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ABSTRACT

The aim of this paper is to perform the analysis of a numerical method based on scalar potentials for solving a nonlinear mag-

netostatic problem in a three-dimensional bounded domain containing prescribed currents and magnetic materials. The method

discretizes a well-known formulation of this problem based on two scalar potentials: the total potential, defined in magnetic mate-

rials, and the reduced potential, defined in dielectric media and in non-magnetic conductors carrying currents. The topology of

the magnetic materials is not assumed to be trivial, which leads to a multivalued potential. The resulting nonlinear variational

problem is proved to be well posed and is discretized by means of standard piecewise linear finite elements. A convergence result

without regularity assumptions on the solutions is proved in both the linear and nonlinear cases. Moreover, optimal error estimates

are proved for smooth functions. Numerical results for an analytical test are reported to assess the performance of the method in

the case of the continuous solution being smooth.

1 | Introduction

The goal of this paper is to analyze a finite element method for
solving a nonlinear magnetostatic problem in terms of scalar
potentials in a three-dimensional bounded domain. Namely, we
will consider a formulation based on the combination of two dif-
ferent potentials, the so-called reduced scalar potential and total
scalar potential (see [1, 2]). In this approach, the total poten-
tial is defined in magnetic materials without current sources,
while the reduced potential is defined in dielectric media and in
non-magnetic materials carrying currents.

This formulation was introduced in [3] for two-dimensional
domains and extended to three-dimensional domains in [4].

For the linear magnetostatic problem, this formulation, and
a finite element method to compute its solutions in the
three-dimensional case have been analyzed in [5], where error
estimates were obtained under a regularity assumption of the
solution. But a general convergence result for a solution hav-
ing just the regularity provided by the existence theorem was
not obtained. Moreover, to the author’s knowledge, the contri-
butions found in the literature for the 3D nonlinear magneto-
static problem are limited to magnetic vector potential formula-
tions and focused on the mathematical analysis of the continuous
model; see, for instance [6], and [7].

In this work we will address two main tasks. On the one hand,
we will extend the numerical analysis presented in [5] to the
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nonlinear case and add permanent magnets to the magnetic
domain; namely, we will study the existence and uniqueness of
solution of the nonlinear problem and prove optimal-order esti-
mates provided that the nonlinearity is Lipschitz continuous and
strongly monotone and the regularity assumption on the solu-
tion made in [5] holds true. On the other hand, a relevant con-
tribution of the paper consists in deriving a convergence result
under weaker assumptions on the nonlinearity than those cited
above and without any regularity assumption on the solution.
Basically, this convergence result relies on the Galerkin method
for a nonlinear elliptic problem defined by a monotone opera-
tor when the finite-dimensional subspaces are not nested. This
approach has been used in [8], in the context of other nonlinear
elliptic problems, in order to prove convergence without regu-
larity assumptions. To prove the convergence result, we prove a
density property (cf. Lemma 8). As a by-product, we complete
the study of the linear case with a general convergence result
that does not need any additional regularity of the solution of the
continuous problem.

The outline of the paper is as follows. In Section 2, we introduce
the nonlinear magnetostatic problem and the geometrical frame-
work for our analysis. We recall the Biot-Savart law and introduce
the reduced scalar potential. In Section 3, we briefly justify that
the nonlinear magnetostatic problem is well posed by using the
reduced scalar potential formulation. In Section 4, we deduce the
differential equations of the total potential/reduced potential for-
mulation on a bounded domain. In Section 5, we obtain a weak
formulation of the problem, we prove that it is well-posed and
that its solution satisfies the classical magnetostatic equations in
a weak form. In Section 6 we introduce a discretization based on
standard finite elements, with the interface constraint between
both potentials being imposed as an essential condition. This
section also contains the derivation of the optimal order error esti-
mates, the general convergence theorem, and the density result.
In Section 7, we report some numerical results that confirm some
of the convergence properties of the method. Finally, Appendix
A.1 contains an auxiliary proposition related to an isotropic mag-
netic law.

2 | The Magnetostatic Problem in Terms of One
Scalar Potential

The classical magnetostatic model is obtained by neglecting the
time derivatives in Maxwell equations. Given a divergence-free
stationary source current density J, the magnetic field H, and
the magnetic induction B satisfies the following equations:

curlH =J 1)
divB=0 2)

and a constitutive law relating H and B to be defined below. We
consider a bounded three-dimensional domain Q composed of
non-magnetic conductors, a magnetic core, permanent magnets,
and air. This domain is assumed to be simply connected with a
Lipschitz-continuous connected boundary I'. We denote by Q,,
an open subset of Q containing all the magnetic materials, by Q,,,
the open subset of Q occupied by the permanent magnets, and
by Q,,. the open subset of Q occupied by the magnetic core. We

assume that Q =Q,, UQ, UE, where E C 0Q,, N0Q,, is a
measure zero set. (Notlce that 0Qy C 0Q,, U 6ch) We assume
that:

« The conductors are not magnetic materials; that is, they sat-
isfy the magnetic law for linear isotropic materials with mag-
netic permeability y = p, (i, > 0 being the permeability of
vacuum).

« The magnetic core is a non-conducting ferromagnetic mate-
rial (possibly non-isotropic) without hysteresis.

« The permanent magnets satisfy a linear magnetic law with a
remanent flux density B,, and they are non-conducting.

‘We write the constitutive relations linking vector fields H and B
in a uniform form as follows:

B=%RBx,H) inQ (3)

Here and thereafter, the function @ : QX R3 — R3isdefined by

po€ if x € Q\ Q.
RB(x, &) = u(x)& + B,(x) ifxeQ,, 4)
B(x, &) ifxeQ,,

where p 1 Q,, = M;,;(R) is a measurable function satisfying

[, £ oy fori,j=123, aexeQ, (5
3 3

Meninl € < D\ D (068, VEER® aexe€Q, (6)
i=1 j=1

with constants g, >0 and pp;, >0, and 9B is a function,
R : Q,, xR>— R The assumptions about this function will
be specified later.

Throughout the article we use boldface letters to denote vector
fields and variables, as well as vector-valued operators. We also
use standard notation for Sobolev spaces and norms.

Let J € L*(Q)* such that divJ = 0in Q and let B, € L*(Q,,)*.

We assume that Q,; has p connected components, denoted by
Qy;,;- Domains Qy; can be multiply connected. We further
assume that all the Q,;; are Lipschitz domains, each boundary
08y, ; is connected, and
QuNQy, =0, 1<ij<p i#] (7)
Hence 0Qy=J/_0Qy,. Note that Qy, do not need to be
included in Q,, or in Q, , so the case where permanent mag-

nets are in contact with the ferromagnetic core is accepted in our
framework.

We denote by Q; the open subset of Q occupied by the conductors
so that Q; contains the support of the current source J in Q. We
assume that Qy; N Q; = @, so that J|o = 0.

