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Resumo

Este traballo adicase ao estudo, no contexto finito, de teorias de Morse e invarian-
tes homotdpicos e homoléxicos relacionados, tales como a distancia homotépica, a
categoria de Lusternik-Schnirelmann e a complexidade topoldxica.

O citado estudo vén motivado pola interese de tales teorias e invariantes no con-
texto cldsico malia a sda dificultade de cdlculo. Prevese que a posibilidade de empre-
gar ferramentas computacionais no contexto discreto clarifique o entendemento que
temos de tales obxectos.

Comezamos a indagacion 4 que fixemos referencia previamente no Capitulo 2.
Iniciamos o capitulo recordando algtins preliminares e enunciando algunhas defini-
ciéns orixinais que facilitardn e contextualizardn o noso traballo posterior. Tentamos
deixar claro que resultados estaban presentes na literatura previa e cales son orixinais.

Na primeira parte do capitulo probamos que a caracteristica de Euler-Poincaré
admite unha reinterpretacion, para certas clases de posets (conxuntos parcialmente
ordeados), en termos das alturas dos elementos. Isto xeraliza a reinterpretacion com-
binatoria da caracteristica de Euler-Poincaré para complexos celulares.

Teorema 2.15 Sexa X un poset celular. Entén,

Este enunciado non s6 € interesante en si mesmo, sendn que xoga un papel crucial
nos resultados posteriores relativos 4 curvatura e 4s desigualdades de Morse.

Paralelamente, probamos unha manifestacion da dualidade de Poincaré neste con-
texto:

Teorema 2.79 Sexa X un poset finito homoloxicamente bi-admisible e de grado n.
Entén, H*(X;Zs) = H,_(X;Zs) para todo k < n. En particular, isto cimprese se
X € unha variedade pechada finita de grao n.

Outro dos obxectivos acadados neste capitulo é a formulacién e explicacién do
Diagrama (1.3). Tal diagrama relaciona diferentes familias de posets e complexos
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Resumo

celulares.
Ty-FTop = Pos
T-wPos CPos —— D-wPos h-rCW
K
J X J
haPos h-rPos rCW 0.1
X

HaPos SimC

J K J
FChMan = ChMan

A segunda parte do capitulo adicase ao estudo da curvatura. Comezamos coa
definicién de Laplaciano combinatorio e un enunciado do teorema de Hodge combi-
natorio para posets:

Teorema 2.84 Sexa X un poset finito celular, entén:
* ker, = kerd, Nkerdp41.
* ker, = Hy(X,R).
Deste xeito, desenrolamos a relacion entre a homoloxia dos posets e a sia curva-

tura. En particular, probamos que se a curvatura de Ricci é positiva en todo punto,
entén a homoloxia en dimensién un € trivial:

Corolario 2.92 Sexa X poset finito celular. Se F), > 0, entén
H,(X,R) =0.

En particular, se Ric(z) > 0 para todo elemento = € X de grado 1, entén
H{(X,R)=0.

Finalmente, enunciamos un teorema de Gauss-Bonnet neste contexto:
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Teorema 2.94 Sexa X un poset finito celular de grao 2. Entén

> Ro(z)— > Rim)+ Y Raw)=x(X).

deg(z)=0 deg(z)=1 deg(z)=2

No Capitulo 3 comezamos o estudo da teoria de Morse en posets. Definimos a
nocién orixinal de funcion de Morse mansa, a cal é unha mellora, no sentido de que
facilita traballo 4 hora de demostrar algins resultados con madis facilidade, da nocién
previa de funcién de Morse:

Definicion 3.13 Sexa X un poset finito. Unha funcion de Morse mansa é unha apli-
cacién f: X — C), para algiin m € N satisfacendo as seguintes condiciéns:

(OP) Preserva a orde, isto é, se x < y, entén f(z) < f(y).
M) #{y € X:z <yand f(z) > f(y)} < 1.
M2) #{w e X:w < zand f(w) > f(z)} < 1.
(E) Non existen w,z,y € X, w < z < ytales que f(w) > f(z) > f(y).

(CI) Paratodo z € X, se hai un elemento z € X tal que f(x) = f(z), entén z é un
elemento adxacente a x.

Tamén probamos un teorema cldsico de cédlculo neste contexto:

Teorema 3.34 Sexa X un poset finito e down-wide sexa f: X — R unha funcién de
Morse en X.

(1) Se unelemento z € X é un minimo local para f, entén é un elemento minimal
en X, isto é, a sda altura h(x) = 0.

(2) Ademais, se x € un minimo global para f, entén é critico.

A continuacidn, relacionamos os campos vectoriais combinatorios ou emparella-
mentos (matchings) (dindmica) coas funciéns de Morse:

Teorema 3.42 Sexa X un poset finito e f: X — R unha funcién de Morse satisfa-
cendo a condicion de exclusion. Entdn, existe un emparellamento de Morse asociado
M satisfacendo que: para (z,y) € X x X talque z < y, (z,y) € My se e sé se
f(xz) > f(y). En consecuencia, crit(f) = crit(My). En particular, dado un poset
finito two-wide X e unha funcién de Morse f: X — R, entdn existe un emparella-
mento de Morse asociado M con crit(f) = crit(My) e (z,y) € My se e s6 se

flx) > fly)ex <y.




Resumo

Teorema 3.47 Sexa X un poset finito e sexa M un emparellamento de Morse en
X. Entén, existe unha aplicacién de conxuntos f: X — (), para algin m € N
satisfacendo as seguintes condicidns:

(OP) Preserva a orde, isto é, se z < y, entén f(z) < f(y).

M) #{ye X:z<yand f(z) > f(y)} < 1.
M2) #{w e X: w<zand f(w) > f(z)} < 1.
(E) Nonexistenw,z,y € X, w <z < ytal que f(w) > f(z) > f(y).

(CI) Paracadax € X, se hai un elemento z € X tal que f(z) = f(z), ent6n z é un
elemento adxacente a x.

Isto é, f: X — C,, é unha funcién de Morse mansa.

Logo, probamos que a teoria de Morse pode verse como unha teoria de filtraciéns
boas para un espacio:

Teorema 3.51 Sexa X un poset finito. Entén:

(A) Se f: X — (), é unha funcién de Morse mansa, entén hai unha filtracion in-
ducida por down-sets como na Expresion (3.4) satisfacendo que X; = f~1(U;)
e que para todo i € {0,...,m}, X; — X,;_1 é ben un elemento critico ou a par
de elementos emparellados.

(B) Reciprocamente, se hai unha filtracién por down-sets como na Expresion (3.4)
satisfacendo que para todoi € {0,...,m},ben X; — X;_1 = {x;} ou X;41 —
X; = {mx;,y;} con x; < y;, entén hai unha funcién de Morse tame f: X —
C', definida como segue. Paratodoi € {0,...,m}ex € X;— X;_1, f(z) = 1.

Tamén amosamos que nesta teoria de filtracidns razoables dun espazo, podemos
restrinxir a nosa atencién as funciéns de Morse mansas no lugar de funciéns de Mor-
se.

Teorema 3.52 Sexa X un poset finito e sexa f: X — R unha funcién de Morse
satisfacendo a condicién de Exclusién. Entén, existe unha funcién de Morse mansa
f"+ X — R dinamicamente equivalente a f. Ademais, para todo X({j na Expresion

/
(3.5), existeun ¢ € N tal que X Zf € homeomorfo a X({ ; € 0 homeomorfismo € compa-
tible coa filtracién. Isto €, temos un diagrama conmutativo onde as frechas verticais
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son homeomorfismos:

Xaf() C eee C Xafj C e C Xafn = X
T T 0.2)
XOI < RS Xif/ < cee € Xf/ = X.

Finalmente, probamos un resultado sobre a cancelacién de puntos criticos, o cal
¢ idéntico ao fendémeno que acontece en teoria de Morse Discreta para complexos
celulares.

Teorema 3.53 Dado un emparellamento de Morse M nun poset graduado finito X,
asumamos que 2(rt1) ¢ 2(P) son puntos criticos tales que existe un tinico M-camifio

YiZFEY=T90 =20 m-T1 =217 =2 =T =T

con y®) < z(P+1) (non hai ningiin outro M-camifio de ningunha p-cara de z(P*1) a
z()). Entén, hai un emparellamento M’ tal que:

¢ O conxunto de puntos criticos M’ é
crit(M') = crit(M) — {z, 2}.
¢ Ademais, M’ = M excepto ao longo de dnico M-camifio de 9z a x.

O Capitulo 4 céntrase no estudo dos teoremas de estrutura de teoria de Morse
neste contexto. Primeiro, damos unha resposta negativa 4s seguintes conxecturas:

Conxectura 4.6 Sexa X un poset cunhas propiedades razoables e sexa f: X —
R unha funcién de Morse satisfacendo {unhas propiedades razoables}. Entén, X &
homoétopo a un poset con exactamente un punto de altura p por cada punto critico de
indice p.

Conxectura 4.8 Sexa X un poset cunhas propiedades razoables e sexa f: X —
R unha funcién de Morse satisfacendo {unhas propiedades razoables}. Enton, X &
hométopo a un CW-complexo con exactamente unha p-celda por cada punto critico
de indice p.

En consecuencia, isto suxire pescudar teoremas de strutura mdis febles. N6s pro-
bamos dous teoremas de invariancia e un teorema de colapso, enunciamos o dltimo:

Teorema 4.25 Sexa X un poset finito conexo por camifios e down-wide, sexa f: X —
C), unha funcién de Morse mansa e sexa ¢ + 1 un valor regular.
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h
(1) Se f: X — C,, é homoloxicamente admisible, entén X; 1 \, X;.

(2) Se f: X — C,, é l1-feblemente homotdpicamente admisible e homoloxica-

w Y
mente admisible, entén X; 1 \, X; € en consecuencia X; 1 \, X;.
S
3) Se f: X — (), é homot6picamente admisible, entén X;1 \, X;.

Tamén probamos un teorema de adxuncién:

Teorema 4.23 Sexa X un poset finito conexo por camifios e sexa f: X — R unha
funcién de Morse mansa. Supofiamos que f~*({i}) = {z} é un punto critico. Entén
X, = Xq Ux, isto é, X, obtense a partir do poset X, engadindo un novo elemento
Z.

Como consecuencia dos nosos resultados, demostramos varios teoremas. Primei-
ro, melloramos o teorema de estrutura de Forman estendéndoo a unha familia mais
xeral de complexos celulares.

Teorema 4.30 Sexa X un CW-complexo finito h-regular e sexa f: K — R unha
funcién de Morse discreta tal que X (K) é two-wide e X(f): X(K) — R é ho-
moldéxicamente admisible e 1-feblemente homotépicamente admisible. Entén, X é
hométopo a un CW-complexo con exactamente unha p-celda por cada celda critica
de indice p.

Ademais, probamos unha versiéon mellorada das desigualdades de Morse neste
contexto:

Teorema 4.37 Sexa X un poset down-wide e two wide e sexa f: X — R unha fun-
cién de Morse que preserva a orde e de tal xeito que o seu emparellamento asociado
¢ homoldxicamente admisible e homoldxicamente-regular. Entén cimprese que:

1. Paratodo ¢ > 0:
m; > by + 0 + ni—1.

2. Paratodo ¢ > 0:
mi —mi_1 + -+ (=1)'mg > b; — bj_1 + - + (=1)"by + 1.

Ademais a igualdade acddase cando ¢ € a altura de X.

No Capitulo 5 xeneralizamos o estudo a dindmicas mdis xerais desenvolvendo
unha teoria de Morse-Bott para posets. Ademais, probamos os teoremas de estrutura
neste contexto:
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Teorema 5.12 Sexa X un poset finito homol6xicamente admisible e sexa f: X — R
unha funcién de Morse-Bott. Se [a, b] non contén valores criticos, entén i: X, — X
induce un isomorfismo en homoloxia.

Teorema 5.13 Sexa X un poset finito homol6xicamente admisible e sexa f: X — R
unha funcién de Morse-Bott. Se f(z) € (a, b] é un valor critico que corresponde a un
tnico conxunto bdsico e non hai outros valores de f en (a, b, entéon X; = X, U [z].

Como consecuencia, obtemos varias versions das desigualdades de Morse-Bott.
Destacamos unha que mellora o que se poderia esperar:

Teorema 5.23 Sexa X un poset homoldxicamente admisible e sexa M un empare-
llamento de Morse-Smale en X. Supofiamos que o anel de coeficientes é o corpo R.
Denotemos por A;’u o nimero de orbitas pechadas M-6rbitas de indice p e multipli-
cidade 1. Ent6n, para todo k£ > 0:

k k
P (—Dermi =Y (—1) b (R).
=0

=0

Cara o final do capitulo, introducimos unha nova nocién de categoria de Lusternik-
Schnirelmann e probamos un teorema de Lusternik-Schnirelmann para funciéns de
Morse-Bott neste contexto:

Teorema 5.33 Sexa X un poset homoléxicamente admisible e sexa M un empare-
llamento de Morse-Smale en X . Entén

hecat(X) < Z hecat(A;).

basic sets A;

En particular, se M é un emparellamento de Morse en X, entén hccat(X) é unha
cota inferior para o nimero de puntos criticos de M.

Ademais, como consecuencia das Observacions 3.18 e 3.31, Teoremas 3.42, 3.47
e 3.52, toda a teoria de Morse e de Morse-Bott que desenvolvimos ata o momento é
aplicable aos tres contextos: o entorno dlxebrico en complexos de Lefschetz-Kubica-
Mrozek, o entorno discreto en CW-complexos h-regulares e o contexto de posets.

O Capitulo 6 aborda a extension da teoria de Morse(-Bott) ao contexto de cate-
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Resumo

gorias sen ciclos. O obxectivo do capitulo € ascender no Diagrama (1.4).
Small Cat N S. sets

I |

Loop-free Cat — N LR A-Complexes

«d / 0.3)
J K J
Posets S. Complexes
X
Chn. Complexes Manifolds

Probamos un teorema de estrutura neste contexto:

Teorema 6.31 Sexa C unha categoria celular e V un campo de vectores homoldxica-
mente admisible en C. Consideremos unha filtracién

Co—C = —=C —Ciy1 = —=C,=C

como as da Subseccion 6.2.3. Se hai unha frecha f na parte gradiente de V tal que
Cit+1 € subcategoria plena con obxectos Ob(C;) U {s(f),t(f)}, entén C; — Cit1
induce un isomorfismo en homoloxia.

Como consecuencia, probamos as desigualdades de Morse-Bott fortes e febles:

Teorema 6.34 Sexa C unha categoria finita e celular e sexa } un campo de vectores
homéloxicamente admisible en C. Entén, para todo £ > 0:

my — mp—1 + - + (=1)*mg > by — bp_y + - + (—1)*by.

Teorema 6.35 Sexa C unha categoria finita e celular e sexa } un campo de vectores
homoléxicamente admisible en C. Entén:

1. Paratodo k > 0, my, > by;

2. x(C) = Zi:o(_l)kbk = Zizo(_l)kmk-




Finalmente, o Capitulo 7 estd adicado ao estudo de ddas nociéns ou medidas
de distancia homotopica entre funtores e distancia homotopica débil. Tales medidas
son a manifestacién no contexto discreto das nociéns de distancia homotdpica entre
aplicaciéns. Demostramos que estas nociéns xeneralizan a definicién de Tanaka da
categoria de Lusternik-Schnirelmann para categorias pequenas ([170]):

Proposicion 7.15 A categoria de Lusternik-Schnirelmann de C coincide coa distancia
homotdpica entre os funtores i; e io, isto é, ccat(C) = c¢D(i1, i2).

Logo probamos que € posible definir a complexidade categérica de categorias
pequenas empregando a nosa nocién de distancia homotépica entre funtores:

Teorema 7.17 A complexidade categdrica dunha categoria pequena C € a distan-
cia homotépica entre as ddas proxeccions pi,p2: C x C — C, isto é, cTC(C) =
cD(p1, p2).

A continuacién, probamos varias propiedades. Por exemplo, destacamos unha
relacionando as diferentes nociéns de distancia homotdpica en diferentes contextos:

Proposicién 7.36 Dados dous funtores F, G: C — D, entén

D(BF,BG) < weD(F,G) < ¢D(F,G).

Finalmente, restrinximos a nosa atencién ao contexto de posets e probamos varias
propiedades. Remarcamos ddas. A primera relaciona diferentes nociéns de distancia
homotdpica neste contexto:

Teorema 7.48 Sexan F, G: P — () dudas aplicacions entre posets finitos que preser-
van a orde , enton

D(BF,BG) < weD(F,G) < sD(k(F),k(G)) < cD(F,G) < D(F,G).

A segunda mostra que as nociéns que desenvolvemos aproximan 4s correspon-
dentes no contexto continuo:

Teorema 7.51 Dadas dias aplicaciéns F,G: P — () entre posets finitos e que pre-
servan a orde, entén existe un nimero natural k tal que a k-ésima subdivision bari-
céntrica estabiliza as distancias, isto €,

D(sd*(F),sd"(@)) = cD(sd*(F),sd*(Q)).
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Summary

We address the study of Morse theory and related homotopical invariants, such as the
homotopic distance, Lusternik-Schnirelmann category and topological complexity,
on finite contexts.

First, in Chapter 2, we recall some brief preliminaries and state new definitions
which facilitate our posterior work. Moreover, we prove that the Euler-Poincaré char-
acteristic admits a reinterpretation for a certain class of posets in terms of the heights
of the elements (Theorem 2.15). We also prove a form of Poincaré duality for a
family of posets (Theorem 2.79).

Furthermore, we formulate Diagram (1.3) (see Subsection 2.2.7), which relates
different families of posets and cell complexes.

To-FTop = Pos

T-wPos CPos —— D-wPos h-rCW
K
J X J
haPos h-rPos rCW ©0.4)
\ X
HaPos SimC

J K J

FChMan = ChMan

Then, we study curvature. We begin with the definition of a combinatorial Lapla-
cian and a the statement of a combinatorial Hodge Theorem for posets (Theorem
2.84). We prove that if the Ricci curvature is positive at every point, then the homol-
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ogy in dimension one vanishes (Corollary 2.92). Finally, we state a Gauss-Bonnet
theorem (Theorem 2.94).

In Chapter 3 we begin the study of Morse theory on posets. We define the no-
tion of tame Morse function (Definition 3.13). We also prove a classical theorem of
calculus in this context stating that global minimums for Morse functions are critical
points (Theorem 3.34). We then relate combinatorial vector fields or matchings (dy-
namics) with Morse functions (Theorems 3.42 and 3.47). After that, we prove that
Morse theory may be seen as a theory of nice filtrations for a space (Theorem 3.51).
We also show that for this nice theory of filtrations of a space, we may restrict our at-
tention to tame Morse functions instead of just Morse ones (Theorem 3.52). Finally,
we prove a result about the cancellation of critical points (Theorem 3.53).

Chapter 4 is devoted to studying the structure theorems of Morse theory in this
context. We refute two conjectures (Conjectures 4.6 and 4.8). We prove two in-
variance results (Theorems 4.19 and 4.21) and a collapsing theorem (Theorem 4.25).
We also prove an adjunction theorem (Theorem 4.23). As a consequence, we improve
Forman’s structure theorem by extending it to more general cell complexes (Theorem
4.30). Furthermore, we prove a strengthening of Morse inequalities in this context
(Theorem 4.37).

In Chapter 5 we generalize our study to more general dynamics by means of de-
veloping a Morse-Bott theory for posets. We prove the structure theorems in this
context (Theorems 5.12 and 5.13). As a consequence, we obtain several versions
of the Morse-Bott inequalities (see for example Theorem 5.23). To end the chap-
ter, in introduce a new notion of Lusternik-Schnirelmann category and we prove a
Lusternik-Schnirelmann category for Morse-Bott functions in this context (Theorem
5.33).

Moreover, as a consequence of Remarks 3.18 and 3.31, Theorems 3.42, 3.47
and 3.52 all Morse theory and Morse-Bott theory we have developed so far, applies
to the three contexts: the algebraic setting on Lefschetz-Kubica-Mrozek complexes,
discrete setting on h-regular CW-complexes and the poset context.

Chapter 6 addresses the extension of Morse(-Bott) theory to loop-free categories.
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The purpose of the chapter is to move upwards in Diagram (1.4).
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We prove a structure theorem in this setting (Theorem 6.31). As a consequence,
we prove the Strong and Weak Morse-Bott inequalities (Theorems 6.34 and 6.35).

Finally, Chapter 7 is devoted to the study of two notions of homotopic distance
between functors and weak homotopic distance between functors. We show that this
notion generalizes Tanaka’s definition of Lusternik-Schnirelmann category for small
categories ([170]) (see Proposition 7.15). We prove that it is possible to define the
categorical complexity of a small category by means of our notion of homotopic dis-
tance between functors (Theorem 7.17). Then, we prove several properties. Finally,
we restrict our attention to the setting of posets and prove several results which do
not only provide a deeper understanding of the invariants involved, but also improve
the algorithms for their computation.
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Objectives and hypotheses

First, Chari ([43]) expressed some properties of discrete Morse functions defined on
cell complexes in terms of their face posets. Second, Barmak and Minian ([6,7,9-11,
14]) recently developed several notions of classical Algebraic Topology in the setting
of posets. Third, the relation between posets and simplicial complexes discovered
by Alexandroff and McCord ([3, 123, 124]) and given by the face poset and order
complex functors:

Kk

X

Posets Simplicial Complexes

suggests that it is conceivable to define a Morse theory in the context of posets. There
are in fact several Morse theories for posets ([105, 126]). The objective of this thesis
is to develop Morse theory and related invariants in this setting and extend them to
more general contexts such as loop-free and small categories.

Xvii



UNIVERSIDADE
DE SANTIAGO

DE S4 0
DE COMPOSTELA




Methodology

In this thesis we followed the common approach for doing Mathematics. First, we
conjectured that due to the Alexandroff-McCord functors, it would be worth explor-
ing a Morse theory in the setting of posets. Then we began by studying the relevant
preliminaries in the literature, mainly Barmak’s thesis ([6]), the main reference nowa-
days for the study of the Algebraic Topology of finite spaces.

After that, we spent some time abroad working with the main experts in the field.
We spent three months in Buenos Aires visiting Barmak and Minian and three months
in Krakow, visiting Mrozek. During this time we worked with examples, conjectured
the notions and the definitions it would be worth introducing and the results that may
hold. Finally, we proved and disproved our conjectures and wrote down our main
results in research articles.

Xix
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Chapter 1
Introduction

Topology and Dynamics

The relation between the topology of a space and the kind of dynamics which can
be defined on it is a classical and popular topic of research. Let us briefly discuss
this. On the one hand, for a space X, the dynamics defined on X provide topological
information about X. For an example of this phenomena, consider a gradient vector
field on a smooth manifold X with only one critical point. The vector field provides
a homotopy equivalence between the manifold and a point; a way to deform the man-
ifold to a point. Conversely, consider some dynamics and a manifold X. There exist
topological conditions on X so that dynamics can be realized on X. For instance, it
is not possible to define a gradient vector field with exactly two critical points on the
torus. The one who first noticed the examples we just presented was Morse ([127]),
who related the “potential” or “height” functions (the ones corresponding to gradient
vector fields) on manifolds with the topology (homology in fact) of the manifold. His
observations were the beginning of what is now referred to as Morse theory.

Not only Morse realized about this strong connection between Topology and Dy-
namics. At more or less the same time as Morse’s work, Lusternik and Schnirelmann
([114]) were trying to understand the topology of manifolds through some class of
well-behaved functions defined on them. The results they obtained were more gen-
eral, in the sense that they are more widely applicable, but also provide, in general,
less information about the topology of manifolds. In fact, both Morse theory and
this Lusternik-Schnirelmann theory may be seen as complementary. Another theory
which relates Dynamics and Topology, and can be seen as complementary to Morse
theory is the so called Conley theory, introduced by the Conley ([48]). This theory
allows one to deal with much wilder dynamics on the space under study than Morse
theory at the expense of providing less topological information in return.

Morse theory

Morse theory evolved rapidly due to its connections and applicability in different
problems (see for example [33, 34, 155-158]). In particular, not long after Morse’s
first exposition, topologists became aware that Morse theory did not only provide

1



Introduction

information about the homology of the manifold under study, but also its homotopy
type. This led to the so called Structure Theorem of Morse theory:

Theorem (Structure Theorem of Morse theory). Let X be a compact manifold and let
f: X = R be a Morse function. Then, X is homotopy equivalent to a CW-complex
with exactly one p-cell for each critical point of index p.

Basically, this result guarantees that Morse functions (equivalently, their associ-
ated gradient dynamics) contain the homotopical information about the manifold. In
fact, the homotopical information is localized or concentrated at the critical points.
For a classical exposition of Morse theory we recommend [32,35-37,102, 125].

Let us review our previous discussion with a particular example, which, as to fol-
low the steps of every classic exposition of Morse theory, it will be a torus. Consider
atorus X in R as pictured in Figure 1.0.1 and let f: X — R be the height function

given by f(z,y,z) = z.

to

Figure 1.0.1: Torus in R? tangent to the plane z = 0.

Observe that this function induces a gradient vector field going "upwards". Our
objective is to relate the dynamics to the topology of the torus, so first observe that
there are four critical points for the map f. A global minimum of f, a global maxi-
mum of f, and two saddle points. Now let us scan the torus using our function f, that
is, let us consider a filtration of X induced by f. We denote X; = f~!((—o0,1]).

Let us say that the critical values of f are denoted by tg < t1 < to < t3. Observe
that if ¢ < ¢’ are two real numbers in [t;, t;11) for i € {0, 1,2}, then Xy deforms to
X, (the deformation may be performed following the gradient flow in the opposite
direction). Hence, it only remains to understand what happens when we reach a
critical value of f. In order to do that, we need to recall that the index of a critical
point p of f is just the dimension of the maximal subspace of the tangent space 7}, X
on which the Hessian of f is negative definite. Observe that in this example, when we
reach ty we just add a O-cell, when we reach both ¢; and ¢ we adjunction one 1-cell
for each of the critical points. Finally, when we reach ¢3, we adjunction a 2-cell.

2



Morse’s original approach to this did not take homotopy into account. He just
proved that the homology does not change while critical points are not reached and
that when a critical point is reached, the change in homology is under control. That
way one can consider a filtration on the manifold. Let us restrict our attention to the
torus for simplicity:

Xi =0 =Xyg == Xy, = Xpyy == Xy, = X (1.1)

j+1
Moreover, the filtration can be chosen so that for every 7, there is at most one critical
pointin Xy, , — Xy,. That way, the homology of the pair H.(X;,,, X;,) is either
trivial or it is controlled. In fact, Morse proved that if the homology is not trivial, then
H.,(Xy,,,,Xy;) is trivial except for the dimension equal to the index of the critical
point and that in that dimension it is the infinite abelian group with one generator (see
the exposition [141]). As a consequence, he managed to relate the dynamics and the
topology of X by means of the (strong) Morse inequalities:

Theorem (Morse inequalities). Let X be a manifold and let f: X — R be a Morse
Sfunction. We denote by m; the number of critical points of index i and by b; the Betti
number of dimension 1. Then,

1. Forevery i > 0 and domain of coefficients:
m; —mi—1 + -+ (=1)'mg > b; — bi—1 + -+ + (=1)"bo.

2. my; > b; for every 1.

3. The Euler-Poincaré Characteristic satisfies a Poincaré-Hopf Theorem:

dim(X) dim(X)
X(X)= Y (D= Y (~1)'m
i=0 =0

The next thing to do after studying the relation between topology and smooth
functions with isolated non-degenerate critical points (Morse functions), is to allow
the critical sets to be submanifolds. For an example of this situation consider the torus
X in R3 depicted in Figure 1.0.2 and the function f: X — R givenby f(z,y, z) = z.
That is the idea which led Bott to develop what is now called Morse-Bott theory
([32,134)).

So far, we have mentioned the most classical approach to Morse theory. Nev-
ertheless, the idea of localizing the homological or homotopical information at the
critical points flourished notably. In fact, that led to at least another two approaches
to Morse theory. One of them consists in constructing a chain complex, the Morse

3



Introduction

Figure 1.0.2: Torus in R? tangent to the plane z = 0.

complex, using the flow of the gradient vector field ([134]). The homology of this
complex is isomorphic to the homology of the manifold. The other one consists in
using the flow of the gradient vector field to construct a topological loop-free category
C (just a small category satisfying an extra condition) whose geometric realization re-
covers the homotopy of the manifold. This approach was initiated in an unpublished
preprint of Cohen, Jones, and Segal, and it is now gaining popularity (see [40]).

Lusternik-Schnirelmann category and related invariants

Lusternik-Schnirelmann theory approaches the study of the relation between the crit-
ical sets of a smooth function f: X — R (not necessarily Morse) defined on a mani-
fold and the topology of the manifold. In order to study the topology of the manifold,
homology is not used. Instead, Lusternik-Scnirelmann introduced what now is called
the Lusternik-Schnirelmann category.

Let X be a topological space. The Lusternik-Schnirelmann category (LS cate-
gory), denoted by cat(X), is the minimum number of open sets which cover X and
such that each of them is contractible in X. If there is not a finite covering satis-
fying this property, we say that the category is infinite. For example, it is easy to
convince ourselves that a sphere has category 2. In general, it is not difficult to re-
alise that compact manifolds have finite category. However, the computation of the
Lusternik-Schnirelmann category for manifolds is a very hard problem (see for ex-
ample [116,117]).

