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Preface

The objects studied in this thesis are Thom-Mather stratified spaces. This concept
was introduced by René Thom and John Mather in 1970. Afterwards, these stratifi-
cations were deeply studied by Mark Goresky and Robert MacPherson, using inter-
section homology.

By definition, Thom-Mather stratified spaces admit a partition into smooth man-
ifolds called strata, which in general have different dimensions. The strata are glued
under certain technical conditions involving conic bundles. This gives rise to a local
description of these spaces using conical charts, which generalize the usual charts on
smooth manifolds. Moreover several kinds of metrics can be defined on the strata of
Thom-Mather stratified spaces: general adapted metrics, adapted metrics and adapted
metrics of conic type.

The principal aims of this research on Thom-Mather stratifications are geometri-
cal and topological results, generalizing or adapting to this setting classical theorems
and properties of manifolds with boundary. Some differential operators can be con-
sidered on strata, acting on the corresponding spaces of differential forms, or over
smooth sections of other vector bundles. Their study is a very powerful technique
to obtain many properties of stratified spaces. Thus Functional Analysis and Partial
Differential Equations, particularly the heat equation and the wave equation, are fun-
damental tools in this field. The mathematical area that applies Operator Theory in
order to obtain geometrical and topological results on manifolds and related objects
is called Global Analysis.

Let us introduce the general setting that will be considered in this thesis, and
which is explained with detail in Chapter 1. Let M be a stratum of a compact strati-
fied space A, equipped with a general adapted metric g. This notion is slightly more
general than the adapted metrics of Nagase and Brasselet-Hector-Saralegi. In partic-
ular, g has a general type, which is an extension of the type of adapted metrics. A
condition on this general type is assumed, and then g is called good. We will con-
sider the maximum/minimum ideal boundary condition, dyax/min, Of the compactly
supported de Rham complex on M, in the sense of Briining-Lesch. Let H* (M)

max/min
and Amax/min denote the cohomology and Laplacian of dyax/min. The first main theo-
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rem of this thesis states that Ayax/min has a discrete spectrum satisfying a weak form
of the Weyl’s asymptotic formula. The second main theorem is a version of Morse in-
equalities using H . . (M) and what we call rel-Morse functions. A key ingredient
of the proofs of both theorems is a version for dpax/min Of the Witten’s perturbation
of the de Rham complex. This is a method to show Morse inequalities on manifolds
with an analytic and physical point of view, which became very powerful in further
applications. The arguments to prove both theorems are included in Chapter 2. The
third main theorem of this thesis is a version of Lefschetz trace formula for stratified
spaces with isolated singularities, proved in Chapter 3, where the Witten’s perturba-
tion also plays a key role. Another essential ingredient to get all of these results is
certain perturbation of the Dunkl harmonic oscillator, studied in Chapter 4.

The condition on g to be good is general enough in the following sense. As-
sume that A is a stratified pseudomanifold with regular stratum M. Consider its
intersection homology I? H, (A) with perversity p; in particular, the lower and upper
middle perversities are denoted by m and n, respectively. Then, for any perversity
p < m, there is an associated good adapted metric on M satisfying the Nagase iso-
morphism Hf, (M) = IPH,(A)* (r € N). If M is oriented and p > 7, we also get

r. (M) = IPH,(A). Thus the version of Morse inequalities and Lefschetz trace

formula presented in this thesis can be described in terms of I[P H,(A).

vi
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Introduction

Contents
1.1 Ideal boundary conditions of the de Rham complex . .. .. 1
1.2 Stratifiedspaces . ... ... ...t 2
1.3 General adapted metrics . ... ........c000c0... 5
1.4 Relatively Morse functions . . ................. 6
1.5 Lefschetztraceformula . . ................... 8
1.6 Maintheorems . . . ... .......00ttienennn. 9
1.7 Applications to intersection homology . ... ......... 10
1.8 Ideasoftheproofs . ................0...... 14
1.9 Someopenproblems. ... ... ......00ienan 15
1.10 Dunkl Harmonic Oscillator . . . . . ... ... ... ..... 16

1.1 Ideal boundary conditions of the de Rham complex

The following usual notation is used for a densely defined linear operator 7" in a
Hilbert space. Its domain and range are denoted by D(7") and R(7T"). If T is essen-
tially self-adjoint, its closure is denoted by 7T'. If T is self-adjoint, its smooth core is
D°(T) :=(;._; D(T™), and its spectrum is denoted by o (T").

A Hilbert complex (D,d) is a differential complex of finite length given by a
densely defined closed operator d in a graded separable Hilbert space $ [15]. Then
the operator D = d + d*, with D(D) = D(d) N D(d*), is self-adjoint in $), and
therefore the Laplacian A = D? = dd* + d*d is also self-adjoint. Moreover
D>°(A) is a subcomplex of (D, d) with the same homology [15, Theorem 2.12]; it
may be also said that D>°(A) is the smooth core of d.

The above notion is applied here in the following case. For a Riemannian man-
ifold M, let Q¢(M) be the space of compactly supported differential forms, and
L?*Q (M) the graded Hilbert space of square integrable differential forms. Let d and

1



Introduction

0 be the de Rham derivative and coderivative acting on (M), and let D = d + ¢
and A = D? = dj + &d (the Laplacian). Every Hilbert complex extension d
of d in L2Q(M) is called an ideal boundary condition (i.b.c.) [15], giving rise to
self-adjoint extensions D and A of D and A in L?Q(M). There exists a maxi-
mum/minimum i.b.c., dpax = 0* and dmin = d, inducing self-adjoint extensions
Dimax/min and Amax/min of D and A. If M is oriented, then Apax corresponds to Apin
by the Hodge star operator. The corresponding cohomologies, Hpax/min(M ), are
quasi-isometric invariants of M ; for instance, Hax (M) is the usual L2—coh0mology
H2y(M) [18]. They give rise to versions of Betti numbers and Euler characteristic,
L ax/min = Pmax/min (M) and Xmax/min = Xmaymin (M) (assuming finite dimension of
the corresponding cohomologies). These concepts can indeed be defined for arbitrary
elliptic complexes [15]. It is well known that dyi, = dmax if M is complete. Thus
considering an i.b.c. becomes interesting when M is not complete. For example, if
M is the interior of a compact Riemannian manifold N with ON # (), then dpyax/min
is defined by taking absolute/relative boundary conditions. With more generality,
we will assume that M is a stratum of a compact stratified space A [49, 50,67, 69],
equipped with a generalization of the adapted metrics considered in [13,53,54]. As
it will be seen, we can assume M = A if desired (it can be said that M is the regular
strum in this case).

1.2 Stratified spaces

Roughly speaking, a (Thom-Mather) stratified space (or stratification) is a Haus-
dorff, locally compact and second countable space A equipped with a partition into
C* manifolds (the strata), satisfying certain conditions [49, 67]. In particular, an
order relation on the family of strata is defined by declaring X < Y when X C Y.
With respect to this ordering, the maximum length of chains of strata less or equal
than a stratum X is called the depth of X. The supremum of the strata depth is called
the depth of A, denoted depth A. The precise definition and needed preliminaries
are collected in Appendix A.1.1. Here we just describe how the strata of A fit to-
gether, describing also morphisms/isomorphisms of stratifications, and, in particular,
the group of automorphisms, Aut(A). We proceed by induction on its depth. If
depth A = 0, then A is just a C°° manifold, and Aut(A) consists of its diffeomor-
phisms.

Now, given any k € Z,, assume that any stratified space L is described if
depth L < k, as well as Aut(L). If L is compact, the cone with link L is ¢(L) =
(L x [0,00))/(L x {0}), whose vertex is the point * = L x {0} € ¢(L). Let L’ be
another compact stratification of depth < k, and ¢ : L — L’ a morphism. Then let
c(@) : ¢(L) = ¢(L') be the map induced by ¢ x id : L x [0,00) = L' x [0, 00); in

2



1.2 Stratified spaces

particular, we get the group c(Aut(L)) = {c(¢) | ¢ € Aut(L) }. Itis also declared
that ¢()) = {x}, for the empty stratification, and ¢(()) = id, for the empty map. The
cone ¢(L) is used as a model stratified space of depth k if L is of depth & — 1, whose
strata are {*} and the manifolds Y x R for strata Y of L. The second factor projec-
tion L x [0, 00) — [0, 00) defines a ¢(Aut(L))-invariant function p : ¢(L) — [0, 00),
called the radial function. The restrictions of p to the strata are C'°°. A conic bundle
is a fiber bundle 7" over a manifold X with typical fiber ¢(L) and structural group
c(Aut(L)). Then p induces a radial function on T, also denoted by p, and the vertex
of ¢(L) defines the vertex section of T', whose image is identified with X. Moreover
the stratified structure defined on ¢(L) can be used to define a stratified structure on
T, where X becomes the vertex stratum.

For any stratification A of depth k, every stratum X has an open neighborhood
(a tube representative) that is isomorphic to an open neighborhood of X in some
conic bundle T'x over X (with the obvious restrictions of stratified structures to open
subsets). The typical fiber of T’x is of the form ¢(L x ) for some compact stratification
Lx (the link of X) with depth Lx < depth A. The vertex and radial function of
¢(Lx) are denoted by * x and px. Two such neighborhoods of X represent the same
tube if their structure is equal on some smaller neighborhood of X. Note that X is
open in A if and only if Lx = ().

Finally, a (smooth) morphism between two stratifications is a continuous map
sending every stratum to another stratum, whose restrictions to the strata are C'°°,
and whose restrictions to small enough tube representatives are restrictions of conic
bundle morphisms (see Appendix A.1.1). Then isomorphisms and automorphisms of
stratifications have the obvious meaning. This completes the description because the
depth is locally finite by the local compactness.

The (topological) dimension of a stratification A equals the supremum of the
dimensions of its strata. It may be infinite, but it is locally finite. The codimen-
sion of a stratum X is dim A — dim X . The main results of this thesis assume that
the stratification is compact, but non-compact stratifications will be also used in the
proofs. In any case, only finite dimensional estratifications will be considered. If the
above description of A is modified by requiring that, at every inductive step, only
stratifications with no strata of codimension 1 are used, then A is called a stratified
pseudomanifold.

A locally closed subset B C A is called a substratification of A if the restric-
tions of the strata and tubes of A to B define a stratified structure on B (see Ap-
pendix A.1.1). For instance, A can be restricted to any open subset, to any locally
closed union of strata, and to the closure of any stratum. If moreover there are tube
representatives of A whose restrictions to B have the same fibers over points of B,
then B is called saturated.




Introduction

Let = be a point of a stratum X of dimension mx in a stratification A. A local
trivialization of Ty on some open neighborhood U of x defines a chart O = O’ of A
for some open O' C R™X x ¢(Ly). We can assume O' = U’ X ¢.(Lx ), where U’ is
some open neighborhood of 0 in R™* and ¢.(Lx) is the subset of ¢(Lx) defined by
the condition px < €, for some € > 0. This chart is centered at z:if z = (0,*x) € O'.
The corresponding concept of atlas has the obvious meaning. These concepts can
be generalized as follows. Any finite product of stratifications has a non-canonical
stratified structure (see Appendix A.1.2); in particular, any finite product of cones is
isomorphic to a cone [5, Lemma 3.8]. Moreover Aut(P) x Aut(Q) is canonically
injected in Aut(P x Q) for stratifications P and (). Thus it makes sense to consider
a decomposition ¢(Lx) = [[{*| ¢(Lx,;) (ax € N), for compact stratifications Lx ;.
The vertex and radial function of every c¢(Lx ;) are denoted by *x ; and px ;. Then
we can also consider general tube representatives given by bundles T'x with typical
fibers [ [{*, ¢(Lx,;) and structural groups [ [, ¢(Aut(Lx;)). This gives rise to a
general chart O = O’ around z for some open O’ C R™X x [[** ¢(Lx ), which
is centered at x if = (0,%x,1,...,%x,ay) € O'. As above, we can assume O’ =
U' x [1i ce(Lx,;) for some € > 0. Let px o denote the norm function on R"”x.
The function p = <p§(,0 + -+ pg(,ax)l/ 2 is called the radial function of R™X x
[1:%, ¢(Lx,i), even though, when mx = 0, p is not the radial function of any cone
structure on [[7*] ¢(Lx ;) [5, Example 3.6 and Proof of Lemma 3.8]. A collection
of general charts covering A is called a general atlas.

Example 1.2.1. Figure 1.2.1 (taken from [35]) illustrates a compact stratification with
four strata. It is constructed by “choking” a meridian section of a usual torus into a
point z (0-dimensional stratum), and covering its hole with a disk (2-dimensional
stratum). The border line between the torus and the disk is a 1-dimensional stratum.
The regular part of the torus is another bidimensional stratum. There is no dense
stratum, so we cannot choose a regular one. Notice that two charts are indicated in
the picture, taken around the points x and y, respectively. The chart centered at = has
trivial Euclidean factor; whereas the conic factor of the chart centered at y has a link
consisting on three points.

We can suppose that the strata of A are connected (see Appendix A.1.1). Fix a
stratum M of dimension n in A. Since the stratified structure of A can be restricted
to M, we can also assume without loss of generality that M = A (any other stratum
is < M); in particular, depth A = depth M and dim A = n. It is said that A is an
orientable stratification if M is an orientable manifold. With the above notation, for a
chart O = O’ centered at z, we get M NO = M'NO’, where M/ = R™X x N x R
for some dense stratum N on Ly. In the case of a general chart O = O’ centered at
z, wehave M N O = M'NO' for M' = R™X x [[{* (N; x Ry), where every N;

4



1.3 General adapted metrics

Figure 1.2.1: Charts on a compact stratification

is some dense stratum of Lx ;. We will use the notation kx ; = dim INV; + 1.

1.3 General adapted metrics

A general adapted metric g on M is defined by induction on the depth of M. It is
any (Riemannian) metric if depth M = 0. Now, assume that depth M > 0 and
general adapted metrics are defined for lower depth. Given any general chart O = O’
as above, take any general adapted metric g; on every N; (depth N; < depth M),
and let g; = p%‘f‘ﬁl + (aleﬂ-)2 on N; x Ry for some uyx; > 0. Let also go
be the Euclidean metric on R™X. Then g is a general adapted metric if, via any
such general chart, g|o is quasi-isometric to (3%, ¢;)|os. In this case, the mapping
X = ux = (ux1,...,uxay) € REX (X < M) is called the general type of g.
Such a general chart is called compatible with g, or with its general type.

Let us point out that a general metric does not completely determine its general
type. For instance, suppose ux; = ux j = 1 for indices i # j. Write ¢(Lx ;) X
c(Lx,;) = ¢(L), with radial function p, for some stratification L. Then N; x Ry x
N; x Ry = N x Ry for some dense stratum N of L. Moreover there is a general
adapted metric g on N such that g; + g; is quasi-isometric to 0%g + (dp)? via the
above identity. Therefore we can omit ux ; or ux ; in ux, obtaining a different type
of g. This cannot be done if ux; = ux, ; # 1 (Proposition 2.1.1).

If the above definition of general adapted metric is modified by requiring that,
at every inductive step, the general type satisfies uy; < 1 for all X < M and
i =1,...,ax, then the general adapted metric is called good for the scope of this
thesis. On the other hand, if the definition is modified by requiring at every inductive
step that ax = 1 and ux depends only on k := kx; = codim X for all X < M,

5
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then we get the adapted metrics considered in [13,53,54]. In this case, the general
charts compatible with the general type are indeed charts. Writing up, = ux =
ux,1 € Ry, the condition on an adapted metric g to be good becomes u;, < 1 for all
k, at every inductive step of its definition. In [13,53, 54], it is assumed that A is a
stratified pseudomanifold, and then 4 = (ug, ..., u,) stands for the rype of g. This
4 is determined by g. In particular, if the definition is modified by taking u; = 1
for all k at every inductive step, we get the adapted metrics of conic type considered
in [18-20]. Be alerted about the three slightly different terms used for the scope of
this thesis: general adapted metrics, adapted metrics and adapted metrics of conic
type. The class of (good) general adapted metrics is preserved by products, as well
as the class of adapted metrics of conic type, but the class of adapted metrics does
not have this property. The existence of general adapted metrics with any possible
general type can be shown like in the case of adapted metrics [53, Lemma 4.3], [13,
Appendix].

Like in [5], the term “relative(ly)” (or simply “rel-”’) usually means that some
condition is required in the intersection of M with small neighborhoods of the points
in M, or that some concept can be described using those intersections.

Let M be equipped with a general adapted metric g, with a general type X — ux
as above. The rel-local metric completion M of M consists of the points in the
metric completion represented by Cauchy sequences that converge in M (M is the
metric completion of M if M is compact). Figure 1.3.1 illustrates this concept. The
limits of Cauchy sequences define a continuous map lim : M — M. The following
Br\operties can be proved like in the case of conic metrics [5, Proposition/3\.20—(i),(ii)].
M has a unique stratified structure with connected strata so that lim : M — M is a
morphism whose restrictions to the strata are local diffeomorphisms. Moreover g is
also a general adapted metric with respect to M.

1.4 Relatively Morse functions

A smooth function f on M is called rel-admissible when the functions f, |df| and
| Hess f| are rel-bounded. In this case, f may not have any continuous extension to
M, but it has a continuous extension to M. So it makes sense to say that x € M
is a rel-critical point of f when liminf |df(y)| = 0 as y — x in M with y € M.
The set of rel-critical points of f is denoted by Critye(f). It is said that f is a rel-
Morse function if it is rel-admissible and has the following description around every
x € Critye (f):

e there is a general chart O = O’ of M , centered at x and compatible with g,
such that M NO = M' N O’ for M’ = R™x x [[7%(N; x Ry), where X is




1.4 Relatively Morse functions

(@) M (b) M
Figure 1.3.1: The stratified space M.

the stratum of M containing x; and

e flyro = f(x)+ % (p2 = p%)|mrnor, where py is the radial function of R™* x
Hieli ¢(Lx ;) for some expression my = my + m_ (m+ € N) and some
partition of {1,...,ax} into sets /.

This local condition is used instead of requiring that Hess f is “rel-non-degenerate” at
the rel-critical points because a “rel-Morse lemma” is missing in this context. More-
over, forr =0,...,n,let

V;,max/min = Z H Bmax/mm (14 1)
(7'17 TaX)
where (71, ..., 74, ) runs in the subset of N°X determined by
r=mo+ YN+ |, )
o< Mg gl ifie Iy
kx;—1 1 ' o for Vz max
ri 25—+ s ifiel_ (1.4.2)
< Bl oL ifie
o for "
kxi—1 1 e T, min"
T > =5 ~ Zux, ifiel_ )

When ax = 0in (1.4.1), the singleton N° consists of the empty sequence, obtaining'

Vg max/min = dr.m_ with the convention that the value of empty products is 1. Finally,

'Kronecker’s delta symbol is used.
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let v min = D u Vy may/min With 2 running in Critger(f). The notation y;max/min( f)
and v}, .. (f) may be used if necessary. The existence of rel-Morse functions for

general adapted metrics holds like in the case of adapted metrics [5, Proposition 4.9].

1.5 Lefschetz trace formula

Let A be a compact orientable stratification of dimension n with isolated singularities
and equipped with a good adapted metric g over its regular part reg(A) = M. In
particular, if n > 1, A is an orientable stratified pseudomanifold with depth A = 1.
Consider a morphism of stratifications ) : A — A. Recall that we assume that )|/ is
a smooth map by definition of morphism (Section 1.2). Let ¢)* be the endomorphism
of (Q(M), d) induced by 1. Let also Fix(1)) denote the set of fixed points of 1.

Every singular point is a zero dimensional stratum of A. Then, for every ¢ €
sing(A) = A\ M, there exists a chart

Oy = 0, = {0} x ¢, (Ly) = ce,(Ly)

centered at ¢ such that depth L, = 0 (see Section 1.2). This means that every link
L, is a compact smooth manifold. Moreover, this local structure around the singular
points implies that, for every ¢ € Fix(¢) N sing(A), the morphism ) satisfies

Y(p, ) = (pFy(p, ), G4(p, ) (1.5.1)

in any such conic chart Oy = c, (L,). Here, the maps Fy, : Ly x [0,¢4) — [0,¢q)
and G, : Ly x [0,¢4) — L are smooth up to zero.

It is said that:

e apoint ¢ € Fix(y) N M is simple if det(1 — T,1)) # 0.

e apoint ¢ € Fix(¢) N sing(A) is simple if for every z € L, it happens that
Fy(0,z) # 1 or G4(0,z) # x.

The required conditions in the previous definition imply that the simple fixed points
are isolated in Fix(¢) (see an explanation for the singular case in [9, § 3]).
The following hypotheses will be assumed on :

(a) The morphism ¢ fixes every singular point of A.
(b) The set Fix(1)) contains only simple fixed points.

(c) Forevery g € sing(A), the maps F;, and G, do not depend on p around g.

8
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In particular, hypothesis (a) implies that 1) preserves the regular and the singular parts
of A. Then, on every conic chart O, = ¢, (L), we have Fy(p,z) > 0 forall p > 0.
By (1.5.1), hypothesis (c¢) means that

P(p,x) = (pFy(x), Go())

on every small enough conic chart O, = c., (L)

The adapted metric g|o, is quasi-isometric to the metric p?“g, + (dp)? on the
manifold L, x (0, €;), where g, is a Riemannian metric on L, and 0 < u < 1. There
exists a maximum/minimum Lefschetz number associated to the morphism ), defined
by

n

Linamin(¥) = Y (=1)" tr(¢9" on Hypmin(M)). (1.5.2)
r=0

1.6 Main theorems

The results stated in this section and the next one were published in [7], with the
exception of the results about Leftchetz trace formula.

The following is the first main theorem of this thesis, where property (ii) is a
weak version of the Weyl’s asymptotic formula.

Theorem 1.6.1. The following properties hold on any stratum of a compact stratifi-
cation with a good general adapted metric:

(1) Amax/min has a discrete spectrum, 0 < )\max/min,O < )\max/min,l < ---, where
every eigenvalue is repeated according to its multiplicity.

(@) liminfg Amax/min,k k=% > 0 for some 6 > 0.

The second main result is the following version of Morse inequalities for rel-
Morse functions.

Theorem 1.6.2. For any rel-Morse function on a stratum of dimension n of a compact
stratification, equipped with a good general adapted metric, we have

k

k
Z(_Dkir /Brclax/min < Z(_l)kir V;lax/min (0 <k< n)?
r=0 r=0

n

_ ror
Xmax/min = E (_ 1) Vmax/min*
r=0

The third main result is the following version of Lefschetz trace formula for strat-
ified spaces with isolated singularities.
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Theorem 1.6.3. Consider an orientable compact stratification A with isolated singu-
larities and equipped with a good adapted metric over its regular stratum M. Then,
for any morphism 1) : A — A satisfying hypothesis (a)—(c), we have

Lyavmin(¥) = > signdet(1—Tyh)+ > L(Gy).

geFix(y)NM g€sing(A)

Observe that Lyax/min (1) does not depend on the chosen (maximum or minimum)
ideal boundary condition.

In the case of adapted metrics of conic type, the previous results have been al-
ready obtained:

e Theorem 1.6.1-(i) is essentially due to Cheeger [18, 19] (see also [1,2,5]).
e Theorem 1.6.1-(ii) was proved by Alvarez Lépez and Calaza [5].

e Theorem 1.6.2 was proved by Alvarez Lépez and Calaza [5], and also by Lud-
wig [48] (with more restrictive conditions but stronger consequences).

e A version of Theorem 1.6.3 was proved by Francesco Bei [9] (with more re-
strictive conditions).

Other developments of elliptic theory on strata were made in [1,2, 16,23,40,42, 65],
all of them using adapted metrics of conic type. The main novelty of this thesis is the
extension of the elliptic theory on strata to the wider class of good general adapted
metrics, including good adapted metrics.

1.7 Applications to intersection homology

Consider now the case where A is a stratified pseudomanifold, and therefore M is its
regular stratum. Let [” H,(A) denote its intersection homology with perversity p [32,
33], taking real coefficients. Let 37 = F(A) and x? = xP(A) denote the versions
of Betti numbers and Euler characteristic for [P H,(A). Every perversity can be
considered as a sequence p = (p2,p3, - .. ) in N satisfying po = 0 and pi, < pr1 <
pr + 1. For example, the zero perversity is 0 = (0,0, ... ), the top perversity is =
(0,1,2,...) (tx = k — 2), the lower middle perversity is m = (0,0,1,1,2,2,3,...)
(my = L%J — 1), and the upper middle perversity is n = (0,1,1,2,2,3,3,...)
k

(ng = [ﬂ — 1). Recall also that two perversities p and g are called complementary

ifp+q=t. Write p < qif pr < ¢ for all k. Let g be an adapted metric on M of

type & = (ug, ..., uy). If 4 is associated with a perversity p < m in the sense
1 1 -
1 <wup <oo if 2pp=k—2,

10



1.7 Applications to intersection homology

then (see [13,53,54])
IPH,(A)* = H{y (M) = H,

max

(M)7

and therefore 7 = (" . In particular, H (2)(M ) = I'"™H,.(A)* if g is an adapted
metric of conic type [20]. Thus the incompatibility of adapted metrics with products
is related to the subtleties of the versions of the Kiinneth theorem for intersection
homology [22,29]. For instance, for arbitrary pseudomanifolds P and (), the isomor-
phism IPH, (P x Q) =2 IPH,(P) ® IPH,(Q) only holds with some special perver-
sities p, including p = m. According to (1.7.1), there exist good adapted metrics on
M whose type is associated with any given perversity < m.

In (1.7.1), only the choices 2p;, = k — 2,k — 4, ... are possible if k is even, and
only the choices 2py, = k — 3,k — 5, ... are possible if k£ is odd. Thus, for every
k, (1.7.1) establishes a bijection between the possibilities for p; and the elements of
a partition of [ﬁ, o0) into semi-open intervals, where vy, is taken.

Let f be a rel-Morse function on M, let x € Crit(f), let X be the stratum
of M containing z, and let & = codim X. With the above notation for a chart
O = O’ of M centered at x, there is an adapted metric § on N so that, via the
chart, g|o is quasi-isometric to the restriction of gg + pgg’f g+ (dpx)*to M'N O
Then the type of g is also associated with p. Moreover there is some expression,
myx = m4 + m_ (mx € N), and some decomposition, ¢(Lx) = ¢(Ly) x ¢(L_),
sothat M = R™+ x N3 x Ry x R™- x N_ x R, for dense strata N+ of L, and
flo = f(z) + 4(p2 — p2)|or, where py is the radial function of R™* x ¢(Ly ). Let
ky = dim Ny + 1; thus k = k4 + k_. Here, some of the stratifications L may be
empty; in fact, L # () ## L_ only can happen if u; = 1 (Section 1.3). From (1.4.1)
and (1.4.2), it follows that the numbers vy, .., are independent of the choice of 4
associated with p, and therefore the notation vgr = ygr( f) will be used. Precisely,
they have the following expressions:

o If L, # () # L_ (only if up, = 1), then
Vg,r = Z ﬁ§+ (LJr) 671?, (L*)v
(r+,r_)
where (7, 7_) runs in the subset of N? determined by the conditions

r=m_+ry+r_+1, r+<%+, ?”_Z%.

e If Lx =Ly # 0 (L_ =0), then

Vﬁé,r = Z,B?+ (LX)7
T+

11



Introduction

where 7 runs in the subset of N determined by the conditions

k—1-— ifup <1
r=mo+ry, T <, Ph . b
3 lkazl

o If Ly = L_ +# () (L = 0), then

=87 (Lx),

where _ runs in the subset of N determined by the conditions

k—1-— ifup <1
r=m_—+r_+1, r>{k P 1tk

o If Ly =0, then v, = 6, .

Finally, let vf = vF(f) = 3., Vb (& € Critye(f)), which equals 1/,
Suppose now that A is oriented ()M is oriented) and compact. We have 3], =
. for all r because Ap;, corresponds to Ap,x by the Hodge star operator. On
the other hand, for any perversity ¢ > n, if p < m is Complementary of g, then
I'H,.(A) = IPH,,_,.(A)* [32,33], and therefore BT = AP, obtaining B,« =

As before, it follows from (1.4.1) and (1.4.2) that the numbers v”

T l’Illl'l

mm
are independent

of the choice of 4 associated with p. Precisely, with the notation vl = = +(f) =

v’ they have the following expressions:

Z, min?®
o If L, # () # L_ (only if uy = 1), then
Z (L) BE (L),
(7'+ T'— )
where (7, 7_) runs in the subset of N? determined by the conditions

r=m_+ry+r_+1, r+<——1 7"_>%—1.
e If Ly =L, # 0 (L_ =), then
= Bl (Lx)
T+
where 7 runs in the subset of N determined by the conditions

k—2—q; ifup<l1

r=m_-+ry, r3< .
* * {’;—1 if up, = 1.

12



1.7 Applications to intersection homology

o If Ly = L_ 0 (Ly = (), then

where r_ runs in the subset of N determined by the conditions

k—2—q ifup<l1

r=m_+r_+1, r_> i .
5 —1 if up = 1.

o If Lx = (), then V;Z,r = 0rm_.

Like 2, we also define v7 = v/ (f)=>. u;Z, (x € Critr(f)), which equals v},
Theorem 1.6.2 has the following direct consequence.

in*

Corollary 1.7.1. Let A be a compact pseudomanifold of dimension n, let M be its
regular stratum, and let p be a perversity. If p < m, or if A is oriented and p > 7,
then, for any rel-Morse function on M (with respect to any good adapted metric), we
have

k k
SRS (CDETE (0<k <),
r=0 r=0
=Y
r=0

Stratified Morse theory was introduced by Goresky and MacPherson [35], and
has a great wealth of applications. In particular, Goresky and MacPherson have
proved Morse inequalities on complex analytic varieties with Whitney stratifications,
involving the intersection homology with perversity m [35, Chapter 6, Section 6.12].
Ludwig also gave an analytic interpretation of Morse theory in the spirit of Goresky
and MacPherson for conformally conic manifolds [44—47]. In this thesis, the version
of Morse functions, critical points and associated numbers is different from those
used in [35], even in the case of perversity m. To the author’s knowledge, Corol-
lary 1.7.1 is the first version of Morse inequalities given for intersection homology
with perversity # m.

Consider now the notation of Section 1.5. The intersection Lefschetz number of
a morphism 1), with respect to the perversity p, is defined [34] as

n
PL) = 3 (~1) tr(w” on IPH,(A)").

r=0

Theorem 1.6.3 has the following direct consequence.

13
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Corollary 1.7.2. Let A be a compact orientable pseudomanifold of dimension n with
isolated singularities and regular stratum M. Let p be a perversity. If p < m or
p > n, then, for any morphism ¢ : A — A satisfying hypotheses (a)—(c), we have

IPL()= > signdet(l-T)+ Y. L(Gy).

g€Fix(y)NM g€sing(A)

1.8 Ideas of the proofs

In the proofs of Theorems 1.6.1 and 1.6.2, several steps are like in the case of adapted
metrics of conic type [5]. Only brief indications of those steps are given in this
thesis, whereas the parts with new ideas are explained with detail. We adapt the
well-known analytic method of Witten [70]; specially, as described in [59, Chap-
ters 9 and 14]. Thus, given a rel-Morse function f on M, we consider the Witten’s
perturbation d, = e~*fde®f = d + sdf A on Qo(M) (s > 0). Let ds,max/min de-
note its maximum/minimum i.b.c., with corresponding Laplacian A, naxmin. Since
Ag max/min — Amaymin is bounded, it is enough to prove the properties of Theo-
rem 1.6.1 for Agmaymin. Moreover, using the globalization procedure given by
Propositions A.2.1 and A.2.2, and a version of the Kiinneth theorem [15, Corol-
lary 2.15], [5, Lemma 5.1], it is enough to consider the case of a stratum M = N xR
of a cone ¢(L) (a non-compact stratification), with a good general adapted metric of
the form g = p®“§ + dp?, and the rel-Morse function +1p?, where p is the radial
function and L a compact stratification of smaller depth. A tilde is added to the no-
tation of concepts considered for N. By induction on the depth, it is assumed that
Amax/min Satisfies the properties of Theorem 1.6.1. Then its eigenforms are used like
in [5] to split ds max/min into a direct sum of Hilbert complexes of length one and two,
which can be described as the maximum/minimum i.b.c. of certain elliptic complexes
on R, . The elliptic complexes of length one are of the same kind as in [5], so that
the Laplacian of their maximum/minimum i.b.c. is induced by the Dunkl harmonic
oscillator on R [4], whose spectrum is well known. However, the Laplacian of the
elliptic complexes of length two is a perturbation of the Dunkl harmonic oscillator
containing new terms of the form p~2“ and p~2%~!. A different analytic tool is used
here, which is developed in Chapter 4. Precisely, classical perturbation methods are
used in Chapter 4 to determine self-adjoint operators with discrete spectra defined
by this perturbation of the Dunkl harmonic oscillator, giving also upper and lower
estimates of its eigenvalues. The application of this analytic tool is what requires g to
be good. The information obtained for this perturbation is weaker than for the Dunkl
harmonic oscillator. For instance, such self-adjoint operators are only known to exist
in some cases, and only a core of their square root is known. Thus more work is
needed here than in [5] to describe the Laplacians of the maximum/minimum i.b.c.

14
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of the simple elliptic complexes of length two, using those self-adjoint operators.
The proof of Theorem 1.6.1 can be completed with such information like in [5]. On
the other hand, only eigenvalue estimates of those self-adjoint operators are known,
which makes it more difficult to determine the “cohomological contribution” of the
rel-critical points. This is the key idea to complete the proof of Theorem 1.6.2 like
in [5]. The proof of Theorem 1.6.3 is based on the classical Lefschetz trace formula
for smooth maps on compact manifolds [59, Theorem 10.12]. This gives the null
contribution of the non-fixed points and a formula for the contribution of the regular
fixed points. So the novelty of the proof is the use of the harmonic eigenforms ob-
tained from the splitting of d max/min in order to compute the singular (fixed) points
contribution.

1.9 Some open problems

We do not know whether the condition on g to be good could be deleted. It depends
on whether the results used from Chapter 4 hold with weaker hypotheses.

The applications would increase by extending the present version of Morse in-
equalities to “rel-Morse-Bott functions.” Their rel-critical point sets would be finite
unions of substratifications. Also the Lefschetz trace formula could be extended to
the context of general stratifications, but this would involve certain control result for
the heat kernel outside the diagonal.

There should be an extension of the isomorphism H,) (M) = IPH,.(A)* to the
case of general adapted metrics and general perversities [30]. In that direction, an
extension of the de Rham theorem with general perversities was proved in [63, 64].
The case with classical perversities was previously considered in [12,17].

It is also natural to continue with the following program, already achieved on
closed manifolds. First, it should be shown that there is a spectral gap of the form
0 (A max/min) N (016*025, C3s) = 0, for some Cy, Co, C5 > 0. This would define a
finite-dimensional complex (Ss max/min, ds) generated by the eigenforms correspond-
ing to eigenvalues in [0, C e*CQS] (“small eigenvalues”). Second, it should be proved
that (Ss max/min, ds) “converges” to the “rel-Morse-Thom-Smale complex,” assuming
that the function satisfies the “rel-Morse-Smale transversality condition.” It seems
that the existence of the above spectral gap would follow easily by adapting the argu-
ments of Propositions A.2.1 and A.2.2. The comparison of (Sg max/min, ds) With the
“rel-Morse-Thom-Smale complex” would require additional techniques, according
to the case of closed manifolds [36], [11, Section 6]. This program was developed by
Ludwig in a special case [48].
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1.10 Dunkl Harmonic Oscillator

Let us explain the analytic tools that were developed to prove the main theorems of
this thesis (Section 1.6). The results stated in this section were published in [6].

The Dunkl operator on R™ was introduced by Dunkl [24-26], and gave rise to
what is now called the Dunkl theory [62]. It plays an important role in Physics and
stochastic processes (see e.g. [31,61,68]). In particular, the Dunkl harmonic oscillator
on R" was studied in [27,55,56,60]. We will consider only this operator on R, where
it is uniquely determined by one parameter. In this case, a conjugation of the Dunkl
operator was previously introduced by Yang [71] (see also [57]).

Let us fix some notation that is used in this section and in the whole Chapter 4.
Let S = S(R) be the Schwartz space on R, with its Fréchet topology. It decom-
poses as direct sum of subspaces of even and odd functions, S = Sy @ Soqq- The
even/odd component of a function in S is denoted with the subindex ev/odd. Since
Sodd = xSey, Where z is the standard coordinate of R, 7 '¢ € S, is defined for
¢ € Soaa. Let L2 = L2(R, |z|* dz) (¢ € R), whose scalar product and norm are
denoted by (, ), and || ||,. The above decomposition of S extends to an orthogonal
decomposition, L2 = Lg,ev @ Liodd, because the function |x|?7 is even. S is a dense
subspace of L2 if ¢ > —2, and Seqq is a dense subspace of Lz,odd if 7 > —3. Un-
less otherwise stated, we assume o > —% and 7 > —%. The domain of a (densely
defined) operator P in a Hilbert space is denoted by D(P). If P is closable, its clo-
sure is denoted by P. The domain of a (densely defined) sesquilinear form p in a
Hilbert space is denoted by D(p). The quadratic form of p is also denoted by p. If p
is closable, its closure is denoted by p. For an operator in L2 preserving the above
decomposition, its restrictions to Lg,ev/odd will be indicated with the subindex ev/odd.
The operator of multiplication by a continuous function % in L2 is also denoted by
h. The harmonic oscillator is the operator H = —% + 5222 (s > 0) in L% with
D(H) =S.

The Dunkl operator on R is the operator 7" in L2, with D(T) = S, determined
by T = % on Sy and T = % + 202! on Syqq, and the Dunkl harmonic oscillator
on R is the operator J = —T?2 + 5?22 in L2 with D(J) = S. Thus J preserves the
above decomposition of S, being Jo, = H — 2001 % and Jogq = H — 20% z~ L
The subindex ¢ is added to J if needed. This J is essentially self-adjoint, and the
spectrum of J is well known [60]; in particular, J > 0. In fact, even for 7 > — %, the
operator J; oqq 1s defined in Lf’odd with D(J; 0dd) = Sodd because it is a conjugation
of Jr41,ev by a unitary operator (Section 4.1). Some operators of the form J + & 72
(¢ € R) are conjugates of .J by powers |z|* (a € R), and therefore their study can be
reduced to the case of J [4]. The following theorem analyzes a different perturbation
of J.
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1.10 Dunkl Harmonic Oscillator

Theorem 1.10.1. Let 0 < u < land & > 0. Ifo > u — %, then there is a positive
self-adjoint operator U in L? satisfying the following:

(i) Sisacore oﬂ/{l/Q, and, for all p,v € S,
U' P, UN)g = (J§, )0 + £z, 2] )0 (1.10.1)

(ii) U has a discrete spectrum. Let \g < A1 < --- be its eigenvalues, repeated
according to their multiplicity. There is some D = D(o,u) > 0 and, for any
€ > 0, there is some C' = C(e,0,u) > 0 so that, for all k € N,

Ae > (2k +1+20)s + EDs"(k + 1), (1.10.2)
Ae < (2k + 1+ 20) (s + Ees™) + ECs™. (1.10.3)

Remark 1.10.2. In Theorem 1.10.1, observe the following:

(i) The second term of the right hand side of (1.10.1) makes sense because || S C
L2 since o > u — 3.

