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Abstract: We use classical Galerkin approximations, the generalized Aubin-Lions Lemma as well
as the Bellman—-Gronwall Lemma to study the asymptotical behavior of a two-dimensional fractional
Navier-Stokes equation with variable delay. By modifying the fractional Halanay inequality and the
comparison principle, we investigate the dissipativity of the corresponding system, namely, we obtain the
existence of global absorbing set. Besides, some available results are improved in this work. The existence
of a global attracting set is still an open problem.
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1. Introduction

We study the longtime behavior of the following two-dimensional Navier-Stokes equation of
fractional order with variable delay on a bounded domain Q) C R?,

Dfu—vAu+ (u-V)u+Vp = f(t)+g(t,ut), in (0,T) x Q, 1)
divu=0,in (0,T) x Q, ()

u=0,0on(0,T) x3Q), 3)

u(t,x) =¢(t,x), t € [=h,0], x € Q, 4)

where D is a fractional derivative of order « € (0,1), T > 0,Q C R? is a bounded open set with regular
boundary 0Q), v > 0 is the kinematic viscosity, u is the velocity field of the fluid, p is the pressure, ¢ is
the initial datum, # > 0 is a constant, f is an external force field without delay, and g is the external force
containing some functional delay. We will refer to (1)—(4) as problem (P).

In fact, hereditary characteristics are ubiquitous in engineering, biology and physics. For example,
feedback control problem, immune systems, soft matter with viscoelasticity [1] could all have hereditary
properties (including memory, variable delay or distributed delay, constant delay, etc). The delay term is
very often denoted by a function u;(-) defined on some interval [—H, 0] (here h could be —o0). The memory
effect is modeled by using fractional calculus, which actually has been widely applied in many sciences [2-5].
We would like to mention that the concept of fractional calculus was raised by L’'Hospital, who wrote to
Leibniz in the year 1695, seeking the meaning of ZnTZ when n = % However, it only became popular in
practical applications in the past few decades. Several kinds of definitions of fractional derivatives have
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been introduced [2], but maybe the most commonly used nowadays are the so-called Riemann-Liouville
derivative and Caputo derivative. More definitions for Riemann-Liouville and Caputo derivative can be
found in [3,6,7].

It is worth pointing out that using a convolution group, Li and Liu [8] introduced a generalized
definition of Caputo derivative of order « € (0,1), and built a convenient framework for studying initial
value problems of time fractional differential equations. Compared with Riemann-Liouville derivative,
the Caputo derivative defined in [8] removes the singularity at t = 0 and characterizes memory from
t = 0. It is probably this character that makes the Caputo derivative share many similarities with the
corresponding ordinary derivative and then more manageable for Cauchy problems. In this work, we use
the Caputo derivative introduced in [8] to investigate the fractional dynamic system (1).

On the other hand, there are many results about time-fractional Navier-Stokes equations, which can
be used to simulate anomalous diffusion in fractal media. For instance, applying Laplace and finite Hankel
transforms, Chaurasia and Kumar [9] obtained the solution of a time-fractional Navier—Stokes equation.
In [10], Zhou and Peng studied the mild solutions of Navier—Stokes equations with a time-fractional
derivative, meanwhile Nieto and Planas [11] investigated the existence and uniqueness of mild solutions
to the Navier-Stokes equations with time fractional differential operators, and obtained several interesting
properties about the solution, such as regularity and decay rate in Lebesgue spaces. Nevertheless, most of
the available works including the mentioned ones did not take into account the delay in the external forcing
term, and are concerned mainly with the existence of solution/mild solution or the regularity. There is no
result on the limit behavior of solutions, even less work about fractional Navier-Stokes equations with
delay, such as the existence of weak solution and asymptotical behavior of solutions. Actually, for general
fractional PDEs, this discussion is limited due to the lack of tools although some special cases have been
studied [12-14].

The traditional method used to study solutions of classic nonlinear PDEs is to find some “a priori”
estimates of approximate solutions, then to apply some compactness criteria—i.e., the Arzela-Ascoli
theorem, etc. However, this method seems not to work for fractional PDEs with variable delay. Because of
the appearance of variable delay term, the generalized fractional Gronwall inequality [15] (Theorem 1) is
not enough to find some “a priori” estimates of Lyapunov functions. Even though Ye and Gao [16] obtained
the Henry-Gronwall type retarded integral inequalities, this only works for fractional differential equations
with constant delay but not for variable delay. Fortunately, Li and Liu [17] (Theorem 4.1-4.2), generalized
the classic Aubin-Lions lemma and some convergence theorem to the fractional case, respectively. To our
purpose, we first improve [17] (Proposition 3.5) and [8] (Theorem 4.10). Then, under the condition that
« € (%,1), we investigate the solutions of our system by combing the Galerkin approximation and the
generalized Aubin-Lions lemma as well as the Bellman—Gronwall Lemma.

We would like to mention that Wen, Yu and Wang [18] analyzed the dissipativity of Volterra functional
differential equations by using the generalized Halanay inequalities, while Wang and Zou [19] studied the
dissipativity and contractivity analysis for fractional functional differential equations and their numerical
approximations via a fractional Halanay inequality. However, to analyze the dissipativity of fractional
PDEs with variable delay, the fractional Halanay inequality [19] alone is not enough any more, in fact, it
cannot be applied directly for our case, either. We modify the fractional Halanay inequality [19] (Lemma 4)
to a more general case, and then improve the comparison principle [20] (Lemma 3.4) and combine the
fractional Halanay inequality to overcome this difficulty.