The LS category is a widely studied homotopic invariant since it appears in many
areas of Mathematics (see for instance [49] for an exposition). However, the LS cate-
gory is just one of the many invariants one may define to study topological properties
of a space X. More generally, a categorical invariant of a space X is usually defined
as the smallest number of open sets that cover X and that satisfy certain properties,
such as being elementary in a certain sense, for instance acyclic or contractible (see
[83,89] for more examples). More generally, and analogously, a categorical invariant
of an object X (such as a simplicial complex) can be defined as the smallest number
of subobjects needed to cover X and that verify certain properties (see for exam-
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ple [64,65,115,170]). In vague terms, such an invariant provides a certain measure
of the complexity of an object. For instance, the Lusternik-Schnirelmann category
measures, in a particular manner, how far is a space from being contractible. Notice
that categorical does not have here the same meaning as when speaking of Category
Theory.

For a topological space X, there are other related homotopic invariants which are
related to the LS category and have applications in Engineering or Robotics. One
of those is the ropological complexity of X, denoted by TC(X), and introduced by
Farber in 2003 ([61]). Roughly speaking, TC(X ) measures the instabilities of any
motion planning algorithm in X (see the survey [62]).

In recent years, a lot of new invariants related to the category and topological
complexity have appeared (see for instance [131, 139, 140, 150, 180]). They have a
wide range of applications, from motion planning and robotics to social choice (see
[42]). The interest in studying all of them at the same time, so we could understand
better their relationships, led us to introduce another invariant which unifies them
all, that is the homotopic distance between continuous maps. This invariant rapidly
received attention (see for example [29-31]).

Discrete structures and computation

The emerging fields of Applied and Computational Topology (see [58-60, 88, 100,
146,181, 182]) have resulted in a huge popularization of discrete and finite contexts,
where algorithms to perform concrete and complete calculations can be developed.
In the following diagram we represent different settings in the finite context, along
with their connections and their relation to classical objects such as manifolds.

Small Cat N Simplicial sets
Loop-free Cat N, Regular A-Complexes
«d X (1.2)
J K J
Posets Simplicial Complexes
x
Chain Complexes Manifolds

We proceed with a brief discussion of the diagram.




Introduction

First of all, (smooth) manifolds can be triangulated to give simplicial complexes
in such a way that some invariants of the manifold can be related to analogous or
associated invariants in the simplicial complex ([81, 82]). We will develop this idea
further in the next subsection.

Simplicial complexes and partially ordered sets (posets) are related, as was first
observed by Alexandroff ([3]) and later McCord ([123, 124]), by what are now some-
times referred as McCord or Alexandroff-McCord functors. Moreover, McCord re-
alized ([123, 124]) that this functors induce weak homotopy equivalences. This rela-
tion can be extended to more general cell complexes such as regular A—complexes,
which, roughly speaking, are just simplicial complexes whose simplices are not com-
pletely determined by their set of vertices. Regular A—complexes play an important
role since the nerve of a loop-free category (a small category such that the only arrows
with the same source and target are identities) is a regular A—complex.

Posets are examples of loop-free categories. Conversely, every loop-free category
can be subdivided to obtain a poset (as it happens with regular A—complexes and
simplicial complexes). This same relation between posets and loop-free categories
repeats itself for loop-free categories and small categories. It is worth mentioning as
well that it is possible to associate a simplicial set to every small category by the well-
known nerve functor. For a detailed treatment of the relations we have mentioned so
far, we recommend the works of May ([121,122]), Tanaka ([171,172]) and Del Hoyo
([53D.

Finally, every chain complex with a distinguished basis can be seen as a poset.
We will explain this in detail in Chapter 3.

Topology and Dynamics in discrete structures

The recent interest in discrete structures motivated the development of combinatorial
analogues of some techniques and results in the setting of manifolds. To mention
some examples:

* Leinster ([22, 111]) developed the notion of Euler-Poincaré characteristic for
categories. This allowed Tanaka to develop a theory of integration against the
Euler-Poincaré characteristic in the setting of finite spaces ([167,168]), extend-
ing the previous theory for the context of simplicial complexes and manifolds
by Ghrist and Baryshnikov ([17, 18, 50]).

* A notion of curvature and several classical results from Riemannian Geometry
were also adapted to finite contexts (see [27,80,82,91,162,163,177,178]) with
applications to life sciences (see for example [16,99, 148,149,159, 160, 179]).

¢ The combinatorial Laplacian introduced by Eckmann ([57]) was recovered in
the last twenty years and further studied ([80, 96, 103, 120, 138, 161]).




» Combinatorial Hodge theory has attracted a lot of interest recently (see [2,80]).

* Barmak and Minian have revitalised the study of finite topological spaces (posets),
first studied by Alexandroff ([3]), McCord ([123, 124]), Stong ([164,165]) and
May ([122]) by means of showing the particularities of some constructions of
Algebraic Topology in that context ([6—15]).

* Curry, Ghrist, and Hansen have developed a combinatorial approach to sheaves
and cosheaves on complexes ([51,92,93]).

We will now be focusing our attention in the combinatorial analogues of Morse
Theory, dynamics, and Lusternik-Schnirelmann type invariants on the objects con-
sidered in Diagram (1.2).

First, Ferndndez, Macias, Minuz, and Vilches developed combinatorial analogues
of the Lusternik-Schnirelmann category and topological complexity for simplicial
complexes ([64, 65, 68]). Tanaka developed a notion of Lusternik-Schnirelmann cat-
egory for simplicial complexes ([166]) and a notion of topological complexity for
posets ([169]).

When it comes to Morse theory, there have been lots of different proposals of
Morse theories in the discrete context:

* Bestvina and Brady developed a Morse Theory for cell complexes ([23]) in
order to solve a problem in Geometric Group Theory.

» Banchoff developed a Morse theory for polyhedrons taking as the starting point
the notion of curvature ([4, 5]).

* D. Fernindez, Macias, Scoville, and Vilches proposed a theory oriented to
control the strong homotopy type of simplicial complexes ([67]).

* X. Ferndndez developed a theory to take into account n-deformations of cell
complexes in order to study the Andrews-Curtis Conjecture (see [69, 70]).

* Brown developed a Morse theory for simplicial sets and obtained a Structure
Theorem in this context ([38, 39]).

* Forman developed a purely combinatorial Morse theory for simplicial com-
plexes and regular CW-complexes ([73-79,81,82]). He proved some Structure
Theorems for this theory (see Chapter 4). He also extended this theory to allow
more general critical objects (as an analogue of Morse-Bott theory). Moreover,
he proved that the Witten approach to Morse theory can be carried out in this
context. Furthermore, he also showed how to define a Morse complex in this
setting.
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* Following Forman’s theory, many researchers tried to extend and to improve
his work. Chari realized that some notions of Forman’s theory could be stated
in terms of the face poset associated to the simplicial complex under study
([43]) and that Freij developed an equivariant version of the theory ([85]).

* Very recently, Nanda, Tamaki, and Tanaka proved that it is possible to define
a category from a generalization of the flow induced by a Morse function (in
the sense of Forman) on a simplicial complex and that this category records
the weak homotopy of the simplicial complex ([132]). That is, they proved
that the classifying space of the “flow category” is homotopy equivalent to the
simplicial complex.

* Kozlov ([105] and Minian ([126]) developed Morse theories for posets. Later,
some of Minian’s results were extended to the infinite case by Kukiela ([107]).

* Kozlov ([104,105]) and Skoldberg ([153]) developed Morse theories for chain
complexes. They are called algebraic Morse theories. Later, Donau developed
an equivariant version of Kozlov’s Morse theory ([54]).

* There have been some attempts by Fernandez, Macias, Scoville, and Vilches
([67]), by Knudson and Johnson ([98]), by Aaronson and Scoville ([1]), and by
Tanaka ([170]) to relate combinatorial notions of Lusternik-Schnirelmann cat-
egory with a combinatorial Morse theory to obtain a Lusternik-Schnirelmann
Theorem.

As we mentioned earlier, strongly related to Morse theory is Conley theory. A
combinatorial analogue of Conley theory in the setting of simplicial complexes and
posets was developed by Lipiniski, Kubica, Mrozek and Wanner ([112]). This is the
continuation of the work of Mrozek on a combinatorial Conley theory for a certain
family of chain complexes ([128]) and of the work of Kaczynski, Mrozek and Wanner
([176]) on combinatorial dynamics.

Our work in context: the problems we address in this thesis and its orga-
nization

Our main objective is the study of Morse theory and related homotopical invariants,
such as the homotopic distance, Lusternik-Schnirelmann category and topological
complexity, on finite contexts.

Chapter 2 is the starting point of our study. We both recall some brief prelimi-
naries and state new definitions which facilitate our posterior work. We have tried to
distinguish between the results already in the literature and original ones. We may
highlight some of the latter ones. In the first part of the chapter, we prove that the
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Euler-Poincaré characteristic admits a reinterpretation for a certain class of posets in
terms of the heights of the elements (Theorem 2.15). This theorem plays an impor-
tant role not only in its own but also for the latter curvature related results and Morse
inequalities. We also prove a form of Poincaré duality for a family of posets (The-
orem 2.79). In particular, the statement holds for finite closed homology manifolds
(see Definition 2.76).

Another achievement of the chapter is to formulate and explain Diagram (1.3)
(see Subsection 2.2.7), which relates different families of posets and cell complexes.

To-FTop = Pos

T-wPos CPos — D-wPos h-rCW
K
J X J
haPos h-rPos rCW (1.3)
\ ¥
HaPos SimC
J K J
FChMan = ChMan

The second part of the chapter is devoted to the study of curvature. We begin
with the definition of a combinatorial Laplacian and the statement of a combinato-
rial Hodge theorem for posets (Theorem 2.84). This is used to develop the relation
between homology of posets and their curvature. In particular, we prove that if the
Ricci curvature is positive at every point, then the homology in dimension one van-
ishes (Corollary 2.92). Finally, we state a Gauss-Bonnet theorem (Theorem 2.94).

In Chapter 3 we begin the study of Morse theory on posets. We define the notion
of tame Morse function (Definition 3.13), which is an improvement of the Morse
functions, in the sense that facilitates the derivation of some results.

We also prove a classical theorem of calculus in this context stating that global
minimums for Morse functions are critical points (Theorem 3.34). We then relate
combinatorial vector fields or matchings (dynamics) with Morse functions. First, we
show how to obtain gradient matchings from Morse functions (Theorem 3.42). Then,
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we prove that it is possible to go the opposite way and integrate grandient matchings
to obtain tame Morse functions (Theorem 3.47).

After that, we prove that Morse theory may be seen as a theory of nice filtrations
for a space (Theorem 3.51). We also show that for this nice theory of filtration of a
space, we may restrict our attention to tame Morse functions instead of just Morse
ones (Theorem 3.52).

Finally, we prove a result about the cancellation of critical points (Theorem 3.53),
which is identical to the case in Discrete Morse theory for cell complexes.

Chapter 4 is devoted to studying the Structure Theorems of Morse theory in this
context. First, we give a negative answer to the following two conjectures:

Conjecture 4.6 Let X be well-behaved poset and let f: X — R be a well-behaved
Morse function on X. Then, X is homotopy equivalent to a poset with exactly one
element of height p for each critical point of index p.

Conjecture 4.8 Let X be well-behaved poset and let f: X — R be a well-behaved
Morse function on X. Then, X is homotopy equivalent to a CW-complex with ex-
actly one one p-cell for each critical point of index p.

This leads us to looking for weaker Structure Theorems. We prove two invariance
results (Theorems 4.19 and 4.21) and a collapsing theorem (Theorem 4.25). We also
prove an adjunction theorem (Theorem 4.23).

As a consequence of our results, we prove several theorems. First, we improve
Forman’s Structure Theorem by extending it to more general cell complexes (The-
orem 4.30). Furthermore, we prove a strengthening of Morse inequalities in this
context (Theorem 4.37).

In Chapter 5 we study more general dynamics by developing a Morse-Bott theory
for posets. We prove the Structure Theorems in this context (Theorems 5.12 and
5.13). As a consequence, we obtain several versions of the Morse-Bott inequalities
(see for example Theorem 5.23). To end the chapter, we introduce a new notion of
Lusternik-Schnirelmann category and we prove a Lusternik-Schnirelmann category
for Morse-Bott functions in this context (Theorem 5.33).

Moreover, as a consequence of Remarks 3.18 and 3.31, Theorems 3.42, 3.47 and
3.52, all Morse theory and Morse-Bott theory we have developed so far, apply to
the three contexts: the algebraic setting on Lefschetz-Kubica-Mrozek complexes, the
discrete setting on h-regular CW-complexes and the poset context.

Chapter 6 addresses the extension of Morse(-Bott) theory to loop-free categories.
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The purpose of the chapter is to move upwards in Diagram (1.4).

Small Cat N Simplicial sets

I5 |

Loop-free Cat N, Regular A-Complexes

sd X (1.4)
J K J
Posets Simplicial Complexes
X
Chain Complexes Manifolds

We prove a Structure Theorem in this setting (Theorem 6.31). As a consequence,
we prove the Strong and Weak Morse-Bott inequalities (Theorems 6.34 and 6.35).

Finally, Chapter 7 is devoted to the study of two notions of homotopic distance
between functors and weak homotopic distance between functors, which are the nat-
ural counterpart to the homotopic distance between maps in the discrete setting. We
show that these notions generalize Tanaka’s definition of Lusternik-Schnirelmann
category for small categories ([170]) (see Proposition 7.15). Later we prove that it
is possible to define the categorical complexity of a small category by means of our
notion of homotopic distance between functors (Theorem 7.17). Then we prove sev-
eral properties. For example, we compare different notions of homotopic distance in
several contexts (Proposition 7.36). Finally, we restrict our attention to the setting
of posets and prove several properties. We mention two of them. One relating dif-
ferent notions of homotopic distance in the setting of posets (Theorem 7.48). And
the second one showing that this notions approximate their continuous counterparts
(Theorem 7.51).
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Chapter 2
Posets and cellular structures

In order to develop topological techniques for posets, we need first to endow them
with a natural topology. That is the beginning of this chapter. We both recall some
preliminaries from the literature and introduce novel notions, trying to make clear
which ones are original. Moreover, we prove classical results of Algebraic Topology
on manifolds for this context. Furthermore, we establish relations between different
classes of posets (some new and others previously defined in the literature). We
summarize them in Diagram (2.1):

To-FTop = Pos

T-wPos CPos —— D-wPos h-rCW
K
J X J
haPos h-rPos rCW 2.D
\ X
HaPos SimC

J K J

FChMan = ChMan

2.1 Topology of Posets

2.1.1 Topologizing Posets

Our first goal is to endow partially ordered sets with topologies. We reproduce a
construction due to Alexandroff ([3]) and we refer the reader to [6, Sections 1.1 and
1.2] for the proofs.
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Posets and cellular structures

Recall that a topological space (X, 7) is Tp if for any two distinct points z, y € X,
there is either an open subset U containing = but not y, or an open subset V' containing
y but not x.

Let X be a finite set endowed with a partial order relation, that is, X is a finite
poset. Then, X is a Ty finite topological space with basis the sets {U, } < x where

Uy ={w: w <z}

We may refer to this basis as the minimal basis of X.

Conversely, let X be a finite T topological space. For each x € X, we denote
by U, the intersection of all the open sets that contain x. There is a partial order on
the set X by declaring: < y if and only if U, C Uj,.

Moreover, these correspondences are mutually inverses of each other. Further-
more, let X and Y be both finite Tj topological spaces and posets (with the associ-
ated structures), then a set map f: X — Y is continuous if and only if it is order
preserving, that is, if z < y then f(z) < f(y).

To sum up, in modern language we may state that there is an isomorphism of
categories between the category of finite posets with order preserving maps and the
category of finite 7y topological spaces and continuous maps.

Additionally, homotopies can be studied combinatorially. Let X and Y be two
finite posets. Then we can endow the finite set YX with the point-wise order: f < g
if f(z) < g(x) forevery x € X.

Proposition 2.1. Let f,g: X — Y be two order-preserving maps between posets.
Then f and g are homotopic, f ~ g if and only if there is a sequence of order-
preserving maps

f=h<h=>f<-<f.=g

Corollary 2.2. Let X be a finite poset with a maximum or a minimum. Then, X is
contractible.

Proof. Suppose that X has a maximum since the other case is analogous. If X has
a maximum 2’ € X, then the identity map of X is less than or equal to the constant
map at . O

2.1.2 Homology of posets

Homology for posets is a widely studied topic (see for example: [41,45, 52,55, 90,
136]). We shall consider a special kind of posets called cellular. These are of interest
since a “cellular homology theory” can be defined on them. They were first intro-
duced by Farmer ([63]) and then recovered by Minian ([126]) and Cianci and Ottina
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2.1 Topology of Posets

([45]). Farmer’s definition is more general while Minian’s one is more adequate for
our purposes. That is why we present the latter one.
We need to introduce some terminology.

Definition 2.3. A chain in a poset X is a subset C' C X such that if z,y € C, then
eitherx < yory < x.

Definition 2.4. The height of a poset X is the maximum length of the chains in X,
where the chain xg < z1 < --- < z,, has length n. The height h(x) of an element
x € X is the height of U, = {w € X : w < x} with the induced order.

Definition 2.5. A poset X is said to be homogeneous of degree n, deg(X) = n, if
all maximal chains in X have length n. A poset is graded if U, is homogeneous for
every z € X. In that case, the degree of x, denoted by deg(x), is its height. We will
denote both the height and degree of an element by superscripts, for example z(®).

Let X be a finite poset, z,y € X. If z < y and there is no z € X such that
T <z <y, wewrite x < .

Forz € X we define U, := {w € X: w < z}aswellas F, := {y € X : y >
zdand By :={y € X 1y > z}.

Let X be a poset. We denote by H,(X) the singular homology of X. Unless
stated otherwise, homology will be considered with coefficients in a principal ideal
domain.

Definition 2.6 ([126]). The poset X is cellular if it is graded and for every = € X,
U, has the homology of a (p — 1)-sphere, SP~!, where p is the degree of x.

Remark 2.7. In Definition 2.6, by the homology of a (p — 1)-sphere, we mean that (790
has reduced trivial homology in dimensions different from p — 1 and has H,_1(Uy)
isomorphic to the free module with one generator over the coefficient ring.

We recall the construction due to Farmer ([63]) and Minian ([126]) of a “cellular
homology theory” for cellular posets.

Definition 2.8. Given a finite graded poset X, we define X as the subposet of
elements of degree less than or equal to p, i.e.

XP) = {z e X: deg(z) < p}.
Given the cellular poset X, there is a natural filtration by the degree

X0 cxWO ... x_x
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which allows to define a cellular chain complex (Cy, d) as follows:
Cp(X) = Hy(X), X0V) = B Hy1(Ta),
deg(z)=p
which is a free abelian group with one generator for each element of X of degree p.
The differential d: Cp,(X) — Cp—1(X) is defined as the composition
Hp(X(P),X(P—l)) _9. Hp,l(X(P—l)) _J prl(X(p—l),X(p—@)

where j is the canonical map induced by the inclusion and 0 is the conecting homo-
morphism coming from the long exact sequence associated to the pair (X ® x -1 ).
It can be shown (see [126]) that the differential can be written as

d(xz) = Z e(x,w)w

w=<x

where the incidence number €(x, w) is the degree of the map
0:7=Hy (Uy) = Hy 2(Uy) = 7Z
(see [126]).
Theorem 2.9 ([126, Theorem 3.7]). Let X be a cellular poset. Then
H,(Cy(X)) = H(X).

Remark 2.10. A new approach for studying homology of posets has been developed
more recently by Cianci and Ottina ([45]). They weakened the hypothesis needed in
Theorem 2.9.

2.1.3 Homologically admissible posets

We present the notion of homologically admissible posets recently introduced by
Minian ([126]). Recall that the Hasse diagram of a poset X is a graph whose vertices
are the points of X and whose edges are the ordered pairs (x, y) such that z < y. We
denote by H (X)) the Hasse diagram associated to the poset X.

Definition 2.11. Let X be a poset. An edge (w,z) € H(X) is homologically admis-
sible if U, — {w} is acyclic. A poset is homologically admissible if all its edges are
homologically admissible.

The importance of homologically admissible posets, lies, partially, in the follow-
ing result.
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Lemma 2.12 ([126, Remark 3.9]). If (w, x) is a homologically admissible edge of a
cellular poset X, then the incidence number e(x,w) is 1 or —1.

Lemma 2.13 ([126]). Let X be a poset. If X is homologically admissible, then it is
cellular.

2.1.4 Euler-Poincaré Characteristic

We introduce the Euler-Poincaré characteristic in this setting since we will use it later
on. Recall that for a topological space X, its Euler-Poincaré characteristic is defined
as:
X(X) = (~1)"rank H,(X)
n

if the sum converges.

We introduce an alternative, and more suited definition for computations. This
definition is also introduced by Bloch ([27]) in a different context in order to prove a
Gauss-Bonnet Theorem in the setting of posets.

Definition 2.14. Let X be a finite graded poset of degree n. Denote by X (=P) the
elements of degree p in X . The graded Euler-Poincaré characteristic of X is defined

as the number:
n

Xg(X) =D (~1P#X ).

p=0

Observe that as a consequence of Minian’s result (Theorem 2.9), the standard
homological argument (see for example [95, p. 146-147]) proves:

Theorem 2.15. Let X be a finite cellular poset. Then,

Xg(X) = x(X). 2.2

We provide an elementary combinatorial proof. We will show this by induction
both on the degree of the poset and the number of elements in each degree. We
assume that all spaces are connected for simplicity. If not, we would consider each
path-component independently. We start with an immediate lemma.

Lemma 2.16. Assume that X is a finite cellular poset such that deg(X) = 0, then
Equation (2.2) holds for X.

Lemma 2.17. Assume that X is a finite cellular poset such that deg(X) = p + 1,

X&) — (2} and Equation (2.2) holds for X ), then Equation (2.2) holds for
X (p+1)
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Proof. First, consider the open subsets: U = X® and V = U, and apply the
Inclusion-Exclusion Principle for the Euler-Poincaré characteristic:

X(X)=x(UUV)=xU)+x(V)-x(UnNV)
= Xg(U) + X(Ua:) - X(UI)

Second, notice that x,(X) = x,(U) + (—1)4&(®). There are two cases to consider
depending on the parity of deg(z). In both of them

(1)) = x(U) = x(T) = 1 — x(8%) 1), O
‘We state a useful observation as a lemma:

Lemma 2.18. The graded Euler-Poincaré characteristic satisfies the Inclusion-Exclusion
Principle for open sets, that is: if U and V are open sets in X, then x4o(U UV) =
Xg(U) + xg(V) = xg(UNV).

Lemma 2.19. Assume that X is a finite cellular poset such that deg(X) = k,
#X=P) > 2 and Equation (2.2) holds for X®) — {z} where deg(z) = p. Then
Equation (2.2) holds for X ®).

Proof. Let us denote by {z1,...,x, = x} the elements of degree k of X. Consider
the open subsets:

U=XxrYywlu,)=X® —{z} and V=0U,,.

Applying the Inclusion-Exclusion Principle for the Euler-Poincaré characteristic we
obtain:

X(X)=x(UUV)=x(U)+x(V)—x(UNV)

Combining the previous lemmas we obtain the desired result.

Remark 2.20. The good behavior of the Euler-Poincaré characteristic in the setting of
finite posets suggests the study of the Lefschetz number. This was initiated by Bilski
in [24].
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2.1 Topology of Posets

2.1.5 (Weakly) Homotopically Admissible Posets

We recall the notion of homotopically admissible posets which were also introduced
by Minian ([126]). They are a homotopical analogue to the homologically admissible
posets.

Definition 2.21. Let X be a poset. An edge (w, x) € H(X) is weakly homotopically
admissible if ﬁx — {w} is weakly contractible (i.e. has trivial homotopy groups). A
poset is weakly homotopically admissible if all its edges are weakly homotopically
admissible.

We introduce an original weaker notion which has the advantage of being com-
pletely determined with a computer (see [6, Section 2.4]).

Definition 2.22. Let X be a poset. An edge (w,z) € H(X) is 1-weakly homotopi-
cally admissible if U, — {w} is simply connected. A poset is /-weakly homotopically
admissible if all its edges are 1-weakly homotopically admissible.

Remark 2.23. Observe that by Hurewicz theorem (see [95, Theorem 4.32]), a homo-
logically admissible and 1-weakly homotopically admissible space is weakly homo-
topically admissible.

We also introduce a stronger notion than weakly homotopically admissible:

Definition 2.24. Let X be a poset. An edge (w, ) € H(X) is homotopically admis-
sible if U, — {w} is contractible. A poset is homotopically admissible if all its edges
are homotopically admissible.

2.1.6 Two-wide and down-wide posets

We define two classes of posets which will play a key role in the later development
of Morse theory. Moreover, we relate them to homologically admissible posets.

The first notion, the one of rwo-wide posets, was already present, to some extent,
despite being less general, in the work of Bjorner, Las Vergnas, Sturmfels, White and
Ziegler (see [25, Corollary 4.7.12]). Later, and independently, it was also used by
Bloch ([28]). We developed it independently.

Definition 2.25. A poset X is two-wide if for any x, z,y € X suchthatx < 2z < v,
there is some 2’ € X such that 2’ # zand x < 2/ < y.

Remark 2.26. Let X be a finite poset. If X is two-wide, then for any pair of elements
x,y € X suchthatx < y and z £ y, we have #{z: = < z <y} > 4.

We now introduce the notion of down-poset, which is another property that the
family of posets we are interested in satisfies.
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Definition 2.27. Given a poset X and z € X, we define the down-incidence number
of x as the cardinality of the set 0z = {y € X : y < z}. The poset X is down-wide
if #0x # 1 for every x in X.

We relate the properties of being homologically admissible with those of being
two-wide and down-wide. We will prove that homologically admissible posets are
down-wide and two-wide. In order to do so, we will use cellular homology with
coefficients in the field with two elements, which we denote by Zy. Observe that
for Zy coefficients the differential d: C,(X) — Cp—1(X) simplifies to the formula:

d(x) = Zw<:p w.
Proposition 2.28. Let X be a poset. If X is homologically admissible, then it is
down-wide.

Proof. For any () and w < z, since U, — {w} is acyclic, then U, — {w} is not
empty, so there exists w’ # w such that w’ < . For any () with p > 1, suppose that
there is a unique w € X such that w < z. Using cellular homology Z, coefficients:

P (w) = d(w) = 3 g #0

which is a contradiction. O

Proposition 2.29. Let X be a poset. If X is homologically admissible, then it is
two-wide.

Proof. Suppose there are elements z < z < y. We have to show that there is some
2! # z such that < 2’ < y. Using cellular homology with Z5 coefficients:

ZH#z, 2=y
and:
dz =x+ Z T
T#x,T<z
Since d? = 0:
O=dy=dz+ » di=a+ » F+ Y di
ZH#z,Z2<y TH#x, T<2 ZH#z,Z2<y

Since this equation holds, there must be some 2’ # z such that
d2 =2+ Z z,
TH#x,T<2"

that is, there is some 2’ # z such that x < 2’ < y. O
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2.1.7 Local to global isomorphism theorems

Let X and Y be topological spaces and let f: X — Y be a continuous map. It
induces maps in homology and between homotopy groups. Now we recall some
results which provide sufficient conditions on the local behavior of the induced maps
to obtain conclusions about their global properties. This kind of results have been
widely studied in the literature (see for example [7,20,21,26,44,143,154,174]). We
begin with a definition taken from [6] to set the notion of "local" we will use.

Definition 2.30. Let X be a set, and suppose B is a collection of subsets of X. Then
B is a basis-like covering of X if it satisfies the following two conditions:

1. Upes B = X.

2. If B1,By € Band x € By N By, there exists an element B3 € B such that
x € Bg C B N Bs.

Theorem 2.31 (McCord, [124, Theorem 6]). Let f: X — Y be a continuous map
between topological spaces. Suppose there is a basis like open cover U of Y such
that for every U € U, the restriction

fi-oy: FHU) = U
is a weak homotopy equivalence. Then f: X — Y is a weak homotopy equivalence.

Since for finite topological spaces the open sets of the minimal basis are con-
tractible (Corollary 2.2), we obtain the following consequence in the context of finite
posets:

Theorem 2.32 (McCord-Quillen). Let f: X — Y be a continuous map between
posets. If foreachy € Y, f _1(Uy) is weakly contractible (i.e., it has trivial homotopy
groups), then f: X — Y is a weak homotopy equivalence.

Remark 2.33. In Proposition 2.32, the consequence holds as well with the hypothesis:
foreachy € Y, f~1(F,) is weakly contractible.

There is a homological version of this result, which we now state:
Theorem 2.34 (Homological McCord-Quillen, [15, Theorem 2.1]). Let f: X — Y

be a continuous map between posets. If for eachy € Y, f _1(Uy) is acyclic, then
f: X — Y induces isomorphisms in homology.

Remark 2.35. In Theorem 2.34, the consequence holds as well with the hypothesis:
foreachy € Y, f~1(F,) is acyclic.
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2.1.8 Combinatorial homotopy and homology on posets

The strong connection between posets and T spaces suggests that the combinatorics
of the poset should control, to some extent, its topology. Now we address the study of
the homotopy of T spaces. In order to do so, we introduce some new terminology.
We follow the works of Stong ([164]), Barmak and Minian ([10], [6]) and Osaki
([137]). The idea is to detect, for an arbitrary poset X, a special class of points
which can be removed without changing the strong, simple, weak homotopy type or
homology of X.

Definition 2.36. A point x in a finite poset X is a down strong homotopic removable
point if the set U, = U, — {z} has a maximum. Dually, z € X is an up strong
homotopic removable point if the set F' = F,, — {2} has a minimum. In any of these
cases we say that x is a strong homotopic removable point of X .

Remark 2.37. Other authors ([6, 122, 164]) refer to strong homotopic removable
points as beat points or linear and colinear points.

Proposition 2.38 ( [6, Proposition 1.3.4]). Let X be a finite poset and let x € X be

a strong homotopic removable point. Then, X — {x} is a strong deformation retract
of X.