We further assume that Q; C Q, which in practice is not restric-
tive at all. However, concerning Q, it is useful not to impose a
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FIGURE1 | Sketch of the domain Q.

similar restriction in order to allow for eventual currents through
the boundary of Q. Our analysis covers problems in which
domain Q contains all the source currents (closed circuits), and
also problems in which there is a current flow through a part
I'; :=0Q; NT of the boundary (open circuits); see, for instance,
Figure 1, which combines both of these situations and includes
several connected components for Q) and Q;. In any case, since
the source current is divergence-free, the net current flux through
the boundary of Q has to vanish.

In order to state the magnetostatic problem in the bounded
domain Q, we have to add adequate boundary conditions to
Equations (1)-(3). We consider the following one:

B-n=g onT 8)

where g is a given data function and n the outward unit normal
vector to I'. Notice that, by virtue of (2), the data g must have zero
mean, that is, /.g = 0.

Therefore, the magnetostatic problem we are going to analyze,
written in terms of the magnetic field, consists of finding H €
H(curl, Q) satisfying

curlH =J in Q )
divB(x,H)=0 inQ (10)
HoH -n=g onI" (11)

We make the following assumptions concerning function 98:

B.l: &B : Q,. xR3 — R3 satisfies the Caratheodory conditions
i. B, &) Q,, — R?is measurable for each & € R?, and
ii. B(x,-): R* > R3*iscontinuous fora.e. x € Q,,..

B.2: There exists a constant ¢; > 0 and a function k; € L*(Q,,.)
such that

|B(x,8)| < c|E]l +k(x) VEER? ae.xeQ, (12)

C

B.3: The following inequality holds:

(RBx,H)-B,m) - E-m>0 VENeER, E#n aexeQ,
(13)

B.4: There exists a constant ¢, > 0 and a function k, € L}(Q,,.)
such that

RB(x,8) - &> Cz|§|2 —ky(x) V&e R} age xe Q.
14)

Some of our results will require the following assumptions:
B.5: There exists a constant L > 0 such that

|B(x.&) - Bx,m| < LIE-n| VENER® aexeQ,,
15)

B.6: There exists a constant w > 0 such that

(Bx.6)-Bx,m)-E-mzole-n VEneR® aexe€Q,
(16)

Remark 1. Note that (i) B.1 and B.2 imply SB(-,0) € L*(Q,,.)%,
(i) B.1, B.5, and B.6 together with 9B (-,0) € L*(Q,,.)* imply B.2,
B.3,and B.4.

We consider now the case where the magnetic law of the mag-
netic core is isotropic, namely, the function 98 has the form

B(x,&) = u(x, |EDE VEER? aex€Q,, 17)

where the function u: Q,, X[0,00)+— [0,00). Note that
PB(x,0) = 0. Now, let us define the function b : Q,,. X [0, c0) —
[0, c0) by

b(x,s) = su(x,s) Vs € [0,o00) ae x€Q, . (18)
The relationships between the properties of the function 9% and

the ones of b are summarized in Proposition 1 (included in
Appendix A.1).

Remark 2. 1In[9], a constitutive law for ferromagnetic materi-
als of the form
H = v(|B|)B 19)

is considered, where the function v : [0, o) = [0, o0) is assumed
to satisfy:

i. vis continuous.
ii. 0<v<v(s) <V Vse[0, ).
iii. s — sv(s) is strictly increasing.
iv. s — sv(s) is Lipschitz continuous.
Let a : [0, ) — [0, ) be defined by a(s) = sv(s). Assumptions
(i)-(iii) imply that function « is a one-to-one correspondence.
Let b : [0, ) — [0, c0) be its inverse. Function b is continuous

and strictly increasing, b(0) = 0, and % < b(r) < 6 Vr € [0, ).
Moreover, constitutive law (19) can be rewritten as

B = u(|H)H (20)

where u(r) = @ for r >0 (and u(0) can be assigned any
value in [0, o)). Hence function b fulfills conditions (i)—(iv) of
Proposition 1. Therefore, this case is included in our framework.

In order to obtain a potential formulation of the nonlinear
problem, we proceed as in [5]. First, we build an extension of the
current density to R? in order to introduce a vector potential.
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Remark3. Let H(V’,Q) = {veL*Q)*dive=0} and
Hdiv°, R?) = {v € L2(R3)3;divw = 0}. We define the extension
operator E : H(div’, Q) — H(div’,R?) by EJ := J, where 7T is
constructed from J asin [5]:if J -n=0o0nT, 7 is the extension
of J by zero to the whole R3; if J - n does not vanish on the
whole T, function J will be an extension of J constructed by
introducing an auxﬂlary problem defined in a larger bounded
domain denoted by  such that Q S Q. We refer the reader to [5]
to see the detailed definition of J.

Then operator E is linear and continuous.

Now, for the vector field ?, we define a vector potential T as
follows:

xeR3

T(x>:=$/ (y)x| yyldy,

So defined, T satisfies (see, for instance, [5], Lemma 2.1)
curlT =J in Q (21)
divT =0 in Q (22)
Moreover, T|, € H'(Q)?, with
ITlh.q < CllJlloq (23)

where C is a strictly positive constant independent of J.

The vector potential T will be used to obtain a potential formula-
tion of nonlinear problem (9)-(11). For this purpose, let us notice
that curl(H — T') = 0, because of (9) and (21). Therefore, since Q
is a bounded, simply connected domain with Lipschitz boundary,
there exists a scalar potential ¢® such that

H=T-grad¢® inQ (24)

Scalar field ¢® is known as reduced scalar potential.

3 | Well-Posedness of the Nonlinear
Magnetostatic Problem

In order to study the existence and uniqueness of the nonlinear
magnetostatic problem (9)-(11), we first rewrite it as an equiva-
lent problem in terms of ¢X as follows:

Find ¢® € H(Q)/R such that

div F@(x, T —grad %) =0 inQ (25)
u(T —grad¢®)-n=g  onT (26)
Let V =H'(Q)/R be endowed with the norm |[[yR|, =

|lgrad 1,1/“||0,Q and let V' be its topological dual space. Let us
define the nonlinear operator A : V +— V' by

(A@R). p®) = ;40/ _ grad ¢} - grad y*

Q\Qy

+ / u(x)grad ¢° - grad y® 27)
Q

pm

- / B(x, T — grad $*) - grad y~

Here (-, -) stands for the standard duality pairing between V' and
V.Let? : V — R be the linear form defined by

(f,wR>=ﬂo/\, T - grad y®
Q\Qy

/ (u(x)T + B,) - grady® — (g,.y®).  (28)

pm

Notation (-, ) refers to the standard duality pairing between
HY2(I') and its dual space H™/2(I). Data g is only assumed to
belong to H™Y/2(I") and to satisfy (g, 1)} = 0, so that (g, y®) is
well-defined for y® € Hl(QR) /R. Notice that the linear form 7 is
well-defined and continuous.

Itis easy to check that the weak formulation of problem (25)-(26)
reads:
Problem P1. Find ¢R € V, such that A(¢R) = ¢

Theorem 1. Let us assume that function 9B satisfies assump-
tions B.1-B.4. Then problem P1 has a unique solution.