Motivated by [19], we study the long time behavior of fractional Navier-Stokes equations with
variable delay. More precisely, we first prove the existence and uniqueness of weak solutions by Galerkin
approximation, and then analyze the dissipativity of system (P), namely, we obtain the existence of an
absorbing set by fractional Halanay inequalities and generalized comparison principle. We would like to
mention that similar results about the classic model of problem (P) can be found in [21].
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The organization of this work is as follows. In the next Section, we recall some basic concepts about
fractional calculus, and present some auxiliary lemmas which will be useful in later study. In Section 3,
we focus on the existence and uniqueness of weak solutions, and the dissipativity of the fractional dynamic
system (P) is shown in Section 4. Throughout the work, C, ¢ are positive constants, which can be different
from line to line, even in the same line.

2. Preliminaries

In this Section, we first recollect the generalize definitions of fractional calculus to functions valued in
general Banach spaces as studied in [8,17]. Then we prefer to recall some notations and abstract spaces
for the sake of completeness and to make the reading of the paper easier, although the notations and
results included in this section may seem somehow repetitive, since they can be found in several already
published monographs or articles [22-24]. Besides, two examples of delay are presented and some lemmas,
propositions that will be used in our later discussion are stated.

Now, we start with the definition of fractional integral, readers are referred to [2,3,8] for more details.

Definition 1. ([3,17]) The fractional Riemann—Liouville integral of order a € (0,1) for a function u : Rt — R
locally integrable is defined by

1

[1a)(8) = £33 _/Ot(t —5)*lu(s)ds, t >0,

where T(a) = [° x*~Ye~*dx is the classical Gamma function.

Definition 2. ([8]) Let X be a Banach space. For a locally integrable function u € L} (0, T); X), if there exists
ug € X such that

ot
lim %/ 1(s) — g xds = 0,
0

t—>0+
then ug is called the right limit of u at t = 0, denote as u(0) = ug. Similarly, we define u(T~) = ur to be the left
limit of u at t = T—i.e., ur € X such that
T

1
im —— [ Jju(s) — ur|/xds = 0.
t

As pointed out in [8], this fractional integral can be expressed as the convolution between the kernel

Qu(t) = H(l_t()iu;l and H(f)u(t) on R, where

1, t>0,
H(t) =
0, t<O.

is the standard Heaviside step function. By this fact, it is not difficult to verify that the integral operators I,
form a semigroup, and I, is a bounded linear operator from L!(0, T) to L!(0, T). Inspired by [25] (Section 5,
Chapter 1), Li and Liu [8] proposed a generalized definition of Caputo derivative. The new definition
is consistent with various definitions in the literature while revealing the underlying group structure.
The underlying group property makes many properties of the Caputo derivative natural.
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Before introducing this generalized Caputo derivative, we need to use the distributions {g, } as the
convolution kernels for « € (—1,1):

H(t)tkl, a € (0,1),

Su(t) :=<948(t), a=0,

D e (-1,0)

where § is the usual Dirac distribution, and D means the distributional derivative. As in [8], the fractional
integral operator I, can be expressed as

[Lau] () := gox [H(£)u(t)].

Given f,¢ € L} (0,T), we define the convolution between f and g as

loc

t
F0 gt = [ F(s)g(t = s)ds.
Now, we introduce the generalized Caputo derivative as

Definition 3. ([8]) Let a € (0,1). Suppose that u € L} (0, T) has a right limit u(04) = ug at t = 0 in the sense
of Definition 2. The Caputo derivative of fractional order w of u is a distribution in D' (—oo, T) with support in
[0,T), given by

Dfu:=I_qu—1upg1_o = §—a * [(u —ug)H(t)].
The right fractional Caputo derivative is defined as

Definition 4. ([17]) Let « € (0,1). Consider that u € L}, (—oco,T) has a left limit ur at t = T in the sense of
Definition 2. The right Caputo derivative fractional order a of u is a distribution in D' (R) with support in (—oo, T},
given by

Diru:= G o+ [H(T —t)(u —ur)].

To introduce the Caputo derivatives for functions valued in general Banach spaces, for fix T > 0,
we present the following sets:

D' :={v|v: C®((—oo,T);R) — X is a bounded linear operator},

which is analogous of the distribution D’ used in [17]. We would like to point out that D’ can be understood
as the generalization of distribution. In fact, if X = R, then it is reduced to the usual distribution as in [17].

The weak fractional Caputo derivative of the functions valued in Banach spaces is given by
Definition 5. ([17]) Let X be a Banach space and u € L}, ([0, T); X). Let ug € X. We define the weak Caputo
derivative of fractional order « of u associated with initial value ug to be Dfu € D' such that for any test function
v € CZ((—00, T);R),

(o, D) = [ (Do)~ wo) (1)t = [ (Do) — o)t
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Next, let us consider the following usual abstract spaces:
v ={ue Q)7 divu=0}.

