Tusi
Mathematical
Research
Group

®

Check for
updates

Advances in Operator Theory (2025) 10:9
https://doi.org/10.1007/s43036-024-00397-8

ORIGINAL PAPER

Representation and inequalities involving continuous
linear functionals and fractional derivatives

Marc Jornet'® - Juan J. Nieto?

Received: 20 July 2024 / Accepted: 7 October 2024 / Published online: 29 October 2024
© The Author(s) 2024

Abstract

We investigate how continuous linear functionals can be represented in terms of generic
operators and certain kernels (Peano kernels), and we study lower bounds for the
operators as a consequence, in the space of square-integrable functions. We apply and
develop the theory for the Riemann—Liouville fractional derivative (an inverse of the
Riemann-Liouville integral), where inequalities are derived with the Gaussian hyper-
geometric function. This work is inspired by the recent contributions by Fernandez
and Buranay (J Comput Appl Math 441:115705, 2024) and Jornet (Arch Math, 2024).

Keywords Representation of functionals - Inequalities - Differintegral operators -
Riemann-Liouville fractional calculus

Mathematics Subject Classification 26A33 - 26D10 - 47A67

1 Introduction

The classical Peano kernel, or Peano-Sard, theorem represents continuous linear func-
tionals in terms of ordinary derivatives and a kernel function. This is not only a
theorem within pure mathematics; it finds many applications when bounding errors
from numerical approximation methods, such as interpolation and integration [2, 3,
16].

Fractional calculus generalizes ordinary derivatives to arbitrary indices, hence it
is intuitive that versions of the Peano kernel theorem should exist in such a context,
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depending on the selected fractional derivative [1, 8, 17]. These works were initiated
in the nineties by Diethelm, for the Riemann-Liouville derivative [4—6], and for the
Caputo derivative in the specific case of quadrature-integration formulae [7]. Very
recently, Fernandez and Buranay obtained and applied the Peano kernel theorem in
the Caputo fractional calculus, in a general sense [10]. Inspired by this contribution
and inequalities from the classical Peano kernel [11], a new tight lower bound has just
been obtained for the L2-norm of the Caputo derivative [13].

In this paper, we carry out an abstraction of the representation of continuous linear
functionals, in terms of “generic” operators, that extends ideas from previous literature,
such as [4, 10]. As a consequence, tight lower bounds in the L2-sense for the operators
are derived, to complement [11, 13]. This part corresponds to Sect.2. We then adapt
the theory to the particular situation of the Riemann-Liouville fractional derivative:
First, by revisiting results from [4] in Sect. 3, and second, by obtaining novel operator’s
lower bounds in the Riemann-Liouville context in Sect. 4, like in [13]. The inequalities
are expressed with the Gaussian hypergeometric function. Important comments about
[13], concerning the tightness of inequalities, are also given at the end of the section.
Finally, Sect.5 lists some unanswered issues, for future investigation.

Our work assumes knowledge of the basic fractional operators, see [8, 18], as well
as all the context and notations introduced in [13].

2 Peano kernel in the context of abstract operators and a lower
bound

We state and prove an abstraction of [4, Theorem 2.2] and [10, Theorem 2.1].

Theorem 2.1 Let D : E[a,b] — Ll[a, b] be an operator, not necessarily linear,
where E[a, b] C Cla, b]. Let I : L'[a, b] — L'[a, b] be another operator, expressed
in terms of a kernel R € C([a, b]z) as

b
Iy() = f R(t, s)y(s)ds. 2.1
a
Assume that, for every x € Ela, b], one has
px =x — IDx € Cla, b]. 2.2)
Consider continuous linear functionals L € L(C[a, b]) such that
Lp, =0, 2.3)

forall x € Ela, b]. Then, on Ela, b, L can be represented as an integral in terms of
a kernel K (the Peano kernel) and the operator D, as follows:

b
Lx =/ K(s)Dx(s)ds, K(s)=L[R(-,s)], K €C(la,b]. 2.4)
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Proof Consider the canonical representation of L, in terms of g5, € NBV[a, b] [4,
Theorem 2.1]:

L= [ " g0, @.5)
a
for z € C[a, b]. Then, for x € El[a, b],
Lx = L[IDx + px] = LIIDx] + Lpx
= L[IDx] = /b IDx(t)dgy (1),
a
by (2.2) and (2.3). We combine this formula with (2.1):

b b
Lx:/ / R(t,s)Dx(s)dsdg(1).