Definition 2.39. A point x in a finite poset X is a down simple homotopic removable
point it U, = U, — {z} is contractible. Dually, x € X is an up simple homotopic
removable point if F = F, — {x} is contractible. In any of these cases we say that
is a simple homotopic removable point of X .

Definition 2.40. A point z in a finite poset X is a y-point if Cp, = (U, U Fy) — {z}
is homotopically trivial.

We introduce now two original notions of removable points:

Definition 2.41. A point z in a finite poset X is a down weak homotopic removable
point if U, = U, — {«} is weakly contractible (i.e., it has trivial homotopy groups).
Dually, z € X is an up weak homotopic removable point it F=F,— {z} is weakly
contractible. In any of these cases we say that  is a weak homotopic removable point
of X.

Proposition 2.42. Let X be a finite poset and let x € X be a weak homotopic
removable point. Then, i: X — {x} — X is a weak homotopy equivalence.

Proof. Apply Proposition 2.32. O
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Definition 2.43. A point z in a finite poset X is a down homological removable point
itU, = U, — {z} is acyclic. Dually, x € X is an up homological removable point
if [ = F, — {z} is acyclic. In any of these cases we say that x is a homological
removable point of X.

Proposition 2.44. Let X be a finite poset and let x € X be a homological removable
point. Then, i: X — {z} — X induces an isomorphism in homology.

Proof. Apply Theorem 2.34. O
We introduce some notation.

Definition 2.45. Let X be a finite poset and x € X a strong homotopic removable
point. We say that there is an elementary strong collapse from X to X — {z} and we

denote it by X e\s‘ X — {z}. Conversely, we say that there is an elementary strong
expansion from X — {z} to X and we denote it by X — {x} /‘ X. If there is a
sequence of posets Xy, ..., X, such that for each 1, X; \( Xi+1, then we say that
Xo strongly collapses to X,, and we write X \ X,,. Conversely, we say that X,

S
strongly expands to Xy, denoted Xy * X,,. We say that Xy and X,, are strongly
homotopy equivalent if there is a sequence of posets Xy, ..., X,, such that for each

) eS eS
i, X \  Xipror X; 7 Xiqq.
We define the elementary simple (respectively weak homotopic, v and homolog-

ical) collapses in the case that x is a simple homotopic removable point (respectively
a weak homotopic removable point, a y-point and a homological removable point) as

es ew ey
expected, and we denote them by X \ X — {z}, X \ X — {z}, X \ X — {z}

eh
and X N\, X — {z}, respectively. We denote the associated elementary expansions,
collapses and expansions as expected.

Proposition 2.46. Let X be a finite poset and x € X.

(1) If x € X a strong homotopic removable point, then it is a simple homotopic
removable point.

(2) If x € X a simple homotopic removable point, then it is a weak homotopic
removable point.

(3) If x € X a weak homotopic removable point, then it is a homological remov-
able point and a y-point.
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Proof. First, (1) follows from Corollary 2.2. Second, (2) is a consequence of the ho-
motopy invariance of homotopy groups. Third, (3) follows from Hurewicz Theorem
(see for example [95, Theorem 4.37]) and from [6, Proposition 6.2.12]. ]

2.2 Cellular structures and their relation to posets

The reader may see [6,10,72,87,95,105,122] for a detailed exposition and examples
of the non original notions we present.

2.2.1 Abstract Simplicial Complexes
Definition 2.47. A finite abstract simplicial complex K consists of a pair of sets:
1. a finite set of objects, V' (K), called vertices,
2. a(finite) set, S(K), of (finite) non-empty subsets of V' (K), called simplices,
satisfying the following conditions:
1. if 7 C V(K) is asimplex and 0 C 7, o # (), then o is also a simplex;
2. for every vertex v € V' (K), the singleton {v} is a simplex.

From now on, by abstract simplicial complex we mean finite abstract simplicial
complex.

Remark 2.48. A subset of the vertices o C V(K) is a simplex if and only if all its

subsets are elements of S(K).

Example 2.49. Consider the abstract simplicial complex K = (V(K), S(K)) where
V(K) ={a,b,c} and S(K) = {{a}, {b},{c},{a,b},{b,c}}.

From now on we may omit the vertex set of the simplicial complexes and just
write the set of simplices.

Example 2.50 ( [105, Definition 9.1]). Consider a finite graph G = (V, E) where we
allow cycles. We can associate an abstract simplicial complex K = (V(K), S(K))
to G as follows:

1. The vertices of K are the vertices of GG.

2. The n-simplices for n > 1 are (n+1)-tuples (v, . . ., vy), of vertices such that
for each 0 < ¢ < j < n, there is an edge in G between v; and v;.
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Given a simplicial complex K and two of its simplices: 7 and o, if ¢ C 7, then o
is said to be a face of 7. If o € S(K) has p + 1 elements it is said to be a p-simplex.
The set of p-simplices of K is denoted by K (=P). The dimension of K is the largest
p such that K (=P) is non-empty.

Definition 2.51. Given two simplicial complexes K and L, we say that K is a sub-
complex of L if:

1. V(K) C V(L)
2. S(K) C S(L).

We say that K is a full subcomplex if K is a subcomplex and whenever all the vertices
of a simplex in L are in V' (K), then the simplex is in K.

Definition 2.52. Given two simplicial complexes K and L, a simplicial map between
them is amap f : V(K) — V(L) such that whenever ¢ C V(K) belongs to S(K),
f (o) belongs to S(L).

2.2.2 Abstract Ordered Simplicial Complexes

Definition 2.53. An ordering of an abstract simplicial complex K is a partial order
on the vertices of K, V(K'), which restricts to a total order on each simplex, that is,
on each element of S(K). An ordered simplicial complex is an abstract simplicial
complex with an ordering. Ordered simplicial complexes will be denoted the same
way as abstract simplicial complexes.

Definition 2.54. Let K and L be ordered simplicial complexes. An ordered simpli-
cial map f: K — L is a simplicial map f: K — L suchthat f : V(K) — V(L) is
an ordering preserving map between the posets of vertices.

Remark 2.55. The definition of an ordered abstract simplicial complex suggests a
relation between posets and simplicial complexes. We will study this later on.

Example 2.56. Coming back to Example 2.50, we can now keep track of the direc-
tions in the graph by using ordered simplicial complexes. In this way, we do not loose
information. Consider a finite directed graph G = (V, E') where we allow cycles but
we do not allow that given any pair of elements z, y, we have both edges (x,y) and
(y, ). We can associate an ordered abstract simplicial complex K = (V(K), S(K))
to GG as follows:

1. The vertices of K are the vertices of G.

2. The n-simplices for n > 1 are (n+1)-tuples (vo, . . ., vy), of vertices such that
for each 0 < ¢ < j < n, there is an edge in G directed from v; to v;.
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This procedure has been used in order to study Neuroscience by means of Topology
(see for instance [146]).

2.2.3 Geometric Simplicial Complexes

Definition 2.57. Given n + 1 points vy, .. . , v, in general position in R"*. We define
the geometric n-simplex o generated by vy, v1, . . . , v, to be the set:

o= [vo,...,vn] = {tovo + -+ + tpv, € R™ : ZtizlandtizOW}.
i

If the n + 1 points vy, . . ., v, are the endpoints of the standard unit basis of R"*+1,
then the resulting simplex is called the standard geometric n-simplex.

Let o be a geometric n-simplex generated by vg, v1,...,v,. A face of o is a
geometric k-simplex generated by a subset of cardinality & + 1 of {vg, v1,...,v,}.

Definition 2.58. A geometric finite simplicial complex is a finite collection K of
geometric simplices in an Euclidean space R", satisfying:

1. If o € K, then all the faces of ¢ are in K.

2. 0, € K = 0N p € K. This means that the intersection of each pair of
simplices in K is the empty set or a common face to both simplices.

If we endow K with the subspace topology inherited from R"™, then we obtain a topo-
logical space which we denote by | K'|. Any topological space that is homeomorphic
to | K| is called the geometric realization of K.

Let K and L be two geometric simplicial complexes. A simplicial map f: K —
L is a set map between the set of vertices of K and the set of vertices of L which takes
simplices to simplices. This map f: K — L induces a continuous map between the
geometric realizations |f|: |K| — |L| as follows:

FOY tieo)= D tie f(w),

v;€V(K) v, EV(K)

Observe that for any abstract simplicial complex K, we can associate a geometric
simplicial complex in RV (5) which is the union of standard simplices in RV (%) for
all ¢ € K. In this way, we can associate a topological space to any finite abstract
simplicial complex. Conversely, for any geometric simplicial complex, we can define
an abstract simplicial complex by just considering the collection of simplices and
vertices. As a consequence of this observation, we may abuse of notation and refer
to topological properties of a simplicial complex when what we really mean are the
topological properties of its geometric realization.
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2.2.4 Remarkable classes of CW-complexes

We begin with some notation. We denote the unitary closed n-disk by D" and its
boundary, the n — 1-sphere, by S"~!. Recall that a finite CW-complex is a topological
space X constructed inductively by gluing cells. That is, we begin with a finite
discrete set of points, X (0), Then, foreachn > 1, X (") is constructed from X (*—1)
as follows. Let

{pa: SH71 = X(nil)}a

be a finite family of continuous maps, which we call attaching or gluing maps. Then
X (") s the quotient space of the disjoint union X (»~1) UqD?” under the identifications
T ~ q(s) for s € OD? = S~ We stop this process at a finite N' which we call the
dimension of the CW-complex and X = X% There are maps ¢, : D — X defined
as the composition

D" — XM U, D? — X" X

which we refer to as characteristic maps. The image of the characteristic maps ¢,
are the closed cells €7, of the CW-complex.

A subcomplex of a CW-complex X is a closed subspace A C X that is a union of
closed cells of X. Foreachn, X isa subcomplex of X and is called the n-skeleton.

Let X and Y be two finite CW-complexes, a continuous map f: X — Y is
cellular if f(X™) C Y for every n € N.

We present two remarkable classes of CW-complexes which will play an impor-
tant role in this work. Both notions are related to the flexibility we allow for the
attaching maps. We begin with the classical notion of regular CW-complex.

Definition 2.59. A CW-complex X is regular if the attaching maps are homeomor-
phisms onto their images.

Example 2.60. The geometric realization of simplicial complexes are examples of
regular CW-complexes.

Recently, Barmak and Minian ([10]) introduced the more flexible class of h-
regular CW-complex.

Definition 2.61. A CW-complex X is h-regular if the attaching maps are homotopy
equivalences onto their images.

2.2.5 Alexandroff-McCord functors and weak homotopy equivalences
We begin by quoting a result from Barmak’s thesis:

Theorem 2.62 ([6, Corollary 2.3.4]). Let X be a connected and non contractible
T-space. Then X does not have the same homotopy type as any finite space.
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Due to Theorem 4.10, given a T7-space, such as a manifold, we no longer can
expect to carry all its homotopical information in an associated finite space (poset),
at least by means of a homotopy equivalence. Therefore, this motivates us to try to
keep as much topological information as possible by a weaker notion than homotopy
equivalence.

We begin by recalling a construction due to Alexandroff ([3]).

Definition 2.63. Let X be a finite poset. We define the (ordered) simplicial complex
K(X), called the order complex of X, as the simplicial complex whose simplices
are the nonempty chains of X. Furthermore, given a continuous map f: X — Y
between finite posets, we define a simplicial map K(f): I(X) — K(Y) given by

K()(z) = f(z).

Definition 2.64. Let K be a finite h-regular CW-complex. We define the finite poset
X (K), called the face poset of K, as the poset of of cells of K ordered by inclusion.
Given a cellular map ¢: K — L we define a continuous map X' (¢): X (K) — X' (L)
given by X (¢)(0) = ¢(o) for each simplex o of K.

Recall that given a finite poset X, a point z in the geometric realization of (X)),
|IC(X)|, is a convex combination x = t121 + toxe + - -+ + tyx, Where > t; = 1,
t; > Oforall i and 1 < 2 < ... < x,, is a chain in X. We define the support of x
as supp(z) = {z1,...,zn}.

Definition 2.65. Let X be a finite poset. We define the X-McCord map px : |[K(X)| —
X by px(x) = min(supp(z)).

Let K be a finite simplicial complex. We denote its barycentric subdivision
sd(K) as the simplicial complex KX (K). For a simplicial map ¢: K — L we
define a simplicial map sd(¢) = KX (¢). Denote by sk : |sd(K)| — |K| the linear
homeomorphism defined by sx (o) = b(o) where b(o) denotes the barycenter of o.
Analogously, for a finite poset X, we define its first barycentric subdivision sd(X),
as YK (X).

Definition 2.66. Let K be a finite simplicial complex, we define the X'-McCord map
pr = pa(X)si' s |K| — X(K).

Combining [6, Theorem 1.4.6, Remark 1.4.7, Corollary 1.4.8, Corollary 1.4.9,
Theorem 1.4.12, Proposition 1.4.13, Corollary 1.4.15] we have:

Theorem 2.67. (1) The K-McCord map px is a weak homotopy equivalence for
every finite poset X.
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2.2 Cellular structures and their relation to posets

(2) If f: X — Y is a continuous map between finite posets, the following diagram

commutes:
IK(f)
(X)) K(Y)]

ux ny

x—1 .y

(3) Let f: X — Y be a map between finite Ty-spaces. Then f is a weak ho-
motopy equivalence if and only if |K(f)|: [K(X)| — |[K(Y)| is a homotopy
equivalence.

(4) The X-McCord map pnx is a weak homotopy equivalence for every finite sim-
plicial complex K.

(5) Let ¢: K — L be a simplicial map between finite simplicial complexes. Then
the following diagram commutes up to homotopy:

K| —2 s 1)

I |pe

X(K) X% x(n).

(6) Let ¢: K — L be a simplicial map between finite simplicial complexes. Then
|¢| is a homotopy equivalence if and only if X (¢): X (K) — X (L) is a weak
homotopy equivalence.

Part (4) of Theorem 2.67 was generalized to the context of h-regular CW-complexes
by Barmak and Minian (see [10, Theorem 4.7]):

Theorem 2.68. Let K be a finite h-regular CW-complex. Then, there exists a map
fr: K — X(K) (see [10, Theorem 4.7] for the definition) which is a weak homotopy
equivalence.

Remark 2.69. Since weak homotopy equivalences induce isomorphisms in homol-
ogy and cohomology ([95, Proposition 4.21]), Theorem 2.67 provides an alternative
approach to define homology for posets. That is, one may define the homology of a
poset X as the homology of the associated simplicial complex (X ). This is called
poset homology and is dealt with, for example, in [175].
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2.2.6 Finite models and manifolds

Definition 2.70. We say that the poset X 1is a finite model for the topological space
Y if the geometric realization |[KC(X)| of the simplicial complex K(X) is homotopy
equivalent to Y.

Barmak and Minian introduced in [10] a class of posets which model the h-regular
CW-complexes.

Definition 2.71. A finite poset X is called an h-regular poset if for every x € X, the
set U, is a finite model of S"~!, where n is the height of z.

As a consequence of the definition of h-regular posets and cellular posets, it fol-
lows that:

Proposition 2.72. Let X be a cellular or an h-regular finite poset. Then, X does
not have down homological removable points or down weak homotopical removable
points, respectively. Moreover, cellular and a h-regular finite posets are down-wide.

Proof. First, by definition of cellular and h-regular finite posets, for z € X, U, is not
acyclic or weak homotopically trivial, respectively. As a consequence, if x € X is of
height greater than or equal to one, then U, is not contractible, so it can not have a
maximum, that is, x is down-wide. O

For a given poset X, the dual poset X°P has the same elements as X but the
arrows are reversed, that is, z < y in X if and only if y < x in X°P. Due to the
correspondence between posets and finite spaces, this also defines the notion of dual
space.

Observe that (X)) is the same simplicial complex as (X°P). Since weak
homotopy equivalences induce isomorphisms in homology and cohomology ([95,
Proposition 4.21]), there is a strong relation between the (co)homology of the space
X, that of the geometric realization of its order complex |KC(X)|, and that of its dual
space X °P:

Proposition 2.73. Let X be a finite poset. Then X, K(X) = K(X°P) and X°P have
isomorphic homology and isomorphic cohomology with Z coefficients.

Definition 2.74. The poset X is homologically bi-admissible if both X and X°P are
homologically admissible.

Let K be a finite simplicial complex and o a simplex of K. The link of o is the
subcomplex of K whose simplices are

{BeK:pNno=0and BU0c € K}.
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2.2 Cellular structures and their relation to posets

Definition 2.75. A finite simplicial complex K is a closed homology manifold of
dimension 7 if the link of every simplex has the homology of the sphere S*~+~1,
where k is the dimension of the simplex.

Definition 2.76 ([126]). A poset X is a finite closed homology manifold of dimension
n if its order complex K(X) is a closed homology manifold of dimension n.

For a detailed treatment of finite (closed homology) manifolds see [126, 133].
The following result provides examples of homologically bi-admissible posets.

Proposition 2.77. (1) Let X be a finite closed homology manifold of dimension n,
then it is homologically bi-admissible.

(2) Let K be a closed homology manifold of dimension n, then its face poset X (K)
is homologically bi-admissible.

Proof. First of all, if X is a finite closed homology manifold, then it is homologically
admissible (see [126]). Moreover, since (X ) = IC(X°P), by the definition of finite
closed homology manifold, X°P is homologically admissible too.

Second, K is a closed homology manifold of dimension n if and only if

Zy ifk=n

0 else

H (K] 1K\ {o}: Z5) = {

for every x € | K| (see [130]). Therefore, if K is a closed homology manifold of di-
mension n, then X (K) is a closed homology manifold, so X'(K') is homologically
bi-admissible by (1). ]

Remark 2.78. Observe that, in particular, the face posets of combinatorial manifolds
(see [130] for the definition) are homologically bi-admissible.

As a consequence, the theory developed for homologically bi-admissible posets
can be applied to study the topology of triangulable homology or combinatorial man-
ifolds by means of their triangulations. In particular, we can prove a version of
Poincaré Duality for Z, coefficients.

In order to do so, we make the following observation. For a homologically ad-
missible poset, cellular cohomology with coefficients in a field can be defined in the
same way as cellular homology and it also holds that it is isomorphic to singular co-
homology. In particular, using coefficients in Zo, the differential ¢, : CP(X) —

CP+L(X) simplifies to the formula: §(x) = >y Y-

Theorem 2.79 (Zy-Poincaré Duality). Let X be a finite homologically bi-admissible
poset of degree n. Then H* (X ;Zs) = H,_1(X;Zs) for every k < n. In particular,
this holds if X is a finite closed homology manifold of degree n.
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Proof. Observe that for each k, there is an isomorphism between C (X ) and C"~* (X °P)

and the differentials dy and §,,_j+1 coincide. ]

Remark 2.80. Basak proved in [19], by different methods, a Poincaré Duality result
with integer coefficients for a particular class of posets.

2.2.7 Summary of the relations

We summarize the relations between cellular complexes and posets in Diagram (2.3).
In order to do so, we introduce the following notation:

* Pos denotes the category of finite posets and order-preserving maps.
» T-wPos denotes the full subcategory of Pos whose objects are two-wide posets.
* CPos denotes the full subcategory of Pos whose objects are cellular posets.

* D-wPos denotes the full subcategory of Pos whose objects are down-wide
posets.

* haPos denotes the full subcategory of Pos whose objects are homologically
admissible posets.

* h-rPos denotes the full subcategory of Pos whose objects are h-regular posets.

* HaPos denotes the full subcategory of Pos whose objects are homotopically
admissible posets.

* FChManPos denotes the full subcategory of Pos whose objects are finite closed
homology manifolds.

* h-rCW denotes the category of h-regular CW-complexes and cellular maps be-
tween them.

* rCW denotes the full subcategory of h-RCW whose objects are regular CW-
complexes.

¢ SimC denotes the full subcategory of h-RCW whose objects are simplicial
complexes.
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2.2 Cellular structures and their relation to posets

We refer the reader to [126] for the proofs which we omitted in this presentation.

To-FTop = Pos

T-wPos CPos —— D-wPos h-rCW
K
J X J
haPos h-rPos CW 2.3)
\ ¥
HaPos SimC

J K J

FChMan = ChMan

2.2.8 Examples

In this subsection we present some examples which clarify the theory developed ear-
lier.

Example 2.81. The finite model of RP? depicted in Figure 5.1.1 (see [6, Example
7.1.1], [94, Proposition 4.1] and [46, p. 138]) is homologically admissible.

Figure 2.2.1: Example of homologically admissible poset.

Example 2.82. Consider the following example (Figure 2.2.2), an h-regular model
of 3, taken from [126, Fig.2], which is not a graded poset, therefore it is not cellular.
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Figure 2.2.2: Example of h-regular space which is not cellular.

Example 2.83. We will construct a cellular poset which is not h-regular. Let K be a
triangulation of the Poincaré homology 3-sphere (see for example [101]). Construct
the non-Hausdorff cone of X'(K), i.e. we add a new point 2’ such that 2/ > x for
every z € X(K). The non-Hausdorff cone of X' (K'), C(X'(K)) is cellular since it is
graded and U, has the homology of a (deg(x) — 1)-sphere for every x in C(X (K)).

However, C(X (K)) is not h-regular since U, has not the same weak homotopy type
as a sphere cause it has the weak homotopy type of the Poincaré homology 3-sphere.

2.3 Curvature

This section is devoted to studying some classical results in Differential and Alge-
braic topology in the setting of posets. In particular, we will state a Hodge decom-
position Theorem, some results relating (co)homology and curvature, and a Gauss-
Bonnet Theorem.

2.3.1 Hodge decomposition Theorem

This subsection is a generalization of some techniques introduced by Forman ([80])
in the context of complexes to the context of cellular posets, so the presentation will
be brief.

First, we state a Combinatorial Hodge Theorem for cellular posets generalizing
Forman’s result [80, Theorem 2.1]. To do so we will consider coefficients in R. Given
a cellular poset X, we endow each C), (X, R) with an inner product

(o,0),: Cp(X,R) x Cp(X,R) = Cp(X,R)

such that the elements of degree p of X are orthogonal. Observe that this amounts
to choosing a positive weight w, for each p-element z and defining (z,z) = w,.
Denote by

O(p+1): Cp(X) = Cppa(X)
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2.3 Curvature

the adjoint of the cellular boundary operator, i.e.
{dip+1)Cp+1), c/(p)>1’ = (1) 5(p+1)cl(p)>p+1
for cP*1) € O, 1 and ¢P) € C,,. We define the combinatorial Laplacian
Op: Cp(X) = Cp(X)

given by
O, =dod+dod. 2.4)

The same argument given in [80, Theorem 2.1] proves:
Theorem 2.84 (Combinatorial Hodge Theorem). Let X be a cellular poset, then:

* ker[, = ker d, N ker d,1.

* kerd, = H,(X,R).

As it happens in [80], a more explicit formula for [, can be given as follows. In
order to simplify the presentation we will assume that all weights w, are equal to one,

but the same arguments work in the general case. Recall that the incidence number
€(x,w) is zero if w A x. The same argument of [80, p. 338] shows:

Dpx = Z |: Z 6(y7$)6(y7$/)

deg(z')=p - deg(y)=p+1

+ Z e(z,w)e(z',w)|.

deg(w)=p—1

(2.5)

Moreover, by construction, [, is a self-adjoint operator with respect to the inner
product (e, e),. Therefore, we can construct the symmetric matrix, .S, associated to
0,. Denote by s;; the 7, j-element of the matrix, that is s;; = ((J,x;, ), which by
using Equation (2.5) becomes:

sz'

= Z €y, xi)e(y, z;) + Z e(zi, w)e(wj, w).

deg(y)=p+1 deg(w)=p—1

Sij
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2.3.2 Curvature and (co)homology

Now we will define a notion of combinatorial curvature in the context of cellular
posets and we will see that, as it happens in the smooth and simplicial settings,
(co)homology imposes some constraints on curvature. For a discussion on the in-
tuition behind this combinatorial curvatures in the context of complexes the reader is
referred to [80]. First, we define the p-th curvature operator Fj,: Cp,(X) — Cp(X)
given, in matrix form, as the following diagonal matrix:

0’ Ty 7& Zj,
Sij = D |Sikls T = x5

Fy(zi, z;) = {

Definition 2.85. For any p-chain ¢ € Cp(X), define the p-th curvature of c by

In the case of an element x € X such that deg(z) = p, we define the p-th curvature
atz as Fp(z) = (Fp(z), z).

As it happens in [80, Theorem 2.2], we can find an explicit expression for F,(z)
by straightforward computations:

Theorem 2.86. Let X be a cellular poset. For any p-element x € X, the p-th
curvature function applied to x, F,(x), is given by

Fpla)= D (o)’ + > (e(z,w)?

deg(y)=p+1 deg(w)=p—1
- Z ’ Z E(y,ﬂj‘)G(y,fL’/) + Z 6(%,11))6(13/,’[0)‘.
/(P £z deg(y)=p+1 deg(w)=p—1

It simplifies as follows for homologically admissible posets:

Corollary 2.87. Let X be a a finite homologically admissible poset X and let V) €
X, then the p-th curvature satisfies:

Fplx) =#{yP™ e X1y = 2} + #{wP ™V e X: w <z}

- Z | Z e(y, 2)e(y, ") + Z e(z, w)e(z’,w)|.

x'(P) £y deg(y)=p+1 deg(w)=p—1

Proof. Recall from Lemma 2.12 that the incidence numbers of homologically admis-
sible posets are +1 or —1, so the equation for the pth curvature follows. O
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2.3 Curvature

The operator F), is said to be > 0 (respectively > 0) if F,(x) > 0 (respectively
> 0) for every element z(P) € X.

Definition 2.88. For any z(!) € X, we define the Ricci curvature of x by Ric(z) =
Fi(x).

Definition 2.89. Given a finite cellular poset X and two elements z(?), 2/®) € X,
we say that x and ' are metric neighbors if (O,x, x') # 0.

We consider the equivalence relation generated by the metric neighbor relation,
i.e: 2 ~ 2/®) if there are elements of degree p, ) = xgp), .. ,a:;p) = 2/(®), such

that for each¢ = 1,...,k — 1, :rl(-p ) and xgﬁ)l are metric neighbors. We denote by
N (p) the number of equivalence classes of elements of degree p. By repeating the
arguments of [80] it holds:

Theorem 2.90. Let X a finite cellular poset. If I, > 0, then
dim H,(X,R) < N(p).

Consider the equivalence relation generated by the metric neighbor relation. We
say that an equivalence class A of elements of degree p is positive if there is an
x®) € A with Fp(z) > 0. Otherwise, we say that A is flat. We denote by N (p)
the number of flat equivalence classes of elements of degree p. The same argument
provided in [80] shows:

Theorem 2.91. Let X be a finite cellular poset. If F}, > 0, then
dim H,(X,R) < N(p).
Corollary 2.92. Let X be a finite cellular poset. If I, > 0, then
H,(X,R) =0.
In particular, if Ric(x) > 0 for every element x € X of degree 1, then

Hy(X,R) =0.

2.3.3 Gauss-Bonnet Theorem

In this subsection, we present a Gauss-Bonnet theorem in the setting of posets. We
recall the discrete curvature functions on graded posets introduced by Bloch ([27]).
The introduction of this new functions was motivated by the failure of Gauss-Bonnet
Theorem with the curvature functions developed by Forman. Given a graded poset
X and 2P € X, let
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Ai(z) =#{ye X: 2z <y}, Bi(z)=#{we X: w <z},

Ui(z) = _ Bij1(y), and Di(z) = Y Bi_1(w).
Y=z w=<x
Definition 2.93. Let X be a graded poset of degree 2. For each i € {0,1,2}, let
Ri: X — X0~ _, R be defined by:

Ro(x) = 1+ 5 Ao(w) ~ (Ao())?,

Rl(.T) =14 6A1(.’E) + ;Bl(l‘) — Ul(l‘) — Dl(ZL‘),
Ry(x) = 14 6By(z) — (Ba(x))>.

It is shown in [27] that for certain posets, including the face posets of all 2-
dimensional simplicial complexes, R; equals the combinatorial Ricci curvature in-
troduced in Definition 2.88.

As a consequence of Theorem 2.15 and [27, Theorem 2.4] it follows that cellular
posets of degree two satisfy a Gauss-Bonnet Theorem.

Theorem 2.94 (Gauss-Bonnet). Let X be a finite cellular poset of degree 2. Then

> Ro(z)— > Ri(z)+ > Rez)=x(X).

deg(z)=0 deg(z)=1 deg(z)=2

Proof. 1t was proved in [27, Theorem 2.4] that the result is true for the graded Euler
characteristic x4(X') on finite graded posets. From the coincidence of graded Euler
characteristic and Euler characteristic for cellular posets (Theorem 2.15) the theorem
follows. O

In the smooth category, as a consequence of the Gauss-Bonnet Theorem, it is
also true that if the Gaussian curvature of a smooth surface is everywhere positive,
then the Euler characteristic of the surface is positive. In our setting we can prove
the following. We define the average of the R; curvature function following Bloch

([27]): .
Rl = Rl (l‘)
(1) — x(0)
#(X1®) = x(0)) degz(x)zl

Observe that if R; is everywhere positive, then R; is positive. We also recall from
[27]:

- 1
A1 = Z Al(ac)
(1) — x(0)
#(X X ) deg(z)=1
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and

_ 1
B =2 xm —xoy > Bi@).

deg(z)=1

Due to [27, Remark 2.6], a particular case of [27, Theorem 2.7] can be stated as:

Proposition 2.95. [27] Let X be a finite graded poset of degree 2. If B =2
Ay > 2and Ry > 0, then x4(X) > 0.

As a consequence we can prove:

Corollary 2.96. Let X be a finite cellular poset of degree 2. If Ry > 0 and the degree
one elements are not up strong homotopic removable points, then x(X) > 0.