= the closure of V in (L?(Q))? with norm | - |, and inner product (-, -), where for u,v € (L?(Q))?,

2
(u,v) —];/Quj(x)vj(x)dx

= the closure of V in (H}(Q))? with norm || - ||, and inner product ((-, -)), where for u,v € (H}(Q))?,

au E)U

Z /Q ax; axl

ij=1

It follows that V. C H = H' C V/, where the injections are dense and compact. We will use || - ||«
for the norm in V’, and (-, -) for the duality pairing between V and V'. Now we define A : V — V' by
(Au,v) = ((u,v)), and the trilinear form Bon V x V x V by

(u,v,w) Z/ul—wdx YuovwelV.
i,j=1

Note that the trilinear form B satisfies the following inequalities which will be used later in proofs
(see [23] (p. 2015)).

1B(1,0,10)] < lulPyaiy ol < 272 lulllullfol, Y0 € V. ®
The phase space used in this paper is defined as Cy = C([—h, 0]; H) with the norm

lutllc, = sup |u(t+0)|, forus € Cyandt >0,
—h<6<0

where u; is a function defined on [—h,0]—i.e., u; := u;(6) = u(t +6),6 € [—h,0].
We now enumerate the assumptions on the delay term g. For ¢ : [0, T] x Cy — (L?(Q))?, we assume:

(gl) For any ¢ € Cy, the mapping [0,T] > t — ¢(t,&) € (L?>(Q))? is measurable.

(g2 g(-,0)=0.
(g3) There exists Lg > 0 such that, for any t € [0, T] and all §, 77 € Cy,

18(t,8) = g(t, )| < LglIg = nlicy-

Remark 1. (i) As pointed out in [23], condition (2) is not a restriction. Indeed, if |g(-,0)| € L?(0, T), we could
redefine [(t) = 1(t) + g(t,0) and §(t,-) = g(t,-) — g(t,0). In this way the problem is exactly the same, [ and §
satisfy the required assumptions.

(ii) Conditions (g2) and (g3) imply that

18(£,6)] < LgliZllcy,s

whence |g(t,&)| € L*(0, T).
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Example 1. A forcing term with bounded variable delay. Let G : [0, T] x R? — R? be a measurable function
satisfying G(t,0) = 0 forall t € [0, T|, and assume that there exists Lg > 0 such that

|G(t,u) — G(t,0)|g2 < Lg|u — v|ge, Yu,v € R

Consider a function p(-) : [0, 4+00) — [0, h], which plays the role of the variable delay. Assume that p(-) is
measurable and define g(t,&)(x) = G(t,&(—p(t))(x)) foreach & € Cy, x € Qand t € [0, T|. Notice that, in this
case, the delayed term g in our problem becomes

8(t,¢) = G(t,¢(—p(1))).

Example 2. A forcing term with finite distributed delay. Let G : [0, T] x [—h,0] x R? — R? be a measurable
function satisfying G(t,s,0) = 0 for all (t,s) € [0,T] x [—h,0], and there exists a function B(s) € L'(—h,0)
such that

|G(t,5,u) — G(t,5,0)|ge < B(s)|u — v|ge, Vu,v€R2 V(ts)€[0,T]x[~h,0]

Define g(t,¢&)(x) = f_oh G(t,s,¢(s)(x))ds foreach § € Cy, t € [0, T), and x € Q. Then, the delayed term g
in our problem becomes

g(t¢) = /Ohc(t,s,g(s))ds.

After introducing the above operators, an equivalent abstract formulation to problem (P) is

Dfu+vAu+ B(u) = f(t) +g(t,us), Vt >0, (6)
u(t) = ¢(t), t € [-h,0]. )

The definition of weak solution to problem (6) and (7) is defined as

Definition 6. ([17]) Given an initial datum ¢ € Cy, a weak solution u to (6) and (7) in the interval [—h, T| is a
function u € C([—h, T); H) N L?(0, T; V) with ug = ¢(0) such that, forallv € V,

(Dfu(t),v) +v((u(t),0)) + B(u(t),u(t),v) = (f(t),v) + (8(t us), v),
where the equation must be understood in the sense of distribution.

The following auxiliary Lemmas will be needed in this work.

Lemma 1. (See [17,26]) For any function u(t) absolutely continuous on [0, T, one has the inequality

1

u(t)Dfu(t) > 5

Dyu?(t), o € (0,1).
The following result is a generalization of the Aubin-Lions Lemma [27].

Lemma2. ([17] (Theorem 4.2)) Let T > 0, € (0,1) and p € [1,00). Let M, X, Y be Banach spaces. The inclusion
M < X compact and the inclusion X < Y continuous. Suppose W C L1 ((0, T); M) satisfies:

loc
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(i) Thereexists r1 € [1,00) and C > 0 such that Vu € W,

1 t _
sup I*(|lull}y) = sup W/ (t—s)* 1||u]|;\14(s)ds§C.
te(0,T) te(0,T) 0

(i) There exists p; € (p, o], such that, W is bounded in LF1((0, T); X).
(iii)  There exists ry € [1,00), C > 0 such that for any u € W with right limit ugy at t = 0, it holds that

1 D¥ull 12 (0,1);v) < C-
Then, W is relatively compact in LF ((0,T); X).

Proposition 1. (An improvement in [17] (Proposition 3.5)) Suppose Y is a reflexive Banach space, « € (0,1) and
T > 0. Assume the sequence {u"} converges tou in LP((0,T);Y), p > 1. If there is an assignment of initial values
ug,n for u" such that the weak Caputo derivatives Dfu™ are bounded in L ((0, T);Y) (r € [1,00)), then

(i) There is a subsequence such that ug , converges weakly to some value ug € Y.
(ii) Ifr > 1, there exists a subsequence such that D*u"™ converges weakly to v and Ug,n, converges weakly to ug.
Moreover, v is the Caputo derivative of u with initial value uq so that

1 e
W/O (t—s)*1o(s)ds.

u(t) = Up +
Further, ifr > 1, then, u(04) = ug in Y is the sense of Definition 2.

