CROSSED PRODUCTS FOR WEAK HOPF ALGEBRAS

ANA BELEN RODRIGUEZ RAPOSO

ABSTRACT. Weak crossed products by a weak bialgebra are defined. The resulting
structure is not that of a unital algebra but an associative algebra with preunit. A
general formula of such a product is given in terms of a weak 2-cocycle and a weak
measuring. The relation with weak cleft extensions is studied. Equivalences of weak
crossed products are defined and are related to gauge transformations. A relation
between cleaving maps is described in terms of gauge transformations.

1. INTRODUCTION

Blattner,Cohen and Montgomery in [6] and independently Doi and Takeuchi in [19]
introduced the notion of a crossed product of an algebra B by a Hopf algebra H. A
crossed product consists of an algebra structure defined on B® H given in terms of two
maps, a measuring and a cocycle, and its unit is 15 ® 1. Crossed products became an
important tool in the study of Galois extensions, and in particular of cleft extensions,
as a cleft extension can be identified with a crossed product with convolution invertible
cocycle, as Blattner and Montgomery prove in [7] and Doi and Takeuchi in [19].

The context of Hopf algebras experimented several generalizations during the last
ten years. In [13] Brzeziniski and Majid defined entwining structures, that unified the
study of different categories of modules over Hopf algebras. Following different ideas,
Bo6hm, Nill and Szlachadnyi generalized Hopf algebras to weak Hopf algebras [9] just
by weakening the properties of the unit and the counit. Now the properties of the unit
and the counit are summarized in four idempotent maps I1%, IIZ, I and II*. Weak
Hopf algebras and entwining structures where unified by Caeneepel and De Groot using
weak entwining structures [16]. In this general context of weak entwining structures
Alonso Alvarez et al. obtained the concept of weak cleft extension [2] (that we will
denote W-cleft) as the classical one was not suitable in this new weak context. Of
course, weak cleft extensions for weak entwining structures can be easily particularized
to the case of weak Hopf algebras, or in general to weak bialgebras.

The more recent Hopf-type object is a Hopf algebroid (see for example [20]). A
Hopf algebroid consists of an object endowed with two ring structures and two coring
structures over two different algebras. To generalize a weak Hopf algebra to a Hopf
algebroid we need to consider the images of the idempotent morphisms II% and II”.
In this context a generalization of cleft extensions was given by Bohm and Brzezinski
n [11]. They also find a crossed product of a Hopf algebroid by an R-ring (where the
algebra R is one of the base algebras related to the Hopf algebroid). Moreover they
obtain a generalization of Blattner and Montgomery and Doi and Takeuchi result, so
they identify cleft extensions with crossed products with an invertible cocycle. Finally
they give a definition for a weak cleft extension of Hopf algebroids, that we will denote
W-cleft, and identify it with a crossed product that has a left invertible cocycle. If we
apply this general theory to the case of weak Hopf algebras we obtain a definition of a
W-cleft extension for weak Hopf algebras. It seems natural to ask about the relation
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of W-cleft extensions and W-cleft entensions. It is not difficult to prove that W-cleft
extensions are W-cleft. Unfortunately the converse is not true in general. The main
reason is that when weak Hopf algebras are interpreted as Hopf algebroids we need
information from the images of the four idempotent morphisms IT%, IT¥ TI% and II%.
Hence W-cleft extensions for Hopf algebroids also use all these information. When we
deal with W-cleft extensions we just need information from IT® and II¥ so, roughly
speaking, we do not have enough information to obtain the converse. Hence the theory
of crossed products given in [11] is not suitable to deal with W-cleft extensions.

A first approach to obtain an appropriate definition of crossed products for weak Hopf
algebras was given by Alonso Alvarez et al. in [4], where they define an associative
multiplication on B ® H with preunit 15 ® 1g, for a weak Hopf algebra H and an
algebra B. This multiplication is given in terms of two morphisms H ® B — B® H
and H ® H — B ® H that generalize the measuring and the cocycle respectively. To
generalize Blattner and Montgomery and Doi and Takeuchi theorem using this crossed
product it is necessary to impose the condition f(1g) = 15 on the cleaving morphism
f, as the preunit has to be 13 ® 1. Recall that in the Hopf algebra case this property
does not suppose any restriction, as if f is a cleaving map then f(h) = f~1(1g)f(h) is
also a cleaving map that moreover is unit-preserving. In the weak Hopf algebra case it
is not possible to prove this assertion in general, and hence it seems necessary to change
the definition of a weak crossed product to obtain one whose preunit is not 13 ® 1y
necessarily.