(i) U = U, where U = J + &|z|~2* with D(U) = (oo_, D(U™) (see [41, VI-
§ 2.5]). The more explicit notation U, will be also used if necessary.

(iii) The restrictions Ueyjodd are self-adjoint in L?f eviodd and satisfy (1.10.1) with
¢, € Seviodd- They also satisfy (1.10.2) and (1.10.3) with k even/odd. In
fact, by the comments before the statement, U/ oqq is defined and verifies these
properties if 7 > u — %

To prove Theorem 1.10.1, we consider the positive definite symmetric sesquilin-
ear form u defined by the right hand side of (1.10.1). Perturbation theory [41] is used
to show that u is closable and u induces a self-adjoint operator U/, and to relate the
spectra of I/ and .J. Most of the work is devoted to check the conditions to apply this
theory so that (1.10.2) and (1.10.3) follow; indeed, (1.10.2) and (1.10.3) are stronger
than a general eigenvalue estimate given by that theory (Remark 4.2.22).

The following generalizations of Theorem 1.10.1 follow with a simple adaptation
of the proof. If £ < 0, we only have to reverse the inequalities (1.10.2) and (1.10.3).
In (1.10.1), we may use a finite sum ) , & (|| "¢, |x|""1),, Where 0 < u; < 1,
o > u; — % and & > 0; then (1.10.2) and (1.10.3) would be modified by using
max; u; and min; §; in the left hand side, and max; &; in the right hand side. In
turn, this can be extended by taking RP-valued functions (p € Z,), and a finite sum
Yoz T g, |z| ")) in (1.10.1), where each =; is a positive definite self-adjoint
endomorphism of RP; then the minimum and maximum eigenvalues of all Z; would
be used in (1.10.2) and (1.10.3).
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As an open problem, we may ask for a version of Theorem 1.10.1 using Dunkl
operators on R"”, but we are interested in the following different type of extension.

For o > —% and 7 > —%, let L?,’T = Laev @® L2 44, Whose scalar product and

norm are denoted by (, ), and || ||,-. Matrix expressions of operators refer to this
decomposition. Let J, » = Jo ey @ J7 0dd In L?T’T, with D(J, ) = S. The hypotheses
of the following generalization of Theorem 1.10.1 are rather involved to cover enough
cases of the application presented in Section 2.2.

Theorem 1.10.3. Let £ > 0andn € R, let
O<u<l, o>u—3%, 7>u—3 6>-3, (1.10.4)

and set v = o + T — 20. Suppose that the following conditions hold:
(@) fco=0#T1and T — o & —N, then
c—1<1<0+1,20+ 3. (1.10.5)
b) Ifco A0 =1and o — T & —N, then
T, 7T—1<o<3r+1,117+ 2,7+ 1. (1.10.6)
(¢c) fo#0=17+1ando —7—1¢& —N, then

T+l<o<7T+3,2r+1 (1.10.7)

@ Ifo#0#71ando — 0,7 — 0 & —N, then

o—T 7—0 o+7—1 0437—2 304+7—4 o+7—1 o+7+1
S 1, 5 <0<

4 14 > 14 > 2 2 t
T—1<o<T7+3. } (1.10.8)

Then there is a positive self-adjoint operator V in Lgﬁ satisfying the following:
(i) Sisacoreof V2, and, for all $,1) € S,

(V20 VY20 o o = (Jor o, V)or + E|2] 740, |2] ") s
+ ({27 Boaas Yer g + (Bevr ¥ Woaa),). (1.10.9)

(ii) Let s, = o ifkis even, and . = 7 if k is odd. V has a discrete spectrum. Its
eigenvalues form two groups, \og < A9 < -+ and \y < A3 < -+, repeated
according to their multiplicity, such that there is some D = D(o,T,u) > 0 and,
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1.10 Dunkl Harmonic Oscillator

for every € > 0, there are C = C(¢,0,7,u) > 0and E = E(e,0,7,0) > 0 so
that, forall k € N,

Ak > (2k 41+ 2g,) (s — 2|77|63U_2H)

v+1
+EDs(k+ 1) — 2n|Es 2, (1.10.10)
Mo < (2k +1+2¢,) (s + (s + 2|n]3UTH))
+ECs" + 2| Es"E (1.10.11)

(iii) Let u € R such that
0,0,7—20+3,0-20—L<a<lwv+lo+3,7+3  (110.12)

and let i = max{@,v + 1 — @}. There is some D = D(o,7,u) > 0 and, for
any € > 0, there is some C = C(€,0,7,u) > 0 so that, for all k € N,

Me > (2k 414+ 26.) (s — [nles?) +EDs%(k + 1) — |n|Cs™.  (1.10.13)

@) Ifu= ”TH and & > |n|, then there is some D = D(o,7,u) > 0 so that, for all
keN,

Ak > (2k + 1+ 26.)s + (€ — |n))Ds™(k + 1) 7 (1.10.14)

(v) If we add the term & {pey, Vev)o + E"{(Podd, Vodd)r to the right hand side
of (1.10.9), for some &', £" € R, then the result holds as well with the additional
term max{&’, "} in the right hand side of (1.10.11), and the additional term, &'
fork € 2N and £" for k € 2N+1, in the right hand sides of (1.10.10), (1.10.13)
and (1.10.14).

Remark 1.10.4. In Theorem 1.10.3, observe the following:

(i) Like in Remark 1.10.2-(ii), we have V = V, where

_ < Usev nle("“’)x‘1>
7’]|l’|2<9—7)1‘_1 Ur,odd ’

with D(V) = N2°_, D(V™). Note that the adjoint operator of |z|2(=?)z~1
Soad — |2]?0=9)S,,, as a densely defined operator of Liodd to L7 .. is given

by |22~ 21, with the appropriate domain.
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(ii)

(iii)

(iv)

Taking 0/ = 6 — 1 > —3, since

(wd, V)or = (6,27 P)g

for all ¢ € Sey and ¥ € Syqq, we can write (1.10.9) as

(V2O VV20) 5 = (Jord, P)or + (|2 740, |27 0) 0r
+ 1n((Podd, Tev)or + (Tdev, Yodd)er )

for all ¢,¢ € S, and, correspondingly,

_( Ueer e
x9Nz Urosa )’

The conditions (1.10.5), (1.10.6) and (1.10.7) describe three convex open sub-
sets of R2 (Figure 1.10.1). The condition (1.10.8) describes a convex open
subset of R? (Figure 1.10.2), which is symmetric with respect to the plane de-
fined by o = 7 + 1. It is a “semi-infinite bar” with 4 lateral faces, and 5 faces
at the “bounded end.”

In Theorem 1.10.3-(iii), the condition (1.10.12) means that (1.10.4) also holds
with % and v 4+ 1 — @ instead of u. There exists u satisfying (1.10.12) just when

O,U,T*29+%,O’*29*%<1,U+130+%77—+%' (1.10.15)

This property holds in the cases (b) and (d) by (1.10.4), (1.10.6) and (1.10.8);
in particular, we can take u = % In the case (a), if 7 < 30, then (1.10.15)
holds by (1.10.4) and (1.10.5). In the case (¢), if ¢ < 37 + 4, then (1.10.15)
holds by (1.10.4) and (1.10.7).

The main arguments of the proofs are given in Sections 4.2—4.4. But some needed
estimates are postponed to Sections 4.5 and 4.6 because they are of rather indepen-
dent nature, and with rather long and tedious proofs.
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(a) Set defined by (1.10.5).  (b) Set defined by (1.10.6).  (c) Set defined by (1.10.7).

Figure 1.10.1: Sets in Theorem 1.10.3-(a),(b),(c).
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Figure 1.10.2: Set defined by (1.10.8) in Theorem 1.10.3-(d).






Chapter 2

Witten’s Perturbation on Strata
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Witten’s Perturbation on Strata

In this chapter, consider the notation of Sections 1.1, 1.2, 1.3 and 1.4. Then for a
Riemannian manifold M, let (M) be the space of compactly supported differential
forms, and L2Q)(M) the graded Hilbert space of square integrable differential forms.
Let d and § be the de Rham derivative and coderivative acting on (M), and let
D =d+6and A = D? = d§+§d (the Laplacian). Every Hilbert complex extension
d of d in L?Q(M) is called an ideal boundary condition (i.b.c.), giving rise to self-
adjoint extensions D and A of D and A in L2Q(M). There exists a minimum/max-
imum i.b.c., dpmin = d and dpax = 0%, inducing self-adjoint extensions Dpax/min and
Amax/min of D and A. If M is oriented, then Ap,x corresponds to Apin by the Hodge
star operator. The corresponding cohomologies, Hmax/min(M ), are quasi-isometric
invariants of M for instance, Hiyqy (M) is the usual L2-cohomology H, (2)(M). They
give rise to versions of Betti numbers and Euler characteristic, 3] ....(M) and
Xmax/min (M) (assuming finite dimension of the corresponding cohomologies).

In this chapter, the spaces under consideration are Thom-Mather stratifications.
They are Hausdorff, locally compact and second countable spaces equipped with a
partition into C'*° manifolds called strata, and satisfying certain “gluing” conditions.
Given a stratification A, an order relation on the family of strata is defined by declar-
ing X <Y when X C Y. With respect to this ordering, the maximum length of
chains of strata less or equal than a stratum X is called the depth of X. Recall that
the cone with link a stratification L is defined by ¢(L) = (L x [0,00))/(L x {0}).
A conic bundle over a manifold is a bundle that has a cone as typical fiber. Strati-
fied spaces are locally described by charts constructed from conic bundles over their
strata, called tube representatives. The possible decomposition of a cone into a prod-
uct of cones leads to the concept of general tube representative of X. Then a gen-
eral chart centered at a point of X is an open subset of a product space of the type
R™X x []7%, ¢(Lx,). It can be assumed without loss of generality the existence of
a dense stratum M, called the regular stratum. Moreover, if at every depth induc-
tive step of the construction only stratifications with no strata of codimension 1 are
admitted, then A is called a pseudomanifold.

It can be defined a general adapted metric g on M by induction on the depth.
It is any (Riemannian) metric if depth M = 0. Now, assume depth M > 0 and
that general adapted metrics are defined for lower depth. Take any general adapted
metric g on every dense stratum /N of a compact stratification L such that depth L <
depth M. Then, associated to a general chart, g is given by Y ;¥ g;, where go is
the Euclidean metric on R”X and g; = p?f "Gi + (dpx.)? on N; x R, for some
ux; > 0. If every ux; < 1 g, then g is called good. This is the kind of general
adapted metrics considered in this chapter. Other restrictions of this metrical concept
define adapted metrics and adapted metrics of conic type.
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2.1 Preliminaries

A smooth function f on M is called rel-admissible when the functions f, |df| and
| Hess f| are rel-bounded. In this case, f may not have any continuous extension to
M = A, but it has a continuous extension to the rel-local metric completion M. So
it makes sense to say that x € M is a rel-critical point of f when lim inf |df (y)| = 0
as y — x in M , with y € M. It is said that f is a rel-Morse function if it is rel-
admissible and verifies certain local description around every rel-critical point.

The aim of this chapter is to present the proof of Theorems 1.6.1 and 1.6.2. The
first one gives the discrete character of the spectrum of Apamin and a version of
Weyl’s asymptotic formula for its eigenvalues. The second theorem consists on a
version of Morse inequalities for rel-Morse functions. An application of this result
to the context of intersection homology appears in Section 1.7. The contents of this
chapter are included in [7].

2.1 Preliminaries

2.1.1 Products of cones

Let L and L’ be compact stratifications, and let x and p, and *” and p’ be the vertices
and radial functions of ¢(L) and ¢(L"). Any morphism ¢ : ¢(L) — ¢(L’) is of the
form ¢(¢) around * for some morphism ¢ : L — L’. In particular, ¢)(x) = %/, and
Y*p' = p around .

The product of two stratifications, A x A’, has a stratification structure whose
strata are the products of strata of A and A’. However the tubes in A x A’ depend on
the choice of certain funtion h : [0,00)? — [0, 0) (see Appendix A.1.2). Thus the
stratification structure of A x A’ is not unique.

In the case of two cones, ¢(L) x ¢(L') can be described as another cone in the
following way [5, Lemma 3.8]. The function h(p x p') : ¢(L) x ¢(L") — [0, 00)
satisfies that L” = (h(px p'))~1(1) is a compact saturated substratification of ¢(L) x
¢(L'). Then the map

¢ (L") = (L) x o(L),  [([z,r], [2,r]), 8] = ([, 7s], [/, 1's]),

is an isomorphism of stratifications. The vertex of ¢(L”) is *”" = ¢~!(*, '), and
its radial function is p” = ¢*(h(p X p’)). Thus the radial function of ¢(L) x ¢(L'),
(p + p'*)1/2, does not correspond to p” via ¢ if L # 0 # L.

Assume that L # () # L'. Let N and N’ be strata of L and L, and let M =
N x Ry and M’ = N’ x R, be the corresponding strata of ¢(L) and ¢(L'). Take
general adapted metrics g and ¢’ on N and N’, and fix any u > 0. We get general
adapted metrics g = p2“§ + (dp)? and ¢’ = p'*"§ + (dp')? on M and M’. On the
other hand, with the above notation, we have ¢~} (M x M’) = N” x Ry =: M",
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Witten’s Perturbation on Strata

where N” = (M x M') N L"” (a stratum of L”). Let g” be any general adapted
metric on N” so that N” < M x M’ is quasi-isometric; for instance, we may take
§" = (9+ ¢')|nv. We get the general adapted metric g” = p"*“§" + (dp”)? on M".
Equip M x M’ with g + ¢’ and M" with ¢".

Proposition 2.1.1. (i) Ifu =1, then ¢ : M" — M x M’ is a quasi-isometry.

(@) Ifu<1,theng: M"NO — (M x M")N ¢(O) is not quasi-isometric for any
neighborhood O of " in c¢(L").

Proof. Without lost of generality, we can assume §” = (g + ¢')|n~. We have
M'=N'"xRy CMxM xR, =NxRy x NN xRy xRy.

According to this expression, an arbitrary point p € M" can be written in the form
b= ($, T, xlv ,r,/’ T”) = (ﬁ, T”), Obtaining

o(p) = (z,rr" 2’ 7'y € M x M' = N xRy x N’ x R.
Thus we can canonically consider

T:N'cT,NeRa&T,N &R,
LM CT,NeR®T, N ®RR,
Typy(M x M')=T,N ®R® T N' ®R.

We easily get

¢*(8p// (p)) = (0’ T’ap(’r’r”)’ 07 T,aﬂ/ (TIT,/))a
¢* (X7 O) = (Y’ CT”aP(TT,/)v Y/, C,T/,BPI (T/’I"”))7

for X = (Y, c0,(r),Y',d0y(r")) € TN". Hence

100 (D) 12 =1, @2.1.1)
2
6+ (Bpr (D)) 21y =72+ 7", (2.1.2)
2 172u 2
(X, 0)|lg =" | X544
= (VI3 + Y1 + <) @13)
164(X, 0174y = (r"2“ 1Y (12 + & " Y'|2 + c'%ﬂ)

el (e [ e K A 0

where every metric is added as subindex of the corresponding norm.
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2.1 Preliminaries

Observe that C := minyw (p? + p’2) > 0 and O} := maxy»(p? + p’2) < oo by
the properties of h. So, by (2.1.1) and (2.1.2),

Collay ()l < 64 (P) 749 < Cr 10 (0) -

Moreover, if u = 1, then [|¢.(X,0)[[2, , = [I(X,0)[|Z, by (2.1.3) and (2.1.4), ob-
taining (i).

Now, suppose that © < 1. With the above notation, by the conditions satisfied
by h, we can take p = (z,7,2’,1) € N"” and X = (0,0,(r),0,0) € TN" for all r
small enough. By (2.1.3) and (2.1.4), it follows that

J(X,0))12, _
H¢ ( )Héq+g _ 72(1—u) =0
1502

as " — 0, giving (ii). O

Similar observations apply to the product of any finite number of cones.

2.1.2 General adapted metrics

Consider the notation of Section 1.3.

Remark 2.1.2. For m € Z,, there is a canonical homeomorphism ¢(S™~1) ~ R™,
[x, p] — px, so that the radial function p corresponds to the norm on R [5, Exam-
ple 3.7]. This is not an isomorphism of stratifications: ¢(S™1) has two strata and
R™ only one; the stratum S™~! x R of ¢(S™ 1) corresponds to R™ ~. {0}. If §
denotes the standard metric on S™ 1, then p?g+ (dp)? on S™~! x R, corresponds to
the Euclidean metric on R™ ~ {0}. Thus, with the notation of Chapter 1, the factors
R™X or R™+ could be also described as cones, or as strata of cones after removing
one point.

Remark 2.1.3. By taking charts and using induction on the depth, we get the follow-
ing (cf. [5, Remark 7]):

(i) If two general adapted metrics on M have the same type with respect to the
same general tubes, then they are rel-locally quasi-isometric. In particular, they
are quasi-isometric if M is compact.

(ii) Any point in M has a countable base { O,, | m € N} of open neighborhoods
such that, with respect to any general adapted metric, vol(M N O,,) — 0 and
max{diam P | P € mo(M N O,,) } — 0as m — oo. Thus, if M is compact,
then vol M < oo and diam P < oo for all P € mo(M).
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Witten’s Perturbation on Strata

Remark 2.1.4. The argument of [13, Appendix] also shows the following. Let {O,}
be a locally finite open covering of M, let {\,} be a smooth partition of unity of M
subordinated to the open covering { M N O, }, and let g, be a general adapted metric
on every M NQO,. Suppose that the metrics g, have the same general type with respect
to restrictions to the sets O, of the same general tubes. Then the metric o Nafa 18
general adapted on M and has the same general type with respect to those general
tubes.

When M is not connected, M is defined as the disjoint union of the rel-local
completion of the connected components of M (Section 1.3), making use of [5, Re-
mark 1-(v)].

Remark 2.1.5. (i) By Remark 2.1.3-(i), Mis independent of the choice of the gen-
eral adapted metric of a given general type. In fact, by Remark 2.1.3-(i1) and [5,
Example 3.19], M is also independent of the general type.

(ii) For any open O C A, we have MNO= lim~ Y (M NO) c M.

Remark 2.1.6. The following is a direct consequence of Remark 2.1.5-(i) and [5,
Remark 9-(i),(ii) and Proposition 3.20-(iii)]:

(1) lim : M — Mis surjective with finite fibers.
(i) M is rel-locally connected with respect to M.

(iii) Let M’ be a connected stratum of another stratification A’ equipped with a
general adapted metric, and let ¢ : A — A’ be a morphism with ¢(M) C M.
Then the restriction ¢ : M — M’ extends to a morphismqﬁ . M — M.
Moreover <Z> is an isomorphism if ¢ is an isomorphism.

2.1.3 Relatively Morse functions

Consider the notation of Section 1.4. Besides the observations given in that section,
the following holds like in the case of adapted metrics of conic type [5, Section 4].

Remark 2.1.77. (i) The rel-local boundedness of |df| is invariant by rel-local quasi-
isometries, and therefore it depends only on the general type of g. Similarly,
the definition of rel-critical point depends only on the general type of g. But
the rel-local boundedness of | Hess f| depends on the choice of g. However it
follows from (iv) and (v) below that the existence of g so that f is rel-admissible
with respect to g is a rel-local property.

(ii) If depth M = 0, then any smooth function is admissible, and its rel-critical
points are its critical points.
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2.1 Preliminaries

(iii) With the notation of Section 2.1.1, let h € C*°(R4) with A’ € C§°(R4.). Then
the function h(p) is rel-admissible on the stratum M of ¢(L) with respect to
any general adapted metric.

(iv) Let {O, | a € A} be a locally finite covering of M by open subsets of A.
Then there is a C*° partition of unity {\,} on M subordinated to {M N O,}
such that |d)\,| is rel-locally bounded for all general adapted metrics on M of
any fixed general type.

(v) Suppose that {\, } and {g, } satisfy the conditions of Remark 2.1.4 and (iv). Let
f € C°°(M) such that every f|ano, is rel-admissible with respect to g,. Then
f is rel-admissible with respect to the general adapted metric g = >, A9, On
M.

(vi) Let F C C°°(M) denote the subset of functions with continuous extensions to
M that restrict to rel-Morse functions with respect to all general adapted metrics
of all possible general types on all strata < M. Then F is dense in C°°(M)
with the weak C'*° topology.

2.1.4 Hilbert and elliptic complexes

Consider the notation of Section 1.1.

Hilbert complexes with a discrete positive spectrum

Let (D,d) be a Hilbert complex in a graded separable Hilbert space §), defining
self-adjoint operators D and A according to Section 1.1. The direct sum of homo-
geneous subspaces of even/odd degree are denoted with the subindex “ev/odd”. The
same subindex is used to denote the restriction of homogeneous operators to such
subspaces.

Lemma 2.1.8. The positive spectrum of Ay is discrete' and bounded away from
zero if and only if the positive spectrum of Aqqaq is discrete and bounded away from
zero. In this case, both operators have the same positive eigenvalues, with the same
multiplicity.

Proof. For instance, suppose that the positive spectrum of A, is discrete and bounded
away from zero. It follows from the spectral theorem that

D> (Aev/odd) = ker Aev/odd @® A ( D> (Aev/odd)> s

'Recall that a complex number is in the discrete spectrum of a normal operator in a Hilbert space
when it is an eigenvalue of finite multiplicity.
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Witten’s Perturbation on Strata

and
D¢y : A(D*(Aey)) = A(D™*(Agd))

is a linear isomorphism satisfying DeyAey = AggdDey- ]

Elliptic complexes with a term that is a direct sum

Let E = @, E, be a graded Riemannian or Hermitian vector bundle over a Rie-
mannian manifold M. The space of its smooth sections is denoted by C*°(E), its
subspace of compactly supported smooth sections is denoted by C§°(E), and the
Hilbert space of square integrable sections of F is denoted by L?(E). All of these
are graded spaces. Consider differential operators of the same order, d,. : C*°(E,) —
C*(Ey41), such that (C*°(E),d = @, d,) is an elliptic> complex. The simpler no-
tation (E, d) (or even d) will be preferred. Elliptic complexes with nonzero terms
of negative degrees or homogeneous differential operators of degree —1 may be also
considered without any essential change. For instance, we have the formal adjoint
elliptic complex (E, ).

Suppose that there is an orthogonal decomposition ;.1 = Ej.111 @© Ej11 2 for
some degree r + 1. Thus

C®(Ery1) = CF(Ery11) ® CF(Erg12),
Co"(Br1) = C° (Ert11) @ Cgo (Erg1,2),
L*(Erq1) = L2 (Erg11) © L (Erg2),

and we can write

d,,
o= (dé) ’ Or = (0r1 Or2),
_ _ (0411
dri1 = (dry11 dry12), 1 = Srira)

The operators d,.; and d,; can be also considered as elliptic complexes of length one,
and therefore they have a maximum/minimum i.b.c., d; ; max/min a0d 0y ; max/min-

Lemma 2.1.9. [5, Lemma 8.2] We have:

d
D(dmax,r) = D(dr,l,max) N D(dr,QymaX)a dmax/" - <dT717maX|D(dmaX7T)> .
r72,max|D(dmax,r)

Recall that ellipticity means that the sequence of principal symbols of the operators d,. is exact over
every nonzero cotangent vector.
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2.2 Two simple types of elliptic complexes

Lemma 2.1.10. We have:

D(dr—i-l,l,max/min) ¥ D(dr+1,2,max/min) - D(dmax/min,'r'—l-l)- (215)

Proof. Take any () € D(dy+1,1,min) ® D(dr+1,2,min), and let ' = dy11,1 minu and
v = dr41,2,minv. This means that there are sequences, u; in C§°(E,1,1) and v; in
CSO(ET_H’Q), such that u; — wu in L2(ET+1’1), v; — v in L2<ET+1,2), dH_Llui —
u' and dyy19v; — v in L2(Erg2). So (4) € C(Eri11) ® C°(Ery12) =
C(Eri1), (4) — (%) in L*(Er41) and dyyq (37) — o/ + v’ in L?(E,12), ob-
taining (3 ) € D(dmin,r+1)-

Now, take any (%) € D(dr—l-l,l,max)@D(dr+1,2,max)a and let v’ = dr—o—l,l,maxu and
v" = dy41,2,maxv. This means that (u, 6,41 1w) = (¢, w) and (v, 0,41 2w) = (v, w)
for all w € C§°(E,42). Thus ((¥),611w) = (v + v, w) forall w € C§°(E,42),
obtaining that () € D(dmax,r+1)- O

2.2 Two simple types of elliptic complexes

Here, we study two simple elliptic complexes on R, which will show up in a direct
sum splitting of the rel-local model of Witten’s perturbation (Section 2.4).

2.2.1 An elliptic complex of length one

Consider the standard metric on R;. Let F be the graded Riemannian/Hermitian
vector bundle over R whose nonzero terms are Ey and E4, which are real/complex
trivial line bundles equipped with the standard Riemannian/Hemitian metrics. Thus
C™(Ey) = CF = C(E),
L*(Ey) = L7 = L*(Ey),
where real/complex-valued functions are considered in C'{° and L2+. For any fixed
s>0and x € R, let

C*(Ep) C>*(Ey)

be the differential operators defined by
d= d%—/ﬁpflisp,
0= —d#‘lp —kp~ ! £ sp.

It is easy to check that (I, d) is an elliptic complex, and that® § = d.

3The superindex t is used to denote the formal adjoint.
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Self-adjoint operators defined by the Laplacian
By (4.7.1), the homogeneous components of A (or A7) are:

Ag=H +k(k —1)p 2 F s(1 4 2k), (2.2.1)
Al =H+r(k+1)p 2 £s(1—2k), (2.2.2)

where H is the harmonic oscillator on C7° defined with the constant s. Then Ay
and A, are like Py and Qg in (4.7.2), with ¢; = 0 = dj, plus a constant. Thus, by
Propositions 4.7.1 and 4.7.2, Ay and A; define the self-adjoint operators .A; and B;
in Li indicated in Table 2.1, where the conditions come from (4.7.4) and (4.7.7). The
notation Af and Bz?t may be used as well to specify that these operators are defined
by A(jf and Ali. In these cases, we have ¢; = di = 0, and therefore ¢ = a and
7 = b, which are given by (4.7.3) and (4.7.6).

o T Condition
./41 K K > —%
Ag
Ay |1 -k K< %
By K K>3
Ay 2
Bs —-1—-k| K< %

Table 2.1: Self-adjoint operators defined by Ag and A;.

There are the following overlaps in Table 2.1:

e Both 4; and Ay are defined if —% < K< %, and they are equal just when
KR =

N[

e Both B; and B2 are defined if —% < K < %, and they are equal just when
k=1

The cores of A; and B;, given by Propositions 4.7.1 and 4.7.2, will be denoted by &)

and £}, respectively. Note that the graded subspace & = EYDE}! of C°(E)NLA(E),

whenever defined, is preserved by D = d + §. Propositions 4.7.1 and 4.7.2 also

describe the spectra of A; and B;:

e The spectrum of A; consists of the eigenvalues
2k+ (1 F1)(1+2K))s (ke€2N) (2.2.3)

of multiplicity one.
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2.2 Two simple types of elliptic complexes

e The spectrum of A5 consists of the eigenvalues
2k+4—-(1£1)(1+2k))s (ke€2N) 2.2.4)

of multiplicity one.

e The spectrum of B consists of the eigenvalues
2k+24+(1F1)(-14+2kK))s (ke2N+1) (2.2.5)

of multiplicity one.

e The spectrum of Bs consists of the eigenvalues
(2k—2—(1£1)(-1+2kK))s (ke€2N+1) (2.2.6)
of multiplicity one.

These eigenvalues have normalized eigenfunctions Xy, defined for the corresponding
values of « = o and b = 7. For A7, (2.2.3) becomes 2ks. For A7, (223) is
2(k + 1 + 2k)s. For AJ, (2.2.4) becomes 2(k + 1 — 2x)s. For A5, (2.2.4) is
2(k + 2)s. For Bf, (2.2.5) is 2(k + 1)s. For By, (2.2.5) becomes 2(k + 2x)s. For
B, (2.2.6) is 2(k — 2k)s. For By, (2.2.6) becomes 2(k — 1)s. Using this, we get
the information about the sign of the eigenvalues of A; and B3; given in Table 2.2. In
the tables, grey color is used for cases that will be disregarded later (for instance, if
there may exist some negative eigenvalue), and a question mark is used for unknown
information.

Laplacians of the maximum/minimum i.b.c.
Proposition 2.2.1. [5, Proposition 8.4] Table 2.3 describes 2 max/min-

Remark 2.2.2. (i) In [5], the proof of Proposition 2.2.1 uses the following prop-

erty [5, Lemma 8.5]. Suppose that either 6 > % or § = % = k (respec-
tively, 0 = % = —k). Then, for every £ € pGSeV,Jr, considered as subspace of
C*°(Ey) (respectively, C°°(E)), there is a sequence (&) in C§°(Ep) (respec-
tively, C§°(E1)), independent of «, such that lim,, §,, = & in L?(Ey) (respec-
tively, L?(E)) and lim,, d§,, = d¢ in L?(E}) (respectively, lim,, 6, = 6¢ in
L?(Ey)). In particular, pQSeV,Jr is contained in D(dpin) (respectively, D(dmin)).
Moreover, according to the proof of [5, Lemma 8.5], given 0 < a < b, we can
take &, = ;¢ for some o, € C° satisfying X[2 na) < an < X[ b where

x s denotes the characteristic function of every subset S C R,..

(i1) SZQ (respectively, 51-1) is also a core of dmax/min (respectively, Omin/max) When
Amax/min,O = -Az (TGSPeCtiVely, Amax/min,l = Bz)
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Sign of eigenvalues Sign of eigenvalues
m 0 ifk=0 B + Vke2N+1
1
+ if k> 2even m>—% + Vke2N+1
Al + Vke2N L0 ifk=1
K:—E
— ifk<2k—1 + ifk>3o0dd
By
E>5 10 ifk=2k—1 — ifk< 25
+ ifk>2k—1 F< =510 ifk=—2k
A3
L |0 ifk=0 + ifk> -2k
k=3
4+ ifk > 2even B; + Vke2N+1
k<3 |+ Vke2N 0 ifk=1
By
Ay + VEke2N + ifk>3o0dd

Table 2.2: Sign of the eigenvalues of A; and B;.

2.2.2 An elliptic complex of length two

Consider again the standard metric on R;. Let F' be the graded Riemannian/Her-
mitian vector bundle over R whose nonzero terms are Fj, Fy and F5, which are
trivial real/complex vector bundles of ranks 1, 2 and 1, respectively, equipped with
the standard Riemannian/Hermitian metrics. Thus

C®(R) = CF = CX(Fy),  C®(F)=C¥® 0%,
LY(Fy) = LY = LX),  LX(F) =L} oL,

where real/complex-valued functions are considered in C’f and L%—' Fix s, > 0,
O<wu<landk € R. Let

d
dO = <d2:;> d1 = (dl,l d1,2)
COO(FO) ~ > COO(Fl) = > COO(FQ)
o = (601 bo2) 5, = (21,1)
1,2
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Amax,0 | Amino | Amax,1 | Amin,1
K > % A B
]FL’ < % A As B B
k< —% Ao Bo

Table 2.3: Description of A pax/min-

be the differential operators defined by

do,y = pp™", dog = gL — (k+u)p™! £ sp,
diy = d% —rp~ ! £ sp, dig=—pp ",
doq = pp ", do2 = _d_p — (k+u)p~t £ sp,

Si1=—4—rptEsp,  big=—pp

Observe that §y = d and §; = dJ{. We may also use the more explicit notation
dr, 5F, djE and 6i A direct computation shows that dp and d; define an elliptic
complex (F d) of length two. Note that, by (4.7.1),

dig=p “dopp", So2 = p "1 p" (2.2.7)

Self-adjoint operators defined by the Laplacian

By (4.7.1), the homogeneous components of the corresponding Laplacian A (or AT)
are given by

Ao =H+ (k+u)(r+u—1)p"" +pp7>" F (1 4+ 2(k +u)),

Ay = H + k(k+1)p 2 4+ 12p 2 £+ s(1 — 2k),

A= Aqg —2pup~ !
b —2pup~ 1 AN

Ay =H+w(k—1)p 2+ p1?p 2" F 5(1 4 2k),
Arp=H+ (r+u)(s+u+1)p 24+ p52p 2 £ 5(1 - 2(k +u)).

(We may also use (2.2.1) and (2.2.2) to compute easily some parts of the above com-
ponents of A.) The operators Ag, Aa, Ay and A o are like P and @ in (4.7.15),
with ¢; = 0 = dy, plus a constant term. Write Ay = U F sV, where

_(1+2k 0
V_( 0 —1+2(/<c+u))' (22.8)
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Then, by Corollaries 4.7.3, 4.7.4 and 4.7.5, and Remark 4.7.6-(v), Ay, Ay and Ay
define the self-adjoint operators P; and Q; in L2, and W), j in L3 & L2, indicated
in Table 2.4, where the conditions come from (4.7.9), (4.7.11), (4.7.13) and (1.10.5)—
(1.10.8). The notation Pf, jS and Wf] may be used as well to specify that these
operators are defined by AT, AT and A, Note that v = «u for all Wj ;. The cores

of 73.1/2, le./Q and Wilf, given by Corollaries 4.7.3,4.7.4 and 4.7.5, will be denoted

(2

by F°, F j2 and }"i,lj = El’l S }—jl,2’ respectively.

Remark 2.2.3. In contrast to &; in Section 2.2.1, note that the graded subspace ]:io &3]
-Fz‘,lj @ .7:]-2 of C®°(F) N L%(F), whenever defined, is not preserved by D = d + 4.
For instance, it is preserved by d but not by § when ¢ = j = 1, and it is preserved by
6 but not by d when i = j = 2.

o T 0 Condition

P1 K+u /<a>—%
Ag

Po l1—-k—u /<c<%—2u

o1 K n>u—%
Ay

Qs —1—% f<c<%—u

Wi K K+ u K /<>u—%

Wh 2 11—k —1l—k—u| —Kk—1u K,<%—2U
Ay | AWis K —1—r—u f% — u | Impossible

Wh 1 1—& Kk+u % -5 <K<l—3

Table 2.4: Self-adjoint operators defined by Ag, Az and Aj.

Let us explain the contents of Table 2.4. Since ¢y = d; = 0, we have 0 = a
and 7 = b, which are given by (4.7.3) and (4.7.6). Moreover o, 7 and u determine
0 in Table 2.4 so that U is of the form (4.7.16) because 20 — 0 — 7 = —u. Let us
check the conditions written in this table, which are given by the hypothesis of Corol-
laries 4.7.3—4.7.5. For P; and Q;, only (4.7.9) and (4.7.11) are required. For W ;,
we also require (4.7.13), and the hypothesis (a)—(d) of Theorem 1.10.3, obtaining the
following:

e For Wy 1, wehave 0 = 0 # 7and 7 — 0 = u ¢ —N. Thus (a) applies in this
case. Note that (4.7.9), (4.7.11) and (4.7.13) mean Kk > u — % Then (1.10.5)
holds because 0 < u < 1l and Kk > u — % So (a) is satisfied.
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2.2 Two simple types of elliptic complexes

For Who, wehave o # 0 =7+ 1lando —7—1 =1+ u ¢ —N. Thus (c)
applies in this case. Now, (4.7.9), (4.7.11) and (4.7.13) mean x < % — 2u.

Then (1.10.7) holds because 0 < ©u < 1 and k < % — 2u. So (c) is satisfied.
There is no W 2 because ¢ < —% in that case.

For W5 1, (4.7.9), (4.7.11) and (4.7.13) mean —% <K< % — u, and we have
the following possibilities:

— The case 0 = 6 = 7 is not possible because u # 0.

— The case 0 = 6 # 7 happens when Kk = % Then o = % and 7 = % + u,
obtaining 7 — ¢ = u ¢ —N. Thus (a) applies in this case. Moreover
(1.10.5) holds because 0 < u < 1. So (a) is satisfied.

— The case 0 # 6 = 7 happens when Kk = %—u. Then o = %—i—u

and 7 = %, obtaining ¢ — 7 = u ¢ —N. Thus (b) applies in this case.
Moreover (1.10.6) holds because 0 < u < 1. Hence (b) is satisfied.

— The case o # 6 = 7 + 1 happens when k = —% —u. Then o = %+u
and 7 = —%, obtainingoc —7—1 = 14+wu ¢ —N. Thus (c) applies in this
case. Moreover (1.10.7) holds because 0 < u < 1. Hence (c) is satisfied.

— Finally, assume that ¢ # 6 # 7. The condition 0 — 6,7 — 0 ¢ —N
means that £ € (3 + N) U (3 — u — N), which in turn means that x #

%,%—u,—%—ubecause—% <K< %—u. Buto =0ifxk = %,Tzeif
K= %—u, andd =7+1ifk = —%—u, as we have seen in the previous

cases. Soo —60,7—6 ¢ —N, and (d) applies in this case. Moreover, since
0 <u <1, (1.10.8) holds just when —1 — 5 < k < 1 — 5. Thus (d) is
satisfied assuming the stated conditions on k.

Therefore Vs 7 is defined in one of the above ways if —1 — % <k<l1l- %

There are the following overlaps of the conditions in Table 2.4:

Both P; and P, are defined for —% < kK< % — 2u, and P; = Ps just when

-1 _
K=35—u.

Both Q7 and Q5 are defined for u — % <K< % — u, and Q1 = Q9 just when
1

H:_E'

Both Wi 1 and W » are defined for u — % < kK < % —2u (if u < %), but

Wi 1 # W o for all such k.

