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1. Introduction
This paper deals with the existence of absolutely continuous solutions to the initial value problem
Z'(t) = f(t,x(t)) foraa.tel=1[0,T], =x(0)=wzoeR", (1.1)

where T' > 0 and n € N are fixed, and the function f : I x R™ — R™ need not be continuous.

Tt is well known that if f is not continuous with respect to the second variable, problem (1.1) may not
have absolutely continuous solutions. Hence, we need to impose some assumption on f at its discontinuity
points. This assumption was inspired by a global transversality condition due to Bressan and Shen [6],
recently improved in [13].

Here, this technique is combined with the method of solution regions due to Frigon [8], see also [9,14],
which allows us to localize the solutions in a given compact set R C I x R™. The set R is called a solution
region of problem (1.1). As particular cases, it could be the set between ordered lower and upper solutions
or the set given by a solution tube, see [8]. In this way, no monotonicity or growth conditions are imposed
on f in order to obtain the existence results.

E-mail address: jorgerodriguez.lopez@usc.es.

https://doi.org/10.1016/j.jmaa.2025.129827
0022-247X/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.jmaa.2025.129827
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2025.129827&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:jorgerodriguez.lopez@usc.es
https://doi.org/10.1016/j.jmaa.2025.129827
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 J. Rodriguez-Lépez / J. Math. Anal. Appl. 553 (2026) 129827

Our results enlarge the applicability of the method of solution regions even in the case of initial value
problems with continuous nonlinearities. We notice that one basic assumption in the notions of admissible
and weak admissible pairs necessary to define the solution region can be completely removed (compare
Definitions 2.2 and 2.3 with Definition 2.4 below).

The paper is organized as follows. In Section 2 we present the notion of viable region and we recall some
results about differential inclusions, which we employ in order to establish our existence result for (1.1). In
Section 3 we state and prove the main result in the paper: an existence result for the initial value problem
(1.1) which, in addition, provides localization in a solution region. Finally, in Section 4, the applicability of
the theory is illustrated by several meaningful examples. We focus on the localization of the solutions in a
ball and the method of lower and upper solutions, even allowing them to be piecewise continuous functions.

2. Preliminaries
2.1. Admissible, weak admissible and viable regions

First, let us introduce the notion of a Carathéodory function.

Definition 2.1. A map f: D C I x R™ — R™ is a Carathéodory function if

(i) f(t,-) is continuous on Dy = {z : (t,z) € D} for almost every t € I;
(ii) f(-,x) is measurable for all x € |J,c; Ds;
(iii) for all k > 0, there exists 1, € L*(I,R) such that ||f(¢,z)|| < 9 (t) for a.e. t and every x such that
lz|| < k and (¢,z) € D.

A map f: D — R™ is a locally Carathéodory function if f : A — R™ is a Carathéodory function for every
compact set A C D.

Now, we recall the notions of admissible and weak admissible regions introduced in [8] and [14], respec-
tively.

Definition 2.2. We say that a set R C I x R" is an admissible region if there exist two continuous maps
h:IxR" =R and p=(p1,p2) : I x R" — I x R™ satisfying the following conditions:

(i) R={(t,z): h(t,z) <0} is bounded and, for every t € I,
Ri={zeR":(t,x) € R} #0;
(74) the map h has partial derivatives at (¢, z) for almost every ¢ and every = with (¢,z) € R° := (I xR™)\R,
and % and V h are locally Carathéodory maps on R¢;
(#41) p is bounded and such that p(t,z) = (¢,z) for every (¢,z) € R and

(Vih(t,z),pa(t,z) —x) <0 for a.e. t and every x with (¢,z) € R

Definition 2.3. We say that a set R C I x R" is a weak admissible region if there exist two continuous maps
h:IxR"™ =R and p=(p1,p2) : I x R" — I x R™ satisfying conditions (7) and (i) of Definition 2.2 and

(#4*) p is bounded and such that p(¢,z) = (¢, z) for every (¢,x) € R and

(Veh(t,x),pa(t,x) —x) <0 for a.e. t and every x with (¢,z) € R°.
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Basically the difference between these two definitions is the inequality in conditions (ii¢) and (#4¢*), which
can be nonstrict in the weak notion.