In the present paper we define a weak crossed product structure of an algebra B by
a weak balgebra H that consists of an associative multiplication on B ® H equipped
with a preunit. This multiplication is given in terms of a weak weak measuring and
a cocycle. These maps must satisfy certain necessary and sufficient conditions, that
generalize the ones in [6, 19], for product to be associative and to have a preunit. An
idempotent morphism ) : B® H — B ® H associated to the preunit arises naturally,
and its image is an algebra associated to the weak crossed product. In the bialgebra case
this idempotent is the identity and we recover crossed product algebras given in [6, 19].
When we study weak crossed products in relation with W-cleft extensions, we prove
that a W-cleft extension induces a weak crossed product with a left invertible cocycle,
for the definition of invertible cocycle given in [4, 11]. Conversely, the existence of a
left invertible cocycle implies that the algebra associated to the weak crossed product
is a weak cleft extension of its coinvariants. In this case we cannot proceed as in the
classical one to prove that these coinvariants are the algebra B. Therefore we give
necessary and sufficient conditions for this to occur, kindly communicated to us by
Gabriella Bohm. Finally we define equivalence of weak crossed products and we obtain
that any two equivalent crossed products are related by a gauge transformation. As a
corollary we obtain that different weak cleaving maps associated to the same weak cleft
extension are related by a gauge transformation, following the ideas due to Doi [18] in
the context of Hopf algebras and to B6hm and Brzezinski [11] in the context of Hopf
algebroids.

Notation. Throughout the paper we work over an associative commutative unital
ring k. By an algebra we understand an associative algebra A with unit 14 and a
coalgebra means a coassociative coalgebra C' with counit €c. All the modules and
comodules are supposed to be unitary or counitary unless otherwise specified. The set
of homomorphisms of right (resp. left) A-modules will be denoted by Hom 4(V, W)
(resp. aHom(V,W)), and the homomorphisms of right (resp. left) C' comodules by
Hom®(V,W) (resp. “ Hom(V,W)). We use Sweedler-like notation, so v[o) @ (1) denotes
the right coaction of a right comodule V', and c(;) ® ¢(3) the comultiplication of a
coalgebra.
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2. PRELIMINARIES

2.1. Weak bialgebras and weak Hopf algebras. Recall that a weak bialgebra is
an algebra and a coalgebra H such that the coproduct is a multiplicative map, 1(1) ®
1(2) ® 1(3) = 1(1) & 1(2)1(11) & 1(2/) = 1(1) & 1(1/)1(2) & 1(2/), and for all h,k € H
en(hkl) = en(hkqay)en(keyl) = en(hk))en(kmyl). The behavior of the unit with
respect to the comultiplication and of the counit with respect to the multiplication are
sumarized in [16] (propositions 4.3 to 4.8) using the projections [9]:

" (h) = en(1ayh) 1) T (h) = 1yen(12)h)
% (h) = 1qyen(hl(y) 7 (h) = e (hl))1(2)-

If there also exists a linear map S : H — H such that for all h € H h(;)S(h)) =
€H(1(1)h)1(2), S(h(l))h(g) = 1(1)€H(h1(2)) and S(h(l))h(g)S(h(g)) = S(h) then H is
called a weak Hopf algebra and the map S is called the antipode. Note that in this case
IT%(h) = h(1)S(h()) and I (h) = S(h))h). Other equalities relating the idempotent
maps and the antipode are sumarized in [14] (proposition 36.11) or in [2].

Right H-comodule algebras over a weak Hopf algebra H, or in general over weak
bialgebras [16], were defined by Béhm in [8]. A is a right H-comodule algebra if it is
an H-comodule and an algebra such that ajb ® apjbp) = (ab)(g (ab)p) for all a,b € A
and satisfies the following proposition, given by Caenepeel and De Groot in [16]:

Proposition 2.1. Let H be a weak bialgebra and A a right H-comodule wich is also
an algebra that verifies
ajo)bjo] ® apybpy = (ab) o) (ab)py

for all a,b € A. Then the following statements are equivalent:

(1) 1o ® 1pp ® g = 1) ® 1yl @ 1z)

(2) 1o @ 1y @ 1y = 1) @ 1)1y ® Loy

(3) For alla € A ajg ® I (ap)) = aljg @ 1y

(4) For all CL €A a[o} ® Ik (a[l]) = ljgja ® 1y

(6) 1[0} @ (1) = 1oy ® Iy
If any of these properties hold we say that A is a weak H-comodule algebra.