Proof. 1t can be easily checked that operator A is continu-
ous, bounded, coercive, and strictly monotone. The results follow
from monotone operator theory (see, for instance, [10], Chapter
3, or [11], Chapter II). O

Remark 4. In fact, problem P1 is equivalent to problem
(25)-(26), which in turn is equivalent to (9)-(11). Hence,
Theorem 1 ensures that the nonlinear magnetostatic problem
(9)-(11) has a unique solution.

As we noticed in the introduction, the existence and uniqueness
of solution of the magnetostatic problem in terms of the magnetic
vector potential have also been studied in [6], Section 3 and in [7].

4 | The Reduced/Total Potential Formulation
of the Nonlinear Magnetostatic Problem

In the linear case, although rewriting the nonlinear magneto-
static problem in terms of ¢® allows for an important saving in
computational effort, this alternative is not recommended in the
literature because its numerical approximation leads to the so
called cancellation error. The origin of this error is that, often, the
two terms T and grad ¢R in (24) are almost of the same size and
opposite direction within the magnetic materials, which leads to
large cancellation errors when computing the magnetic field H
(see, for instance, [1, 12, 13]). An alternative proposed by several
authors consists in introducing an additional scalar potential in
the domain Q) containing the magnetic materials (see [1, 3]).

To do this, we follow again the lines of [5]. For the sake of com-
pleteness, we include the main steps, and moreover, we intro-
duce in the description the case in which Q,; is not connected.
Let Q; := Q\ Q,, and recall that y = U, (constant) in Q. Also,
let I'y 1= 0Qg N Q) be the interface between Qp and €, and
v the unit normal vector to I'; pointing outwards Q,,. Notice
that I'; = 0Qy;, because we have chosen Q D Q. We assume that
Qg is connected. We recall that the connected components of
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FIGURE2 | Cutsurface and geometry description.

Q) are domains Qy;;, i =1, ..., p. In general, these domains are
connected but not simply connected. We assume that for each
domain Qy;, i =1, ..., p, there exists a finite number of open
connected surfaces (so-called “cuts”) Z; pi=1 0 such that:

. 3, CQy, and 0%, ; C 0Qy,,

. fl.,j ni-yk =@, for j # k,

« the open set £~2M’,- =\ Uj":lE[! ; 1s pseudo-Lipschitz and
simply connected (see [14]).

We also assume that for each of these cuts X. ., there exists a sim-

ij?
pleclosed curvey, ; C 0Qy;, crossing %, ; once and only once, and
such that y, ; is the boundary of an open surface S, ; C Qy; see
Figure 2 for J; = 1.

Letie {1,...,p} be fixed and Ez{w,, =N\, =1

1
We choose a unit normal vector n;; on %, ; and denote its two

faces by £ and ', with n, ; being the ‘outer’ normal to Q-
Ni i.j s M, i
along .
For any function § € Hl(SNEM’,-), we denote by
[ W] ]z,./ =Pl — Pl
: " '
the jump of i/ through X, ; alongn, ;. Thg gradientof 7 in D’ (SNEM’,»)
(i.e., in the sense of distributions in ;) can be extended to

L*(Qy,)* and will be denoted by grad .

Let ©, be the subspace of Hl(ﬁMJ) defined by

= {1,7 € H'@y,) 1 [[7]]y, = constant, j =1, J}

The kernel of the operator curl : H(curl, Qy;) - L*(Qy,)® is
given by (see [14])

Ker(curl) = gﬁ?l 0, (29)

Now we are in a position to introduce the additional scalar poten-
tial that will be used to solve the nonlinear magnetostatic problem

(9)-(11). Since J vanishes in Q); = UlegM,i’ by virtue of (29), the
solution of this problem can be written in these subdomains as
follows:

Hlo =-grad ¢, $,€6,, i=1...p (30)
Let us introduce the space ® = []7_ ©,; and the function é=
($1, ~-$,,)- We notice that every function i € © can be identi-
fied with the scalar function defined in SNEM D= Uf’=l§~2M!i whose
restriction to each Qy; is ;. If ¥ € ©, we denote by éElTi Yy e
L3 (Q,) the vector-valued function whose restriction to each Qi
is éﬁ?i ;. Because of assumption (7), we have for all integer
k > 0 the isomorphism H¥(Qy) = []7_, H*(Qy,,). Scalar function
¢ is known as the total scalar potential. Then, Equation (30) can
be rewritten as

Hig,, = —grad ¢

Our next step is to write the nonlinear magnetostatic problem
in terms of total and reduced scalar potentials, ¢ € ® and ¢R €
HY(Qg). We have

gl grad b, in Qy;, 1)
T — grad ¢~, in Qg

Boundary and interface conditions must be written in terms of
these potentials, as well. With this purpose, let us notice that for
J € L*(Q)? we have from (9) that H € H(curl, Q) and hence H x
v cannot jump across I';. Analogously, B - v does not jump across
I'; either, because of (10). Consequently, we have to find 47 €0
and ¢R € H'(Qy), satisfying the following equations:

—div (p, grad ¢*) =0 in Qy (32)

div (@(x, —grad §) ) =0 inQy (33)

—pograd® -n=g—y, T-n onTl (34)
4o grad ¢R - v + (B, — u(x) grad ) - v
=u,T-v onI}noQ,,
(35)
o grad ¢f v+ B(x,—grad ¢) - v=p, T-v  onT;ndQ,,
(36)

grad p" x v—grad g xv=Txv  onI 37)

(We recall that T’y = 0Qy C 09, U 0Q,,.).

5 | Well-Posedness of the Reduced/Total
Potential Formulation of the Nonlinear
Magnetostatic Problem

The aim of this section is to obtain a weak formulation of the mag-
netostatic problem in terms of total and reduced scalar potentials
and to prove its well-posedness.

In order to obtain the weak formulation, let us multiply
Equations (32) and (33) by a sufficiently smooth test function .
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Then we integrate by parts and use (34)-(37). Thus, we obtain

uo/ grad ¢* - grad v +/ u(x) grad ¢ - grad v
@ Q

‘pm

—/ %(x,—ai$)~gradw=—(g,w>r+/uoT'nw
Q r

‘me

—/MOT~VV/+/ B, - grad y
r, Q

pm

(38)

For the subsequent analysis, Equation (37) will be imposed as an
essential condition. Let us introduce the space

P
X 1= 0/R? x H'(Qu)/R = [[[0,/R] x H'(Qy)/R

i=1
endowed with the norm

(T = grad 7 ||+ |grad v®|’ v
| @), = (erad @ ||, + [lerad v,

the closed linear manifold

V() :={(7.y?) e X : grad y®xv

—grady7><v=T><vonFI}
and the closed subspace
V() := {(W,WR) eXx: grady®xv—grad y xv=0o0n FI}

The following two lemmas are slight generalizations of Lemmas
3.1 and 3.2 proved in [5], where it is assumed € is connected.
The proof mimics that of [ 5], working with all the connected com-
ponents Qy; ; instead of Q.