We show here that these inequalities can be completely removed. In order to do that, we introduce the
following concept.

Definition 2.4. We say that a set R C I x R" is a wviable region if there exist two continuous maps h :
IxR" > Rand p: I xR™ = I x R", p(t,z) = (p1(t),p2(t,x)), satisfying conditions (¢) and (i) of
Definition 2.2 and

(#4¢") p is bounded and such that p(¢t,z) = (¢, x) for every (¢,x) € R.

We call (h,p) a viable pair associated to R.

It was shown in [14] that any compact set R C I x R™ such that R; # @) for every ¢ € I is a weak admissible
region, so the definition of a viable region is indeed equivalent to that of a weak admissible region. Even so,
removing the previously mentioned inequality is useful in applications since it provides greater flexibility in
choosing the pair (h,p). It is worth emphasizing that different choices of (h,p) for the same set R can yield
different existence results for (1.1), as shown in Proposition 4.1 below.

Notice that for some meaningful particular cases, the map p can be seen as a retraction or as a projection
of I x R™ onto R. On the other hand, if h is taken as a nonnegative function, then it could measure a
distance between the point (¢, x) and the set R.

2.2. Krasovskij solutions
Associated with the initial value problem (1.1), we consider the differential inclusion
2'(t) € Kf(t,z(t)) foraa.tel, x(0)=m, (2.2)
with the multivalued mapping Kf : I x R™ — P(R") defined as

Kf(t,z) = ﬂ cof (t,Be(z))  for every (t,x) € I x R", (2.3)
e>0

where €6 means closed convex hull, and B.(z) is the closed ball centered at z with radius ¢ > 0.
Absolutely continuous solutions of (2.2) are usually called Krasovskij solutions of (1.1). We need the

following known result concerning the existence of Krasovskij solutions, see [7, Proposition 2.1].
Proposition 2.1. Let f: I x R™ — R" be such that
(1) There exists M € L*(I) such that for a.a. t € I and all x € R™, we have
1 (&)l < M)+ |[=]]).
(2) For allx € R™, f(-,x) is measurable.

Then problem (1.1) has at least one Krasovskij solution.
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3. Existence result

Our aim is to prove the existence of solutions to (1.1) and to localize them in a viable region R. In order
to do that, we introduce the following notion which links the differential problem (1.1) and the viable region.

Definition 3.1. A set R C I x R"™ is called a solution region of (1.1) if it is a viable region with the associated
viable pair (h,p) satisfying the following conditions:

(¢) for a.a. t and all x with (¢,z) ¢ R, one has
(Vh(t,z),(1,2)) <0, forall z € Kf(p(t,z)); (3-4)

(i7) h(0,20) < 0

Remark 3.1. If f(¢,-) is continuous at x, then Kf(t,z) = {f(¢,z)}, see [3]. Thus, if f is continuous with
respect to the second variable, inequality (3.4) is equivalent to

(VA(t,z), (1, f(p(t, 2)))) <0, (3.5)

as required in [8,9,14] for the definition of a solution region of (1.1).

Condition (3.5) resembles the one in the notion of a bound set relative to (1.1) due to Gaines and Mawhin
[10]. Note that, unlike [10], here & needs not be negative in the interior of the set R. In fact, R may have
empty interior.

The following technical result concerning measure theory is crucial. It is a straightforward consequence
of [5, Lemma 5.8.13].

Lemma 3.1. Let a, b€ R, a < b.
If ¢ : [a,b] — R is almost everywhere differentiable on [a,b], then for any null measure set A C R there
exists a null measure set B C ¢~ 1(A) such that

@' (t)=0 foralltec o '(A)\B.
Now we are in a position to establish our main existence and localization result for (1.1).