Both W 1 and W 1 are defined for u — % <K <l-35,and Wi1 = W,

: _ 1
Just when k = 3.
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e Both W55 and W 1 are defined for —1 — % <K< % —2u,and Wa s = Wa 1
1

just when k = —5 — u.
Corollaries 4.7.3, 4.7.4 and 4.7.5 also give the following spectral estimates, for all
e>0:

e The spectrum of P; consists of eigenvalues Ay < Ag < - - -, taking multiplicity
into account, such that there are D = D(k,u) > 0and C' = C(e, k,u) > 0 so
that, for all £ € 2N,

M > 2k +(1TF 1)1 +2(k +u)))s + p?Ds"(k+1)7%, (2.2.9)
M < 2k+(AF)(1+2(k+u)))s
4+ (2k 4+ 14 2(k + u)) p?es™ + p>C's®. (2.2.10)

The first term of the right-hand side of (2.2.9) and (2.2.10) for 731Jr and Py is
2ks and 2(k + 1 + 2(k + u))s, respectively.

e The spectrum of Ps consists of eigenvalues \g < Ao < - - -, taking multiplicity
into account, such that there are D = D(k,u) > 0and C' = C(e, k,u) > 0 so
that, for all £k € 2N,

Me > (2k+4— (1 £1)(1+2(k+u))s 4+ p2Ds(k+1)7"  (2.2.11)
M < (2k+4— (1£1)(1+2(k+u))s
+ (2k + 3 — 2(k + u))pPes” + p>C'sv. (2.2.12)

The first term of the right-hand side of (2.2.11) and (2.2.12) for 772+ and Py
becomes 2(k + 1 — 2(k + u))s and 2(k + 2)s, respectively.

e The spectrum of Q; consists of eigenvalues A} < A3 < - - -, taking multiplicity
into account, such that there are D = D(k,u) > 0and C' = C(e, k,u) > 0 so
that, forall £k € 2N + 1,

MNe > (2k+2— (1 F1)(1—2k))s + p2Ds*(k+1)7", (2.2.13)
Me < (2k+2—-(1F1)(1—2k))s
+ (2k + 1+ 2K)pPes” + p*Cs™. (2.2.14)

The first term of the right-hand side of (2.2.13) and (2.2.14) for QIL and Q7 is
2(k + 1)s and 2(k + 2k)s, respectively.

e The spectrum of Q9 consists of eigenvalues A} < A3 < - - -, taking multiplicity
into account, such that there are D = D(k,u) > 0and C' = C(e, k,u) > 0 so
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2.2 Two simple types of elliptic complexes

that, forall kK € 2N + 1,

A > 2k — 2+ (1+£1)(1 — 26))s + p2Ds%(k +1)74, (2.2.15)
Me < (2 =2+ (1£1)(1 —2k))s
+ (2k — 1 — 2K)p2es™ + p2C's™. (2.2.16)

The first term of the right-hand side of (2.2.15) and (2.2.16) for Q; and Q5 is
2(k — 2k)s and 2(k — 1)s, respectively.

For W 1, we can take @ = “T“ satisfying (1.10.12). Moreover the maximum
eigenvalue of TsV is s(1F (2k +u) — u). Thus the spectrum of WV, 1 consists
of two groups of eigenvalues, A\g < Ay < --- and A} < A3 < -- -, repeated
according to multiplicity, such that there are some D = D(k,u) > 0, C =
Cle,k,u) > 0,C = C(e,k,u) > 0and B = E(e, k) > 0 so that, for all
k € 2N,

e > (11— ZMUGS%)(Qk +3 —2K)s
+ p2Ds" (k4 1)7" — QMquuTH F (1+2k)s, (2.2.17)
M < (2k+4—-(1£1)(26+u))s
+ (2k + 3 — 2K)e(u?s® + 4uusu7+1)
4 208" + AuuEs'T, (2.2.18)
and, forall k € 2N + 1,
A > (1= 2pues ™ ) (2K + 1+ 2(k + u))s
+p2Ds (k+ 1) — 2uuCs T £ (1+2(k +u))s,  (2.2.19)
Me < (2k+24+(1F1)(26+uw))s
+ (2k + 14 2(k + u))e(u?s* + 4,uusu7+1)
+ 12Cs* + 4,qus%. (2.2.20)

Wi .1 and W 5 also have a discrete spectrum, which has the lower bound given
by (1.10.10) and Corollary 4.7.5-(v). We omit its explicit expression because
it will not be used. The lower estimate of Corollary 4.7.5-(iii) may not be
possible for Wi 1 and W > in general. In fact, according to Remark 1.10.4-
(iv), the existence of u for W 1 (respectively, W 2) is characterized by the
additional condition 2k > wu (respectively, 2k < —3u), which is an additional
restriction.

Table 2.5 contains the information about the sign of the eigenvalues of P;, Q; and
W;.; given by the above spectral estimates.
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Sign of eigenvalues

Py + VEke?2N
. ? ifk <2(k+wu)—1even
K > 5 — U
Py + ifk>2(k+u)—1leven
k<3—u |+ Vke2N
Py + VEke2N
of + Vke2N+1
K> -1 + Vke2N+1
Qr 1 ? ifk < <2k odd
R < —3
+ ifk > —2k odd
Qs + Vke2N+1
Wz‘,j + ifk>0

Table 2.5: Sign of the eigenvalues of P;, Q; and W, ;.

Laplacians of the maximum/minimum i.b.c.

Proposition 2.2.4. Tables 2.6, 2.7 and 2.8 describe Apaxmin for the stated values of

K.

Proof. The operators dp 2, 0o,2, d1,1 and 61,1 are of the same type as d and ¢ in
Section 2.2.1. Then, applying Proposition 2.2.1 and Remark 2.2.2-(ii), we obtain the

inclusions

D(dO,Q,maX) D) {

{

D (dO,Z,min) D)

FP
Fy
FP
Fy

ifk > —
ifrk < —
if kK >
if kK <
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2.2 Two simple types of elliptic complexes

and the equalities

Amax,O Amin,O
K > f% P1 K > % —u | P
1 ) 1 1
—5—u<k< —3 ? K<3—u Pa
Kk < —% —u Pa
Table 2.6: Description of Amax/min,0-
Amax,2 Amin,2
_1 > 1
K> —3 Q1 K235 Q
ng—% Q9 %—u,§h<% ?
K < % —u Qs
Table 2.7: Description of Amax/min,2-
O\ 1
ifk > = —
D(dp.2 ) 3 S
(60,2,max) ]_-21,2 N % ’
1,2 . 1
Fi© ifk>—5—u
D(50,2,mm) D) 11 2 . %
Fy© itk < —35 —u,
L1 . 1
’Fl ’ lf K > Y
D(d1,1,max) 2 1. :
.FQ ’ if K S —79
L1 . 1
Fioo o ifk>35
D(di,1,min) D¢ 11 . i
Fs ifk <3,
.F12 if K Z 1
D(d1,1max) D4 1y . :
Fy itk <3,
FEoifk> -1
D(01,1,min) D § 1y i
f2 if K § —3
dO,Q,max = d0,2,mina 5072,max = 50,2,min if |/'€ + 'U/‘ >
dl,l,max = dl,l,mim 51,1,max = 51,1,min if ’/‘3‘ >

(2.2.23)

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)
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Amax,l Amin,l
K>u—3 Wi K>3 Wi
*%</~;§uf% ? %—u§m<% Wh 1
—%—u<f€§—% Wh 1 %—21/§h<£—u ?
K;Sf%fu WQQ KJ<%*2U WZ,Q

Table 2.8: Description of Apax/min,1-

On the other hand, since dg 1, do,1, d1,2 and 01 » are multiplication operators, we have

60,1,max = 60,1,mina

dO,l,max = dO,l,mina
(5172,max = (51,2,min'

dl,2,max = d1,2,miny

These are maximal multiplication operators [41, Examples 1II-2.2 and V-3.22]. They

satisfy the following:
F ifk>-1
D(dO,l,max/min) D) {./—"20 if i < % i QU, (2229)
Floife>u—1
D (801 mawmin) D 4 - 2 2.2.30
( 0,1,max/min ./—"21’1 if < % —u, ( )
(2.2.31)

D
Fo? itk < 3 - 2u,

FE oifk>u—3 2.232)

)
D(d1,2,max/min)
) F2 ifw< % — U.

{ﬂ“ if >3
D (51,2,max/min D) {

By Remark 2.2.2-(i), we also get
dO,l,min|D(dmin,O)> (2 2 33)
d0,27min|D(dmin,0) ’

6]_71,minD(5min,1)> (2.2.34)

D(dmin0) = D(d0.1,min) N D(do2min),  ding = (
6172,min‘D(5min,1)

D((smin,l) - D<(51,1,min) N D(51,2,min)a 5min,1 = (

complementing Lemma 2.1.9 in this case.
From (2.2.21)—(2.2.34), Lemmas 2.1.9 and 2.1.10, and [72, Chapter XI-12, p. 338,
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Eq. (1)], it follows that

FPoiftw> -1
D(AMZ 0) = D(dmax,0) = D(do,1,max) N D(do,2,max) 2 {Flo if K < i u
2 = 2 ’
0 - 1
e | - . . Fioifk>5—u
D(Ain0) = D(dmino) = D(do,1,min) N D(do,2,min) D {]—"20 if K < 3 —u,
F2 o ifk> -1
D(Arln/j(Q) D(dmin,1) = D(01,1,min) N D(01,2,min) 2 {le if K < 1
2 - 2
9 . 1
b - Fi o ifk>3
D(Amm 2) D(éma)@l) - D((5171,max) n D(él’Q’max) - {]:22 ifk < % —u,

D(Arln/ai,l) = D(dmin,0 + dmax,1) = D(0min,0) N D(dmax,1)
D (D(60,1,min) ® D(60,2,min)) N (D(d1,1,max ® D(d1,2,max))
.7-"1171 ifk>u—12
D .7-"211 if — f—u</1<—~
.7-'21:2 if K < —5 —u,
D(AY2 1) = D(6max.0 + dmint) = D(Gmux0) N D(dmin1)
D (D(d0,1,max) @ D(00,2,max)) N (D(d1,1,min ® D(d1,2,min))
Fiy ifw >3
D .7-"2171 if%—u§f<¢<%
Fiy ifr<§—2u.

Since F, F 2 and Fij 1 are cores of 771/ 2 Q}/ % and WZ.1§2, respectively, and taking

into account Table 2. 4 1t follows that

a2 P> g NI A T e A
MO Py itk < L, TP itk <),

R Q% itk > -1 RS o T
max2 = Qb2 if < 1 mn2 =0y itk <l —u,
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2
1/2 1/2 . 1 1
Amax,l D W2/1 lf_i —Uu < K S _§

Wo's ifliﬁ—%—u,
1/2 . 1
s Wl,/l ifk >3
1/2 ..1 1
Amin,l D) W271 ifs—u<k<g3
Wil itk < 3 —2u.

W itk > u— L

But these inclusions are equalities because they involve self-adjoint operators. O

Proposition 2.2.5. We have ker Amax/min = 0.

Proof. We have ker A pax/minev = 0 because ker diax/min,o = 0 and ker dmax/min,1 = 0
by Lemma 2.1.9, (2.2.33) and (2.2.34), since dp,1,max/min @d 01 2 max/min are maximal
multiplication operators in Li by continuous non-vanishing functions.*

Since 0 (Amax/minev) 1S bounded away from 0, we get R(Amax/mino) = Li =
R(Amax/min,2) by the spectral theorem. The maximal multiplication operator by pi“
in L2+ will be also denoted by p*. Let ¢ € D(Amax/min,0) such that Apyaxmin0¢ €
D(p"). By (2.2.7),

1 & _
P = ;pudoz,max/mind) € D(50,2,max/min P u) N D(,Ou 60,2,max/minp u)

= D(p_u 51,1,max/min) N D((sl,l,max/min)~

Then ¢ € D(dmax/min,1) by (2.2.34) since p~ "9 € Li and 01 2 max/min 1S the maximal
multiplication operator by —pp~". In the following, for the sake of simplicity, the
notation dO,Z, 51,1, 50,2 and Ay is used for dO,Q,max/min, 5171,max/mina 50,2,max/min and
Amax/min,0, respectively. It also follows from (2.2.7) that

—ug 4§
dmax/min,0(¢) + 5max/min,1(¢) = <5OPQ¢¢_ MpLzlLi>

_ <MP”¢+ ;51,1pud0,2¢) _ (MP“¢+ ipu50,2d0,2¢> _ <;PUA0¢)
0 0 0 .

Since R(Amaxmin0) = L%, we get
R(pu) @©0C R(dmax/min,l)) + R((Smax/min,l)-
With an analogous argument, using Lemma 2.1.9 instead of (2.2.34), we get

0 R(pu) C R(dmax/min,(]) + R(émax/min,l)-

“We may also use Table 2.5 and Proposition 2.2.4 for some values of x (Tables 2.6 and 2.7).
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Therefore
R(pu) @ R(Pu) - R(dmax/min,o) + R@max/min,l);
obtaining that R(dmax/min,0) + R(Omax/min,1) is dense in L% & L2 because R(p®) is

dense in L2 . Thus ker Apaxmin,1 = 0 [15, Lemma 2.1]. O
Corollary 2.2.6. Apax/minev and Amax/min,1 have the same eigenvalues, with the same
multiplicity.

Proof. This is a direct consequence of Proposition 2.2.5 and Lemma 2.1.8. O

Remark 2.2.7. Some general properties of this complex of length two hold for all
u > 0, like (2.2.21)—(2.2.34), Proposition 2.2.5 and Corollary 2.2.6. But the main
results require 0 < u < 1.

Concerning the spectrum, the following corollary fills the gaps in Tables 2.6-2.8.

Corollary 2.2.8. Tables 2.9 and 2.10 describe the spectra of Amax/min.ev and Amax/min,1
in terms of the spectra of P;, Q; and W j for the stated values of k.

o (Amax.ev) o (Aminev)
K> —1 a(P1@ Q1) K>3 o(P1® Q1)
—f—u<k< -3 o(Wa,1) T—u<k<3 o(Wa1)
HS—%—U (P2 ® Q2) /<c<%—u (P2 ® Q2)
Table 2.9: Spectrum of A pax/min.ev-
0(Amax,1) 0 (Amin,1)
K>u—3 o(Wi,1) k>3 a(Wia)
—1<k<u—3 | (P& Q) T—u<k<3} o(Wa1)
—1-u<k< -1 o(Wa ) tT-2u<k<i-u|oP® Q)
K< —% —u oc(Wa2) K < % —2u o(Wa2)
Table 2.10: Spectrum of Amax/min,1-
Proof. This is a direct consequence of Proposition 2.2.4 and Corollary 2.2.6. O
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2.2.3 The wave operator

For the Hermitian bundle versions of E and F, consider the wave operator on L?(E)
and L?(F), which is given by exp (it Dimax/min) (With i = v/—1), and it is bounded.

Proposition 2.2.9. For ¢ in L?>(E) or L*(F), let ¢; = exp(it Diax/min)¢- Ifsupp ¢ C
(0, a] for some a > 0, then supp ¢+ C (0,a + |t|] forall t € R.

Proof. The case of E is given by [5, Proposition 8.7-(ii)]. Then consider the case
of F', where the proof must be slightly changed because the needed description of
D (Amax/min) is not available. Since exp(it Dmaxmin) is bounded, we can assume
that ¢ € DOO(Amax/min)- Write ¢y = ¢t,0 + th,l + ¢t,2 with ¢t,r € COO(FT) = C_?.o
(r =0,2), and ¢y 1 = (iii;) € C®(F)) = C¥ & C5°. Suppose that t > 0, the
other case being analogous. For any ¢ > a,

% c ‘ bt(p)P / /c ((z‘Dqﬁt, ¢t> + (¢t,i1)¢t))(p) dp — \d)t(a + t)‘2
att a+t
= z/ t((DQSta ¢t) (¢t7 D¢t))(p) dp — ‘(Zst(a + t)‘Q,

Now, do1 = dp,1 and dj 2 = 01,2 are multiplication operators by real valued func-

tions. Moreover dy 2 and dg 2 are equal to dilp and — dip, respectively, up to the sum of

multiplication operators by the same real valued functions, and the same is true for
d171 and 5171. Thus

(Dér, ¢t) — (p1, Dépr)

= (00,10¢,1,1 + 90,20¢,1,2, P1,0) + (di,10¢1,1 + d120¢,1,2, Pr,2)
+ (do,1¢t0 + 01,1012, Pr1,1) + (do2de0 + 01,202, Pr.1.2)
— (6t,0,0010t,1,1 + 020t1,2) — (Dr2,d11de11 + di20t1,2)
— (P11, do1bt0 + 01,10,2) — (D12, do20t0 + 61,20,2)

= — 112000 + Bt 11012 — Drodrin + Prodiie
+ G100} 15 — Pr20)11 + Gr1dh s — br120),

= 20 S(¢,00} 19 + $1,1P02 + G111 + Hodr1,2)

=20 S(Pr,110t2 + Drode1,2) -

Therefore

i [ (Do)~ (00, Do) ) dp € B,

+t
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2.3 Witten’s perturbation on a cone

and

| (06160 = 6. D)) do

+t
< 2/(¢1,1,101,2 + Gr.0¢1,1,2)(€) = (Br1,100,2 + roder2)(a+ 1))
< [be1,1() + [de2(e) | + [r1,2(c)| + |dr0(0)
+ ot 1a(a+ )+ |prala+ )]+ r12(a+ 1) + |¢rola + 1)
= |¢e(0)]* + |¢e(a + ).
Since t — ¢ defines a differentiable map with values in L?(F), it follows that there
is a sequence a < ¢; 1 oo such that ¢y(c;) — 0, and
d [~ 2 . d [ 2 . 2
o | 1ep)l"dp=lim o | {di(p)|" dp < lim [y (ci)|” = 0.
a+t i dt Jatt ¢
So

- 2d N 2dp = 3 2dp=0. O
/at|¢t<p>| pg/a (bo(p)[2dp / 16(p) % dp = 0

+

2.3 Witten’s perturbation on a cone

For rel-Morse functions, the rel-local analysis of the Witten’s perturbed Laplacian
will be reduced to the case of the functions i%pQ on a stratum of a cone with a
model adapted metric, where p denotes the radial function. This kind of rel-local
analysis begins in this section.

2.3.1 Witten’s perturbation
To begin with, recall the following generalities about the Witten’s perturbation. Let
M = (M, g) be a Riemannian n-manifold. For all z € M and o € T, M*, let
T
as= (=) o gA x=—1,; on /\TxM*,

involving the Hodge star operator x on A 7, M* defined by any choice of orienta-
tion of T, M. For any f € C*°(M), E. Witten [70] has introduced the following
perturbations of d, §, D and A, depending on s > 0:

dy = e def = d+ sdfa, (2.3.1)

bs=e e =6 —sdf, (2.3.2)
Ds=ds+ s =D + sR,

Ay = D? = dyds + 6sds = A+ s(RD + DR) + s*R?, (2.3.3)
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Witten’s Perturbation on Strata

where R = dfA — df 1. Notice that 65 = dl; thus D, and A are formally self-adjoint.
By analyzing the terms RD + DR and R2, the expression (2.3.3) becomes

Ay = A+ sHessf + 52 |df|?, (2.3.4)

where Hessf is an endomorphism defined by Hess f [59, Lemma 9.17], satisfying
|Hess f| = | Hess f| [5, Section 9].

2.3.2 De Rham operators on a cone

Let L be a non-empty compact stratification. Consider a stratum N of L, and the
corresponding stratum M = N x R, of ¢(L). We use the notation 7 = dim N and
n=dimM =n+ 1. Let m : M — N be the first factor projection, and p the radial
function on ¢(L). From A TM* = ATN* X A\ TR’ , we get a canonical identity

—1
/T\TM* Eﬂ'*/T\TN*@dp/\W*T/\ TN*

r r—1
= \TN*@r* \ TN* (2.3.5)
for every degree r. So
Q"(M) = C®(Ry, Q"(N)) ®dp A C®(R,, Q" L(N)) (2.3.6)
= C®(R4, Q" (N)) & C®(R, Q" H(N)). (2.3.7)

Here, smooth functions Ry — Q(N) are defined by considering () as Fréchet
space with the weak C'*° topology. In this section, all matrix expressions of vec-
tor bundle homomorphisms on A" T'M* or differential operators on Q" (M) will be
considered with respect to the decompositions (2.3.5) and (2.3.7).

Let d and d denote the exterior derivatives on Q(M) and Q(NN), respectively. We

have [5, Lemma 10.1]
d
d= (d O~> . (2.3.8)
3 4
ol

Fix a general adapted metric § on N. For u > 0, the metric g = p?“§ + dp? is a
general adapted metric on M. The induced metrics on A\ TM* and A\ T'N* are also
denoted by g and g, respectively. Fix some degree r € {0, 1,...,n}, and, to simplify
the expressions, let

k= (n—-2r—-1)3. (2.3.9)

According to (2.3.5),
g= p72rug D p72(r71)ug (2.3.10)
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2.3 Witten’s perturbation on a cone

on \" T'M*. Choose an orientation on an open subset W C N, and let & denote the
corresponding g-volume form on W. Consider the orientation on W x R, C M so
that the corresponding g-volume form is

w=p" Dy A&, (2.3.11)

The corresponding Hodge star operators on A\ T'(W x Ry )* and A TW* will be
denoted by x and %, respectively. Like in [5, Lemma 10.2], from (2.3.10) and (2.3.11),

it follows that
0 2(k+u)
> = <(_1)Tp%; P 0 (2.3.12)

on A\"T(W x Ry)*. Let L?Q"(M) = L*Q"(M, g) and L?Q"(N) = L*Q"(N, j).
From (2.3.10) and (2.3.11), we also get that (2.3.7) induces the identity of Hilbert

spaces’

LPQ" (M) = (L2, ®L*Q"(N)) @ (Liy, 4+ ®L*QH(N)). (2.3.13)

Let & and 0 denote the exterior coderivatives on (M) and Q(NV), respectively. Like
in [5, Lemma 10.3], using (2.3.8), (2.3.12) and (4.7.1), we get

—2us _d _ -1
N A G (2.3.14)
0 —p 2%

on " (M). Let A and A denote the Laplacians on (M) and Q(N), respectively.
Like in [5, Corollary 10.4], from (2.3.8), (2.3.14) and (4.7.1), it follows that

A= <_2upP2u15 2“5_1d> (2.3.15)

on " (M), where
P=p2A— 3%22 —2rpt L, (2.3.16)
Q=p"A- L 2 +u)ikpt. (2.3.17)

SRecall that, for Hilbert spaces £’ and §"', with scalar products (, )" and (, )", the notation £’ & £”
is used for the Hilbert space tensor product. This is the Hilbert space completion of the algebraic tensor
product £’ ® $” with respect to the scalar product defined by (v’ @ u”, v’ @v") = (u/,v")" (u”,v")".
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Witten’s Perturbation on Strata

2.3.3 Witten’s perturbation on a cone

Let ds, 05, Ds and Ay (s > 0) denote the Witten’s perturbations of d, 4, D and A
induced by the function f = £p? on M. The more explicit notation d, 6, DF
and AT may be used if needed. In this case, df = #pdp. According to (2.3.7),

(0 0 B _ (0 p
pdpA = (p O)’ pdpa = (0 O>'
So, by (2.3.8), (2.3.14), (2.3.1) and (2.3.2),
d 0
ds = -1, 2.3.18
(di + sp —d) ( )
—2u 5 d —1
—2L —2 =
5= (P10 Ak J_FQ“):" AN (2.3.19)
0 —p "6
on " (M). Now,
_ BN
R = +p(dpN —dpa) =+ (p 0) -
and therefore
2
2_ [P 0 i)
R = (O p2) = p°. (2.3.20)
Like in [5, Lemma 10.6], we get
RD + DR =%V (2.3.21)

on Q"(M), where V is given by (2.2.8). As a consequence of (2.3.3), (2.3.15)
and (2.3.21), we obtain

P, —2up~ld
AsE<_2upf2u_15 Z;S ) (2.3.22)

on Q" (M), where

Po=p A+ H—2kp! & F (14 2r), (2.3.23)
Qs =p A+ H = 2(k+u) g p7 F s(—1+2(k + u)), (2.3.24)
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2.4 Splitting of the Witten’s complex on a cone

2.4 Splitting of the Witten’s complex on a cone

2.4.1 Spectral decomposition on the link of the cone

Theorem 1.6.1 is proved by induction on the depth. Thus, with the notation of Sec-
tion 2.3, suppose that g is good, and &max/min satisfies the statement of Theorem 1.6.1.
Moreover suppose that g is also good; that is, u < 1.

Let ﬁmax/min = ker ﬁmax/min = ker ﬁmax/min, which is a graded subspace of
Q(N) N L2Q(N). For every degree 7, let ﬁmdx/mm r—1, R* C L*Q"(N) be the

max/min,r
images of dmax/mm r—1 and 5max/mm > respectively, which are closed subspaces By
restriction, Amax/mm defines self-adjoint operators in Rmax/mm r—1 and Rmdx/mln 1>
with the same eigenvalues [5, Section 5.1]. For any eigenvalue ) of the restriction of

Amax/mm to Rmax/mm r—1, let RmaX fminr—1.7 and Rma Rimin,r— 1,5 denote the correspond-

ing A-eigenspaces. We have®

—

2 ] B D*
L QT(N) - TrnaX/min ® @ (Rmax/min,r—l,S\ D Rmax/min,r,j\’) ) (24.1)
PWY

where \ and )\’ run in the spectrum of the restrictions of &max/min to ,I_\V)max/miw_l and

. .
max/min,r-> TeSpectively.

2.4.2 Subcomplexes of length one

Given 0 # v € H consider the canonical identities

max/min’®

P =0Ty CcQ(M),
CP =0T dp Ay C QT (M). (24.2)

The following result follows from (2.3.18) and (2.3.19).
Lemma 2.4.1. For s > 0, ds and 5 define maps

ds,r—l 00 ds,r 0o ds,r+1
Oy C¥dp Ny

(;s,rfl s, 6s,r+1

0

®Consider a family of Hilbert spaces, $), with scalar product ( , ),. Recall that the Hilbert space
direct sum, @, 9, is the Hilbert space completion of the algebraic direct sum, €, $°, with respect
to the scalar product ((u®), (v*)) = >, (u*, v")q. Thus @ _H* = P, H® if and only if the family is
finite.
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Witten’s Perturbation on Strata

Moreover, using (2.4.2),

Let £, o denote the subcomplex of length one of (€2(M), d,) defined by

€10 =C¥07 = Y,
1 —

The closure of £, in L2Q(M) is denoted by L2E,. By (2.3.13),

2 2 — 72
Lg,’;‘:LK/7+")’:L,€7+,
e =LZ ydpAy=LZ .

Assume now that s > 0. With the notation of Section 2.2.1, consider the real
version of the elliptic complex (E, d) determined by s and « (given by (2.3.9)). Using
Lemma 2.4.1 and (4.7.1), like in [5, Proposition 12.3], we get the following.

Proposition 2.4.2. The operator p* : Li, B\ Li defines a unitary isomorphism
L6, — L?(E), which restricts to an isomorphism of complexes, (Ey0,ds) —
(C§°(E),d), up to a shift of degree.

By Proposition 2.4.2, (£,,0,ds) has a maximum/minimum Hilbert complex ex-
tension in L2E,. Let (D4,d;,) be the maximum/minimum Hilbert complex ex-

tension of (&,,ds) if v € H] and A, - the corresponding Laplacian. Let

max/min’
Hsy = Hey @ ’H;’# = ker A, with the induced grading. The more explicit
notation d¥, A¥_ and HE = Hiy ® Hiy ™" may be also used.

Corollary 2.4.3. (i) A, has a discrete spectrum.
(ii) The dimensions ofHEt,’WT and H;%’WTH are given in Table 2.11.

(iii) If es € Hs~ with norm one for every s, and h is a bounded measurable function
on Ry with h(p) — 1as p — 0, then (hes,es) — 1 as s — oc.

(iv) All nonzero eigenvalues of A ., are positive and in O(s) as s — 0.

Proof. This follows from Propositions 2.4.2 and 2.2.1, Corollary 4.7.8, Section 2.2.1,
and the choice made to define d, . O
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2.4 Splitting of the Witten’s complex on a cone

e H:nax 7€ H:nin
+,7 +,7+1 —,r —,r+1 +,7 +,7+1 —,r —,r+1
s?’y s?’y 7_{877 HS"Y S”y S?’y 7_‘57"\{ S?’Y
> 1 1 0
F=3
1 0
wl < 3 0 0
0 1
k<—11 0 1

Table 2.11: Dimensions of Hi: and Hzy .

2.4.3 Subcomplexes of length two

Let p = \ﬁ for an eigenvalue \ of the restriction of Kmax/min to ﬁmax/min,r—l- Ac-
cording to [5, Section 5.1], there are nonzero differential forms,

a € Rmax/min,r—l,sx C QT(N)’

’8 € R:(nax/min,r—l,j\ = QT_I(N)’
such that df = paand ba = uf3. Consider the canonical identities

Cyr=CrpcQ(M),
Cr=CPdpAac QTHM),

(2.4.3)
CreCr=Cra+CrdpNp CQ(M).

24.4)

The following result follows from (2.3.18) and (2.3.19).

Lemma 2.4.4. For s > 0, ds and J5 define maps

ds’r_Q ds,r—l
0 cy B Ca+C¥dpNB
53,7‘72 s,r—1
ds,r

ds,'r
C¥dp N\ .0

5s,r+1

s,T
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Moreover, according to (2.4.3) and (2.4.4),

M
dgr_1 = ,
s,r—1 (éip:tsp>

Osp—1 = (up’Qu —d% —2(k+u)pt £ sp) ;
ds,r = (dip *sp _:U’>

5 = (——QKp 1:I:sp)
ST _ILLp—2’lL

Let Fo 0 = .7:7"6 0D Fapo® .Fa 5.0 denote the subcomplex of length two of
(Q(M), ds) defined by

Fazo=C%0B=0%,
1 _
'FT—EO_ _?jodp/\azc_?fjo,

«

Fapo=CToa+ CFdpA B =CC ® Cy.
The closure of F,, g in L?Q(M) is denoted by LQ}"a,ﬁ. By (2.3.13),

LQ}—T L2+u+ﬁ LH—I—U—H
LQFJEI =L, dphNa= LK+,
L? aﬁ_L2+a+Ln+u+dpAB L2 ® Ly

Assume now that s > 0. With the notation of Section 2.2.2, consider the real
version of the elliptic complex (F), d) determined by s and « (given by (2.3.9)). Using
Lemma 2.4.4 and (4.7.1), we get the following (cf. [5, Proposition 12.9]).

Proposition 2.4.5. If u < 1, then p* : L2 , — L% and p*™" : L2, . — L3
define a unitary isomorphism L2]:a75 — L2(F ), whlch restricts to an isomorphism
of complexes, (Fo ,0,ds) = (C3°(F),d), up to a shift of degree.

By Proposition 2.4.5, (F, 3,0, ds) has a maximum/minimum Hilbert complex
extension in LQJ:a,ﬂ. Let (D, 85 dS .a,3) be the max1mum/m1n1mum Hilbert complex
max/mm r—1 /\ Let As’a"g

denote the corresponding Laplacian. The more explicit notation d;ta 3 and A;ta 3
may be used.

extension of (F, g,0,ds) if & € Rmax/mlm 15 and 6 €R

Corollary 2.4.6. (i) A, g has a discrete spectrum.

(if) The eigenvalues of A o g are positive and in O(s) as s — oo.
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2.4 Splitting of the Witten’s complex on a cone

Proof. In the case u < 1, this follows from Proposition 2.4.5 and Corollary 2.2.8. In
the case u = 1, this is the content of [5, Proposition 12.11]. ]

Remark 2.4.7. According to (2.3.21)—(2.3.24), we have

ASEH—Qﬂpfld%J:FS(l—I—QH) onC¥ =C¥,
ASEH—2/@d¥‘lpp*1$s(—1+2H) on C¥ = C¥dp N,
As=H —2(k+u)p _1%+M2p_2“$5(1+2(/4+u)) on O = C¥ B,
ASEH—depp Y w?p= 20 s(—1 4 2k) on C¥ = C¥dp A a,
and

AL = P, —2uup!
°T _2Mup_2u_1 Qu,s
on CP @ CF =C¥ a+C¥dp A B, where
Pus=H = 2rp~ " L+ 1207 F s(1 + 2r),
Qus = H —2(k + u) 5 p~" +p2p7 2 F s(=1 + 2(k +u)).
So the results of Section ?? could be applied to these expressions. We opted for
analyzing first the complexes of Section 2.2 for the sake of simplicity because we

have a = b = 0, L3 is used instead of L? , or L7, ., and Remark 2.2.2 is directly
applied.

2.4.4 Splitting into subcomplexes

Let Cmax/min,0 denote an orthonormal frame of Hmaxmin consisting of homogeneous
differential forms. For every positive eigenvalue 1 of Dax/min, 1€t Cax/min,, be an

orthonormal frame of the p-eigenspace of Dyax/min consisting of differential forms
a + [ like in Section 2.4.3. Then let

smdx/mm—@d ,7@@@(:15046’

©oatp

where v runs in Crnax/min,0, (¢ runs in the positive spectrum of Dmax/min, and o + 3
runs in Cmax/min,u- The notation d* may be also used when djE and djE o5 Are
considered.

§,max/min

Proposition 2.4.8. We have d max/min = s max/min-

Proof. This follows like [5, Proposition 12.12], using [5, Lemma 5.2], [15, Lemma 3.6
and (2.38b)], (2.3.6) and (2.4.1). ]
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Witten’s Perturbation on Strata

Let H s maxmin = D, ’Hg’max,mm = ker Ag max/min, With the induced grading. The

superindex “+£” may be added to this notation to indicate that we are referring to
+

s,max/min*
Corollary 2.4.9. (i) Ag maxmin has a discrete spectrum.

(ii) Table 2.12 describes the isomorphism class of HE

s,max/min"
(iii) If es € Hs max/min has norm one for every s, and h is a bounded measurable
function on Ry with h(p) — 1 as p — 0, then (hes,es) — 1 as s — oo.

(iv) Let 0 < As,max/min,O < /\s,max/min,l < --- be the eigenvalues of As,max/min;
repeated according to their multiplicities. Given k € N, if g max/min, i > 0 for
some S, then As maxmin, e > 0 for all s, and \g maxmin i, € O(s) as s — oc.

(v) There is some 0 > 0 such that lim infy, Asmax/min’kk_e > 0.

Homax | Homax | Howa o Home'
K>+ H'. (N 0
O R
K| < 3 ,
0 Hmin(N)
K< _% 0 Hglax(N)

=+,
s,max/min*

Table 2.12: Spaces isomorphic to H

Proof. In the case u = 1, this result was already shown in [5, Corollary 12.13]. So
we consider only the case 0 < w < 1. For all , u and a + 3 as above, A, , and
A, o p have a discrete spectrum by Corollaries 2.4.3-(i) and 2.4.6-(i). Moreover the
union of their spectra has no accumulation points according to Section 2.2 and since
ﬁmax/mm is discrete. Then (i) follows by Proposition 2.4.8.

Now, properties (ii)—(iv) follow directly from Corollaries 2.4.3 and 2.4.6, and
Proposition 2.4.8.

To prove (v), let 0 < S\max/min,(] < S\max/miml < ... denote the eigenvalues of
&max/min, repeated according to their multiplicities. Since, by induction hypothesis,
N satisfies Theorem 1.6.1-(ii) with g, there is some Cj, 6y > 0 such that

5\max/min,f > C1069O (245)

56



2.4 Splitting of the Witten’s complex on a cone

for all / large enough. Consider the counting function

m:l:

s,max/min

(A):#{keN\Ai ’,C<)\} (A > 0).

s,max/min

From Proposition 2.2.5, Corollary 2.2.8, (2.2.3)—(2.2.6), (2.2.9), (2.2.11), (2.2.13),
(2.2.15), (2.2.17), (2.2.19) and (2.4.5), and the choices made to define d, and d, g
(Sections 2.4.2 and 2.4.3), it follows that there are some C7,Cy > 0 and C3,C4 € R
such that

m;t,max/min ()\)
< # { (k,€) € N? | C1k + Co Amaxmine(k + 1) 7%+ C, < X }
< #{(k,0) e N? | C1k + CoCpt™(k+1)"" + C3 < A}

1
A—Cs A—C35—C1k\ % u
0< < | — k+1)0 .

g#{(k,ﬁ)eW

Consider the function

1
A—Cs A—Cs—Cix\ % .
c=1,a:= — 10,00), S ST S L)%.
ri e =228 5 o s = (A2EZ9T)" w0
Elementary calculus shows that f vanishes at z = —1, a, it reaches its maximum at
AU — Cgu — Cl
r=b=—"
01(1 + ’LL)

and it is strictly increasing (respectively, decreasing) on [—1, b] (respectively, [b, al).
It follows that’
a
W inN) < [ @) o260 4041,

But

)\—03+Cl>9lo (U(A—03+cl)>e‘a

1(b) = <(1 T u)CyCy (1+u)Cy

7A similar argument is made in the proof of [5, Corollary 12.13-(viii)]. In that case, the authors use
a strictly decreasing function f : (—00, a] — [0, 00). The resulting estimate should be
s:n.s'j:,max/min()\) S / f(.’L') dx + f(o) +a+ 17
0

but the terms f(0) + a + 1 were missing in that publication. This correction does not affect the final
estimate of 1 () obtained there.

s, max/min
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and
a A\-Cj3 \_C C Gl A=C3 ) 2
C — — C 2u
0 0 20 0
1

l u
<< Bo(A — C5) 7! ) Bo(\ — Cy + C1) %0+
-\

2 2u
24 00) (CoCo) 0 C) (2u+60)C

 B(A—C5)Ta (A~ C5 + C) P2

1

1 142
(24 60)% (2u + B0) (C2Co) T Cy
1

D=

u

So ‘ﬁfmax/min(/\) < CA% ! for some C' > 0 and all large enough A, giving (v)
with 0 = (4 + 1) > 0. 0

Table 2.13 describes the above conditions on x in terms of r.

Table 2.13: Correspondence between conditions on x and 7.

2.5 Relatively local model of the Witten’s perturbation

Letm € N, and let Ly, ..., L, be compact stratifications. For eachi = 1,..., a,
let N; be a dense stratum of L;, let k; = dim N; 4 1, and let x; and p; be the vertex
and radial function of ¢(L;). Then M := R™ x []_,(N; x Ry) is a dense stratum
of A := R™ x [, ¢(L;). For any relatively compact open neighborhood O of
x := (0,%1,...,%,), all general adapted metrics on M are quasi-isometric on M N O
to a metric of the form g = go + > 7, p?ui Gi + (dp;)?, where gq is the Euclidean
metric on R™, every g; is a general adapted metric on N;, and u; > 0. Suppose
that g is good; i.e., the metrics g; are good, and u; < 1/.\We can assume that every
N; is connected, which means that the fiber of lim : M — M over x consists of
a unique point, which can be identified to = (see [5, Proof of Proposition 3.20]).
According to Section 1.4, the rel-local model of a rel-Morse function around a rel-
critical point is of the form f = 1(p% — p%), where py is the radial function of
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2.5 Relatively local model of the Witten’s perturbation

R™% x [[er, e(Li), for some decomposition m = m4 +m_ (m4 € N), and some
partition of {1,...,a} into sets I1. The rel-critical set of f consists only of z. Let
ds, 05, Dg and AS be the Witten’s perturbations of d, §, D and A on (M) induced
by f. Let Hs maxmin = D, H. maymin = ker A max/min, With the induced grading.
The following result is a direct consequence of Corollary 2.4.9 and [5, Example 9.1
and Lemma 5.1], taking also into account Table 2.13.