Proof. We would like to mention that this Proposition is just a slightly improvement of [17]
(Proposition 3.5), in which, the final conclusion—i.e., u(04) = up in Y—holds true for r > % However,
this conclusion holds for r > 1.

So, we just need to prove that for r > 1,if Dfu € L} ([0, T),Y), then u(0) = uo in Y under the sense
of Definition 2. By a similar argument in [17] (Corollary 2.16) and Young’s inequality with the conjugate

index p = oo, q:l,%—i—% =1, we find

1 ! 1 b a—1 ®
;/O | — uol|ydt < m/@ /0 (T —5)* | Diul|ydsdt
1 t

t —s)*||Dfullyds

Stl”(vc—i—l)/o(
1

o o
< mt ||Dtu||L1((0,t),y) —0 as t = 04,

Since || D{u||y is integrable on [0, T — ¢] for some 6 > 0. The proof is finished immediately. [

Remark 2. Liand Liu in [17] (Theorem 5.2) proved the existence of weak solution for a time fractional incompresible
Navier-Stokes equation for o € [,1), because u(0) = ug is obtained under this condition. However, by using
this Proposition 1, we also can prove u(04.) = uq for « € (0,1). Therefore, the existence result of [17] (Theorem 5.2)
still holds for « € (0,1). In this extent, we say that Proposition 1 improves [17] (Proposition 3.5).
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Proposition 2. (Modified Fractional Halanay Inequality) Assume that the non-negative continuous function
v satisfies

t—T(t)<s<t (8)

where vy is a positive constant and a +b # 0, 0 = — g(f)(t —1(t)) > 0, and the delay function t(t) > 0.
Ifa+ b < 0, then the following estimates holds

o(t) < —- 1 7+ ME(A'H), forall t > (t), )

where M' = sup |¢(t)|, and the parameter A* is defined by
~h<t<0

Ex(A(t—1(t)")

A= sup {A:A—a—D E.(Af)

t=1(£)>0

=0},

and it holds that A* € [a+ b,0].
Further, if the delay is bounded—i.e., T(t) < Ty for some constant To—then the parameter \* defined by

Eo(A(t—T(t))")
Eo(Af%)

A= sup {A:A—a—b
—T(t)>1

=0},

is strictly negative, namely, there exists some positive constants g satisfying a +b < —eg such that A* € [a+b, —eo],
and the estimate in (9) holds for all t such that t > T(t) + 1.

Proof. Actually, Proposition 2 is a slightly modification of [19] (Lemma 4), in which 7(t) > 0 strictly for
the first conclusion (9). However, in our case, (9) holds true for 7(t) > 0. So, we only need to prove (9) is
true when 7(t) = 0. We prove this by comparison principle.

If 7(t) = 0, then the original system (8) becomes.

Dfv(t) < v+ (a+b)o(t), 0<t<T,
v(0) = [¢(0)[, t=0,

where 7 is a positive constant and a + b < 0.
From system (8), there exists a nonnegative function m(t) satisfying

to(t) =+ (a+b)o(t)+m(t), 0<t<T,
0(0) = |g(0)[, t=0.
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According to [2] (Theorem 4.3), the initial value problem (8) has a unique solution that can be
represented by

o) = PO Eal(a-+B)64) + [ (=) Eaa((a+ )t = 5)*) (o + m(s)ds
< I9O) Eal(a+5)6%) +y [ (65 Eaul(a+ D) (¢ —9)")ds

< o _L
< [pOIEa((a+ b)) ~
<M sy
< M'E(A"EY) P

where we used that t* ! and E ((a + b)t*) are nonnegative and A* € [a + b, 0], as well as the fact that
E,(At") is non-decreasing respect to A. The proof is complete. [

Remark 3. It turns out that the modified fractional Halanay inequality holds true not only for delay fractional
dynamical system but also for the nondelay case, which means that it could be applied to more fractional differential
equations. In this sense, we say it improves [19] (Lemma 4).

Proposition 3. (The generalized comparison principle.) Assume that for any function u and w are absolutely
continuous on [0, T|, one has the inequality

() < —au(t)+bu(t—7(t)) +¢c, 0<t<T,

Dfu
t)=g(t), —h<t<0,

u

(10)

and the following fractional differential equation

Dfw(t) = —aw(t) + bw(t —1(t)) +¢, 0<t < T,

(11
w(t) =¢(t), —h <t <0,

where a, b, ¢ are positive constants. Then it holds that
u(t) <w(t), forallt > —h. (12)

Proof. Obviously, (12) holds true for any ¢t € [—h,0]. Hence, we only need to verify that (12) is correct for
t € [0, T]. We will prove this through two steps.
Step 1. We first prove that (12) holds for t > 7(t). By contradiction, if it is not true, then there exists
some t > T(t) such that u(t) > w(t). Denote t, by
te = inf{t > T(t) 1 u(t) > w(t)}.