Theorem 3.1. Assume that there exists a solution region R of (1.1).
Let f: I xR™ — R" be such that

(Hy) for each >0, there exists M,, € L*(I) such that for a.a. t € I and all z € R™ with ||z| < p, one has

1f (& 2)]| < Myu(b);

(Hg) for all z € R™, f(p(-,x)) is measurable;
(H3) there exists a countable number of continuously differentiable functions 7, : I x R™ — R and a
countable number of null-measure sets A, C R (n € N) such that for a.a. t € I,

f(t,x) is continuous in x for each (t,z) € R\ U o (An)

n=1

and for each n € N and for each (t,z) € 7,1 (A,) N R, we have
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(VT (t,2),(1,2)) #0  for all z € Kf(t,x). (3.6)

Then problem (1.1) has at least one absolutely continuous solution x such that (t,z(t)) € R for everyt € I.
Proof. Consider the auxiliary problem

o' (t) € Kf(t,z(t)) foraa.tel, z(0)=ux, (3.7)

where f(t,z) = f(p(t,z)) for every (t,z) € I x R".
Since p is bounded and f satisfies condition (Hy), there exists M € L'(I) such that for a.a. t € I and all
x € R™, one has

[F(t2)|| < M(2).

In addition, assumption (Hs) implies that for all z € R”, f (-,z) is measurable. Hence, Proposition 2.1
ensures that the modified problem (3.7) has at least one absolutely continuous solution.
Now, let us divide the proof into two steps.

Step 1. If z is a solution of problem (3.7), then (¢,z(t)) € R for every t € I.

Assume the contrary. Then, since by Definition 3.1 (iz), h(0,2(0)) = h(0,z¢) < 0, there exist t1,t2 € [0, T],
t1 < tg, such that h(t1,2(t1)) = 0 and h(t,z(t)) > 0 for all ¢ € (¢1,t2). By the chain rule, it follows that
almost everywhere on (¢1,¢2), one has

dh

o L) = (Vh(t,z(1)), (1,2'(1)) = (VA(t, z(1)), (1, 2)),

where z € Kf(t,z(t)). Since Kf(t,z(t)) € Kf(p(t,z(t))), it follows from condition (7) in Definition 3.1 that
almost everywhere on (t1, t2),

dh
= (L) 0.

Therefore, h(t,z(t)) < 0 for all ¢ € [t1,12], a contradiction. Then (¢,x(t)) € R for all t € I.

Step 2. All the solutions of problem (3.7) are solutions of the initial value problem (1.1).
By step 1, solutions of (3.7) solve

2'(t) € Kf(t,z(t)) foraa.tel, x(0)=xo,

since they are located in R, p(t,z) = (t,z) for every (t,) € R and Kf(t,x) C Kf(p(t,z)) for every
(t,x) € I x R".
Let x be a solution of problem (3.7). Let us prove that for each n € N,

m({tel:n(tx(t) e A})=0,

(where m stands for the Lebesgue measure). Denote J,, = {t € I : 7,(t, x(t)) € A, } and ¢, (t) = 7, (¢, z(t))
for all t € I. Since m(A,,) = 0, by Lemma 3.1, there exists B,, C ¢,,1(A,) with m(B,) = 0 such that for
every t € o 1(A,) \ By, one has

dry, (t, x(t))

7 =0.
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Thus,
(VTa(t,z(1), (1,2'(t)) =0 forall t € p; '(A,)\ Bn.

Now, condition (3.6) implies that ¢; '(A,) is a null-measure set.

Therefore, if = is a solution of (3.7), then for a.a. ¢t € I the mapping f(¢,-) is continuous at z(¢), which
implies that Kf(t,z(t)) = {f(t,z(t))} for a.a. t € I. Then, a/(t) € Kf(¢t,z(t)) = {f(t,z(t))} for a.a. t € I,
so x is an absolutely continuous solution of (1.1). O

Remark 3.2. Observe that the concept of solution region of problem (1.1) is just needed in step 1 of the
proof of Theorem 3.1. In view of this part of the proof, it is clear that condition (i) in Definition 3.1 can be
replaced by the following one:

(¢*) for a.a. t and all z with (¢,2) ¢ R, one has
(Vh(t,z),(1,2)) <0 forall z € Kf(t,z).

