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Contrary to some widespread intuitive belief, the night sky brightness perceived by the human eye or
any other physical detector does not come (exclusively) from high in the sky. The detected brightness
is built up from the scattered radiance contributed by all elementary atmospheric volumes along the
line of sight, starting from the very first millimeter from the eye cornea or the entrance aperture of
the measuring instrument. In artificially lit environments, nearby light sources may be responsible for a
large share of the total perceived sky radiance. We present in this paper a quantitative analytical model
for the sky radiance in the vicinity of outdoor light sources, free from singularities at the origin, which
provides useful insights for the correct design or urban dark sky places. It is found that the artificial
zenith sky brightness produced by a small ground-level source detected by a ground-level observer at
short distances (from the typical dimension of the source up to several hundred meters) decays with the
inverse of the distance to the source. This amounts to a reduction of 2.5 mag/arcsec? in sky brightness

for every logjo unit increase of the distance. The effects of screening by obstacles are also discussed.

© 2023 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

The propagation of the artificial radiance in the nocturnal en-
vironment is a thriving field of research, due to its relevance for
quantitative assessment of light pollution effects. A large effort
has been devoted in the last decades to develop efficient concep-
tual and computational tools for modeling the artificial night sky
brightness in large areas of the planet under different radiant and
atmospheric conditions [1-5], helped by the progressive availabil-
ity of high-quality data on the nighttime light sources obtained
from low Earth orbiting platforms [6-16].

A growing degree of attention is also being paid to the spa-
tial distribution of individual radiant sources (streetlights, commer-
cial screen displays, and other) at sub-pixel scale, and its relation-
ship with the mid-resolution, pixel-averaged information provided
by satellite radiometers. Some examples of this line of work are
the studies on the point-spread functions for individual luminaires
[17], and the development of technologies and citizen science cam-
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paigns with capabilities for performing detailed wide-area light
source inventories [18-26].

In this paper we address an open issue in this field: How large
is the contribution of the nearby light sources to the total bright-
ness of the night sky? Disentangling this contribution from the
baseline, structural brightness produced by the myriad of light
sources of districts and cities located around the observer is an in-
strumental step for devising public policies aiming to improve the
quality of the local sky in artificially lit environments. Both con-
tributions to the deterioration of the night sky must be addressed
in parallel; however, the actions to undertake may be different in
each case. Whereas the disruptive effects of nearby light sources
(those located up to few hundred meters distance from the ob-
server) can be controlled by means of local actions as e.g., effective
screening, the management of the contributions of the surrounding
territory, up to tens or hundreds of kilometers distance, requires an
adequate territorial planning approach [27-30].

Two main reasons suggest that the relevance of nearby light
sources may be far from negligible. One is the anecdotal evidence
that the number of stars visible in the urban night sky may vary
sharply if the observer moves a few tens or hundred meters within
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Fig. 1. Source and observer geometry.

the city. An increase of one unit in the naked-eye star limiting
magnitude is not exceptional in this context. The other is that
the radiance from close light sources reaches the lower segments
of the observer line of sight with little to no atmospheric atten-
uation and gets efficiently scattered due to the large density of
the ground-level atmosphere. Let us recall that, contrary to some
widespread intuitive belief, the night sky brightness perceived by
the human eye or any other physical detector does not come exclu-
sively (and sometimes even not mostly) from "high in the sky". The
detected brightness is built up from the scattered radiance con-
tributed by all elementary atmospheric volumes along the line of
sight, starting from the very first millimeter from the eye cornea or
the entrance of the detector. The local structure of the radiant field
is then expected to be a relevant factor when it comes to evaluat-
ing the visual quality of the night sky.

For quantifying the propagation of artificial light at close dis-
tances from the sources we adopted here a single-scattering ana-
lytical model based on the one developed by Kocifaj in 2007 [4].
Care shall be exercised in the numerical integrations in order to
avoid potential singularities at the origin. These singularities can
be removed by using an exact expression for the solid angle sub-
tended by an elementary source at all distances from the observer,
including the limit for distance tending to zero. The use of a single-
scattering model is justified in view of the short distances in-
volved, under the assumption of not extremely large aerosol op-
tical depths. The basic model is described in Section 2. Besides the
rigorous formulation developed in this section, some approxima-
tions are also derived for a simplified canonical case which pro-
vides useful physical insights about the dependence of the effects
on the distance to the source. General numerical results deduced
from the rigorous model are described in Section 3. Discussion and
conclusions are drawn in Sections 4 and 5, respectively.

2. Methods
2.1. Geometry of observation

The basic configuration of the source-observer geometry is
shown in Fig. 1. A small light source at height hy > 0 above ground
is located at an horizontal distance D from an observer who, at a
height hy > 0, detects the artificial night sky brightness in any ar-
bitrary direction of observation. This direction is specified by the
unit vector a(z, @), where z is the zenith angle and ¢ is the az-
imuth of the line of sight, both measured in the observer’s refer-
ence frame. For simplicity we measure ¢ from the direction of the
source. The position of any elementary scattering volume (like the
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small cube in Fig 1) along the line of sight, at a distance ry from
the source, can be parametrized by its height h above ground.

No particular assumptions are made at this point about the ge-
ometrical 3-D shape or character of the source; the basic formu-
lation below can be equally applied to a luminaire whose lamp is
located few meters above ground, to a horizontal patch of road,
pavement, or soil, or to a vertical patch of facade, reflecting the
light from ground-level (hg =0) or from any other arbitrary height.
Given the short distances and altitudes involved in these calcula-
tions in comparison with the size of our planet, the Earth radius
can be taken as infinite for all practical computations.

2.2. Artificial sky radiance

Let us denote by L(ag; A) the spectral radiance
(W-m~2.sr-.nm~!) emitted by the source in the generic di-
rection «p, defined by the angles (zg,¢0), being z, the zenith
angle, ¢ the azimuth, and A the wavelength. In general, zy €
[0, ] and @ € [0, 27r], both measured in the source’s reference
frame, although for flat horizontal sources at ground level z; is
usually restricted to the interval [0, 7/2]. The source is defined
’small’ in the sense that its spectral radiance L(eg; A) can be con-
sidered homogeneous in all its points, and the radiance propagated
from these individual points to the scattering volume will undergo
substantially the same amount of atmospheric attenuation.