Now, set z(t) = u(t) — w(t). Then we know from the definition that z(t.) = 0, and z(¢) < 0 for
0 < ty — T(tx) < t < ty. Then by the fractional comparison principle in [19] (Lemma 3), we have that

Déz(ty) > 0. (13)
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However,

Dfz(t.) = Dfu(t.) — Dfw(ty)
< —a(u(ts) —w(te)) +b(u(ts — (k) —w(te — 7(ts)))
= —az(t.) + bz(ts — t(t)) < bz(t, — T(ts)) <0,
which contradicts (13); therefore, u(t) < w(t) for t > (t).

Step 2. On the other hand, when 0 < t < 7(t), then —h < t —1(t) < 0, since 7(t) € [0,h].
So (14) and (15) can be rewritten as, respectively,

Dfu(t) < —au(t) +be(t —7(t))+¢, 0 <t <7T(F),

(14)
u(t) =o(t), —h<t<0,

and the following fractional differential equation

Dfw(t) = —aw(t) + be(t —T(t)) +¢, 0 <t <7(t),

(15)
w(t) =¢(t), —h <t <0,

Then there is a nonnegative function m(t), such that

D;"tu(t) = —au(t) + bo(t — T(t)) —m(t) +¢, 0<t<7(t), .

u(t) =e(t), —h<t<0,

Then, by [28] (Theorem 1), system (16) has a unique solution on [0, 1] that can be represented as

u(t) = /Ot(t ) g g (—a(t — 5)%) (b (s — T(s)) — m(s) + c)ds + 'Ex(—at®), 0 < t < T(t).

Similarly, the solution of system (15) can be written as
t
w(t) = / (t—5) " YE o (—a(t —8)*)(bo(s — T(s)) + c)ds + 'Ex(—at"), 0 < t < T(t).
0

Notice that * and E, o (—at*) are non-negative for a > 0, then we have u(t) < w(t) forall0 < t < 7(f).
In summary, u(t) < w(t) forall t > —h.
Therefore the proof is complete. [

Remark 4. We would like to point out that Proposition 3 generalizes the conclusion in [8] (Theorem 4.10) to some
extent. Proposition 3 also improves the comparison principle in [20] (Lemma 3.4), which is proven only for constant
delay—i.e., T(t) = T. However, in our case, the delay term T(t) is a function taking values in [0, h]. In this way, we
could say that Lemma 3.4 of [20] is a special case of Proposition 3.

Lemma 3. (Bellman—Gronwall Lemma [29] (p. 252)) Let T >0, g € Ll (0,T)and g > 0 a.e., C1, Cy be positive
constants. If € L}(0,T), ¢ > 0 a.e., satisfying gp € L'(0,T) and

p(t) <C1+C /Otg(s)(p(s)ds, ae.te€(0,T),



Mathematics 2020, 8, 2037 11 of 20

then

¢(t) < Crexp{Cy /Otg(s)ds}, ae.t€(0,T).

Remark 5. Actually, the positive constants Cy, Cp can be replaced by functions Cq(t) or Cy(t), but a similar result
can be obtained—readers are referred to [29] (p. 252) for more information.

3. Existence and Uniqueness of Weak Solutions

In this section, we prove the existence and uniqueness of weak solutions to problem (6) and (7) by
Galerkin approximations. Denote

M= i 1P
veV\{o} |o]?
Moreover,
f 2(1+1)
/ 1£(s) P W ds < 0o, a € (0,1), foranyt > 0. (17)
0

We have the following result:

Theorem 1. Suppose that (g1) — (¢3) and (17) hold true, then for any ¢ € Cy and o € (3,1) system, (6) and (7)
has a unique weak solution.

Proof. We split it into several steps.

Step 1. The Galerkin approximation. By the definition of A = —A and the classical spectral theory
of elliptic operators, it follows that A possesses a sequence of eigenvalues {A;} ;> and a corresponding
family of eigenfunctions {w;};>1 C V, which form a Hilbert basis of H, dense on V. We consider the
subspace V;,;, = span{wy,wy, - - -, wy, }, and the projector Py, : H — V,, given by Pyu = Z}":l(u, wj)w]-,
and define u(") (t) = Z] 17m,j(t)w;, where the superscript m will be used instead of (), for short, since
no confusion is possible with powers of 1, and where the coefficients 7,,(t) are required to satisfy the
Cauchy problem

(Diu™(t), w;) +v((u"(t),w;)) + B(u"(t),u™(t), w;) = (f(t), w;) + (g(t, u"),wj), 1 <j<m,
W' (1) = Pugp(t), t € [—h,0]. (18)

The above system of fractional order functional differential equations with finite delay fulfills
the conditions for the existence and uniqueness of a local solution (e.g., cf. [30] (Theorem 3.1)).
Hence, we conclude that (18) has a unique local solution defined in [0, t,,) with 0 < t,, < T. Next, we will
obtain a priori estimates and ensure that the solutions u™ do exist in the whole interval [0, c0). Assume that

M= |9llg, = sup |p(t)[*
—h<t<0

Step2. A prior;estimates. Multiplying (18) by 7, j(t),j = 1,...,m, summing up, and using Lemma 1,
Cauchy-Schwartz and Young’s inequalities, we obtain