Corollary 2.5.1. (i) Ag maymin has a discrete spectrum.

(i) We have

smdx/mm = @ ® max/mln

(Tlv 77‘11)2 1

where (11, ...,rq) runs in the subset of N® defined by the conditions

a
r=m_+» ri+|I|,

i=1
Ti<%+2111- ifie]"‘ r
ki—1 1Z o for Hs,maxv
T > 5 Tu; ifiel_
ri SIS i e F|
ki—1 1 e fOF/HS ,min*
rg > e — g fiell

(iii) If es € Hs max/min With norm one for every s, and h is a bounded measurable
function on R with h(p) — 1 as p — 0, then (hes,es) — 1 as s — oc.

(iv) Let 0 < )\s,max/min,O < )\s,max/min,l < --- be the eigenvalues of As,max/min;
repeated according to their multiplicities. Given k € N, if Ag max/min,i > 0 for
some s, then As max/min e > 0 for all s and Ag max/min i € O(s) as s — oo.

(v) There is some 6 > 0 such that lim inf, Ag max/min,k k=% > 0.
For every p > 0, let B, be the open ball of center 0 and radius p in R™, and let

U.p,=B, xHNx (0,p)) C M.
=1

Taking complex coefficients, by Propositions 2.4.2, 2.4.5 and 2.4.8, the following
result clearly boils down to the case of Proposition 2.2.9.

Proposition 2.5.2. For a € L*Q(M), let c; = exp(itDs max/min)@. If suppa C
Uy,a for some a > 0, then supp oy C Uy 13 forall t € R.
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2.6 Proof of Theorem 1.6.1

This theorem follows from Corollary 2.5.1-(i),(v) with the same arguments as [3,
Theorem 1.1]. More precisely, Propositions A.2.1 and A.2.2 are used to globalize
the properties of the rel-local model, the min-max principle [58, Theorem XIII.1] is
used to show that the properties of the statement are invariant by taking Witten’s per-
turbation defined by rel-admissible functions, and Remark 2.1.7-(iii),(iv) is used to
produce rel-admissible cutoff functions and partitions of unity with bounded differ-
ential. These functions are needed for the Witten’s perturbation and to apply Propo-
sitions A.2.1 and A.2.2.

2.7 Functional calculus

Let M be a stratum of a compact stratified space, equipped with a good general
adapted metric g. Let f be any rel-admissible function on M, and let dg, d5, Ds and
A be the corresponding Witten’s perturbations of d, , D and A. Since f is rel-
admissible, for every s, A; — A is a homomorphism with uniformly bounded norm
by (2.3.4). From (2.3.4) and the min-max principle (see e.g. [58, Theorem XIII.1]),
it also follows that D(As,maxlmin) N D<Amax/min), Doo(As,max/min) = DOO(AmaX/min),
and that the properties stated in Theorem 1.6.1 can be extended to the perturbation
As,max/mim

For any rapidly decaying function ¢ on R, ¢(Ag maymin) is a Hilbert-Schmidt
operator on L2Q(M) by the version of Theorem 1.6.1-(ii) for Ag max/min- In fact,
®(As max/min) 18 of trace class because ¢ can be given as the product of two rapidly
decaying functions, |¢|'/? and sign(¢) |$|'/2, where sign(¢)(z) = sign¢((z)) €
{£1}if ¢(z) # 0.

Like in the case of closed manifolds (see e.g. [59, Chapters 5 and 8]), the operator
(A max/min) i given by a Schwartz kernel K, and Tr ¢( A max/min) €quals the inte-
gral of the pointwise trace of K on the diagonal. But we do not know whether K is
uniformly bounded because a “rel-Sobolev embedding theorem” is missing [5, Sec-
tion 19]. Theorem 1.6.1-(ii) becomes important in the arguments exposed here to
make up for this lack.

2.8 The wave operator

With the notation of Section 2.7, suppose that f is a rel-Morse function. Take a
general chart O = O’ around every x € Critg(f), like in Section 1.4. Let us
add the subindex “z” to the notation of M’, N;, m+ and Ii in this case. Take
a good adapted metric g/, on M/ of the form used in Section 2.5. Consider the
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2.8 The wave operator

Witten’s perturbed operators d, ., ;. o, D, ; and A, ; on Q(M;) determined by the
function f’ := 1(p% — p2) (a prime and the subindex x is added to their notation).
Add also a prime to the notation of the sets U, , of Section 2.5, considered in M.
Let pg > 0 such that U’ oo C O’'. Then, for 0 < p < po, there is some open
Uzp C M so that U, , = Uﬂlc,p' Moreover, according to Remark 2.1.4, we can

assume g!Uz,po g$’Uz 0"

Consider the wave equation

da
ditt —iDgsoy = 0, (2.8.1)

where oy € Q(M) depends smoothly on ¢. Given any & € D™ (A max/min), its
solution with the initial condition ag = « is given by oy = exp(itDg max/min)Cr.
Moreover a usual energy estimate shows that such a solution is unique (see e.g. [59,
Proposition 7.4]); in fact, given any ¢ > 0, it is also unique for |t| < c.

Proposition 2.8.1. Let 0 < a < b < pg and o € L*>Q(M). The following properties
hold for oy, = exp(it Dg max/min) Q-

(i) Ifsuppa C M N Uy, then suppay C M N\ Uy g for 0 < [t]| < a.
(ii) Ifsupp a C Uy g, then supp oy C Uy qp g for 0 < [t| < b — a.

Proof. First, let us prove (ii). We can assume that & € D> (A maymin) because
exp(itDg max/min) is bounded. Since supp o C U, 4, we have |y, oo = O‘”U; " for

a unique o’ € Q(M]) supported in Uy ,. We get @/ € D®(A! | . min) because
a € D®(Agmaymin)- Let o = exp(ztDz Smdx,mm)a’. By Proposmon 2.5.2, we
have suppaj C U’ atly for 0 < lt| < b — a. Then a£|Ug/C’pO = Bilu,,, fora
unique 3; € Q(M) supported in Uy, o ¢- Now, B; € D*°(As maymin) because ap €
D% (A, ¢ max/min)- Moreover 3¢ satisfies (2.8.1) for [¢| < b — a with initial condition

By = . So B¢ = ay by the uniqueness of the solution of (2.8.1), obtaining supp o C

Uac,a—i— |-

Fi‘n|ally, (i) follows from (ii) in the following way. For any 5 € Qo(M) with
supp B C Ugq—py» let Br = exp(i7Ds maymin)B for 7 € R. By (ii), we get
supp B—¢ C Uy,q, and therefore (ay, 3) = (a, ) = 0. This shows that supp a; C
M\ Uy g - O

Remark 2.8.2. The steps given to achieve Proposition 2.8.1 are simpler here than
in [5]. In fact, it would be difficult to adapt the arguments of [5] since an expression
of D (A max/min) is missing in Section 2.2.2.
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2.9 Proof of Theorem 1.6.2

This theorem now follows like [5, Theorem 1.2]. Thus the details are omitted.

Consider the notation of Section 2.8. By (2.3.1), the Betti numbers 3] ... are
also given by the cohomology of dg max/min = dmax/min + S df A on D(ds max/min) =
e=st D(dmax/min) = D(dmax/min)-

Let ¢ be a smooth rapidly decaying function on R satisfying ¢(0) = 1. Then
the operator ¢(Ag maxmin) is of trace class (see Section 2.7). Consider the numbers
s mas/min = TT(O(As max/min,r)). Thus the following result follows formally like [59,
Pré)position 14.3].

Proposition 2.9.1. We have

k k
k— k—
Z(_l) Tﬁglax/min < Z(_l) T:ug,max/min (0 < k< n)?
r=0 r=0
n
Xmax/min = Z(_l)r :ug,max/min'
r=0

For p < po, let U, = |J, Uy,p, with  running in Crit,e(f). Fix some p; > 0
such that 4p; < po. Let & and ) be the Hilbert subspaces of L*Q(M) consisting of
forms essentially supported in M ~\ U,, and M \ Us,,, respectively. Since

As,maX/min = Amax/min + s Hessf + 32 ’df’2

on D(Ag max/min) = D(Amaxmin) for all s > 0 by (2.3.4), it follows that there is some
C > 0 so that, if s is large enough,

As,max/min > Amax/rnirl + 032 on &N D(Amax/min)- (291)

Let h be a rel-admissible function on M such that h > 0,h = 1onU,, and h = 0 on
M \ Us,, (Remark 2.1.7-(iii)). Then T’s max/min = As,max/min + hC's?, with domain
D(Amax/min)» is self-adjoint in L2Q (M) with a discrete spectrum. Moreover

Ts,rnax/min > Amax/min + 032 (2.9.2)

for s large enough by (2.9.1).

Take some ¢ € Sey such that ¢ > 0, ¢(0) = 1, supp ¢ C [—p1, p1], and ?l10,00)
is monotone [5, Section 18.2], where gg denotes its Fourier transform. Write ¢(x) =
(2?) for some ¢ € S. Using Proposition 2.8.1 (i), the argument of the first part of
the proof of [59, Lemma 14.6] gives the following.

Lemma 2.9.2. w(As,maX/min) = w(Ts,maX/min) on %).
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Let IT : L?Q(M) — $ denote the orthogonal projection. According to Sec-
tion 2.7, ¥ (A maxmin) is Of trace class for all s > 0. Then the self-adjoint operator
IT (A maxmin) IT is also of trace class (see e.g. [59, Proposition 8.8]).

Lemma 2.9.3. Tr(II ¢ (Ag max/min) II) = 0 as s — oo.

Proof. This follows like [5, Lemma 18.3], using (2.9.2), the min-max principle and
Lemma 2.9.2, and expressing the trace as sum of eigenvalues. O

The following is a direct consequence of Corollary 2.5.1 (1)—(iv).

Corollary 2.9.4. If h is a bounded measurable function on R such that h(p) — 1
as p — 0, then Tr(h(p) ¢p(A! ) — vh as s — oo.

,s,max/min,r T,max/min

For every = € Crite(f), let 5, C L2Q(M) and 5; C L*Q(M.) be the Hilbert
subspaces of differential forms supported in Uy, 3,,, and U, respectively. We have

3p1°
9z = 9, because g = g, on Uy, = Uy . Moreover Ay = A  on differential

forms supported in U, ,, = Ug’c’ 0o BY using Proposition 2.8.1 (ii), the argument of
the first part of the proof of [59, Lemma 14.6] can be adapted to show the following.

Lemma 2.9.5. $(As maxmin) = G(A) ¢ maxmin) O e = 9, for all x € Crity(f).

For every € Critre(f), let I, : L2Q(M) — ), and I, : L2Q(M) — 9,
denote the orthogonal projections. Since the subspaces §), are orthogonal to each
other, IT := > 1L, : L*Q(M) — § := Y §, is the orthogonal projection.

Lemma 2.9.6. Tr(f[ A(As max/min,r) ﬁ) — " as s — oo.

max/min

Proof. This follows like [S, Lemma 18.6], using Corollary 2.9.4 and Lemma 2.9.5,
and, for all x € Crit(f), considering IT/, as the multiplication operator by the
characteristic function of Uy 5, . O

Since II + = 1, Theorem 1.6.2 follows from Proposition 2.9.1, and Lem-
mas 2.9.3 and 2.9.6.
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Chapter 3
Lefschetz trace formula

Contents
3.1 Reduction to the contribution from the fixed points . . . . . 66
3.2 Lefschetz trace formulaonacone ............... 68
3.3 Contribution from the singular fixed points . . . . ... ... 71

In this chapter, consider the notation of Section 1.5. Then let A be a compact
orientable stratification of dimension n with isolated singularities and equipped with
a good adapted metric g over its regular part, reg(A) = M. Consider a morphism
of stratifications ¢ : A — A. Recall that we assume that v)|)s is a smooth map by
definition of morphism (Section 1.2). Let )* be the endomorphism of (Q2(M ), d)
induced by 1, and let Fix(¢)) denote the set of fixed points of 1. For every q €
sing(A) = A\ M, there exists a conic chart O, = c,(Ly) centered at g such that
depth L, = 0 (i.e., L, is a compact smooth manifold).

The following hypotheses are assumed on :

(a) The morphism 1) fixes every singular point of A.
(b) The set Fix(1)) contains only simple fixed points.

(c) For every g € sing(A), the smooth maps F, : L, x [0,¢;) — [0,¢,) and Gy :
Ly x [0,€eq) = Lg introduced in (1.5.1) do not depend on p around q.

Hypothesis (c) means that
P(p,x) = (pFy(x), Go())

on every small enough conic chart O,.

The adapted metric g|o, is quasi-isometric to the metric P Jq + (dp)? on the
manifold L, x (0, ¢;), where g, is a Riemannian metric on L, and 0 < u < 1. There
exists a maximum/minimum Lefschetz number associated to the morphism ), defined
by (1.5.2). The aim of this chapter is to give a proof of Theorem 1.6.3, which is a
Lefschetz trace formula in this setting.
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Lefschetz trace formula

3.1 Reduction to the contribution from the fixed points

Theorem 1.6.1 and usual arguments from standard Hodge Theory establish that each
cohomology group H' (M) is represented by the space H of harmonic

max/min
r-forms of A pax/min- Then we have that

max/min

tr(ﬂ’ on ax/mm(M)) TT(T/)*P ) (311)

where P, : L?Q" (M) — H 1 ax/min 18 the orthogonal projection. By (1.5.2) and (3.1.1),
we get

Limax/min (7/}) = Z( ) TI'(U)*P ) (312)

r=0
An adaptation of [59, Lemma 10.5] can be made in this context, resulting that the
smoothing kernel of e~ *Amamin.r tends to the smoothing kernel of P, as t — oo, in
the C'*° topology. This argument uses that Ap.x/min has a discrete spectrum, as stated
Theorem 1.6.1-(i). Therefore

Te(y" ) = lim Ti(y)"e ~ A maxtmin,r ) (3.1.3)

So (3.1.2) and (3.1.3) give that

n

Lmax/min(¢) - t]i)rélo ( ) Tr(’l/}* —tAmax/min, 'r)
r=0

The arguments of [59, Proposition 10.7] can also be adapted here, concluding that

n

Z( ]-) TI'(K/J* 7tAmaX/mm7‘)

r=0
is constant in t. Thus, for any ¢ > 0,

n

Lmax/min(¢) = Z( ) TI“(I/J ~tAmaxmin, ') 3.1.4)

r=0

In addition, a general property of smoothing operators establishes that their trace
is given by the integral of the pointwise trace of their smoothing kernel (see [59,
Theorem 8.12]). So

T (1p* et Bmavminr) — / tr(v* K[ (¢ (p), p)) vol(p), (3.1.5)

M

where K denotes the heat kernel of e~ tAmavmin.r
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3.1 Reduction to the contribution from the fixed points

The right hand side of (3.1.5) can be decomposed in the following way:

ja{u(w*kqx¢m ),p))vol(p) = ([; (V" K{ (¢(p), p)) vol(p)

g€Fix( NOq

+ / (K@) ) ). (.16
M

Here, each O, is the domain of a chart centered at the corresponding fixed point g,
and

M=M\ |J o,
q€Fix(v)

is a compact subset of the regular part M. For every regular fixed point g, the set
MNO; =04 =0,=B(0,¢) xc(d) = B(0,¢) CR"
is just a usual chart around ¢ in M; whereas for every singular (fixed) point g, the set

M N Oq = O0g \{q} = ce,(Lg) \ {a} = Lg x (0,¢q)

is the regular part of a conic chart centered at q.

The continuity of + and the compactness of M imply that {(«(p),p) | p € M}
is a compact subset of M x M. It is disjoint from the compact diagonal of M x M,
denoted by A,; C Ay C M x M. Then, applying the asymptotic behaviour of the
heat kernel given by Theorem A.2.3, we obtain

lim [ (K7 (6(p), p)) vol(p) = /M lim tr(4 K7 (4(p), p)) vol(p) = 0,

t—=0 Jpr t—0

like in the proof of [9, Theorem 5]. This fact gives the null contribution of the non-
fixed points to the Lefschetz number. Consequently, from (3.1.4), (3.1.5) and (3.1.6),
we have
n
Lmax/min (f(/}) — hm (_1)"' Tr(f(/]*eftAmax/min,r)

t—0
r=0

:%Lf%( 2 Z /Mmoqtr<w*K:<w<p>,p>>vol<p>),

g€Fix(¢) r=

which can be decomposed as sum of the respective contributions from the regular and
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Lefschetz trace formula

singular fixed points,

%5%( > Z / (V" K{ (¥(p), p))vol(p)> (3.1.7)

q€Fix(y)NM 7=0

ﬂﬁ%( ) Z /Oq\{q}tr(w*KZ(w(p),p))Vol(p)>- (3.1.8)

g€sing(A) r=0

Moreover, by Corollary A.2.5 (and the asymptotic ideas used in proof of Theo-
rem A.2.4), it follows that (3.1.7) is equal to

> signdet(l — Typ). (3.1.9)

geFix(y)NM

The computation of (3.1.8) is included in Section 3.3.

3.2 Lefschetz trace formula on a cone

Let L be a non-empty compact stratified space and consider the dense stratum N
of L. Let f = % p? be the model rel-Morse function on the stratum N x R of the
cone ¢(L), whose only rel-critical point is the vertex. Consider a good adapted metric
p%%G + (dp)? on N x R, where § a is good adapted metric on N and 0 < u < 1.
In this section, let ¢ : ¢(L) — ¢(L) be a morphism of (non-compact) stratifications,
smooth on N x R, and satisfying hypotheses (a)—(c). In particular, the vertex is a
simple fixed point of 1, and

U(p,x) = (pF(x), G(x))

for all (p,x) € N x Ry. For s > 0, let dg, 05, Ds and A, be the corresponding
Witten’s perturbations of d, §, D and A on N x R, (see (2.3.1)—(2.3.3)). Let also
Y = e3Fqp*es!, which is called the Witten’s perturbation of the endomorphism 1*.
Then

esf : (D(ds,maxlmin)a ds,max/min) — (D(dmax/min)7 dmax/min)

is a Hilbert complex isomorphism [5, § 18.1]. Hence,

= ker Amax/min,r = ker As,max/min,r

i = H i
max/min — Jls,max/min>

forr =0,...,n. As a consequence, given an orthonormal frame {e;} of the Hilbert
space L2Q" (N x R,), we get

Tr(Y*P) = (W Prese) = Y (WiParese) = Tr(iPe,),  (3.2.1)

% %
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3.2 Lefschetz trace formula on a cone

where Py, : L*Q"(N X Ry) = HY oomin
given an orthonormal frame {;} of HT

is the orthogonal projection. Moreover,

s,max/min’ we have

Tr(;Py) = > _(V5€5,&5)- (3.2.2)
J

From Proposition 2.4.8, it follows that

Hs,max/min = ker A ,max/min — ker As max/min

_ker<@Am@@@ sa,5>

o at+p
= @kerAsAY ) @@kerAsaﬂ
BoatpB
= @ker As,’y = @Hs;y = @ Hs,'y & Hg;l),
v v Y
where v runs in an orthonormal frame Cpax/min,0 Of ﬁmax/min = ker zmax/min’ H

runs in the positive spectrum of lémax/min, and « + (3 runs in an orthonormal frame
Ciax/min, . Of the p-eigenspace of Dyax/min. Then, applying Proposition 2.4.9-(ii) and
standard arguments from Hodge Theory (see Tables 2.11 and 2.12, where only the

positive sign cases must be considered), forr = 0,...,n — 1, we obtain
/Hz,max = @ /H;,Y = @ </7> = ,H:nax - HI:‘[':IX(N)
’Yecmax 0 Wecmax 0

if k > —1/2, and Hy , = 0if £ < —1/2. Analogously, forr =0,...,n — 1,

Hz,min = @ 7'12,7 = @ (v) = ﬁTmin = Hpn(IV)

yecr yecr

min,0 min,0

ifk>1/2,and H} . =0if K < 1/2. In addition, Hg | min = 0, forall k € R.

Remember that (v) C L2EZ; = L2,y = L2 for all the harmonic forms
v E€ Cmax/mln[) By Proposition 2.4.2, the Laplacian A, , = Ay, © Ay ry1 1S
associated (up to a shift of degree) to the maximum/minimum extension of the oper-
ator A = Ag @ A studied in Section 2.2.1. So H, sy = = ker A, ,, corresponds to
Amax/min,0 by the unitary isomorphism L25 R (Ey) defined by the multiplication
operator p* : L2 | — L% . The non-trivial case for A, ‘max/min determines a condition
on x yielding Apaxmin,0 = A1, according to Proposnlon 2.2.1 (see Table 2.3). So we
must consider

S, min

oc=a=kK=(n—2r—1)3
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Lefschetz trace formula

in Proposition 4.7.1, obtaining that p"Sey + C L%L is the smooth core of Amax/min,0
and

X0(P) = Xsmm0(0) = V2 s 10,4 (p)
_ ﬁpn8(25+1)/411(ﬂ+ %)*%e_SPQ/Z

is a normalized generator of the space of harmonic eigenfunctions (i.e., associated to
the eigenvalue 0 of multiplicity one, given for A" by the integer k = 0 in Table 2.2).
Therefore Sey v C LQS;' is the smooth core of A -, and

(0, 7) = V2 by 0,4 (p) ¥(@) = V25@HD/AD (5 4 1) 7367502 ()

r

is a normalized harmonic eigenform of H{ . /min-

By hypotheses (a)—(c),

UrE(p,w) = V2SI (- 3) 2 en PR (G ().

Thus
W= yre = /2 52D (5 %V%e—svm Gy
= V26sr0+(0) Gy
because
1 1
W f = Hlp.2) = fW(p.2) = Fp.2) = 5 (pF(2))* = 5%
Then

(36,€) = (W Nyre )
= (V2 ¢5,04(p) G, V2 bs 0.4+ (p) )
= ||\/§¢s,n,0,+(P)H%§7+<G*’Y,’Y>
= V2 buo (0)I2 (G.7)
= (G™, 7). (3.2.3)
Combining (3.2.2) and (3.2.3), we obtain
Te(iPsr) = Y (G*,7) (3.2.4)

yeC,

T .
max/min,0
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3.3 Contribution from the singular fixed points

forr = 0,...,n — 1; whereas Tr(¢} Ps ,) = 0. By (3.1.2), (3.2.1) and (3.2.4), we
deduce

n—1
Lmax/min(w) = (_1)T Z <G*’Y7 7)
r=0 YEC axsmin,o
n—1 "
= Z(il)r tI‘(G* on /Hglax/min)
r=0
n—1

= (—1)"tr(G* on Hjpoi/min(N)) = Liax/min(G). (3.2.5)

In particular, if NV = L is a compact smooth manifold, it happens that

Lmax/min(d)) = Lmax/min(G) = L(G), (326)

since by completness there is only one i.b.c. (see Section 1.1). Here L(G) denotes
the Lefschetz number associated to the smooth map G : L — L (see [59, Equa-
tion (10.1)]).

3.3 Contribution from the singular fixed points

Consider the orthogonal projections II and IT introduced in Section 2.9, but con-
structed using charts around the singular points of A (instead of around the rel-critical
points of the chosen rel-Morse function f). Applying [59, Theorem 8.12 and Propo-
sition 10.7], the Hilbert complex isomorphism given by ¢*"”/? and Lemmma 2.9.5, it
follows that (3.1.8) is equal to

3 _ T * 7tAmax/min,r~
}gg(Z( 1) Tr(ye H))

r=0
n
— 13 _1\r * _tAlnax/min,r~
i (z< )
r=0
_ Z T lim Tr w*e_tAmax/min,rﬁ)
t—o00

— Z hm Tr ¢s A max/min,rﬁ)
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_ Z Z }E&T”Z’ As,max/min,rﬁq)

gesing(A) r=
— Z Z tll}& Tr ws q s,max/min,r Hq) . (33 1)
g€sing(A) r=

Observe that (3.3.1) is independent of the Witten’s parameter s. The heat operator

YN . .
e~ "Pa.smmin is of trace class, and % is a bounded operator. Then

| Tr( * 7tAq s,max/min,r [ T )‘ < ||1/)s H ‘ Tr( 7tAq s,max/min,r [T )‘
by the general properties of trace class operators. But Lemma 2.9.3 gives
Tr( e_tA;vSvmax/mi"vTHq) —0 as s — oo.

Hence
— / i
Tr('l/}:e tAq,s,max/mm,qu) — 0 as S — 0.

Consequently, since 1 = II, + II,
Tr( ¢:6—tA;,s,max/min,r) - Tr(i/J;ke_tA;,s,max/min,rHq)
/ ~
+ Tr(f[/};ke_tAq,s,max/min,qu)
_ / \ ~
= Tr(pie BasmmmnrTl,) as s — oo.

From (3.3.1), (3.2.4), (3.2.5) and (3.2.6), it follows that (3.1.8) is equal to

Z Z hm Tr ws A s,max/min,r)

g€sing(A) r=0

= 2 Z (V5 Pysr)

gEsing A)
*
g€sing(A) r= 0 ’Yecg,max/min,o

= ) LGy, (3.3.2)

g€esing(A)
because (3.3.1) is independent of s.
Finally, applying (3.1.9) and (3.3.2), we get
Liaomin(¥) = > signdet(1 —Tyh) + Y
geFix(y)NM g€esing(A)

which is the statement of Theorem 1.6.3.
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In this chapter, consider the notation of Section 1.10. Then let S = Sey P Sodd
be the Schwartz space on R, considered with its Fréchet topology and decomposed
as direct sum of subspaces of even and odd functions. Let x denote the standard co-
ordinate of R. The multiplication operator x interchanges the components, because
Sodd = Sey and the function |z|?7 is even. Let L2 = L*(R,|z|? dx) (¢ € R),
whose scalar product and norm are denoted by ( , ), and || ||,. The above decom-

2

position of S extends to an orthogonal decomposition L = L7 ., ® L2 4. The
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Dunkl Harmonic Oscillator

subspace S is dense in Lg if o > —%, and Syqq is dense in LE odg If 7> —%. So we
assume o > —% and 7 > —%, unless otherwise stated.

The harmonic oscillator is the operator H = —% + 5222 (s > 0) in Lg with
domain D(H) = S. The Dunkl operator on R is the operator T"in L2, with D(T) =
S, determined by T = % onSey and T = % +202! on Soqq. The Dunkl harmonic
oscillator on R is J = —T?2 + 5222 in L2 with D(J) = S. Thus J preserves the
above decomposition of S, being Joy = H — 202! % and Joq4q = H — 20% z~ L
This J is essentially self-adjoint, and the spectrum of its closure J is well known;
in particular, J > 0. In fact, even for 7 > —%, the operator J; qq is defined in
Liodd with D(J;0dd) = Sodda because it is a conjugation of J-,1 ¢, by a unitary
operator (Section 4.1). Let also J, » = Js ey @ Jr 0dd IN Lgﬁ = Laev &5 Liodd, with
D(Js+) = S. The aim of this chapter is to use different analytic techniques in order
to prove Theorems 1.10.1 and 1.10.3, which describe certain perturbations of .J, and

Jo r, respectively. The contents of this chapter are included in [6].

4.1 Preliminaries

The Dunkl annihilation and creation operators are B = sz +T and B’ = sx — T
(s > 0). Like J, the operators B and B’ are considered in L2 with domain S. They
are perturbations of the usual annihilation and creation operators. The operators 7',
B, B’ and J are continuous on S. The following properties hold [4,60]:

e B'is adjoint of B, and .J is essentially self-adjoint.

e The spectrum of .J consists of the eigenvalues' (2k + 1 4 20)s (k € N), of
multiplicity one.

e The corresponding normalized eigenfunctions ¢, are inductively defined by
¢o = sV (g 4 L)~ 5e52%/2, 4.1.1)
1
2ks) "2 B¢y if k i
T DEREER k21). @12
(2(k +20)s) 2 B'¢_q if kisodd
e The eigenfunctions ¢y, also satisfy
B¢y =0, (4.1.3)
1
2ks)2 g if & i
By =  ZFs)2oa DRSS k>0 @14
(2(k +20)s)2¢p—1 if kisodd

'Tt is assumed that 0 € N.
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4.1 Preliminaries

o N> ,D(T™) =S.

By (4.1.1) and (4.1.2), we get ¢y, = pkefst/z, where py, is the sequence of polyno-
mials inductively given by py = s(27+1D/4T (5 + %)*% and

(k>1).

B (2k‘5)7% (2sxpr—1 — Tpr—1) if k is even

PEZN @k + 20)s) % (2s2ppe_1 — Tpr1) if kis odd

Up to normalization, py is the sequence of generalized Hermite polynomials [66,

p. 380, Problem 25], and ¢y, is the sequence of generalized Hermite functions. Each

pi is of degree k, even/odd if k is even/odd, and with positive leading coefficient.
They satisfy the recursion formula [4, Eq. (13)]

1 1 1
-1 ((24)% (k=149 3p if k1
pr = {k 2((2)72pe1 — (h=1420)2pp0)  ifkiseven o

k+20)"2((25)2appq — (k— 1)2pg_o) if k is odd.
D b

When k = 2m + 1 (m € N), we have [4, Eq. (14)]

- ImIT(i4 L +0)s
1 m—i | 2
T pr = g —1 D2;. 4.1.6

The Pochhammer symbol could be used to simplify this expression, as well as many
other expressions in Sections 4.2 and 4.3. However there are quotients of gamma
functions in Sections 4.3 and 4.4 that can not be simplified in this way (see e.g.
Proposition 4.3.7). Thus, for the sake of uniformity, we use gamma functions in all
quotients of this type.

Let j be the positive definite symmetric sesquilinear form in L2, with D(j) = S,
given by j(¢, ) = (J¢,1),. Like in the case of J, the subindex o will be added to
the notation 7', B, B’ and ¢y, and j if necessary. Observe that

BT %
B, — on Se 4.1.7)
By +2(c —7)z7!  on Sed,

B! on S
B,=4{" . ev (4.1.8)
Bl +2(r—o)z™" on Spd-

The operator = : Sey — Sodd 18 @ homeomorphism [4], which extends to a
unitary operator x : L2 ., — L2_| 4. We get & Jyey ™! = Jy_1 044 because
T [%, 3:_1] = —2% z~ 1. Thus, even for any 7 > —%, the operator J; 444 is densely
defined in L2 4, with D(J;0dd) = Sodd> and has the same spectral properties as
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Jr41,ev; in particular, the eigenvalues ofm are (2k+1+27)s (k € 2N+ 1), and
Grk = TOri1,k—1-

To prove the results of this chapter, alternative arguments could be given by using
the expression of the generalized Hermite polynomials in terms of the Laguerre ones
(see e.g. [61, p. 525] or [62, p. 23]). In particular, certain asymptotic estimates of
Laguerre functions [28,51] (see also [8,52]), yield the following asymptotic estimates
of the generalized Hermite functions [3, Section 2.4]: there are some C,c > 0,
depending only on o, such that

Cs3tigiy5—i if0<z<,/L
1 1
|pre ()| < Cotvt iy <o VE (4.1.9)
T | Csis H[sa? —v])Ti i\ /E <a </
C’(S:U)%e_c‘“"’2 if /3 <z,

where ¢ = 05, = 0 + ﬁ and v = v, = 2k + 1 + 20, with the proviso that we

must take v = 2if k = 0and o < %

4.2 The sesquilinear form t

Let0 < u < 1suchthato > u — % Then |z|~“S C L2, and therefore a positive
definite symmetric sesquilinear form t in L2, with D(t) = S, is defined by

e, ) = (|2[70, [2]™"Y)o = (& Y)o—u-

The notation t, may be also used. The goal of this section is to study t and apply it
to prove Theorem 1.10.1. Precisely, an estimation of the values t(¢x, ¢¢) is needed.

Lemma 4.2.1. For all ¢ € Soaq and 1 € Sey,

t(B'¢, 1) — t(¢, BY) = (¢, B'Y) — t(Be, 1) = —2ut(z" ¢, ).
Proof. By (4.1.7) and (4.1.8), for all ¢ € Spqq and ¢ € Sey,

Y(Byo,¥) — (¢, Bo))
= (By_y® V)o—u — 20(x™" ¢, ¥) 5w — (, Bo—ut))o—u
= —2ut(z"',9),

(¢, Byy)) — By, )
= (6, By _y¥)o—u — (Bo—ut, V)o—u — 2ul{z ™' §, )5
= 2ut(z o). O
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4.2 The sesquilinear form t

In the whole of this section, k, ¢, m, n, i, j, p and q will be natural numbers. Let
Chy = f((bk, ¢¢) and dre = Ck,Z/CO,O- Thus dj, o = dy 1, and dj o = 0 when k + £ is
odd. Since

[ ez 2R do = s~ D20 (5 + L) (4.2.1)
for k > —%, we get

co0=T(0c—u+5T(o+31) s (4.2.2)

Lemma 4.2.2. If k = 2m > 0, then

- (m=1'T(j+ 3 +0)
d —_— E 0.
RO \/> = \/ JIT(m + % + o) 23:0
Proof. By (4.1.2), (4.1.3), (4.1.6) and Lemma 4.2.1,
L {(B'dx 1, )
Cho = —— -
£,0 NG k—1, %0
1 2u
=~ t(ép_1,Bdo) — — t(z"Lop_1,
\/ﬂ (¢k 1 ¢0) \/ﬂ ( ¢k 1 ¢0)
2u

t($_1¢k—17 ¢0)

m—j (m—l)!f‘(j+%+0) A
—1) - 1 02]70. O
JIT(m+ 5+ o)

Lemma 4.2.3. Ifk = 2m > 0 and £ = 2n > 0, then

[m n—1DI(G+3+0)
Ao =/ —di—1.0— di; 25
k.l N Z \/ T+ 3 +10) k,2;

Proof. By (4.1.2), (4.1.4), (4.1.6) and Lemma 4.2.1,

2s

3 I
v 8

—_

t(¢r, B'opr—1)

Ckt =

H§
[V2)
~

= t(Bok, pr—1) — 27ut(¢kvx_1¢€—1)

V20s \/253
/m u n—DIL(j+ 3 +o0)
N e 4+ o4
o Ch—10-1 7 ]E \/ j!F(n+§—|— o) Ck,2j
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Lemma 4.24. If k = 2m + 1 and { = 2n + 1, then dy, ¢ is equal to

In+i4o u " o n TG+ L +0)
———dp 1y - ——— Z(*l)" ”\/,F% di—1,2;-
m+35+o /m—i—%—i-aj:o JITn+5 +0)

Proof. By (4.1.2), (4.1.4), (4.1.6) and Lemma 4.2.1,

1 /
Chyp = ekt 200 (B br—1, dr)
__ 1 v -1
= alit20)s t(¢r—1, Bor) 2005 t(Pr—1, 2" ¢Pp)

_[n+ % +o
= mck—u—l
u - _.\/n!F(j+%+a)
e e— Z(—l)n J we_ Ck,LQj. O

/ ; 3

The following definitions are given for £ > ¢ with k + ¢ even. Let

mT(n+1i+o
I = ( > ) (4.2.3)
n!l'(m + 5 + o)
if k =2m > ¢ = 2n, and
mT(n+32+o
I, = ( 2 ) (4.2.4)
n!l'(m + 5 + o)

itk=2m+12>/{=2n+ 1. Let X ¢ be inductively defined as follows?:

mp—fiﬁ—lfu)—mm+u) (4.2.5)

Pl i m![(u)
if k =2m;

n—DII(G+ 3 +o0)
JI0(n+ 35+ 0)

n—1 (
Yo =Xg-10-1+ UZ
=0

2k,2j (4.2.6)

2We use the convention that a product of an empty set of factors is 1. Empty products are possible
in (4.2.5) (when m = 0), in Lemma 4.2.10 and its proof, and in the proofs of Lemma 4.2.11 and
Remark 4.2.19. Consistently, the sum of an empty set of terms is 0. Empty sums are possible in
Lemma 4.3.4 and its proof, and in the proof of Proposition 4.3.7.
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4.2 The sesquilinear form t

ifk=2m >/¢=2n > 0;and

g
Sk 19 4.2.7)
g

nu nz_:l (n—=1DITG+3+0)

- _ Sko12;  (4.2.8)
n+lto = jTn+i+o)

ifk=2m+1>¢=2n+1.Thus ¥pp =1, 20 = u, Y40 = %u(l + u), and

u
S = (1 o )2 ~ 429
k.1 %-l—a k—1,0 ( )

if k£ is odd. From (4.2.5) and using induction on m, it easily follows that
9 m—1
=— ) Ty (4.2.10)
PR

for k = 2m > 0. Combining (4.2.6) with (4.2.7), and (4.2.8) with (4.2.6), we get

1 g 1
(n—=1IT(G+35+0)
Ypoe =Yg 202—U -
JZ; JT(n+1+40)

(Ek—2,2j - Zk,Zj) “4.2.11)

ifk=2m>/¢=2n > 0;and

u
5 :(1—7)2 s 42.12
kt Nl k—2,0—2 ( )
n— 1
— 1) +3 14
(1- uxn e [ (n < D sy 42.13)
n+i+o/ & JIT(n+ 3 +o) ’

itk=2m+1>/¢=2n+1>1.