We justify Fubini’s theorem as follows. By Jordan’s decomposition theorem, g; =
gzr — g » where gzr and g; are right-continuous and non-decreasing functions. We let

gi = gzr + g, of use to bound integrals. Since R € C([a, b1?) and Dx € L[a, b],
we deduce

b rb
[ [ 1R snipxiasagi o < 1RI (¢0) - g5 @) 1011 < .
a a
We can thus interchange the order of integration, to arrive at (2.4):

b b b
Lx:/ / R(t,s)dgL(t)Dx(S)dS=/ K (s)Dx(s)ds,

a

where R(-, s) is continuous for the representation of K via L:
b
K(s) = / R(t,s)dgr(1). 2.6)
a

Finally, the continuity of K is true by the dominated convergence theorem. Indeed, if
s — §1 € la, b], then R(t,s) — R(t,s1) and R(z, s) < || R]|cc, With

b
/ IR loedg? (1) = [ Rllso (g () — £ (@)) < oo,

because R € C(]a, b]z); therefore

b b
lim K (s) =/ (JLm R(LS)) dgr(r) =/ R(t, s1)dgL(t) = K (s1).

N
]
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Remark 2.2 The set E ensures (2.2). Nonetheless, D might be defined on a larger set
than E. For example, if D is the modified Caputo operator of non-integer order « [13],
then & = ACle+1] [a, b], by [8, Theorem 3.8]. Here, |-] is the integer part.

This theorem can be used to derive sharp lower bounds for operators, see [13].

Lemma 23 Let L € L(Cla, b]). Consider a sequence {x,};° | € Cla, b] such that

sup [|xy floo < 00 2.7
n>1
and
x(t) = lim x,(t) (2.8)
n—oo

pointwise on [a, b], where x € Cla, b]. Then

Lx = lim Lx,. 2.9)

n—oo

In particular, if R € C([a, b]z), then

b b
L[/ R(-,s)ds}zf LIR(, $)]ds. (2.10)

Proof The proof is simple, by the dominated convergence theorem. We have, by the
canonical representation (2.5),

b b
|Lx — Lxp| = /X(t)dgL(t)—/ X (1)dgr (1)

b
< / () — xq (1) |dgh (0).

The integrand |x(f) — x,(¢)| tends to O pointwise by (2.8), as n — oo, and it is
uniformly bounded on n by (2.7). Then (2.9) holds.
If R € C([a, b]?), we consider

b
x(t):f R(t, s)ds

and the Riemann sums

n

xp (1) = ZR(L si)(si — si—1),

i=1

for partitions a = so < §| < ... < 8, = b, r, > 1. Conditions (2.7) and (2.8) are
satisfied, hence (2.9) and (2.10) hold. m]
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Corollary 2.4 Consider the context of Theorem 2.1, with the additional property
DIK = K almost everywhere (we are assuming that D can be evaluated at 1K,
although it might be possible that IK ¢ E). Then, the following lower bound holds,
for x € Ela, b], and it is sharp on a possibly larger set than E:

|Lx]|
IDxl2 2 —F—r, 2.1D)
LR, )]ll2
where L; means that the functional L acts with respect to the variable t, while || - ||2
is computed with respect to the second variable.
Proof By Cauchy-Schwarz inequality in (2.4),
[Lx| < K2l Dx]l2. (2.12)
If x* =IK € Cla, b], then
b b
Lx* = / K(s)DIK (s)ds = / K (s)*ds = [|K 3, (2.13)
a a

by assumption. Such a function x* is chosen to obtain equality in Cauchy-Schwarz
inequality. Notice that it is “nearly” unique: If another x** € E meets equality in
Cauchy-Schwarz inequality, then necessarily K = Dx™*, which implies x* = I K =
I Dx™ = x™* — pyw, with Lpw» = 0. By combining (2.12) and (2.13), we derive

|Lx|

\/Lx*'

| Dxll2 > (2.14)

Now, with (2.1) and (2.4), we compute
b b b
x*)=1K(t) = / R(t,s)K(s)ds = / R(t, s)/ R(z, s)dgp(t)ds

b b b
= / / R(zt,s)R(t,s)dsdgr(t) = L, [/ R(z,s)R(t, s)dsi| .

Fubini’s theorem is justified by the continuity of the integrand. In consequence,

b
Lx* =1L, I:L, |:/ R(t, s)R(t, s)dsi|j| .

Lx* = ||LR(t, )1II3.