%Dﬂum(tﬂz ol O < IFONllu™ Ol + (i)™ (8)]

< 7” (t)||2 Hf( )||2

<

+ Lelluf"[1Z,,-

N

Hence,
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2
Dt ()2 + v (e < VO op ez, (19)

Multiplying (19) by I, and let p = 1+a,4 = 1+ 1, we find

WOR + s [ 0o ) P
<O + s (= A B 2 [ s s

1 2Ly ot
<O + s =P Va1 4 5 [ it ds o)

2L, ot Lt
< 4™ (0)|2 a2 g / _ o\pla=1) ps 3.\ 5 / —qs||,,m)24 1/q
< [u™(0)] +m2r(0¢)t F(t) + F(uc)( A (t—s) ePds)r( ] e [[ug" |, ds)

2L, T'(a?) a2 t 2
< |y™ 2 a2 8 Tra o / —qs||,,m |49 1/q
< [u™(0)] +m2r(w>t F(t) + @) (I+a) e () e us'lic,ds)

a2

Denote by A(t) = [u"(0)[2 + ;b #F(£), B(t) = ZLf-(i) ) (1 + &)~ 5= e!. Then, we have

t+6 t
" lIZ,, +V/O (40 =) Vu(s)|[ds < A(t) + B(t)(/o o' [*7dds) 9.
Therefore,
I, < 20400 + 20B16) [ |2 )
Using the Gronwall Lemma, we obtain that
t t
"2, < c(A(t) + B(t) / A(s)ef s B gs) forall t € [0,T] and 6 € [—h,0].
J0
Hence, we conclude that for any T > 0, ||u}"||c,, is finite, which means the local solution u™(t; ¢) is
actually a global one. We also can have that there exists a constant C > 0, depending on some constants of
the problem (namely, v, Lg and f),and on T and M > 0, such that
luf" |, < C(T, M) Vt € [0,T], |Ipllc, <M, Vm>1,

which also implies that {#"} is bounded in L*(—h, T; H).
Now it follows from (20) and the above uniform estimates that

t
e N A PO

<t (T@Wm P + [ (-5 (FIr6) 2 +2L,0(T, M) ) s
< C(T, M), Vm >1.
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Therefore, we conclude that
{u™} is bounded in L?((0, T); V) N L®((—h, T); H). (21)

From (5) and (18), it holds |[Dfu™[. < vlu™|| +222u™| - |ju"|| + |Ifll + Ay "/2(g(t,ulM)],
which implies that
{D¥u™} is bounded in L%(0, T; V'). (22)

Step 3. Approximation of initial datum in Cp. Let us check
Pu¢p — ¢ in Cy. (23)

Assume that 6,, — 0 € [—h,0], then Py¢p(0,) — ¢(0), since || P (0m) — ¢(0)] < ||Pup(0m) —
Pup(0)|| + || Pnp(8) — p(0)]| — 0as m — co. So (23) holds true.

Step 4. Compactness results. By (21) and (22), the compact imbedding V — H, and the generalized
Aubin-Lions Lemma 2 as well as Proposition 1, for any a € (0, 1), we obtain there exist a subsequence
still relabeled as {u} and a function u € C([—h, T); H)NL?((0,T); V) forall T > 0, with u(t) = ¢(t) in
[~h,0], u(01) = up, and D¥u € L2((0,T); V') forall T > 0, and an element x € L®((0, T); H) such that

u™ 5 u weakly-star in L®((0, T); H),

u™ — u weakly in L2((0,T);V),

Dfu™ — D¥u weakly in L*((0,T); V'), (24)
u™ — u strongly in L2((0,T); H),

g(-, ul") = x weakly-star in L®((0, T); H).

Observe thatif a € (1,1), forall s, ¢ € [0, T], by

() =) = gy [ (= DR ()

1

200—1 o m . /
< W(t =) DFu" (| 25,0,y In V7,

and combing (22) we find that u™ is equi-continuous on [0, T| with values in V’. Notice that the inclusion
H — V' compact, so using Ascoli-Arzela and (24), we conclude that

u™ — u in C([0,T; V"), ¥ T > 0. (25)
Combining (21) and (25), then for any {t,,} C [0, T) with t,, — t, one obtains
u™(ty) — u(t) weakly in H. (26)

Now we prove that
u™ —u inC([0,T;H), VT > 0. (27)

By contradiction, if (27) is not true, then there would exists a € > 0, {t;,} and t, with t,, — t,
such that
| (t) —u(ts)| > €. (28)
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On one hand, by (26), we have |u(t,)| < lijn inf |u™ (ty,)|. Therefore, if we could prove [u™(t,,)| —
n—oo
|u(ts)|, then (28) is contradictory, in other words, (27) is obtained immediately. To this end, it is enough to

show that
lim sup |[u" (ty)| < |u(ts)]. (29)

m—o0

On the other hand, for system (18), we have the following energy inequality,

m V t n— m
htmﬁ+ﬂ@Aaf@ Uum(s) |[2ds “
. 1t o 2L, C(T, M) N
< I (O) + gy (=50 S s+ (=)

Besides, by (24), passing to the limit in (18), we have that u € C([0, T]; H) is a solution of a similar
problem to (6)—i.e.,

(Dfu,v) +v(Au,0) + (B(u),0) = (f(t),0) + (x,0), Vo€V,

which also has the energy inequality,

WP+ g [ 0= us) s
<O + oy [ 0= 9 N + s [ 0= 9 (o), ()

Combing the last convergence in (24) and the dominate convergence theorem, we find

t t 2L
a—1 2 ; : a—1 my |2 8 o
/0 (t—9)*"x(s)|7ds < ”lllgr;omffo (t—s)* | g(ul")|“ds < TC(T,M)(t—s) .