Remark 3.3. Notice that condition (Hj) in Theorem 3.1 is satisfied in particular if the function f can be
expressed in the form

flt,z) = F(t, 1 (m1(t, ), ), g2(m2(t, ), 2),...,gn (TN (¢, z),2)) for some N € N, (3.8)
where

o each function g; : R x R® — R is continuous in (R \ A;) x R™;
o fora.a.tel, F(t,-) is continuous in RY.

The particular form of f given by (3.8) was considered in [12,13] and, previously, in [6]. Moreover, the
transversality condition (3.6) is a localized version of that due to Bressan and Shen [6]. Similar conditions
can also be found in [1,2] in case of discontinuous differential inclusions and periodic problems, respectively.

Both conditions given by inequalities (3.4) and (3.6) can be thought as viability conditions for the
solutions of (1.1). Indeed, (3.4) is the key ingredient in order to ensure that the graphs of the solutions of
the modified problem (3.7) are located in R (see step 1 of the proof of Theorem 3.1), whereas (3.6) is crucial
to guarantee that the solutions of (3.7) avoid the hypersurfaces of type 7, (t,x) = ¢ with ¢ € A,,, where the
function f may be discontinuous (see step 2 of the proof of Theorem 3.1).

4. Examples
4.1. Localizing the solutions in a ball

Let R C I x R™ be such that R = I x B,, where B, is the closed ball centered at the origin with radius
r > 0. Observe that R is clearly a viable region with the viable pair (h,p) given by

e p(t,x) = (t,p-(x)), where p, : R® — B, is the orthogonal projection onto the ball B,, i.e.,

T if z€B,,

p@=4, Ty ap
|||
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1 2
* h(t,z) = h(z) = 5 llz —pr(@)II".

Note that h is a continuously differentiable function and Vh(z) = z — p,(z) for all x € R™, see [14].
Let 29 € B,.. The set R = I x B, will be a solution region of (1.1) with the pair (h,p) provided that for
a.a.t €I and all z € R™\ B,, one has

(x —pr(x),2) <0 forall z € Kf(t,pr(x)),

or equivalently,

(ri,z'}go for all z € Kf t,ri .
(B4 ]

In other words, R is a solution region of (1.1) with the pair (h,p) provided that for a.a. t € I and all x € R™
with ||z|| = r, one has

(x,2) <0 forall ze Kf(t,z). (4.9)

Therefore, inequality (4.9) gives a simple sufficient condition in order to ensure that the set I x B, is a
solution region of the initial value problem (1.1).

Now we illustrate the existence result with the following example where the solution is localized in the
unit ball.

Example 4.1. Consider the initial value problem

{x/x3+y3x+¢(z2+y2+at), te0,1], x(0)

0
’ 4.10
y =y>—xz—3yell, te0,1],  y(0) =0, (4.10)

where a € R and the function ¢ : R — R is continuous at irrational numbers and discontinuous at every
rational number and such that 0 < ¢(s) < 1 for all s € R.

We shall prove that (4.10) has at least one absolutely continuous solution located in the ball By provided
that |« is sufficiently large.

Denote g(z,y) = 23 +y—3x and f = (f1, fo) with fi(t,2,9) = g(z,y) + (2% +9% +at) and fo(t,z,y) =
yd —ax —3yell.