Proposition 4.2.5. We have dj.p = (—1)"""1ly Sy if k = 2m > { = 2n, or if
E=2m+1>/0(=2n+1

Proof. We proceed by induction on k and [. The statement is obvious for k = ¢ = 0
because do,o = HO,O = 2070 =1.
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Let k = 2m > 0, and assume that the result is true for all da;o with j < m.
Then, by Lemma 4.2.2, (4.2.3) and (4.2.10),

m—1 . 1
u o [m=DIT(j+ 5 +0) ,
dro=—— Y (1) Z —1)Mg; 0%
k0 : (=1) \/ JI0(m + % +0) (=1)T25,0%250

:pqw“nlwﬂmfnmu+%+ax¢j¢@+a)&m

m = j!F(m+%+J) I’(]-I—%-FU)
u m—1
:(—UmD%O;{§:§bx0:(—1thﬁzh0
=0

Now, take k = 2m > ¢ = 2n > 0 so that the equality of the statement holds for
dy—1,0—1 and all di o; with j < n. Then, by Lemma 4.2.3,

(—1)m+nﬂk—1,é—12k—1,e—1

U /n—UTU+ +0) :
4—75 —1)™ Ty, 25k, 25

Here, by (4.2.3) and (4.2.4), \/m/nIl;_1 o1 = I} ¢, and

n—l'F]—I— +o0)
I, o4
\F L(n+ 1+ 0)

mT(n+3+0) -DIIG+1+0)
f\/n—l'Fm—i— Lt+o0) jT(n+3+0)
(n—DI0(+ 35 +0)
JT(n+ 3 +0)

S

%

= ke

Thus, by (4.2.6), dj. ¢ = (—1)" "1, 42 4.
Finally, take k£ = 2m + 1 > ¢ = 2n + 1 such that the equality of the statement
holds for all di_1 2; with j < n. Then, by Lemma 4.2.4,

n+i+o
Ao = | —2—— (1) "1 01 Sk—1,01
m + 2 + 0o

n (54 L
I Z(_l)n—j\/w (= 1)1 0,5k 125
m+L+o % JIT(n+ 5 +0)
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4.2 The sesquilinear form t

Here, by (4.2.3) and (4.2.4),

[ 1
n+3+o

My—1,0-1 = Uy,
m+%+a b ’

and

n!l'(j + 5 + o)

T 1,25
Jm+ L +J¢JF”+ 5 +0) ’

mIT(n+3+0) nlT(j+ 1 +0)

/m+ +U\/nrer L40) jT(n+3+0)

nl(j+ 3 +0)
JT(n+3+0)

=1l

Thus, by (4.2.7), dk’g = (—1)m+nﬂk7g2k?g. (]

Lemma 4.2.6. X > 0 for all k and (.

Proof. We proceed by induction on £. For £ € {0, 1}, this is true by (4.2.5) and (4.2.9)
because o > u— % If £ > 1 and the results holds for ¥/ »» with ¢ < ¢, then Yke >0
by (4.2.6) and (4.2.12) since o > u — 3. O

Lemma4.2.7. Ifk=2m >{=2nork=2m+1>{=2n+1, then

1—u

Yk < (1 - )Ek—2,€~

Proof. We proceed by induction on ¢. This is true for ¢ € {0, 1} by (4.2.5) and (4.2.9).
Now, suppose that the result is satisfied by Xy o with ¢/ < £. If k = 2m > ( =

2n > 0, then, by (4.2.6) and Lemma 4.2.6,

1—u
e < (1 - — 1>Ek—3,e—1
n—l'Fj+ +o0) 1—u
+u (1— )E_ j
Z Fn+ 5 —i—a) m k=22

1 _
< ( )Ekq,z-
m
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Iftk=2m+1> /¢ =2n+1 > 1, then, by (4.2.12) and Lemma 4.2.6, and since

o>u-—3,

U 1—u
S (10— ) (1= s
ke S n+%—|—a 1 k—4,0—2
-1

n

u+n ) (n—1I0G + 3 +a“1 1—u>
BRI P _ ,
n+i+o JT(n+1+40) 82

+(1-
7=0

1—
< (1 — J)Zk_gj. L]
m
Corollary 4.2.8. Ifk =2m > £ = 2n > 0, then
u(l —u
Y101 < gy < (1 - (—m;))zk—u—}

Proof. The first inequality is a direct consequence of (4.2.6), and Lemma 4.2.6. On
the other hand, by (4.2.11), and Lemmas 4.2.6 and 4.2.7,

u(l — u) “(n-1) NWL(j+ 5 +0)
n+§+@

Yo < Xgp_24-2 —

M

k—2,25
Jj=0

n—2 N\ . 1 o
— (1 _ “(1”1_“))216_2%_2 v u(ln: ) Z (n=DIT(G+5+0)

. k—2,2j
JT(n+1+0) =

§=0
1—
< (1 — u)zk—z,e—z 0
m
Corollary 4.2.9. Ifk =2m + 1> ¢ =2n+ 1, then
U U
1—7)2 —op9 < Xpe < (1—7)2 14-1-
( n+%+a k—2,0—2 ke S n+%+a k—1,6—1
Proof. This follows from (4.2.8), (4.2.12) and Lemma 4.2.6 because ¢ > u — % O]

Lemma 4.2.10. For 0 < t < 1, there is some Cy = Cy(t) > 1 such that, for all p,

Cyllp+1)~ <H<1—E)<C’o(p+1)

Proof. For eacht > 0, by the Weierstrass definition of the gamma function,

(1+—£)_1e”ﬂ
1

e
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where v = limjﬁoo(z:f 1 + —Inj) (the Euler-Mascheroni constant), there is some
Ky > 1such that, forallp € Z,

p p p
_ e t\—1 i
K e t/lg||(1+g) < Ko [Je " (4.2.14)

Now, assume that 0 < ¢ < 1, and observe that

(-5 -110+5) "

1= 1=

By the second inequality of (4.2.14), for p > 1,

ﬁ(l—f-i_t) <H(1+) gKoﬁe—t/i

:Koexp<—tzz> < Koexp(—t/lp+1 dg) :Ko(p—kl)*t.
i=1

On the other hand, by the first inequality of (4.2.14), for p > 2,

p p—1

H<1+Zit)_1>(1—t)H(1+§>l (1-1)K, 1H —t/i

=1 =1

= (1- K exp(—fZ 1)z -0K; exp(‘t(”/lplfj))

=(1-tK; e p-1)""'> (1 -t)K, el (p+ 1)~ O

Lemma 4.2.11. There is some C' = C'(u) > 0 such that
Ske < C'(mA+ 1) 0 (m — p 4 1)~
fork=2m>{¢=2nork=2m+1>/0(=2n+ 1.

Proof. Suppose first that k = 2m > ¢ = 2n. By Lemma 4.2.7 and Corollary 4.2.8,
we get

~u(l—u) 1-w

s I (0-757) IT0-7)
a“ Cu(l —u) g Cu(l—w) -1 l-u
SO T ) T )
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Then the result follows in this case from Lemma 4.2.10.
When k = 2m + 1 > ¢ = 2n + 1, the result follows from the above case and
Corollary 4.2.9. O

Lemma 4.2.12. For each t € R\ (—N), there is some C; = C1(t) > 1 such that,
for all p,

Crlp+ 1) F(p+1) < Cy(p+ 1)t

=T+ =
Proof. We can assume that p > 1. Write t = ¢ + r, where ¢ = [¢]. If ¢ = 0, then
0 < r < 1 and the the result follows from the Gautschi’s inequality, stating that
Iz+1)
I(x+7)
for0 < r < 1andz > 0, because =" > 2" 1(z + 1)} =" forz > 1.
If g > 1 and r = 0, then

<(z4+ 1) (4.2.15)

— S — p+1 1—t
) " ra= Dl S et - e
|
I'(p+1) _ p! > 1 O~ 1 :
) (ptq-1)! ~ (p+q-1)71 = (gp)*~

Z tl—t(p + 1)1—15.
If ¢ > 1 and r > 0, then, by (4.2.15),

Lp+1) L(p+1) T

Lip+t) — p+ 1) Y p+r)T(p+r) —  p+r
L(p+1) L(p+1) N S (350 Yl
Fp+t) — (p+t=1T(p+r) ~ (p+t-1)7 " 2I"(p+t - 1)
> min{1, (t — 1)} 2" (p+ )",

<2(p+1)*

v

because
1)74 if0<t<2
(p+t—-1)"7> o+ 1) ) -
t—-1"9p+1)"7 ift>2.
In the case ¢ < 0 (t < 0), apply reverse induction on ¢: with C; = C1(t + 1),
we get

I(p+1) |p+tL(p+1) .
< 1
T~ Tprirn = PHiGe+D™<Clde+)T
Tp+1) _p+tlp+1) ,
> p+tlC](p+1
Torol ~ Foiten 2 PTICT e+
|p—|—t‘ 1—t
1
=510 D)
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4.2 The sesquilinear form t

where |p + t|/(p + 1) is bounded uniformly on p. O

Corollary 4.2.13. There is some C" = C" (o) > 0 such that

_ CM(IHL)FE ifk=2m>(=2n
= Si o fk=2m+1>0=2n+1.

Proof. This follows from (4.2.3), (4.2.4) and Lemma 4.2.12. ]

For the sake of simplicity, let us use the following notation. For real valued
functions f and g of (m,n), for (m,n) in some subset of N x N, write f < ¢ if
there is some C' > 0 such that f(m,n) < Cg(m,n) for all (m,n). The same
notation is used for functions depending also on other variables, s, o, u, ..., taking
C independent of m, n and s, but possibly depending on the rest of variables.

Lemma 4.2.14. For o, 8,7 € R, ifa+ B,a+v,a+ B+ v < 0, then there is some
w > 0 such that, for all naturals m > n,

(m+1D)%n+1)m-—n+17 < (m+1)"“n+1)"".
Proof. We consider the following cases:
1. If o, B, < 0, then

(m+1)%n+1)%(m—n+1)7 < (m+1)%n+ 1)~

2. If B > 0and vy < 0, then

(m+1)%n+1)m-—n+1)7 < (m+1)*F
atB atB

(m+1)=2 (n+1)=2 .

IA

3. Ifa>0and m+1<2(n+ 1), then 3,7 < 0 and
(m+1)%n+1)P(m—n+1)7 <278 (m + 1)~

<2 Fm+1)z2 (n+1) 2 .

4 fa>0andm+1>2(n+1),then 3,y <Oandm —n-+1> (m+1)/2, and
therefore

(m+1)%n+1)Pm—n+1)Y <277 (m+ 12 (n+ 1)
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5. If B < 0and~y > 0, then

(m+1)%n+1(m—n+1) < (m+1)°(n+1)°.

6. If 8> 0and~ > 0, then

(m+1)%(n+1)P(m—n+1) < (m+1)2HF+

atB+ty atB+ty

(m+1)" 2 (n+1) 2. O

IN

Proposition 4.2.15. There is some w = w(o,u) > 0 such that
|diel < (m+1)"%(n+1)"
fork =2mand ¢ = 2n, or fork =2m + 1 and ¢ = 2n + 1.

Proof. We can assume k > { because d p = dy .
Ifk =2m+1 > ¢ = 2n+1, then, according to Proposition 4.2.5, Lemma 4.2.11
and Corollary 4.2.13,

Thus the result follows by Lemma 4.2.14 since

o 1 9 o 5 u
2 ) -1 —w?=-Z 2<% 1<
5 "1 u(l—u)— (1 —u) 2—|—u 153 <0

If Kk = 2m > ¢ = 2n, then, according to Proposition 4.2.5, Lemma 4.2.11 and
Corollary 4.2.13,

2

el < (m A+ 1)~ 500 (4 1) (- 1)~
Thus the result follows by Lemma 4.2.14 since

o 1 9 o 3 u 1
——+-—u(l—u)—(1- =——4u——<-—= .
2 4 u J—(-v) 2 4<2 2<0

Corollary 4.2.16. There is some w = w(o,w) > 0 such that, for k = 2m and { = 2n,
orfork=2m+ land{ =2n+1,

lcke|l < s (m+1)"%(n+1)"%.

Proof. This follows from Proposition 4.2.15 and (4.2.2). ]
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4.2 The sesquilinear form t

Proposition 4.2.17. For any € > 0, there is some C = C(e,0,u) > 0 such that, for
all p € S,

t(¢) < es"7i(9) + Cs" |95

Proof. For each k, let v, = 2k + 1 + 20. By Corollary 4.2.16, there are some
Ky = Ko(o,u) > 0and w = w(o,u) > 0 such that

lek,el < Kos"v, “v, (4.2.16)

for all k and ¢. Since S = S(o,u) == >, Vk_1_2‘” < o0, given € > 0, there is some
ko = ko(e, o, u) so that

2

4K25

So = So(€,0,u) = Zl/fl 2~
k>ko

Let S1 = Si(e,0,u) = > oy ¥y - For ¢ = 7 trdp € S, by (4.2.16) and the
Schwartz inequality, we have

1

, kL
< K, gu—d Z Itl Z [te|(ves)?
E<ko Vi, 2+w

1
u—1 [t (2:8) % <= [te] (ves)?
K Z *er Z %ﬂu

k’>k50 Vk V4 VZ

1
< KoS1525 72 ||¢]l4 ()2 + KoSE Sz i(¢)
< K051575" 72 ¢l i(6)2 +

K05158
2¢

15 +es"~i(e). O

Proposition 4.2.18. There is some D = D(o,u) > 0 such that, for all k € N and ¢
in the linear span of ¢o, . . . , O,

t(¢) = Ds"(k +1)7¢l[5-

Proof. Let ¢ = Y% (ti¢; (t; € C)and v = v, = 2k + 1 + 20. Let K > 3, which
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will be fixed later. By (4.1.9),

k
[ R = S0 [ @G

i,j=0 |z]>

k
<2 ) I[tllt) ﬁ!
';0 o 25

<Z (1tsf? + [t;1) 02/ ~2est? gy

1,7=0

¢i(@)lg; ()] da

:2(k+1)||¢|]3025/ _ ze 2657 4
Vs
C%(k+1)

-K 2
= SR,

where C,c¢ > 0 depend only on o. We can choose some K = K (o) > 3 and
D = D(o,u) > 0 such that

(Z) (S ) o)

forall s > 0 and k£ € N, obtaining

Wz [ o 0Pl s
2
> (22" /| g 1Pl da

> (22 (1 - SEED e

s"(k +1)7"(|gI3- -

Remark 4.2.19. For ¢ = ¢, we can also use the following argument. By Proposi-
tion 4.2.5 and (4.2.2), and since Il ; = 1, it is enough to prove that there is some
Dy = Dy(o,u) > 0so that ¥y, > Do(k + 1)~*. Moreover we can assume that
k = 2m+1 by Corollary 4.2.8. We have py := |1+ 0| > O because 1 +0 > u. Ac-
cording to Corollary 4.2.9, Lemma 4.2.10 and (4.2.9), there is some Cy = Cp(u) > 1
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4.2 The sesquilinear form t

such that

w10 95) 2 0-1) 1 (-3)
(- e-nie-3”

u
> (1 — g )Co_Q(erpo +1)"(po +1)*
5"‘0’

U
2(1— )C*2k+1—“
)G+
Remark 4.2.20. If 0 < u < %, then lim,, t(¢2,m+1) = 0. To check it, we use that

there is some K = K(o,s) > 0 so that |z]??¢2 (z) < Kk~% forall z € R and all
odd k£ € N [3, Theorem 1.1-(ii)] (this also follows from (4.1. 9)) For any € > 0, take

some 79 > 0 and ko € N such that z5** < ¢/2 and Kk, Gxé 2 < (1 — 2u) /4.
Then, for all odd natural £ > kg,

¢>k_2/ A ““)dx—l—2/ ¢p () 22 d

< 2K ks / 2y + 23@_2”/ <Z>k 2% dx
0

+:c62“<e

because 1 — 2u > 0 and ||¢k ||, = 1. In the case where o > 0, this argument is also
valid when k is even. We do not know if infy, t(¢;,) > 0 when § < u < 1.

Proof of Theorem 1.10.1. The positive definite sesquilinear form j of Section 4.1
is closable by [41, Theorems VI-2.1 and VI-2.7]. Then, taking ¢ > 0 such that
fes”_l < 1, it follows from [41, Theorem VI-1.33] and Proposition 4.2.17 that the
positive definite sesquilinear form u := j + £t is also closable, and D(@1) = D(j).
By [41, Theorems VI-2.1, VI-2.6 and VI-2.7], there is a unique positive definite self-
adjoint operator U such that D({/) is a core of D(it), which consists of the elements
¢ € D(u) so that, for some x € L2, we have ii(¢, 1)) = (x, 1) for all 1 in some core
of 1i (in this case, U(¢) = x). By [41, Theorem VI-2.23], we have D(U/'/?) = D(u),
S is a core of U/? (since it is a core of u), and (1.10.1) is satisfied. By Proposi-
tion 4.2.18, there is some D(o,u) so that, for all s > 0 and k£ € N, and every ¢ is
in the linear span of ¢y, . . ., ¢, we have t(¢) > Ds“(k + 1)7%||¢||2. Moreover we

89



Dunkl Harmonic Oscillator

can assume that the sequence (2k + 1+ 20)s + {Ds"(k + 1) ™" is strictly increasing
after reducing D if necessary. So

u(¢) > ((2k + 1+ 20)s + £Ds"(k + 1)) | o2

if ¢ € S is orthogonal in L?, to the linear span of ¢y, ..., ¢r_1 (assuming that this
span is 0 when k = 0). Therefore U/ has a discrete spectrum satisfying (1.10.2) by the
form version of the min-max principle [58, Theorem XIII.2]. The inequality (1.10.3)
holds because

4(¢) < (1+&es"1)i(e) + ECs"||¢ll5
for all ¢ € D(ut) by Proposition 4.2.17 and [41, Theorem VI-1.18], since S is a core
of it and j. ]
Remark 4.2.21. In the above proof, note that & = j + £t and D(j) = D(jl/Q).

Thus (1.10.1) can be extended to ¢, ¢ € D(UY/2) using (7/°¢, 7"/%¢) _instead of
(J&, V)0

Remark 4.2.22. Extend the definition of the above forms and operators to the case of
¢ € C. Then [t(¢)| < es* I Rj(¢) + Cs®||¢||% for all ¢ € D(j), like in the proof
of Theorem 1.10.1. Thus the family it = 1(£) becomes holomorphic of type (a) by
Remark 4.2.21 and [41, Theorem VII-4.8], and therefore U = U/(¢) is a self-adjoint
holomorphic family of type (B). So the functions A, = \x(€) (¢ € R) are continuous
and piecewise holomorphic [41, Remark VII-4.22, Theorem VII-3.9, and VII-§ 3.4],
with A;(0) = (2k+1+20)s. Moreover [41, Theorem VII-4.21] gives an exponential
estimate of |A;x(§) — Ax(0)] in terms of £&. But (1.10.2) and (1.10.3) are a better
estimate for the eigenvalues.

4.3 Scalar products of mixed generalized Hermite functions

Leto, 7,0 > —%, and write v = o + 7 — 26. This section is devoted to describe the
scalar products

Cht = Cor 0kt = (Do ks Pr.)0,
which will be needed to prove Theorem 1.10.3. Note that ¢, = 0 if k& + £ is odd,
and
Cour0,k0 = Cr.o0,0k (4.3.1)
for all k£ and £. Of course, ¢, ¢ = O ¢ if o =7 = 0.
According to Section 4.1, if k and ¢ are odd, then ¢, g 1 ¢ is also defined when
o, 7,0 > —%, and we have

Cor 0kt = (TOot1k—1,TPri1,0-1)0 = Cotl,r41,041,k—1,0—1- (4.3.2)
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4.3 Scalar products of mixed generalized Hermite functions

4.3.1 Casewhereoc =0+#7and7— o0 ¢ —N
In this case, we have v = 7 — 0. By (4.1.1) and (4.2.1),

1

oo =s:T(o+ 1)1 T(r+ 1) 2. (4.3.3)
Lemma 4.3.1. If k > 0 is even, then ¢ = 0.

Proof. By (4.1.2), (4.1.3) and (4.1.7),

1
ko = —=—=(Bybo k1,
k,O \/%< g'¢ ,k 1 ¢’T,0>O’

Lemma 4.3.2. [f{ = 2n > 0, then

1
<¢a,k—17 BT¢T,O>J =0. O
ks

. i \/n—l)'T(J+ 5+7) .
04 — —— 0,2j -
J*:O T(n+3+7) /
Proof. By (4.1.2), (4.1.3), (4.1.6) and (4.1.8),
b0 = —— (G0, Blpma)
Co = 0,0, Pr¥Prl-1)0
0,0 57% 0 1
1 i
<¢o,07 (Bé — 2vz 1)¢T,Z—1>o’
20s
1
= BO‘ 0,0y Prl—1)0
\/%< $0,0, Pre—1)
n—1 . 1
B 2v Z - 1- nfl)!F(jl—Fi—{—T)éOQj
V2e = JT(n+3+7)
1

v (_Un_j\/(n—l)!r(j-i-%4-7)602' -
_ ‘ 2.
= JT(n+35+7)

3

3

Lemma 4.3.3. If k = 2m > 0and { = 2n > 0, then ¢y = \/n/m 1 0-1.

Proof. By (4.1.2), (4.1.4) and (4.1.7),

1 1
Chp = B, o, T o, ) Bsor
k.l \/%< ¢ k—1, ¢ é> \/%<¢ k—1 ¢ €>
1 / n
= o,k—1, P1¥T, — Ck-10-1- U
\/%<¢ k—1 ¢ f mck 1.4—1
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Lemma 4.34. Ifk =2m + 1 and £ = 2n + 1, then
X n+i+to
Chyt =
\ﬂm+%+®m+%+ﬂ

n—1 . 1
v (G +5+7)
- Z(_l)n J\/T(g)) Cr—1.2j-
\/m+3+0 =0 J(n+5 +7)
Proof. By (4.1.2), (4.1.4), (4.1.6) and (4.1.7),
1
2(k + 20)s

L (best, (Br — 205 V)

V2(k +20)s
- n+%+76
m+ Lo

B v i(_l)n_j nl(j+ 5 +7) N
/m+%+aj:0 JTMn+3+7) "%
n+z+o \
= Ck—1,4—1
\ﬂm+%+@m+%+ﬂ

n—1 . 1

v o nll(G+s5+71) .

Ny ¢F<) o1y O
\/m+3+0 =0 JT(n+ 5 +7)

Corollary 4.3.5. If k > {, then ¢,y = 0.

Proof. This follows by induction on ¢ using Lemmas 4.3.1, 4.3.3 and 4.3.4. U

Ch—1,0—1

Cho = (Bl Gok—1,Prt)o

Remark 4.3.6. By Corollary 4.3.5, in Lemma 4.3.4, it is enough to consider the sum
with j running from m ton — 1.

Proposition 4.3.7. Ifk = 2m < { = 2n, then

. nIl(m+ 14 0)T(n —m + )
Cre = (=

m!T(n+ % +7) (n —m)T(v)’
and, ifk =2m+ 1< £ =2n+ 1, then

v [nIT(m4+24+0)T(n—
ek,e=<—1>m+nsz\/” tnty+0) 0o —m+v)

mIT(n+3+7) (n—m)!C(v)
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Proof. This is proved by induction on k. In turn, the case £ = 0,

I'(5+0) I'(n+wv)
\/nlf(n2-|- % +7) T(v) ’ (4.3.4)

le

6075 = (—1)”8

is proved by induction on £. If k = ¢ = 0, (4.3.4) coincides with (4.3.3). Given
£ = 2n > 0, assume that the result holds for £ = 0 and all ¢ = 2n’ < £. Then, by
Lemma 4.3.2,

¢ = ——
T Un J:O IT(n+ 3 +7)

v "‘1 \/(n—1>'r<g+ Li7)
I'(34+0) T(j+v)

JIG+5+7) T(v)

\/(n—l)'F( s +0) v n_IF(j—i—v)

nF(n—|—2+7) v) = j!

x (=1)s2

(IS

= (_1)n8 )

obtaining (4.3.4) because

P(p+1+t i z—i—t

1=0

(4.3.5)

forall p € Nand ¢t € R \ (—N), as can be easily checked by induction on p.

Given k > 0, assume that the result holds for all £’ < k. If k is even, the statement
follows directly from Lemma 4.3.3. If k£ is odd, by Lemma 4.3.4, Remark 4.3.6
and (4.3.5),

n+%+a
Ckt =
Jm+i+o)nti+)

mn 2 [PE(m+ 5+ 0)T(n—m+wv)
x (—1) tng \/m!F(n+é+7) (n —m)!T(v)

n—1 . 1
/m—f‘%—i‘(jj:m JITn+5+7)

x (~1)"Hss \/ﬂF(m +35+0) ([ —m+v)
miL(j + 5 +7) (= m)T(v)

93



Dunkl Harmonic Oscillator

B S nl'(m+ 3 + o) 1
= (-1) 52 1 3
(m+5+o)ml(n+ 35 +7)(v)

y (F(n—m—l—v)(n—i—%—i—a) vni_lf(i+v)>

n—m) , 7!
( ) 1=0

— (_ m+n8% n!r(m+%+0)r(n—m+v)
=1 \/m!l“(n—kg—i—T) (n—m)'T(v) =

Remark 4.3.8. By (4.3.2), if k and ¢ are odd, then Corollary 4.3.5 and Proposi-
tion 4.3.7 also hold when o, 7 > —%.

4.3.2 Casewhereoc #60#rtando — 0,7 —60 & —N
By (4.1.1) and (4.2.1),

G0 = s30(0 4 2)"20(r + 17200 + 1). (4.3.6)
Lemma 4.3.9. If k = 2m > 0, then

m—1 ) 1
o—0 _; [m=1T@GE+ 35 +0)

S (1) 2i 0.
vm (=1) \/ i'lT(m + % + o) €20

1=0

Cro =
Proof. By (4.1.2) and (4.1.8),

1
o = ——(Bl ook 1,
k‘,O \/%< g¢0,k 1 ¢T,O>6

o 1 / 0—o —1
- 2W<B9¢JJ€—1> (l)T,O)G + \/@ <$ ¢U,k—17 ¢T,0>0‘

Here, by (4.1.3), (4.1.6) and (4.1.7),
<B9¢0k 13¢T0>9 = <¢0k 17B9¢T0> = Qbak; 15 T¢T0>

— DIT( + +0)s
1 ~
T Qo k—1,Pr,0)0 = C2;0. U
( k=1, 97,000 ’ O \/ i 2 23,0

Lemma 4.3.10. Ifk = 2m > 0 and £ = 2n > 0, then

-1 . 1
n o—0's - mIl(i+ 5 +0)
Chp = 4] — Che19-1 + E —)mT 2 e,
e m & (=1) \/z‘!F(m+§+U) 2.8

94



4.3 Scalar products of mixed generalized Hermite functions

Proof. Like in the proof of Lemma 4.3.9,

. 1 0—oc, _
Chyp = %<Bé¢@k—1,¢7,e>e + m@ Yo k-1, br)0-

Now, by (4.1.4), (4.1.6) and (4.1.7),
(Bybo k-1, bro)o = (Pok—1, Bodre)o = (Gok—1, Brore)g = 2/ Ex—1,0-1,
m-1 ,¢@n_nwu+;+akA

_1 m—1
o,k—1, P == —1 e
(7 bok—1,Pra)o ;( ) iT(m+ 1 +0) ot

Lemma 4.3.11. If k =2m + 1 and { = 2n + 1, then
) m+ g +0
Cke =
Jon+i+o)n+i+m)
. m4“nm%¢mmu+§+@A

- — Z 5 C2i 01
/n+%+7 Pt iT(m+ 5 +0)

Proof. By (4.1.2),

Ch—1,0—1

. 1
Chp = (Po k> Bror0-1)0,
2\/(n+3+7)s

where, by (4.1.8),
(Gok, Brtdri—1)0 = (Poks Bodri—1)0 = (Bodo ks Ore—1)0
= (By®o ke, Ori—1)0 + 2(0 — 0) (@ o ks Pri—1)0-
Hence, by (4.1.4) and (4.1.6),

R m+3+o
Ckt =\ —— 71  Ck—14-1
n+i+7

o m@{W%VmT@+%+ﬂé

Mn+%+7§% i(m+3+0) "
m+ 346
= 2 Cr—1,0-1
¢m+%+Tmn+%+®
m—1 . 1
. o—¥¢ Z(—l)mi\/T!m + g +0) brio. O
\/@ — ilT(m+ 35 + o)

95



Dunkl Harmonic Oscillator

Proposition 4.3.12. If k = 2m and ¢ = 2n, then

min!

52
\/F(m+§+a)1“(n+§+7)

min{m,n} Fp+3+0I(m—p+oc—0OT(n—p+1—0)
p> plim —p)l(n—p)T(e —OT(r—0)

p=0

and, if k =2m + 1 and { = 2n + 1, then

ne

In

N — _1 m—+n m

fre={—1) S’¢Hm+§+awm+%+ﬂ

thinf’n} Fp+2+0)(m—p+o—0)L(n—p+7—10)
pl(m —p)l(n = p)!l'(e — O)T'(T — 0) '

p=0

Proof. The result is proved by induction on k and £. First, consider the case £ = 0.
When k = ¢ = 0, the result is given by (4.3.6). Now, take any £ = 2m > 0, and
assume that the result holds for all ¢ ¢ with ¥’ = 2m/ < k. Then, by Lemma 4.3.9
and (4.3.5),

) . m—l(_l)m_i (m—DI0(i+ 3 +0)
T m & iT(m + 3 + o)

iog 1 I'(i+o—0
(—1)'s2 \/i!F(' i 1 F(% +0) 1(1(0—9))

X

i+5+0)(5+7)

v m!
= (=1)"s2 T l g—0 ~~m—1 I'(i+0-0)
(=1)"s \/P(m+§+a)r(;+r) (G +0)%" 2% )

v 1
= (=1)"s2 (L o g)Elnto—6)
1) SQ\/m!F(m+;+g)F(é+7) (2+ ) [(c—0)

From the case ¢ = 0, the result also follows for the case k = 0 by (4.3.1).
Now, take k = 2m > 0 and ¢ = 2n > 0, and assume that the result holds for all
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¢ o with k' < k and ¢ < £. By Lemma 4.3.10,

ékﬂ — ﬁ (71)m+n—285 (’I?’L B 1)'(” B 1)‘
’ m L(m+3+o)l(n+3+7)

min{m,n}—1

y Z Tg+3+00(m—1-qg+o0—0)T(n—1—q+7—0)
= gdm—-1—-g)l(n—1—-¢)I'(c —0)I'(r —0)
_9 mfl(_l)m% mIT(i + 3 + o)
: il(m+1+40)
% (_1)z+n55 .
\/I‘(z +3i+o)l(n+3+7)

minlint pep 41 +o) (i—p+o—0D(n—p+r—0)
8 Z ~p)l(n—p)T(o - O)L(r - 0)

. Inl
= <—1>m+“s§i e
m\[ T(m+5+o)l(n+35+7)

y (min{m’n}_lr(q+g—|—0)I‘(m—1—q+a—9)F(n—1—q+T—9)

; gdm—-1=g@)!(n—1—-¢)!T(c —)I'(r—0)

02 2 —p)i(n—p)T(o - O)I'(T - 0)

mlmm{zn}F 4+ 1 +0) (z—p+a—9)F(n—p+T—0)>
=0 p=0

Then the desired expression for ¢, ¢ follows because

min{m,n}flr(q+§_‘_9) 'm—1—-q+o0c-0)T(n—1—q+7—106)

qz:; g(m—1-qg)l(n—1-¢)T'(c —O)I'(T —0)
:mininf’n}pf(p—ké+9)F(m—p+a—9)F(n—p+T—9)
= pl(m —p)i(n —p)IT'(c — O)['(7 —0) ’

and, by (4.3.5),

RO EI T+ L+ 0T —p+o—OT(n—p+7—0)
o ; pz P(i = p)(n — p)T(o — O (r —0)
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min{m—1,n} m—1-p

Lp+3+0(G+o-0T(n—p+7—0)
— (0 —0) Z Z pji(n —p)IT(o — )T (7 —6)

min{m,n} Tp+i+0)(m—pT(m—p+o—0L(n—p+7—10)

B p;) pl(m = p)l(n = p)T (o — O)I(7 — )

(4.3.7)

Finally, take £ = 2m + 1 and £ = 2n + 1, and assume that the result holds for all
¢ with k' < kand ¢ < £. By Lemma 4.3.11,

Cro = (m + % + 9)(_1)m+n3% \/ m!n!
LT 1 1
\/(m+%+a)(n+%+r) Fm+35+o)l(n+35+7)
min{m,n} I‘(p—i— % + H)F(m —p+o— H)I‘(n —p+T— 9)

g Z% pl(m = p)i(n — p)T(e — O (7 —0)

m—1 .
o—10 (—1)m_i\/m!F(z+%+0)

=7 = el
/n+%+7'§ iT(m+ 5 +0)

4 Y In!
x (—=1)"*"s2 b
(=1) \/F(z‘+%+o)r(n+§+f)

min{i,n}F(p_|_%_i_g)r‘(i—p—l—O'—e)F(n—p"FT_g)
x> P\(i = p)\(n = p)'T(o — O)L(r — 0)

p=0

, I
= (st g
Lim+5+0o)l(n+5+7)

x (min{fm} (m+ 5+ 0L+ 5 +OL(m—p+o—6l(n—p+7—6)

= pl(m —p)l(n —p)IT'(c —0)I'(1 — 0)

O S R (T R e )
02 2 TG i P - O 6] >'

i=0 p=0

Then we get the stated expression for ¢, using (4.3.7) again. O

Remark 4.3.13. By (4.3.2), if k and ¢ are odd, then Proposition 4.3.12 also holds

when o, 7 > —%.
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4.4 The sesquilinear form t/

4.4 The sesquilinear form t'

Consider the notation of Section 4.3. Since z 1Sogq = Sev, @ sesquilinear form t’ in
L%, with D(t') = S, is defined by

o,T?

(3, 0) = (Bevs & Podd)g = (Tevs Yodd)o—1-

Note that ' is neither symmetric nor bounded from the left. The goal of this section
is to study t’, and use it to prove Theorem 1.10.3.
Let ¢} o = t(¢ok, dr)- Clearly, ¢ , = 0if k is odd or £ is even.

44.1 Casewhereoc=0=r1

In this case, we have v = 0.

Proposition 4.4.1. For k = 2mand ¢ = 2n + 1, ifk > £ (m > n), then c?w =0,
and, if k < £ (m < n), then

nT(m+ L+
- Q)[BT E 20,
’ m!I'(n + 5 + o)

Proof. This follows from (4.1.6) since ¢ ¢ = 6y ¢ in this case. (]
Proposition 4.4.2. There is some w = w(o) > 0 so that, for k = 2mand { = 2n+1,
chel < 82 (m+1)“(n+1)7.

Proof. We can assume that m < n according to Proposition 4.4.1. Moreover

o
2

N

(el < s2(m+ 1) 5 (n+1)

for all m < n by Proposition 4.4.1 and Lemma 4.2.12. Therefore the result follows

using Lemma 4.2.14, reversing the roles of m and n, because —Z —% <-5<0. O

44.2 Casewherec=0#r7and7—o0 ¢ —N

Recall that v = 7 — o in this case. Moreover C;M = 0if £k > ¢ by (4.1.6) and
Corollary 4.3.5.

Proposition 4.4.3. Fork =2m < {=2n+1(m < n),

/ ( 1)m+n1+T“ nlr(m'i‘%‘i‘g) F(n—m—|—1—|—1))
C = (— S ]
Wt mT(n+3+7) (n—m)T(1+v)
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Proof. By (4.1.6), Corollary 4.3.5, Proposition 4.3.7 and (4.3.5),
" 0D+ L+ 1)
ch o= 52 E I L
e j:m( ) JT(n+3+7)

x (=1)m*igh JIT(m+ L +0) T(j = m+v)
miD(j + 3 +7) (= m)T(v)

(
_ i nl(m+31+0) 1 anz+v
=(-1) 52 g
m!T(n+ 3 +7)T(v) paur

)

7)

_ 1)m+"52 \/n'F(m+ s+o)(n—m+1+0)
mT(n+32+7) (n=m)T(1+v)

Proposition 4.4.4. If (o, 7) satisfies (1.10.5), then there is some w = w(o,T) > 0 so
that, fork =2m < £ =2n+1,

chel <872 (m+ 1) (n+ 1)~
Proof. By Proposition 4.4.3 and Lemma 4.2.12,
‘C’ ‘_< 1tv g_1 _r_1 . v
fol <872 (m+1)272(n+1)"2712(n —m+1)".

Then the result follows by Lemma 4.2.14, interchanging the roles of m and n, using
the condition of Theorem 1.10.3-(a). L]

443 Casewhereoc #60=7ando — 60 & —N

Recall that v = o — 7 in this case.

Proposition 4.4.5. Fork =2mand { =2n + 1,

. In
C/ —(—1 m—&-nsl'g mn.
ke = (1) T(m+3+0)0(n+32+7)

mninfn} I'(j+5 —i— m)I'(m —j+v)

N

X
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4.4 The sesquilinear form t/

Proof. By (4.1.6), Corollary 4.3.5, Proposition 4.3.7 and (4.3.1),

min{m,n} (s 1
Ty +s5+71
cfrg,e = 52 E (=1 \/.‘ U § )
= Jih(n + 5 +7)

ity mIT(j+ 5 +7) T(m —j+v)
< (=1) \/j!r(m+§+a) (m — )T (v)

. Inl
_ (_qymngt min!
(=1) F(m+3+o0)l(n+3+7)

min{m,n} . .
y Z F(]—i—%—i—T)F.(m—]—i-v) .
2 T jm -

Proposition 4.4.6. If (o, 7) satisfies (1.10.6), then there is some w = w(o, ) > 0 so
that, for k = 2m and £ = 2n + 1,

14+v

kel 572 (m+1)"“(n+1)"%.

Proof. By Proposition 4.4.5 and Lemma 4.2.12,

1+wv 1 o 1 Tmin{m7n} 1
el <5 F (me DA )R D w7
=0

Then the result follows by Corollary 4.6.4, proved in Section 4.6, since (o, 7) satis-
fies (1.10.6). O

444 Casewhereoc #60=7+1lando—7—-1¢ —N
Note that v = o — 7 — 2 in this case. Moreover

C;gj = <¢0‘,k7 x71¢r,€>7+1 - <$¢U,k7 ¢T,€>T = <¢T,Z7 x¢a,k>7’ (441)
for k = 2m and ¢ = 2n 4+ 1 (Remark 1.10.4-(ii)).

Proposition 4.4.7. Letk = 2mand { =2n+1. Ifk+1 < £ (m < n), then cjw = 0.
Ifk+12>/£4(m >n), then

y —(_1)’”*”5%1 m!F(n—l-%—i-T)F(m—n—l—v—{—l)
W nIl(m+ 1+ o) (m—n)T(v+1)
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Proof. By (4.1.5) and (4.4.1),

/ 1
m+s5+o /m
/ 2 ~ N
ck,f S cT,O’,T,Z,k—‘,—l A c7’,a’,7‘,&k—1~ (442)

Sod), =0if k+1 < £by Corollary 4.3.5. When k + 1 = £ (m = n), by (4.4.2)
and Proposition 4.3.7,

o s T(m+ 3 + o) Dm+ito)
When k — 1 > £ (m > n), by (4.4.2) and Proposition 4.3.7,
Cho = \/m(—l)””"s“‘z“ mil(n+ 35 +7) D(m —n+v +2)
s s n!T'(m + % +0) (m—n)!T'(v+2)

3
S

nl(m+3+0) (m—1-n)T(v+2)

3
 (q)mng i \/m!m t5+7) T(m-—ntv+1)

nll(m+ 14 0) (m—1=n)IT(v+2)
m-—n+v+1
(Y
m-—n

O]

B (—1)m+”s% m!T(n + % +7)T(m—n+v+1)
nll(m+ 3 +0) (m—n)0(v+1)

Proposition 4.4.8. If (o, 7) satisfies (1.10.7), then there is some w = w(o,7) > 0 50
that, for k =2mand { = 2n + 1,

v+1

Chel <572 (M +1)"(n+1)7%.