Therefore, u also satisfies inequality (30) with the same last term on the right-hand side.
Consider now two continuous functions defined as

o - - Tl sy,

J(£) = lu(t)]? ~ T
) = 0" = s [ (6= 9 7o) s — 2D sy
J and [, are non-increasing in t. Moreover, again from (24), we have
Jm(t) = J(t), ae. te(0,T). (31)
Assume that t, > 0, consider {#;} C (0, t,) with t; — t,, by the continuity of ],
Tke s (k) — J(£)] < g Vk > ke.

Take now m (k) such that

b > bt () = T()] < 5, ¥ = nlke).
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Then, we conclude that for all m > n (k)
Jim(tm) = J(te) < |Jm(te) = J(te )|+ 1 (k) = J(£)| <€,

which gives (29).
Therefore, we find that
u™ — u in C([0, T|; H).

Then, steps 3 and 4 imply that
uf* > u; in Cy, VO <t <T.
Therefore, combining (¢3), we can prove that
g(-,u™) — g(-,u.) in L*(0, T; H).

Thus, we can finally pass to the limit in (18), concluding that u solves (P).

Step 5. Uniqueness of solution. Let u(t;¢), v(t;¢) be two solutions of (P) with the same initial
values—i.e., u(t) = v(t) = ¢(t),t € [—h,0]. Set w(t) = u(t) —o(t), t >0, thenw(t) =0, forall t € [—h,0].
For w(t), we have

Dfw — vAw + B(u) — B(v) = g(t, us) — g(t, v¢).
Multiplying above equation by w(t), and integral over (), we obtain

Difw]? +vlw|* = —(B(u) — B(0),w) + (g(t, ur) — g(t,01),w)
< clw]?[v]* +2Lg sup [w(s)[?
0<s<t

< c(||o|*+1) sup |w(s)?, forallt e [0,T].
0<s<t

The above inequality holds true for any ¢ € [0, T|, then we have
t
sup [w(s)[* < [w(0)? +C/ ([ol* +1)(t —5)*"" sup [w(r)|?ds.
0<s<t 0 0<r<s
Using the Bellman—-Gronwall Lemma 3 and (21), we have
t
sup |w(s)|* < |w(0)|* exp {c/ (ol +1)(t - s)"‘_lds} =0, forallt €[0,T].
0<s<t 0

Therefore, |w(t)| = 0 on [—h, T]. The proof is finished. O

Remark 6. We prove the existence of solution for a general delay case, namely, g(t,ut) could be variable delay or
distributed delay. In Section 4, we take g(t,us) = g(u(t — t(t)))—i.e., the delay function t(t) € C(R; [0, h]),
to study the dissipativity.

Remark 7. It is worth mentioning that only the existence result is proved under the condition that . € (%, 1), which is
due to the phase space C([—h,0]; H). If C([—h,0]; H) is replaced by some Sobolev space, such as L*>((—h,0); H).
Then the existence of solution can be established for any a € (0,1) and without additional conditions.
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Theorem 2. Suppose that (g1) — (g3) hold true, then the solutions of system (P) are continuous with respect of
initial values—i.e.,

t
= o, < cllo— ol exp {e [ (ol + 1)t =5)* s}, re fo,7)

Proof. Let u(t;¢), v(t; @) be the solutions of (1)—(4) with initial values, ¢ and ¢, respectively. Set w(t) =
u(t) —o(t) fort > 0, and w(t) = ¢(t) — ¢(t) for t € [—h,0]. Then we have

Dfw —vAw + B(u) — B(v) = g(t,ut) — g(t,v¢), t > 0.
Multiplying above equation by w(t), and integral over (), we obtain

Di[w]? +v|jw|* = —(B(u) — B(v),w) + (g(t, ur) — g(t,v1),w)
< clwl[|o]l* +2Lgllwr|E,, < clwl?[lol* +2Lg (¢ — 9lIZ,, + Sup wl?)
<t<

< (cllol® +2Lg) sup [w(t)[* +2Lgllg — lIZ, -
0<t<T

Hence, we have

2L,T%
sup [w(t)[? <[w(0)P+<8

2 1 /t 2 1 )
- + - [ (c||v||*+2Lg)(t —s sup |w(s)|*ds
iy 8 F(oc—|—1)”¢ elic, @) O( kel g)(t—s) p |w(s)]

0<s<t

Again using the Bellman—-Gronwall Lemma 3 and (21), we find that

t
e, < clip — gl exp {e [/ (ol + 1)t —5)* s}, re (0,11
The proof is complete. [

4. Dissipativity

In this section, we derive some uniform estimates of solutions to problem (P) by using Proposition 2.
Besides, in this section, we assume that g(t, u¢) = g(u(t — t(t))).