The artificial radiance reaching the observer from the direction
oz, @) is made up from the contributions of the radiances scat-
tered by all elementary volumes located along the line of sight.
The spectral irradiance dE; (W-m~2.nm~!) produced by the source
at the input of an elementary volume like the one depicted in
Fig. 1, on a plane perpendicular to the direction of propagation
og and assuming a perfectly transparent atmosphere, would be
dEj = L(ap: 1) d2s, where dQ2s = d2s(ro,0t0) is the solid angle (in
sr) subtended by the small source, viewed from the scattering vol-
ume located at a distance ry from the source. However, in a real
atmosphere this irradiance is lower, due to the attenuation by ab-
sorption and scattering along the ray path from the source (at hp)
to the volume (at h), slanted by an angle zy. Denoting by t(hg,h;
Zo; A) the atmospheric transmittance at wavelength A along this
path, the actual irradiance at the entrance of the scattering vol-
ume, dEy = t(hg, h; zp; A) dE] will be

dEg = t(ho, h; zo; A) L(oto; 1) dS2s(ro. otp) (1)

Specifying the variables in Eq. (1) we implicitly assume an at-
mosphere whose properties may depend on the altitude above
ground, but not on the horizontal coordinates.

Within the elementary scattering volume, the irradiance in
Eq. (1) will be partially removed from the beam, due again to the
complementary processes of absorption and scattering, at a rate
per unit length

d
arg (4E0) = —k(h: 3) dEp )

where k(h; 1) (in m~1) is the atmospheric extinction coefficient
at height h above the ground, and dry is the differential length el-
ement along the ray. The overall extinction coefficient k(h; A) re-
sults from the sum of the extinction coefficients k;(h; A), i=1, ...,
N of the different molecular and aerosol constituents of the at-
mosphere. The fraction of the irradiance attenuated by each con-
stituent that will be scattered, not absorbed, is determined by
the single-scattering albedos w;(A),i=1, ..., N, that combine into
an overall scattering coefficient ksca(h; A) = Zf\i] w;(A)ki(h; A). The
total irradiance that will be scattered from the beam in the ele-
mentary atmospheric volume depicted in Fig. 1 after travelling a
distance dry along the ray will be then

(d®Eo),, = t(ho, h; 20; 1) L(eto; ) dS2s(ro, o) Ksca(h; ) dro (3)
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The radiant power associated with this irradiance will be scat-
tered unequally in different directions, according to the wave-
length and physical properties of the atmospheric constituents.
The angular distribution of the light scattered from the elemen-
tary atmospheric volume is described by the scattering phase
function P;(eg,0’; A), whose integral extended to all possible di-
rections of scattering is equal to 4m. The equations below are
expressed in terms of the angular probability density function
pilog,0’; A)=Pj(ag,0’; A)/4m, which is essentially the density of
probability that a scattered photon will propagate in the direction
o, per unit solid angle around ¢/, if its direction of incidence was
og. It is normalized such that its integral over the 47 sr domain
of all possible scattering angles is 1. The units of p;(ecg,0’; A) are
sr~!, hence its multiplication by an irradiance has the dimensions
of a radiance. In the situation here considered the observer is lo-
cated in the direction o’ = —o as seen from the elementary volume
(with angles Z = —z, ¢’ =7 — @), so that the radiance (d2L')seq
scattered from the volume towards the observer is:

(d°L),, = t(ho, h; zo; &) L(eto; &) dSs(ro, o) T (eto, &; s h) dro
(4)
where
N
I (otg, 0t; A h) = Z,,:l wi(A) ki(h; 1) pi(ag, —ot; 1) (5)

The radiance in Eqgs. (4-5) is again attenuated along the path of
length r from the volume (at h) to the detector (at hy), slanted
by an angle z. Denoting by t(hgh; z; A) the atmospheric trans-
mittance along this path, the spectral radiance (d%L)seq= t(hg.h;
z; 1) (d2L)seq received at the detector from the elementary atmo-
spheric scattering volume, due to the small source subtending a
solid angle d€2g, is

(d°L),, =t(ho, h; zo; ) t(hg, h: z; &) L(eto; &) d€s(ro, etg) T (eto, @; A h) drg
(6)

For convenience of notation, we can make explicit the variables
and parameters on which (d2L)s,, depends:

(dzL)m = dstm(D, A ag. o, B, h, dQs) = Gsm(D.A,ctg, a, B, h) dQ;s dry
(7)

where a=(z, @) is the direction of observation, 8={B¢,84,Bam}
is a set of several parameter vectors characterizing the source,
Bo=I[ho, L(etg; A), ...], the observer, B;=[hy,...], and the state of
the atmosphere Bgm =[k;, ®;, p;, ...], respectively, and where we
have defined

Gsca(D. A, g, e, B, h) = t(ho, h; Zo3 1) t(hg. h; z; A) L(cto; 1) T (eto. ; A; h)
(8)

which is the spectral radiance received at the detector from the
elementary scattering volume, per unit solid angle of the source,
d€2s, and unit propagation length, dry. We keep the explicit depen-
dence on « for an easier interpretation of the formulae, although
o is determined for every value of h by the remaining geometrical
parameters of the source-observer configuration.

Using this short-hand notation, the total radiance at the detec-
tor is obtained after the following four integrations:

(i) The spectral radiance from the elementary volume in Fig.1 is
given by the integral of Eq. (7) over the whole solid angle
subtended by the source, Q(h,0to,8),

(ii) The spectral radiance arriving to the detector from the di-
rection « will be the integral of (i) along the whole line of
sight. The integration variable can be changed from ry to h
recalling that cos zy = (h— hg)/rg so that dry=dh/cos z. The
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integral is carried out from h=h, to the limit of the atmo-
sphere. This limit can be formally taken as oo because the
effective integration domain is limited by the concentration
of atmospheric scatterers via ksca(h; A). Note that if the ob-
server is at an altitude smaller than that of the source (h; <
hg) there are atmospheric volume elements for which cos z;
< 0, since z can be larger than /2. In this case h decreases
along the direction of propagation of the ray (dh < O for
drg > 0). In order to keep dh formally positive along the
whole integration domain [hy,00), cos zg may be replaced by
its modulus, |cos zg|, in the pertinent equations.