By Lemma 2.3,

Then (2.14) gives (2.11). Inequality (2.11) is tight, because it is attained for x* €
Cla, b] (it might be possible that x* ¢ E). O

) Birkhauser
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Remark 2.5 Note that (2.11) is essentially a consequence of (2.4), by Cauchy-Schwarz
inequality. However, to demonstrate that (2.11) is sharp on a certain set (i.e., the
existence of the minimizer x* € C[a, b]in the proof), Corollary 2.4 with its assumption
DIK = K is indispensable.

Remark 2.6 Cauchy-Schwarz inequality can be extended to arbitrary indices by
Holder’s inequality. However, the fact that L[a, b] is endowed with an inner product
permits computing || K ||2 and obtaining x*. These calculations cannot be conducted
in an arbitrary L?[a, b], p # 2.

Example 2.7 In the context of Theorem 2.1 and Corollary 2.4, suppose that py is
always a polynomial of degree less than 2. Consider

Lx = x(a) —2x (#) + x(b), (2.15)

which satisfies Lp, = 0. Then, by Corollary 2.4, the following tight inequality is
verified:

IDxll2 > [x(@ — 2x (5%) +x®)
VI (R - 2R (45

(2.16)

, s) + R(b, s))2 ds

For concrete operators, the integral | ab in the denominator might be computed explic-
itly, to avoid numerical integration of a non-differentiable R. Observe that (2.15)
is related with numerical analysis: given the function x, consider the one-degree
polynomial g that interpolates it at a and b; then

a+b a+b . .
=|q > —x 5 = interpolation error.

Lx
2

When x is a polynomial of degree less than 2, then this error is zero. Notice that (2.16)
gives rise to a bound for the interpolation remainder, in terms of the operator D.

3 Peano kernel for the Riemann-Liouville fractional derivative
revisited

We show [4, Theorem 4.1] in the context of Theorem 2.1.

Theorem 3.1 Let RLIE‘ : L[a, b] — L![a, b] be the Riemann—Liouville integral, of
non-integer order o > 1, where |«] < « is the integer part, 0 < a < b, and T is the
gamma function:

RLya _; ! _ a—l1
I x(t) = F(Ol)/a (t —s)* x(s)ds

W Birkhauser
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(generalization of the Cauchy formula for repeated integration). Let RLD;’
ACYtU[a, b — Ll[a, b] be the Riemann-Liouville fractional derivative, defined
as

la+1]

RLI |_C(+U _le(t)

RLA«o _
Dax(t) = ey " a

(analytic continuation to define R'1 2 %). Consider the space

Bla, bl ={x :[a,b] > R/ (- —a)* Ty e ACl*t[q, b1} € Cla, b]. (3.1)

Define the modified operators RLLA)‘H" . Ela, b] — L'a, b] and RLfg‘ - La, b] —
L![a, b] as follows:

RL[)gx _ RLDZz [(, . a)a—LaJrle]
and

RLiLzlxx — ( _ a)LoH-lj—ot . RLI;XX.

Let L € L(Cla, b]) that vanishes for polynomials of degree less than or equal to |« ].
Then

b
Lx = / K%(t) - RED%x (1)dt
a
for x € Ela, b], where

N 1
Riw=r5t [ — etz - et (3.2)

is in Cla, b] and s+ = max{s, 0}.
Proof We first notice that
RLje . acttUa, b] — ACL*F[q, b] (3.3)

is a well-defined operator. Indeed, one proceeds by induction for 0 < m < |« + 1]
and the space AC"[a, b]. If m = 0 and AC™[a, b] = Cla, b], the result is clear. If we
assume that the map is well-defined for m — 1 and u € AC™[a, b], then

RLpoy(ry = RE1Y o RELV (1) + u(0)RET#1

RLy1 _RLya. s (t—a)”

=" 1 t 0)——,
a o lgu () +ul )F(oc+1)

) Birkhauser



9 Page8of15 M. Jornet and J. J. Nieto

see [18, Lemma 3.4]. Since u’ € AC" [a, b] (if m > 2, otherwise u’ € L'[a, b] if
m = 1), then by induction hypothesis, R-1%u’ € AC"~![a, b] (if m > 2, otherwise
in L'[a, b] if m = 1), which implies RX1! o RE[%y € AC™[a, b]. Also, (t — a)® €
AC"[a, b]. Hence RLI;‘ u € AC"[a, b], as wanted. An alternative proof of (3.3) is
given in the classical book [15, Lemma 2.1].