Proof. By Proposition 4.4.7, we can assume that K + 1 > £ (m > n), and, in this
case, using also Lemma 4.2.12, we get

v+1
<872

(m+1)i"3(n+ 1)1 (m —n+1)".

\Cz,e

Then the result follows using Lemma 4.2.14. O
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4.4 The sesquilinear form t/

4.4.5 Casewhereoc #0#71ando —0,7—60 & —N
Proposition 4.4.9. For k =2mand { = 2n + 1,

In!
;o men  Ltv min!
Ck,é - (_1) s 2 \/ 1

T(m+i+0)T(n+3+7)

Xmirl{zm’n}F(p+5+9)F(m—p+0—9)F(n—p+1—|—7’—0)

pl(m —p)l(n —p)!T'(c — O (1+7 —0)

p=0

Proof. By (4.1.6) and Proposition 4.3.12,

n - InIl(j + 1 T)
= S% g 2 2
e 2 (-1 §I0(n+ 3 47)

J=0

oy mlj!
x (—1)m+ig3 . -
F(m+§+0')l_‘(j+§+7')

min{m,j

4} T(p+35+0L(m—p+o—OI(j—p+7—0)
x 2 P\(m — )G — p)T{o — O)L (T — 0)

p=0

1o m!n!
= (=)™ \/F(m+%+a)1“(n+§+7)
n mm{m,J}F 41 +9) m—p+o—-—0)'(j—p+717—20)
XZ Z —p)(j —p)IT(oc — )T (T —6) '

But, by (4.3.5),

n mln{m,j} i
I'(m — p—i—a—@)f‘(]—p—i-T—Q)
DI I

mln{mn} n .
(m — p+a—0)F(j—p+T—9)
Z Z —p)T'(oc —O)I'(Tr —0)

_mm{zmn}g m — p+a—0)I‘(z’+T—9)
N = p)lill' (o — 0)T'(T — )

mm{m,n}

_ Z 'm—-p+o—-0)'n—p+1+7—10)

(m—p)ln—p)T(c—-0T(1+7-0)" -

p=0
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Proposition 4.4.10. If (o, 7, 0) satisfies (1.10.8), then there exists w = w(o, 7,0) > 0
so that, for k = 2m and £ = 2n + 1,

chel < 87 (m+1)(n+ 1)
Proof. Let p run from 0 to min{m, n}. By Proposition 4.4.9 and Lemma 4.2.12,

ch 451#) m+1 i-% n+1 -3 3
k¢

xS (m—p+1)7 0 n—p+ 1) 0 (p+1)° 3.
P

Then the result follows by Corollary 4.6.2, proved in Section 4.6, since (o, 7, 0) sat-
isfies (1.10.8). O

4.4.6 Proof of Theorem 1.10.3

Assume the conditions of Theorem 1.10.3. Let j, , be the positive definite symmetric
sesquilinear form in L2 ., with domain &, defined by jo.r (4, %) = (Jyr 0, %) 0 r-

g,7°

Proposition 4.4.11. For any € > 0, there is some E = E(¢,0,7,0) > 0 such that,
forall p € S,

v=l 1t
(@) <es 2 jor(d)+Es 2z |92

Proof. This follows from Propositions 4.4.2, 4.4.4, 4.4.6, 4.4.8 and 4.4.10 using the
arguments of the proof of Proposition 4.2.17. O

Proof of Theorem 1.10.3. This is analogous to the proof of Theorem 1.10.1. Thus
some details and the bibliographic references are omitted.

Let t, ; be the positive definite symmetric sesquilinear form in ng with domain
D(t,r) = S, defined by t, on Sey and t, on Sodq, and vanishing on Sey X Spqq (and
therefore also on Spgag X Sev). Let s be the symmetric sesquilinear form in Lg’T, with
D(s) = S, defined by s(¢, 1)) = t'(¢, ) +¥ (1), ). Then the symmetric sesquilinear
form v = j,» + {ts 7 + N5 in L?,,T, with D(v) = S, is given by the right hand side
of (1.10.9). Using Propositions 4.2.17 and 4.4.11, for any € > 0, there are some
C =C(e,0,7,u) >0and E = E(e,0,7,0) > 0 such that, for all p € S,

|(Etor +15) ()]
< (68" 4 20nls"T )ior(0) + (ECs* +2[n|Es =) |[l[2,. (44.3)

Then, taking € so that (€541 + 2\7]|SUT_1) < 1, since jg,r is closable and positive
definite, it follows that v is sectorial and closable, and D(v) = D(j,); in particular, v
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4.4 The sesquilinear form t/

is bounded from below because it is also symmetric. So b is induced by a self-adjoint
operator V in L7  with D(V!/2) = D(b). Thus S is a core of o and V1/2,
Forall ¢ € S,

b(9) = jo,r () + Etor(8) — IN5(9) 2 io,r () + Etor(8) — 2| [ ()] (4.4.4)

Since S is a core of b and j, ;, using Propositions 4.2.18 and 4.4.11 like in the proof
of Theorem 1.10.1, it follows from (4.4.4) that V has a discrete spectrum, which
consists of two groups of eigenvalues, A\g < Ao < --- and A\ < A3 < - -+, repeated
according to their multiplicity, satisfying (1.10.10). On the other hand, by (4.4.3), for
allg € S,

0(6) < (14 (65"~ + 2[nls"2 ) i () + (€Cs" + 2n|Es =) |9]12 . (44.5)

obtaining (1.10.11) because S is a core of v and ]U_T

With the notation of (iii), let £, (respectively, t.) be the symmetric sesquilinear
form in L2 (respectively, L2), with D(t,) = S (respectively, D(t,) = S), defined
like t, (respectively, t;), using @ (respectively, v — @+ 1) instead of u. Let %UJ be the
positive definite symmetric sesquilinear form in Lgﬁ, with D(E(,,T) = &, defined by
t, on Sey and £, on Syqq, and vanishing on Sey X Soqq. By the Schwartz inequality,
we deduce

21t (9)] = 2‘<¢ev|$|_ﬂ+‘7—9>1U_1¢odd|$|ﬁ“_0+9>9‘
< 2||ev|x| " lg - [|poaalz| T g
= 2||¢ev |zl - | Goaalz|* "I

< eyl =15 + [ poaal|“7HIZ = T, (¢)- (4.4.6)

Hence (1.10.13) follows like in the proof of Theorem 1.10.1, using Propositions 4.2.17
and 4.2.18.
If u = “FL, then we can take & = u = v — @ + 1 in (iii), yielding

U(¢) > ja,‘r(¢) + (5 - |77’) ta,7(¢)

by (4.4.4) and (4.4.6). Thus (1.10.14) follows if |n| < &, like in the proof of Theo-
rem 1.10.1, using Proposition 4.2.18.

If we add the term &' (Pey, ey) o +E" (Podd, odd) - to the right hand side of (1.10.9),
for some ¢/, ¢” € R, then the same argument can be used by adding the term &’ || ey ||2
+ &"|podd||? 1O jo.r» Obtaining (v). O
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4.5 A preliminary estimate

4.5.1 Statement

The standard coordinates of R® are denoted by (a, 3,7, 8, »). Consider the partition

of R into the following intervals: I; = (—oco,—1], I = (—1,—3], I3 = (—

;7 _%]7

Iy = (—%,0) and I5 = [0,00). Let Q;jx = I; x I; x I, and consider the following

subsets of R®:

Gs15: This is the subset of R? x Q515 defined by

a+v,a+B+7+x<0.

Gx29: This is the subset of R? x Q595 defined by

a+y,a+B+v<0.

Gaso: This is the subset of R? x Q52 defined by

0<y+d=>a+v,a+B8+7+d+x+1<0,
at+vy+da+pf+x+1<0, or
a+’y+%,a+5+5<0, or
a+y+i,a+B+5+5<0,o0r
a+v,a+pf+0+x+1<0.

vy+0<0=

G155: This is the subset of R? x Q155 defined by (4.5.3) and

at+v+6a+B+x+1<0, or
a+y+lLa+B+0+2%<0,or
Y+d<0=>{a+y+ia+B+0+x+3<0,or
at+y+g,a+B+0+x+3<0, or
at+v,a+pB+0+x+1<0.

Ga12: This is the subset of R? x Q212 defined by

y<x=a+y,a+f+x<0,
w<vy=>a+v,a+L+7<0.

4.5.1)

4.52)

(4.5.3)

(4.5.4)

(4.5.5)

(4.5.6)
(4.5.7)
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4.5 A preliminary estimate

Let S = Gr15 U G509 U G959 U G155 U Ga19. On the other hand, consider the linear
isomorphism of R® defined by

(a7 167 ,y’ 57 %) '_> (B’ a? 5’77 %)' (4‘5‘8)

This is the reflection with respect to the linear subspace defined by o = 5 and v = 9.
The image of any subset X C R® by the mapping (4.5.8) is denoted by X’, and let
Xcony be the convex hull of X. Thus X/, := (X")conv = (Xconv)'-

Lemma 4.5.1. If (a, 8,7, 6, %) € Seony N Sy then there is some w > 0 such that,
forallm,n € N,

min{m,n}
(m+1)*n+1)7 Y (m—p+1)'(n-p+1)°(p+1)~
p=0
<K (m+1)“Mn+1)"% (45.9)

4.5.2 Proof of Lemma 4.5.1

Since the roles of m and n in Lemma 4.5.1 are interchanged by the mapping (4.5.8),
we can assume that m > n. Then Lemma 4.2.14 gives (4.5.9) once
n

Y (m—p+1)(n—p+1)°(p+1)~

p=0
is appropriately estimated. Estimates of this expression are achieved with several
strategies explained in Sections 4.5.2—-4.5.2, giving rise to several lists of conditions
that guarantee (4.5.9) when m > n. Then, for the chosen subindices ¢jk equal to
515,522,252, 155, 212, every G, is defined by the most general of those conditions
on R? x Q;;x. This will show that (4.5.9) holds for m > n and (o, 8,7, 8, %) € S.
In Section 4.5.2, it will be shown that this property can be extended to the convex
hull éconv, completing the proof of Lemma 4.5.1.

First list of conditions

Forall e > 0,

n n+1 n+2 .
fl z” dx if22>0

E +1)” E <

p- Op - {1+f”+1 w¥dr if 2 <0

(n+1)”“+1 if 22> —1 (n+ 1) if e > —1
<< 14+In(n+1) ifse=-1=<3 (n+1)° ifx=—-1 (45.10)
1 if r < —1 1 if »r < —1.
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On the other hand, we claim that

(m+1)7(n+1)° if§ 2 —,0
(m—n+1)"" and if0 <6<

< -
(m—n+1)"(n+1)°

o 1t 1) < 45.11
_ 1)

(m —n+1)7or if v <8 <0
(m+1)(n+1)°

forall p =0,...,n. Combining (4.5.10) and (4.5.11), it follows that

(m+1)%(n+1)> (m-p+1)(n—p+1)°(p+1)" < A, (4512
p=0

where A; = Aj(m,n,«, 3,7, 0, ») can be taken to be equal to:
(m + 1)1 (n 4 1)F o>+l if —,0 <8, —1 < s,

(m 4+ 1)%(n + 1)#+#+1(m —n + 1) and

(m +1)%(n + 1)FT0tt1 (m — 4 1)7 } if0<o<—y,—1<s.

In the definition of A1, the other cases of -, d, > are omitted because they will not be
used. We will continue omitting such cases, often without further comment. Result-
ing tautologies will be also removed without further comment. By (4.5.12), applying
Lemma 4.2.14 to the above list, we get the first list of conditions that guarantee (4.5.9)
when m > n:

—4,0<4, - 1<xw=a+v,a+8+7+d+x+1<0, (4.5.13)

at+y+da+B+x+1<0, or

45.14
at+v,a+p+0+x+1<0. @5.14)

0<d6<—7, —1<%:>{

To prove (4.5.11), it is enough to study the maximum of the C'*° function
f@)=(m-z+1)(n—z+1)°
on [0, n] (the natural domain of f contains (—oo,n + 1)). We have
fi(x) = (m—z+1)" (n—z+1)°"h(x),

where
h(z)=(y+d)z—vy(n+1)—d(m+1).

108



4.5 A preliminary estimate

Observe that this expression is valid even when v = 0 or § = 0. Since f’ and h have
the same zero set on [0, n], and they have the same sign on the complement of the
zero set in [0, n], it is enough to analyze h to know where f reaches its maximum on
[0, n]. We consider several cases.

Case where v+ § = 0. Then h = y(m —n). If m > nand v # 0, then h # 0
and sign h = sign~y. If m = n or v = 0, then h = 0. Hence:

):{f(n):(mnle)V ify=—-0>0 45.15)

max
fO)=(m+1)(n+1)?° ify=-6<0

0<z<n

Case where v + 6 # 0. Then h vanishes just at the point
_y(n+1)+8(m+1)
y+0 '

Case where v + 6 < 0. We have h > 0 on (—o0,zg) and h < 0 on (z, c0),
yielding

fO) =(m+1)"(n+1)° ifzg <0
Jmax f(x) =1 f(xo) if0<azp<n (4.5.16)
o f(n)=(m-n+1)7 if 2o > n.
Case where v+ 0 < 0 and 6 < 0. Then g > n + 1, and therefore, by (4.5.16),

Y+0<0,<0= max f(z)=(m—n+1)7. (4.5.17)
0<z<n

Case where v+ 6 < 0and § > 0; ie, 0 < 6 < —y. We may have g < 0,

0<x9g<norn < zg. Moreover

B 5
Flan) = s m =7 < (o g 17

Therefore

0<d<—y= max f(z)< (m —n+1)7+° (4.5.18)

by (4.5.16) and since
(m—n+1)",(m+1)(n+1)° < (m—n+ 1),
which follows using that v < ~ + ¢ and
m m—n—|—1< m—n-+1 m—n+1<(m—n+1)i’

n>—= <
2 n—+1 m+1 n—+1 n+1
—n+1 —n+1 —n+1\-2
n<@:>w>1:>w§1<<u> T
2 n+1 m+ 1 n+1
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because 0 < —% < 1. On the other hand, in this case,
< —z 4 1) —y+1)°
Zax f (z) < Orsnggn(m z+1) Oglfgn(n y+1)

=(m-n+1)(n+1)7° < (m-n+1)7*+°

if n < 7. So (4.5.18) can be improved by

0<d< —y=> =<
y Orgggnf(fv)

_ 45
{(m n+ 1) and (4.5.19)

(m —n+1)Y(n+1)%.
Case where v + 6 > 0. We have h < 0 on (—00,20) and o > 0 on (xg, c0),
yielding
fn)=(m—-n+1)7 ifxg <0
Jmax f(z) = ¢ max{f(0), f(n)} if0<zp<n (4.5.20)
<z<n
fO)=(m+1)(n+1)° ifxg>n.
Case where v+ 6 > 0 and 6 > 0. We get xg > n + 1, and therefore, by (4.5.20),

Y+0>0,0>0= max f(@) = (m+1)"(n+1)°. (4.5.21)

Gathering together (4.5.15), (4.5.17), (4.5.19) and (4.5.21), we get the first two
cases of (4.5.11). The other cases will not be used, and they follow with similar
arguments.

Second list of conditions

According to (4.5.10), for all € > 0,

n n+1 (n+ 1)t if§> -1
Sth-p+10 =3¢ <{(n+1) ifs=-1 (4.5.22)
p=0 =1 1 if 6 < —1.

On the other hand, we claim that

;

(m+1)Y(n+1)* ify,22>0
(m—n+1)7(n+1)* ity <0<
—p+ 1) (p+1)* < — 1) 1)” 4.5.23
(m—=p+1)7(p+1)* < {(m—n+1)7(n+1)%or ity << M)
(m+1)7
[ (m+1)7 if 2 <7,0
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forall p=0,...,n. Combining (4.5.22) and (4.5.23), it follows that, for all ¢ > 0,

(m+1)*n+ 1> (m—p+1)7(n—p+1)°(p+1)* < A3, (4.524)
p=0

where Ay = Ay(m,n,«, 5,7, 9, , €) can be taken to be equal to:

Yot (n 4 1)5HFe if0 <7,z 6=—1,
)Y (n 4 1)+ if0 <y, 6 < —1,
) (n 4+ 1) (m —n 4+ 1)7 ity <0<s,0=-1,
Y (n+ 1) (m —n+1)7 ify<0<6<—1,
) (n + 1) e(m —n41)7 or }
m + 1)%T7 (n 4 1)#+e
)
)
)
)

3
_|_
—_
= 2

ify<x<0,0=-1,

Q
S
+

=

i)

_l’_

N
3

|
S
e

=

0
@]
=

} ify<»x<0,6 <—1,

AtV (p 4 1)+ if 2 <~,0,6 = —1,
Y (p 4+ 1)P if 2 <7,0,6 < —1.

By (4.5.24), applying Lemma 4.2.14 to the above list, we get the second list of con-
ditions that guarantee (4.5.9) when m > n:

0< 7,56, 0<—1=at+y,atf+y+x<0, (4.5.25)
7<3x,0,0<-1=>a+v,a++x<0, (4.5.26)
<%0, i<-1=a+v,a+8+v<0. (4.5.27)

To prove (4.5.23), it is enough to study the maximum of the C'*° function
f(@)=(m—z+1)7(z+1)"
on [0, n| (the natural domain of f contains (—1,m + 1)). We have
fl(x) = (m =2+ 1)z + 1) h(2),

where
hz) = —(v+ )z +(m+1) — 7.

Observe that this expression is valid even when v = 0 or »c = 0. Since f’ and h have
the same zero set on [0, n], and they have the same sign on the complement of the
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zero set in [0, n], it is enough to analyze h to know where f reaches its maximum on
[0, n]. We consider several cases.

Case where v + » = 0. Then h = »(m + 2). If ¢ # 0, then h # 0 and
sign h = sign s. If 3 = 0, then i = 0. Hence:

= - 1)7 1)” ifx=—-—y>0
max f(z) = 4 /W= (Mot DT n4 17 il =—y 2 (4.5.28)
0<a<n f(0) = (m+1)7 if 6= —v <0.
Case where ~y + s # 0. Then h vanishes just at the point
w(m+1)—~
Tp 1= ————.
Y+

Case where v + » < 0. We have h < 0 on (—o0,xg) and o > 0 on (z9, 00),
yielding

fn)=(m—-n+1)7(n+1)* ifzg<0
Orgjé(nf(:c) = ¢ max{f(0), f(n)} if0<zp<n (4.5.29)
o f(0) = (m+1)Y if zg > n.

Case where v+ »x < 0 and » > 0; i.e, 0 < 3¢ < —~. Then 2y < 0, and
therefore, by (4.5.29),

0<x<—y= max f(z)=(m-n+1)"(n+1)". (4.5.30)
0<z<n
Case where v + s < O and v > 0; i.e., 0 < v < —3. Then 9 > m + 1, and
therefore, by (4.5.29),

0<y<—x= max flz)=(m+1)7. (4.5.31)

Case where 3 < v < 0. Then ¢y > 2, and we may have zog < n or g > n. In
any case, by (4.5.29),

#<v<0= max f(z)=(m+1)7. (4.5.32)
0<z<n
Case where v < ¢ < 0. Then zg < %, and we may have zg < 0,0 < 2y < nor
o > n. In any case, by (4.5.29),

(m—n+1)"(n+1)*or

4.5.
(m+1)7. (+:3.33)

0 =
7<x< :>Or§n§%<nf(x) {
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4.5 A preliminary estimate

Case where v + » > 0. We have h > 0 on (—o00,zg) and h < 0 on (zg, ),
yielding
0) = (m + 1) if 20 < 0
0) if 0 S i) S n (4.5.34)

0<z<n t
n)=m-n+1)7(n+1)* ifzy>n.

I
max f(z) = ¢ f(
I

Case where v + » > 0 and » < 0; i.e, —y < 2 < 0. Then z¢g < 0, and
therefore, by (4.5.34),

—v<x<0= Juax f(z) =(m+1)7. (4.5.35)

Case where v + 3 > 0 and v < 0; i.e., —« < v < 0. Then xy > m + 1, and
therefore, by (4.5.34),

—x<y<0= oglfé{nf(x) =m-n+1)(n+1)". (4.5.36)

Case where v + 3 > 0 and v, > 0. We may have xo < 0,0 < zg < nor
n < xg. Moreover

f(z0) =

v 4

'77% Yt Y+
m(m-l—?) < (m41)77
But, in this case,
< NS 1) 1)”
é@;f@%wgggm T+ )£ﬁ§@+)
=(m+1)(n+1)* < (m+1)7~
Therefore, by (4.5.34),

v, 2> 0= Juax flz) < (m+1)"(n+ 1)~ (4.5.37)

Gathering together (4.5.28), (4.5.30)—(4.5.33) and (4.5.35)—(4.5.37), we get (4.5.23).

Third list of conditions

For all € > 0,
n m+1 m+2 .
Sm-p+1y= Y g< S @7 da B if y >0
- m .
p=0 g=m—n+1 (m—n+1)"+ fm—n+1 zVdr ify <0
(m+ 1)1+ ify>—1  ((m+1)7+! ify > —1
Sql+n(m+1) ify=-1<q(m+1) ify=—1 (4538

(m—n+1)7" ify < -1 (m—n+1)7" ify < —1.
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The following gives a better estimate when v > 0, and an alternative estimate when
v < 0:

Zn:(m—pﬂLl)”S

p=0

{(m +1)(n+1) ify >0 (45.39)

(m—n+1)7(n+1) ify<O.

The estimate (4.5.39) is better than (4.5.38) when v > 0 since m > n, and (4.5.39)
may be better or worse than (4.5.38) when v < 0, depending on the values of m and
n. Note that estimates of the type (4.5.39) for > (p+1)*and > (n —p+ 1)%
are worse than (4.5.10) and (4.5.22). Thus it makes no sense to add this kind of
estimate in Sections 4.5.2 and 4.5.2. On the other hand, we claim that

(n+1)* if 6 < 5,0
(n—p+ 12+ 1)* <{ (n+ 1)%* ifs, >0 (4.5.40)
(n+1)° if 2 <0,0

for all p = 0,...,n. Combining (4.5.38)—(4.5.40), it follows that, for all ¢ > 0,
(m+1)n+1°> (m-p+1)7(n—p+1)°(p+1)* < A3,  (4.541)
p=0

where Az = As(m,n,«, 3,7, 0, », ) can be taken to be equal to:

m + 1)%F¢(n 4 1)+9+* and

m+ l)a(n 41 5+6+%+1( —n+ 1)7

m 4+ 1)%(n + 1)PH9%(m —n +1)7+! and
m+ l)a(n 41 5+6+%+1( —n+ 1)7

E } ify=-1,0 <9, s,
E } ify < —1,0 < 4, .

By (4.5.41), applying Lemma 4.2.14 to the above list, we get the third list of condi-
tions that guarantee (4.5.9) when m > n:

at+y+lLa+B+0+2%<0,or

4542
a+v,a+pB+0+x+1<0. 4.542)

fy§—1,0§(5,%é{

To prove (4.5.40), it is enough to study the maximum of the C'*° function
fl@)=(n—a2+1)°(x+1)"
on [0, n] (the natural domain of f contains (—1,n + 1)). We have

fl(x)=(Mn—a+ 1)‘571(.7: + 1) h(z),
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4.5 A preliminary estimate

where
h(z) = —(6 + »)x + »#(n+ 1) — 0.

Observe that this expression is valid even when 6 = 0 or ¢ = 0. Since f’ and h have
the same zero set on [0, n], and they have the same sign on the complement of the
zero set in [0, n], it is enough to analyze h to know where f reaches its maximum on
[0, n]. We consider several cases.

Case where § + » = 0. Then h = »(n + 2). If » # 0, then h # 0 and
sign h = sign s. If 5 = 0, then h = 0. Hence:

(4.5.43)

max
O§x§nf

(z) = f(n)=m4+1)* ifsx=-6>0
T FO)= (1) ifx=-6<0

Case where § + » # 0. Then h vanishes just at the point

%(n+1)—(5.

) o= 0+

Case where § + » > 0. We have h > 0 on (—o0, ) and h < 0 on (z, c0),
yielding
f0)=(n+1)° ifzg<0
Org?écnf(x) = 9 f(=xo) if0<zg<n (4.5.44)
fn)=(n+1)* ifzy>n.

Case where § + » > 0 and §,x > 0. We may have g < 0,0 < xg < n or
n < xg. Moreover
59 3%

W(n + 2)6+% '\< (n + 1)6+%.

f(xo) =

But, in this case,

< —x+1)° 1)* = 1)0+%,
o025, 1) < pax n— o+ 1 gpax (w4 )7 = (04

Therefore, by (4.5.44),

6,>0= max f(z) < (n+1)°+* (4.5.45)

0<z<n

Gathering together (4.5.43) and (4.5.45), we get the second case of (4.5.40). The
other cases will not be used, and they follow with similar arguments.
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Fourth list of conditions

We have

(n+1)* ifx>0
+1)* < 4.5.46
(p+1) _{1 £ < 0 ( )

for p =0,...,n. Moreover, by (4.5.10), (4.5.38) and (4.5.39), for all € > 0,

n nt1 (n+1)P* if 5> —5
dDln—p+1)?=> "¢ < (n+1)  ifd=-1 (4.5.47)
p=0 g=1 1 if§ < -1,

N (m+1)2+L ify > —%
> o(m—p+ 17 < { (m+ 1) ify= -} (4.5.48)
p=0 (m—n+1)2H ify < -1,
i}m—p+1ﬁhi(mﬁdywn+n =0 (4.5.49)
=0 T m 1) (n+1) ify<0 -

The estimate (4.5.49) is better than (4.5.48) when v > 0, and it may be better or
worse than (4.5.48) when v < 0, depending on the values of m and n. By the
Cauchy-Schwartz inequality,

[N
7
=3
I 3
< —
3
|
=
+
—_
o
[
N———
VY]

Z(m—p+l)7(n—p+1)5§< (m—p-|-1)27>
P

p=0 =0
Therefore, by (4.5.46)—(4.5.49),

(m+1)*n+1°> (m-p+1)7(n—p+1)°(p+1)* < Ay, (4.5.50)
p=0

where Ay = A4(m,n,«, 3,7, 0, ») can be taken to be equal to:

(m+1)%(n+ 1)#TH4 2 (m — n 4+ 1)7F2 and

ify<—1<6,0<s.
(m + 1)%(n+ 1)t (m —n 4+ 1)7 } 7 2

By (4.5.50), applying Lemma 4.2.14 to the above list, we get the fourth list of condi-
tions that guarantee (4.5.9) when m > n:

a+7+%,a+ﬁ+5+%+%<0, or

4.5.51
at+v,a+B+d+2x+1<0. ( )

7<—§<&0§%@{
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4.5 A preliminary estimate

Fifth list of conditions

This is analogous to the estimates of Section 4.5.2, interchanging the roles of § and
2. We have

(n+1)° if6>0
n—p+1)°< 4.5.52
(n—p+1) _{1 i£5 <0 ( )
forp=0,...,n. Moreover, by (4.5.10), for all € > 0,
n (n+ 1)L if 5 > —%
Y lp+ 1)< (n+ 1) if o= —3 (4.5.53)
p=0 1 if 22 < %

Applying the Cauchy-Schwartz inequality, we get

Elm—p+DWp+D”§<§:W%ﬂHJVO ( (p+D%)-
p=0

p=0 p=0

Therefore, by (4.5.52), (4.5.53), (4.5.48) and (4.5.49), for all € > 0,

Jun

n
(m+1)*n+1)°> (m-p+1)7(n—p+1)°(p+1)* < A5,  (4.5.54)
p=0

where A; = As(m,n,«, 3,7, 9, , €) can be taken to be equal to:

(m +1)%F¢(n + 1)#9+¢ and _ .

sl ify=»=-35,0<9,
(m +1)%(n + 1)t (m —n + 1)
(m +1)**¢(n + 1)#* and " 1 o<

Hrx<lv=—35 ,
(m +1)%(n + 1)7++E (m — n + 1) T
1) 1)B+0+¢(yy — 1)7+3 and
me e )P and |
(m + 1)a(n + 1)ﬁ+6+§+e(m —n+ 1)’y
+1)%(n 4+ 1)+ (m — n +1)7"2 and

(m+1)%n+1) ;1 n+1)772 an if v, < —1,0<4.
(m+1)%(n+1)°F2(m —n+1)7

By (4.5.54), applying Lemma 4.2.14 to the above list, we get the fifth list of condi-
tions that guarantee (4.5.9) when m > n:

a+7—|—%,a+ﬁ+5<0, or

4.5.55
at+y,a+B+0+35<0. ( )

%%S—;Oééé{
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Sixth list of conditions

We have

(m—p+1) < (m+1) ify=0 (4.5.56)
“lm—n+1)7 ify<0

for p = 0,...,n. Moreover, by (4.5.10), for all ¢ > 0,

il (n+ 1P ifs> -1

dln—p+1)?=> "¢ < (n+1) if§=—1 (4.5.57)
p=0

g=1 1 if § < —3.

Applying the Cauchy-Schwartz inequality, we get
1 1
n n N n 2
Y (n—p+1)°(p+1) < (Z(n—p+ 1)2‘5> ( (p+ 1)”) :
p=0 p=0 p=0
Therefore, by (4.5.56), (4.5.57) and (4.5.53), for all € > 0,

(m+1)*(n+1)P> (m-p+1)(n—p+1)°(p+1)" < s,  (45.58)
p=0

where Ag = Ag(m,n,«, 8,7, 9, », €) can be taken to be equal to:

By (4.5.58), applying Lemma 4.2.14 to the above list, we get the sixth list of condi-
tions that guarantee (4.5.9) when m > n:

(5%<—7 0<~y=a+v,a+p+v<0. (4.5.59)
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Seventh list of conditions

By (4.5.10), (4.5.38) and (4.5.39), for all e > 0,

N nt1 (n+1)%+ if§ > —3
D ln—p+1)¥=>"¢¥ g (n+1)°  ifs=-1
p=0 ¢=1 1 ifé < —3,

n (n+1)3+ if e > —1
Z(p—i— )% < ¢ (n41)F if e =—3

=0 1
p 1 if e < —3,

n (m + 1)37+1 ify>—3
Z(m—p—i—l)g”# (m+1)° 1f’y——%
p=0 (m—n+1)2 ify < -2

m+1)37(n+1) 1f720

(
3

p=0

(4.5.60)

(4.5.61)

(4.5.62)

(4.5.63)

Note that (4.5.63) is better than (4.5.62) for v > 0, and it is an alternative estimate

for v < 0. Applying the generalized Holder inequality [21], we get

n

d (m—p+1)(n—p+1)°(p+1)~

p=0

W=

< (Zn:(m -p+ 1)”) 3 (Zn:(n -p+ 1)“)
p=0

p=0

Therefore, by (4.5.60)—-(4.5.63),

n
(m+1)* n+152m p+1)(n—p+1)°(p+1)* < A,

( n (p+1)3%>3.
p=0

(4.5.64)
p=0
where A7 = A7(m,n, «a, 5,7, 0, ») can be taken to be equal to:
a BAo+s+2 (0 v+3
(m+1)*(n+1) ) s(m—n+1)""3 and ity < L <6,
(m + 1)%(n+ 1)t (m —n 4+ 1)7
s+1
(m+1)%(n+1)7* +z(m—nJrl)”*zand i< 1<
(m +1)%(n + 1)PT+5(m —n 4+ 1)7
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By (4.5.64), applying Lemma 4.2.14 to the above list, we get the seventh list of
conditions that guarantee (4.5.9) when m > n:

1 2
3, ) £ <0,
N D P L L Rl R
at+v,a+B+5+2x+1<0,
1 1
I, 0+ 3 <0,
yx<—t<i= a+7+30‘+ﬁ+2+3 o (4.5.66)
a+y,a+B+o+2<0.

Obtaining the sets G;;;, from the lists of conditions

The left hand side of the conditions from the lists of Sections 4.5.2-4.5.2 involve
only (v, d, »). Now, we indicate which of them define sets covering every Q;;y, for
the chosen subindices ¢jk equal to 515,522,252, 155,212. Those conditions will
produce the definition of &;;;, C R? x Q;jk so that (4.5.9) holds for m > n.

The set (D515 is given by the left hand side of (4.5.25), whose right hand side
is (4.5.1), defining Gs;5.

Any (7,4, 3) € Q522 satisfies the left hand side of (4.5.59), whose right hand
side is (4.5.2), defining Sxq0.

Any (v, d, 32) € Qo592 satisfies the left hand side of (4.5.13) or (4.5.14), and satis-
fies the left hand side of (4.5.55) and (4.5.66). So, when m > n, the estimate (4.5.9)
is guaranteed for any (a, 3,7, 6, ) € R?x Qasz satisfying both (4.5.13) and (4.5.14),
or any of (4.5.55) or (4.5.66). On R? x (52, these conditions mean that (v, 3, 7, d, »)
satisfies (4.5.3) and (4.5.4), defining Goso.

Any (v,0,x) € Q155 satisfies the left hand side of (4.5.13) or (4.5.14), and
satisfies the left hand side of (4.5.51), (4.5.42) and (4.5.65). So, when m > n,
the estimate (4.5.9) is guaranteed for any (o, 3,7,0,) € R? x Q155 satisfying
both (4.5.13) and (4.5.14), or any of (4.5.51), (4.5.42) or (4.5.65). On R? x Qi55,
these conditions mean that (o, 3,7, 9, ») satisfies (4.5.3) and (4.5.5), defining &155.

Any (7,6,) € Q212 satisfies the left hand side of (4.5.26) or (4.5.27). So,
when m > n, the estimate (4.5.9) is guaranteed for any («, 3,7, 6, 2) € R? x Q212
satisfying both (4.5.26) and (4.5.27). On R? x Q219, these conditions become (4.5.6)
and (4.5.7), defining Sa12.

The preliminary estimate is satisfied on a convex set

Let us show the convexity of the set of elements x = («,f,7,0,x) € RS sat-
isfying (4.5.9) for m > n, with w = w(x) > 0. For i = 0,1, suppose that
x; = (au, Biy i, 0iy 54) satisfies (4.5.9) for m > n with w; = w(x;) > 0. Recall
that the case where m < n follows from the case where m > n by using the map-
ping (4.5.8).
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For0 <t <1, let
xp = (Qu, By Ve, 0ty 50) = (1 — g + txry, we = (1 —t)wo + twy > 0.

By Holder inequality, for all m > n,

n

d (m—p+1)(n—p+1)*(p+1)"
p=0

= En: ((m =p+ 1) —p+D*(p+ 1)

p=0
n

x> X ((m=p+ 1) —p+ 1) (p+1)")
<

< (Ym=p+ )@= p+ D+ 1)7).
p=0

I
=)

(m—p+1)°(n—p+ DO (p+1)°)

NE

I
=)

p

So

(m+1)*(n+1) Y (m—p+1)"(n—p+1)*(p+1)*

=0

< ((m+1)"“°(n+ 1)*“0)1_t((m +1)"“Y(n+1)"*")
= (m 1) (0t 1),

=

t

Thus x; satisfies (4.5.9) for m > n with w;. This completes the proof of Lemma 4.5.1.

4.6 The main estimates

Here, we show the estimates used in the proofs of Propositions 4.4.6 and 4.4.10. We
continue with the notation of Section 4.5. Moreover let (o, 7, §) denote the standard
coordinates of R3. Consider the affine injection R? — R and the affine isomorphism
of R? defined by

(o.1,0)— (-5, —1—5.0—-0-1,7-0,0—1), (4.6.1)
(0,7,0) = (T+1,0—1,0). (4.6.2)
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The mapping (4.6.2) is the reflection with respect to the plane defined by 0 = 7 + 1,
and it corresponds to the mapping (4.5.8) Via (4.6.1). Let 8, & C R? be the inverse
images of &, &' by (4.6.1), and let ﬁcom, < ony De their convex hulls. So Reonys éonv
are contained in the inverse images of Gony, G’COHV by (4.6.1), and &, &, are the
images of ﬁ ﬁconv by (4.6.2). Thus ﬁconv N ﬁconv is symmetric with respect to the
plane o = 7 + 1. We will show the following.

Lemma 4.6.1. ficonvﬁfi’conv consists of the elements (o, 7,0) € R3 that satisfy (1.10.8).
The following is a direct consequence of Lemmas 4.5.1 and 4.6.1.

Corollary 4.6.2. If (0, 7,0) € R3 satisfies (1.10.8), then there is some w > 0 such
that (4.5.9) holds with the image («, 8,7, 0, ) of (0,7, 0) by (4.6.1).

LetJ C R? be the inverse image of Rcony MRy bY the affine injection R? — R,
(o,7) + (0,7, 7). The following is a direct consequence of Lemma 4.6.1.

Lemma 4.6.3. J consists of the elements (o, T) € R? that satisfy (1.10.6).
Lemma 4.6.3 and Corollary 4.6.2 have the following direct consequence.

Corollary 4.6.4. If (0,7) € R? satisfies (1.10.6), then there is some w > 0 such
that (4.5.9) holds with the image («, 3,7, 0, %) of (o, 7, 7) by (4.6.1).

Let us prove Lemma 4.6.1. For the subindices ijk equal to 515, 522, 252, 155
and 212, let K;j; and R;j; be the inverse images of &;;, and R2 x Qijr by the
mapping (4.6.1). Thus & = Rs15 U K500 U Raso U K155 U Ko12. Moreover, for every
0 e R, let

I} (6) = (=0, 4], I{(0) = (=00,0 1], I} = (—o00,—%],
L;(0) = (o, 9+ 3); LO)=(0-1,0-3], I3=(-30]
L0)=(0+35,0+3], I30)=(0-30-3], I3=(05]
I;(0) = (0+2,0+1), I;(0)=(0—1,0), I3 =(%3),
IO) = [0+ 1,00), I2(0) = [, 00), I3 = [%,oo)

It can be directly checked that
Rk = { (o,7,0) € R3 | (o,7) € 11-1(9) X IJZ(H), 0 c I,g’ }

Simple computations show that, via (4.6.1), the conditions defining the sets S; ;i
(Section 4.5.1) become the following descriptions of the sets £;;5 (Figure 4.6.1-(a)):
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4.6 The main estimates

Rs15: This is the subset of Ry15 defined by
%—%<9, c—17-3<0.