This proposition also implies that 1[0]€H( (1) [1])®h( 2) = Lligj®@hlpy forall h € H and

[O]CLEH(hl[l]) = a[o}gH(ham) for all a € A. Furthermore, the map )(h®a) = ajo] ®ha[1]

gives a weak entwining structure (A4, H,1) (see [16]). This fact permits us to use the
general theory for weak cleft extensions introduced in [2].

For a weak bialgebra H and a weak H-comodule algebra A, we define the subalgebra
of coinvariants as B = A®" = {b ¢ Albjy ® by = blg @ 1y} Note that due to
the properties of weak H-comodule algebras it also can be defined as B = A®H =
{b € Albg @by = bjg) ® I:IR(b[l])}. Furthermore, as I o IT* = II* it can be shown
that B = A°H = {hc A| bio) @ by = by ® HL(b[l])}. It is not difficult to see that,
when specialized to the non-weak bialgebra case, we obtain the usual subalgebra of
coinvariants.

2.2. Weak H-cleft extensions. In this subsection we will recall the definition of a
weak entwining structure for weak bialgebras given in [2]:

Definition 2.2. Suppose that H is a weak bialgebra, A a weak H-comodule algebra
and B the subalgebra of coinvariants. We say that B — A is a weak cleft extension
if there exist a right H-comodule map f : H — A, called a weak cleaving map, and a
map f: H — A that verifies the following conditions for all h € H:
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(1) f(h)f(h) = Loen(hly) for all h e H,

(i) f(h2)o ® hayf(he)p = f(h) 1 @ 1
If f is a weak cleaving map (in fact if it is just a map of H-comodules) then for all
h € H f(hay)lgeu(heyly)) = f(h). Furthermore as a consequence of (ii) f satisfies

Lgen (haylp)) f(h@) = f(h), and hence 15 f(hlp)) = f(h).

3. WEAK CROSSED PRODUCTS BY WEAK BIALGEBRAS

In this section we will discuss a general theory of weak crossed products by weak
bialgebras that includes the classical one for Hopf algebras given in [6] and [19] and the
recent results on this subject obtained by Béhm and Brzezinski in [11]. First of all we
will briefly recall the definition of a preunit [16] and some basic properties that will be
useful in the development of further results:

Definition 3.1. Let A be an algebra without unit. An element e € A is a preunit if

€a = ae = aeQ

for all a € A.

Associated to a preunit consider the idempotent multiplicative map
N:A— A a— Qa) =ae

whose image is an algebra with unit e. Conversely, if A is an algebra without unit but
with a multiplicative idempotent morphism €2 : A — A such that I'mf) is an algebra
with unit, then the unit e € I'm is a preunit in A, Q(a) = ae and e? = e. Note that
even if we require e? = e in general it would not be a restriction, because if e is a
preunit in A then e? also is. Moreover, the associated idempotent morphism to e is the
same as the one associated to e2. In what follows we will assume e? = e.

Our next task is to give the definition of a weak measuring (see [21] for Hopf algebras)

for weak bialgebras:

Definition 3.2. We say that a weak bialgebra H measures the algebra B if there exists
a k-linear map H ® B — B, h ® b+ h - b such that for all h,k € H and b,b’ € B:

h- (b)) = (hqy - b)(hez) - V).
The map b® h — b - h is called a weak measuring.

Definition 3.3. Let H be a weak bialgebra and B an algebra measured by H. And
let 0 : H® H — B be a map that satisfies for all h,k,m € H:

() o (W7 (), m) = o (h, TT%(k)m).
If for all h,k € H
2) o(h.k) = (hay-1p)o(h@),k)

O'(h, k‘) = U(h(l), k(l))(h@)k@) . ].B)
and the cocycle condition is satisfied for all h,k,m € H:
(3) (hay - o(ky, my))o(ha), k@yme) = a(hqy, kay)o(heyke), m)
we call o a weak 2-cocycle.