Proof. First, observe that if degree one elements are not up strong homotopic remov-
able points, then A; > 2. Second, since X is cellular, U, has the homology of S° for
every element z of degree 1, so B; = 2. Therefore, by Proposition 2.95, x,(X) > 0.
Now the result follows from the equality of graded Euler characteristic and Euler
characteristic for cellular posets (Theorem 2.15). ]
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Chapter 3
Morse functions and matchings on
posets

Our approach to Morse theory consists in constructing appropriate filtrations for the
objects under study, so we can later extract global information about the object by
means of integrating local information in some critical steps of the filtration. In-
formally, by an appropriate filtration we mean one that allows us to keep track of
the changes of some invariant we are interested in as we go up in the sequence of
subobjects.

One straightforward way to produce a filtration of a finite poset X is to define an
order preserving map f: X — R and then consider, for each ¢t € R, the down-set

subposet:
x{= U U
f(@)<t

Since the poset is finite, the image of f, {to,t1,...,ty}, is a finite subset of R
and we have a filtration with a finite sequence of subposets:

Xi =0 =Xy ==Xy, = X, == Xy, =X, 3.1

This would be an analogous situation to the one in smooth Morse theory for
compact manifolds. However, as it happens in the smooth setting, this approach does
not guarantee that we obtain control on the resulting filtration. That is why we need
to impose some extra condition on the map f: X — R.

In order to come up with a suitable condition, let us think about what we would
like to have and then work backwards. We are interested in studying some global
invariant in X by means of studying it locally. As it happens in smooth Morse theory,
we would like to have two kinds of values for the map f, the regular values and the
critical ones. First, if ;41 was to be regular, then X;, < Xy, , should not produce
any change in the invariant under consideration. For example, for classical Morse
theory, Xy, < Xi,,, would be a homotopy equivalence. Second, if ¢;,1 was to be
critical, then we should be able to understand and keep track of the change of the
invariant when passing from X;, to X3, ,. The idea to achieve this goal in smooth
Morse theory is to consider maps which come from some suitable dynamics in the
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manifold. Those maps are precisely the ones inducing a gradient vector field. So, we
will follow the same strategy in this context.

In order to do so, we will adapt the notion of combinatorial vector field introduced
by Forman ([74]) from the setting of simplicial complexes to the context of posets.
The advantage of this approach is that the points in Xy, , — X, satisfy certain con-
ditions which allow us to control passing from X;, to Xy, ,. In the next chapters,
this condition will be seen to be strongly related to the notion of homological and
homotopical admissibility.

In this chapter we introduce the notions of vector field, matching, Morse function
and tame Morse function and study the relations between them and some proper-
ties. Moreover, we show how these notions in the context of posets unify previous
Morse theories on chain complexes (Algebraic Morse theory) and on cell complexes
(Forman’s Morse theory).

Some of the results in this chapter appeared in our preprint [66].

3.1 The definition of tame Morse function

The first goal of this chapter is to introduce the novel notion of tame Morse func-
tion (Definition 3.13). In order to do so, we begin by introducing the combinatorial
analogues of the gradient vector fields in the smooth setting.

First, we state the definition of combinatorial vector field in a poset. It is a gen-
eralization of the notion of combinatorial vector field introduced by Forman ([74]) in
the context of simplicial complexes.

Definition 3.1. Let X be a finite poset. A combinatorial vector field on X is a map
V:X = XuU{0}
such that:
1. IfV(z) #0, then x < V (z).
2. If V(z) =y #0, then V(y) = 0.
3 Forallz € X, #{V~1(2)} < 1.

Remark 3.2. Forman claims in his work that the notion of combinatorial vector field
is related to previous work of Duval ([56]). We very recently discovered that it is
also related, although it seems Forman was not aware of it, to the work initiated by
Brown on collapsing schemes ten years earlier ([38,39,47]) as Tochi points out in his
dissertation ([173]).
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3.1 The definition of tame Morse function

To facilitate the technical work and to provide a combinatorial intuition for the
concept of vector field, we introduce the definition of a matching in a poset. The
definition of matching for Morse theoretic purposes was first introduced by Chari
([43]) and further developed by Minian ([126]).

Definition 3.3. Let X be a finite poset. A matching M on X isasubset M C X x X
such that

* (z,y) € M implies x < y;
* each x € X belongs to at most one element in M.

The next result guarantees that the notions of combinatorial vector fields and
matchings on posets are equivalent.

Lemma 3.4. Let X be a poset. There is a bijective correspondence between combi-
natorial vector fields and matchings on posets.

Proof. Let V: X — X U {0} be a combinatorial vector field. We define a matching
M on X as follows. A pair (z,y) € X x X is in the matching if and only if
V(xz) = y. Conversely, for a matching M on X, we define a combinatorial vector
field V: X — X U {0} as follows: V(z) = y if and only if (z,y) € M. O

Therefore, from now on we will use matchings and vector fields interchangeably
depending on the context and for convenience. Any definition or result for one notion
applies to the other.

We make an observation in the form of a result:

Proposition 3.5. There is a bijective correspondence between matchings in X and
in X°P given as follows: to a matching M in X, we associate a matching M°P in

X°P as follows, (z,y) € M iff (y,z) € M°P.

We introduce the notion of criticality in matchings. Let H(X) be the Hasse
diagram of a poset X . If M is a matching in X, write H (X ) for the directed graph
obtained from #(X) by reversing the orientations of the edges which are not in M.

Definition 3.6. Let X be a poset and let M be a matching on X . Any point of H(X)
not incident with an edge of M is called critical. The set of all critical points of M is
denoted by crit(M). The points which are not critical are called regular. The index
of a critical point is its height.

The following example shows how to visualize matchings on posets.
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Figure 3.1.1: A homologically admissible poset X with a matching M.

Example 3.7. In Figure 3.1.1 we exhibit a matching M on a poset X. The crosses
represent critical points, the dashed edges with the circles represent a periodic orbit,
and the arrows represent the matched elements.

Definition 3.8. Let X be a finite poset and let M be a matching on X. The matching
M is a Morse or gradient matching if H (X ) is acyclic as a directed graph.

Example 3.9. In Figure 3.1.2 we depict a Morse matching M on a poset X. The
crosses represent critical points and the arrows represent the matched elements.

Figure 3.1.2: A homologically admissible poset X with a Morse matching M.

We introduce some terminology which will be used later. Given a matching M
on a poset X, we will decompose X as the disjoint union of three subsets:

X = crit(M) U s(M) U E(M).

For each edge (x,y) € M, we say that z is the source of the edge and y is the target.
We define the source of the matching s(M) as the set whose elements are the sources
of the edges in the matching. Analogously, we define the target of the matching
t(M) as the set whose elements are the targets of the edges in the matching. For
convenience, we define the source and target maps (only defined for elements in the
matching M) as follows: given (z,y) € M, s(y) = x and t(z) = y.

Definition 3.10. Let X be a finite poset and let M be a matching on X. A general-
ized M-path from zx to z is a sequence of one of the following two forms:

lLyiz=20<yo>T1 <Y1 > <Yp_1 =2

46



3.1 The definition of tame Morse function

2.tz =20 < Yo T <YL= < Ypo1 = Ty = 2
such that for each 7 € {0,...,r — 1}:

L (w4,y:) € M,

2. x; # XTit1.

In case X is a graded poset, a M-path of index p from z(?) to Z() is a sequence:

Nia = x(()p) < y(()erl) . $§p) ) yngrl) . y7(171+11) - 2P — 7
such that for each ¢ € {0,...,r — 1}, it satisfies the same conditions as before.

Using the ideas of Minian ([126, Lemma 3.12]), which are based in the ideas of
Forman ([74, Theorem 2.4]), we can prove the following improved integration result
for Morse matchings:

Theorem 3.11. Let X be a finite graded poset and let M be a a Morse matching on
X. Then, there is a set function f: X — R satisfying:

(OP) It is order preserving, that is, if © < y, then f(x) < f(y).

(MI) #{y€ X:x <yand f(z) > f(y)} < 1.

(M2) #{w € X: w<zand f(w) > f(z)} < 1.
(E) There do not exist w,x,y € X, w < x <y such that f(w) > f(x) > f(y).
(SI) It is self-indexing, that is, for every critical element zP), f(z) = p.
(F) If (z,y) € M, then f(z) = f(y).

Proof. First, we define an auxiliary map /: X — N given by:

l(xz) = max{r: 3 M-path

(p) (p+1)

viw=a? <y (p+1) (p+1)

s o) <Py PR )y

Second, we define L = max,ex [(z). Now, we define the function f: X — R
inductively on the degree of the poset. Given ) € X, we define f (x) as follows:

1. If 2(P) is a critical point of M, then f(z) = p.
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2. If z € s(M), then

Note that this guarantees that
1
p<fz)<p+ 5
3. If z € t(M), then there exists w®~1) such that t(w) = z and f(w) was

defined in (2). We set f(z) = f(w) and it follows that

1

P—1<f(95)§17—§-

By construction, the function f: X — R is order preserving (satisfies (OP)), it sat-
isfies (E), it is self-indexing (it satisfies (SI)) and it satisfies (F). It remains to check
that f satisfies (M 1) and (M2). We split the verification in cases:

First, suppose z(P) is critical. Then, by construction of f, for any w®=b), it
follows f(w) < p— 1+ 3 < p, and for any y»*1), it holds f(y) > p. Second,
assume that 2(?) is not critical and y»™Y > z.

1. If t(x) =y, then f(y) = f(x), so
fl@) = f(y).
2. If t(x) # y, we consider several cases again:
(a) If y is a critical point, then
fy) =p+1>p+1/2> f(2).
(b) If y € s(M), then
fy)>p+1>p+1/2 > f(2).

(c) If y € t(M). Then there exists an unique Z(?) # x such that t(Z) = .
Since x is not critical, there are two cases:

i. If z € t¢(M), then

fly)=f(@)=p>p—1/22> f(z).
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3.1 The definition of tame Morse function

ii. Ifx € s(M)and~v: x < --- is any M-path beginning at x, then
FiE<y=x <
is a M-path beginning at z. Therefore

W(z) >1(z) +1,

hence

fly) = (@) > f(2).

Third, assume that z(?) is not critical and w(®~1) < z. This case is analogous to the
second one. O

Theorem 3.11 motivates the notion of tame Morse function (Definition 3.13).
Moreover, we will add an extra condition (that we will refer as (CI)) to guarantee
that when we construct the filtration of the space under study (see Equation (3.1)), it
holds that #(X;,, , — X;,) < 2.

First, we recall some notation.

Definition 3.12. Let X be a finite space and let z € X. The set {z € X: 2z <
x or z > x} is referred as the set of adjacent elements to x.

Let C), denote the poset whose elements are {0, 1,...,m — 1, m} and with the
orderi < i+ 1forie{0,...,m—1}.

Definition 3.13. Let X be a finite poset. A tame Morse function is amap f: X —
Cy, for some m € N satisfying the following conditions:

(OP) It is order preserving, that is, if x < y, then f(z) < f(y).
M) #{y € X:z <yand f(z) > f(y)} < 1.
M2) #{w e X:w < zand f(w) > f(z)} < 1.
(E) There do not exist w,z,y € X, w < x < y such that f(w) > f(x) > f(y).

(CI) Foreach x € X, if there is an element z € X such that f(x) = f(z), then z is
an adjacent element to z.

We introduce another definition before we pause to explain the notion of tame
Morse function.
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Definition 3.14. Let X be a finite poset and let f: X — (), be a tame Morse
function. A point x € X is said to be critical if

#lye X:z<yand f(z) > f(y)} =0

and
#{we X:w<zand f(w) > f(x)} =0.

The set of critical points is denoted by crit f. The images of the critical points are
called critical values. The points (respectively values) which are not critical are said
to be regular points (respectively regular values). The index of a critical point is its
height.

Remark 3.15. Observe that Condition (F) from Theorem 3.11 was redundant for the
definition.

Remark 3.16. Condition (E) is called the Exclusion condition and imposes a bond
between conditions (M1) and (M2).

Remark 3.17. Condition (CI) encapsulates two ideas and consequences:

(1) The restriction of the function f: X — C), to its set of critical points
Jjeritg @ critf — Cpy
is injective.

(2) Combining Conditions (M1), (M2), (E) and (CI) we have the following. For
every t € C,,, its preimage f~!(t) consists of at most two points, that is,
#f71(t) < 2. If z € X is critical, then #f~!(f(z)) = 1. If z € X is not
critical, then # £ ~1(f(z)) = 2.

Remark 3.18. Remark 3.17 guarantees that a poset map with small fibers (see [105,
Definition 11.3]) in the sense of Kozlov is a tame Morse function.

The following lemma relates our notion of tameness to Nishinou’s one (see [135])
for face posets of cell complexes. In particular, it guarantees that if X is the face
poset of an affine complex (see [135]), then our tame Morse functions are also tame
according to his notion.

Lemma 3.19. Let X be a finite poset and let f: X — Cy, be a tame Morse function.
Ifw < xandw £ x, then f(w) < f(x).

Proof. 1t follows from combining Conditions (OP), (M1), (M2) and (E) in our defi-
nition of tame Morse function (Definition 3.13). ]

50



3.1 The definition of tame Morse function

We recall the definition of Morse functions for finite posets introduced by Minian
([126]). It is a generalization of Forman’s theory ([75,77]) to the context of posets:

Definition 3.20. Let X be a finite poset. A Morse function on X is a set-theoretic
function f: X — R such that, for every z € X, we have

#lye X:x<yand f(z) > f(y)} <1

and
#{we X:w<zand f(w) > f(z)} < 1.

The notion of criticality for Morse functions is the same as the one for tame
Morse functions (see Definition 3.14).

Remark 3.21. Tame Morse functions are Morse functions by identifying the chain
Cy, with a finite subset of R.

Several observations are in order. First, a Morse function does not have to be
order-preserving (so they are not necessarily continuous with the poset topologies),
S0 it is not an arrow in the category of posets and order-preserving maps between
them. Minian’s definition of Morse function may look, at first sight, more general
than the notion of tame Morse function. We will compare them later on.

We finish this section by presenting two remarkable contexts where our defini-
tions of Morse function and matching applies.

3.1.1 Forman’s Discrete Morse theory

We begin with Forman’s definition of Morse function, the basis of his discretization
of Morse theory. We follow [1,73,75,77,82,102]. We refer the reader interested in
more examples or a detailed treatment of the subject to such references.

Definition 3.22. Let K a finite regular CW-complex and denote by K (=) the set of
p-cells of K. A discrete Morse function on X isamap f: Up K=P) 5 R satisfying

the following two conditions for all o € K (=P):
1 #{r0tD) > 5. f(1) < fo)} < 1
2. #{r=V) < o: f(1)> f(o)} < 1.

Remark 3.23. Due to the regularity of the attaching maps in the finite CW-complex
it holds (see for example [102, Lemma 6.11] or [151, Lemma 2.24]) that a map

£ EE) SR
p
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is a discrete Morse function if and only if the following condition holds for all o €
K(:p) :

#0002 f(7) < @)} + {0 <o f(7) 2 flo)} < 1.

Remark 3.24. For the sake of simplicity and following the notational convenience in
the literature, we will refer to Morse functions on K as f: K — R without mention-
ing J, K =p),

In what follows K will denote a finite regular CW-complex.

Definition 3.25. Let f: K — R be a discrete Morse function on K. A cell o? is said
to be a critical cell of index p if the following condition holds:

#Hr0HD > 05 f(7) < (@)} + #{ D < o (1) 2 f(0)} 0.

Remark 3.26. Given any finite regular CW-complex K, discrete Morse functions
always exist on K. Consider for example f: K — R given by f(0) = dimo.

The first main result of discrete Morse theory is that discrete Morse functions
encode all homotopical information of the space where they are defined (see for ex-
ample [75,77]):

Theorem 3.27 (Structure theorem of discrete Morse theory). Let K be a finite regular
CW-complex and let f: K — R be a discrete Morse function. Then, K is homotopy
equivalent to a CW-complex with exactly one p-cell for each critical cell of index p.

Let K be aregular CW-complex and f: K — R a discrete Morse function. Then
there is an associated Morse function X' (f): X (K) — R given by X (f)(0) = f(0).
We will see later that X'(f): X'(K) — R encodes all the homotopical information of
f: K =R

3.1.2 Morse theory on Lefschetz Complexes

We introduce the notion of Lefschetz complex following [106, 110, 128, 129]. Let us
denote by R a commutative ring with unity.

Definition 3.28. A Lefschetz complex (X, k) is a finite set with gradation X =
(Xp)pen endowed with a map ~: X x X — R such that k(z,w) # 0 implies
x € X, w € X,_1 and for any z,w € X it holds that

Z k(y, x)k(z,w) = 0. (3.2)

yeX
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The elements of X are referred to as cells and x(x, w) as the incidence coefficient
of z,w. If v € X,,, we say that x has dimension p.

Let (X, k) be a Lefschetz complex. Denote by C*(X) the graded free module
over R spanned by X. We define a boundary homomorphism d*: C*(X) — C*(X)
on generators x € X by

d¥(x) = Z K(z, w)w.
weX
By Equation (3.2), it can be proved ([106]) that d” o d* = 0. Hence, (C*(X), d")
is a chain complex. Its homology is called Lefschetz homology and it is denoted by
H5(X).

Let (X, k) be a Lefschetz complex. It can be given a partial order structure as
follows. For z,w € X, we declare w < z if k(z,w) # 0. We define a partial order
< on X as the transitive closure of <.

A Morse theory for Lefschetz complexes was developed, under the name of Alge-
braic Morse theory, among others, by Kozlov ([104, 105]) and later Donau ([54]). It
is build upon the idea of a gradient matching for a chain complex. A gradient match-
ing M for a Lefschetz complex (X, k) is just a gradient matching on its associated
poset.

A Lefschetz complex (X, k) is augmentable if the linear map e: C*(X )y — R
defined on the basis elements x € X by €(x) = 1 satisfies e o d = 0.

The following result by Kubica and Mrozek ([106, Theorem 3.2]) guarantees that
under some hypothesis, Lefschetz homology is isomorphic to singular homology.

Theorem 3.29. Let (X, k) be an augmentable Lefschetz complex such that for every
x € X, Uy is acyclic. Then the Lefschetz homology of (X, k) is isomorphic to the
singular homology of the T} finite space associated to the poset structure on (X, k).

Definition 3.30. A Lefschetz complex (X, x) in the hypothesis of Theorem 3.29 will
be called a Lefschetz-Kubica-Mrozek complex.

We will say that a Lefschetz-Kubica-Mrozek complex (X, k) is homologically
admissible if the associated poset is so. Conversely, observe that for a homologically
admissible poset, its cellular chain complex (C'(X), d) is a homologically admissible
Lefschetz-Kubica-Mrozek complex.

Remark 3.31. As a consequence of the discussion above, we can both do Morse the-
ory and study homological properties of Lefschetz complexes by means of doing
Morse theory on the associated posets. Moreover, all the Morse theory developed
for homologically admissible posets applies directly to homologically admissible
Lefschetz-Kubica-Mrozek complexes.
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3.2 Properties of Morse functions and matchings

Our next goal is to study properties of Morse functions, tame Morse functions and
Morse matchings, and the relation between them. To do so, we will restrict our
attention to certain classes of posets.

First, we begin with an observation to settle a property that the posets we work
with should satisfy in order to guarantee that Morse functions on them behave as we
expect. Recall that in smooth Morse theory there is a “Minimum Theorem”, which
asserts that for a smooth Morse function f: M — R defined on the manifold M, the
point where the global minimum of f is attached is a critical point.

In order to provide a sufficient condition on posets to guarantee this result to hold,
we recall the notions of local minimum and global minimum for a function.

Definition 3.32. Let X be a finite poset and let f: X — R be a continuous (i.e order
preserving) function. We say that an element x € X is a local minimum for f if for
every adjacent element to x, z, f(z) > f(x). We say that z € X is a global minimum
for f if for every element z € X, z # z, f(2) > f(x).

Remark 3.33. Observe that for a finite poset X and a Morse function f: X — R, a
global minimum for f is a local minimum for f.

Theorem 3.34 (Minimum Theorem). Let X be a finite down-wide poset and let
f: X — R be a Morse function on X.

(1) If an element x € X is a local minimum for f, then it is a minimal element of
X, that is, its height h(z) = 0.

(2) Furthermore, if x is a global minimum for f, then it is critical.

Proof. We will prove (1) by contraposition. Let z € X be a non-minimal element
(of height h(x) > 1). We will see that it is not a local minimum for f. Since the
the down-degree of every element of height different from zero is equal or greater
than two, then there exist elements w,w’ € X, w # w’, adjacent to x, such that
w,w’ < z. By the definition of Morse function, f(w) < f(z) or f(w'") < f(x).
Hence, « is not a local minimum for f.

It remains to prove (2), that is, if « is a global minimum, then it is critical. We
will do it again by contraposition. By (1), h(x) = 0. Suppose that z is not critical,
so there exists y > x (so h(y) > 1), such that f(y) < f(z). Since the down-degree
of y is grater than or equal to two, then by the definition of Morse function there
exists ' < y such that f(2’) < f(y) < f(x), which contradicts that z is a global
minimum. O
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We define the notion of local maximum and global maximum for a Morse func-
tion analogously.

Corollary 3.35. Let X be a finite homologically bi-admissible poset and let f: X —
R be a Morse function on X.

(1) If an element x € X is a local maximum for f, then it is a maximal element of

X.
(2) Furthermore, if x is a global maximum for f, then it is critical.

Proof. Consider the poset X°P and the Morse function f°P: X°P — R given by
fP(x) = — f(x). Now the result follows from Theorem 3.34. O

The next result is a consequence of the fact that the image of a Morse function
f: X — Ris a finite subset of R. So we can perturb the function at the critical points
to assure that we obtain a new function f’: X — R such that fl’ eritfr © Tt f'— Ris
injective.

Lemma 3.36. Let X be a finite poset and let f: X — R be a Morse function on X.
Then there exists a Morse function f': X — R such that:

(1) The restriction f|lcrit pr0crit f" — R is injective.

(2) The functions share the critical points and agree outside the critical points.
That is: Forx € X, x € critf ifand only if x € critf'. And for x € X —critf,

f\X—critf (CL‘) = f|/X_ertf/ (l‘)

We continue by stating a result that plays the role of two important theorems
developed by Forman in the simplicial setting ([75, Theorems 1.2 and 1.3]). In fact,
the proof of the following Key Lemma is immediate in this context.

Lemma 3.37 (Key Lemma). Suppose that X is a finite two-wide poset and there are
two elements w < y such that w 4 y. Then, there are elements © # I such that
w<zr<yandw < T <y.

Remark 3.38. Observe that Lemma 3.37 does not hold in general for finite posets. As
an example, consider the poset of Figure 3.2.1 taking the points labelled as w and y.

Definition 3.39. Given a poset X, a Morse function f: X — R is said to satisfy the
Exclusion condition if for every regular point x € X, exactly one of the following
conditions holds:

(1) There exists exactly one y € X, x < y, such that f(x) > f(y).
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w

Figure 3.2.1: Lemma 3.37 may not hold for posets which are not two-wide.

(1) There exists exactly one w € X, w < x, such that f(w) > f(z).

That is, a Morse function f: X — R satisfies the Exclusion condition if it satisfies
condition (E) of the definition of tame Morse function (Definition 3.13).

The following result plays the role, in the context of finite spaces, of the Exclusion
Lemma ([75, Lemma 2.5]).

Lemma 3.40 (Exclusion Lemma). Let X be a finite two-wide poset and f: X — R
a Morse function on X. Then f: X — R satisfies the Exclusion condition.

Proof. Let x be a regular point. Since x is not critical, then at least one of the condi-
tions in Definition 3.39 holds. We will see that these conditions are mutually exclu-
sive. By way of contradiction, suppose that both conditions hold and take x < y and
w < z as in Conditions (1) and (2) respectively. Then w < = < y. Since X is two-
wide, by the Key Lemma (Lemma 3.37) there exists 2’ # x such that w < 2’/ < y.
By the definition of Morse function applied to w with w < ', we get f(w) < f(a/)
since we already have f(w) > f(x) and w < z. Similarly with y and 2’ < y, we
obtain /(') < f(y) < f(a).

As a consequence we obtain the following chain of inequalities:

fl@) < f(w) < f(a) < fy) < f(x).
So f(z) < f(x), which is a contradiction. O

It is interesting to point out that the Exclusion Lemma does not necessarily hold
in general for posets which are not two-wide, as the following example shows.

Example 3.41. Lemma 3.40 may not hold for arbitrary posets. Consider the down-
wide model of S? depicted in Figure 3.2.1 with the Morse function f represented by
the labelling of the points.

As a consequence of our Exclusion Lemma for Morse functions on two-wide
posets (Lemma 3.40), we obtain a converse result to Theorem 3.11.
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Theorem 3.42. Let X be a finite poset and let f: X — R be a Morse function
satisfying the Exclusion condition. Then, there exists an associated Morse matching
M satisfying that: for (x,y) € X x X such that x <y, (x,y) € My if and only if
f(x) > f(y). As a consequence, crit(f) = crit(My).

In particular, given a finite two-wide poset X and a Morse function f: X —
R, there exists an associated Morse matching My with crit(f) = crit(My) and
(z,y) € My ifandonly if f(x) > f(y) and x < y.

Proof. Define the matching M as follows. Let (z,y) € X x X such that x < y.
Then (z,y) € Myifandonlyif f(x) > f(y) (so crit(f) = crit(My)). It remains to
check that the matching M is a Morse matching on X, that is: H 4, (X) is acyclic
as a directed graph. First, observe that the paths in H (X)) are just generalized
M ;-paths. Now, observe that for any generalized M ;-path of any of the forms:

Lyiz=20<yo>=o1 <y1>= <Y1 =2
2091 =20 =Yoo r L1 <Y1 = Y1 = Ty =2
it holds, respectively:
L f(z) = f(zo) = fyo) > fx1) = f(y1) > -+ = fyr—1) = f(2)
2. f(x) = f(zo) = f(yo) > f(@1) = f(y1) > -+ = fyr—1) > f(@r) = f(2)

So, there can not exist loops and M is a Morse matching on X. O

Corollary 3.43. Let X be a finite graded poset and let f: X — R be a Morse
function satisfying the Exclusion condition. Then, there exists an order preserving
and self-indexing Morse function f': X — R satisfying the Exclusion condition with

crit(f") = crit(f).

Proof. First apply Theorem 3.42to f: X — R to obtain a Morse matching M with
the same critical set. Then apply Theorem 3.11 to M. O

Remark 3.44. As a consequence of the previous discussion, we can establish a cor-
respondence between Morse matchings and order preserving Morse functions satis-
fying the Exclusion condition on graded posets. However, the correspondence is not
bijective since given a Morse function f: X — R, a function f’: X — R given by
J'(x) = 2f(x) is again Morse and both functions share the same associated match-
ing.
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3.2.1 Dynamically equivalent Morse functions

Our next goal is to provide a way to reduce the proof of certain results to verifying
them for a class of reasonably well-behaved Morse functions, which will be in our
case the tame Morse functions.

Definition 3.45. Let X be a finite poset. Let f,g: X — R be two Morse functions
satisfying the Exclusion condition and let M; and M, be their associated Morse
matchings by Theorem 3.42. The functions f and g are dynamically equivalent if
their associated Morse matchings coincide.

Remark 3.46. Observe that for a Morse function f: X — R satisfying the Exclusion
condition, by applying first Corollary 3.43 and then Lemma 3.36 we obtain a Morse
function f’: X — R satisfying all the conditions of tame Morse function other than
Condition (CI). Moreover, the functions f and f’ are dynamically equivalent.

The purpose of what follows is to improve the idea of Remark 3.46 in order to be
able to find, for a Morse function f: X — R satisfying the Exclusion condition, a
tame Morse function f’: X — R which is dynamically equivalent to f.

We begin with an alternative approach to integrating matchings. In order to do
that, we will incorporate in the proof a heuristic which appears in the works of Kozlov
([105, Theorem 11.2]).

Theorem 3.47. Let X be a finite poset and let M be a a Morse matching on X.
Then, there is a set function f: X — Cy, for some m € N satisfying the following
conditions:

(OP) It is order preserving, that is, if © < y, then f(x) < f(y).
(MI) #{y € X: x <yand f(x) > f(y)} < 1.
(M2) #{w e X: w<zand f(w) > f(z)} <1.
(E) There do not exist w,z,y € X, w < x <y such that f(w) > f(z) > f(y).

(CI) Foreach x € X, if there is an element z € X such that f(x) = f(z), then z is
an element adjacent to x.

Thatis, f: X — Cy, is a tame Morse function.

Proof. The idea of the proof is the following. First, we will construct a filtration of
X by a finite sequence of subposets:

X1=0=Xy= - —=>X,>X 1o =X, =X (3.3)
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satisfying that for every ¢ € {0,...,m}, X; — X;_1 is either a critical element or
a pair of matched elements. Then, we will define the map f: X — (), as follows.
Forevery i € {0,...,m} and x € X; — X;_1, f(x) = . Itis clear that the map f
satisfies the desired conditions.

Now we show that we can build a filtration as in Equation (3.3). We define X_;
as the empty set. Now we apply the following iterative process. For X; | # X,
a down-set subposet of X, we denote by M; the set of minimal elements of X in
X — X;_1. If there is a critical element ¢ € M;, then we define X; = X;_1 U {c}.
If there are no critical elements in M;, then we proceed as follows. Among all the
edges e € M such that s(e) € M;, we pick one satisfying that (ﬁt(e) —s(e)) C X;_q.
Then, we define X; as the down-set with the elements X;_; U {s(e), t(e)}. Observe
that if X;_1 # X is a down-set subposet of X and there are no critical elements
in M;, then among the e € M such that s(e) € M;, there must be at least one
satisfying (ﬁt(e) —s(e)) C X,_1 since if this was not the case, then M would not be
acyclic. O

Now, combining Theorems 3.42 and 3.47 we obtain the following result:

Corollary 3.48. Let X be a finite poset and let f: X — R be a Morse function
satisfying the Exclusion condition. Then, there exists a tame Morse function f': X —
R dynamically equivalent to f.