Calculating the field-of-view averaged, in-band radiance L(e;
D, PB) reported by a calibrated radiometer with its optical
axis pointing to the direction a, of the sky requires two ad-
ditional integrations, namely:

(i) one on the sky directions, &, weighted by the instrument’s
field-of-view function Flet, acy; A), which accounts for the dif-
ferent sentitivity of the instument to the radiance arriving
from different directions around its optical axis. This func-
tion is normalized such that fQFFF(ot, ay; A) d?a =1 where

d?a=sinzdzdg is the solid angle element in spherical coor-
dinates around the direction o(z, ¢). In many practical cases
this function can be considered independent from A and an-
gularly shift-invariant, so that Flet, og; A)=F(oe —oty). Addition-
ally, if it is rotationally symmetric around the optical axis then
Floe —atg) =F(||ec — et4]]), where "|| ||" stands for modulus of the
vector. The integration is formally extended to Qr=4m sr, the
whole set of directions in the space, albeit it can usually be re-
stricted to the front-facing hemisphere (27t sr) with the polar
axis oriented in the direction a.

(ii) and the remaining integration is on wavelengths, A, across the
spectral range of the source, weighted by the detector spectral
sensitivity passband S(1).

The final result for the detected radiance is then:

L(ag: D, B) =AS(A)LHF(a,ad;A)

o0

h=hg

x [/Q Gsca(D. A, o, @, B, h) dQs(rO,ao):| Icodshz0| d?adr  (9)
The calculation of the radiance given by Eq. (9) requires the use
of numerical methods, excepting for very simple, conceptually in-
teresting canonical cases like the one described in Section 2.4 that
can be analytically described. Some useful geometrical relation-
ships and particular expressions for an exponential atmosphere are
summarized in the Appendix, sections A1l and A2, respectively.

2.3. The solid angle of the source

A short comment is in place regarding the integration over the
solid angle subtended by the source. For small-size horizontal pla-
nar sources of area dAs observed from distances ro such that r(z) >
dAs the approximation dQ2(rg, tg) = dAs|cos 20|/r(2) is valid (the use
of the absolute value of the cosine allows applying this expression
also to cases where z; > m/2). Note however that the solid angle
actually subtended by a given patch of area dAs as the distance ry
tends to zero does not increase indefinitely, but tends to saturate at
27 sr. Some care shall be exercised when applying Eq. (9) for very
close distances to the sources in order to compute accurately the
detected radiance, avoiding formal singularities that could arise at
1o =0 if the approximate solid angle expression is not integrated
correctly, especially when using discrete sums for evaluating the
solid angle integral. In this regard, recall that the solid angle 2
subtended by a cone of apex angle 20 is ©, =4msin 2(6/2). For a
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Fig. 2. Solid angle (in units 27 sr) subtended by a circular region of area A viewed
from a point at different distances ry perpendicular to its center, measured in units
A;/z. The exact (€2) and approximate ($2;) expressions are sensibly coincident for
distances ro > A2, As 1y — 0 the exact expression quickly tends to 27 sr whereas
the approximate one diverges. See text for details.

circular flat source of area A; and diameter | viewed from a dis-
tance ro at the perpendicular to its center (zg=0), the cone half-
angle 0 is given by

l 1 /A
= _] — = _] — 78
6 = tan <2r0) tan o\ 7 (10)

When observed under a generic zenith/nadir angle zy, the
source cross section is reduced to As|cos zg| and the solid angle be-
comes

_ .o 1, 4 1 [As|coszp|
Qs (1o, ap) = 47sin 2tan o —
coszp [As|coszy|
\ — 11
h—hg b/ ( )

where we have substituted ry = (h — hg)/cos zy. For large values of
ro (in the sense r(z) > As) we recover from Eq. (11) the usual ap-
proximation $2(rg, atg) :A3|coszo|/r(2). When rq— 0 Eq. (11) leads
to Q(rg,09) — 27, for any nonzero constant value of As|cos zg|.
The approximate €5 and exact €25 values of the solid angle sub-
tended by a circular patch of area As; viewed from different dis-
tances ry (with |coszg|=1) perpendicular to its center are dis-
played in Fig. 2.

= 47 sin?

1 tan~!
2

2.4. Dependence of the radiance on the distance and height above
ground in a simplified case

The analysis of a simplified situation is often useful for getting
some physical insights about the phenomenon under study. The
basic knowledge thus achieved may be complemented later with
detailed and accurate evaluations of more complex cases. Before
providing in Section 3 the numerical evaluations of Eq. (9) for sev-
eral configurations of interest, let us consider here one of these
very simplified situations, with particular focus on the behavior of
the artificial zenith sky radiance detected by an observer at short
horizontal distances D: a small, flat, horizontal ground-level source
with monochromatic Lambertian radiance within a homogeneous,
finite thickness and isotropically scattering atmosphere.

As shown in detail in Appendix A3, the artificial zenith radi-
ance measured from an observer located at the very center of the
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source (D=0, hy=hy=0) saturates at a finite level given by Eq.
(A3.7). As the observer moves away from the source, the artifi-
cial zenith radiance decreases first slowly, until reaching the dis-
tance D ~ \/As, and then as D~! within a range which typically
includes the first hundreds of meters. For this range of distances,
when the source and the observer are both at ground level (and
under the remaining conditions stated in Appendix A3), we find
from Eq. (A3.13) that

T Co AS
2D
where Cy is a parameter independent from D, defined in Eq. (A3.6).
Hence the decimal logarithm of the radiance decreases linearly
with log 19D, with slope —1, which means that the artificial zenith
sky darkness increases by 2.5 mag/arcsec? for every log10 unit of
distancing from the source. This expected reduction in the artificial
sky brightness provides some rationale to the observed increase in
the quality of the night sky when displacing oneself one log10 unit
of D, for instance from 10 to 100 m away from an isolated street-

light.