Definition 3.4. Let B be an algebra measured by the weak bialgebra H with a 2-
cocycle o : H® H — B. Assume also that there exists e = e R e«1> € B® H such
that:

(4) €<0> ® eci> ® ecas = €<o> ® 1)e<i> @ 19
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where egs ®ec1> Qecos = €<0> Qeci>() Qecis y - Then B is called a weak o-twisted
left H-module provided that, for all h, k € H:

(5) (hq1y - (k@) - b))a(h), k) = a(hay, kay) (b k@) - )
(6) h-1p = (hq)-e<o>)o(h),e<1>)
h-1p = e<0>a(e<1>, h)

Observe that while h - 15 = ey (h)lp for a measuring in the non-weak case, this
equality does not hold if the measuring is weak. Instead of it conditions (2) and (6) are
required. Condition (2) also replaces the normalization property of a 2-cocycle defined
in [6].

Rema{k 3.5. Since I1% o TTF = TI%, Lpyh®@ 1@ = hq)® HL(h(Q)) and hl) ® 1) =
ha) ® HR(h(g)), equation (4) is equivalent to

e<o> Veci> Qecoas = o> ® €<1>1(1) X 1(2)

Proposition 3.6. Let H be a weak bialgebra and B an algebra weak measured by H.
Consider also a map 0 : H® H — B satisfying (1) and (2), and an elemente € B H

fulfilling (4).
Define the left B-linear right H-colinear product BQ@ H® B® H — B® H by the
formula:

Endowed with this product B&® H is an associative algebra with preunit e and associated
idempotent morphism Q(b® h) = bhyy - 1 ® hg) if and only if o is a 2-cocycle, B is
a weak o-twisted left H-module and the following equality holds:

(8) eco>(eci> - b) ®ecas = becps ® ecis.

Proof:
Suppose that (7) is an associative product with preunit e. Then we have
Q(lB X h) = (13 X h)e
= (h) - e<0>)a(h(), e<1>) ® hs)
using (4), the properties of weak Hopf algebras and (1) and (2). On the other hand, as
e is a preunit, we obtain

Qlp®@h) = e(lp®h)
= e<0>0(e<1>, b)) @ h)
by similar computations. But we have that Q(1p ® h) = h(y) - 15 ® h(g), s0

(Beg)(Q1p@h)) =h-1p = (ha) - e<05)o(h(g), e<1>) = e<o>0(e<1>, h)

and hence we obtain (6).

Note that the map B — B® H, b +— be, that it is an algebra homomorphism between
B and Imf?, gives the inclusion of B in Imf) and hence in B ® H. Then:

be = ebe
= eco>(e<1>-b) ®ecos

by elementary calculations and (6) proved previously, so we obtain (8).

To prove (5) we just have to use the inclusion of B in B ® H and the fact that the
multiplication (7) is associative. On the one hand:
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(Been)((Ip@h)(1p@k))be) = (B®eu)((a(hayka)) @ h)k))be)
= o(hqay, kay)(h )k(z be<o>)
a(hs ) (3) €<1>)em (hayk(aye<2>)
= o(h@), k(1))( @)k(2) - be<os)
o (hs)ks), T (k) Je<1>)
= o(hqy, ka))(heke) - b)(ha)kas) - 16)
= (hm k) (hke) - b),

where we used (2), the properties of weak bialgebras, the weak measuring property
given in Definition 3.2 and (1). On the other hand
(Boep)(lp@h)((1p@k)be) = (B@en)(1p@h)(ka)-b® k)

= hay - (kqy -b)olh), T (k@) k)

= (hq) - (k) - 0)a(hez), k),
by the properties of weak bialgebras, the equality in Definition 3.2, and equations (1),
(4), (2) and the already proven condition (6), so we obtain (5). The proof that o be a
weak cocycle is similar.

The converse follows from standard arguments and we leave the details to the reader.
Od

In light of Proposition 3.6 we define:

Definition 3.7. Let H be a weak bialgebra and B an algebra measured by H. Suppose
also that there exists o : H ® H — B satisfying (1) and (2) and an element e € B® H
that verifies (4).

Under these circumstances, if B ® H endowed with the multiplication given by (7)
is an associative algebra with preunit e and associated idempotent (b ® h) = bh()1] -
1p ® h()2], we say that it is a weak crossed product and we denote it by Bf,B

In the next theorem we describe the condition that a left B-linear right H-colinear
multiplication on B ® H must satisfy to be a weak crossed product. But first we need:

Lemma 3.8. For a weak bialgebra H and an algebra B consider a left B-linear asso-
ciative product on B ® H with a preunit e satisfying (4) and such that for all b,b" € B,
h,k € H (b®@ h)(b @ k) € ImQ, where Q : B H — B® H is the idempotent map
related to e. Take the map H® B — B:
b-h=(B®eg)((1p ® h)be)
and the morphism o : H® H — B:
o(h,k) = (B®en)((1p @h)(1p @ k)).