Note that, by using (3.3), the Riemann-Liouville fractional derivative D%
AC*Ula, b] — L'[a, b] is well-defined. Also, when x € E[a, b], we obtain
that RLp* U= — gye—le+lly) ¢ ACletU[g, b], by (3.3). This permits apply-
ing the known fundamental theorem of fractional calculus for RLp Yo RLDg‘ , check [8,
Theorem 2.23]:

RLig o RLﬁgX — (- a)Lot+1J—a ) RLIg o RLD<ax [(_ _ a)a—La+1Jx]

=( - a)LOtJrlJfot <( _ a)oszaJrle
~ LX"‘J: (- — qy*k-1
P I'la — k)

« lim RLDtEocJ—k ORLIaLa+1J—a [(_ _a)a—\_ot+ljx])

z—at

W (— gyled—k

= X —
“ T(a—k
% 1im+ RLplal—k o RLfla+1]—a [(_ _ a)a—La+1Jx]
Z—a
=X = Dx-

Since p, is a polynomial of degree less than or equal to |« (this is precisely the
reason of defining the modified operators), both (2.2) and (2.3) are met. On the other
hand, for the modified Riemann-Liouville integral, we have

R(t,s) = R%(t,s) = %(r — )t — 52 e C(la, b1).

We can therefore use Theorem 2.1 and its conclusion (2.4), with D = RLﬁZ‘ and
I = RLja o
.

Remark 3.2 We notice that E[a, b] could be enlarged in Theorem 3.1, to
Sla, b] = {x € Cla, b] / IRELett=a [ — gye=letly) e AcletU g, b)),

We used (3.1) for simplicity. In [4, Theorem 4.1], Diethelm employed the set

a1

[a,b] = {x € Cla,b) / R*LD®~'x € ACla, b]}.

W Birkhauser
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We have the following inclusions:
Ela. b] € Ela, b] C Ela, b].
Indeed, if x € Ela, b], then
RLplat1l-a [(t _ a)“‘“””x] e AClt1 g p],

by (3.3). This implies

. dlel
RLDZl—lx — WRLIHI_O[-FIJ—U I:( _ a)(x—l_d-FUin c Ac[a’ b], (34)

and the first inclusion follows. The second inclusion is clear by (3.4).

4 A new lower bound for the L2-norm of the Riemann-Liouville
fractional derivative

We employ the previous theory to obtain a new, sharp lower bound for the L?-norm of
the Riemann-Liouville fractional derivative. The Caputo version has just been proved
in [13]. See the notations in that paper.

Theorem 4.1 Fix any non-integer order « > 1. Let L € L(Cla, b)) that vanishes for
polynomials of degree less than or equal to |a]. If y € AC'*TU[a, b), then

o], = | [c -]
, —1/2
o [(r —a)l(s —a)letl ., Fy (1, l—a 1+« t%)]
X LI LS ’
['(a)3a
4.1
where

o : C(la, b]*) = C(la, b]?),
_ h(t,s), s <t
olhl(t, ) = {h(s,t), t<s

is a symmetrization operator and 7 F is the Gauss’s or ordinary hypergeometric func-
tion. Equality in (4.1) is attained in AC“ U [a, b, for typical canonical integrators
groifgr € Cl¥Ua, b), orif Ly = Y wjy(s)) with gL (s) = 37 wjHs,(s)
in terms of Heaviside functions Hy; and weights w; € R.

) Birkhauser
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Proof Notice that
RLbZ( RLla RLDa RL[;Z)(Z =z

almost everywhere, for all z € L! [a, b]. This is stronger than the added assumption
in Corollary 2.4.
We proceed as in the proof of Corollary 2.4, with

x=(—alt=y ¢ Ela, b].
We have:
RLI:IX [L [( _ a)LaJrlJfa(. _ t)(jzr—l:l] (1)
B L /-t(t _ 7:)ot—lL I:( _ a)I_OH-lJ—Ot(. _ T)Ol—l] dr
- F(a) i
= r(a) f (t—1)% 1/ (s —a)lt=o(s — )2 dg, (s)de
= % / / (s =040 - s — )T gL ()

t N
- ﬁ/ / (s — )% Lt — ) lde(s — )@t dg (s)

+m / (s =D — o) ldr(s — @)l Tdg ()
a
_ ozl
=%/(s—a)m+”-zﬂ( 1—a1+oz )dgL(S)
(t —a)* ]
+ Fara ( —a) 1,1 —q, 1+0l dgr(s).

