ∈ (xc, 1) and
H ≥ f(T) − T .

fulfills the following inequalities: x < F(x) < φ(x) for all x ∈ (0, q),
and x > F(x) > φ(x) for all x > q [see Fig. 15(a)].

We know by Proposition 1 that q is the unique fixed point
of F in (0, ∞); moreover, x < F(x) for all x ∈ (0, q) and x > F(x)
for all x > q. Hence, it remains to prove that F(x) < 2q − x for all
x ∈ (0, q) and F(x) > 2q − x for all x > q.

Let us consider p1 and p2 the points such that

0 < p1 < T < q < p2, g(p1) = T = g(p2).

Note that, for all x ∈ (p1, p2), we have F(x) = g(x), so F is differen-
tiable in (p1, p2). We distinguish three cases:

• If x ∈ (0, p1], then F(x) = min{f(x), T} ≤ T < 2T − x < 2q − x.
• If x ∈ (p1, p2), then F(x) = g(x). By Proposition 2, g′(x) ≥ −1 for

all x > 0; moreover, g′(x) > −1 for all x 6= 1. Hence, the mean
value theorem guarantees that g(x) 6= 2q − x for all x 6= q. There-
fore, g(x) < 2q − x for all x ∈ (p1, q) and g(x) > 2q − x for all
x ∈ (q, ∞).

• If x > p2, then we have F(x) > g(x) > 2q − x.

An application of Cull’s theorem proves that q is globally asymptot-
ically stable. �

The proof of Theorem 6 follows from analogous arguments to
those used in the proof of Theorem 5, using the line φ(x) = 2T − x
for enveloping, instead of 2q − x [see Fig. 15(b)].

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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