L(0; D) ~ (12)

3. Results
3.1. Parameters of the calculation

A basic street lighting configuration is the one composed of a
luminaire and several surrounding surfaces, in most cases hori-
zontal (pavements) or vertical (facades). These surfaces act as sec-
ondary sources by re-emitting the light after reflections, and/or as
obstacles blocking the propagation of light. The scattered artificial
radiance detected at short distances from the source by an eye or a
photometric instrument can be described by first-order scattering
models. Within this approximation, the detected radiance is made
up from three main components: (i) the direct light from the lamp
that was scattered by the atmosphere; (ii) the light reflected from
the surfaces that was scattered by the atmosphere; and (iii) the di-
rect light from the lamp scattered within the eye (intraocular scat-
tering) or the structures of the measuring instrument (stray light).

In this section we analyze the contributions (i) and (ii), leaving
for future work the detailed analysis of the intraocular scattering
and instrument stray light. The goal of this section is to provide
quantitative insights on the behavior of the detected zenith radi-
ance, especially on its dependence on geometrical parameters like
the source and observer altitudes, hy and hy, and the horizontal
distance between them, D. Since the detected radiance due to a
spatially extended source (streetlamp or surface area) can be ex-
pressed as the sum of the detected radiances produced by all small
patches in which the extended source can be divided, we will fo-
cus for the purposes of this section on a small flat radiant source
of area A;=0.01 m? (e.g., a 10 x 10 cm? square) located at hy =0,
which would correspond to a patch of pavement or to an orna-
mental ground recessed lamp, or at some altitude over ground, hg
> 0, which would describe a flat LED luminaire installed parallel to
the pavement. Since we are interested in short distance effects, we
will consider observers located at horizontal distances D=0m to
D=100m from the source, and at heights above ground h;=0m
to hy=100m. The source is assumed Lambertian, with radiance
independent from the angle of emission, within the range of non-
blocked emission directions.

The results in this section correspond to a stratified atmo-
sphere composed of molecules and aerosols. The molecular ex-
ponential atmosphere has a characteristic scale height Hy; =8 km,
and its optical depth is assumed to follow a Teillet [31] wave-
length dependence 'L’éM) (1) =0.00879 x A~499 with A expressed
in pum, with single scattering albedo wy(A)=1for all visible
wavelengths. The molecular scattering angular probability density
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Fig. 3. (a): log 1o[L(D, hy)/Lr] for different distances D from the source (horizontal axis) and observers located at different heights hy above ground level (vertical axis).
Ls=L(D=0, hy=0) is the zenith radiance that would measure an observer located precisely onto the source center. (b) log 1o[L(D, hq)/Lr] as a function of D for several hg.
(c) log 10[L(D, hq)/Ls] as a function of hy for several D. (d) The radiance computed according to the exact expression in Eq. (9) as a function of D for hy =0, with superimposed

approximate analytical behaviors L ~ L(0) and L ~ 1/D, expected for D < \/As and D > /A, respectively, according to the expressions in Appendix 3 and Section 2.4. The star

symbol is located over the curve at D = ,/As.

function pyy(6) follows a standard Rayleigh law (Appendix 2,
Eq. (A2.4)). The aerosol component is assumed to have a charac-
teristic scale height Hy =1/0.65 km ~ 1.54 km, with aerosol optical
depth V(1) = 7P (Ao) (W/ho) ™ with (P (A = 550 nm) = 0.2,
Angstrom exponent a=1 and albedo way(Ao =550 nm)=0.85. The
aerosol scattering angular probability density function is repre-
sented by a Henyey-Greenstein model, Eq. (A2.5), with asymme-
try parameter g(Ag =550 nm)=0.80. The results in the subsections
below correspond to a quasi-monochromatic Lambertian source
emitting a nominal spectral radiance of 1.00 W-m~2.sr~I.nm~1 at
A =550 nm, with bandwidth 1 nm.

3.2. Horizontal source at ground level

As traditional gas-discharge luminaries are progressively being
replaced by LEDs, the weight of the reflections in urban surfaces
as a source of light pollution increases, relative to the lamp ra-
diance directly sent towards the sky. Most present-day LED lumi-
naires send little to no light in directions above the horizontal (ex-
cepting when purposely oriented that way), given the essentially
planar design of their printed circuit boards. Analyzing the contri-
bution of the illuminated horizontal urban surfaces is then a useful
starting point to get some insights about the radiance field in the
vicinity of the lamps, when observing in the zenith direction and
the observer is located outside the direct lamp illumination cone.

Fig. 3(a) displays in matrix form the zenith radiance given by
Eq. (9) for hg=0 at different distances D from the source (hor-
izontal axis) and observers located at different heights h; above
ground level (vertical axis). The values displayed correspond to
log 19[L(D, hg)/Lyes], the decimal logarithm of the zenith radiance
for every (D, hy) combination relative to the zenith radiance that
would measure an observer located precisely at the source cen-
ter, Ls=L(D=0, hq=0). For the situation with the parameters
described above, we have Lys=7.27 x10~7 W-m~2.sr-l.nm~! at
A =550 nm.

The plots in Fig. 3(b-c) display the dependence of the zenith
radiance on D (for several hy) and on hy (for several D), respec-
tively. As expected the detected radiance decreases for larger dis-
tances from the source (larger attenuation) and larger observer’s
altitude (less amount of scatterers contributing to the zenith radi-
ance). The circles in Fig. 3(d) show the values of the radiance for
an observer at ground-level, logoL(D, hy =0), which correspond to
the curve h; =0 in Fig. 3(b). We have superimposed in this panel a
horizontal line with the value corresponding D=0, and the straight
line — log 1o(D) predicted by the simplified analytical model in Ap-
pendix 3, Eq. (A3.14). A star symbol located over the curve at the
distance D ~ /A illustrates the change of regime from constant
radiance to radiance depending on 1/D as described in the Ap-
pendix and commented in Section 2.4 above. Expressed in astro-
nomical magnitudes, if any other sources of light (including natural
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Fig. 4. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 100 m above ground for an observer at
hy =0, at different horizontal distances D from the source. (b) Cumulative detected radiance produced by the vertical air column from ground to h, for observers at several
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Fig. 5. Altitude hso measured from ground-level of the air column responsible for
50% of the detected zenith radiance, in the conditions analyzed in this section. Dur-
ing the first one hundred meters, excepting for observers very close to the center
of the source D < \/Ai this altitude is practically hso ~ D. See text for details.

ones) are absent or their contributions are irrelevant, this amounts
to a darkening of 2.5 mag/arcsec? for every log10 unit of distancing
from the source.