Lemmal. V(T)n [Hz(ﬁM)/R” x HX(Qp)/R| = W(T)n
[ P (HAGy,)/R) X HZ(QR)/[R{] £

Lemma 2. (.y®) € V(0)ifand onlyif Iy € H'(Q)/R such
that § = wlo and y® = ylq,

The last lemma allows us to write the variational formulation of
the magnetostatic problem in terms of the total and the reduced
scalar potentials as follows:

Problem P2. Find ([5, ¢R> € V(T), such that

Ho / grad ¢~ - grad y® + / u(x) grad ¢ - grad i
Q Q

R pm

- B(x,—grad ¢) - grad i
o (39)
= _<g7WR>r+/MOT-n u/R—/ uoT - v wR
r I,
+/ B,-grady  V(@,yw®) €0

pm

In order to analyze problem P2 and to study its numerical approx-
imation, we introduce the nonlinear operator A : X — X’, where
X' stands for the topological dual space of X, by means of

(A(&.9%). (#.w7))

= ;40/ grad ¢~ - grad y® + / u(x) grad (5 grad
Qx Q,n
—/ B(x.—grad §) - grad i V(h.¢"). (7.y") € X
le‘
(40)
We introduce the linear form # : V(0) — R defined by

(¢, (le,u/R)>=—<g,wR>r+/uoT-an—/ uoT - vy
r T,

1

+/ B, grad i V(#,wR) € V(0)
Q,,

(41)

Notice that the linear form ¢ is well defined and continuous, that
is, 2 € (V(0)).

Remark 5. Following the terminology of [10], we say that oper-
ator A : X — X’ satisfies property () if

(7o wR) = (7, wR) weakly in X
i (A(F,0 %) — A(.v%),

(@, —wwf —yR)) =0

=> (lT/,,,ll/f) - (lT/,l//R) strongly in X

(42)

Lemma 3. Let us assume that function 9B satisfies assump-
tions B.1-B.4. Then operator A : X — X' is continuous, strictly
monotone and coercive, and satisfies property (S) and the estimate

1A(3. 8% )l <CI(B.0° ) +C, V(Dat) ex (43)
where C; = C;(Uy, Hmax» €1) and C, = \/§||k1||0,9m are constants.

Proof. A straightforward computation yields an estimate (43)
(with C; = max(¢g, 3pmaxs €1 \/5)). The proof of the other proper-
ties of operator A follows essentially the same lines as the proof
of [10], Theorem 3.3.42. O

Remark 6.
follows:

From (40) and (41), we can rewrite problem P2 as

Find (5 gbR) € V(T), such that

(A(B8°). (795 = (€. (79" V(Fw5) € Vo) (@49

Theorem 2. Iffunction B satisfies assumptions B.1-B.4, then
problem P2 has a unique solution.

Proof. From Lemma 1, V(T) # @. Let (7, w}) be a fixed ele-
ment of V(T). By representing every element (i, y®) € V(T) in
the form

(70%) = (72 + (). (Fowd) € VO
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we can rewrite problem (44) as

Find (o, ¢} ) € (0), such that

(Ao o- 88 )- (.9)) = (¢ (7.0"))

Y(#.w®) € V()

(45)

where A, : V(0) —» V(0) is the operator defined by

<A0(l;0’ W(l){)a (l;, WR)> = (A(ipl + 1;0’ WlR + Il/(l){)’ (]T/’ WR)>

We know from Lemma 3 that operator A : X — X" is continu-
ous, strictly monotone, coercive, and satisfies (43). Hence, A, is
bounded, continuous, strictly monotone and coercive. Now, the
existence and uniqueness of a solution follow again from mono-
tone operator theory (see, for instance [10], Chapter 3, or [11],
Chapter II). O

Once the total and the reduced scalar potentials are known, the
magnetic field H can be readily computed by means of (31). In the
following theorem, we show that this vector field actually satisfies
the equations of the nonlinear magnetostatic problem (9)-(11).
The proof is very similar to that of [5], Theorem 3.4.

Theorem 3. Let ((Z, gbR) be the solution of Problem P2 and H

be defined by (31); namely, H := —grad ¢ in Qy and H :=T —
grad ¢R in Q. Then

curl H=J in Q 47)
div B(x,H)=0 inQ (48)
HoH -n=g onI" (49)

‘We have only needed assumptions B.1 to B.4 in order to establish
the existence and uniqueness of the solution of the total/reduced
potential formulation of the nonlinear magnetostatic problem.
However, some of our results concerning the finite element
approximation will require the stronger assumptions on function
AR stated in the following lemma.

Lemmad4. Let us assume that function B satisfies assump-
tions B.1, B.5, B.6, and 9B(-,0) € L*(Q,,)°. Then operator
A : X X' is Lipschitz continuous and strongly monotone.
More specifically, the following inequalities hold true for all
(#uy), (W wy) € X

AT wy) = AW wy) s

< LI, = 0w — w3 llx (50)
A wy) = AW w3). (0 = vy —v)))

> @l (¥, — U uy — vy II3 (51)

~~

where L = max(py, 3,y L) and & = min(uy, f,, @) > 0.

The proof of the lemma just involves straightforward
computations.

Remark 7. 1In the previous section, we focused on a domain
that includes linear and non-linear soft ferromagnetic materials,
that is, materials modeled by their first law of magnetization,
which is a curve B-H passing through the origin; linear perma-
nent magnets, that is, hard magnetic materials modeled by a lin-
ear curve B-H that does not pass through the origin due to the
presence of a remanent flux density in the direction of magnetiza-
tion. It is worth mentioning that the study of permanent magnets
modeled by a non-linear curve would also fit into this framework
by introducing its constitutive law with a more general function
9B, similar to that introduced for ferromagnetic materials with
appropriate assumptions.

6 | Finite Element Discretization

In this section we introduce a discretization of Problem P2, we
prove both an error estimate under suitable regularity assump-
tions on the solution and a convergence result that does not need
any regularity assumption.

In what follows, we assume that Q and subdomains Q;, i =
1, ..., p,and Qg are Lipschitz polyhedra. We assume also that, for
eachi =1, ..., p, one of the three following cases hold: (i) Q;; C
Q.. (i) @y, € Q,,., (iil) if Qy, N Q,, # ¥ and Oy, NQ,, # 0§,
then both Qy;; N Q,,. and Q\; N Q,, are Lipschitz polyhedra.

We consider a family {7} of regular tetrahedral meshes of Q,
such that each element K € 7, is contained either in some §M’,.
or in ﬁR (h stands as usual for the mesh size). Moreover, we
assume that if Qy; N Q,,. # #and Qy; N Q,, # @, then each ele-

ment K € 7, contained in §MJ is contained either in ﬁMJ n ﬁpm
or in ﬁMﬂ- NQ,,. We define ThﬂR = {K eT,: K CﬁR} and

Qi . re)
T, .={KeT,,. KCQMJ}.

We assume that the cut surfaces %, ; are polyhedral and that the
meshes are compatible with them, in the sense that each %; ;s
a union of faces of tetrahedra for each mesh 7,,. Therefore, ThQM"'
can also be seen as a mesh of Qy; ;.