Rs22: This is the subset of Rsy2 defined by

Roso: This is the subset of Ra50 defined by

o=l <9, (4.6.3)
1
% 157— <0 or
% 127 TE + <9 or
g-3<9, 0+1<Q

Ri155: This is the subset of R;55 defined by (4.6.3) and

+%<0,7’—0—1<0,0r
—i<0,7’—a<0, or
—%<9,T—U+%<0, or
—-3<f, r-0+1<0.

(9 |9 I NIQ

Ra12: This is the subset of Ra12 defined by

g_ 1
2 4
g<g-Lt=2-_3 o7 1<

1
<=6 < T

With tedious computations assisted by graphics produced with Mathematica, it fol-
lows that Reony is the open subset of R3 defined by (Figure 4.6.1-(b))

2 20 4 14 2

T—1<o<T1+3.

o=T _ 1 I=¢ o+7—-1 04372 o+t7-—-1 <0< G+T+1
’ ’ (4.6.4)

This is a “semi-infinite bar” with 4 lateral faces, and 4 faces at the “bounded end”.
Applying the affine transformation (4.6.2) to this description, we get that ﬁconv
consists of the triples (o, 7,6) € R? satisfying the following conditions:

4 14 > 2

T—1l<o<T1+3.

o-T _1 T—O’ o+7—1 30+7—4 o+47-—1 <0< cr+7'+1
2 ’ } (4.6.5)

Combining (4.6.4) and (4.6.5), it follows that Reony N ﬁwnv is given by (1.10.8) (Fig-
ure 1.10.2), completing the proof of Lemma 4.6.1.
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(@ & (b) Reonv

Figure 4.6.1: The sets & and Reony.

Remark 4.6.5. In Sections 4.5.2-4.5.2, we have only written the cases that provide the
most general conditions to define G515, G520, Sas2, G155, S212. But indeed much
more hidden work was needed to produce this shorter proof:

1. We have computed all cases in Sections 4.5.2-4.5.2, giving rise to seven long lists
of conditions that guarantee (4.5.9) when m > n.

2. We have studied which of those conditions are the most general ones on every
subset R? x Qijk» forall ijk = 1,...,5. This produces 125 sets &;;, whose in-
verse images by (4.6.1) give 125 sets &;;x. The corresponding unions are denoted
by G and R, and their convex hulls by Gcony and Keony-

3. We got that 41 sets £;;;, are empty, including the 25 sets of the form £;;1, and
the remaining 84 sets £y, fit together forming a “semi-infinite bar” (Figures 4.6.2
and 4.6.3).

4. With tedious computations, we have shown that Koy is given by (4.6.4).

5. We have chosen the most simple family, f515, 8522, R252, K155, R212, defining the
same convex hull (Reony = Reonv)-

6. Finally, we have made some attempts to improve the estimates of Section 4.5.2 by
using more general versions of the Holder inequality [21]. Some better estimates
were obtained in this way, but they produce the same set K.ony after taking the
convex hull.
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Remark 4.6.6. The set G.opy may have a simple expression, like Reony, but its com-
putation became too involved. This is the reason we have used Rcony, Obtaining the
conditions of Theorem 1.10.3, which are general enough for the applications con-
tained in Chapter 2. But, of course, the inverse image of Gcony by (4.6.1) is possibly
larger than K.qny. Therefore a simple expression of G.opy Would possibly give a better
version of Theorem 1.10.3. Even a simple expression of Gny would possibly give a
better version of Theorem 1.10.3.

4 4

(@ U” Rijo (b) U” Rijs

4

© U, Rija @ U, ; Rijs

Figure 4.6.2: Construction of {.
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4

Figure 4.6.3: &

4.7 Operators induced on R

This section is devoted to the study of self-adjoint operators on R induced by the
Dunkl harmonic oscillator on R [4], and also by the perturbation of the Dunkl har-
monic oscillator on R considered along this chapter.

Let p denote the canonical coordinate of R . Consider the spaces of real/complex-
valued functions, > = C*°(R), C3° = C*(Ry) and C%) = C5°(R.), where the
subindex 0 is used for compactly supported functions or sections. For every a € R,
the operator of multiplication by the function p® on C'Y® will be also denoted by p°.
We have

i 0] = ap™™t, [, 0% = 2ap" 4 a(a — 1)p 2. (4.7.1)

For every ¢ € C™, let ¢ = ¢|r,, and let Seyjodd,+ = { P+ | ¢ € Sevioda }. For

c,d > —%, let Lg’Jr = L%*(R4, p*“dp) and Lid7+ = L27+ o L37+, whose scalar

products are denoted by ( , ). and ( , ). 4, and the corresponding norms by || || and
| ||, respectively. The simpler notation L2, {, ) and || || is uged when ¢ = 0.
Recall that the harmonic oscillator on C%° is the operator H = —j—pz +52p? (s > 0).

For ¢y, co,d1,ds € R, let
Py=H —2c1p? d% +ep?, Qo=H-— 2d1% p L+ dop2. (4.7.2)
Proposition 4.7.1. [4, Theorem 1.4] If a € R satisfies

a? + (2¢1 — 1)a — ¢y = 0, (4.7.3)
ci=a+c >—3, (4.7.4)
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then the following holds:
(i) Py, with D(Py) = p*Sev +, is essentially self-adjoint in Lgl’ 4
(ii) The spectrum of Py := Py consists of the eigenvalues
A = (2k+ 14 20)s, (4.7.5)

for k € 2N, with multiplicity one and corresponding normalized eigenfunctions
Xk = Xs,o,a,k *— \/ipad)s,a,k,—i—-

(iii) D*®(Po) = p*Sev +
Proposition 4.7.2 (See [4, Section 5]). If b € R satisfies

b2 + (2dy 4+ 1)b — dy = 0, (4.7.6)
Ti=b+dy > -3, (4.7.7)

then the following holds:
(i) Qo, with D(Qo) = p°Sodd,+, is essentially self-adjoint in chil, 4

(ii) The spectrum of Qy := Qg consists of the eigenvalues given by the expres-
sion (4.1.5), for k € 2N + 1 and using T instead of o, with multiplicity one and
corresponding normalized eigenfunctions X = Xsrpk = V2 pbgzﬁsmk&.

(i) D>®(Qo) = p*Sodd,+-
Corollary 4.7.3. Let £ > 0 and
0<u<l. (4.7.8)
If a € R satisfies (4.7.3) and
ci=a+ >u—%, 4.7.9)
then there is a positive self-adjoint operator P in Lgl’ . satisfying the following:
(i) p*Sev 1 is a core of PY/? and, for all ¢, € p*Sey 1,

(P2, PV = (Pogpy )y + E(p~ ", p~")e, (4.7.10)

(ii) P has a discrete spectrum. Let \y < Ao < --- be its eigenvalues, repeated
according to their multiplicity. There is some D = D(o,u) > 0 and, for any
€ > 0, there is some C = C(e,0,u) > 0 so that (1.10.2) and (1.10.3) hold for
all k € 2N.
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Corollary 4.7.4. For £ and u like in Corollary 4.7.3, if b € R satisfies (4.7.6) and
Ti=b+d >u—3, 4.7.11)
then there is a positive self-adjoint operator Q in L?ll’ L. satisfying the following:
(i) PbSodd,+ is a core of oY? and, forall ¢, € PbSodd,+,

(@26, 0Y%0) 4, = (Quo, V)ay + E(p™ ", p~ ")y 4.7.12)

(i) Q has a discrete spectrum. Let A1 < A3 < --- be its eigenvalues, repeated
according to their multiplicity. There is some D = D(t,u) > 0 and, for any
e > 0, there is some C' = C(e,T,u) > 0 so that (1.10.2) and (1.10.3) are
satisfied, for k € 2N + 1 and with T instead of o.

Corollary 4.7.5. Consider the notation and conditions of Corollaries 4.7.3 and 4.7 4.

Fix also some n € R, let

1
0> —_ (4.7.13)

and set v = o + 7 — 20. If moreover the hypothesis (a)—(d) of Theorem 1.10.3 are
satisfied, then there is a positive self-adjoint operator VV in Lgh dy + Satisfying the
following:

() 2%Sey 4+ @ $b50dd,+ is a core of W2, and, for ¢ = (P1, ¢2) and tp = (Y1, v2)
in %Sey + ® 1°Sodd -+,

W2, Wl/%)cl,dl = ((Po® Qo) ¥)ey.ay + E@ p 2P e, gy
+ ({27 o, )y + (G127 ), (47.14)

(i) Let . = g if kis even, and ¢, = 7 if k is odd. VV has a discrete spectrum. Its
eigenvalues form two groups, \g < A9 < - and \1 < A3 < -+, repeated
according to their multiplicity, such that there is some D = D(o,T,u) > 0 and,
for every € > 0, there are C = C(e,0,7,u) > 0and E = E(e,0,7,6) > 0 50
that (1.10.10) and (1.10.11) hold for all k € N.

(@i If 4 € R satisfies (1.10.12), then there is some D = D(o,7,u) > 0 and, for
any € > 0, there is some C' = C(¢,0,7,u) > 0 so that (1.10.13) holds for all
ke N.

(iv) Ifu = "L and & > |n)|, then there is some D = D(o,7,u) > 050 that (1.10.14)
holds for all k € N.
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)

If we add the term &' (¢p1, U1 )¢, +E&" (B2, 12) 4, to the right hand side of (4.7.14),
for some &',&" € R, then the result holds as well with the additional term
max{¢’,&"} in the right hand side of (1.10.11), and the additional term, &' for
k € 2N and £ for k € 2N + 1, in the right hand sides of (1.10.10), (1.10.13)
and (1.10.14).

Corollaries 4.7.3, 4.7.4 and 4.7.5 follow directly from Theorems 1.10.1 and 1.10.3
because the given conditions on a and b characterize the cases where Fy and ¢ cor-
respond to |p|® Uyey |p| ™ and |p|® U oda |p|~, tespectively, via the isomorphisms
|p|*Sey — p*Sev,+ and | 0’ Soad — prOd(LJr defined by restriction [4, Theorem 1.4
and Section 5].

Remark 4.7.6. (i) If h is a bounded measurable function on R with h(p) — 1 as

(ii)

(ii1)

(iv)

(v)

(Vi)

p — 0, then (hxo, X0)¢; — 1 as s — oo [5, Lemma 7.3].

The existence of a € R satistfying (4.7.3) is characterized by the condition
(2¢1 — 1)? + 4cg > 0, which holds if ¢ > min{0, 2¢; }. If ¢ = 0, then (4.7.3)
means thata € {0, 1—2¢; }. If ca = 2¢y, then (4.7.3) means that a € {1, —2¢; }.

The existence of b € R satisfying (4.7.6) is characterized by the condition
(2dy + 1)%2 + 4dy > 0, which holds if do > min{0, —2d;}. If do = 0,
then (4.7.6) means that b € {0, —1 — 2d; }. If do = —2d;, then (4.7.6) means
thatb € {—1,—2d; }.

Propositions 4.7.1 and 4.7.2 are indeed equivalent, as well as Corollaries 4.7.3
and 4.7.4, because, if ¢c; = d; 4+ 1 and co = do, then Qg = plDQp_1 by (4.7.1),

and p: L2, | — L7 _ is a unitary isomorphism.

Remarks 1.10.2-(ii) and 1.10.4-(i) have obvious versions for these corollaries.
In particular, we have P = P,Q=_Qand W =W, where

P=PR+&p ™, Q=Qo+¢& ™, (4.7.15)
P np2(0—a)+a—b—1
W= (np2(07)+ba1 Q
(4.7.16)

P np2(9701)7a7b71
- (7]/32(6_d1)_a_b_1 Q > )

with D(P) = D*(P), D(Q) = D*(Q) and D(W) = D®(W).
According to Remark 1.10.4-(ii), we can write (4.7.14) as

<W1/2¢7 W1/2w>c1,d1 = <(P0 @ Q0)¢a ¢>Cl,d1 + £<p_u¢7 p_u¢>01,d1
+ n(<piaib+1¢27 ¢1>9/ + <¢17 Pia7b+1¢2>9/),
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and we have

P np2(9/—01)—a—b+1>
W == / .
<7702(9 —dy)—a—b+1 0

(vii) According to Remark 4.2.21, it is satisfied that

D(PY/2) =D(P,/*), D(Q?) =D(Qy),
DOWY2) = D((Py & Q0)*/?).

Thus the expressions (4.7.10), (4.7.12) and (4.7.14) can be extended to ¢ and ¢
in D(P'/2), D(Q/?) and D(W'/?), respectively, using

Py 26, Py "), (900 Q*¥)ar,
(Po ® Q0)26, (Po ® Q0)/*¢)ey.an

instead of

<P0¢a¢>617 <Q0¢a¢>d17
<(P0 S5 QO)¢; ¢>C1,d15

respectively.

Consider the conditions and notation of Corollary 4.7.3, and the notation of
Proposition 4.7.1. Take a complete orthonormal system { x; = xpx | k € 2N}
of Lgh + so that every Xy is a Ap-eigenfunction of P. Let X}, = X ; and X}, = Xp ;
denote the orthogonal projections of every Yj to the subspaces spanned by yi and
{xi | k> i € 2N}, respectively; in particular, Y5 = 0. Letalso X}’ = Xp; =
Xk — X — X
Lemma 4.7.7. |[Xp ;llc, = 1 as s — oo for every k € 2N.

Proof. We proceed by induction on k. For & = 0, take some ¢ > 0 and C' > 0
satisfying (1.10.3). By Proposition 4.7.1-(ii), Corollary 4.7.3-(ii) and Remark 4.7.6-
(vii), we get

(1420)(s+ Ees") + £Cs" > Ng

= (PY230, PY2X0)e; > (P %0, P %0)er

1/2 A, 1/2>A<6>c1 <P1/2>A<6u’731/2 A///> o

= (Py
(1+20) s %0112, + (5 +20)s %0117,
= (1+20)s+4s X0

”Cl?
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giving
((1420)e+ C)E
||Cl 4gl—u

|| ~M N 0
as s — 0o, and therefore || (|2, — 1.

Now, take any even integer £ > 0 and suppose that the result holds for all even
indices < k. This yields ||x}|lc, — 0 as s — oo. Thus, given any 6 > 0, we have
X112, < &/k for s large enough. Take some € > 0 and C' > 0 satisfying (1.10.3).
By Proposition 4.7.1-(i1), Corollary 4.7.3-(ii) and Remark 4.7.6-(vii), we get

(2k +1+420)(s+ Ees") + £Cs" > Ay
= (P20 P20 ey > (Pa 5 P > R)en

= (P’ X P * edex + (P6"* X PO * Kl + (P X1 P X4 e

<2k+1+2a) IXRIIE, + (4 20)s [IXENE, + (2k +5 + 20)s X112,

= (1+20)s + 2ks (|52, + IKK112,) +4s %3112,

> (14 20)s+2ks(1 —d/k) + 4s || A'”||Cl,
giving
o ((2k—|—l+20)e+0)§ 0
— <0
5512, STl T <

for s large enough. Thus ||}/||2 — 0 as s — oo, and the result follows. O

Corollary 4.7.8. If h is a bounded measurable function on Ry such that h(p) — 1
as p — 0, then (hxp,0, XP,0)e, — 1 as s — oc.

Proof. This follows from Lemma 4.7.7 and Remark 4.7.6-(i). ]

Similar results hold for Q and W, but they are omitted because they are not used.
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Appendix A

Preliminaries on Stratified Spaces and Global
Analysis

A.1 Stratified Spaces

For the reader’s convenience, we recall some basics about Thom-Mather stratifica-
tions. Here we mainly follow [5, Section 3], which is based on [69].

A.1.1 Thom-Mather stratifications

Let A be a Hausdorff, locally compact and second countable topological space. It is
said that Y, Z C A are equal near a locally closed subset X C A when Y NU =
Z N U for some neighborhood U of X in A. Then two maps, f : ¥ — B and
g : Z — B, are equal near X if moreover the restrictions of f and gto Y N U are
equal.

Consider triples (7,7, p), where T' is an open neighborhood of X, 7 : T" — X
is a continuous retraction, and p : T — [0,00) is a continuous function satisfying
p~1(0) = X. Two such triples, (T, 7, p) and (T", 7', p'), are said to be equal near X
whenT = T', 7 = " and p = p’ near X. This defines an equivalence relation whose
equivalence classes are called rubes of X in A. If X is open in A, then [(X,idx, 0)]
is its unique tube, called the trivial tube.

According to [69, Definiton 1.2.1], a Thom-Mather stratification is given by triple
(A, S, 1), where:

(i) A is a Hausdorff, locally compact and second countable space,

(ii) S is a partition of A into locally closed subspaces with the additional structure
of smooth (C°°) manifolds, called strata, and

(iii) 7 is the assignment of a tube 7x of each X € Sin A,

such that the following conditions are satisfied with some choice of (T'x, 7x, px) €
Tx foreach X € S:
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(iv) Forall X,Y € S,if X NY # (b, then X C Y. The notation X < Y is used
in this case, and this defines a partial order relation on S. As usual, X < Y
means that X <Y but X #Y.

VMY #XinSandTx NY # (), then X < Y and (7x,px) : Tx NY —
X x R, is a smooth submersion; in particular, dim X < dimY'.

(vi) f X <Y in S, thenmy (Tx NTy) C Tx,and mx my = wx and px my = px
onTx NTy.

Some important considerations about stratified spaces are the following:
e A is paracompact and normal.

e By the normality of A, we can also assume that, if X,Y € S and Tx NTy # 0,
then X <YorY < X.

o The frontier of a stratum X equals the union of the strata Y < X.
e The connected components of each stratum may have different dimensions.

e The connected components of the strata, with the restrictions of the tubes, de-
fine an induced Thom-Mather stratification Acon = (A, Scons Tcon)-

o A weak Thom-Mather stratification is defined by removing px my = px from
the condition (vi).

We introduce now some examples of stratified spaces:

(1) Any smooth manifold is a Thom-Mather stratification with one stratum and the
trivial tube.

(2) Any smooth manifold with boundary is a stratification with two strata, the interior
and the boundary. It can be equipped with a Thom-Mather structure by using a
collar of the boundary.

(3) Any subanalytic subset of R™ has primary and secondary stratifications [37-39,
43,50].

(4) J. Mather [49] has proved that the so called Whitney stratified subspaces of any
smooth manifold admit a Thom-Mather structure.

Let B C A be a locally closed subset. Suppose that, forall X € S, X N Bisa
smooth submanifold of X, and that B N 7" (X N B) defines a tube Txnp of X N B
inB. LetS|p ={XNB|X € S} and let 7| be defined by the assignment of
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Txnp to each X N B € S|p. If (B, S|p, 7|p) satisfies conditions (i)—(vi), it is said
that B = (B, S|, 7|p) is a Thom-Mather substratification of A.

Let A’ = (A, S, 7") be another Thom-Mather stratification. A continuous map
f A — Ais called a (smooth) morphism if, for any X € S, there is some
X' € & such that f(X) C X', the restriction f : X — X’ is smooth, and
there are (T'x, mx, px) € 7x and (T, 7, p'y/) € T4, satisfying f(Tx) C T%,
frx =7’ fand px = p'y, f. The continuity of a morphism follows from the other
conditions. Morphisms between stratifications form a category with the composi-
tion operation; in particular, we have the corresponding concepts of isomorphism and
automorphism.
Example A.1.1. Let G be a compact Lie group acting smoothly on a closed manifold
M. Consider the orbit type stratifications of M and G\ M [14]. The cocient space
G\M admits a Thom-Mather structure [69, Introduction] because G\ M is locally
isomorphic to a semi-algebraic subset of an Euclidean space whose primary and sec-
ondary stratifications are equal [10]. Thus, using an invariant smooth partition of
unity of M, like in the Whitney’s embedding theorem, it follows that G\ M is iso-
morphic to a Whitney stratified subspace of some Euclidean space, and therefore it
admits a Thom-Mather structure.

A.1.2 Products of stratifications

The product of two weak Thom-Mather stratifications, A and A’, is a weak Thom-
Mather stratification A x A’ = (A x A, 8", 7") with

S"={XxX'|XeS§ X' €8},
" 1 /! /!
Txxxt = [T xx7s TX x X715 PX % X'
where

T%XX/ = TX X T),(/,
P (@, 2") = px (x) + ply (2).

If A and A’ are Thom-Mather stratifications and the complexity of at least one of

them is zero, then A x A’ is a Thom-Mather stratification, but this is not true when
both complexities are positive [69, Section 1.2.9].
Example A.1.2. Let A = A’ = [0,0), with the strata X = {0} < Y = (0, 00),
taking Tx = [0,00), Ty =Y, nx(x) =0, 7y (y) = v, px(x) = z and py (y) = 0.
Then the second equality of condition (vi) fails for the strata X x X < X x Y of
Ax A

Pxx Ty (€,27) = plyx (0,27) = 2! # w42’ = pi x (2, 27)
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forall (z,2) € (0, 00)?, which is an open dense subset of T% ., «T% ..y = Ty =
[0,00) x (0, 00), contradicting (vi).

Thus another choice of p’ . ./ is needed to get the second equality of condi-
tion (vi). For instance, p’§, v, = max{px, py,} satisfies that condition, but it is not
smooth on the intersection of the strata with 7% . To solve this problem, pick up
a function h : [0,00)% — [0,00) that is continuous, homogeneous of degree one,
smooth on R?, with ~=1(0) = {(0,0)}, and such that, for some C' > 1, we have
h(r,s) = max{r, s} if C min{r, s} < max{r,s}. Then A x A’ becomes a Thom-
Mather stratification by setting p’s, v/ (z,2") = h(px(z), p'y/(2')); it will be called
a product of A and A’.

A.2  Some Results of Global Analysis

Here we recall some results of Global Analysis on manifolds that play a fundamental
role in the arguments used to prove the main theorems (see Section 1.6) presented in
this thesis. Just the statements, without proofs, are included.

Proposition A.2.1. [5, Proposition 14.2] Let (F, d) be an elliptic complex on a Rie-
mannian manifold M. Let {U,} be a finite open covering of M, and let {f,} be
a smooth partition of unity on M subordinated to {U,} such that each |[d, f,]| is
bounded. Assume also that there is another family {fo} C C™(M) such that f,
and |[d, f,]| are bounded, f, = 1 on supp fa, and supp f, C U,. For each a, let
(E*,d®) be an elliptic complex on a Riemannian manifold M,, let V, C M, be an
open subset, and let {, : (E|y,,d) — (E%|y,,d®) be a quasi-isometric isomorphism
of elliptic complexes over &, : U, — V. Then the following properties hold:

(i) D(dmin/max) = {U € LQ(E) | Ca(fau) € D( mm/max) VCL}
(@) If dyip max 18 discrete for all a, then dpyinmax is discrete.

Proposition A.2.2. [5, Proposition 14.3] With the notation of Proposition A.2.1, sup-

pose that every diy. . is discrete, and therefore dminmax is also discrete. Let

0< )‘mln/max ,0 < )‘?nin/max,l <l 0< )\min/max70 < >\min/max,1 <

denote the eigenvalues, repeated according to their multiplicities, of the Laplacians
Al max ANnd Amin/max defined by d2. and dyin/max, respectively. Suppose that,
for all a, there is somel 04 > 0 such that lim infy A% k=% > 0. Then we have

min/max,k
lim infy, Amin/max,k k=% > 0 with 6 = min, 0,.

'The notation 0q minmax Would be more correct, but, for the sake of simplicity, reference to the
maximum/minimum i.b.c. is omitted here.
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Theorem A.2.3. [9, Theorem 2] Let (M, g) be an open oriented Riemannian man-
ifold and E a vector bundle over M. Let Py : C°(M,E) — C§°(M,E) be a
non-negative symmetric differential operator, and P : L*>(M,E) — L*(M,E) a
non-negative self-adjoint extension of Py. Then the heat operator e ¥ satisfies the
following properties:

(i) e~ has a C>-kernel in C°°((0, 00) x M x M, ERE*), denoted by kp(t, p, q).

(ii) If K1 and Ky are compact subsets of M such that K1 N Ko = (), then

Hkp(t,p, Q)HCT(KlXKz,EgE*) = O(tn) as t— 07
forall r,n € N.

Theorem A.2.4. (Atiyah-Bott) [59, Theorem 10.12] Let (¢, ) be a geometric en-
domorphism of a Dirac complex over a compact oriented manifold of dimension n.
Then the Lefschetz number of (¢, ) is given by

A (¢r(9))
qeg};@); | det(1 = To)|

Corollary A.2.5. (Lefschetz) [59, Example 10.14] Let v : M — M be a smooth
map on a compact oriented manifold M. Then the Lefschetz number of 1 is given by

L) = > signdet(l —Typ).

q€Fix(y)
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Resumo

Os obxectos estudados nesta tese son os espazos estratificados de Thom-Mather.
Tal concepto foi introducido por René Thom e John Mather arredor de 1970. Pos-
teriormente, as estratificacions foron profundamente estudadas por Mark Goresky e
Robert MacPherson, empregando a homoloxia interseccién.

Por definicion, os espazos estratificados de Thom-Mather admiten unha particién
en variedades C'*° chamadas estratos, que en xeral poderdn ter diferentes dimensions.
Os estratos péganse entre si baixo certas condiciéns técnicas que involucran fibrados
cOnicos. Isto d4 lugar a unha descricion local destes espazos usando cartas locais
conicas, que xeneralizan 4s cartas usuais en variedades. As estratificaciéns de Thom-
Mather tamén admiten diversos tipos de métricas: métricas adaptadas xerais, métricas
adaptadas e métricas adaptadas de tipo conico.

Os obxectivos principais da investigacion en estratificaciéns de Thom-Mather
consisten en demostrar resultados xeométricos e topoléxicos, xeneralizando ou adap-
tando a este contexto teoremas e propiedades cldsicas de variedades con borde. Nos
estratos pddense considerar certos operadores diferenciais actuando nos correspon-
dentes espazos de formas diferenciais, ou sobre as seccidéns diferenciables doutros
fibrados vectoriais. O seu estudo € unha técnica moi potente para a obtencién de
moitas propiedades dos espazos estratificados. Polo tanto, a Andlise Funcional e as
Ecuaciéns en Derivadas Parciais, particularmente a ecuacion do calor e a ecuacién de
onda, son ferramentas fundamentais neste campo. A area das Matematicas que aplica
a Teorfa de Operadores para obter resultados xeométricos e topoldxicos en variedades
e outros obxectos relacionados denominase Andlise Global.

Introddcese a continuacién o contexto xeral que se considera ao longo desta te-
se, explicado detalladamente no capitulo 1. Sexa M un estrato dunha estratificacion
compacta A equipado cunha métrica adaptada xeral g. Tal nocién € lixeiramente mais
xeral ca das métricas adaptadas de Nagase e Brasselet-Hector-Saralegi. En particular,
g ten un tipo xeral, que € unha extension do tipo das métricas adaptadas. Asumirase
certa condicién no tipo xeral, e entén dirase que g € boa. Considerarase a condi-
cién de fronteira ideal maxima/minima dp,x/min do subcomplexo de de Rham das
formas diferenciais en M con soporte compacto, no sentido de Briining-Lesch. A
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cohomoloxia e o laplaciano de dyax/min dendtanse por H . (M) e Amax/mins T€S-
pectivamente. O primeiro dos teoremas principais desta tese establece que Amax/min
ten espectro discreto, que ademais satisfai unha version débil da férmula asintética de
Weyl. O segundo teorema principal é unha version das desigualdades de Morse, no
que se utiliza H . . (M) e o que se chamaran funciéns de rel-Morse. Un ingredien-
te fundamental para a demostracién de ambos teoremas € a version para dpax/min da
perturbacién de Witten do complexo de de Rham, que é un método moi potente para
a obtencién das desigualdades de Morse en variedades mediante un punto de vista
analitico e fisico. Os argumentos usados para probar ambos teoremas estdn incluidos
no capitulo 2. O terceiro teorema importante desta tese € unha version da férmula da
traza de Lefschetz en espazos estratificados con singularidades illadas, demostrado
no capitulo 3 e onde a perturbacién de Witten xoga tamén un papel fundamental. Ou-
tro ingrediente esencial para a obtencion de todos estes resultados € o estudo de certa
perturbacién do oscilador harménico de Dunkl, sobre o que trata o capitulo 4.

A condicién de que g sexa boa € suficientemente xeral no sentido indicado a con-
tinuacion. Sexa A unha pseudovariedade estratificada con estrato regular M. Consi-
dérese a stia homoloxia interseccién IP H,(A) con perversidade p; en particular, as
perversidades intermedia inferior e superior dendtanse por m e i, respectivamente.
Entén para toda perversidade p < m existe en M unha boa métrica adaptada aso-
ciada a ela que satisfai o isomorfismo de Nagase H! (M) = IPH,.(A)* (r € N).
Se M é orientable e p > 7, tamén se obtén que H. (M) = IPH,(A). Polo tanto,
as versions das desigualdades de Morse e da férmula da traza de Lefschetz que se
presentan nesta tese poden ser descritas en termos de 17 H,(A).

1 Condicions de fronteira ideal do complexo de de Rham

A seguinte notacion empregarase en referencia a un operador linear 7' densamen-
te definido nun espazo de Hilbert separable. O seu dominio e rango dendtanse por
D(T) e R(T), respectivamente. Se 7" é esencialmente autoadxunto a sda clausura es-
cribese T'. Se T € autoadxunto o seu smooth core é D>®(T) := (>°_, D(T™), e o
seu espectro denétase por o (7T').

Un complexo de Hilbert (D,d) é un complexo diferencial de lonxitude finita
determinado por un operador pechado e densamente definido d nun espazo de Hilbert
separable graduado $) [15]. Logo o operador D = d+d*,con D(D) = D(d)nD(d*),
¢ autoadxunto en §) e, polo tanto, o laplaciano A = D2 = dd* + d*d é tamén
autoadxunto. Ademais D>°(A) é un subcomplexo de (D, d) coa mesma homoloxia
[15, Teorema 2.12]. Dise que D*>°(A) é o smooth core de d.

Dada unha variedade riemanniana M, sexa (M) o espazo de formas diferen-
ciables con soporte compacto, e L?Q(M) o espazo de hilbert graduado das formas
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diferenciais de cadrado integrable. Sexan d e ¢ a diferencial e a codiferencial de
de Rham actuando en (M), e considérense D = d + 6 e A = D? = dj + dd
(o laplaciano). Toda extensién como complexo de Hilbert d de d en L2Q (M) deno-
minase condicién de fronteira ideal (i.b.c. segundo as siglas en inglés) [15], dan-
do lugar a extensiéns autoadxuntas D e A de D e A en L?Q(M). Existe unha
méxima/minima i.b.c., sendo dpax = 0* € dmin = d, que induce extensiéns auto-
adxuntas Dax/min © Amaxmin de D e A. Se M € orientable, Ay, correspondese
con Ay, mediante o operador estrela de Hodge. As cohomoloxias correspondentes
Hnax/min(M) son invariantes cuasi-isométricos de M; de feito, Hpmax(M) é a L2-
cohomoloxia usual H y) (M) [18]. Isto permite definir versiéns dos nimeros de Betti
e da caracteristica de Euler, g} ., . = B i (M) and Xmax/min = Xmax/min (M)
(asumindo dimension finita nas cohomoloxias correspondentes). Estes conceptos po-
den ser definidos para complexos elipticos arbitrarios [15]. Ademais € ben cofiecido
que dmin = dmax se M é variedade completa. Logo as i.b.c. son interesantes no caso
en que M non é completa. Por exemplo, se M € o interior dunha variedade rieman-
niana compacta N con ON # (), definese dmax/min tomando condicions de frontei-
ra absolutas/relativas. En xeral, asumiremos que M ¢é estrato dunha estratificacion
compacta A [49,50,67,69], equipado cunha xeneralizacién do concepto de métricas
adaptadas considerado en [13,53, 54]. Poderase asumir tamén que M = A, e dirase
entén que M € o estrato regular de A.

2 Espazos estratificados

Pédese dicir, dun xeito non preciso, que unha estratificacion de Thom-Mather é
un espazo Hausdorff, localmente compacto e segundo numerable A provisto dunha
particion en variedades C*° (chamadas estratos) tal que se verifican certas condi-
cions [49,67]. En particular, establecendo que X <Y se X C Y, tense unha relacién
de orde na familia de estratos. Con respecto a esta orde, a profundidade dun estrato X
¢ a lonxitude maxima de cadeas de estratos menores ou iguais ca X. A profundidade
de A é o supremo das profundidades dos estratos. Nesta seccion indicase como os
estratos de A estdn pegados entre si, describindo tamén os morfismos/isomorfismos
de estratificacions e, particularmente, o grupo de automorfismos Aut(A). Os pro-
cedementos xerais fanse habitualmente mediante inducién na profundidade. Asi, se
depth A = 0, tense que A é unha variedade C*° e Aut(A) consiste no seu grupo de
difeomorfismos.

Dado k£ € Z., asimase que todo espazo estratificado L con depth L < k esta
ben descrito, asi como Aut(L). Se L é compacto, o cono con enlace L consiste en
c(L) = (L x1[0,00))/(L x {0}), que ten por vértice a*x = L x {0} € ¢(L). Sexan L'
outra estratificacién compacta de profundidade < k, e ¢ : L — L' un morfismo. Sexa
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c(¢) : ¢(L) — ¢(L') a aplicacién inducida por ¢ x id : L x [0,00) — L' x [0, 00);
en particular, obtense o grupo c(Aut(L)) = { ¢(¢) | ¢ € Aut(L) }. Establécese que
¢(0) = {*} para a estratificacién baleira e c¢(()) = id para a aplicacién baleira. Dado
un enlace L de profundidade k£ — 1, o cono ¢(L) utilizase como modelo de espazo
estratificado de profundidade k, que ten por estratos a {*} e ds variedades Y x R
tales que Y é estrato de L. A proxeccion sobre o segundo factor L x [0, co) — [0, 00)
define unha funcién c¢(Aut(L))-invariante p : ¢(L) — [0, c0), chamada funcién ra-
dial. As restriciéns de p aos estratos son aplicaciéons C'*°. Un fibrado cénico consiste
nun fibrado 7" sobre unha variedade X que ten por fibra estandar ¢(L) e por grupo
estrutural ¢(Aut(L)). Logo p induce unha funcién radial en 7' denotada tamén por
p, € o vértice de ¢(L) define a seccién vértice de 7', cuia imaxe se identifica con
X. Ademais a estrutura estratificada definida en ¢(L) permite definir outra estrutura
estradificada en 7', de maneira que X se convirte no estrato vértice.

Todo estrato X dunha estratificacion A de profundidade % ten unha vecifianza
aberta (denominada tubo representativo) isomorfa a unha vecifianza aberta de X nal-
gln fibrado cénico T'x sobre X (coas obvias restricions da estrutura estratificada a
subconxuntos abertos). A fibra estdndar de T'x € da forma ¢(Lx), para algunha es-
tratificacion compacta Lx (o enlace de X)) con depth Lx < depth A. O vértice e
a funcién radial de ¢(Lx) dendtanse por *x e px, respectivamente. Ddas vecifian-
zas de X deste tipo representan a0 mesmo tubo se a sta estrutura € igual nalgunha
vecifianza de X mdis pequena. Obsérvese que X € aberto en A se e s6 se Ly = ().

Un morfismo (diferenciable) entre ddas estratificacions € unha aplicacién conti-
nua que evia cada estrato a outro estrato, tal que as stias restricions aos estratos son
aplicaciéns C'™ e as suas restricions a tubos representativos suficientemente peque-
nos son restricions de morfismos de fibrados cénicos. Asi, os isomorfismos € auto-
morfismos de estratificacidns tefien o significado usual. Isto completa a stia descricién
porque a profundidade € localmente finita, como consecuencia da compacidade local.

A dimension (topoléxica) dunha estratificacion A é igual ao supremo das dimen-
sions dos seus estratros. Podera ser infinita, mais € localmente finita. A codimension
dun estrato X é dim A —dim X. Os resultados principais desta tese consideran estra-
tificacions compactas. Non obstante, nas demostraciéns tamén se usardn estratifica-
ciéns non compactas. En todo caso, sé se tratardn estratificaciéns de dimension finita.
Se modificamos a descricion anterior de A esixindo que en cada paso inductivo sé se
poidan tomar estratificacions que non tefian estratos de codimension 1, dirase que A
€ unha pseudovariedade estratificada.

Un subconxunto localmente pechado B C A é unha subestratificacién de A se
as restricions aos estratos e aos tubos de B definen nel unha estrutura estratificada.
Suceque que A pode ser restrinxida a calquera subconxunto aberto, a calquera unién
localmente pechada de estratos e 4 clausura de calquera estrato. Se ademais existen
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tubos representativos de A cuias restricions a B tefien as mesmas fibras sobre os
puntos de B dise que B ¢ saturado.

Sexa x un punto do estrato X de dimension mx nunha estratificaciéon A. Unha
trivializacién local de Tx nunha vecifianza aberta U de x define unha carta O = O’
de A, para algin aberto O’ C R™X x ¢(Lx). Pédese asumir que O’ = U’ x ¢.(Lx),
onde U’ é vecifianza aberta de 0 en R™X e ¢.(Lx) é o subconxunto de ¢(Ly) de-
terminado pola condicién px < €, con ¢ > (. Dise que a carta esta centrada en x
se z = (0,xx) € O'. O concepto correspondente de atlas ten o significado usual.
Estas nocidns xeneralizanse da maneira seguinte. Todo produto finito de estratifica-
ciéns ten unha estrutura estratificada non candnica; en particular, todo produto finito
de conos € isomorfo a un cono [5, Lema 3.8]. Ademais Aut(P) x Aut(Q) estd
canonicamente embebido en Aut(P x @) para calesquera estratificacions P e Q.
Logo ten sentido considerar a descomposicién ¢(Lx) = [[7¥ ¢(Lx,;) (ax € N),
sendo Lx ; estratificaciéns compactas. O vértice e a funcién radial de cada ¢(Lx ;)
dendtanse por *x ; € px ;, respectivamente. Polo tanto, podense considerar tubos re-
presentativos xerais dados por fibrados T’x con fibra estandar [ [7X, ¢(Lx ;) e grupo
estrutural [ [/, c(Aut(Lx ;)). Isto dé lugar 4 definicién de cartas xerais O = O’
arredor de x, para certos abertos O’ C R™X x []?X ¢(Lx ;). Dise que a carta xeral
estd centradaen z se z = (0, %x 1, ..., %X ay ) € O'. Coma antes, pédese asumir que
O =U" x [ ce(Lx ), con e > 0. Sexa px o a funcién norma en R"X. A fun-
cién p = (ng,o + -+ pg(@x)l/2 chdmase funcién radial de R™X x [[?X ¢(Lx;),
ainda que cando mx = 0, p non € funcién radial para ningunha estrutura cénica de
[17% e(Lx,i) [5, exemplo 3.6 e demostraciéon do Lema 3.8]. Unha familia de cartas
xerais recubrindo A denominase atlas xeral.