Fig. 4 shows the contributions to the measured zenith radiance
of the elementary atmospheric volumes located in the first 100 m
above ground for an observer at hy =0, at different distances from
the source. These values correspond to the function Gs(D,A, ag,0,
B, h) dQ2s(rp,0p) in Eq. (9) and have dimensions of spectral radiance
produced per unit length in the vertical air column. The cumulative
radiance produced by increasingly large spans of the air column,
up to 10km altitude, is shown in Fig. 4(b). The integral in dh in
Eqg. (9) was carried out up to 100 km height, but the relative con-
tributions of the atmospheric layers above 10 km were negligible
at these short distances from the source. As a matter of fact, most
of the artificial zenith radiance at short distances comes from very
modest altitudes, roughly equal to the distance from the source, D.
This is quantitatively shown in Fig. 5, where the indicator hsq (the
altitude above ground of the air column responsible for the 50%
of the zenith artificial radiance) is plotted versus D. Excepting at
extremely short distances from the source center, the hsy during
the first hundred meters away from the source is practically equal,
although not exactly identical, to D.

3.3. Horizontal source above ground

We consider here a source with the same characteristics as
in subSection 3.2, excepting that it is located at hg=6 m above
ground, and its emissions are restricted to the range 105° < z,
< 180¢°, that is, a luminaire emitting a cone of constant radiance
within the range of nadir angles [0°, 75°]. The air column di-
rectly illuminated by this source has a decreasing limiting altitude,
given by hmax(D) = hg + D/tan [min(zy)], which in our case leads to
hmax=0 for D=Dps =22.4m. This means that ground-level ob-
servers at distances longer than Dpgx will detect no zenith light
from the first-scattering of source photons (although, of course,
they will still detect the scattered photons from light reflected on
the ground and other surfaces, higher-order atmospheric scattering
and natural sources in the sky). The same will happen to observers
at D < Dmgy if they are located at heights h; > hmax(D). Recall that
we are analyzing here the atmospheric scattered light, not the di-
rect zenith radiance from the source when the observer is located
just below it (D < \//TS), which is of course much larger than the
scattered one.

Fig. 6 displays the results for this case, with the same mean-
ing as in Fig.3. The most relevant differences come from the fact
that the illuminated volume of the atmosphere is now strongly re-
stricted by the luminaire emission angles, oriented toward ground.
This leads to no first-order scattered radiance produced above the
non-illuminated atmospheric volume, and consequently a differ-
ent dependence of the detected radiance with (D, hy) in compar-
ison with Fig.3. And, as shown in Fig. 6(d), the radiance L(D, 0)
for a ground-level observer shows a less marked correspondence
with the constant and 1/D dependences of the radiance deduced
for a ground-level source with Lambertian emission towards the
whole upper hemisphere (Fig.3(d)). These differences are also no-
ticeable in the distribution of scattered radiance throughout the at-
mospheric volumes and the associated hsq indicator, Fig. 7.

3.4. The effect of obstacles

Let us finally consider the effect of obstacles. We choose a
flat horizontal source as in subSection 3.3, located at hg=6m
but with full Lambertian emission profile for all angles in its up-
per and lower hemisphere, such that its radiance is constant in
the range 0° < z; < 180° Let us additionally asume the exis-
tence of a non-reflecting obstacle of height hy,=7 m, located a
distance D,p, =4 m away from the source. The net effect of this
obstacle is increasing the actual lower limit of integration in dh
in Eq. (9) when the observer is located in the shadow of the
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Fig. 6. Plots for log 1o[L(D, hq)/Lrys] as in Fig.3(a)-(d), but for a horizontal flat Lambertian source located at hg =6 m above ground, emitting in angles restricted to the range
105° < zp < 180°, that is nadir angles € [0°, 75°]. Ls=L(D=0, hq=0) is the scattered zenith radiance that would measure an observer located at ground level beneath the
source center (only the scattered radiance is included in L(D, hy) and Ly, not the direct radiance from the source). The range of displayed distances is restricted to D=20m,
since for D > Dypg =22.4 m the luminaire does not directly illuminate any segment of the air column.
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Fig. 7. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 10 m above ground for an observer at
hy =0, at different horizontal distances D from the same source as in Fig. 6, located at hy =6 m. (b) Altitude hsy measured from ground-level of the air column responsible

for 50% of the detected zenith radiance.

source, a situation arising when D > D, and hy < hjyyer, being
Riower = ho + [(hopst — ho)/Dopse D the lower end of the air column di-
rectly illuminated by the source in the region D > Dgpg.

Given the assumed null reflectance of the object, it is expected
that the behavior of the zenith radiance L(D, hy) for D < D will
share some similarities with the previosly analyzed cases (with dif-

ferences arising from the fact that the present case is not a mere
linear combination of the previous ones). For D > D, and hy <
hiower the similarities are expected to be greater with the case an-
alyzed in subSection 3.2 (different altitude of the sources aside).
This can be observed in Figs. (8)-(9), that show two different
regimes of behavior coarsely delimited by D, =4 m.
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Fig. 9. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 100 m above ground for an observer at
hy =0, at different horizontal distances D from the same source as in Fig. 8, located at hy =6 m and with a non-reflecting obstacle of height h,,s =7 m, located a distance
Dgpse =4 m away. (b) Altitude hso measured from ground-level of the air column responsible for 50% of the detected zenith radiance. There is actually a sharp discontinuity
of hso at D=4 m, the softer slope in the figure is due to the discrete sampling of distances.

3.5. Nearby streetligh

ts versus surrounding city lights

Assessing the relative contribution of a nearby streetlight to the
artificial zenith brightness seen by an observer, in comparison with
the brightness due to the ensemble of lights of the surrounding

city, requires setting

the conditions of the problem. We provide in

this subsection an order-of-magnitude estimate, based on realistic
conditions and using some additional assumptions. To that end, let
us consider an observer located in the center of a city of radius
R km, whose density of light emissions towards the city surfaces
is E;, in units W-m 2 within the CIE V()A) photopic spectral sen-
sitivity band [32], corresponding to a luminous density of emis-
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sions Ey;, =683 E;, in lumen per square meter. E;, and Ey;, are
the city-averaged irradiance and illuminances, respectively, not to
be confounded with the actual average irradiance/illuminance on
the streets, the latter being given by Ej;/e and Ey;,/e, where ¢ is
the fraction of the city territory actually illuminated, i.e. exclud-
ing roofs and other zones where no direct light arrives from the
streetlamps [28]. Assuming as a first approximation Lambertian re-
flections at the city surfaces, the average radiance of the city sur-
face is Ly = pEjp/7, in units W-m~ 2.sr~1, where p is the average
ground reflectance.