Let us introduce the following finite element spaces:

~ - ~ - Qi
L@y = {7 € C@y) : Tylx € UK VK € T, ],
i=1...,p
0, = {u7h € Eh(SNEMV,-) : IIVN/]]z,.J = constant, j =1, ...,J,-},

i=1,...,p,
)4
0, :=[]Ous
i=1
Q,
£,Qp) i= {W}j €C@y) : wlix € Pi(K) VK € T® }

p
Xy 1= 0, /RP X Ly(Qg)/R = <H[®i,h/R]> X L,(Qp)/R

i=1

Analogous definitions to that of L£,(Qg) hold for L£,(€y),
L,(Q), etc.
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We also have to introduce suitable approximations of T' to be used
onI'; and I for the discrete problem. Here we follow once again
[5]. Notice that only the normal component of T is needed on T,
whereas the tangential and normal components are needed on
I';. We will use the Nédélec interpolant of T for the former and
its Raviart—-Thomas interpolant for the latter. In what follows, we
remind the definition and some basic properties of these inter-
polants (see, for instance, [15], Chapter 5).

The lowest-order Nédélec edge finite element space is defined as
follows:

N Q) :={G, eH(curl,Q) : G,|x € N(K)VK €T}
where  N(K) :={G,ePi(K)?®: G (x)=axx+b, a,be

R3, x € K}. If G is smooth enough, then its Nédélec interpolant
G\ is well defined by

Gy e N, (Q): /GN~tf=/G~t/ V¢ edge of T,
¢ ¢

where t, denotes a unit vector tangent to ¢. The results of [14]
allow extending the above definition to the space H (curl, Q) : =
{GeH(Q): curl G € H'(Q)} with r > % (see also [16]).

On the other hand, the lowest-order Raviart-Thomas finite ele-
ment space is defined as follows:

R,(Q) :={G, e H{dIv,Q) : G,lx € R(K)VK €T,}
where R(K) :={G, € Py(K)®: G (x)=ax+b; a€R, be

R3, x € K}. For G sufficiently smooth, its Raviart-Thomas
interpolant Gy is defined by

Grr € R,(Q) : /GRT'"T=/G'"T VT face of T,
T T

where n; denotes a unit vector normal to 7. The following error
estimate holds for all G € HY(Q)?:

|6 = Grrlloo < CAIGI (52)
Here and thereafter, C denotes a strictly positive constant, not
necessarily the same at each occurrence, but always independent
of h.
One basic property that will be used in the sequel is that
the Raviart-Thomas interpolant of a divergence-free field is
divergence-free:
divG=0 inQ > divGrr =0 inQ (53)

Next, we introduce the following finite-dimensional approxima-
tions of V(T) and V(0):

V,(T) := {(zT/h,u/,‘f) €X, : grad y: xv—grad i, X v
=Ty Xvon FI},
V,(0) := {(z}h,u/,‘f) €X, : grad y{ xv—grad i, X v

=00nFI}

Let us remark that the Nédélec interpolant Ty in the definition
of V,(T) is well defined, because T € H(Q,,) and curl T = 0 in
Q) (because of Equation (21) and J | o, = 0).

Thus we arrive at the following discrete version of Problem P2:

Problem DP2. Find <$h, qbﬁ) € V,(T) such that

/40/ grad ¢ - grad y} +/ u(x) grad ¢, - grad iy,
QR

‘pm

- / B(x.—grad §,) - grad 7,
Q

‘me

54
=—<g7W§>F+/”OTRT'"W;§ G4
r

—/MOTRT~VW}§+/ B, -grad y,
r

I om

V(@ wy) € Vi(0)

Notice that the right-hand side above is well defined for
v € Ly(Qp)/R. Indeed, JrtoTgp - — /1_1 uoTgp - v =
Ja, div(ueTgr) =0, because of (53), since divT =0 in Qg
and y, is constant. On the other hand, g has been assumed to sat-
isfy (g,1)r = 0. By introducing the linear form ¢, : V,(0) » R
defined by

Ch (Unowy)) = =(g&wr + /ﬂoTRT n
r

—/ poTrr -V Wy +/ B, - grad i, (55)

1 pm

V(@ wy) € V3(0)

we can rewrite problem DP2 in abstract form as follows:

Find <$h, qbﬁ) € V,(T), such that

<A<$h’¢5>, (l;h’l//}})> = (¢ (‘7};7%1,{)) V(VN’h,lI/;I,{) € V,(0)
(56)

Next lemmas are slight generalizations of Lemmas 4.1 and 4.3 of
[5], where it was assumed that Q; is connected. The proofs can
be adapted to our case with minor modifications.

Lemma5. V,(T)+#0.

Lemma6. Let (q?, ¢R) € V(T) be such that grad ¢ € H'(Q,)
and ¢R € H"(Qy)/R, with 0<r<1. Then, there exists
((ZI, d)}‘) € V,(T) such that

(- a0 -ab)],

<cn (g i), + Jersag®] ,, +19100)

Using Lemma 5, the properties of operator A stated in Lemma 3
and monotone operator theory, we obtain the following result:
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Theorem 4. Iffunction R satisfies assumptions B.1-B.4, then
problem DP2 has a unique solution.

Remark 8. Concerning the implementation of Problem DP2,
it is worth mentioning that there are several ways to implement
the interface conditions involved in V,(0) and V,(T). A widely
extended proposal is that found in papers from the engineering
literature, based on eliminating the degrees of freedom of one of
the scalars in terms of the degrees of freedom of the other one.
This option can be found, for example, in [12, 17]; it consists
of assuming that, at some reference point P on the interface I'},
the two potentials coincide, y/}f(P) = y,(P), and integrating the
condition linking both potentials on a curve C contained in I’y
and formed by edges of the mesh, which goes from P to an end
point A, to obtain

wr(A) = 7,(A) = 0 for V,(0)

and
W,f(A)—%(A):/TN~t=/T-tfor V,(T)
C C

Notice that the difference u/}f(A) — ,(A) in the last expression
is well defined because the last integral does not depend on the
choice of the curve C due to the Ampere’s law and the fact that
no electric current flows through the interface I';. This is, for
instance, the option implemented in the commercial software
Flux3D used in Section 7 for obtaining the numerical results.

However, we can also find in the literature another proposal that
avoids this elimination by introducing a scalar Lagrange mul-
tiplier to implement the interface condition in a weak sense;
namely, this is the option proposed by one of the authors in the
paper about the linear case [5]. This option would be, in princi-
ple, more costly in terms of degrees of freedom, but it only needs
the usual data structures for the finite element method and its
computer implementation is quite straightforward.

Next lemma gives an upper bound of the error due to the approx-
imation of the continuous right-hand side # by the discrete one,
¢, measured in the norm of (¥, (0))’, the dual space of V,,(0). This
last space is endowed with the norm of X.