Then the multiplication on B® H is right H -colinear if and only if following assertions
hold:

(a)hl b®h() (1B®h)b6 Vh € H,be B.

(b) (13 @h)(lpk) = O'(h( 1) k( )) & h( )k(g), Vh, ke H.

In any of these cases, the map o satisfies (1) and the multiplication holds

(9) (b@ hIIE(m)) (Y @ k) = (b ® h) (Y @ TE(m)k)
for all b,/ € B, h,k,m € H.
Proof:

Suppose that the multiplication on B ® H is left H-colinear. To prove (9) compute on
the one hand:

(b ® (RITR(m)) 1)) (V' @ k(1)) @ (RITR(m)) 2y k(2) = (b ® h1)) (V' @ k(1)) @ by ITH(m) k()
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as a consequence of (ITf(m)) 1y ® (IIf(m))(2) = 1(1y) ® 1(yI1%(m). On the other hand
equality (HR(m)k)(l) ® (HR(m)k)(Q) e k(l) & HR(m)k(Q) yields

(b® h(y) (V' @ (ITF(m)k) 1)) @ hez) (TTF(m)k) 2y = (b ® h(1)) (V' @ k1)) @ hio)ITF(m) k().
Then:
(b@ RIIE(m))(V @ k) = (b ® h)(V @ TE(m)k)
= (B®en)((b® h))(t ® k1)) ® hyIIF (m)k))
for all h,k € H, b,b’' € B because the multiplication is right H-colinear.
Now recall that the Hom-tensor relations lead to the isomorphism:

(10) Hom™(M,N @ H) — Hom(M,N), a— (M Qep)oa

for all M, N right H-comodules, and whose inverse is given by § — [m € M —

B(mg) @ myy].
If the multiplication is of right H-comodules, we can use this isomorphism to define
o, and therefore for all h, k € H we have

(Ip®@h)(1p ® k) = a(hay, ka)) @ hyk)

and we obtain (b). Now by a proof similar to the one for (9) we obtain that o satisfies
equality (1). Condition (a) follows by straightforward calculations using equality (9).
Conversely suppose that (a) and (b) are satisfied. Then as Q is idempotent, left
B-linear and (b® h)(V/ @ k) € ImS2 for all h,k € H, b,V € B:
bh) (b @k) = Q1@ h)Q1p k)
= b(lp@h)le(lp®k)
= b(h(l) b ® h(Q))(lB X k)
= b(h(l) . b,)O'(h(z), k(l)) ® h(g)k@).
Therefore the multiplication on B ® H is right H-colinear. O

Theorem 3.9. Given a left B-linear right H -colinear multiplication in BQ H, where B
18 an algebra and H is a weak bialgebra, and such that there exists e € B® H satisfying
(4), the following assertions are equivalent:

1. The multiplication in B® H is associative with preunit e and (b@h)(b'®@k) €
ImQ for all b, € B, h,k € H.
2. Bii;H is a weak crossed product with preunit e.

Proof:
Suppose that we are under the conditions given in 1. and define

b-h=(B®eg)((1p® h)be)
and
o(h,k) = (B®@en)((1p @h)(1p @ k)).
By Lemma 3.8 we have that o satisfies (1) and that
(13 X h)be = h(l) Hh® h(Q)

As a first consequence the left B-linear right H-colinear idempotent morphism §2 asso-
ciated to e is given by the formula Q(b® h) = bh(1) - 1p ® hp). Recall that € satisfies:

bRV @k) =Q(boh)H @k) =20be k)b k).