Fubini’s theorem is applicable by the continuity of the integrand. Euler’s integral
formula for the hypergeometric function has been used [13, 14]. Then, by (3.2),

x*(1) = REY K2 (1)

AN

=—“F(a‘;§a /(s @)« Ry (1 l—al+a - )dé’L(s)
(t —ayletl led . o (11 1 A
e /(s—a) 2 1( —a,l+a, - ) gL(s)

a[(t—a)lai(s—a)WHJ L F) (1,1 al+a —)]

—L ’f—a
- INa)a

W Birkhauser
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We conclude with inequality (2.14). Equality is met for

i) =t —a)? )

f— a—1 t —
_ (F(d))3 / s —a)l e+l ., Ry <1,1—a,1+a,j a>dgL(S)
a)Ya J, -4
f—a)¥ b ! —
+—( C;) _/ G-—a) R (L1 -a1+a, - dgL(s),
T'(@)3a J; s

where x* € C[a, b]. The structure of y* is analogous to [13, expressions (13) and (14)].
To justify y* € ACL*TU[a, b] under suitable g; , see the last paragraph of Remark 4.4.
The key factis that o F1 (1, 1 —a, 14«, -) € ACL*+U[0, 1], because , Fi (1, 1 —a, 1+
«, ) € C®[0,1)and DLTU, Fi(1, 1 —a, 1 +a, ) € L0, 1]. o

Example 4.2 In the context of Theorem 4.1, consider (2.15), which annihilates
polynomials of degree less than 2. Then, if X is the indicator function,

o [(z — )5 — g)letl L, (1, l—al+a u)]

’t—a
INCOR

1 b—a\letl) ol
" M) _2( 2 ) ¢—a)

b—a
X 2 F <1, l—a,1+4¢, m) X(#,b](t)

L]
_2<b—a) “ (t — aylo+l]
2

2(t —a)
x 2 Fy <1, l—a,1+a, p— )X[a,”;”](t)

x*(1) = Ly

t_
+b-a) -t R (1’ l—a 1+, b_a))
—da

and

o [(r —a)ll(s — g)letll L,y (1, l—a,1+a ﬂ)]

Lx*=1,| L e
I INCOR

_ alel+ Frl+a)lQRa—1)
T T(@)le Qo) (a)

b— la]+1 1
—4(b—a)L"‘J< 2“) 2 F) (1,1—a,1+a,5) )

) Birkhauser
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Therefore, by substituting the denominator in (4.1),

b—a\letl—« a+b
RLo _ \lat+l|—a _ P
|*ey], = |6 - a ¥(b) 2( . ) y( ; )‘
_ ri+o)fa—1)
1-2|«] o \2lal+1
x {r(a)3a ((1 +2 ) (b — a) T 4.2)
172

b —q\ et 1 -
—4(b—a)L“J( 2“) 2 Fy (1,1—a,1+a, 5) :

for every y € AC?[a, b], and the inequality is sharp. For instance, ifa = 0, b = 2 and
o = 1.8, then

[*0ysy, = 2°2y(2) — 2y(1)|
O 7l = 1.0106067168445019 . ..

forall y € AC2[0, 2]. Informally, if @ and b are arbitrary and « — 27, with o # 2,
then (- — a)l 21— 5 (. — ) = 1 and it is not written in the numerator of (4.1);
this yields a lower bound for the second-order derivative when y € AC?[a, b],

[y@) — y (“52) + y(b)|
N

1y"ll2 =

which is consistent with [11, Example 5]. In general, we notice that the structure of
the Riemann-Liouville bound is quite different to that of the Caputo bound [13], by
the factor (b — a)“+t1J=¢ and its discontinuity at integers as a function of c.

Example 4.3 Related to the previous example, some inequalities in real analysis can
be derived. Considering (4.2), if y(¢) = ¥, for y € (1, 2), then

b
y‘ __v+bh 2-a)d;
2 T'(y—a+DYVJ,

Ly +1) b=+l _ 42—+l
S I(y—a+1) 2(y —a) + 1

RL o
|0

and

F(y + 1) b2(y7a)+] _ a2(y70()+1
Ly —a+1) 2y —a) + 1

1|—
(b — aylett-apy _ o (P24 S (axby
2 2

20a1+1 1A + )l Ra—1)
I'Ca)I' ()

>

1 1-2|a] _
e (0 #2200

W Birkhauser
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—1/2
b — la|+1 1
—4(b — a)\ <Ta> <2 F <1,1—a,1+a, 5) ,

forall 0 <a <banda € (1,2).Ifa =0,b =2, = 1.8, and y = 1.9, for
example, then the numeric inequality 2.65772 > 2.26309 is consistent. It is slightly
worse than the Caputo bound 2.32765 from [13] (we notice that RLDS‘ tY = CDS‘ tY,so
it is possible to compare). If y = 1.5, then the Riemann-Liouville inequality renders
1.86003 > 1.23590, which is now better than the Caputo bound 1.11325.