Lemma 7. There exists a constant C > 0 such that

(€ = Chs @ W)

”f_f” 0y = sup ~
nllov, ) @5 vl 2 (57)

0y, »V/E)Evh 0)

< Chl| T llyg,
Proof. The proof is implicitly contained in the proof of
Theorem 4.4 of [5]. We give it for the sake of completeness. From

Equations (41) and (55), integrating by parts and using divT =
divTgr = 0 in Qg (because of (22) and (53)), we get

(€ =2h, (‘%7‘!’5)) = / Ho(T — Tgyp) - grad II/;I} (58)

Qr

Hence

K& =2, (lT/h’ W;?)H < Ul T = Tyellog, llgrad W;?“o,gk (59)

This, together with the estimate (52) applied to T and (23),
gives (57). ]

6.1 | Convergence Under Regularity
Assumptions

The goal of this subsection is to obtain an optimal-order error
estimate under a regularity assumption for the solution of the
continuous problem. Concerning function 98, we shall require
more restrictive assumptions than those needed to establish the
well-posedness of the continuous problem.

Theorem 5. Let us assume that function GB satisfies assump-
tions B.1,B.5,B.6,and R(-,0) € LX(Q,,)3. Ifthe solution (¢, ¢*) of
Problem P2 issuchthat H|g = —grad ¢ € H'(Q)? andH|g =
T|o, —grad ¢f € H'(Qg)*, with 0 <r <1, then there exists a
strictly positive constant C such that

(5o )], = (|

R IR Y

Proof. From Lemma 4, operator A : X — X’ satisfies proper-
ties (50) and (51). Using them together with standard arguments,
it is easy to obtain the upper bound

(6 = @ &° = 5 )l
< <1+£> inf (#7685 - vf )l (60)
@ (l;hal//,]f)evh(T)
1
+ 5||f—fh||(v,,(0)y

As a consequence of the regularity assumption about H made in
this theorem and the fact that T'|, € H*(Q)?, the solution <¢~> qSR)
of Problem P2 satisfies the hypotheses of Lemma 6. Then, we can
take (‘771 d)f) as in that lemma in order to get an upper estimate

of the first term of the right-hand side of (60). This estimate com-
bined with (57) yields

(%= B 6 = 85 )l

! (61
< CW(ngad b Hr,ﬂM + ngad ¢RHI‘,QR + ||J||0,Q>

To conclude the proof, we use the fact that “grad ¢

+
r.Qy

||grad ¢R||r,QR = ”H”r,QM+ ||H - T“r,ﬂ.R < ”H“r,QM+ ||H||r,ﬂ< +
CllI o, O

Remark 9. Notice that from the discrete scalar potentials ¢,
and ¢} we can recover the discrete magnetic field H,, by using
either Ty or Ty in the domain Q. In the first case, we can define

~grad ¢, in Qy,
H, = g h . . M (62)
Trr —grad ¢, in Qg

and under the assumptions of Theorem 5 there holds for r = 1:

i = e < n( ]+ A, 19100

1.Qy 1.Qp
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In the second case, in order to use the Nédélec interpolant for
defining the magnetic field within Qp, we would need some reg-
ularity for the current density; namely, if J € H'(Qg), we could

define -
—grad ¢, in Q,,
H, = g h . : M (63)
Ty —grad ¢, in Qg

and, owing to [15], Th. 5.41, we would have

IT - Txllog, < CRITILg,

Hence, recalling that J|o =0 and Qg := Q\ Qy, under the
assumptions of Theorem 5 there holds for r = 1

1H — Hylhz0p < Ch(|)H||mM + A, + ||J||mR)

6.2 | Convergence Without Regularity
Assumptions

The goal of this subsection is to prove the convergence with-
out any regularity assumption for the solution of the continu-
ous problem. Concerning function 98, we shall just require the
assumptions needed to establish the well-posedness of the con-
tinuous problem.

Although there are some similarities between some arguments of
our proof and those of the proof of [8], Theorem 5.3.2, the main
difference is that we do not require the operator A to satisfy a
Lipschitz property. The price to be paid is that we cannot handle
the two following kinds of variational crimes: (i) the approxima-
tion of the integrals involved in the definition of the operator A
by means of numerical integration and (ii) the approximation of a
curved domain by a sequence of polyhedral ones. These two vari-
ational crimes are considered in [8] for 2D problems. Concerning
the first one, we remark that it is possible to compute exactly the
integrals involved in the definition of A for <q§h gbﬁ), (Wh-w}) €
&, under the following additional assumptions:

i. Foreachi=1,...,psuch that Qy;NQ, # 0, there exists
a decomposition

Nl
ﬁM,i n ﬁmc= Uch,i,j’ ch,i,j ﬂ ch,i,k = g forj 7é k
j=1

where subdomains ﬁmc,i’ ; are Lipschitz polyhedra and for

each j =1, ..., N, there exists a function %i,j 'R} — R3.
such that

RBx.6)=B, ;&) VEER® aexeQ,,;

ii. The triangulations are compatible with this decomposition

in the following sense: if K € 7}, is contained in Qy; N Q,,

then K c Q forsome j=1,...N,.

‘me,i,j i

iii. Foreachi=1,...,psuchthatQy,NQ,, # %, there exists
a decomposition

M,
QM,i n mez ngm,i,j’ me,i,j ﬂ me,i,k = ﬂ for .] 76 k
Jj=1

where subdomains ﬁpm’i’ ; are Lipschitz polyhedra and for
each j =1, ..., M, there exists a constant matrix u™/ €

M;,;(R) such that

ux)=p" ae x€Q,,.;
iv. The triangulations are compatible with this decomposition
in the following sense: if K € 7, is contained in Qy; N Q,,,
then K c Q

i forsomej=1,...M,.

Notice that, due to the assumption (i), the third term of
the left-hand side of (54) splits into a sum of integrals
/9, %i’j(—grad ¢,) - grad ,. Due to hypothesis (ii), this

integral decomposes in turn into a sum of the integrals
Jx B, j(—grad ¢,) - grad i, where K runs over the set of the

tetrahedra of the triangulation contained in Q

‘me,i.j*

In each of

these tetrahedra grad $h is constant and therefore, even for a
general 9B, ;» the integral can be calculated exactly.

First we establish a density result.

Lemmas8. Let us denote X, :={(.¢?) e X : grad ¢ €
HY(Qy), ¢} € HX(Qg)/R}. The set V(T) N X, is dense in V(T).

Proof. Let (¢, $}) be an arbitrary element of V(T). As in [5],
Theorem 3.4, the field H defined by (31), namely, H := —éﬁlﬁ 5
in Qy and H :=T — grad ¢® in Q, satisfies H € H(curl, Q)
and curl H = J in Q. Since D(Q)? is dense in H(curl, Q) (see
[18], Chapter I, Theorem 2.10), there exists a sequence H, con-
tained in D(ﬁ)3 such that H, — H strongly in H(curl, Q).