Let us consider an observer, h;=170cm tall, at a distance D
from a streelight whose flat emitting surface of area A;=0.01 m?
is located at hyp =6 m above ground, with constant radiance within
a nadir emission cone of half-angle y =75¢°, as in Section 3.3. This
emission cone corresponds to a solid angle €2, =4msin?(y/2) s,
and illuminates an area on the street S=m(hgtan y)? m2. Assum-
ing this lamp provides to the illuminated area an irradiance Ej,/¢,
its radiant flux is ®=SE;,/¢ W, and the radiance of its emitting
surface is Ligny = ®/( QyAs) in W-m=2.sr71,

The artificial sky brightness perceived by the observer is the
sum of two terms: the radiance produced by the ensemble of all
city lights scattered along the air column above the observer, from
h=h, up to the limits of the atmosphere, and the radiance of the
lamp scattered in the segment of the air column from the eye of
the observer h=hy, up to the upper limit of the lamp emission
cone, h=hpae(D)=hg—D/tan y. The observer is outside this illu-
minated cone when the distance from the base of the streelight is
such that hy > hmax(D). In this case the observer only perceives the
scattered light due to the ensemble of the city surfaces (including
the one illuminated by the nearby streetlight).

The radiance of the sky can be expressed in astronomical
units magnitudes per square arcsecond, magy/arcsec, within the
Johnson-Cousins V band [33,34] by means of the transformation:

L[szsr”]

I (13)

L[magy /arcsec*] = —2.5log;q

where L, is the reference radiance, or radiometric zero point,
associated with the astronomical photometric band, which for
the Johnson-Cousins V in the Vega +0.03 scale is L,=143.168
W-m~2.sr~1 [35,36]. Note that due to the minus sign in the defi-
nition, brighter skies correspond to lower magy/arcsec?.

For the calculations made in this example, we adopted an av-
erage city emissions density of Ey;;=2.0 lIm-m~2 with a city
factor £¢=0.5. The calculations were made for the wavelength
A =550 nm, very close to the maxima of both the CIE V(A) and
the Johnson-Cousins V. The results of the calculation are shown
in Fig. 10, where the full line describes the artificial zenith radi-
ance, in magy/arcsec?, perceived by the observer at different dis-
tances from the streetlight, resulting from the combined scattered
light from the streetlight itself and the whole of the city lights,
assuming the observer is located at the center of a city of radius
R=10km. The individual contributions of the streetlight and the
city are also plotted as dotted lines, the latter also including the
expected values for cities of smaller size (5 and 1 km, respectively).
The figure shows that up to a distance D ~ 2m from the base of
the lightpole the scattered radiance in the small segment of the air
column above the observer (less than 4 m long) is larger than the
scattered light produced by the city in the whole air column. The
total radiance is still noticeably different from the one produced
by the city alone until a distance D ~ 5m. From this point on, the
sky brightness is dominated by the baseline brightness produced
by the whole city. The eyes of the observer remain within the il-
luminated cone of the streetlight up to a distance D ~ 16 m. For
cities of smaller sizes with the same emission surface density the
influence of the streetlamp would be noticeable at larger distances,
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and the resulting total brightness lines would converge towards
the corresponding horizontal dotted levels shown in the Figure.

4. Discussion

The examples described in Section 3 are meant to provide some
basic insights about the expected behavior of the artificial zenith
radiance in the vicinity of the urban and rural sources. Of course,
they are not a comprehensive treatment of all possible situations.
We have not addressed in this paper the effects of intraocular scat-
tering and instrumental stray light, which can be highly relevant
at short distances from the source when the direct source radiance
enters the eye, especially at small angles with respect to the line of
sight. Additionally, the luminance adaptation state of the eye deter-
mines several basic parameters that shape the visual appearance
of the starry sky, among them the absolute luminance threshold
and the luminance contrast threshold for detecting a star over the
sky background. Given the physiological and perceptual aspects in-
volved, this will be subject for further work.

The examples above are also restricted to zenith observation
with extremely narrow field of view and quasi-monochromatic ra-
diation at A =550 nm. Given the linear character of Eq. (9), the ra-
diance for wider fields of view and spectral power distributions
can be easily calculated by performing the corresponding integrals
in d2ac and dX. The same applies to observations made in sky di-
rections different from the zenith one. Furthermore, for the sake
of brevity we have not included here examples of the effects pro-
duced by planar vertical active sources (LED displays, windows,
etc.) or reflections in vertical surfaces (facades, vegetation walls,
etc.). The treatment of these emitters is not substantially different
from the horizontal ones, excepting for the fact that the solid angle
subtended by them, Eq. (11), should include now a factor |sin zg|
instead of |cos zg|.

Eq. (9) provides the basic expression to compute the first-order
scattered radiance produced for all these configurations by a small
source. When multiple sources are at play, surrounded by extended
reflecting surfaces, the resulting observed radiance can be com-
puted by adding the individual emitter patch contributions, re-
sorting to the whole conceptual and calculation toolbox provided
by linear systems theory, as described in detail elsewhere [2,27-
29,37]. The same can be said of the computation of integral indica-
tors like, e.g., the average sky radiance or the horizontal irradiance
[30,38]. The use of a single-scattering approach is justified for our
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problem under most practically interesting atmospheric conditions,
since the short source-detector distances here considered translate
into a low probability of double scattering events. The errors de-
rived from ignoring second and higher scattering orders in artificial
skyglow calculations have been comprehensively studied by Koci-
faj [5]. As a typical result, the contribution of the second-scattering
order for an atmosphere with aerosol optical depth or order 0.2 il-
luminated by an artificial source at ground level is more than one
order of magnitude smaller than the contribution of the first order,
for distances shorter than 1km.