Remark 4.4 Important comments about [13].

In the Caputo version from [13], we have E = AC letl[4, b]. In that paper, it is
seenthatx™ = /K € E,hence DI K = K almost everywhere and Corollary 2.4 holds.
Computations are then carried out to elaborate on || L;[R(z, -)]|2, like in Theorem 4.1.

On the other hand, if the modified Caputo operator D = Dj‘f’ o is used in [13], we
still need & = ACletl[q, b], by (2.2) and [8, Theorem 3.8]. However, in such a
case, DIK = K is straightforward [8, Theorem 3.7], because K € C[a, b], although
the property x* = IK € E is then unknown. Proving that the minimizer x* is in
the domain E is relevant. Observe that, in E, both versions of the Caputo derivative
coincide almost everywhere and have the same L-norm.

Based on [9, Theorem 2.5], another less-natural possibility for E could be g =
{x eC™a,b]: 3 D¢ ,x € Cla, b]}. Notice that x* € Eis readily justified, for any
L, by [18, Proposition 3.2 (8)]. We said “less-natural” because 1 ¢ E wheno = 1.8,
but ¢! € &, for example.

The space g is certainly natural in differintegral equations Di" X)) = f(t,x@@))
with continuous function f. Indeed, x € C leJ[a, b] comes from the associated Volterra
integral problem, and D§ ,x = f (-, x()) € Cla, b] is clear.

Finally, about [13, Lemma 3.2] and the last lines of the proof to justify that the
minimizer x* belongs to E, we notice that , F| (A, B, C, 1) in (3) is finite only when
C> A+B,and>F{(A,B,C,t) =01/(1-0AT8"C)yon[0,1]ifC < A+ B[l4,
Section 15.4 (ii)]. In particular, if n = |+ 1], then, Fi(14+n, l —a+n, 1 +a+n, 1)
is finite whenever @ > 1.5, and 2 Fi(1+n, 1 —a+n, 1 +a+n,t) = O1/1 —1)N)
alwaysholds forae > 1,foran0 < N = N, < 1.Note that l/(l—t)N € L'[0, 1]. This
implies that , F (1, 1 —a, 1+, -) € AC"[0, 1], as correctly stated in [13, sixth page],
andwhena > 1.5,itisinC"[0, 1];see (4)in[13]and [18, Proposition 2.2]. On the other
hand, if g; € C"[0, T], orif Lx = Z’]’Il wjx(s;) with g7 (s) = 21}1:1 w; H; (s) in
terms of Heaviside functions Hj; and weights w; € R, which are the typical cases,
then it is clear that (13) and (14) in [13] are indeed in AC"[0, T'], for « > 1. We
include these points to better describe the proof of [ 13, Lemma 3.2], with an enhanced
discussion on the hypergeometric function, and clarify types of common integrators
gr that ensure x* € E.

5 Open problems

Some interesting questions are the following:
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e Considering Remark 2.6, can we obtain closed-form lower bounds in L?[a, b], for
p # 27 This advance would be relevant for the Caputo and the Riemann—Liouville
fractional derivatives.

e Can we adapt the results to other fractional operators? On the one hand, the con-
dition DIK = K limits the types of operators; for example, it is known that
fractional operators with non-singular weight do not exhibit such a fundamental
theorem of calculus. The normalized versions might be of use in such a case [12].
Recall that the property DI K = K permits proving that inequality (2.11) is tight
on a certain space, but it is not needed for the validity of (2.11). On the other
hand, the explicit computation of ||L,[R(%, -)]||2 in (2.11) may not be possible,
depending on the form of /.

e The selection of appropriate functionals L may permit bounding numerical errors,
like in [10]. Do our results have applications in this sense, to improve classical
formulae? Specifically, for interpolation and quadrature integration.

e Can our bounds be linked to previously known inequalities for the hypergeometric
function?
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