We set J, :=curl H,, so J, — J strongly in L*(Q)*. We intro-
duce J = EJ and J, = EJ,, where E is the extension operator
defined in Remark 3, and the field T',, is defined by

T, (x) :=i/3 T, x x_:|3 dy, xeR?
w _

4 |x

The support of f,, is contained in a fixed compact set for all n (Q
orQ),soT, € H(Q)* and T, — T strongly in H'(Q)*. Besides

curl T, =J, in Q (64)

Now, we define G, := H,+ T —T,. We have:

G, € H(Q) (65)

G,— H strongly in H(curl, Q) (66)
curl G, =J in Q (67)
curl(G,-T)=curl(H,-T,) =0in Q (68)

Since the domain Q is bounded, Lipschitz and simply connected,
there exists ¢} € H'(Q)/R such that

T-grad¢" =G, inQ (69)

AsT — G, € H(Q)>, we have ¢} € H*(Q)/R. On the other hand,
from (67), J lo, =0 and (29), we deduce (by working in each
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connected component Q,;; of Q) that there exists $n € 0/R?
such that

—grad ¢, =G, inQ, (70)

As G, € H'(Q,)*, we have (¢, @) € X,. Now, from (65), (69),
and (70) we deduce that

(T — grad ¢*) x v = —grad $,xvinT,

and hence ($n,¢5) € V(T). Finally, convergence (66) together
with (70), (69), and (31) imply

grad ¢, = -G, - —H = grad ¢ strongly in L*(Q,,)°
and
grad 8 =T - G, > T — H = grad ¢" strongly in L*(Qg)*
Therefore (¢b,,, P*) - (¢, $®) strongly in X. u]
Remark 10. Lemmas 6 and 8 imply that, given an arbitrary

(g, &Ry € W(T), for all A > 0 small enough (say & < hy), there exist
(Ean-E%,) € V(T such that

il Fne )0

h—0+

Note that we can approximate every (,w®) € V(0) by
(W ap>wh,) € V,(0) in an analogous way.

Now we state the main result of this section.

Theorem 6. Let us assume that function 9B satisfies assump-
tions B.1-B.4. Then

lim
h—0+

<$_$h’¢R _¢§)Hx =0

Proof. We first prove that ($h,¢§) is bounded in X for h €
(0, hy). To see this, we pick an element (E, ER) € V(T') and we con-
sider its approximation (EA e fﬁh) € V,(T) given by Remark 10.
Owing to (57) and (71), there exists constants C; > 0 and C, > 0
such that for all 2 € (0, i)

1Z4lly; < Cs (72)
NEans E- DNl < C4 (73)

By taking (¢, — &4» P —ER,) € V,(0) as a test function in (56),
we obtain

(AU B OD). (b, = Egpe 8 = ER))
= (€1 (Pn = Eane Pr —ER))

This equation, combined with (43), (72), and (73), gives

(Al D). (s OD))
< GG ps PO + C) + C5Ul( @ BN + C)

Now, the coerciveness of A implies that ||($h, ¢E)|| x is bounded.

From this fact and estimate (43), we have that A($h,¢ﬁ) is
bounded in X’. Since X and X’ are both reflexive and separable
([19], Chapter III), there exists a sequence h, — 0T, (@, %) € X
and g € X' such that

((;hn, ¢§,,) - (@, o) weakly in X (74)
A($hn, Py ) — g weakly in X’ (75)

In virtue of (71) and (74), we have that
(Bh, = Ean,» By, —Exy) = (@ — & 6" — &%) weaklyin ¥ (76)

Since (5;,” —EA;,”,(I’? - éﬁh ) € V(0), this linear subspace is
closed and (&, ER) € V(T'), we have that (@, p®) € V(T).

Now we prove that g|y,g) = ¢. Let (y, w®) be an arbitrary element
of V(0) and let (g Ah,» y/ﬁh = th(O) be its approximation accord-

ing to Remark 10. Since (‘Zhu #; ) is a solution of the discrete
problem (56) (with A = h,), we have

(AP s b s @a o Wiy ) = (Cs @oan s Wi )

" N - X (77)
=, Wap,» lI/Ahn» +{¢), — 7. (WAhn’WAh,,»

Since the sequence (‘T’Ahn"/’};{h") is bounded in X, the absolute
value of the last term is bounded by C||£ — Ch, II(Vh,,W))’ and then
it converges to zero because of (57). Passing to the limit as n — o
in (77), we obtain

(& @ w™) = (. (@, w") Y@, y") e VO)
that is gl = 7.

Now we prove the strong convergence of (‘;hn’ qﬁl; ) towards
(@, %) in X. Using again that (djh", @} ) is a solution of the dis-
crete problem (56) (with h = h,), we can write

(AP, b )+ Dy, = Ean s Py —ERy )
= (€1, Bn, = Ean, By, = 4D
= (€. (@n, = Ean, Py, = 1)
+(Ch, =By, = Enn - S —ER)

(78)

By the same argument as before, the last term converges to zero.
Using (76), we obtain

L (A, . &) ). (B, = Ean S — 4y )

= (£, (@ - & " = &)

Because of (75) and (71), we also have
Hm (A, . b} ). Can, - E5)) = (8, (E.E)

From the last two equations, taking into account that g|y,q) = 7,
we deduce that

m (A, b3, ). (B, B))) = (&, (E.€9)

H{ (@ - E Q8 = M) = (g, (@, ™)) (79)
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This, together with (74) and (75), implies
(AP, . by )~ A@. ). (b, — B. by — &™)
= lim (A(B, . ¢} ). (B, &) )
~ im (A, . 65). @. #°) (80)
~ im(A@.¢"). @), - 3.4} —&")
= (8, (@, ¢) ~ (2,@,¢") =0

Since we also have the weak convergence (74) and A fulfills
property (S), we deduce that

(@n, by ) = (@, ") strongly in X 81)

Now, the continuity of A implies that A((Ehn,d)ﬁ) - A@, p®)
strongly in X’ and, owing to (75), A(®,@R) - g. We have
Ao, (PR)|V(0) = glye =7 in (¥(0)) and (@, p*) € V(T), namely,
(@, %) is a solution of problem P2. By the uniqueness of the
solution to this problem, we have (@, p®) = (¢, ¢*). Using the
uniqueness of the weak accumulation point (¢, @?) and a stan-
dard argument, we conclude that (djh, d)ﬁ) — (5, ¢®) strongly in
X as h —» 0% (without extracting a sequence). Therefore, we get
the result. m]

Remark 11.  As a by-product of Lemma 8, an analogous result
of convergence for the linear magnetostatic problem analyzed
in [5] holds true without any regularity assumption of the solu-
tion of the continuous problem. This can be easily proved by
using the results of [5] together with Lemma 8 and a standard
argument.

7 | Numerical Results. Test With known
Analytical Solution

The objective of this section is to present some numerical results
that confirm the convergence properties proved in the previ-
ous sections in the case where the solution of the continuous
problem is smooth. To attain this goal, we will solve a magne-
tostatic problem that has an analytical solution and which will
be built from the analytical test presented in [5] for a linear
case. Indeed, we will complete the example presented in that
paper by adding nonlinear magnetic materials and permanent
magnets in order to fit in the framework studied in the present

paper.