The results obtained in this work strongly suggest that there
is indeed a rationale supporting the observations that the artifi-
cial sky brightness may vary noticeably in urban settings (loosely
evaluated by the number of visible stars) if the observing place is
displaced by a few tens or hundred meters and the relative ge-
ometry of the sources, surfaces and obstacles does change signifi-
cantly. This result opens the way for designing urban micro-spaces
where the deleterious effects of light pollution on the observation
of the night sky be partially attenuated. Of course, local modi-
fications made in special places do not reduce the baseline sky
brightness caused by other multiple artificial sources installed in
the surrounding territory, at distances of tens or hundreds of km
away from the observer, a problem whose management requires
an effective territorial planning strategy. But achieving a reduction
of order 1-2 mag/arcsec? of the artificial brightness of the sky by
adopting local-level measures seems to be still a useful possibility.

5. Conclusions

A quantitative analytical model for the artificial sky radiance
in the vicinity of outdoor light sources is developed in this pa-
per. The model is free from singularities at the origin and is useful
for designing urban dark sky spaces. The analysis is restricted to
first-order scattering, an approximation acceptable for this range of
distances in non extremely thick atmospheres. We found that the
artificial zenith sky brightness produced by a small, ground level,
horizontal source at short distances (from the typical dimension of
the source up to several hundred meters) depends on the inverse
of the distance to the source if observer and source are located at
about the same altitude. This is equivalent to a reduction of the
artificial sky brightness of 2.5 mag/arcsec? for every logjy unit in-
crease of the distance. The behavior of the detected scattered ra-
diance with the altitude of the source, angular emission pattern,
altitude of the observer, and screening by obstacles are also ana-
lyzed.
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Appendix
A.1. Basic geometrical relations

For evaluating the integrals in Eq. (9) of Section 2.1, and in par-
ticular the integral along the line of sight it is convenient to ex-
press the different quantities in terms of the geometrical param-
eters contained in the vectors e, B, of D and of the height above
ground, h. According to the notation in Fig. 1:

h—ho
\/D2 +[(h—hy) tanz]2 —2D(h —hy) tanzcosg + (h — ho)?

h—hy

€0szy =

oSz =
The scattering angle 0 (angle between the unit vectors og,—ot)
is
D? + (hd - h0)2 - rg —r?
2ror

cosf =

where r and ry are given by the basic relationships

—h h—h
oSz = d r= d
cosz
—h h—h
coszy = O & rp= 0
To COS Zp

The scattering angle is generally undetermined for ry=0. For
r=0, i.e. for the lower limit of the integral along the line of sight,
h=hy, is value can be calculated as

cosO[r =0 | = —[coszy cOSZ + sinzy sinzcos (7w — )]

For zenith observations, in the general case (cosz=1, r=h—hg,

ro=+vD?+ (h— ho)z) we have cos 6 = —cos zg, hence 6 =1 -z, .
A.2. Particular expressions for the atmospheric constituents

The numerical calculations in Section 3 are carried out for a
simplified layered atmosphere, composed of molecular and aerosol
constituents with exponential concentration profiles. Each atmo-
spheric constituent is characterized by its extinction coefficient
ki(h; A), i=1, ..., N, associated atmospheric optical depth ré’)(k),
single-scattering albedo w;(A), and scattering angular probability
density function p;(6; X).

For every individual atmospheric component, the transmittance
along a slanted path at an angle ¢ with the zenith (¢ =z, zg,...)
between two atmospheric altitudes hq, h; is

hy
ti(hy, hy, C3 ) = exp [—M,-(()/h k(h: ,\)dh/}

= exp [-Mi(¢) T (b1, hs 1)] (A21)

where M;(¢) is the airmass number, that in a first approximation
can be considered independent of A and given by M(¢)=1/cos ¢.
If the expression (A2.1) is applied to the whole atmosphere (h; =0,
hy, =00), a correction shall be made to this expression of M(¢) in
order to avoid a strong divergence with the actual values for a
spherical Earth at angles close to the horizon (¢ € [~ 75°, 90°)),
see e.g., Kasten and Young [39]. In the equation above t()(hy,hy;
A) is the optical depth contributed by the i th component along
the vertical path between hq, hy, which is defined as

hy
w0y 2) = [ (A5 2)dH (A22)
h
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The atmospheric optical depth contributed by the i th com-
ponent is given by T(;l)(k) =1 (0, 00; 1). Since the total extinc-
tion factor due to N not interacting, independent components
is k(h; 1) :ZfL ki(h; &) it immediately follows 7t (h,hy; )=
SN O (hy hys ), and t(hy, hy, &3 ) =TI 6i(hy. by, & 2). IF the
airmass dependence on the zenith angle ¢ is the same
for all atmospheric constituents, M;(¢{)=M(¢), then t(hq,hy,¢;
A)=exp [-M(¢) T(hq,ha; A)].

The altitude profile of the extinction coefficient for an expo-
nential atmosphere is k;(h; A)=kq;(1)exp (— h/H;). According to
Eq. (A2.2), in this case 7" (A) = H; ko;(1), and

hy .
7@ (hy, hy; A) = koi(A) f exp (—h/Hy)dh' = t§" () [e /M — e=ha/H]
y
(A2.3)

The wavelength dependence of the atmospheric optical depth
for the molecular constituents to(M) (A), can be described using a
classical Rayleigh power law like, see e.g. Teillet (1990) réM) A) =
0.00879 x A~%09 with A expressed in wm. The molecular single
scattering albedo wyy(4) can be taken practically equal to 1 for
all visible wavelengths. The Rayleigh scattering angular probability
density function (normalized to 1 under integration to all direc-
tions of scattering) is

—a:)) = pan(®) = —(1+cos A24
Py (0o, —0t; 1) = Py (0) _]67(( + cos’6) (A2.4)

The wavelength dependence of the aerosol optical depth can be
described, relative to some reference wavelength Aq, by means of
the Angstrom exponent a, such that ‘L’éA) A) = ré’q)(ko)()»/ko)’”.
For the applications in this work the rigorous aerosol scattering an-
gular probability density function can be replaced by a normalized
Henyey-Greenstein function with asymmetry parameter g

1
Py (0o, —a; 1) = pay(0; 1) = (*

)—f
4 (1+g2

— 2gcos 0)3/2

(A2.5)

The wavelength dependence of the aerosol albedo @y (4) and
asymmetry parameter g(A) can be described by e.g. Eqs.(6-8) of
McComiskey et al. [40].