To show that h - b is a weak action observe that the inclusion of B in B ® H is given
by b +— be, and then use the associativity of the product and the properties of €2 and e
to obtain:
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(hqy - b)(h) - b)) = (B®@ep)(((1p ® h)be)b'e)
= (B®ey)((1p @ h)(beb'e))
= h-(bd).
The proof for (3) and (5) is similar. Equalities (6), (8) and (2) are easily shown using
the properties of the preunit and €.
Finally we just have to see that the product can be expressed as in (7), but this is
done in the proof of Lemma 3.8.
To demonstrate the converse first check that Q((b® h)(V @ k)) = (b® h)(V @ k) for
all b,b" € B and h,k € H using (2) and equality Q(b®h) = bh(;)-1p®h(s). Proposition
3.6 and Lemma 3.8 complete the proof. O

Remark 3.10. If H is a bialgebra and B is an algebra, it is easy to show that the
weak action and the normal twisted 2-cocycle given in [6, 19] satisfy the required con-
ditions for Bf,H be a weak crossed product. Observe that in this case the idempotent
morphism Q = idpgy.

4. CROSSED PRODUCTS AND WEAK CLEFT EXTENSIONS

In this section we relate weak crossed products given in the previous section with
weak cleft extensions (in the sense of [2]) of weak Hopf algebras. Our aim is to obtain a
relation between weak cleft extensions and crossed products with an invertible cocycle,
following the ideas in [6, 19]. As we are working in a weak context the usual notion for
an invertible cocycle is not suitable, because of the behavior of the unit and the counit.
Hence we need a weaker version of an invertible cocycle given by Alonso Alvarez et al.
in [4] and independently by Béhm and Brzezinski in [11]:

Definition 4.1. Let H be a weak Hopf algebra and B an algebra measured by H. We
say that the 2-cocycle o has a left inverse if there exists a map 6 : H ® H — B such
that for all h, k € H:

(11) a(hay, ky)o(ho), k@) = (hE) - 1p.

Given a weak cleft extension we can define a crossed product with left invertible
cocycle, as the following proposition establishes:

Proposition 4.2. Let B — A be a weak cleft H-extension with a cleaving map f and
its inverse f. Then B is measured by H with a weak measuring

H®B— B, heb=f(ha)bf(he).
Furthermore the map
o:H®H — B, o(h,k) = f(h)f (k@) f(heke)
is a left invertible weak 2-cocycle. Consequently, Bi,H is a weak crossed product with

preunit e = f(l(l)) ® 1) and A ~ ImQ as left B-modules, right H-comodules and
algebras.

Proof:

The map h-b = f(h(l))bf(h(g)) satisfies h - b = f(h(l))bf(h(g)) € B because of the
properties of f . To prove that it is indeed a weak measuring (this is, that verifies
Definition 3.2) we just have to use that b € B, the properties of f and f and the fact
that A is a weak H-comodule algebra.

Using the properties mentioned above and the usual calculations for weak Hopf
algebras it is easy (but tedious) to show that o is a well defined weak 2-cocycle and
that B is a weak o twisted H module, where e = f(l(l)) @ 1(g). It is also not difficult
to demonstrate (8) by using the properties of e related to o and of the weak measuing.
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Now defining 6 = f(h(l)k:(l))f(k@))f(h@)) we obtain that & is a left weak inverse for
.
To complete the proof we just have to show that A ~ Im. If we take

w:A—>B®H, a— a[o]f(a[l}) ® apg
this gives a well defined multiplicative map of left B-modules and of right H-comodules.
Now giving
WiB®H— A b@hw— bf(h)

we obtain, on the one hand, that w’ o w = id4, and on the other hand w o w’ = Q,
then woW'|fma = idrmq. This equality also implies that w(A) C Im{2, therefore w and
W' |1ma are inverse multiplicative isomorphisms. In view of equality g @1 ® 1 =
Lig) @ L1yl @ 1gy (A is an H-comodule algebra [16]) and Definition 2.2, w(14) = e,
therefore w is an isomorphism of algebras. O

The following proposition is a partial converse to Proposition 4.2:

Proposition 4.3. Let H be a weak Hopf algebra and B an algebra such that Bfi,H is
a weak crossed product with left invertible cocycle. Then (ImQ)*°H — ImQ is a weak
H-cleft extension.

Proof:
As the multiplication in I'mSf2 is left B-linear and right H-colinear it is clear that Imf)
is a weak H-comodule algebra. Observe that ljg @ 1) = e<o> @ e<1> @ e<a>, S0

Lgeu(hlpy) = e<o> @ e<1>I17(h), hence the first condition we need to show for a
(possible) cleaving map f : H — Imf) is that there exists a map f:H = ImQ

such that f(h(l))f(h@)) = e<0> ® e<1>11%(h) and that satisfies (ii) of Definition 2.2.
Consider the right H-colinear map

(12) f(h) =Q(1p®h),
and define
(13) f(h) = Qe<o>6(e<15S(h(g)), hz)) @ S(h())).