Remark 3.49. The same arguments of Remark 3.44 taking now into account Theorem
3.47 prove that there is a correspondence between Morse matchings and tame Morse
functions on arbitrary posets.

Furthermore, we can summarize a consequence of the previous discussion as
follows:

Corollary 3.50. Let X be a finite poset and let f: X — C,, be a tame Morse
function. Then there is an induced filtration by down-sets:

X1=0=>Xy—= - —>X;<>Xj o =>X,=X (3.4

where X; = f~Y(U;) for i € Cy,. Moreover, this filtration satisfies that for every
i €{0,...,m}, Xiy1— X is either a critical element or a pair of matched elements.

In fact, Corollary 3.50 has a converse result. As a consequence, Morse theory
may be seen as a theory of nice filtrations for a space. We formalize this idea as
follows:

Theorem 3.51. Let X be a finite poset. Then:
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(A) If f+ X — Cy, is a tame Morse function, then there is an induced filtration by
down-sets as in Equation (3.4) satisfying that X; = f~1(U;) and that for every
i €{0,...,m}, X; — X,_1 is either a critical element or a pair of matched
elements.

(B) Conversely, if there is a filtration by down-sets as in Equation (3.4) satisfying
that for every i € {0,...,m}, either X; — X;_1 = {x;i} or X;11 — X; =
{2, y;} with x; < y;, then there is a function f: X — C,, defined as follows.
For every i € {0,...,m} and x € X; — X;-1, f(x) = i. Moreover, this
function is tame Morse.

We introduce the following notation: given a finite poset X and a Morse function
f: X — R, for each a € R we denote

X/ = U,.

f(z)<a

Observe that for each a € R, the subposet XL{ is an open subset of X. When the
Morse function f is clear from the context, we simply write X, for X({ . Let us say
f(X) ={a;}}_, where the {a;}]_ are increasingly ordered, then there is a filtration
of X induced by f:

Xa_lzw%Xao%"'HXaj%X - X, =X 3.5

aj+1

Since we are interested in constructing right filtrations, we now improve Corol-
lary 3.48 to not only replace Morse functions with dynamically equivalent tame ones,
but also such that the induced filtrations by the two maps are compatible in the sense
that we will describe below.

Theorem 3.52. Let X be a finite poset and let f: X — R be a Morse function
satisfying the Exclusion condition. Then, there exists a tame Morse function f': X —
R dynamically equivalent to f. Moreover, for each XL{J. in Equation (3.5) there is an
t € N such that X lf "is homeomorphic to X,{ ; and the homeomorphism is compatible
with the filtration. That is, we have a commutative diagram where the vertical arrows
are homeomorphisms:

Xafo c ce. C Xafj c ce. C den:X
T T (3.6)
Xof/c ce. < Xif/( ce.c X}};IZX
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Proof. First, by Theorem 3.42 there exists an associated Morse matching M sat-
isfying that: for (z,y) € X x X such that z < y, (z,y) € My if and only if
f(z) > f(y). Now we will work as in Theorem 3.47 but taking into account that we
do not only have a matching but also a function f.

Now we show that we can build a filtration as in Equation (3.3). We define X_;
as the empty set. Now we apply the following iterative process. For X, 1 # X,
a down-set subposet of X, we denote by M; the set of minimal elements of X in
X — X,;_1. Consider

t = min{f(c): ccritical and c € M;}.

If there is a unique ¢ where f attains the minimum ¢, then define X; = X;_; U{c}. If

that is not the case and there are {c1,...,cx} C M; critical and such that f(¢;) = ¢,

then we order them and define foreach ! € {1...,k}, X; ;1 = X112 U {q}.
Assume there are no critical elements in M;. Consider the set of edges:

E = {e € M: s(e) € M; and (Uy) — s(e)) C X;}.

Consider t = min{f(s(e)): e € E}. If there is a unique e where f attains the
minimum ¢, then define X; as the down-set with the elements X;_; U {s(e),t(e)}.
Otherwise, there are {ej,...,ex} C FE such that f(s(e;)) = ¢, then we order
them and define for each I € {1...,k}, X;1;—1 as the down-set with the elements
Xiyi—o U {S(el), t(el)}.

Observe that if X; # X is a down-set subposet of X and there are no critical
elements in M;, then among the e € M such that s(e) € M;, there must be at least
one satisfying that ((7,5(6) — s(e)) C X;_; since if this was not the case, then M
would not be acyclic.

Finally, we define the map f: X — C,, as follows. For every i € {0,...,m}
and ¢ € X; — X;_1, f(z) = i. Itis clear that the map f satisfies the desired
conditions. g

3.2.2 Cancelling critical points

Recall that Morse functions and matchings measure in a certain sense the evolution
of invariants across a filtration of a chosen space X. Moreover, passing through
regular values keep the invariants unchanged. So, it may be desirable to construct
Morse functions and matchings with as few critical values as possible. In order to
obtain such functions we present an approach consisting in canceling pairs of critical
elements. This approach extends to the context of posets known results on smooth
manifolds and simplicial complexes.

We present a result, which can be seen as the generalization of [75, Theorem
11.1] to our context.
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Theorem 3.53 (Cancelling critical points). Given a Morse matching M on a finite
graded poset X, assume that =PtV and ) are critical points such that there is a
unique M-path

YiZ2EY=T90 =2 mT1 =21 " =RZ>>Tr=2

with y?) < 2P+ (there is no other M-path from any p-face of 2PV to ). Then
there is a matching M’ such that:

e The set of critical points of M’ is

crit(M') = crit(M) — {z, z}.

* Moreover, M' = M except along the unique M-path from 0z to .
Proof. We define M’ as follows:

1.ty (w) = tpm(w) if w ¢ {y, 20,21, 21, - .. 2r, 2} (M’ = M except along the
unique gradient path from 0z to x)

2. tpp(x;) = zi—1, 4 = 1,...,r (we reverse the gradient path from x to 2z so =
is no longer critical)

3. tyr(y) = z (we reverse the arrow from y to z so z is no longer critical).

It remains to check that there are no closed M’-paths. We argue by contradiction.
Suppose there was a closed M’-path 4.

Claim. Under the above hypothesis, ) would contain at least one p-element from ~y
and one p-element not in .

Proof of the Claim. The elements coming from v can not give a closed M’-path on
their own since we have just reversed their arrows. The elements of X which are not
in «y can not give a closed M’-path since in that case we would also have a closed
M-path and M is a gradient vector field. Therefore in § we must have at least one
p-element in each of their sets. O

Hence, § would contain a sequence of the form:
Ty <wWo ™= 81 Wy > <X Wg ™ Ty

where s > 0, w; # Tk, w; # 2k, S| # Tk, S| # 2k, for all [ and k. Since tpq (w;) =
tam(wy) and top (s1) = taq(sy) for all I, we have a M-path:

wo > 81 Wy > - X Ws >~ Ty

Let us consider two cases:
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3.2 Properties of Morse functions and matchings

1. If i # 0, then s; # xj_1,x; and s1 < tprp(z;) = z;—1. Therefore, we can
define a second gradient M-path v/ = ~ from 9z to x:

’)’/ZyZZL‘0<Zo>—$1<-">—xi,1—<zi,1>sl<w1>_...
TRz Ty =X

Which is a contradiction.

2.Ifi = 0,theny = x9 # s1 < tymr(y) = z. Therefore, we can define the
following M-path:

Yizss1 =W S Wy L <2 - Ty =X

which is different from - and also goes from 0z to z. Then we have a contra-
diction. 0

This result raises the question of what is the minimum number of critical points
of a Morse function for a given space X. That is equivalent to studying the relations
between dynamics and topology on X. We will see later than Morse inequalities
provide a partial answer to this question.
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Chapter 4
Structure Theorems for Morse

Theory on posets and their
consequences

We have studied in the previous chapter the notions of matchings (or vector fields)
and Morse functions. Furthermore, we have addressed the relations between them.
At this stage, we already know how to construct, for a finite well-behaved poset X, a
filtration induced by a (tame) Morse function

Xo =0 =Xgy == Xg, > Xgjy == Xo,, =X 4.1

Jj+1

which satisfies that for every ¢ € {0,...,m}, X;11 — X is either a critical element
or a pair of matched elements. In this chapter we address the study of such filtrations
so we can control the evolution of certain topological invariants as we advance on the
filtration, that is, the filtrations have a good-topological behavior. We are interested
in finding properties about the dynamics that we define on X, that is, properties about
the Morse functions or matchings, which result in a good-topological behavior of the
filtration.

The organization of the chapter is the following. First, we will study the existence
and form of some Structure Theorems for Morse theory for posets. Afterwards, we
will obtain some consequences of the preceding results.

Some of the results of this chapter were introduced in our work [66]. However,
in that paper we did not use the approach involving tame Morse functions.

4.1 Structure Theorems for Morse Theory on posets

In this section we study the existence and form of some Structure Theorems for Morse
theory in this context.
4.1.1 Adding new connected components is critical

We begin with our study of the interplay between dynamics and topology on finite
posets. We denote by by (X) the number of connected components of X . The follow-
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ing result guarantees that for a tame Morse function f: X — C,,, new connected
components of X; (as ¢ € C,, increases) arise as critical minimal elements.

Proposition 4.1. Let X be a path-connected finite down-wide poset and let f: X —
C.y, be a tame Morse function.

1. Ifbo(X;) < bo(Xi41), then i € Cy, is critical.

2. Furthermore, by(X;11) = bo(X;) + 1 and the critical value i + 1 corresponds
to a minimal element of X.

Proof. We prove the first part by showing the contrapositive. Assume i + 1 € C), is
regular. Then, X;;; — X; = {z,y} with z < y. Since X is down-wide, there exists
2’ <y, 2’ # x. By the definition of Morse function, f(z’) < f(y) and 2’ € X;, so
bo(X;) = bo(X;+1). For the second part, first observe that if i + 1 € C,, is critical,
then f~1(i + 1) is just one element z, s0 bo(X;11) < bo(X;) + 1. Finally, it remains
to check that x is minimal. If that were not the case, then there would exist a w € X
such that w < z and f(w) < f(x), s0 bo(Xi+1) = bo(X;). O

As a consequence of Theorem 3.52 we obtain:

Corollary 4.2. Let X be a path-connected finite down-wide poset and let f: X — R
be a Morse function satisfying the Exclusion condition. Let a,b € R, a < b.

1. Ifbo(Xa) < bo(Xp), then there exists a critical value ¢ € (a, b).

2. Furthermore, one of those critical values ¢ € (a, b| corresponds to a minimal
element of X.

Example 4.3. Consider the Morse function represented in Figure 4.1.1. The value
3 must correspond to a critical point since we are adding a new path-component
(bo(X3) = bo(X2) + 1). Moreover, the point corresponding to the value 3 is of zero
height.

3 2 0

Figure 4.1.1: Regular values and path-components in general posets.

Proposition 4.2 may not hold for arbitrary posets, as the following example shows.

Example 4.4. Consider the Morse function represented in Figure 4.1.2. The value 4
is regular. However, by(X4) # bo(X3) while there are no critical values in (3, 4].
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6. 9N\.8
4 7
5 3

Figure 4.1.2: Regular values and path-components in general posets.

4.1.2 Failure of the expected Structure Theorems

Both in smooth and discrete Morse Theory, manifolds and cell complexes can be
recovered up to homotopy equivalence from Morse functions defined on them by
means of the so called Structure Theorems of Morse Theory. This results can be
stated as follows (see for example [125] and [77]).

Theorem 4.5 (Classical and discrete Structure Theorems). e Let X be a compact
manifold and let f: X — R be a Morse function. Then, X is homotopy equiv-
alent to a CW-complex with exactly one p-cell for each critical point of index

D

* Let X be a regular finite CW-complex and let f: X — R be a discrete Morse
function. Then, X is homotopy equivalent to a CW-complex with exactly one
p-cell for each critical cell of index p.

One may wonder whether it is possible to prove an analogous result to Theorem
4.5 in the setting of posets, that is:

Conjecture 4.6. Let X be a well-behaved poset and let f: X — R be a well-behaved
Morse function on X. Then, X is homotopy equivalent to a poset with exactly one
element of height p for each critical point of index p.

The next example shows that Conjecture 4.6 fails.

Example 4.7. Consider the face poset of the simplicial complex depicted in Figure
4.1.3. It does not have the homotopy type of a point since its face poset does not have
any strong homotopic removable point and a poset is contractible if and only if it
can be contracted by removing strong homotopic removable points (see [6, Example
5.1.12] for a more detailed exposition). However, there is a Morse function with only
one critical point, namely, the Morse function associated to the matching drawn in
the figure.

Example 4.7 shows that this Morse theory on posets sees at most the simple ho-
motopy type of the posets but does not recover by any means their (strong) homotopy

type.
So, this phenomena leads us to a second conjecture.
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i

Figure 4.1.3: The Triangle.

Conjecture 4.8. Let X be well-behaved poset and let f: X — R be a well-behaved
Morse function on X. Then, X is homotopy equivalent to a CW-complex with exactly
one one p-cell for each critical point of index p.

We will see that Conjecture 4.8 fails as well. In order to do so, we recall a result
by Barmak.

Definition 4.9. A topological space (X, 7) is: T} if for any two distinct points x,y €
X, there exist open subsets U and V' of X such that: © € U,y € V, x ¢ V and

y¢U.

Theorem 4.10 ( [6, Theorem 2.3.2, Corollary 2.3.4]). 1. Let X be a finite space
and letY be a T -space homotopy equivalent to X. Then X is a disjoint union
of contractible spaces.

2. Let X be a connected and non contractible T-space. Then X does not have
the same homotopy type as any finite space.

As a consequence of Theorem 4.10, and the fact that C'W-complexes are T}
(see [95]), then Conjecture 4.8 fails.

However, a weaker result can be proved. Minian proved that the order complex
of X is homotopy equivalent to a CW-complex with exactly one one p-cell for each
critical point of index p (see [126]). Nevertheless, we are interested in studying Morse
theory intrinsically in the setting of finite posets and to obtain properties about the
posets themselves and not just about their associated order complexes.

4.1.3 Structure Theorems for Morse Theory on posets

This subsection is devoted to proving the substitutes of the Structure Theorems for
Morse Theory in this context, that is: several invariance and collapsing results and
an adjunction theorem. Both the invariance and collapsing theorems guarantee that
in the absence of critical values, a certain invariant remains unchanged provided the
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matching satisfies a reasonable property. The adjunction theorem provides a way
to control the change in homotopy type (even homeomorphism) when we reach a
critical value.

We begin with a definition extending the ideas of Minian’s work ([126]).

Definition 4.11. Let X be a finite poset and M a matching on X. The matching
M is homologically admissible if each element of the matching is homologically ad-
missible. The notions of 1-weakly homotopically admissible, weakly homotopically
admissible and homotopically admissible matching are defined analogously.

Definition 4.12. Let X be a finite poset. A Morse function f: X — R satisfying the
Exclusion condition is homologically admissible, respectively 1-weakly homotopi-
cally admissible, weakly homotopically admissible and homotopically admissible if
its associated matching M is so.

Inspired by the notions of h-regular and cellular posets introduced in [126], we
present the following definition.

Definition 4.13. Let X be a finite poset and M a matching on X. The matching
M is homology-regular if for every z(®) e crit(M), the subspace ﬁx is graded and
has the homology of a sphere SP~! where p is the height of 2. The matching M is
homotopy-regular if for every () ¢ crit(M), the subspace (735 is a finite model of
SP~! where p is the height of .

Definition 4.14. Let X be a finite poset. A Morse function f: X — R satisfying
the Exclusion condition is homology-regular or homotopy-regular if its associated
matching M, satisfies that property.

Proposition 4.15. Let X be a finite path-connected down-wide poset and let f: X —
Ci, be a homologically admissible tame Morse function. If © + 1 is a regular value,
then i: X; — X;1 induces an isomorphism in all homology modules.

Proof. Assume that f~1(i) = {z,y} with z < y. Then z is a strong homotopic
removable point in X;11,s0¢: X;+1 — {w} — X} is a homotopy equivalence, so it
is enough to prove that i: X, = X, — {w,v} < X} — {w} induces an isomorhism
in homology. By applying the long exact sequence of homology to the pair (X, —
{w}, X,) it follows thati: X, < X —{x} induces an isomorphism in all homology
groups if and only if H,(X;+1 — {z}, X;) = 0. As a consequence of the Excision
Theorem (see [95, Theorem 2.20]), given two open sets A and B which cover X; 1 —
{z}, then there is an isomorphism H, (B, ANB) = H,(X,11—{x}, A). Considering
A = X; and B = U,, it follows that

H.(U,,U, — {z}) = Ho(X;11 — {2}, X)).
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Since x < y is an element in the matching and the matching is homologically admis-
sible, then ﬁy — {x} is acyclic. By applying the long exact sequence of homology
to the pair (U, ﬁy — {z}) and using the fact that U, is contractible, it follows that
H.(Uy, ﬁy —{z}) = H*(ﬁy — {z}), so H.(Uy, ﬁy — {z}) = 0 if and only if the
element of the matching w < v is homologically admissible. O

Remark 4.16. Observe that in the above proof ﬁy —{z} is always non-empty because
X is a down-wide poset.

Remark 4.17. Alternatively, Proposition 4.15 can be proved by applying McCord-
Quillen Homological Theorem (Theorem 2.34).

Proposition 4.15 can be proved as well without making use of tame Morse func-
tions. However, that approach relies much more on combinatorial arguments. That
was what we did in [66]. We introduce here the first part of the argument for compari-
son and illustration of the advantages of using tame Morse functions. The second part
would amount to invoking McCord-Quillen Homological Theorem (Theorem 2.34).

Proposition 4.18. Ler X be a finite path-connected down-wide and two-wide poset.
Let f: X — R be a Morse function. Suppose that (a,b] for a < b contains no
critical values of f and contains at most one regular value c. Then, either X, = X,
or Xp — Xo = {vi, w;}I_y, where:

1. f(v;) = cforalli.

2. w; < vy with f(v;) < f(w;) foralli.

3. {vi,wi} N {vj,w;} =0 foralli # j.

4. For all 1, w; is an up strong homotopic removable point of Xy.

Proof. LetV ={v € X: f(v) = c}. Since cis aregular value, for each v € V there
exists:

1. aunique w € X such that w < v and f(v) < f(w),

2. orelse, aunique w € X such thatv < w and f(w) < f(v) (in case v < w and
f(w) = f(v) we rename v and w to be in the first case).

Observe that by the Exclusion Lemma (Lemma 3.40) exactly one of these two possi-
bilities can hold. During all the proof, we will refer to an arbitrary v; as v and to its
correspondent w; as w.

Suppose that we are in the second case, then f(w) < a since f(v) is the unique
regular value in (a, b] and f(w) < f(v) < b. Therefore, X;, = X,. So, let us assume
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now that we are in the first situation. We have to check that w ¢ X,,, that is, there is
nou € X, w < u such that f(u) < a. Suppose that there exists such an v € X and
we will reach a contradiction. First, observe that w 4 wu because of the definition of
Morse function (f(u) < f(w) and f(v) < f(w) can not hold simultaneously). So
there exists v’ such that w < v' < u. Since X is two-wide, there exists v” # v’ such
that w < v" < u. By the definition of Morse function, since f(v) < f(w), it follows
that f(v') > f(w) and f(v”) > f(w). Now, by repeating this argument (taking v’
instead of w in the first iteration) a finite number of times, we arrive to a contradiction
with the definition of Morse function. Therefore, we have proved (1) and (2).
Condition (3) follows as a straightforward consequence of the definition of Morse
function. It remains to check assertion (4). That is, we have to see that w is an up
strong homotopic removable point in X3. So, suppose on the contrary that there exists
u # v, such that w < w and u € Xj. Then f(w) < f(u) by the definition of Morse
function (w < w and f(w) > f(v)) and therefore f(u) > a. By the claim u € X,
then there exists z > wu such that f(z) < a, but we get w < u < z and so w € X,
which is a contradiction. Then w is an up strong homotopic removable point. O

We can now state the first invariance theorem. It is a homological invariance the-
orem, which asserts that in the absence of critical values, the homology remains un-
changed provided the matching is homologically admissible. This result, combined
with the adjunction theorem, is enough to prove the Morse inequalities.

Theorem 4.19 (Invariance theorem for homology). Let X be a finite path-connected
down-wide and two-wide poset and let f: X — R be a Morse function. Suppose that
(a,b] for a < b contains no critical values of f. If f is homologically admissible,
then the inclusion i: X, — Xy induces an isomorphism in homology.

Proof. 1t follows by combining Theorem 3.52 and Proposition 4.15. O

Our next goal is to state an invariance theorem for weak homotopy, where again
it is necessary to use the topology of the posets rather than their combinatorial prop-
erties. We need to add the extra hypothesis that the Morse matching associated to the
function f is 1-admissible.

Proposition 4.20. Let X be a finite path-connected down-wide poset amd let f: X —
Cin, be a homologically admissible and 1-admissible tame Morse function. If i + 1 is
a regular value, then i: X; — X,;11 is a weak homotopy equivalence.

Proof. We will apply McCord-Quillen Theorem (Theorem 2.32) to the base {U,: = €
Xp — {w}}. There are two cases to consider:

1. If z # v, then i~!(U,) has a maximum and therefore is contractible, so
ii=1(U,) " i~Y(U,) — U, is a weak homotopy equivalence.
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2. If & = v, then ij—1(y,): i~ ' (Uy) = Uy is the map i: U, — {w} < U,. The
subspace U, is contractible so it is homotopically trivial. Therefore 7 : (71, —
{w} — U, is a weak homotopy equivalence if and only if U, — {w} is ho-
motopically trivial. Now, since U, — {w} is simply connected and acyclic, by
Hurewicz Theorem it is homotopically trivial. O

As a consequence of Proposition 4.20 we obtain a second invariance theorem
which guarantees that, in the absence of critical values, the weak homotopy type re-
mains unchanged, provided that the matching is 1-admissible and homologically ad-
missible. This result is analogous to [75, Theorem 3.3] in discrete Morse theory and
plays the role of [125, Theorem 3.1] in smooth Morse Theory. Note that this result
highlights the need of using the topology of posets and not just their combinatorial
properties.

Theorem 4.21 (Invariance theorem for weak homotopy). Let X be a finite path-
connected down-wide and two-wide poset and let f: X — R be a Morse function.
Suppose that (a,b] for a < b contains no critical values of f. If f is homologically
admissible and 1-admissible, then the inclusion i: X, — Xy is a weak homotopy
equivalence.

Remark 4.22. Theorem 4.21 does not necessarily hold for arbitrary posets, as Exam-
ple 4.4 shows.

The following result explains what happens with the homotopy type when we
reach critical values. It plays the role of [125, Theorem 3.2] in the case of smooth
Morse theory, and [75, Theorem 3.4] in discrete Morse theory. The advantage of
introducing tame Morse functions is that this result becomes trivial. In [66] we proved
it without using tame Morse functions.

Theorem 4.23 (Adjunction theorem). Let X be a path-connected finite poset and let
f: X — R be a tame Morse function. Suppose that f~({i}) = {z} is a critical
element. Then X, = X, U z, that is, Xy is obtained from the poset X, by adding a
new element z.

As a consequence of Theorem 3.52, we obtain the general result for Morse func-
tions.

Theorem 4.24. Let X be a path-connected finite two-wide poset and let f: X — R
a Morse function. Suppose that there are no regular values in (a,b] and that there
is only one critical value ¢ € (a,b]. That is, Im f N (a,b] = {c} is a critical value.
Suppose that f~1({c}) = {s(ei),t(e;)}i U {x;}; where {e;}; are the edges of the
matched elements by f (the edges of M) and the {x;}; are critical elements. Then
Xp = Xo U {s(ei), t(ei) }i U {z;};.
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We end up the section with a result we discovered recently and which is stronger
than the invariance theorems due to Propositions 2.44 and 2.42. It is a collapsing the-
orem which claims that in the absence of critical values and under suitable hypothesis
on the dynamics defined on the poset, there is not only an invariance in some topolog-
ical invariant, but we can also realize that invariance through elementary collapses.

Theorem 4.25 (Collapsing theorem). Let X be a finite path-connected down-wide
poset, let f: X — C), be a tame Morse function and let i + 1 be a regular value.
h
(1) If f: X — Cy, is homologically admissible (see Definition 4.12), then X; 11 \
X;.

2)Iff: X —» Cpis I- weakly homotopically admzsszble and homologically ad-
missible, then X;11 \ X, and in consequence X1 \ X;.

S
(3) If f: X — C,, is homotopically admissible, then X;11 \, X;.

Proof. Assume that f~1(i) = {,y} with x < y. Then x is a strong homotopic
removable point in X, 1. Now the result follows from Proposition 2.46. O

As a consequence of Theorem 3.52, we obtain the general result for Morse func-
tions.

Corollary 4.26. Let X be a finite path-connected down-wide and two-wide poset, let
f: X — Cy, be a Morse function and let i + 1 be a regular value.
h
(1) If f: X — C), is homologically admissible, then X;11 \; X;.

(2) If f: X — Cy, is 1-weakly homotopically admissible and homologically ad-
w v
missible, then X;11 \, X; and in consequence X; 1 \( X;.

S
(3) If f: X — Cy, is homotopically admissible, then X;11 \ X;.

4.14 An example
In this subsection we work out an example to illustrate the previous results.

Example 4.27. Let us denote by X the finite model of RP? depicted in Figure 4.1.4
(see [6, Example 7.1.1], [94, Proposition 4.1] and [46, p. 138]). It can be checked
that it is two-wide, down-wide and homologically admissible. Consider the function
f: X — R given by the values depicted at the right side of the elements of X. It is
clear that f is a Morse function. We will denote the level subposets by X;.
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Figure 4.1.4: Morse function on a finite model of RP2.

We begin the analysis of the level subposets. First, as Proposition 4.2 claims,
the minimum value of f, corresponding to the element w1, is a critical value (we are
adding a path-connected component) (see Figure 4.1.5):

w1 @0
Figure 4.1.5: Level subposet Xj.
As we reach the value ¢t = 1, the inclusion 7: Xy — X; induces an isomor-

phism in homology. Observe that X is contractible by removing strong homotopic
removable points (see Figure 4.1.6 (a)).

Tog |

Figure 4.1.6: Level subposets X, X3 and X5.

The situation does not change when we reach the value ¢ = 3 since X3 is still
contractible by removing strong homotopic removable points (see Figure 4.1.6 (b)).

The value ¢t = 5 is critical and the map ¢: X3 — X5 no longer induces an
isomorphism in homology. Observe that X5 has the homotopy type, by removing
strong homotopic removable points, of a finite model of the circle S' (see Figure
4.1.6 (¢)).

The value ¢ = 6 is regular and it can be checked that the map i: X5 — Xg
induces an isomorphism in homology (see Figure 4.1.7 (a)).

The situation does not change when we reach the value t = 8 (see Figure 4.1.7
(b)) nor the value ¢t = 10 (see Figure 4.1.8).
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Figure 4.1.8: Level subposet X1.

Finally, we reach the value ¢ = 12, which is critical. The map¢: X9 — X120 = X
induces an isomorphism in homology although ¢ = 12 is a critical value.

4.2 Consequences of the Structure Theorems

We now pay attention to the consequences of the theory developed in the previous
section.

4.2.1 Improving Forman’s Theory

Forman’s discrete Morse theory depends on a collapsing theorem for Morse functions
([75, Corollary 3.5]). However, this result has two drawbacks:

1. First, it involves the use of simple homotopy types.

2. Second, it only applies to discrete Morse functions on regular CW-complexes.
Later, it has been extended (see for example [102] to h-regular CW-complexes
but forcing that non-regular cells have to be critical for the discrete Morse
functions.
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Structure Theorems for Morse Theory on posets and their consequences

We provide an alternative proof without that requirements by using our invariance
theorems. First, we need to provide a generalization of the notion of discrete Morse
function in the sense of Forman (see Definition 3.22) to the setting of h-regular CW-
complexes and introduce some notation.

Definition 4.28. Let K a finite h-regular CW-complex and denote by K (=P) the set of
p-cells of K. A discrete Morse function on X isamap f: Up K(=P) _ R satisfying

the following two conditions for all o € K(=P);
Lo {7t > o2 f(7) < f(o)} <1
2. #{r=D <o f(1) > f(o)} < 1.

Let K be a finite h-regular CW-complex and f: K — R a discrete Morse func-
tion. Then, K, denotes the level subcomplex corresponding to the value a, that is,
the subcomplex of K defined as follows:

a—UUU

f(r)<ao<rt

Observe that for a h-regular CW-complex K endowed with a Morse function
f: K — R, there is an induced Morse function on its face poset X'(f): X'(K) =
X — R. Moreover, the face poset functor satisfies X' (K,) = X'(K),.

Theorem 4.29 (Improvement of Forman’s collapsing result). Let K be a finite h-
regular CW-complex and f: K — R a discrete Morse function such that X (K) is
two-wide and X (f): X(K) — R is homologically admissible and 1-weakly homo-
topically admissible. If (a,b] for a < b contains no critical values of f, then Ky is
homotopy equivalent to K.

Proof. Observe that X(f): X(K) — R verifies the hypothesis of the Invariance
theorem for weak homotopy (Theorem 4.21). Now the result follows from Theorem
2.67 (6). O

Corollary 4.30. Let X be a a finite h-regular CW-complex and f: K — R a discrete
Morse function such that X (K ) is two-wide and X (f): X (K) — R is homologically
admissible and 1-weakly homotopically admissible. Then, X is homotopy equivalent
to a CW-complex with exactly one p-cell for each critical cell of index p.