Let us consider a magnetostatic problem defined in a cylindrical
domain Q that corresponds to a section of height L of two infinite
coaxial conductors, Q} and Q? separated by a magnetic material,
Q, ., and a permanent magnet, Q_ , (see Figure 3).

‘me> pm>

Let us consider a cylindrical coordinate system (p, 6, z); the unit
vectors in main directions are denoted by e, e and e,. The
z—axis coincides with the common axis of the cylinder. Let us
assume a current flowing through each of the two conductors,
which is axial and uniformly distributed with the same current

Source . Magnetic Permanent Source 5
conductor (Q) material (Qr,) magnet(Qym  conductor ()

FIGURE3 | Sketch of the domain Q. Section corresponding to 1/8 of
the full cylinder.

intensity, I, and opposite direction; namely,

I : 1
”—R% e, in QJ,

J=J,(pe, =40 inQ, vQ,,
I : 2
R e, in Q

The constitutive law considered is a linear law for the material
of the conductors, B = u H; a nonlinear law for the material of
the magnetic region Q,,., B = u(|H|) H; and a linear law for the
permanent magnet, B = y H + B, with B, = B, e, and B, € R.

By using this source and constitutive laws, the solution of the
magnetostatic problem

curl H =J inQ,
divB=0 in Q,
B-n=0 in 0Q

is given by
H = Hy(p)e,
pl : 1
2R ey in QJ,
I .
;p €y m ch U me,

) S
27(R2-R2)
1] 1 RZI

: 2
+; o + —ZW(Ri—Ri)] } e, in QJ

L

To obtain the numerical solution of the problem, we will use the
following geometrical data: R; =0.5m, R, =0.75m, R; =1 m,
R, =1.25m, and L = 0.5 m. The current intensity that crosses
the conducting domains is I = 70000 A.

The relative magnetic permeability of the material of the conduct-
ing domainsis u, = 1. The constitutive nonlinear law in the mate-
rial of the magnetic region is written like B = u(|H|)H, being
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u(|Hy)H,y = By(p) = B(Hy(p)); B(H,) is given by the following
curve

2J -1 H
B(Hg) = U, H9 + —_s arctan(wr—)”oe)
VA

27,

where we consider p, = 4z X 1077 H m™!, u, = 5000, and J, =
1.75 T. On the other hand, the material corresponding to the per-
manent magnet is characterized by u = u, p, with p, = 1.05 and
B,=13T.

The magnetostatic problem has been approximated by using the
commercial software Flux3D (see [20]), which implements a pro-
cedure similar to the one described in this article and is based on
the total scalar potential and the reduced scalar potential. Thus,
we recall that the decomposition of the magnetic field H in each
subdomain is as follows

H- T—gl;adqu inQuQ7,
grad ¢ inQ, vQ,,

This software approximates the scalar potentials by using
Lagrange finite elements of order one or two; mainly, we have
chosen the first-order approximation for our computations. To
analyze the convergence, we have exploited the cylindrical sym-
metry and solved the problem in a section that corresponds to 1/8
of the domain Q. Note that for solving the problem in this section,
it is necessary to add suitable boundary conditions on the sym-
metry planes, where we impose H X n = 0, which is written as
follows:

—grad & x n = 0 on the intersection of the symmetry planes with Q,,, and
(82)
T x n —grad ¢® x n = 0 on the intersection of the symmetry planes with Qy

(83)

We have started with the coarse mesh shown in Figure 4 and
refined it sequentially to compute the percentage error between

,s

I\

IS

FIGURE4 | Initial mesh for the analytical test (mesh size h).

TABLE1 | Percentage errors (%) for the magnetic field vs. the mesh

size h.
H-H
Mesh-size d.o.f. 10012 ilzor
[1H ]l 203
h 521 5.8919
h/2 3120 3.1171
h/4 19423 1.6389
h/8 114462 0.9117
10° T T
—e— Percentage error for H in L*(2)?
----0O(h) convergence

S

g

5}

(%]

g

=

o

o

-

100F
10° 10° 10 10°

Number of d.o.f.

FIGURE5 | Percentage error for H versus number of d.o.f (log-log
scale).

the numerical solution and the analytical one. This error is com-
puted in terms of H, thatis, 100||H — H ,|l;2q)/| H |12, and is
reported in the Table 1.

The percentage error of the magnetic field calculated in norm
L2(Q) versus the number of degrees of freedom is represented in
Figure 5 in the log-log scale. It can be observed a linear conver-
gence that agrees with the order predicted in the theory under
enough regularity assumptions.

The nonlinear problem is solved using a Newton-Raphson
method. By using a tolerance of 107 in the relative error, the
number of iterations required to reach convergence is between
10 and 12 for all the examples given in Table 1.
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Appendix A
Relationship Between the Properties of Functions &3 and b

Proposition 1. Let 9B (resp. b) be of the form (17) (resp. (18)), where p
is a function, u : Q,,. X [0, ) — [0, ). Then:

i. 9B is a Caratheodory function if b is a Caratheodory function.
ii. Function 9B satisfies inequality (12) if function b satisfies
|b(x,s)| < c;s+k(x) Vs€[0,00) ae xEQ,,
iii. Function 9B satisfies assumption B.3 if function b(x,-) is strictly
increasing for a.e. x € Q,,,..

iv. Function 9B satisfies inequality (14) if function b satisfies
sh(x,8) > ;5% —ky(x) Vs €[0,00) ae x€Q,,
v. If function 9B satisfies inequality (15), then function b satisfies

[b(x,57) = b(x,5,)| < Als; — s, Vs, 5, €[0,00)

ae x €Q,.

with A = L. Conversely, if function b satisfies this inequality, then
function 9B satisfies (15) with L = 3.

vi. Function 9B satisfies inequality (16) if the function b satisfies

(b(x, 51) = b(x, 5,)) - (57 — 53) > w|s; — 5,
(A1)
Vs, 5, €[0,00) ae. x€Q,.

Proof Let& e R3such that |&| = 1. By taking & = s& with s > 0, we eas-
ily obtain
b(x, s) = Bl(x, s&) - & (A2)

From this equation, the proof of the “only if” part of statements (i)-(iv)
and (vi), and of the first part of (v) is immediate. Conversely, (17) and (18)
obviously imply

b(x, &)

Bex.b ="

E VEER3E#0

ae. xE€Q,, (A3)

Using this relation, the proof of the “if” part of statements (i), (ii) and (iv)
is easy. The proof of the “if” part of statement (vi) is contained in the proof
of [21], Lemma 2.8. For the proof of the “if” part of statement (iii), we first
note that the computation done in the proof of that lemma (replacing the
monotonicity constant by zero) gives the inequality

(Bx,m) - B(x.8)- (- &) > (b(x, |n))
—bx, [ED)Inl - 1€D) V& neR’
Since b(x, -) is strictly increasing, this implies (13) if || # |&|. If |5] = |&]

and 5 # &, we have |n| > 0 and hence u(x, |n|) > 0. This fact and (17)
imply (13).

The second part of statements (v) is proved in [21], Lemma 2.9. O
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