Using the H-colinearity of € and the equalities II* = II* 0 S [14] and aj) @ I (apy)) =
ali) ® 1) (A is an H-comodule algebra [16]) one easily finds that f satisfies condition

(i) of Definition 2.2. Finally, using that (Im€)«? = Im(Q o (B ®II*)) and equalities
II% o IT* = 11 and I1¥(m)k = e (mk 1)) k() compute:

f(ha) f(hy) = e<osenl(e<i>S(hw))o(S(he)), hisy)a(S(he): b)) © S(hay)he)
e<o>er(e<1>S(h(3))((S ( @)h)) - 1B) @ S(ha))hs)

= e<o>(e<1>- 1B) ® e 17 ()

= eco> ® eI ()
and hence f is a cleaving map. O

In light of this last Proposition, if we want to obtain the equivalence between crossed
products with an invertible cocycle and weak cleft extenisions we just have to give the
conditions for obtaining an isomorphism B ~ (ImQ)®H. The next Lemma, kindly
communicated to us by Gabriella Bohm, sets some necessary and sufficient conditions
for this to occur:

Lemma 4.4. Given a weak crossed product B, H with a preunit e, for a weak Hopf
algebra H and an H-comodule algebra B, the map

(14) B:B— (ImQ)°? b be

is an isomorphism if and only if there exists a morphism g : ImIIY — B that satisfies
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1. €<0>9(6<1>) =1p
2. B(((h*1y) - 1B)g(1i2))) = Q1p @ hL) for all b € ImIT*.

Proof:
Let 8: B — (ImQ)®H be an isomorphism and define
g:hE e ImIlt — g(h") = 371 (Q(15 ® hY)).
As 8 and Q are both left B-linear maps then 3(e<o~3"1(Q(1 ® e<1)) = e and then
condition 1. holds. Now considering that § is a map of left B-modules, equalities
II% o I = I1I* and 1% (h)k = ep(hk(1))k() and the condition of the weak measuring
given in Definition 3.2 compute:
B(F* 10y - 15)87 QB @ 1)) = (A1) -18)(1e) - 15 @ 1(3)
= EH(hLl(l))l(g) 1p® 1(3)
= Q(lB &® hL)
and we obtain condition 2..
Conversely by straightforward computations we obtain that
B (Im)! — B, 7N (b® h) = bhl(y - 1pg(1(2)

is the inverse of 3. O

Corollary 4.5. The following properties of a weak crossed product B, H with a left
invertible cocycle and preunit e are equivalent:

1. B — Imf), b+ be is a weak cleft extension.
2. B:B — (ImQ)°" | b be is an isomorphism.
3. There exists a map g : ImIIY — B satisfying conditions given in Lemma 4.4.

5. EQUIVALENT CROSSED PRODUCTS

In this section we give the definition of equivalent crossed products and study how
equivalent crossed products are related by a suitable gauge transformation.

Definition 5.1. Let H be a weak bialgebra, B an algebra and Bfi, H and Bf, H two
weak crossed products with associated idempotents € and Q' respectively. We say that
Bi,H and Bt H are equivalent if there exist multiplicative maps ¢ : B, H — Bfi, H
and gZ; : B, H — Bfl, H of left B-modules and right H-comodules such that

(15) pod=1Q, pod =1V,
(16) popod =0, podod=¢.

Note that under these conditions ¢ and qg preserve the preunits and also induce iso-
morphisms between the related algebras Im$) and Im£Y'.

Proposition 5.2. Suppose that H is a weak bialgebra and B an algebra such that
Bii,H is a crossed product with weak measuring b - h. Suppose also that there exist
maps x, X € Hom(H, B) such that:

(17) X(hy)x(h@) =h-1p
(1))X ( @)X(h@)) = x(h)
1) 2) (hy) = x(h).

Then h-Xb = (h( ))(h( 2)-b)X (h(g)) is a weak measuring, oX(h, k) = x(h(1))(h(2)-x (k1))
a(h(zy, k@)X (hak)) is a weak cocycle and B is a oX-twisted module.