4.2.2 Morse-Pitcher Inequalities

Another consequence of our Structure Theorems of Morse Theory for finite spaces
is that we can reproduce the standard argument (presented for example by Milnor or
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Pitcher [125, 141]) to prove the Morse inequalities in this new context of posets. We
consider coefficients in a principal ideal domain. We state some auxiliary algebraic
results from [125, 141] in order to prove the Morse inequalities.

Let

X 1=0=Xoo X X oo X=X 4.2)

be a filtration of a poset X induced by a Morse function f: X — R (as in Corollary
3.50).
We begin with the definition of sub-additive function:

Definition 4.31. Let .S be a map which assigns an integer to each pair of subposets
of the Filtration (4.2). The map S is sub-additive if for every triad X; C X; C X},
it holds that:

S(Xk, Xz) < S(Xk, Xj) + S(Xj, Xz)

Proposition 4.32. Let X; C X, elements of the Filtration (4.2) and k a natural
number.

1. Let S be a sub-additive map. Then

m

S( X, X_1 Z

2. Let be k < m. The map Sy given by

Sk(XJ,XZ) = ranka(Xj,Xi) - ranka_l(Xj,Xi)
+ ranka_Q(Xj,Xi) — -k rankHo(Xj,Xl-)

is sub-additive.

Definition 4.33. Let f: X — R be a Morse function. We denote by m; the number
of critical points of index ¢ and by b; the Betti number of dimension i.

Now, Strong Morse inequalities follow from applying Proposition 4.32 to the
Filtration (4.2) (see [125] for a detailed proof).

Corollary 4.34 (Strong Morse inequalities). Let X be a down-wide and two wide
poset and let f: X — R be a Morse function. Suppose that f is homologically ad-
missible and homology-regular. Then, for every ¢ > 0 and any domain of coefficients:

m; —mi_1+--+ (_1)im0 >b,—b 1+ + (_1)ib0~
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Corollary 4.35 (Weak Morse inequalities). Let X be a down-wide and two wide
poset and let f: X — R be a Morse function. Suppose that f is homologically
admissible and homology-regular. Then:

1. m; > b; for every 1.

2. The Euler-Poincaré Characteristic satisfies a Poincaré-Hopf Theorem:

deg(X) . deg(X) .
X(X)= > (=1bi= Y (=1)'mi.
i=0 i=0

Our next goal is to strengthen the Morse inequalities in the spirit of Pitcher’s
approach for smooth Morse theory ([141]). In order to proceed, we introduce some
notation and an auxiliary result from homological algebra.

Let us denote by {co, ..., ¢k, ..., c,} the image of the Morse function f: X —
R. Then, there exist real numbers {ay }, satisfying:

cp<agp<cp<ar--<cp<ap<---cp<ap.

To simplify our notation, we will denote X, by X;.

We denote the coefficient ring, which is assumed to be a principal ideal domain,
by R. As a consequence of the Structure Theorem for finitely generated modules
over a principal ideal domain, it follows that:

(V=R e e B
Hi(X)=R @(Tl)@ @(Tm)'

For the case of relative homology, we use the notation:

R R
Hi( X X)) 2RV & — @ ——.
(Tl) (r"]f)

Set Mf = bf + nf + 772’.“*1 and

M;=>" M. (4.3)

Proposition 4.36 ([141, Theorem 14.1]). Let (C(X), ) be a free chain complex
with singular homology modules H;(X ), i = 0,1, . ... Then there exists a free chain
complex (L, 0") such that:

1. Foreveryi > 0, the module L; has rank M.
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2. There exists a monomorphism i: L — C which is a chain map an induces
isomorphims in homology.

Theorem 4.37 (Strengthening of Morse inequalities). Let X be a down-wide and
two wide poset and let f: X — R be an order preserving Morse function whose
associated Morse matching is homologically admissible and homology-regular. Then

it holds that:

1. Foreveryi > 0:
m; > b +n; +1ni-1.

2. Foreveryi > 0:
mi —mi_1+ -+ (=1)'mg > by — bi_1 + - - - + (=1)bg + n;.
Moreover the equality is attained when i is the height of X.

Proof. First, apply Theorem 4.36 to the singular chain complex of X. Now, observe
that:
rank L; = rank H;(X) + rank Im 8%, + rank Im 9.

The first set of inequalities follows from observing that rank Im aiL > ni—1. The
second set of inequalities follows from taking alternating sums in i. O

Observe that if deg(X) = n, then u, = 0 since H,(X) is a submodule of the
free module C),(X). Moreover, 1o = 0 and p—; is defined as 0.

Example 4.38. Consider the poset of Example 4.27. It is a finite model of the
projective plane, so its integer homology is trivial except for Ho(RP?) = Z and
Hy(RP?) 22 Zy. According to Morse inequalities, there is no constrain for a Morse
function on the number of critical points in the sense that they would provide the
same information than for a one point poset. However, the strengthening of Morse
inequalities provide a much better bound: any Morse function must have at least three
critical points. This bound is in fact attached by the function provided in Example
4.27.
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Chapter 5
Non-gradient dynamics. Morse-Bott

Theory

In classical Morse theory, one of the goals after successfully developing Morse the-
ory, was extending Morse theory to more general dynamics, not just gradient vector
fields. That was achieved by Bott and it is today commonly known as Morse-Bott the-
ory (see [32,35-37,134]). When it comes to discrete Morse theory, Forman managed
to extend his theory to Morse-Bott theory and related it to Conley theory (see [74]).
In this chapter we pursuit that same goal in the context of posets.

The contents of the chapter are the following. First, we relate arbitrary matchings
to a notion of Morse-Bott functions for posets. After that we prove some Struc-
ture Theorems which generalize the previous Structure Theorems of last chapter. In
order to do so, we only focus on the homological approach to Morse-Bott theory
since it is the one needed for proving the Morse-Bott inequalities, which are the next
topic of the chapter. Moreover, for practical reasons, we work on homologically
admissible posets unless stated otherwise. Then, we introduce a notion of Lusternik-
Schnirelmann category and we prove a Lusternik-Schnirelmann theorem. We finish
the chapter with a fully computed example which illustrates the main ideas we pre-
sented.

Most of the results of this chapter were introduced in our work [71].

5.1 Morse-Bott functions and Morse-Smale matchings

The purpose of this section is to introduce the notion of Morse-Bott function, Morse-
Smale matching and to prove an integration result for matchings which relates them
to Morse-Bott functions.

We recall the notion of M-path from Definition 3.10. Let X be a finite graded
poset. A M-path of index p from 2 to () is a sequence:

Nia = xép) ~ y(()p+1) . xgp) < y§p+1) . yfﬁl) -2 — 7

such that for each i € {0,...,r — 1}:

L. (x,y:) € M,
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2. m; # Tig1.

Definition 5.1. Let X be a finite graded poset. A M-cycle v in H (X)) is a closed
M-path in H pq(X).

Recall that the matching M is a Morse matching if H (X)) is acyclic.

5.1.1 Ciritical subposets

In this subsection we develop the notion of critical subposet (chain recurrent set) by
means of matchings generalizing the analogous notion introduced by Forman ([74])
in the context of discrete Morse theory.

Definition 5.2. Let M be a matching on X. We say that z(P) € X is an element of
the chain recurrent set ‘R if one of the following conditions holds:

* 1 is a critical point of M.
* There is an M-cycle v in H a¢(X) such that = € ~.

The chain recurrent set decomposes into disjoint subsets A; by means of the
equivalence relation defined as follows:

1. If x is a critical point, then it is only related to itself.
2. Givenz,y € R, x # y, x ~ y if there is an M-cycle ~y such that x,y € ~.

Let Ay, ..., Ag be the equivalence classes of R. The A;’s are called basic sets.
Each A; consists of either a single critical point of M or a union of M-cycles.

Example 5.3. Consider the finite model of RP? depicted in Figure 5.1.1. There is a
critical point which is also a basic set, depicted with a cross. Moreover, the dashed
and dotted arrows represent another two basic sets, each consisting of one cycle.

Figure 5.1.1: A finite model of RP2.
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5.1 Morse-Bott functions and Morse-Smale matchings

5.1.2 Integration of matchings

When working in the differentiable category, Morse theory generalizes naturally to
Morse-Bott Theory. The purpose of this subsection is to generalize the integration
result for matchings (Theorem 3.11) to the context of Morse-Bott functions and arbi-
trary matchings.

Recall that for each edge (x,y) € M, we say that z is the source of the edge
and y is the target. Moreover, we have also defined the source and target maps (only
defined for elements in the matching M) as follows: given (z,y) € M, s(y) = =
and t(z) = y.

Definition 5.4. Let M be a matching on a finite poset X. A function f: X —
R is a Morse-Bott or Lyapunov function if it is constant on each basic set and it
is a Morse function away from the chain recurrent set. More formally, a function
f: X — Ris Morse-Bott if it is constant on each basic set and it is a Morse function
in X — U epmocyetes 1z € X1 w €7}

We say that the critical values of a Morse-Bott function are the images of the
basic sets. The ideas of Forman’s proof of [74, Theorem 2.4] generalize to the context
of graded posets giving:

Theorem 5.5 (Integration of matchings). Let X be a finite graded poset and let M
be a matching in X. Then, there exists a Morse-Bott function f: X — R such that:

1. Ifz®) ¢ Rand x < yP*Y), then

{f<x><f<y>, if (z,y) ¢ M,
flx) > fly), if(z,y) e M.

{f<x>:f<y>, ifz~y,
flx) < fly), ifzo>y.

Proof. First of all, we extend the equivalence relation ~ to all of X as follows: if x ¢
R, then {z} is an equivalence class. Second, we define an auxiliary map d: X — N
given by:

d(x) = max{s: 3 M-path

vz = x(()p) =< y(()p+1) =< y%pﬂ) - = yﬁﬁl) — 2P = 3

such that the z}s in v include elements from exactly

(p)
e (5.1)

s distinct equivalence classes}.
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Third, we define D = max,cx d(z). Now, we define the function f: X — R
inductively on the degree of the poset. Given z(P) € X, we define f(z) as follows:

(F1) If x is a critical point of M, then f(x) = p.

(F2) If z € s(M), then

d(x)
flx)=p+ 5D
Note that this guarantees that
1
p<flz)<p+ B

due to d(z) > 1 in this case.

(F3) If € t(M), then there exists wP~1) such that t(w) = x and f(w) was
defined in (2). We set f(z) = f(w) and it follows that

p—lﬁf(x)ép—%-

It remains to check that f satisfies the desired properties. We split the verification in
cases:

1. Assume that z(P) ¢ R and z < yP+1),
(a) If t(z) = y, then f(y) = f(z), so
f@) = fy).

(b) If t(x) # y, we consider several cases again:

i. If y is a critical point, then
fy)=p+1>p+1/2 = f(2).
ii. Ify € s(M), then
fly) >p+1>p+1/2> f(2).

iii. If y € t(M), then there exists an unique #) # x such that t(&) =
y. Since = ¢ R, there are two cases:

A. If x € t(M), then

fly)=f(@)=p>p—1/2> f(x).
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B. If x € s(M) and y: © < --- is any M-path beginning at x,
then
Fid<y=x <

is a M-path beginning at Z. Moreover, since x ¢ R, x is not an
element of any closed M-path. Therefore

d(z) > d(x) + 1,
hence
fly) = (&) > f(z).
2. Assume that () € R and

(p) (p+1)

- 2l 1) () (p)

<y r = 2y

is a non-stationary closed M-path. Then foreach i, j,0 < i,j <r—1,d(z;) =
d(z;), hence f(x;) = f(z;). Moreover, by the definition of f, f(y;) = f(x;),
so f is constant on each non-stationary closed M-path.

3. Suppose z(P) € Rand yP*1 > z,y ~ z. We want to prove that f(y) > f(z).
(a) If y is a critical point, then
fw)>p+1>p+1/2> f(x).
(b) Ify € s(M), then
fy)zp+1=2p+1/22 f(z).
(c) Supposey € t(M). Since y « x and y # t(x), then there exists a unique
#®) £ 2() such that () = y.
i. if z is a critical point or z € t(M),
fy)=1@)>p=f()
ii. Ifx e s(M)and~y: x < --- is any M-path starting at x, then
YT RyYy=T <
is a M-path beginning at Z. Moreover, Z is not equivalent to any
element of ~, since, otherwise, x and y would be contained in a
non-stationary closed path, which contradicts y ~ . Thus d(Z) >
d(x) + 1, which implies
fly) = @) > f(x). O

Remark 5.6. Observe that Theorem 5.5 generalizes the analogous integration result
for Morse or gradient matchings (Theorem 3.11).
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5.1.3 Morse-Smale matchings

In this subsection we generalize the notion of Morse-Smale vector field from the
context of simplicial complexes ([74]) to the setting of finite posets.

Let X be a homologically admissible poset and let M be a matching on X. A
M-cycle + is prime if there does not exist a natural number n > 1 and a M-cycle ¥
such that y is the concatenation of 7 n times.

An equivalence relation on the set of M-cycles is defined as follows. Two M-
cycles v and 7 are equivalent if 7 is the result of varying the starting point of v (see
[74, p. 631] for an example in the setting of simplicial complexes). An equivalence
class of M-cycles is called a closed M-orbit. The equivalence class of v is denoted
by [v]. A closed M-orbit is prime if any of the representative cycles is prime. The
index of a closed M-orbit is defined as the index of any of the representatives.

A special kind of matching which will play an important role is the following
one. In a certain sense, it controls the complexity of the chain recurrent set.

Definition 5.7. Let X be a homologically admissible poset. A matching M on X is
a Morse-Smale matching if the chain recurrent set R consists only of critical points
and pairwise disjoint prime closed M-orbits.

5.1.4 An example

We finish the section with an example which illustrates its main ideas.

Example 5.8. Consider the homologically admissible poset depicted in Figure 5.1.2.
We we will denote it by X.

Figure 5.1.2: The homologically admissible poset X with a matching.

Moreover, in Figure 5.1.2 we also exhibit a matching M on X. The crosses
represent critical points, the dashed edges with the circles represent a periodic orbit,
and the arrows represent the matched elements. Observe that the matching M is
Morse-Smale since it only has a prime orbit (therefore disjoint from the others) and
three critical points.

We proceed to illustrate how to integrate the matching M on X following the
proof of Theorem 5.5. First, in Figure 5.1.3 we show the values of the mapd: X — N
given by Equation (5.1).
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Figure 5.1.3: Values of the map d: X — N.

Observe that d(z) is greater than one only for z € s(M). We compute D =
maxzex d(z) = 5. Now, we will build a Morse-Bott or Lyapunov function f: X —
R. Recall that for z(P) € X, we define f(z) following (F1), (F2) and (F3) in p. 84.

We show the values of the Morse-Bott function f: X — R in Figure 5.1.4:

Figure 5.1.4: Values of the map f: X — R.

5.2 Structure Theorems for Morse-Bott functions

The purpose of this Section is to prove the Structure Theorems of Morse theory for
Morse-Bott functions on posets and obtain some consequences.

5.2.1 Structure Theorems

In what follows, we extend the equivalence relation defined in the chain recurrent set
‘R to all of X by saying that a point which is not critical is an equivalence class on
its own. We will make an abuse of notation and we will refer to the set of elements
of the equivalence classes by the equivalence classes.

Definition 5.9. Given a finite poset X, a point z € X and a matching M on X, we
define:
Olz] = {w € X: w < Z for some & ~ z but w ~ Z}.

Example 5.10. Consider the poset depicted in Figure 5.1.1. In Figure 5.2.1 we show
O[z] for any x in the dashed cycle of Figure 5.1.1.

87



Non-gradient dynamics. Morse-Bott Theory

Y

Figure 5.2.1: Example of 0[x].

The lemma below follows from the definition of matching:

Lemma 5.11. Let v be a cycle of index p and let u?~Y) € X, 5 € X, w®+D) € X
and r*+2) € X such that u,,w, r ¢ 7. Then the following holds:

t(u) ¢, H(0) &, s(w) ¢ and s(r) & .

We introduce the following definition: given a finite poset X and a Morse-Bott
function f: X — R, for each a € R we write

X, = U U,.

f(@)<a

Our next result is a homological collapsing theorem for Morse-Bott functions.
As a consequence of Lemma 5.11, the elements of a cycle can not be connected by
arrows with elements which are not in the cycle. Therefore, the result below follows
from Theorem 4.19.

Theorem 5.12. Let X be a finite homologically admissible poset and let f: X — R
be a Morse-Bott function. If (a,b] contains no critical values, then i: X, — X,
induces an isomorphism in homology.

In this generalized context, we also have a result which explains what happens
when a critical value is reached.

Theorem 5.13. Let X be a finite homologically admissible poset and let f: X — R
be a Morse-Bott function. If f(x) € (a,b] is a critical value which corresponds to a
unique basic set and there are no other values of f in (a,b), then X, = X, U [z].

Proof. There are two cases to consider. First, assume that [z] is a critical point,
then the results reduces to Theorem 4.23. So, assume [z] is a cycle of index p. Let
f : X/ ~— R denote the function induced by f on the set of equivalence classes. We
may assume that f is injective, that f([z]) > @ and that the only critical subposet in
F7((a,b]) is [2].

Since [x] is a cycle and f(z) is a critical value, then given y®*1) = Zand y ¢ [z]
with Z € [z], we have f(y) > f(Z). Hence, f(y) > b and Lemma 5.11 guarantees
that f(z) > b forevery z > Z, z ¢ [x]. Therefore, [z] N X, = 0. Given any:
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e w1 < 3@ Fe[z]andw ¢ [z] or
o wP) < 7+t 7 ¢ [x] and w ¢ [x],

due to the criticality of [z], it holds that f(w) < f(&). Therefore f(w) < a and
w € X,. Hence O[x] C X,,. Thatis, X, = X, U [z]. O

Remark 5.14. The hypothesis referring to f(x) € (a,b] corresponding to a unique
basic set can always be reached by perturbing the Morse-Bott function, so it is not
restrictive.

5.2.2 Morse-Bott inequalities

In this subsection we generalize Morse-Bott inequalities from the context of cell com-
plexes ([74, Theorem 3.1]) to the setting of posets. This result can be seen as a com-
binatorial analogue of a theorem due to Conley ([84, Theorem 1.2] [48]). Again, we
assume that our coefficients are any principal ideal domain R. From now on the poset
X is assumed to be homologically admissible.

Given a subposet Y C X we denote by Y the subposet U cy U, and by Y =
Y —Y.
Definition 5.15. For each £ > 0, we define

my = Z ranka(l_\i,Ai).
basic sets A;

Observe that in the particular case we have a Morse matching, the basic sets are
just critical points and my is the number of critical points of index k.

Lemma 5.16. If the index of the basic set A; is p, then Hy,(A;, A_i) = 0 unless
k = p,p + 1. Moreover, if A; is just a critical point xP), then Hy(A;, A;) = 0 for
k = p and the ring of coefficients, R, for k = p.

Proof. For convenience, during the proof we will denote A; = A. Since all the posets
involved are cellular we can use cellular homology. Consider the Homology Long
Exact Sequence for the pair (A, A):

. ——— Hy(A) ——— Hy(A,A) —— H, 1(A)
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First of all, the homomorphism Hy(A) — Hjy(A) is an isomorphism for k <
p— 2,50 Hi(A,A) = 0 for k < p — 2. Second, we have that:

o Hp,_1(A) _ Hp—1(A
H,_1(A,A) = Kerd = Imj = i(elr(j)g pInllg )

Third, the homomorphism H,,_1(A) — Hp—1(A) induced by the inclusion is surjec-
tive by the construction of cellular homology. Therefore H,,_1(A, A) = 0. Fourth, if
A is just a critical point (), then

Hi (A, A) = H,(U,,U,)

and by cellularity of X and the Homology Long Exact Sequence for the pair (U, (?x)
the result follows. 0

We denote by by the Betti number in degree k with coefficients in R. Follow-
ing the the ideas involved in the proof of [74, Theorem 3.1] and using our previous
Theorems 5.12 and 5.13 we obtain the Strong Morse-Bott inequalities:

Theorem 5.17 (Strong Morse-Bott inequalities). Let X be a homologically admissi-
ble poset and let M be a matching on X. Then, for every k > 0:

my, — mi_1 4+ (=1 mg > by — b1 + -+ + (=1)Fbo.

Proof. First of all, by Theorem 5.5 we can integrate the matching M to obtain a
Morse-Bott function f: X — R. Second, we can perturb the function f: X — R
as it is done in [74, p. 643] so it remains Morse-Bott and the following condition is
satisfied: for any ¢ € R, if f~!(c) # (), then either:

1. f~Y(c) = {x,y} such that {x,y} are not in any basic set and t(z) = y
or

2. f~Y(c) = A for some basic set A.

For each ¢ € R we define:
mi(c) = Z rank Hy,(A;, Ay)
basic sets A; with f(A;)<c

and
bi(c) = rank Hy(X,).

It is enough to check that for any ¢ € R the sets {my(c), bi(c) } satisfy the inequalities
since considering c big enough we have X, = X and the result follows. We prove
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that the sets {my(c), bi(c)} satisfy the inequalities by induction. First, consider ¢
small enough so X. = (), then the result follows trivially since mg(c) = bx(c) = 0.
Now let ¢ increase. We have to study what happens when c reaches each of the
finitely many values of f. Suppose that ¢ € (a,b) is the only element of the image
of f in the interval [a, ], so that my(c) = my(b) and bi(c) = by(b), and that the
inequalities follow for the sets {my(a),bx(a)}. If f~1(c) # 0, then there are two
cases to consider:

1. Suppose f~!(c) = {x,y} such that {z,y} are not in any basic set and t(z) =
y. Then by definition of the mg/(c) it follows that my(a) = my(b) since there
are not new basic sets whose images by f are in the interval (a, b). By Theorem
5.12, the inclusion i: X, < X} induces an isomorphism in homology so
by (a) = by(b). Therefore the inequalities hold for the sets {my(b), br(b)}.

2. Suppose f~!(c) = A; for some basic set A;. Observe that X, is covered by the
open subsets X3 and A;, so by Excision Theorem it follows that the inclusion

(Ai, M) = (A, Xp N A) = (Xe, Xp)

induces isomorphisms in homology Hy(A;, AZ) =~ Hi(Xc, Xp). Now, observe
that o
my(c) — my(b) = rank Hy(A;, Ay),

SO,
mk(c) — mk(b) = rank Hk(XC,Xb).

Finally, the result follows as in the Morse case by applying Proposition 4.32.
O

Corollary 5.18 (Weak Morse-Bott inequalities). Let X be a homologically admissi-
ble poset and let M be a matching on X. Then:

1. Foreveryk >0, my > by,

2. The Euler-Poincaré Characteristic satisfies a Poincaré-Hopf Theorem:

deg(X) deg(X)
XX)= > (D= Y (—1)fmy.
k=0 k=0

5.2.3 Morse-Smale matchings

Our next aim is both to extend the results of Forman about Morse-Smale matchings
from the setting of complexes ([75, Section 7]) to the setting of posets and to improve
some of the results even in the case of simplicial or regular CW-complexes.
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Let X be a homologically admissible poset and let M be a Morse-Smale match-
ing on X. We denote by ¢ the number of critical points of index k£ and by Ay the
number of prime closed M-orbits of index & .

Recall that the coefficient ring R is a principal ideal domain. Hence, the Structure
Theorem for finitely generated modules over a principal ideal domain guarantees that:

R R
Hy(X)2R* o — - @ (52)

(r1) (rm)

Making use of our Pitcher strengthening of Morse inequalities for gradient match-

ings we obtain the following improvement of [75, Theorem 7.1], taking torsion into
account, measured by 7.

Theorem 5.19. Let X be a homologically admissible poset and let M be a Morse-
Smale matching on X. Let the coefficient ring R be a principal ideal domain. Then,
for every k > 0:

k k
A+ (Ve = me+ Y (=1)bes.
i=0 i=0

Proof. We begin with a matching My = M and we iterate the following procedure.
Given a closed M;-orbit {[7]; }i:

(p)

> (p+1) (p+1)

(p) (p+1) <y <y g P),

we define a new matching M1 = M; — (zo, yo). We iterate this process until there
are no closed orbits left. We call the obtained matching M*. Observe that M* is
acyclic or Morse and

my, =cp+ Ap+ Ap1,

where m,; denotes the number of critical points of index p of the matching M*. By
our strengthening of Morse inequalities (Theorem 4.37), it holds that:

k k
Y (=D mp >+ (1),
i=0 i=0
which implies the result we want to prove. O

Definition 5.20. Let X be a homologically admissible poset and let M be a Morse-
Smale matching on X. Endow each element of X with an orientation. Let v be an
M-path

(p) (p+1)

Yixy < Yo (p)

gt (p+1) (p+1)

<P <y g
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5.2 Structure Theorems for Morse-Bott functions

We define the multiplicity of v by

r—1

H _<d(p+1)yi7 xi>P<d(p+1)yi7 Tif1)p
=0

where d is the cellular boundary operator and (- ,« ), is the inner product on Cj(X)
such that the elements of degree p of X are mutually orthogonal.

Remark 5.21. Observe that the multiplicity of a path is always 1 or —1 due to Lemma
2.12.

The generalization of [74, Lemma 4.6] to our context is straightforward. As a
consequence, [74, Theorem 7.3] is generalised to our setting with the same proof,
which we omit due to its length and that it would be a mere reproduction of a presen-
tation which we would not be able to improve:

Theorem 5.22. Let X be a homologically admissible poset and let M be a Morse-
Smale matching on X. Let the coefficient ring R be a principal ideal domain. Let \;
denote a basic set consisting of a single closed orbit [y| of index p. Then:

Hi(Ag, Ag) 20 fork # p,p+ 1.

Therefore, combining the Strong Morse-Bott inequalities (Theorem 6.34) with
Theorem 5.22 and taking into account that fields have no torsion, we obtain a gener-
alization of [74, Corollary 7.4] to our setting:

Theorem 5.23. Let X be a homologically admissible poset and let M be a Morse-
Smale matching on X. Let the coefficients ring be the field R. Denote by A; the
number of closed M-orbits of index p and multiplicity 1. Then, for every k > 0:

k
;c"i'Z(_ Ck z>z bk z
=0

Remark 5.24. While [74, Corollary 7.4] refined [74, Theorem 7.2], Theorem 5.23
does not refine our improved Theorem 5.19. They are complementary results.
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5.3 Homological Lusternik-Schnirelmann Theorem

The purpose of this section is to prove a Lusternik-Schnirelmann Theorem for general
matchings and a suitable definition of homological category.

5.3.1 Homological chain category

Let (Cy,0) denote a free chain complex of abelian groups. It is bounded if only
finitely many of the C), are non zero. Moreover, if each term C), is finitely generated,
then we define the rank of Cy as rank (Cy) = 3 rank (Cp).

Definition 5.25. Let (C,, 0) be a free chain complex of abelian groups. We define
its homological chain category

) rank (B): B, is a bounded complex and there is a mo-
hecat(C,) = inf - o o g
nomorphism i: B, — C, which is a quasi-isomorphism

Let X be a topological space. We denote by S, (X) its singular chain complex.
For all the definitions that follow we consider coefficients in Z.

Definition 5.26. Let X be a topological space. We define its homological chain
category hecat(X) = hecat (S, (X)).

We introduce a homological lower bound for hecat(X') analogous to the Pitcher
strengthening of Morse inequalities (Theorem 4.37). Recall from Equation (5.2) the
definition of 7.

Proposition 5.27. Let X be a topological space with finitely generated homology.
Then
Zbk + QZW < hecat(X).
k k

Proof. Let us denote by (B, d) a bounded chain complex whose homology is iso-
morphic to H,(X). By some arguments from linear algebra (see, for example [142,
Theorem 4.11]), we have by, + 1, + nx—1 < rank (Bj). Now the result follows by a
sum indexed by the dimension. O

Corollary 5.28. Let X be a homologically admissible poset or a CW-complex with
finitely generated homology. Then

X(X) < hecat(X).

In fact, the bound given by Proposition 5.27 is the best possible as a consequence
of the following result due to Pitcher ([141, Lemma 13.2]).
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Proposition 5.29. Let (C*, (9) be a free chain complex with singular homology mod-
ules H,(X) = R%* @ ( N AR Rk =0,1,.... Then there exists a free chain

) 9
complex (L, ") such that:
1. Forevery k > 0, the group Ly, has rank by, + 1y, + ng—1.
2. There exists a monomorphism i: L — C which is a chain map.

3. The monomorphism i: L — C'is a quasi-isomorphism.

Corollary 5.30. Let X be a topological space with finitely generated homology. Then
hecat(X) = Z by + 2 Z M-
k k

Moreover, observe that a topological X is acyclic if and only if hecat(X) = 1.
As a consequence of [49, Example 1.33] we have the following result relating the
homological chain category to the Lusternik-Schnirelmann category:

Proposition 5.31. Let K be a simply connected CW-complex with finitely generated
homology groups such that there exists n € N satisfying Hy,(K) # 0and H,(K) =0
forp > n. Then

cat(K) < hecat(K).

The result does not necessarily hold if we remove the simply connectedness hy-
pothesis, as the following example shows:

Example 5.32. Consider the Poincaré homology 3-sphere M. Observe that hccat(M) =

hecat(S3) = 2. However, cat(M) > 3 ([83]).

5.3.2 Homological Lusternik-Schnirelmann Theorem

In this subsection we state and prove a Lusternik-Schnirelmann Theorem for the ho-
mological chain category and general matchings on posets.

Theorem 5.33. Let X be a homologically admissible poset and let M be a Morse-
Smale matching on X. Then

hecat(X) < Z hecat(A;).

basic sets A;

In particular, if M is a Morse matching on X, then hccat(X) is a lower bound for
the number of critical elements of M.
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Proof. We will define another Morse matching M* by perturbing M. The idea is
to replace each prime closed orbit by two critical points. This will be achieved by
removing exactly one of the edges of the matching in each closed orbit. By repeating
the technique used in the proof of Theorem 5.19, we obtain a Morse matching M*
satisfying
my, =cp+ Ap+ Ap1,

where m;; denotes the number of critical points of index p of the matching M* (see
p. 92 for the definition of A)).