Exemplo 1.2.1. A figura 1.2.1 (tomada de [35]) ilustra unha estratificacién compacta
que ten catro estratos. Constriese “estrangulando” ata un punto x (estrato de dimen-
sién 0) unha seccién meridiana dun toro usual, e enchendo o burato que queda no
medio cun disco (estrato de dimensién 2). A lifia fronteira entre o toro e o disco € un
estrato de dimension 1. A parte regular do toro é outro estrato bidimensional. Non hai
ningun estrato denso, polo que non se existe estrato regular. Na figura indicanse ddas
cartas, centradas nos puntos x e y, respectivamente. A carta centrada en x ten factor
euclidiano trivial, mentres que o factor cénico da carta centrada en y ten un enlace
formado por tres puntos.

Poderase supofier que os estratos de A son conexos. Sexa M estrato de dimensién
n de A. Posto que a estrutura estratificada de A é restrinxible a M, pédese asumir
sen perda de xeneralidade que M = A (calquera outro estrato é < M); en particular,
depth A = depth M e dim A = n. Dise que A é unha estratificacién orientable
se M ¢ variedade orientable. Coa notacién introducida previamente, para toda carta
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Figura 1.2.1: Cartas nunha estratificacién compacta

O = O' centrada en x tense que M N O = M’ NO’,onde M’ = R™x x N x Ry
e N é estrato denso de L x. No caso dunha carta xeral O = O’ centrada en z sucede
que M NO =M NO, con M' =R™ x [[*X (N; x Ry), sendo cada N; estrato
denso de L x ;. Usarase a notacion kx ; = dim IV; + 1.

3 Métricas adaptadas xerais

Unha métrica adaptada xeral g en M definese por inducién na profundidade. Se
depth M = 0, calquera métrica riemanniana é adaptada xeral. Supofiamos ago-
ra que depth M > 0 e que as métricas adaptadas xerais estdn ben definidas para
calquera estrato de menor profundidade. Dada unha carta xeral O = O’, conside-
remos unha métrica adaptada xeral g; en cada N; (depth N; < depth M), e sexa
gi = P?flgz + (d,oxﬂ-)2 en IV; x Ry para algin ux ; > 0. Denotemos por gy 4 mé-
trica euclidiana de R™X . Entén g serd unha métrica adaptada xeral se, para calquera
carta xeral, tense que g|o € cuasi-isométrica a (¥, gi)|os. En tal caso dise que a
correspondencia X — ux := (ux1,...,Ux,ayx) € R} € o tipo xeral de g. Tamén
se dird que a carta xeral é compatible con g (ou co seu tipo xeral).

Non obstante, unha métrica adaptada xeral non determina completamente o seu
tipo xeral. En efecto, supofiamos que ux; = ux, ; = 1 para un par de indices i # j.
Tomemos c¢(Lx ;) x ¢(Lx ;) = c¢(L), con funcion radial p, para certa estratificacién
L. Asi, N; x Ry x Nj x Ry = N x R, sendo N o estrato denso de L. Ademais
existird unha métrica adaptada xeral g en N tal que g; + g; € cuasi-isométrica a
p?§ + (dp)* mediante a identidade anterior. Polo tanto, pédense omitir ux ; ou ux ;
en ux, de maneira que se obtén un tipo (xeral) diferente para g. Isto non se poderd
facerse ux,; = ux,; # 1.
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Ao longo desta tese, cando na definicién de métrica adaptada xeral se require
que en cada paso inductivo o tipo xeral cumpra ux,; < 1 para todo X < M e
1 = 1,...,ax, dirase que a métrica adaptada xeral € boa. Por outra banda, se mo-
dificamos a definicion esixindo que en cada paso inductivo se tefla ax = 1 e ux
dependa unicamente de k := kx 1 = codim X para todo X < M, estarémonos
restrinxindo ao contexto das métricas adaptadas consideradas en [13, 53, 54]. Nese
caso, as cartas xerais compatibles cun tipo xeral serdan simplemente cartas. Tomando
ur = ux = ux, € Ry, acondicién de que a métrica adaptada sexa boa signifi-
ca que ur < 1, para todo k, en cada paso inductivo. En [13, 53, 54] asimese que
A € unha pseudovariedade estratificada, polo que o tipo de g pédese denotar por
@ = (ug, ..., uy,). Tal 4 estd determinado por g. En particular, impofiendo a condi-
cién ug = 1 para todo k en cada paso inductivo, obtéfiense as métricas adaptadas de
tipo conico que se consideran en [18-20]. E importante distinguir as sutilezas da de-
finicién dos tres termos empregados: métricas adaptadas xerais, métricas adaptadas
e métricas adaptadas de tipo conico. A clase das (boas) métricas adaptadas xerais é
conservada por productos, ao igual ca clase das métricas adaptadas de tipo cénico,
mais a clase das métricas adaptadas non ten tal propiedade. A existencia de métricas
adaptadas xerais con calquera posible tipo xeral pode ser demostrada do mesmo xeito
ca no caso de métricas adaptadas [53, Lema 4.3], [13, Apéndice].

Aoigual que en [5], o prefixo “rel-” fara referencia a que se imp6n certa condicién
na interseccion de M coas vecifianzas pequenas arredor dos puntos de M, ou que
algin concepto pode ser descrito usando tales interseccions.

Consideremos o estrato denso M equipado cunha métrica adaptada xeral g, con
tipo xeral X +— ux. A complecién métrica rel-local M de M consiste no subespazo
de puntos da complecion métrica que estdn representados por sucesions de Cauchy
converxendo en M (M é a complecion métrica de M se M é compacta). A figu-
ra 1.3.1 ilustra dito concepto. Os limites de sucesions de Cauchy definen unha apli-
cacién continua lim : M — M. As propiedades que seguen poden ser probadas de
xeito andlogo ao do caso de métricas de tipo conico [5, Proposicion 3.20-(i),(i1)]. M
ten unha tnica estrutura estratificada con estratos conexos tal que lim : M — M é
un morfismo cuias restricions aos estratos son difeomorfismos locais. Ademais g ¢
tamén unha métrica adaptada xeral con respecto a M.

4 Funcions de rel-Morse

Unha funcién f € C°°(M) dise que é rel-admisible se as funciéns f, |df| e | Hess f|
son rel-acotadas. Pode suceder que f non tefia extensién continua a M, pero si que
se extenderd continuamente a M. Logo ten sentido dicir que un punto x € M ¢é rel-
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(a) M by M

Figura 1.3.1: O espazo estratificado M.

critico de f se lim inf |df (y)| = 0 cando y — x en M, sendo y € M. O conxunto de
puntos rel-criticos de f dendtase por Critye(f). Dirase que f € funcién de rel-Morse
se é rel-admisible e presenta a seguinte descricion arredor de cada x € Critye (f):

e existe unha carta xeral O = O’ de M centradaen z e compatible con g tal que
MNO=MnNO\con M =R™ x []** (N; x Ry) e onde X € o estrato
de M que contén a x; e

e fluno = f(x) + 2(p2 — p2)|mrrors sendo py a funcién radial do produto
R™+ x HiteE ¢(Lx ), para certa expresion mx = m4 + m— (m+ € N) e
certa particién de {1, ..., ax } dada por conxuntos /.

Dado que neste contexto non contamos cun lema de rel-Morse, imponse a anterior
descricion local en lugar de esixir que Hess f sexa “rel-non-dexenerado” arredor dos

puntos rel-criticos. Para cada r = 0, ... ,n definense os nimeros dados por
r —
V2, max/min = Z H Bmax/mm (1.4.1)
(TI yeTa x )
onde (71, ..., 74, ) percorre o subconxunto de N*X determinado por
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5 Férmula da traza de Lefschetz

a
r=mo+3 55+ |, )
kx;—1 .
T < X’QZ + ﬁ se 1 € I+
> kx,i—1 1 ! e T para V;,maxv
ri > —5— + ux; S¢l el
kx,—1 )
ri < _2u1x- sei € Iy
5T T
py> BxaZl 1 sei €l P Yo min-
? 2 QQLX’Z' -

Se sucede que ax = 0 en (1.4.1), o termo NO consistird na sucesién baleira, obtén-
. r B . .
dose asi que v umin = Or,m_ a0 aplicar a convencion de que o valor dun produto
., . , - - .
baleiro € igual a 1. Definese vy, min = 2o Vi max/mins €00  percorrendo Critre(f).
A existencia de funciéns de rel-Morse para métricas adaptadas xerais dedicese de

xeito andlogo ao do caso de métricas adaptadas [5, Proposicion 4.9].

5 Formula da traza de Lefschetz

Sexa A unha estratificacién compacta orientable de dimensién n con singularidades
illadas e equipada cunha boa métrica adaptada g na sda parte regular reg(A4) = M.
En particular, se n > 1, A é unha pseudovariedade orientable con depth A = 1. Con-
sidérese un morfismo de estratificacions ¢ : A — A. Lémbrese que, por definicién
de morfismo (seccidn 2), tense que 1|57 € aplicacion C°. Sexa ¢* o endomorfismo
de (Q2(M),d) inducido por v. Denotarase por Fix(1)) ao conxunto de puntos fixos
de .

Todo punto singular é un estrato de dimension cero de A. Ent6n para calquera
q € sing(A) = A\ M existird unha carta

Oy = O; = {0} x cgq(Lq) = ceq(Lq)

centrada en q tal que depth L, = 0 (véxase a seccion 2). Isto significa que todo enlace
L € unha variedade compacta diferenciable. Ademais esta estrutura local arredor dos
puntos singulares implica que, para todo ¢ € Fix(¢) Nsing(A), o morfismo ¢ toma
a forma

Y(p,x) = (pFy(p, ), G4(p; ) (1.5.1)

en calquera carta cénica Oy = ¢, (Lg). Aqui as aplicacions Fy : Lyx[0,¢,) — [0, €q)
e Gy : Ly x[0,eq) = Lg son C.
Dirase que:

e un punto ¢ € Fix(¢)) N M & simple se det(1 — T,1)) # 0.
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e un punto ¢ € Fix(¢y)) N sing(A) € simple se para todo x € L, tense que
F,(0,z) # 1 ou G4(0, z) # x.

As condiciéns impostas na definicidon anterior implican que os puntos fixos simples
son illados no conxunto Fix(t)) (véxase unha explicacion do caso singular en [9,
§ 3D.

Asumiranse as seguintes hip6teses relativas a 1):
(a) O morfismo ¥ fixa todo punto singular de A.
(b) O conxunto Fix(¢)) contén unicamente puntos fixos simples.

(c) Para todo g € sing(A), as aplicacions Fy, e G, son independentes de p arredor
de q.

En particular, a hipétese (a) implica que v conserva as partes regular e singular de A.
Logo en toda carta cénica Oy = c¢,(Lg) cimprese Fy(p,z) > 0 para todo p > 0.
Debido a (1.5.1), a hipbtese (c) significa que

b(p,x) = (pFy(x), G4())

en toda carta cénica O, = c., (L) suficientemente pequena.
7z . , .. P2 . , , . 2u~ 2 .
A métrica adaptada g|o, € cuasi-isométrica 4 métrica p“", + (dp)” na variedade
L, x (0,€), sendo g, métrica riemanniana en L, e 0 < u < 1. Deffnese o nimero
de Lefschetz maximo/minimo asociado ao morfismo v como

n

Linax/min(¥) = Z(_Ur tr(y" on Hixmin(M)).

r=0

6 Teoremas principais

Os resultados enunciados nesta seccién e na seguinte foron publicados en [7], coa
excepcion daqueles referentes 4 férmula da traza de Lefschetz.

O que segue é o primeiro dos teoremas relevantes desta tese, no cal a propieda-
de (ii) € unha version débil da férmula asintética de Weyl.

Teorema 1.6.1. As seguintes propiedades ciimprense para calquera estrato dunha
estratificacion compacta cunha boa métrica adaptada xeral:

(i) Amaymin ten espectro discreto, 0 < Apay/min,0 < Amax/min,1 < -, onde cada
autovalor se repite conforme d stia multiplicidade.

(ii) lminfy, Amax/min,k k=% > 0 para algiin 6 > 0.
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O segundo teorema principal da tese € a seguinte versién das desigualdades de
Morse para funcions de rel-Morse.

Teorema 1.6.2. Para calquera funcion de rel-Morse nun estrato de dimension n
dunha estratificacion compacta equipada cunha boa métrica adaptada xeral ciim-
prese que

k k
k— fe—
Z(_l) Tﬁrtlax/min < Z(_l) TVIq;lax/min (O < k< n)v
r=0 r=0
n
Xmax/min = Z(_l)T Vrclax/min'
r=0

O terceiro dos teoremas principais da tese € a seguinte versién da férmula da traza
de Lefschetz para espazos estratificados con singularidades illadas.

Teorema 1.6.3. Considérese unha estratificacion compacta orientable A con singu-
laridades illadas e equipada cunha boa métrica adaptada no seu estrato regular M.
Enton, para todo morfismo ¢ : A — A verificando as hipdteses (a)—(c), satisfaise
que

Lyaumin(¥) = > signdet(1 - Tyh) + > L(Gy).

q€Fix(y¥)NM g€sing(A)

Notese que Lmax/min () non depende da eleccion (médxima ou minima) da condi-
cién de fronteira ideal.

No caso concreto de métricas adaptadas de tipo conico, os seguintes resultados
xa foran obtidos con anterioridade:

e O teorema 1.6.1-(i) € esencialmente debido a Cheeger [18, 19] (véxase tamén
[1,2,5]).

e O teorema 1.6.1-(ii) foi demostrado por Alvarez Lépez e Calaza [5].

e O teorema 1.6.2 foi demostrado por Alvarez Lépez e Calaza [5], e tamén por
Ludwig [48] (con condiciéns mdis restritivas pero consecuencias mdis fortes).

e Unha version do teorema 1.6.3 foi probada por Francesco Bei [9] (con condi-
cidéns mais restritivas).

Outros desenvolvementos da teoria eliptica en estratos foron levados a cabo por dife-
rentes autores [1,2,16,23,40,42, 65], empregando todos eles métricas adaptadas de
tipo cénico. A principal novidade desta tese é a extension da teoria eliptica en estratos
4 mdis ampla clase das boas métricas adaptadas xerais, o cal inclde 4s boas métricas
adaptadas.
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7 Aplicacions a homoloxia interseccion

Considérese nesta seccion o caso en que A € unha pseudovariedade estratificada con
estrato regular M. Denétase por IP H,(A) 4 homolox{a interseccién de perversidade
P [32,33] con coeficientes reais. Sexan £ = BE(A) e xP = xP(A) as versions
dos niimeros de Betti e da caracteristica de Euler para I? H,(A). Toda perversidade
pode ser interpretada como unha sucesién p = (p2,ps, ... ) en N satisfacendo que
p2 = 0epr < pra1 < pr + 1. Por exemplo, a perversidade cero é 0 = (0,0, ...), a
perversidade total é t = (0, 1, 2,...) (tk = k — 2), a perversidade intermedia inferior

m=(0,0,1,1,2,2,3,...) (my, = L | — 1), e a perversidade intermedia superior é
n=1(0,1,1,2,2,3,3,...) (nk = [51 — 1). Ademais ddas perversidades p e ¢ dinse
complementarias se cumpren p + ¢ = t. Escribirase p < ¢ cando py < g para todo
k. Sexa g unha métrica adapatada en M de tipo & = (ua, ..., uy). Se @ estd asociada
a unha perversidade p < m segundo

oy S Uk < pogegpy 2pk§k—3,} W

1<y <o0 if 2pp=£k—2,
sucede que (véxase [13,53,54])
IPH,(A)" 2 Hiy (M) = Hyoy (M),

e, polo tanto, 8F = A~ . En particular, H 5 (M) = I"™H,.(A)* se g é unha métrica
adaptada de tipo cénico [20]. Logo a incompatibilidade dos produtos coas métricas
adaptadas estd relacionada coas sutilezas das versiéns do teorema de Kiinneth para
homoloxia interseccion [22,29]. De feito, para pseudovariedades arbitrarias P e @,
o isomorfismo IPH,(P x Q) = IPH,(P) ® I H,(Q) unicamente se ten para cer-
tas perversidades especiais, incluindo p = m. De acordo con (1.7.1), existen boas
métricas adaptadas en M con tipo asociado a calquera perversidade < m.

En (1.7.1) tan s6 as eleccions 2p, = k — 2,k — 4, ... son posibles se k € par,
mentres que sO as eleccions 2p;, = k — 3,k — 5, ... son posibles se k € impar. Con-
secuentemente, para todo k, (1.7.1) da unha bixeccién entre as posibilidades para py
e os elementos dunha particién de | o0) en intervalos semiabertos, nos cales se
toma .

Sexa f unha funcién de rel-Morse en M. Dado x € Critye(f), sexa X o estrato

L
k1>

de M contendo a x, con k = codim X . Para calquera carta O = O’ de M centrada en
x existe unha métrica adaptada g en NN tal que en dita carta g|o € cuasi-isométrica 4
restricion de gﬁ—p?k G+ (dpx)?a M'NO’. Entén o tipo de § estd tamén asociado a p.
Ademais habera unha expresiéon my = m4 +m_ (m+ € N) e unha descomposicién
¢(Lx) = e(Ly) x ¢(L-) tales que M’ = R™+ x Ny x Ry x R™= x N_ x Ry,
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sendo N estrato densode Ly e fo = f(z)+ 3(p% — p%)|or, con p+ como funcién
radial de R™+ x ¢(L4). Sexa k+ = dim Ny + 1, de onde k = ky + k_. Aqui as
estratificacions L poden ser baleiras ou non, dando lugar a catro posibilidades. De
feito, Ly # () # L_ s6 poderd suceder se up = 1 (seccién 3). A partir de (1.4.1)
e (1.4.2) séguese que 0s nimeros vy . son independentes da escolla de @ asociada
ap, polo que se utilizard a notacidén u;’ r = Vf (f). Finalmente, definese 1/,%5 =
VT( ) =, Vhr (x € Critre(f)), que coincide con v/,
Supoiiase agora que A é orientable (M é orientable) e compacta. Tense que
in = DBmax para todo r, porque Ay, se corresponde con Ay, mediante o ope-
rador estrela de Hodge. Por outra banda, para calquera perversidade ¢ > n,se p < m
é complementaria de g, satisfaise que 17H,.(A) = IﬁHn +(A)* [32,33]. Polo tan-
to, climprese 3} = P concluindose que B = Ao igual ca antes, a partir

n—r’ l’nll’l

de (1.4.1) e (1.4.2) séguese que os ndmeros z/x min SOn independentes da escolla de

@ asociada a p. Emprégase enton a notacién V,Z,T =vi, (f) = ux mins andloga a do
caso maximo. En concordancia, definese v} = v//(f) = >, vi, (z € Critw(f)),
que coincide con v} . .

O teorema 1.6.2 ten a seguinte consecuencia directa.

Corolario 1.7.1. Sexan A unha pseudovariedade compacta de dimension n, M o seu
estrato regular e p unha perversidade. Se p < m, ou se A € orientable e p > n, enton,
para calquera funcion de rel-Morse en M (con respecto a calquera boa métrica
adaptada), satisfaise que

k k
DDA S ()T (0<k <),
r=0 r=0
=Yy
r=0

A teoria de Morse estratificada foi introducida por Goresky e MacPherson [35] e
ten unha gran cantidade de aplicaciéns. En particular, Goresky e MacPherson proba-
ron as desigualdades de Morse en variedades complexas analiticas con estratificafiéns
de Whitney, considerando a homoloxia interseccién con perversidade m [35, capitu-
lo 6, seccién 6.12]. Ludwig tamén aportou unha interpretacion analitica da teoria de
Morse no sentido de Goresky e MacPherson para variedades conformalmente coni-
cas [44-47]. A version presentada nesta tese para as funciéns de Morse, os puntos
criticos e os tipos asociados ds perversidades € diferente da empregada en [35], in-
cluso para o caso da perversidade m. Ata onde o autor cofiece, o corolario 1.7.1 é a
primeira versién das desigualdades de Morse para homoloxia interseccién con per-
versidade # m.
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Considérese agora a notacion da seccién 5. O nimero de interseccién de Lefs-
chetz dun morfismo 1/ con respecto 4 perversidade p definese [34] como

n

IPL() =) (—1)"tr(¢" on IPH,(A)").

r=0
O teorema 1.6.3 ten a seguinte consecuencia directa.

Corolario 1.7.2. Sexa A unha pseudovariedade compacta orientable de dimension n
con singularidades illadas e estrato regular M. Sexa p unha perversidade. Se p < m
oup > n, enton, para calguera morfismo 1 : A — A cumprindo as hipdteses (a)—(c),
satisfaise que

IPL(Y)= > signdet(l—Ty)+ > L(Gy).

g€Fix(y)NM g€Esing(A)

8 Ideas principais das demostracions

Na demostracién dos teoremas 1.6.1 e 1.6.2 varios pasos son coma no caso de métri-
cas adaptadas de tipo cénico [5]. Nesta tese tan s6 se dan breves indicacions de tales
pasos, mentres que aquelas partes con ideas novidosas son explicadas con detalle.
Preséntase unha adaptacion do cofiecido método de Witten [70], seguindo princi-
palmente o descrito en [59, capitulos 9 e 14]. Asi, dada unha funcién de rel-Morse
f en M, considerarase a perturbacién de Witten dy = e */des/ = d + sdfA en
Qo(M) (s > 0). Denotarase por dg max/min 4 sta i.b.c maxima/minima, con laplacia-
no correspondente Ag max/min- Posto que Ag max/min — Amax/min € acotado, bastard con
probar as propiedades do teorema 1.6.1 para Ag maxmin. Ademais, usando un certo
procedemento de globalizacién e unha versién do teorema de Kiinneth, serd suficien-
te con considerar o caso dun estrato M = N x R, do cono ¢(L) (estratificaciéon
non compacta), tomando unha boa métrica adaptada xeral da forma g = p?“g + dp?
e a funcién de rel-Morse :l:% p?, onde p é a funcién radial e L unha estratificacién
compacta de menor profundidade. Engadirase un til a aquela notacion referente a
conceptos relativos a N. Por inducién na profundidade asimese que Apax/min Veri-
fica as propiedades do teorema 1.6.1. Entén as stias autoformas tsanse coma en [5]
para escindir ds maxmin €n suma directa de complexos de Hilbert de lonxitudes un e
dous, os cales quedan descritos mediante as i.b.c maximas/minimas de certos com-
plexos elipticos en R. Os complexos elipticos de lonxitude un son do mesmo tipo
c6s de [5], polo que o laplaciano da sda i.b.c mdxima/minima € inducido a través do
oscilador harménico de Dunkl en R [4], cuio espectro € ben cofiecido. Sen embargo,
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o laplaciano dos complexos elipticos de lonxitude dous € unha perturbacién do osci-
lador harménico de Dunkl que ten novos termos da forma p~2% e p~2“~!. Logo sera
preciso empregar unha ferramenta analitica distinta, que se trata na seccion 10. Preci-
samente, na seccion 10 faise uso de métodos cldsicos de perturbacién para determinar
certos operadores autoadxuntos con espectro discreto definidos por tal perturbacién
do oscilador harménico de Dunkl. A maiores, proporciénanse cotas superiores € in-
feriores para os seus autovalores. A aplicacion desta técnica analitica é o que obriga
a que a métrica adaptada xeral g sexa boa. A informacién obtida para esta perturba-
cién é mdis débil cd que se ten para o oscilador harménico de Dunkl. Concretamente,
a existencia de tales operadores sé se pode garantir nalgins casos, e unicamente se
cofiece un core do seu operador raiz cadrada. Deste modo, precisarase mais traballo
ca en [5] para describir, empregando ditos operadores autoadxuntos, os laplacianos
das i.b.c maximas/minimas dos complexos elipticos simples de lonxitude dous. A
demostracién do teorema 1.6.1 complétase con esa informacién, da mesma manei-
ra que en [5]. Por outra parte, para os autovalores destes operadores autoadxuntos
s0 se tefien estimacions, feito que dificulta enormemente o cdlculo da “contribucién
cohomoloxica” dos puntos rel-criticos. Esta é a idea chave para concluir a proba do
teorema 1.6.2 de xeito andlogo ao de [5]. A demostracién do teorema 1.6.3 baséase
na formula clasica da traza de Lefschetz para aplicacions C'°° en variedades compac-
tas [59, teorema 10.12]. Isto proporciona a contribucién nula dos puntos non fixos e
unha expresion para a contribucién dos puntos fixos regulares. Polo tanto, a novidade
desta demostracioén consiste no uso das autoformas harmoénicas obtidas a partir da
escision de ds max/min para de calcular a contribucion dos puntos (fixos) singulares.

9 Problemas abertos

Descofiécese ata o de agora se a condicién de que g sexa boa pode ser eliminada.
Dependerd de se os resultados da seccién 10 seguen sendo certos con hipéteses mais
débiles.

As aplicacions dos resultados desta tese poderian aumentar ao extender a presen-
te version das desigualdades de Morse ao contexto das funcidns de “rel-Morse-Bott.”
Os seus conxuntos de puntos rel-criticos serian entén unidns finitas de subestratifi-
cacions. Tamén se poderia extender a férmula da traza de Lefschetz ao contexto de
estratificacidns xerais, mais isto implicaria a obtencion dun certo resultado de control
para o nicleo do calor féra da diagonal.

Ademais deberia existir unha extension do isomorfismo H(,, (M) = IPH,.(A)*
ao caso de métricas adaptadas xerais con perversidades xerais [30]. Nesta direccion,
foi probada en [63, 64] unha extension do teorema de de Rham con perversidades
xerais. O caso con perversidades clasicas xa fora considerado en [12,17].
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Tamén resulta natural tratar de continuar co seguinte programa, que xa esta re-
solto para o caso de variedades pechadas. En primeiro lugar, haberia que demostrar
a existencia dun burato espectral da forma o(Ag max/min) N (Cre=%2%,C3s) = ),
para algins C1,C,Cs > 0. Isto permitirfa definir un complexo (Ss max/min, ds) de
dimension finita xerado polas autoformas asociadas aos autovalores contidos no inter-
valo [0, C1e~¢2%] (“autovalores pequenos”). Posteriormente haberia que probar que
(Ss,max/min, ds) “converxe” ao complexo de “rel-Morse-Thom-Smale,” asumindo que
a funciodn satisfai a condicién de transversalidade de “rel-Morse-Smale.” Semella que
se pode obter con facilidade a existencia de tal burato espectral adaptando os argu-
mentos de globalizacién empregados A comparacién de (Ss max/min, ds) co complexo
de “rel-Morse-Thom-Smale” esixiria técnicas adicionais, de acordo co caso de va-
riedades pechadas [36], [11, seccidn 6]. Este programa foi desenvolvido por Ludwig
nun caso especial [48].

10 Oscilador harmoénico de Dunkl

Explicaranse a continuacion as ferramentas analiticas empregadas para demostrar os
principais teoremas desta tese (seccion 6). Os resultados enunciados neste apartado
foron publicados en [6].

O operador de Dunkl en R" foi introducido por Dunkl [24-26], dando lugar ao
que actualmente se cofiece como teoria de Dunkl [62]. Xoga un papel importante en
Fisica e procesos estocdsticos (ver e.g. [31,61,68]). En particular, o oscilador harmé-
nico de Dunkl en R" foi estudado en [27,55, 56, 60]. Nesta tese s6 consideraremos
dito operador en R, onde estd univocamente determinado por un pardmetro. Neste
caso Yang xa introducira previamente unha conxugacion do operador de Dunkl [71]
(véxase tamén [57]).

Fixase a continuacidén a notacidén que se usa en toda esta seccién. Sexa § =
S(R) o espazo de Schwartz en R, coa sta topoloxia de Fréchet, o cal se descomp6n
como suma directa dos subespazos de funcidns pares e impares, S = Sey P Sodd-
A compofiente par/impar dunha funcién de S denétase co subindice ev/odd. Dado
que Spqd = Sey, onde x é a coordenada estdndar de R, a funcién 2~ 1¢ € S,y estd
definida para toda ¢ € Seqq. Sexa L2 = L%(R,|z|** dz) (¢ € R), cuio produto
escalar e norma escribense ( , ), € || ||+, respectivamente. A anterior descomposicion

de S exténdese a unha descomposicién ortogonal L2 = Lg?ev @® L2 4 debido a que
|20

a funcién |x|= é par. S é un subespazo denso de Lg se o > —%, e Sodq € denso
1

en Liodd se 7 > —32. Salvo que se indique o contrario, asumirase que ¢ > —3 e
T > —%. O dominio dun operador (densamente definido) P nun espazo de Hilbert
denétase por D(P). A clausura de P, en caso de existir, indicase mediante P. O

dominio dunha forma sesquilinear (densamente definida) p nun espazo de Hilbert
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dendtase por D(p), do mesmo xeito que a sda forma cuadrética. A clausura de p,
en caso de existir, indicase mediante p. Para calquera operador L2 conservando a
anterior descomposicidn, as restricions a Lg,ev/odd distinguense co subindice ev/odd.
O operador de multiplicacién por unha funcién continua b en L2 denétase tamén
por h. O oscilador harménico € o operador H = —% + 5222 (s > 0) en L3, con
D(H) =S.

O operador de Dunkl en R é o operador T en L2 con D(T') = S que vén determi-
nado por 1" = % enSeyel = % +202~ ! en Syqq. O oscilador harménico de Dunkl
en R é o operador J = —T? + s2x2 en L2 con D(J) = S. Polo tanto, J conserva
a descomposicién de S, sendo Joy, = H — 2021 % e Joaa = H — 20% x~ 1. En-
gadirase o subindice o a J cando sexa necesario. J € esencialmente autoadxunto, e o
espectro de J é ben cofiecido [60]; de feito, J > 0. Incluso para 7 > —% o operador
Jr.0dd estd definido en szodd con D(Jr0dd) = Soad, por ser unha conxugacién de
Jr+1.ev por un operador unitario. Certos operadores da forma J + £ 72 (¢ € R) son
conxugados de .J por potencias |z|* (a € R), polo que o seu estudo redicese ao caso
de J [4]. O seguinte teorema analiza unha perturbacién diferente de J.

Teorema 1.10.1. Sexan 0 < u < 1e & > 0. Seog > u — % existird un operador

autoadxunto positivo U en L? satisfacendo as propiedades seguintes:

(i) S é un core de U/? e, para todo ¢, € S,
U, U )y = (T h)o + E(J2] 7, |2] "), (1.10.1)

(i) U ten espectro discreto. Sexan g < Ay < -+ os seus autovalores, repetidos
conforme d siia multiplicidade. Existe un D = D(o,u) > 0 e, dado € > 0,
existe un C' = C(e,0,u) > 0 tales que, para todo k € N,

Ao > (2% + 1+ 20)s + EDs"(k + 1), (1.10.2)
e < (2k+ 1+ 20)(s + Ees®) + C's™. (1.10.3)

Oservacion 1.10.2. A partir do teorema 1.10.1 dedticese o seguinte:

(i) O segundo sumando do membro dereito de (1.10.1) ten sentido porque |z|~“S C
L2, posto que 0 > u — 3.

(i) U = U, sendo U = J + £|x|72% con D(U) = (o5_, D(U™) (véxase [41, VI-

m=0
§ 2.5]). Tamén se usard a notacién mais explicita U, se € necesario.

. e, 2
(iii) As restricions Uey/oda son autoadxuntas en Lg . ,qq € cumpren (1.10.1) pa-

ra ¢,9 € Seviodd- Tamén verifican as desigualdades (1.10.2) e (1.10.3) con k
par/impar. De feito, se 7 > u — %, U odd estd ben definida e satisfai tales pro-
piedades.

155



Resumo

Para demostrar o teorema 1.10.1 tdmase a forma sesquilinear simétrica e definida
positiva u, que vén dada polo membro dereito de (1.10.1). Emprégase a teoria de per-
turbacion [41] para probar que u ten clausura u, a cal induce ao operador autoadxunto
U, e para relacionar os espectros de I/ e J. A maior parte do traballo adicase a verifi-
car as condicidns que permiten aplicar esa teoria, de maneira que se deducen (1.10.2)
e (1.10.3). De feito, (1.10.2) e (1.10.3) son mais fortes ca unha estimacion xeral dada
por dita teoria de perturbacion.

Dados 0 > — e 7 > —3,sexa L3, = L2, & L2 4, cuio produto escalar
e norma escribense ( , )o.r € || ||o,r, respectivamente. As expresiéns matriciais para
operadores referiranse a esta descomposicion. Sexa J, r = Jyev @ Jrodd €1 LgyT,
con D(J,,) = S. As hipéteses da seguinte xeneralizacién do teorema 1.10.1 co-
bren todos aqueles casos que se necesitan para o estudo dos complexos elipticos de

lonxitude dous que se mencionan na seccion 8.

Teorema 1.10.3. Sexan £ > 0 e n € R. Tomense

0<u<l, 0>u—%, T>u—%, 9>—%, (1.10.4)
e sexav = o + T — 20. Supoiiase que se cumpren as condicions seguintes:
(@) Seo=0#T1eT—0 & —N, tense que

c—1<71<o+1,20+ 3. (1.10.5)

b) Sec#£0=1eoc—T1¢& —N, tense que

—T,7T—1<o<3tr+ 1,117+ 2,7+ 1. (1.10.6)
(¢) Sea#£0=717+1ec—7—1¢ —N, tense que
T+l<o<7T+32r+1 (1.10.7)

d) Sea#£0+T1e0—0,7T—0¢& —N, tense que

O'ET _ LT—U o4+7—1 0437—2 3047—4 o471 < @< o41+41

20 4 0 14 o 14 o 2 2’}(1'10'8)

T—1l<o<T1T+4+3.

Enton existird un operador autoadxunto e definido positivo V en L?,’T satisfacendo
as prodiedades seguintes:
(i) S éun core de V'/? e, para todo ¢, € S,
V2V 2) 00 = (Jor b Yo + E(lal 70, ] “Y) s
+1((27 Podds Yev )y + (Pevs &~ hoda),) . (1.10.9)
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10 Oscilador harmoénico de Dunkl

(i) Sexan ¢, = o se k é par, e g, = T se k € impar. V ten espectro discreto. Os seus
autovalores forman dous grupos, A\g < Ao < - e A1 < A3 < -+, repetidos
conforme d siia multiplicidade. Existe un D = D(o,7,u) > 0 e, dado € > 0,
existen C = C(e,0,7,u) > 0e E = E(e,0,7,0) > 0 tales que, para todo

k€N,
M > (2% + 1+ 26) (s — 2[nles™™)
+€Ds(k+1)7" — 2n|EsT (1.10.10)
Mo < (2k + 1+ 2¢,) (s + (s + 2[17]3%1))
+ECS + 2| EsE (1.10.11)

(iii) Sexa u € R tal que
0,0,7—20+3,0-20—2<a<lv+lo+3,7+3  (110.12)

e sexa i = max{u,v + 1 — a}. Existe un D = D(o,7,u) > 0 e, dado ¢ > 0,
existe un C = C(€,0,T,u) > 0 tal que, para todo k € N,

Ae > (2k 4+ 1+ 26) (s — [nles™) + EDs (k + 1) — |5|Cs™.  (1.10.13)

(iv) Seu = % e & > |n)|, existe un 57 ﬁ(a, T,u) > 0 tal que, para todo k € N,

Ae > (2k + 1+ 26.)s + (€ — |n))Ds™(k + 1) (1.10.14)

(v) Engadindo o termo &' {@ey, Vey) o + " (Podd, Vodd)r na parte dereita de (1.10.9),
con &' &" € R, o resultado satisfaise igualmente ao pofier como termos adicio-
nais max{¢&’,&"} na parte dereita de (1.10.11), e ¢’ para k € 2N e £ para
k € 2N + 1 nas partes dereitas de (1.10.10), (1.10.13) e (1.10.14).

Oservacion 1.10.4. A partir do teorema 1.10.3 dedticese o seguinte:

(i) Ao igual ca na observacién 1.10.2-(ii), tense que V = V, sendo

v Ua,ev 7]|.CU‘2(9_U)CC_1
n|z|?0-"g 1 U 0dd '

con D(V) = N2°_, D(V™). Nétese que o operador adxunto de |z[2(?=7)z~1
Soad — |z|?0=9)S,,, como operador de Livodd a L2 ., densamente definido,

vén dado por |z|2?=7)z~1, considerado co dominio apropiado.
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(ii)

(iii)

(iv)

Tomemos 6 = 6 — 1 > —3. Posto que

(@, v)or = (6,27 P)g

para todo ¢ € Sey € Y € Sodd, podese escribir (1.10.9) como

(V2O VV20) 5 = (Jord, P)or + (|2 740, |27 0) 0.r
+ 1n((Podd, Tev)or + (Tdev, Yodd)er )

para todo ¢, 1) € S, e, correspondentemente,

_( Ueer e
Nz Nz Urosa )’

As condiciéns (1.10.5), (1.10.6) e (1.10.7) describen tres subconxuntos abertos
convexos de R2 (figura 1.10.1). A condicién (1.10.8) describe un subconxunto
aberto convexo de R? (figura 1.10.2), que é simétrico con respecto ao plano
definido por ¢ = 7 + 1. Tritase dunha “barra semi-infinita” con 4 caras laterais
e 5 lados no seu “final acotado.”

No teorema 1.10.3-(iii), a condicién (1.10.12) significa que (1.10.4) se cumpre
igualmente para @ e v + 1 — @ en lugar de w. Existe un % satisfacendo (1.10.12)
s6 se

0,0,7—20+3,0-20—L<lv+1lo+ir+3 (1.10.15)

Esta propiedade verificase nos casos (b) e (d) debido a (1.10.4), (1.10.6) e
(1.10.8); en particular, pédese tomar u = ”TH Para o caso (a), se 7 < 3o,
tense que (1.10.15) debido a (1.10.4) e (1.10.5). No caso (¢), se 0 < 37 + 4,
tense que (1.10.15) debido a (1.10.4) e (1.10.7).
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10 Oscilador harmoénico de Dunkl

(a) Definido por (1.10.5). (b) Definido por (1.10.6). (c) Definido por (1.10.7).

Figura 1.10.1: Conxuntos do teorema 1.10.3-(a),(b),(c).

* B

74

Figura 1.10.2: Conxunto definido por (1.10.8) no teorema 1.10.3-(d).
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