(18) N
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Proof:

Define left B-module right H-comodule maps ¢, ¢ : B H — B ® H by p(b® h) =
bx(hy)®@h(2) and ¢(b@h) = bx(h))@h(2). Observe that ¢pop = € and that conditions
(16) are satisfied, hence we can define an associative product in B ® H by

(19) bRV @ k) = d((b® M0t @ k),

where (b ® h)fs (b’ ® k) denotes the multiplication in Bf,H. It is easy to prove that
& preserves this product. Moreover if e is the preunit of Bf,H, then ¢/ = ¢A>(e) is
a preunit for (19) which furthermore satisfies equations (4). Note also that if Q' is
the idempotent map associated to this new product we easily obtain that Q'(b ® h) =

(b@ h)e' = (do ¢)(b® h). As the new product given by (19) is left B-linear and right
H-colinear, we can use isomorphism (10) to define
oX(h k) = (B @ en)($(6(b @ h)o(t' © k),

and after some easy calculations we obtain
oX(h, k) = x(h(1))(he) - x(ka)))o(hay, key) X (haka)-
Equalities
(I (k) (1) ® (T (R)k)(2) ® (TF(R)k)(3) = k) @ k() @ T (kz) )T (R)ka
and
(hIT*(k)) (1) @ (RIT (k) (2) @ (RIT (k) (3) @ (RIT" (k) (4) = 1y ® hz) ® hzy @ hgy ITF (k)

allow us to prove that oX satisfies conditions (1) of Definition 3.3. Hence we can apply
Theorem 3.9 and obtain that (19) induces a weak crossed product structure on B @ H
with weak measuring

hXb=(B®en)(o(d(1p @ h)bs(e))),

and straightforward calculations yield

hXb = x(hay)(he) - b)x(h))-

This last proposition leads to the definition of a gauge transformation:

Definition 5.3. A pair of morphisms x,x € Hom(H, B) that satisfies (17) and (18)
is called a gauge transformation.

Note that from the proof of Proposition 5.2 we can conclude that a gauge transfor-
mation induces an equivalence of weak crossed products. In the next theorem we see
that the converse is also true.

Theorem 5.4. Let H be a weak bialgebra and B an algebra. The crossed products
Bi,H and Bfi, H are equivalent if and only if they are related by a gauge transforma-
tion.

Proof:
Supppse that there is an equivalence of crossed products given by ¢ : Bf,H — Bf,H
and ¢ : B, H — Bfi,»H. The Hom-tensor relations give the isomorphism

v:g Hom"(B® H,B® H) — Hom(B,H),$ — vy(¢(h)) = (B®ep)(¢(1p @ h)).

The map 7 satisfies (¢ op)(h) = v(¢)(h1))v(#)(h2)) for all ¢, € Hom¥(B® H,B®
H). Since v(2(1p ® h)) = h - b and due to the properties of the equivalence between
crossed products we obtain that (v(¢),v(¢)) is a gauge transformation.
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It is clear that (b®@h)i, (b @ k) = ¢p(dp(bRh)t, (V' ®k)), and by analogous techniques
as the ones used to demonstrate Proposition 5.2 we conclude the proof. O

In the next corollary we use gauge transformations to relate different weak cleaving
morphisms:

Corollary 5.5. Suppose that B — A is a weak cleft extension, where A is a comodule
algebra over the weak bialgebra H and B is its subalgebra of coinvariants, and let f
be a weak cleaving map. Then f' : H — A is also a cleaving map if and only if there
exists a gauge transformation (x,x) such that, for all h € H, f'(h) = x(ha))f(hea))

and f’ = f(h(l))fé(h@))'

Proof:
Suppose that f and f’ are cleaving maps. Then by Proposition 4.2 they both induce
weak crossed product structures Bf,H and Bf, H respectively. Recall that the maps
w:A— B®H and w': B® H — A given by w(a) = a[o]f(a[l]) ® apy and W'(b® h) =
bf(h) are not only isomorphisms between A and Im$) but also wow’ = Q. Let v
and v/ be the correspondent maps v(a) = a[o]f’(a[l]) ® ajg and V(b @ h) = bf'(h),
and ' the associated idempotent map. If we define ¢ = v/ ow and ¢ = w' o v we
obtain an equivalence of weak crossed products between Bf,H and B, H, so they are
related by a gauge transformation that is given explicitly by x(h) = f'(h(1)) f (h(2)) and
x(h) = f(h(l))f/(h(g)), which clearly leads us to the required relation.

The converse follows by straightforward calculations. a
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