Recall that C(X) denotes the cellular chain complex of X. We define a map
Vi Cp(X) — Cpy1(X) as follows:

V() —e(y, x)y, if there exists y € X with (z,y) € M,
) =
0, otherwise.

Following the ideas of Minian ([126]), define the discrete flow operator ¢: C,(X)
Cp(X) as
¢ =id +dV + Vd.

The ¢-invariant chains

Cp(X) = {c € Cp(X): ¢(c) = c}

p

form a well-defined subcomplex of (C.(X),d) ([126]). Moreover, the inclusion of
(C2(X),d) into (Cy(X), d) induces isomorphisms in homology and C’g’ (X) is iso-
morphic to the free abelian group spanned by the critical p-elements of X ([126]).
As a consequence:

hecat(Cy (X)) < Zm; = Z cp+ A+ A1 (5.3)
P P

There are two kinds of basic sets for M: critical points and disjoint closed M-orbits.
Observe that if A; is a critical point, then hccat(A;) = 1 while if A; is a closed orbit,
then hecat(A;) = 2. So, from Equation (5.3), it follows that:

hecat(Cy (X)) < Z hecat(A;).

basic sets A;

Finally, observe that hccat(X) = hecat(Cy (X)) due to the isomorphism between
cellular homology and singular homology for cellular posets (Theorem 2.9). U

Remark 5.34. In the proof of Theorem 5.33, Equation (5.3) could also be derived as a
consequence of combining our Pitcher strengthening of Morse-inequalities (Theorem
4.37) applied to the matching M* with Corollary 5.30.
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As a consequence, we obtain the following corollary:

Corollary 5.35. Let X be a homologically admissible poset and let f: X — R be a
Morse function. Then hecat(X) is a lower bound for the number of critical points of

f.

Remark 5.36. Let K be a simplicial complex or, more generally, a regular CW-
complex K. Recall that its face poset A(K) is a homologically admissible poset.
Moreover, the chain complex Co(A(K), d) where d is the cellular boundary opera-
tor coincides with the chain complex C, (K, 9) where 0 is the cellular -or simplicial
in case K is a simplicial complex- boundary operator. Therefore hccat(A(K)) =
hecat(K). Hence, we have in particular a simplicial homological Lusternik-Schnirel-
mann Theorem.

5.4 A worked out example

In this section, we work out a full example to illustrate the main ideas in Sections
5.2 and 5.3. We recover the poset, the Morse-Smale matching and the Morse-Bott
function from Example 5.8.

We insert again Figure 5.1.2 with the matching and Figure 5.1.4 depicting the
values of the Morse-Bott function.

Figure 5.4.2: Values of the map f: X — R.

Recall that the crosses represent critical points, the dashed edges with the circles
represent a periodic orbit, and the arrows represent the matched elements.
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5.4.1 Structure Theorems

Recall that given the poset X and the Morse-Bott function f: X — R, for each
t € R we have the level subposet

Xi= | U

f@)<t

We will illustrate the Structure Theorems in this context, (Theorems 5.12 and
5.13), which describe the changes in the level subposets X; as ¢t € R increases. We
begin the analysis of the level subposets.

First, the minimum value of f is attached at a critical element (see Figure 5.4.3
(a):

As we reach the value ¢ = 3/10, the inclusion i: Xo — X310 induces an iso-
morphism in homology. Observe that X3¢ is acyclic (see Figure 5.4.3 (b)).

3
1

0x 0 i
(a) (b)

Figure 5.4.3: Level subposets X and X3/1¢.

Next, we reach the value t = 1/2 (see Figure 5.4.4 (a)). The inclusioni: X3, —
X1/2 induces an isomorphism in homology and X /; is still acyclic.

L
2

|
2|

2
(@) (b)
Figure 5.4.4: Level subposets X /5 and X;.

As we reach the value ¢ = 1 (see Figure 5.4.4 (b)), which is critical, the inclusion
i X1/9 — X1 no longer induces and isomorphism in homology. The level subposet
X1 has the same homology as S!.

The next value is t = 1 + 1/5 (see Figure 5.4.5). Despite corresponding to a
basic set, the homology does not change.
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Figure 5.4.5: Level subposet X /5.

Finally, we reach the value ¢ = 2 (see Figure 5.1.4), which is critical and pro-
duces a change in the homology since Xy = X has homology: Hy(X;Z) = Z,
Hy(X;Z) =7y and Hp(X;Z) =0 for k > 2.

5.4.2 Homological inequalities

In this last subsection, we provided the explicit computations which are necessary
to check the homological inequalities (Theorems 6.34, 5.19 and 5.33). First of all,
hecat(X) = 3. We provide the remaining information in tables (Tables 5.1, 5.2
and 5.3) assuming we work with integer coefficients. We introduce some notation
regarding the basic sets: Ag denotes the critical point of degree zero, A1 denotes the
critical point of degree one, Ay denotes the orbit and A3 denotes the critical point of
degree two.

Hi(Ai, Ay) |
Ao
Ay
A
A3

oo o No
NN oM

1
0
/
Z
0

S O O 9OV

Table 5.1: Computation of Hy(A;, AZ)
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Hi(M) |

0
Z
Ay Z
Z
Z

O N O O~
SO O O
S O O OV

Table 5.2: Computation of Hy(A;).

01 2 3 >4

3; 1000 0
i 01 00 0
C; 1 1 1 0 0
A; 01 0 O 0
m; 1 31 .0 0
hecat(A;) |1 1 1 2 1

Table 5.3: Computation of several homological and combinatorial invariants.
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Chapter 6
Morse theory on loop-free categories

The purpose of this chapter is to move upwards in the diagram that we first presented
in the Introduction:

Small Cat N Simplicial sets
Loop-free Cat - N Regular A-Complexes
sd X
J K J
Posets Simplicial Complexes
X
Chain. Complexes Manifolds

and to generalize Morse theory to the context of loop-free categories. This is moti-
vated by the fact that recently some constructions in Combinatorial Algebraic Topol-
ogy have been carried out in the setting of loop-free categories (see [105,171,172]).

The chapter is organized as follows. First, we briefly recall some notions in the
context of small categories which we use both in this chapter and the next one. We
also introduce some original ideas such as cellular categories. Then we develop from
scratch a Morse theory on this setting in order to prove the Morse inequalities. We
have tried to keep the presentation as simple and brief as possible.

Some of the results of this chapter, in particular the Morse theory for loop-free
categories was introduced in our work ( [113]) as an attempt to solve an open question
by John ([97]).

6.1 Topology of small categories

In this section we recall some notions related to homotopy, weak homotopy and ho-
mology on the setting of small categories. For more details on some classical defini-
tions and constructions we refer the reader to [108, 109, 121, 126, 143, 152].
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6.1.1 Homotopies between functors

Recall that a category is said to be small if its arrows form a set. Given a small
category C, we denote by Ob(C) its set of objects, by Arr(C) its set of arrows and
by C(c, ) the set of arrows between the objects ¢ and ¢’. Moreover, we define two
maps ¢, s: Arr(C) — Ob(C) which send an arrow to its target (codomain) and source
(domain), respectively.

All categories will be assumed to be small and all functors will be assumed to be
covariant unless stated otherwise. We begin by introducing the notion of homotopy
between functors [108, 109].

Definition 6.1. The interval category L, of length m > 0 consists of m + 1 objects
with zigzag arrows of the form

0=>1+2—- = (+)m.

Alternatively, the interval category Z,,, can be defined in the following way: the ob-
jects of Z,,, are the non-negative integers 0, 1,...,m and the arrows, other than the
identities, are defined as follows. Given two distinct objects r and s in Z,,, there is
exactly one arrow from r to sif riseven and s = r — 1 or s = r + 1, and no arrows
otherwise.

Given two small categories C and D we denote its product by C x D. Recall that
the objects of C x D are pairs of objects in C and objects in D, and its arrows are pairs
of arrows in C and arrows in D.

Definition 6.2. Let F,G: C — D be two functors between small categories. We
say that F' and G are homotopic if there exists a functor H: C x Z,, — D, called a
homotopy (of length m), such that Hy = F and H,,, = G, for some m > 0.

Alternatively, the notion of homotopy between functors can be defined as follows.
The definitions are equivalent.

Definition 6.3. Let ', G: C — D be two functors between small categories. We
say that F' and G are homotopic, F' ~ G, if there is a finite sequence of functors
Fy,...,Fy: C — D, with Fy = F and F),, = G, such that for each i € {0,...,m —
1} there is a natural transformation between F; and Fj; or between F;; and F;.

Homotopies can be concatenated ([170]) and therefore, the homotopy relation
between functors defined above is an equivalence relation. It also holds that the
relation behaves well with respect to compositions, i.e., if F ~ F’ and G ~ G’, then
F oG ~ F' oG’ whenever I o F’ and G o G’ make sense.
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In order to state the next definition we briefly recall the definition of the classify-
ing space functor B from small categories to topological spaces. Given the small cat-
egory C, its nerve NC is a simplicial set (see [86] for a definition) whose m-simplices
are composable m-tuples of arrows in C:

(03 6
co—5 - 2 cp.

The face maps are obtained by composing or deleting arrows and the degenerate maps
are obtained by inserting identities. An m-simplex of NC is called non-degenerate
if it includes no identity. Given a functor F': C — D between small categories, we
define NF': NC — ND as follows: if cg — - -+ 2% ¢,, is a m-simplex in NC, then

Fla),  Flam)

NF(co =5 - 2% ¢,) = Flco) F(em).

The classifying space BC is then the geometric realization [NC| of the simplicial set
NC. Moreover, BC is a CW-complex with one m-cell for each non-degenerate m-
simplex of NC. This construction is functorial (see [121, 143]), because given a map
¢: K — L between simplicial sets, its geometric realization is a continuous map
between topological spaces |¢|: | K| — |L|. The classifying space functor is defined
as the composition of the nerve functor with the geometric realization functor.

Definition 6.4. Let ', G: C — D be two functors between small categories. We say
that F" and GG are weak homotopic, denoted F' ~,, (5 if the maps BF, BG: BC — BD
are homotopic.

Definition 6.5. A functor F': C — D is said to be a homotopy equivalence (re-
spectively a weak homotopy equivalence) if there exists another functor G: D — C
such that G o F' ~ 1¢ (respectively G o F' ~,, 1¢) and F o G ~ 1p (respectively
F oG ~, 1p). Under these circumstances we say that the categories C and D are
homotopy equivalent (respectively weak homotopy equivalent).

Recall that the classifying space functor preserves homotopies, that is, if two
functors F, G: C — D are homotopic, then the induced maps BF, BG: BC — BD
on the classifying spaces are also homotopic. Therefore, homotopy equivalence be-
tween categories implies weak homotopy equivalence. However, the converse does
not hold as the following example given by Minian ([126]) shows.

Example 6.6. Consider a category N whose objects are the non-negative integers
and the arrows, other than the identities, are defined as follows. If r and s are two
distinct objects in V, there is exactly one arrow from r to sif risevenand s = r — 1
or s = r + 1 and no arrows otherwise. Assume there is a functor F': N' — N
such that F' ~ 1,s. We claim that there exists a non-negative integer ng such that
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F(n) = n, for all n > ny, in particular F' is not constant and the category N is not
contractible.

Let us prove the claim. First, note that if there exists a natural transformation
G = 1y or 1yr = G, then G fixes the odd numbers, that is, G(n) = n for n odd. As
a consequence, it follows that G(m) = m for every m > 0. By repeating a similar
argument it can be deduced that if there exists a natural transformation G’ = G or
G = @', then G’ fixes all natural numbers larger than 1. Repeating this argument
it follows that if F' ~ 1,, then there exists a non negative integer ng such that
F(n) = nforall n > ng as we claimed.

However, the category A is weak contractible since BA is homotopy equivalent
to [0, +00) and the map BA/ — B(0) is a homotopy equivalence of topological
spaces.

Example 6.7. When the small categories C and D are partially ordered sets seen as
finite topological spaces [6] (see Section 7.4) and F, G: C — D are order preserving
maps, then the notion of homotopy between functors is equivalent to the usual notion
of homotopy in the context of topological spaces (see [145] or Proposition 2.1).

We recall a notion of “connectedness” for categories (see [144]):

Definition 6.8. A small category C is said to be connected if for any pair of objects
¢, ¢ there is a finite sequence of zigzag arrows joining them:

c=cyp—cl+cy— = (e =C.

Equivalently, a small category C is said to be connected if for any pair of objects
¢, c there is a functor F' from some interval category Z,,, to C such that F'(0) = c and
F(m)=/C.

Definition 6.9. Given two small categories C and D, a functor dp: C — D is a
constant functor onto the object dy of D if dy: C — D takes every object of C to dy
and every arrow to the identity arrow of dj.

Remark 6.10. Observe that a small category C is connected if and only if any pair of
constant functors ¢y, ¢1 : C — C onto objects ¢y and ¢; are homotopic.
From now on all categories are assumed to be connected.

Remark 6.11. In the context of posets, Definition 6.8 corresponds to the notion of
order-connectedness, which is equivalent to topological connectedness for the asso-
ciated finite spaces (see [6]).

Definition 6.12. A small category C is said to be contractible if the identity functor
is homotopic to a constant functor onto an object.
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We state a useful result.

Proposition 6.13. Suppose the functor F': C — D between small categories has a
left or right adjoint G: D — C. Then F': C — D is a homotopy equivalence. In
particular, when C has an initial or terminal object, C is contractible.

Proof. If G is aright adjoint to F', then there are two natural transformations 1¢ =
Go Fand F oG = 1p (see [147, Section 4.2]). Therefore F' is a homotopy equiva-
lence. 0

6.1.2 Homological Quillen’s Theorem A

In this subsection we state a homological version of Quillen Theorem A for small
categories. For a detailed presentation the reader is referred to [105, 121, 143, 152,
172,173].

We recall the notions of left and right homotopy fibers due to Quillen.

Definition 6.14. Let C and D be small categories, let F': C — D be a functor and let
d be an object of D. The left homotopy fiber F'/d of F is the small category whose
objects are:

Ob(F/d) = {(c,g) € Ob(C) x D(F(c),d)}

and whose arrows are:

Fld((c,9),(c,¢) ={f €C(c,): g o F(f) = g}

Dually, the right homotopy fiber d/F of F is the small category whose objects
are:
Ob(d/F) = {(c,g) € Ob(C) x D(d, F(c))}

and whose arrows are:

d/F((c,9),(c,g") ={f €Cle,): F(f)og=4}.

We define the homology (with coefficients in a principal ideal domain) of small
categories as the homology of the associated objects by the nerve functor. We now
state a homological version of Quillen Theorem A. For the proof we refer the reader
to [173]:

Theorem 6.15 (Homological Theorem A). Let C and D be small categories and let
F': C — D be afunctor. If all the left homotopy fibers or all the right homotopy fibers
are homologically trivial, then F induces an isomorphism H.(F): H.(C) — H.(D)
in homology.
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6.1.3 Homology of loop-free categories

We begin by recalling the concept of loop-free category (see [105]).

Definition 6.16. A small category C is loop-free or acyclic if it satisfies the following
two conditions:

1. Only the identity arrows have inverses.
2. Any arrow from an object to itself is an identity.

From now on, we will assume that all loop-free categories are finite, that is, their
set of arrows are finite.

We recall a construction for loop-free categories which simplifies the computa-
tion of homology. We refer the reader to [171], [105] and [95, Appendix] for the
notion of regular A-complexes or regular trisps. They are just a class of regular
CW-complexes where the cells are simplices. The difference between regular A-
complexes and simplicial complexes is that in a regular A-complexes two simplices
can be generated by the exact same vertices while this is not possible for a simplicial
complex.

Definition 6.17 ( [105,172]). Let C be an loop-free category. Its order complex K(C)
is a A-complex (or regular trisp) whose m-simplices are the composable m-tuples
of arrows in C not including identities. For an object c, the face map d. is given by
composing arrows at c or by deleting the arrows starting or ending at c.

Observe that for a loop-free category C, it is equivalent to compute the homology
as H o K(C) oras H o N(C).

6.1.4 Cellular categories

We begin by introducing a grading for our loop-free categories. In order to do so, we
will add an extra assumption (to make our work easier) to the notion of graded loop-
free category which appears in [105]. Then, we will introduce the notion of cellular
categories. It can be seen as an extension of the concepts of cellular posets defined
in [63] and [126].

Definition 6.18. Let C be a loop-free category and ¢ € Ob(C). We say that ¢ is a
minimal object of C (or that ¢ is minimal, for short) if c is not the target of any non
identity arrow of C, that is, ¢~ (c) = {id.}. Dually, we say that c is a maximal object
of C (or that c is maximal, for short) if ¢ is not the source of any non identity arrow
of C, that is, s !(c) = {id.}.

108



6.2 Morse theory on loop-free categories

Definition 6.19. We call an arrow indecomposable if it can not be represented as a
composition of two non identity arrows. A loop-free category C is called graded if
there is a map 7: Ob(C) — Z such that:

1. Whenever m: ¢ — ¢ is a non identity indecomposable arrow, we have (') =
r(c) + 1.

2. Moreover, if ¢ is a minimal object of C, then r(c) = 0.
For an object ¢, r(c) will be referred as its degree. Moreover, we will write c(r(e)

Moreover, for a graded category C, C* denotes the full subcategory of C whose
objects are the objects of C of degree less than or equal to k.
We introduce some definitions that will be necessary later.

Definition 6.20. Let C be a loop-free category and let ¢ be an object of C. Let C — {c}
denote the full subcategory of C with Ob(C — {c}) = Ob(C) — {c}.

Definition 6.21. Let C be a loop-free category and let ¢ be an object of C. Then
U, is the full subcategory of C' whose objects are s(t7%(c)). Moreover, we define
U.=U;—{c}.

Definition 6.22. Let C be a graded loop-free category. It is said to be cellular if for
each ¢ € Ob(C), U, has the homology of a wedge of n. (r(c) — 1)-spheres for some
ne > 1.

Example 6.23. We provide an example of a cellular category in Figure 6.1.1. We do
not include the identity arrows in the picture.

Figure 6.1.1: Example of a cellular category.

6.2 Morse theory on loop-free categories

This section is devoted to extending Morse theory to loop-free categories. By doing
that, we answer a question by T. John ([97]).
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6.2.1 Vector fields

We begin with the definition of vector field for loop-free categories. Given an arrow
f € Arr(C), we denote Arr(f) = C(s(f),t(f)).

Definition 6.24. Let C be a graded loop-free category. A vector field V on C is
a subset of the non identity indecomposable arrows of C satisfying the following
conditions:

1. If f,g € V, then s(f) # t(g).

2. If f € Vand #Arr(f) = 1, then s~ L (s(f)) NV = {f}and t =L (t(f)) NV =
{s}.

3. If f € Vand #Arr(f) > 1, then #(V N Arr(f)) < #Arr(f) — 1.

Remark 6.25. Condition (2) encodes the idea that closed orbits can not interact with
a gradient like flow. Condition (3) forces closed orbits in a dynamical sense to be
closed in the graph representation. This intuition will become clear later.

The set {f € V: #Arr(f) = 1} will be referred as the gradient like part of the
vector field.

Definition 6.26. Let C be a graded loop-free category and ) a vector field on C. The
vector field V is homologically admissible if for every arrow f in the gradient like
part of V, the subcategory Uy sy — {s(f)} is homologically trivial.

Given a loop-free category C, let us denote by H(C) the directed graph defined
as follows. The elements of H(C) are the objects of C while the edges of 7(C) are
the indecomposable non identity arrows of C. If V is a vector field on C, write Hy(C)
for the directed graph obtained from #(C) by reversing the orientations of the edges
which are not in V. Any node of #(C) not incident with any edge of V is called
critical.

Definition 6.27. Let V be a vector field on a loop-free graded category C and let
c®) &k € Ob(C) be two objects of C. A V-path, ~, of index k from ¢*) to &*) is a
sequence:

(C(k) = fl:ék)a y(()kJrl)? ‘/L‘gk)a yEkJrl)’ cee 7y£’iﬁl)ux7("k) = é(k))

with > 1 such that foreach¢ =0,1,...,r — 1:
1. Thereis a f; € V such that f;: z; — v,
2. Thereis a g; € Arr(C) — V such that g;: y; — x;41.

A V-cycle v in Hy(X) is a closed V-path in Hy,(X) seen as a directed graph.
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6.2.2 Critical subcategories

The notion of chain recurrent set defined for the setting of posets in Chapter 5 gener-
alizes naturally to this new context as we show below.

Definition 6.28. Let )V be a vector field on a graded loop-free category C. We say that
c®) € C is an object of the chain recurrent set R if one of the following conditions
holds:

* cis acritical element of V.
* There is a V-cycle 7y in Hy(X) such that ¢ € 7.

The chain recurrent set decomposes into disjoint subsets A; by means of the
equivalence relation defined as follows:

1. If cis a critical element, then it is only related to itself.

2. Given ¢, € R not critical, ¢ # ¢, ¢ ~ ¢ if there is a cycle 7 such that
c,d €y
, .

Let Aq,..., Ay be the equivalence classes of R. The Als are called basic sets.
Each A; consists either of a single critical element of V or a union of cycles, each of
which has the same index. We write Agk) and say that A; has index k if A; consists

of a critical point of index £ or a union of closed paths of index k.

Example 6.29. In Figure 6.2.1 we provide a representation of #y,(C) for a vector
field V on the cellular category of Example 6.23. The orange arrow is the gradient
like part. The pink object is a critical element. The other colors (green, blue and red)
represent different basic sets.

Figure 6.2.1: Example of a vector field.
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Figure 6.2.2: Filtration induced by a vector field.

6.2.3 Filtration induced by a vector field

Let C be a finite graded loop-free category and V a vector field on C. We show how
this vector field induces a filtration on C:

C()‘—>C1‘—>~-;>Ci‘—>ci+1‘—>""—>cnzc

where each C; is a full subcategory of C. Basically, we follow the same idea as in
Theorem 3.47. We define Cy as the empty category. Now we apply the following
iterative process. For C; a full subcategory of C, we denote by M; the set of minimal
elements of C in C — C;. If there is a critical element ¢ € M, then we define C; as
the full subcategory with the object c. If there are no critical elements in My and
there is a V-cycle  such that Ob(|J., U.) C Ob(C;), then we define C;41 as the
full subcategory with the objects in ~y. If there are no critical elements nor V-cycles
satisfying the stated conditions in My, then we proceed as follows. Among all the
arrows f in the gradient part of VV such that s(f) € M;, we pick one satisfying that
Ob(ﬁt( £)) C Ob(C;). Then we define C; 1 as the full subcategory with the objects

Ob(Ci) U {s(f), t(f)}-
Example 6.30. We illustrate in Figures 6.2.2a, 6.2.2b, 6.2.2¢c, 6.2.2d and 6.2.1 the
procedure presented above for the vector field and category of Example 6.29.

6.2.4 A homological invariance theorem

In order to prove the Morse inequalities, we need the following homological invari-
ance theorem:

Theorem 6.31 (Homological invariance theorem). Let C be a finite cellular category
and V a homologically admissible vector field on C. Consider a filtration

Co—C = —=C—=>Cip1—--—=>C,=C
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as constructed in Subsection 6.2.3. If there is an f in the gradient part of V such that
Ci1 is the full subcategory with the objects Ob(C;) U {s(f),t(f)}, then C; — Ci+1
induces an isomorphism in homology.

Proof. First of all, each right homotopy fiber of the inclusion functor i: C;y1 —
{s(f)} < C;41 has an initial object, so it is homologically trivial since it is con-
tractible by Proposition 6.13. Therefore, by the Homological Theorem A (Theorem
6.15), i: Ciy1 — {s(f)} — C;41 induces an isomorphism in homology. Now, con-
sider the inclusion:

i Cipr — {s(f),t(f)} = Civ1 — {s(f)}-

The result would follow if we proved that

H.(Ciy1 = {s(f)}, Civa — {s(f), 1(f)}) = 0.

Apply the Excision theorem to the subcomplexes K(Uy ) and K(Ci11—{s(f), t(f)})
to obtain the isomorphism:

H.(Uypy, Oy = {5(N)}) = HalCir = {5()},Civr — {5(1), L(H)})-

Observe that Uy has a terminal object (f), so K(Uy f)) is homologically trivial.
Since the vector field V is homologically admissible, then Ut (f)—1s(f)} is homolog-

ically trivial. By the homology long exact sequence of the pair (K(Uyy)), IC(Ut( £
{s(f)})), it follows that

H,(K(Uy ), KUy py — {s(H)})) 20

and we obtain the desired result. OJ

6.2.5 The Morse inequalities

We now prove the Morse inequalities in the context of loop-free categories.

Given a subcategory D < C we denote by D the full subcategory with objects
ODb(D) = UgepUy and by D the full subcategory with objects Ob(D) = Ob(D) —
Ob(D).

Definition 6.32. For each k > 0, we define

my = Z rank Hy,(A;, A;).

basic sets A;

Proposition 6.33. If the index of a basic set A is k, then H;

E ,A) = 0 unless i =
k,k + 1. Moreover, if A is just a critical point %), then H; (A, A)

=0fori # k.
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Proof. Observe that both A and A are cellular categories. In fact: A = A**! and
A = A*~1, By Excision and a standard argument it follows that

Hi(/_\l,/_\lfl) = @ Hi_l([/j().
deg(c)=l, ceA

In particular, H;(A!, A=) = 0 for ¢ ;éil. Now the result follows from the Long
Exact Sequence for the triple (A*+1, AF, AF—1), O

We denote by by the Betti number of dimension &k with coefficients in a principal
domain.

Theorem 6.34 (Strong Morse-Bott inequalities). Let C be a finite cellular category
and let V be a homologically admissible vector field on C. Then, for every k > 0:

My = mp_1 + -+ + (=1)*mg > b, — be_y + -+ + (=1)"by.
Proof. Consider a filtration of C as described in Subsection 6.2.3:
Co—C = —=>C—=>Cig1— - —C,=C.

We will check that the inequalities hold for every ¢, that is (writing my, instead of
my(C;) and by, instead of by (C;)):

My, = mp—y + -+ + (=1)Fmo > by, — by + - + (=1)"bg

for every C;. We argue by induction on ¢. For Cj it holds trivially. Assume it holds
for C; and let us show that then it also holds for C; 1. There are two cases to consider:

1. There is an f in the gradient part of V such that C;1; is the full subcategory
with the objects Ob(C;) U {s(f),t(f)}. Then, by the Homological invariance
Theorem (Theorem 6.31), C; — C;4; induces an isomorphism in homology.
Therefore by (C;) = br(Ciy1) for all k. Moreover, my(C;) = mi(Ci+1) by
definition.

2. The subcategory C; 1 is the full subcategory whose objects are the union of the
objects of C; and the elements of a basic set A. Then my(Ci1+1) — mi(C;) =
rank Hy (A, A). By excision, it follows that: Hy,(Ciy1,C;) = Hy (A, A). Now
the result is obtained by the same arguments as in the case of posets. O

Corollary 6.35 (Weak Morse-Bott inequalities). Let C be a finite cellular category
and let V be a homologically admissible vector field on C. Then:

1. Forevery k >0, my > by;
2. x(C) = Z@:o(_l)kbk = Zizo(_l)kmk-
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Chapter 7
Homotopic distance on small
categories

This thesis is devoted to the study of Morse theory in finite contexts. Therefore,
it is also worth studying topological invariants which are strongly related to Morse
theory as we did with a notion of Lusternik-Schnirelmann category in Chapter 5. In
this chapter we present the notion of homotopic distance between functors which we
introduced in [115]. We expect that this invariant will prove to be related to Morse
theory due to the relation we found between the two notions in the non-finite setting
and which we recall in Section 7.1.

This chapter is organized as follows. First, we briefly present the homotopic dis-
tance between maps and its relation to Morse theory in order to motivate the material
from the rest of the chapter. Second, we introduce the definition of homotopic dis-
tance between functors, its first properties, and some examples. In particular, we
show that it generalizes a notion of categorical Lusternik-Schnirelmann category in-
troduced by Tanaka ([170]). Third, we further study the properties of the distance.
Finally, we focus our work in the settings of posets.

The results of this chapter were published in [115].

7.1 Homotopic distance and Morse theory

In this first section we motivate the results of the rest of the chapter by showing
that their continuous counterparts in the non-finite setting are strongly connected to
Morse theory. We recall the notion of homotopic distance between maps which we
introduced in [118] and some results from our works [118] and [119].

Let f,g: X — Y be two continuous maps.

Definition 7.1. The homotopic distance D(f, g) between f and g is the least integer
n > 0 such that there exists an open covering {Uy, ..., U,} of X with the property
that the restrictions of the maps to each open subset are homotopic, f| U, = gy, for
all 7 = 0,...,n. If there is no such covering, we define D(f, g) = oc.

Notice that:
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1. D(f,9) = D(g, f)-

2. D(f,g) = 0if and only if the maps f, g are homotopic.

3. The homotopic distance only depends on the homotopy class. That is, if f ~ f’
and g ~ ¢', then D(f, g) = D(f',¢).

The interest of homotopic distance relies in the fact that it generalizes well-known
and widely studied invariants, such as the Lusternik-Schnirelmann category and topo-
logical complexity among many others (see [118] and [119] for a detailed exposition).
There is a relative notion introduced in [119] which we recall now.

Definition 7.2. Let f,g: X — Y be two continuous maps, and let A C X be
a subspace. The subspace distance between the two maps f,g on A, denoted by
Dx(A; f,g), is defined as the distance between the restrictions of f, g to A, that is,

X<A7 f7 g) = D(f\Aag|A)

Obviously, when A = X we recover the usual homotopic distance. Moreover,
observe that Dx (A4; f,g) = D(f oia,go0ia), where ig: A C X is the inclusion.