A.3. Dependence of the artificial zenith brightness on the observer’s
distance and height above ground in a simplified configuration

Let us here consider the behavior of the artificial zenith bright-
ness produced by a small flat source of area A, located horizon-
tally at ground-level (hy=0), detected by an observer at height hy
located an horizontal distance D away from the source.

Isolating the radiance arriving strictly from the zenith direction
(¢ =0) is equivalent to using a point-like field of view function F(e,
oy; A)=FO0, 0; A)§(a), where §(e) is the symbol for a Dirac-delta
distribution centered at o =0. Under these conditions, we have

h
NizEar

Qs (h, o) :4yrsin2|:;tan‘1 (co;zg‘/fucjc;sz(ﬂ>i| (A3.2)

Restricting the study to the radiance detected within an
infinitesimally narrow spectral interval around an arbitrary
wavelength Ay is equivalent to choosing a detector passband
S(A)=S(Ag) 8(A — Ag). Denoting S(Aq) F(0,0; Ag) = SgFy and per-
forming the integrations in A, &, and the source solid angle in

Cc0SZzg = (A3.1)

1
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Eq.(9) with these assumptions one gets

JDTE R

A dh

L(0:D, B) =So FO/OC Qs (h, &) Goca(D. 1. @0, 0. B, h)
h=hg

(A3.3)

As an additional simplification, let us consider an homogeneous
atmosphere with constant concentration of molecules and aerosols
from h=0 up to a maximum height h=H. Such an atmosphere
has constant extinction and scattering coefficients k(h; Ag)=k and
ksca(h; A)=ksca, respectively, for h < H (and zero otherwise). For
this atmosphere and geometrical configuration, the transmittance
factors are given by:

t(hy = 0, h: 20: A) = exp [fk D2 ¢ hZ] (A3.4)

t(hg,h;z=0; 1) = exp[—k(h — hy)] (A3.5)

Finally, let us assume that the effective angular scattering is
overally isotropic, that is, that the product of the angular depen-
dences of the emitted radiance and the scattered light is approxi-
mately constant for all values of &, a condition that could be ful-
filled, among others, by the combination of a Lambertian source
L(ag; A)=Lg, and an isotropically scattering atmosphere, I'(e,0t;
Aos h)=ksca/(4m). Equation (A2.3) becomes then

2 2
Qs (h, D) exp [—k(h —hy++/D? + h2)] Lh*hdh

(A3.6)

L(0;D) = Go

=hy

where Cy=Sg Fg Ly ksca/(47).

Let us analyze the behavior of the radiance (A3.6) across several
ranges of D. For D=0 (observer located above the center of the
source), cos zg =1 for all h, and the zenith radiance is

N 1 /A
L(0;0) = 47 CO/ sin |:tan1 ( >:| exp[—k(2h — hq)]dh
h=hy 2 hy =

(A3.7)

that shall be evaluated numerically, depending on the input pa-
rameters. The integral does not diverge even if the observer
is located precisely at the center of the source (h;=0), since
h is always larger than hy, and for h=0 the integrand equals
(1/2)exp ( — 2kh).

For increasing values of D the solid angle term of the integral
(A3.6) behaves as shown in Section 2.2 (Fig. 2), first desaturating
the 27 value at the origin and then decreasing with a |coszg| /rg
dependence, according to the expression s (rg, otg) = A5|coszo|/r(2],
valid for r(z) > As. In the geometry here considered, |coszo|/r(2) =

h/(D? + h2)** so that for this range of D (A3.6) has the form

[k(h—hg + VD2 +h?)]
D2 + h?

Performing the change of variable h=xD, for every D, we get

w0 exp[—KD(x— xg + VTTR
L(0: D) =Gy As<%)/x exp [k (Xl f)‘; ) 4o

dh  (A3.8)

H exp
L(0;D) =Gy AS/
h=hy

=X

(A3.9)

where x;=hy/D and xy=H|D. For D sufficiently small (but still
compatible with the condition D? +h? > As that makes it possi-
ble the use of Qs instead of 2 for all h in the integration interval)
the exponential in the integrand can be approximated by 1. This
happens if

kD(x—xd ++/1 +x2> <1

(A3.10)
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for all x € [x4Xy]. The most demanding condition on D in
Eq. (A3.10) arises for x € xy, which is equivalent to

D<<\/H—(H—hd)]

which, for typical values H=8km, hy=0, 79=0.3, k=7(/H km~1,
gives D «~ 17 km. For this range of D, then, Eq. (A3.9) becomes:

L(0: D) = G As(%) f:” 1+71x2 dx =G As(%>|:tan’1(g) ~tan"! (%)]
(A3.12)

It is then expected that close to the source, starting approxi-
mately from the distance for which D? 4+ h3 > A;, and up to the
first few hundred meters away from it (D ~ 0.1km, H/D ~ 80,
tan “1(H/D) ~ /2 to within a 1%, hy/D < 0.1, tan ~'(hy/D) ~ hy/D
to within a 1%) the artificial zenith brightness will decrease with
D and hy as:

L(0; D) ~ Go As<%> [727 _ ’l’)d}

which, in logarithmic scale is equivalent to

2

—H? (A3.11)

(A3.13)

w h
logyoL(0; D) ~ logyo(Co As) — logy(D) + 10g10<2 - Dd)

(A3.14)

which, for an observer at the same altitude as the source (h;=0)
becomes a simple linear dependence on log 1o(D) with slope —1,
and for hy > 0 gives

2h b3
logyoL(0: D) ~ logyo (o As) — 10go(D) + logyg (1 - 75) +logio

(A3.15)

which, for a fixed value of D decreases linearly with hy for small
values of the ratio hy/D, with slope — 2/[7r Dlog .(10)].

For a more detailed account of the asymptotic behavior of the
artificial scattered radiance, including the 1/D dependence, the
reader is referred to the comprehensive treatment developed by
Kocifaj et al. [41].
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