Definition 7. The system (P) is said to be dissipative in Cyy if there exists a bounded set B C Cy, such that for
any given bounded set A C Cyy, there is a time t* = t*(A), such that for any given initial function ¢ € A, for all
t € [—h,0], the values of the corresponding solution u(t) of the problem (P) are contained in B for all t > t*.
The set B is called an absorbing set of the system (P).

We assume that
AMv > V2L, (32)

Theorem 3. (Existence of absorbing sets in Cpy) Assume that (g1) — (¢3), (17) and (32) hold. Then there exists
T > 0, such that for all t > T, the solution of problem (P) satisfies

MV
luellg,, < ( 1vfo +1,Vt>T,

/\11/)2 — ZL(%

where fo = v~ sup || f(t)]?
£>0
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Proof. Multiplying (1) by u, integrating over (), we have

D [u(t)? + vllu())[* < F ()l llu(O)[] + g (et = () [[u(t)]

HI2 202
< M + Tg sup |”(5)|2'
v Wy r(t)<s<t

(33)

Then we obtain

« 2 2 2L§ 2
Dfu(t)|” < fo— Av|u(t)]” + T, SuP lu(s)|*, t€(0,T],
WV (h)<s<t

u()? = (1), t € [~h0],

where fo = v~ sup || f(t)||2. Using Proposition 2, we find that
>0

Mvfo

2 < M7J0
(O < (AMv)? —2L3

+ MEg (A" %)

for all t > 7(t), where M = ||¢||%H = sup |¢(t)|? and the parameter A* is defined by
—h<t<0

2L% Eq(A(t— T(1))
A = AiA—(=Ay) — 8= =0},
S A A S TR ) !

. . . . . o 213
is strictly negative, namely, there exists some positive constants €( satisfying —Av + ﬁ < —¢p such

2
that A* € [-Av + %, —€p], and the estimate in (9) holds for all ¢ such that t > 7(t) + 1. In other words,

212
for A* € [-Av + 3%, —€o], we have

AMvfo

P < 5=
(/\11/)2 — 2L§

+ ME (A™"tY), Vit > 1(t)+ 1.

For the case of t < T(t) 4+ 1, in order to analyze the dissipativity of problem (P) in phase space Cy by
Proposition 3, we first need to consider the following fractional differential equation,

212
Dfw(t) + AMvw(t) = fo+ Kiw(t —1(t)), 0<t<h+1, (34)

w(t) = |p(1)%, te[-h0],

Then, by using the method of steps [28] (Theorem 1), we have that the initial value problem (34) has,
on the interval [0, kh], a unique solution that can be represented by w(t) = w;,(t),if (i — 1)h < t < ih,

wih(t) = /Ot Ea,a(—}\ﬂ/(t — s)"‘)fih(s)ds + CihEa(—)Lﬂ/t“), te [(l - 1)]’1, lh],
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where c;j, is a constant, i = 1,2,-- - , k.
2L§,
T won(t—h)+ fo, 0 <t <h,
212
fin(t) == Tt —h)+ fo, h <t <2h,
2L§
Tawp(t—h) + fo, (k—=1)h <t <kh,

is continuous and wyy, (t) = |¢(t)|>. k is a smallest integer such that kh > & + 1. Therefore, we obtain that

[w(t)| < Y |wip(t)] < CEx(=Auit*), VO <t < 7(t) +1. (35)
0<i<k

Now, we estimate the solution of (1), for t < 7(t) + 1. By (33), we have

A2 2L2
Df |u(t)? + Ayvlu(t)]* < M st =), 0t <T(t)+1,
1

u())? = [¢(t)[%, t € [~h,0].

(36)

Then, by Proposition 3 and (34)—(36), we have
lu(t)|> < CEx(=Aut*), 0 <t < T(t)+1.

So, we find that

Mvfo

u(t)]* < =557
(Aqv)2 —2L2

+ ME,(A*t*) + CEy(—AqutY), forall t > 0.
By the norm of Cy, we conclude that

AMvf
2 <2170 Eg(A*H Eo(—AqutY), forall t > —h,0].
[uellc, < (Alv)2_2L§+M 2 (A*t%) 4+ CEq(—Aqut®), forall t > 0,6 € [—h,0]

Since A* and —A4v are strictly negative, by the property of Mittag-Leffler function [2], we obtain

MVf C
2 1vJo o«
||utHCH < m +Ct7, ast — +oo,

where C, > 0 is a constant independent of t. Therefore, there exists T > 0 large enough, such that for all
t > T, the solution of problem (P) satisfies

MV fo
S+1,t>T.

2 _
(Av)2 — 212

luelZ,, <

Denote by Bc,, = B(0,,/ ﬁ + 1) the absorbing set in phase space Cp, which implies that

system (P) is dissipative. The proof is complete. [
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5. Discussion

In this work, we prove the existence and uniqueness of solution for fractional Navier-Stokes equations
with variable delays for a € (%, 1), and we show that this system is dissipative in the phase space Cy,
namely, there exists a global absorbing set in Cp;. Different from the classic Navier-Stokes equations with
variable delays [22-24], in which the existence of pullback absorbing set and pullback attractors were
established. Here, we obtained the forward absorbing set, which is more meaningful from the view of
applications. Besides, the existence of global attracting set as well as the existence of solution for a € (0,1)
in phase space Cy are still open problems. These will be considered in the future.
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