The relation between homotopic distance and Morse theory is explicit in the fol-
lowing result ([119, Theorem 4.5]):

Theorem 7.3. Let ®: M — R be a Morse-Bott function on a compact smooth mani-
fold M. Let ¢y < ...< ¢, be its critical values, and let ¥; = ®~1(¢;) N crit® be the
set of critical points in the level ® = ¢;. If f,g: M — Y are two continuous maps,
then

p
Z D (55 f,9) + 1)

This lead us to believe that it is worth studying an adaptation of the homotopic
distance to finite settings and that there should be a relation with some Morse theory
in the latter context.

7.2 Homotopic distance between functors

In this section, we introduce the definition of the homotopic distance between func-
tors, some of its first properties, and some remarkable examples.
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7.2.1 Definition of categorical distance

We begin by introducing a suitable notion of covers for categories in order to define
a notion of categorical distance between functors. The idea is to think of covers of
the classifying space, in order to cover the arrows of the category. This notion was
introduced by Tanaka ([170]).

Definition 7.4. A collection of subcategories {U) } e of a category C is a geometric
cover of C if for every sequence of composable arrows fi, ..., f, in C, there exists
an index \ € A such that every f; belongs to U).

Proposition 7.5 ([170]). Let {U} ca be a collection of subcategories of a category
C. This is a geometric cover if and only if the collection of subcomplexes {BU\ }ren
covers BC.

Now we introduce our definition of “distance’:

Definition 7.6. Let F,G: C — D be two functors between small categories. The
categorical homotopic distance cD(F, G) between F' and G is the least integer n > 0
such that there exists a geometric cover {Uy, ..., Uy} of C with the property that
Fly, ~ Gy, forall j = 0,...,n. If there is no such covering, we define cD(F, G) =
00.

Example 7.7. Any finite group G can be seen as a category with only one object,
where the arrows are the elements of (G. Then it can be checked easily that if G is
a non trivial abelian group and F,G: G — G are two functors, that is, two group
homomorphisms, then ¢cD(F, G) = oo unless F' = G.

It is easy to prove that some properties of the homotopic distance for continuous
maps also hold for the categorical homotopical distance:

Proposition 7.8. The following properties for the categorical homotopic distance
hold:

1. ¢cD(F,G) =cD(G, F).
2. ¢D(F,G) = 0 if and only if the functors F, G are homotopic.

3. The categorical homotopic distance only depends on the homotopy class, that
is, if F ~ F" and G ~ G' then cD(F,G) = cD(F',G").

4. Given two functors F',G: C — D and a finite geometric covering Uy, . . . , Uy
of C,

cD(F,G) <Y cD(Fy,,Gy,) +n.
k=0
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5. A small category C is connected if and only if the categorical homotopic dis-
tance between any pair of constant functors is zero.

Definition 7.9. The weak categorical homotopic distance weD(F, G) between F' and
G is the least integer n > 0 such that there exists a geometric covering {Uy, . . ., Uy }
of C with the property that BFig;, ~ BG py,, forall j = 0,...,n. If there is no
such covering, we define weD(F, G) = cc.

The weak homotopic distance satisfies the analogous statements to Properties
1-4 from Proposition 7.8. Moreover, both the weak categorical and the categorical
distance behave well with respect to duality:

Proposition 7.10. Given a functor F: C — D we can define F°P: C°? — D°P,
Moreover, if there is a natural transformation between F and G, then there is a nat-
ural transformation between G°P and F°P. Therefore, cD(F,G) = cD(F°P, G°P).
Notice that BF = BF°P. Hence, wcD(F, G) = weD(F°P, GP).

7.2.2 Examples

Recall that all categories are assumed to be small and connected.

We begin by restating the concept of categorical Lusternik-Schnirelmann cate-
gory introduced by Tanaka ([170]) as a particular case of the more general notion of
categorical homotopic distance:

Definition 7.11. Let C be a small category. A subcategory U is categorical in C if the
inclusion functor is homotopic to a constant functor onto an object. The (normalized)
categorical Lusternik-Schnirelmann category ccat(C) is the least integer n > 0 such
that there exists a geometric cover of C formed by n + 1 categorical subcategories. If
there is no such an integer we set ccat(C) = oo.

Given a small category C and a subcategory U, observe that the inclusion functor
of the subcategory U in C is just the identity functor 1¢ of C restricted to I/. As a con-
sequence, the definition of the categorical Lusternik-Schnirelmann category can be
reformulated by means of the following result, which shows that our categorical ho-
motopic distance between functors generalizes Tanaka’s definition of the categorical
Lusternik-Scnirelmannn category [170]:

Proposition 7.12. The LS-category of C is the categorical homotopic distance be-
tween the identity 1¢ of C and any constant functor, that is cat(C) = cD(1¢, *).

More generally, we define the categorical Lusternik-Schnirelmann category of a
functor:
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Definition 7.13. The (weak) categorical Lusternik-Schnirelmann category of the func-
tor I': C — D is the (weak) categorical distance bewteen F' and a constant functor,
ccat(F') = cD(F, *).

Example 7.14. Observe that a subcategory U is categorical if and only if the restric-
tion of the diagonal functor A¢: C — C x C is homotopic to a constant functor.
Hence, the category of the diagonal functor A¢: C — C x C equals ccat(X).

Given a base object ¢y € C we define the inclusion functors i1,%2: C — C X C as
i1(c) = (¢, ¢p) and i2(c) = (co, ¢).

Proposition 7.15. The categorical LS-category of C equals the categorical homo-
topic distance between i1 and 12, that is, ccat(C) = cD(i1, i2).

Proof. First, we show that cD(i1,42) < ccat(X). Assume that a subcategory U of
C is categorical and let H: U x Z,, — C be the homotopy between the inclusion
functor and the constant functor to ¢y € C, i.e. H(c,0) = cand H(c,1) = ¢p. We
define a homotopy H': U x Ty, — C between (i1)y, and (i2)y, (by concatenation)
as

H,(C,i): (H(Cvi)>CO) 1f0§l§m>
(co, H(c,2m — 1)) ifm < i< 2m.
Note that:
H'(c,0) = (H(c, O),co) = (¢, c) = i1(c)
while

H'(c,2m) = (co, H(c,0)) = (co,c) = ia(c).

Second, we show that ccat(X) < cD(i1,i2). Assume that there is a homotopy
H:UXTy — CxCbetween (i1)y and (iz)y, i-e., H(c,0) = (¢, co) and H(z,1) =
(co, c). Let p1 o H be the first component of H. Then p; o H is a homotopy between
the inclusion functor of &/ and the constant functor onto cg. ]

Therefore, our notion of categorical homotopic distance generalizes the categor-
ical Lusternik-Schnirelmann category introduced by Tanaka [170].

Motivated by the approach adopted in [64] to the Discrete Topological Complex-
ity in the setting of simplicial complexes, we define the complexity of a category as
follows:

Definition 7.16. A subcategory U of C x C is a Farber subcategory if there exists
a functor F': Y — C such that A o F' ~ 4z, where 4y, is the inclusion functor. The
(normalized) categorical complexity of C, cTC(C), is the least integer n > 0 such
that there exists a geometric cover of C formed by n + 1 Farber subcategories. If
there is no such an integer we set cTC(C) = oo.
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Theorem 7.17. The categorical complexity of a small category C is the categori-
cal homotopic distance between the two projections p1,ps: C x C — C, that is,
cTC(C) = cD(p1, p2).

Proof. We will prove that a subcategory U of C x C is a Farber subcategory if and
only if the projection functors are homotopic in U/. First, assume that there exists a
functor F': U — C such that Ao F' ~ 4y;. Let us denote the homotopy between Ao F
and iy by H: U x Z,,, — C x C, where

Ho(cl,CQ> = (A ¢} F)(Cl,CQ) = (F(Cl,CQ),F(Cl,CQ))

and Hq(c1,c2) = (c1,c¢2). We define a homotopy H': U x I3, — C between the
projection functors as follows:

pro H(cp,eco,m—1) if0<i<m,

H/(Cl, Cg,i) = {

peo H(ci,co,i—m) ifm <i<2m.

Conversely, assume that the projection functors are homotopic in ¢ through a ho-
motopy H': U x Z,,, — C where H{, = p; and H], = ps and we will prove that
there exists a functor F': U — C such that A o I’ ~ 4. Define F' = p;. Now,
the homotopy between A o F' and 4 is given by G: U x Z,,, — C x C, where
G(cr,e2,m) = (c1, H'(¢1, c2,m)). O

7.3 Properties

We prove several elementary properties, beginning with the behaviour of the ho-
motopic distance under compositions. Several properties of ccat and cTC can be
deduced from our general results.

7.3.1 Compositions
Proposition 7.18. Let be functors F,G: C — D and H: D — &. Then
cD(H o F,H o G) <cD(F,G).

Proof. Let ¢cD(F,G) < n and let {Up, ...,U,} be a geometric covering of C with
F; = Fjy, homotopic to G = Gy, Then

(HoF)j=HoF;~HoG;=(HoG)j,

socD(Ho F,HoG) <n. O

120



7.3 Properties

Corollary 7.19. Let F': C — D be a functor. Then ccat(F') < ccat(C).

Proof. Take 1¢ and a constant functor ¢y from C to C. Then cD(F o 1¢, F(cp)) <

cD(1¢, co). O

Proposition 7.20. Let be functors F,G: C — D and H: £ — C. Then
cD(FoH,GoH)<cD(F,QG).

Proof. Let cD(F,G) < n and let {Uo, ...,U,} be a geometric covering of C with
F; ~ Gj: U; — D. Since C is a small category, for each U/ = U; we can define the
subcategory H ~'(U) where

Ob(H Y (U)) = {e € Ob(&): H(e) € ObU)}
and if e, ¢’ € Ob(H~1(U)) then
Arr(e,e’) = {a € Arr(€): H(a) € Arry(h(e), h(e))}.

Consider the geometric covering of £ whose elements are V; = H _1(Z/{j). The
restriction Hj: V; — C can be written as the composition of H;:V; — Uj, where
Hj(c) = H(c), and the inclusion I; of U; in C. Then we have that

hence cD(F o H,Go H) < n. O
Corollary 7.21. Given a functor F': C — D, then ccat(F') < ccat(D).

Proof. Take 1p and a constant functor dy from D to D. Then cD(1p o F,dy o F) <
cD(1p, o). [

Corollaries 7.19 and 7.21 can be extended to the categorical distance as follows:
Corollary 7.22. Let F,G: C — D be functors. Then
cD(F,G) + 1 < (ccat(F) + 1)(ccat(G) + 1).

Proof. Denote by dp a constant functor from C to D. Assume that ccat(F) =
cD(F,dy) < m, ccat(G) = ¢D(G,dp) < n and let {Uy, ..., Un}t, Vo, Vn}
be the corresponding geometric coverings of C. The subcategories W; ; = U; N'V;
(where the intersection means the intersections of the sets of objects and intersections
of the sets of arrows) form a geometric cover of C. Moreover, ' ~ dy ~ G on W ;,
so cD(F,G) < m-n - 1. The result follows. O

Corollary 7.23. ccat(C) < c¢TC(C).

Proof. In Proposition 7.20 consider the inclusion functors i1,i9: C — C X C, so

cD(x*,1¢) = cD(p1 0 i, p2 0 i2) < cD(p1,p2).
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7.3.2 Domain and codomain

Proposition 7.24. Assume that F,G: C — D are two functors between small cate-
gories. If at least one of the categories C or D have an initial or terminal object, then

cD(F,G) = 0.

Proof. Recall from Proposition 6.13 that a category £ that has an initial or termi-
nal object, is contractible. Since any pair of functors which contractible domain or
codomain are homotopic, it is cD(F, G) = 0. O

Remark 7.25. The converse of Proposition 7.24 does not hold. Recall that a poset P,
when seen as a category (see Section 7.4), has a terminal object x if and only if x
is the unique maximal element of P and a dual statement applies to initial elements.
Consider the poset P = {x,y, z, w, t} with the order:

e x < z,w,t,
*y<zwli,
e and z < w, t.

It is contractible and therefore the distance between any pair of functors is zero.
However, it has no terminal nor initial objects.

Theorem 7.26. Let F,G: C — D be two functors. Then
cD(F, G) < ccat(C).
Proof. 1t is enough to prove that
cD(F,G) =cD(Fole,Gole) <cD(1e,cp) = ccat(X).

Assume cD(1¢, ¢p) = n, and let {Uy, ..., U, } be a geometric covering for C such
that, for all j, 1y, ~ (co)jy, by a homotopy H: U; x I, — C. Let us define the
homotopy H': U; x Iy, — D as follows:

He.t) {Fo?—[(c,i), ifo<ism
GoH(c,2m — 1), ifm <i<2m.
Hence, cD(F o 1¢,G o 1¢) < n. O
What follows is the categorical version of a well known result from Farber [61].
Corollary 7.27. ¢TC(C) < ccat(C x C).

Proof. In Theorem 7.26 take the functors p1,pe: C x C — C. Then cTC(C) =
cD(p1,p2) < ccat(C x C). O
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7.3.3 Triangle Inequality

The Triangle Inequality does not hold in general in this context as Example 7.29
shows. However, it holds by adding certain restrictions:

Proposition 7.28. Let F,G,H: C — D be functors between C and D such that
ccat(C) < 2. Then

¢D(F, H) < ¢cD(F,G) + cD(G, H).

Proof. First, notice that if two of the three functors are homotopic, then the result
holds automatically, so assume that there is no pair of homotopic functors among
F,G and H. Since cD(F, H) < ccat(C) (Corollary 7.26), the result follows. O

However, the Triangle inequality does not hold in general as the following exam-
ple, communicated to us by Barmak, shows:

Example 7.29. Let S be the finite space corresponding to the poset depicted in Figure
7.3.1. Observe that it is a finite model of the circle.

Z3 Ty
301[ 111?2
Figure 7.3.1: The finite topological space .S.

Consider the finite space X = S x S and the continuous maps f,g,h: X — X
given by f = idx, g = idg x cand h = ¢ X ¢ where ¢: § — S is a constant
map. Recall that for any finite space Y and y € Y, the subspace U, is contractible.
Therefore {S x Uy, , S x Uy, } is an open cover of X such that the restrictions of f and
g to each of the members of the cover are homotopic. This proves that D(f, g) < 1.
A symmetrical argument shows that D(g, h) < 1. However D(f,h) = cat(X) >
3 [169, Example 3.5]. Therefore, the maps f,g and h do not satisfy the triangle
inequality.

7.3.4 Invariance

We now prove the homotopy invariance of the homotopic distance.

Corollary 7.30. 1. Let F,G: C — D be functors and let o: D — D' be a functor
with a left homotopy inverse. Then

cD(ao FyaoG) =cD(F,G).
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2. Let F,G: C — D be functors and let 3: C' — C be a functor with a right
homotopy inverse. Then

cD(FofB,Gop)=cD(F,G).
Proof. We prove 1 since 2 is analogous. By Proposition 7.18,
cD(F,G) > cD(ao F,aoG) >cD(foaocF,foaoc).

But foa ~ 1pimplies foao F' ~ Fand foaoG ~ G, hence cD(foao F,fo
a o G) = cD(F, Q) because the distance only depends on the homotopy class.  [J

Proposition 7.31. Assume o: C — C' and : D — D' are homotopy equiva-
lences between small categories, connecting the functors F': C — D (resp. G) and
F': C' — D (resp. G'), that is, the following diagram is commutative:

C%D
!

' —=71D
G/

Then cD(F,G) = cD(F',G").

Proof. We denote the homotopic inverse of 3 by 3’. Then from Corollary 7.30 it
follows:

cD(F,G) =cD(Foa,Goa)=cD(f ocFoa, ocGoa).

Corollary 7.32. ccat(C) and ¢TC(C) are homotopy invariant.

Note that Corollary 7.30 generalizes the homotopy invariance of ccat stated by
Tanaka in [170].

7.3.5 Products

We study now the behaviour of the categorical homotopic distance under products.

Theorem 7.33. Given F,G:C — Dand F',G': C' — D/, then

¢cD(F x F',G x G")+1< (cD(F,G) +1) - (¢cD(F',G") +1).
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Proof. Given geometric coverings {Uy, ... ,Up} and {Vo, ..., V,} of C and C’, re-

spectively, such that Fj,, ~ Gy, and F|/v ~ GTV* then it can be checked that
J J
{U; x V;} is a geometric cover of C x C’ such that F' x F\/ul-xvj ~ G x G\,uixvj' O

Set F': C — Cand F': C' — (' to be the identity functors and G: C — C and
G': C' — (' to be constant functors. Then, we obtain the following corollary:

Corollary 7.34. It holds that:
ccat(C x C') +1 < (ccat(C) + 1) - (ccat(C') + 1).

Hence, Theorem 7.33 generalizes the product inequality proved by Tanaka [170]
for the categorical LS-category.

Corollary 7.35. It holds that:
cTC(C xC')+1 < (cTC(C) +1) - (cTC(C") + 1).

Proof. Set F: C x C — Cand F': C' x C" — C’ to be the projection functors onto
the first factor and G: C x C — C and G’: C' x C' — C' to be the projection functors
onto the second factor. O

7.3.6 Relationship between homotopic distances

Ordinary homotopic distance between continuous maps and the two notions of cate-
gorical homotopic distance that we have defined so far are related by the following
result:

Proposition 7.36. Given two functors F,G: C — D, then
D(BF,BG) < weD(F,G) < ¢D(F,G).

Proof. 1t is well known that given any subcomplex Y of a CW-complex X, there
exists an open neighborhood U of Y in X such that Y is a deformation retract of U
(see for example [95]). Since deformation retracts are homotopy equivalences and
the homotopic distance is invariant under homotopies, by Proposition 7.5 we have

D(BF,BG) < weD(F,G).

The fact that the classifying space functor preserves homotopies guarantees the in-
equality weD(F, G) < cD(F, G). O

Remark 7.37. The difference between the categorical homotopic distance and the
weak categorical homotopic distance can be arbitrarily large, as Example 6.6 illus-
trates.
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7.4 The context of posets

Recall that a finite poset can be seen both as a small category and as a finite topo-
logical space. In this way, order preserving maps between them can be seen both
as functors and as continuous maps. Therefore, given two functors between posets
F,G: P — @, it makes sense to study both their homotopic distance as continuous
maps and their categorical homotopic distance as functors. We devote this section to
the study of homotopic distance between order preserving maps.

We recall a classic result from Barmak’s book ([6]). In order to state it, we
recall the notion of contiguity. Two simplicial maps ¢, : K — L are said to be
contiguous if for every simplex o € K, ¢(o)Ut)(0o) is a simplex of L. Two simplicial
maps @, : K — L lie in the same contiguity class if there exists a sequence p =
©1, ..., pn = such that ¢; and ;1 are contiguous for every 0 < ¢ < n.

Lemma 7.38. Given two homotopic continuous maps between posets F,G: P — P/,
then the simplicial maps KC(F') and KC(G) are in the same contiguity class. Con-
versely, let p,¢: K — L be simplicial maps which lie in the same contiguity class.

Then x(p) ~ x(¢): x(K) — x(L) (are homotopic).

7.4.1 Homotopy equivalences in posets

Stong ([164]) showed that for any given finite poset P there exists a unique subposet
(up to isomorphism) P’ C P, called the core of P, satisfying the following two
conditions:

1. P’ is a deformation retract of P;

2. no proper subposet of P’ is a deformation retract of P.

Under these circumstances P’ is called a minimal poset.

As a consequence of the homotopy invariance of the distance, it follows that in
order to compute the (categorical) homotopic distance between functors F,G: P —
@, where P and @) are posets, it is enough to study the (categorical) homotopic
distance between the associated functors F/, G’: P’ — ' between the cores.

Corollary 7.39. Given two functors F,G: P — @Q between two finite posets P, Q),
let P’ (respectively, Q') be the core of P (resp., of Q). Denote by F',G': P — @Q’
the compositions of F' and G with the equivalences P ~ P" and Q ~ Q'. Then:

cD(F,G) = cD(F', &)

and
D(F,G) = D(F’, G’).

Therefore, from now on, we can restrict our attention to minimal spaces.
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7.4.2 Coverings and bounds

We begin with a lemma which relates the notions of geometric cover and open cover
of posets.

Lemma 7.40. If P is a finite poset and {Uy, ..., Uy} is an open cover of P, then
{Uo, ..., Un} is also a geometric cover.

Proof. Let xg < .-+ < x,, be a sequence of composable arrows in P. Since there
is a Uy, such that z,, € Uy, by definition of the open sets in P it is Uy, C Uy, so
g, ..., Ty € Ug. ]

The following results help us to implement the computation of the (categorical)
homotopic distance when the domain is a finite poset by reducing the number of open
covers we have to test.

Proposition 7.41. Let P and Q) be two finite posets and let F,G: P — @ be two
functors. Then, D(F,G) = m if and only if there exists an open cover {Uy, ..., Uy}
whose elements are of the form

Ui =UgU---UUy, ,

where the x. are maximal elements (with respect to the order relation in P) and such
that the restrictions of F' and G to each U; are homotopic.

Proof. Given xj, € P, the basic open subset Uy, is contractible (Proposition 7.24). It
is clear that an open cover {U; } whose elements are of the form U; = Uy, U- - UUy, |
where the x; are maximal elements is a geometric cover and since the poset P is
finite, so is the cover and D(F, G)). Now, we will prove that it is enough to consider
such coverings. Given an open cover {V;}{", such that Fjy, ~ G|y, we will obtain
a cover formed by unions of maximal basic open sets with at most m + 1 elements.
Suppose that V; = {z1,...,z;}. Among the elements of V; pick the ones which are
maximal elements of P. Suppose these maximal elements are {z;, ..., z; }. Then
define U; = UgciO U---u Uwzf Note that U; C Vj. It can be checked that the covering
{U;} constructed by this procedure satisfies that Fy, ~ G|y, and it is a cover of the
required form. O

The proof of the following result is similar.

Proposition 7.42. Let P and Q be two finite posets and let F,G: P — @) be two
functors. Then, cD(F, G) = m if and only if there exists an open cover {Uy, . .., Up, }
whose elements are of the form

U, =C;;U---UC;

n)
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where the C;, are maximal chains and such that the restrictions of F' and G to each
U; are homotopic.

As a consequence of the previous two results, we can given an upper bound for
the categorical homotopic distance.

Corollary 7.43. Let P and Q) be two finite posets and let F, G: P — Q be two func-
tors. Then D(F, G) and cD(F, G) are less than or equal to the number of maximal
elements of P minus one. Furthermore, cD(F, G) is less than or equal to the number
of minimal elements minus one.

Example 7.44. This example shows that the upper bound of Corollary 7.43 is sharp.
Consider the poset P depicted in Figure 7.4.1 and the functors (order preserving
maps) 1p, F': P — P where F is given by F(z1) = z2, F(x2) = z1, F(z3) = x4
and F'(z4) = x3. The functors 1p and F' are not homotopic (see [6, Lemma 2.1.1]),
so by Corollary 7.43, D(F,G) = 1.

T3

Ty
1’1[ 112

Figure 7.4.1: A finite model of S!.

7.4.3 Relations with other homotopic distances

In [64, 65, 68], simplicial versions of LS category and topological complexity were
given by replacing the notion of homotopic continuous maps with that of contiguous
simplicial maps.

In the same vein, a notion of distance between simplicial maps can be defined.

Definition 7.45. The contiguity distance sD(yp,1)) between two simplicial maps
p,: K — L is the least integer n > 0 such that there exists a covering of K

by subcomplexes Ko, ..., Ky such that the restrictions ¢k, ¥k, : K; — L are in
the same contiguity class, for all j = 0, ..., n. If there is no such covering, we define
sD(f, g) = oco.

This notion of contiguity distance generalizes those of simplicial LS category
scat(K) and discrete topological complexity sTC(K) defined in [1, 64, 65,68, 118]:

Example 7.46. Given two simplicial complexes K and L, denote by K [] L their cat-
egorical product [105]. The contiguity distance between the projections p1, p2: K [[ K —
K equals sTC(K), as follows from [64, Theorem 3.4].
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Example 7.47. The simplicial LS category of a simplicial map between simplicial
complexes ¢: K — L, denoted scat(p) [1], is the contiguity distance sD(p, vg)
where vg: K — L is a constant simplicial map.

The following result relates the notions we have been working with so far.

Theorem 7.48. Given order preserving maps between finite posets F,G: P — Q,
then

D(BF,BG) < weD(F,G) < sD(K(F),K(G)) < cD(F,G) < D(F,G).
Proof. From Proposition 7.36 we already have the inequalities:
D(BF,BG) < weD(F,G) < cD(F,G).

First, we prove that:
cD(F,G) < D(F, Q).

Suppose that D(F, G) = n with an open covering {Uy, ..., U, }. Because of Lemma
7.40 the collection {Uy, ..., U,} is also a geometric covering.
Now we show that:

sD(K(F), K(Q)) < cD(F, G).

Recall that a collection {U)}rea of subcategories of a category C, is a geometric
cover if and only if the collection of subcomplexes { BU } xea covers BC (Proposition
7.5). Now, the inequality

sD(K(F),K(G)) < cD(F,G)
follows from Lemma 7.38. Finally, the inequality
weD(F,G) < sD(K(F),K(Q))

follows from the fact that if two simplicial maps are in the same contiguity class, then
their geometric realizations are homotopic ( [6]). ]

As a consequence of Theorem 7.48 we obtain several results relating existing
notions for LS categories:

Corollary 7.49. Given a poset P, we have
cat(|IC(P)]) < wecat(P) < scat((P)) < ccat(P) < cat(P),
where |IC(P)| denotes the geometric realization of the simplicial complex K(P).

Therefore, Theorem 7.48 generalizes the results of Tanaka ([170]) regarding the
categorical LS-category.
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7.4.4 Subdivisions

We recall that given a poset P, its barycentric subdivision can be defined as sd(P) =
(x o K)(P) (see [6]). Moreover, this construction is functorial. We have seen that
cD(F,G) < D(F,G) (Theorem 7.48). By subdividing the domain we can reverse
this inequality.

Lemma 7.50. Given two order preserving maps F,G: P — @ between finite posets,

we have
D(sd(F),sd(@)) < cD(F,G).

Proof. Assume that cD(F, G) = n with the geometric cover {{;}. Note that IC(U;)
is a subcomplex of K(P) and therefore sd(U;) = x o IC(U;) is an open subset of
sd(P). Moreover, {sd(U4;)} is a cover of sd(P). Finally, since Fj;, ~ Gy,, from
Lemma 7.38 follows that Fsq,) =~ Gsa(u,)- As aconsequence, D(sd(F),sd(G)) <
cD(F,G). O

Moreover, the inequality becomes an equality after enough subdivisions:

Proposition 7.51. Given two order preserving maps F,G: P — (@ between finite
posets, there exists a natural number k such that the k-iterated barycentric subdivi-
sion stabilizes the distances, that is,

D(sd*(F),sd*(G)) = cD(sd*(F),sd*(@)).
Proof. From Theorem 7.48 and Lemma 7.50 it follows that:
cD(sd(F),sd(G)) < D(sd(F),sd(G)) < cD(F,G).
Therefore,

lim D(sd*(F),sd*(@)) = lim c¢D(sd*(F),sd*(G@)). O

k—o0 k—o0

Observe that both Lemma 7.50 and Proposition 7.51 generalize the corresponding
results in the context of posets by Tanaka for the categorical LS-category ([170]).

Remark 7.52. Section 7.4 could be generalized both to the context of preordered sets
and to acyclic categories and most results would hold.
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Results

Some of the results presented in this thesis appear in the research articles and preprints
below:

* (Preprint) D. Ferndndez-Ternero, E. Macias-Virgds, D. Mosquera-Lois, N. A.
Scoville, and J. A. Vilches. Fundamental Theorems of Morse Theory on posets.
arXiv e-prints 2002.06933, 2020.

e (Preprint) D. Ferndndez-Ternero, E. Macias-Virgds, D. Mosquera-Lois, and
J. A. Vilches. Morse-Bott theory on posets and an homological lusternik-
schnirelmann theorem. arXiv e-prints 2007.13565, 2020.

* (Preprint) M. Lipiniski, D. Mosquera-Lois, and M. Przybylski. Morse theory
for loop-free categories arXiv e-prints 2107.06202, 2021.

* E. Macfas-Virgés and D. Mosquera-Lois. Homotopic distance between func-
tors. J. Homotopy Relat. Struct., 15(3-4):537-555, 2020.

We have included some work in progress, which we plan to submit to interna-
tional journals in the near future.
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Conclusions

Consider the following diagram:

Loop-free Cat - N Regular CW-Complexes

Posets Simplicial Complexes
X

Chain Complexes

which relates several discrete structures through well-known functors (in the case
of the horizontal arrows). For the relation between chain complexes and posets see
Subsection 3.1.2. There are several Morse theories on posets ([105, 126]), regular
CW-complexes ([73,75,77]) and chain complexes ([104, 105]).

* We developed another Morse theory on posets (for tame Morse functions) with
several versions depending on the invariant we want to study and which sim-
plifies the proofs of the results.

* We showed that under suitable hypothesis, the Morse theory we developed
generalizes and unifies all the preceding Morse theories ([73,75,77,104, 105,
126]). Furthermore, this provides another proof (apart from the one in [126])
to extend Forman’s theory to more general cell complexes.

* We generalized the unified Morse theory from gradient dynamics to more gen-
eral dynamics, obtaining a Morse-Bott theory. Moreover, we checked that tor-
sion can be taken into account in the discrete setting.

* We extended the previous Morse-Bott theory to the setting of loop-free cate-
gories, providing an answer to a question of John ([97]).
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¢ We introduced an invariant which measures the homotopic distance between
functors between small categories.
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