First, let us show that the set [0,1] x Bj is a solution region of the initial value problem (4.10) with the
viable pair (h,p) given above. Let (z,y) € R? with |(z,y)|| = 1. Since g and f are continuous functions,
there exists € > 0 such that

91(,9) +y f2(2,9) < v gi(z,y) +y fa(w,y) + 1 for every (z,9) € B=((x,y)),
and so
2 g1(2,9) +y fa(@,9) <ot =32 4yt =3y +1 < (@ +4°)? - 307 +y7) + 1= 1,
for every (z,y) € B:((z,y)). Now, since 0 < ¢(s) < 1 for all s € R,
v fi(t,2,9) +y fo(3,9) < —1+ 283" +§° +at) <0 for every (3,7) € Be((x,y)).

Hence, one has that
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((z,y), (21,22)) <0 for all z = (21, 20) € f(t, B-((z,y))). (4.11)
Observe that (4.11) implies that

((2,y),2) <0 forall 2 € £f (t, (z,y)) C Tf(t, B((2,y)))-
Indeed, if (4.11) holds, then for 2,z € f(t, B-((x,y))) and X € [0, 1], one has

((@,9), A2+ (1 =2)2) = X(z,9),2) + (1 = A)((2,9),2) <0.

Then the set R = [0,1] x B is a solution region of the initial value problem (4.10).

Finally, the existence of an absolutely continuous solution for problem (4.10) with a large |«| is obtained
as a consequence of Theorem 3.1. Clearly, f satisfies assumptions (Hy) and (Hz). For condition (Hs), choose
the function 7(¢,z,y) = 22 + y? + at and as A the set of all rational numbers. By the definition of ¢, f is
continuous in R\ 771(A). Since f is bounded in R, so is Kf and thus there exists M > 0 such that

|z 21 +yze] <M forall (21,22) € Kf (¢, (x,y)) and every (t,z,y) € R.
Therefore, if |a] > 2 M, then for every (t,z,y) € R, we have
(V1(t,z,y), (1,21,22)) =a+2(xz1 +y22) #0 for all (z1,22) € Kf (¢, (z,v)).

In conclusion, Theorem 3.1 ensures that problem (4.10) has at least one absolutely continuous solution (z, y)
such that (z(t),y(t)) € By for all t € [0, 1] provided that |a| > 2 M.

Obviously, the choice of the function h when it comes to defining the viable pair (h,p) associated to R
is not unique. Distinct choices of h lead to different conditions on f in order to check that R is a solution
region of (1.1). This idea allows us to state the following existence result.

Proposition 4.1. Assume that there exist r > 0 and a continuously differentiable function h : R™ — R such
that B, = h™'((—o0,0]) and for a.a. t € I and all x € R™ with ||z| = r, one has

(Vh(Ax),z) <0 forallz€ Kf (t,z) and all X > 1.

Moreover, assume that f: I x R™ — R"™ satisfies conditions (Hy), (Ha) and (Hs).
Then the initial value problem (1.1) has at least one absolutely continuous solution x such that ||z (t)| < r
for all t € I provided that xo € B,..

To the best of our knowledge, the previous result is even new in the classical case of Carathéodory
nonlinearities.

Corollary 4.1. Let f : I x R™ — R™ be a Carathéodory function.
Assume that there exist 7 > 0 and a continuously differentiable function h : R® — R such that B, =
h=((—00,0]) and for a.a. t € I and all x € R™ with ||x|| = r, one has

(Vh(Ax), f(t,z)) <0 for all X\ > 1.

Then the initial value problem (1.1) has at least one absolutely continuous solution x such that ||z (t)| < r
for all t € I provided that xo € B,..
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4.2. Discontinuous lower and upper solutions

First, let us introduce the notion of absolutely continuous lower and upper solutions for problem (1.1) in
the scalar case (i.e., n =1).

Definition 4.1. A function a € WH1(I,R) is called a lower solution of (1.1) if o/ (t) < f(¢,a(t)) for a.e. t € I
and «(0) < xg. An upper solution of (1.1) is defined analogously reversing the previous inequalities.

Assume that , 3 € WHL(I,R) are, respectively, a lower and an upper solution of (1.1) with o < 3. Then
the region

R={(t,x) e I xR:at) <z <51}
is a solution region of (1.1). Indeed, the pair (h,p) given by

h(t,z) = max{x — B(t), a(t) — z,0}, p(t,z) = (t, max{min{x, B(t)}, a(t)}),

is a viable pair satisfying that h(0,z¢) < 0 and condition (i*) in Remark 3.2. Hence, Theorem 2.5 in [12]
can be seen as a consequence of Theorem 3.1. In the case of a Carathéodory function f, the details can be
found in [9].

The problem of finding a lower and an upper solution for (1.1) is not easy in general and so in most
of cases limit us to consider constant or linear functions. In this way, it could be convenient to relax the
regularity assumptions in Definition 4.1 in order to consider piecewise constant or linear functions. Piecewise
continuous lower and upper solutions can be found in a few papers in the literature, see [4,11,15].

The next example shows that in some cases the region between well-ordered discontinuous lower and
upper solutions also becomes a solution region, which provides existence directly from Theorem 3.1. It was
inspired by [15, Example 4.9].

Example 4.2. Consider the initial value problem
' =2 —x+2t+1, te€l0,1], z(0)=0. (4.12)

The set R ={(t,z) € [0,1] xR : a(t) <z < S(¢)}, with o, 8 : [0,1] — R given by

B 1 if tel0,1/2),
alt)y=t,  Bt) = {2 if ¢e[1/2,1],

is a solution region of (4.12). Indeed, let us define the maps h: [0,1] x R - R and p: [0,1] xR — [0,1] xR
by

0 if (t,z) € R,
t—x if z<t,

h(t,z) =1 (z—1)(1/2—1) if 0<t<1/2, 1<z<2t+1,
(z—1)(1/2—t)+(@—2t—1)2 if 0<t<1/2, 2t+1<u,

N/~

(z —2) if 1/2<t<1, 2<ua,
and
(t,t) if z<t,
p(t,x) =< (¢, ) if t<z<min{2¢+1,2},

(t, min{2¢+1,2}) if > min{2t+ 1,2}.
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The map p is continuous and such that p(t, z) = (¢,x) for every (¢,z) € R, and h is a nonnegative continuous
function with A=1(0) = R. Also, 2% and 9% are Carathéodory maps on R°. Hence, (h,p) is a viable pair
associated to R. Moreover, one may easily check that for a.a. ¢t and all « with (¢,z) € R,

oh oh

5 (H2) + 5o (L2)f(p(t2)) <0,

where f(t,r) = —x? — x + 2t + 1. Therefore, R is a solution region of (4.12) and, since f is continuous,
Theorem 3.1 immediately ensures the existence of a solution for (4.12) between « and g.

Observe that 8 cannot be an upper solution in the sense of Definition 4.1 since it is not continuous. Note
that the constant function y(t) = 1, ¢t € [0,1], is not an upper solution of (4.12). Even if the absolutely
continuous function defined as ,5’(75) = min{2¢ + 1,2} is clearly an upper solution of (4.12), 5 provides a
sharper localization of the solution than 3.

On the other hand, (h, p) is not an admissible pair associated to R since assumption (i47) in Definition 2.2
does not hold. Indeed, p2(t,z) = x on the set {(t,z) €[0,1/2) x R:1 < x <2t+ 1} C R° which implies

(Vzh(t,z),pa(t,z) — ) = %(t,x) (p2(t,z) — ) = 0.

Therefore, the theory developed in [8] cannot be applied here with this pair (h,p).

Finally, note that the existence of well-ordered piecewise continuous lower and upper solutions, with
downwards (upwards) jumps in case of the lower (upper) solutions, implies the existence of a better pair
of well-ordered absolutely continuous lower and upper solutions for (1.1), as proven in [4, Proposition
4.2]. Therefore, the solution region can be defined by means of the absolutely continuous lower and upper
solutions. In this way, Theorem 2.1 in [11] can also be seen as a corollary of the main result in this paper.
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