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a b s t r a c t 

Contrary to some widespread intuitive belief, the night sky brightness perceived by the human eye or 

any other physical detector does not come (exclusively) from high in the sky. The detected brightness 

is built up from the scattered radiance contributed by all elementary atmospheric volumes along the 

line of sight, starting from the very first millimeter from the eye cornea or the entrance aperture of 

the measuring instrument. In artificially lit environments, nearby light sources may be responsible for a 

large share of the total perceived sky radiance. We present in this paper a quantitative analytical model 

for the sky radiance in the vicinity of outdoor light sources, free from singularities at the origin, which 

provides useful insights for the correct design or urban dark sky places. It is found that the artificial 

zenith sky brightness produced by a small ground-level source detected by a ground-level observer at 

short distances (from the typical dimension of the source up to several hundred meters) decays with the 

inverse of the distance to the source. This amounts to a reduction of 2.5 mag/arcsec 2 in sky brightness 

for every log 10 unit increase of the distance. The effects of screening by obstacles are also discussed. 

© 2023 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1

v

q

h

t

b

a

i

f

t

c

s

b

t

[

p

s

i

n

b

s

s

q

t

i

e

(

s

s

t

a

h

0

. Introduction 

The propagation of the artificial radiance in the nocturnal en- 

ironment is a thriving field of research, due to its relevance for 

uantitative assessment of light pollution effects. A lar ge effort 

as been devoted in the last decades to develop efficient concep- 

ual and computational tools for modeling the artificial night sky 

rightness in large areas of the planet under different radiant and 

tmospheric conditions [1–5] , helped by the progressive availabil- 

ty of high-quality data on the nighttime light sources obtained 

rom low Earth orbiting platforms [6–16] . 

A growing degree of attention is also being paid to the spa- 

ial distribution of individual radiant sources (streetlights, commer- 

ial screen displays, and other) at sub-pixel scale, and its relation- 

hip with the mid-resolution, pixel-averaged information provided 

y satellite radiometers. Some examples of this line of work are 

he studies on the point-spread functions for individual luminaires 

17] , and the development of technologies and citizen science cam- 
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aigns with capabilities for performing detailed wide-area light 

ource inventories [18–26] . 

In this paper we address an open issue in this field: How large 

s the contribution of the nearby light sources to the total bright- 

ess of the night sky? Disentangling this contribution from the 

aseline, structural brightness produced by the myriad of light 

ources of districts and cities located around the observer is an in- 

trumental step for devising public policies aiming to improve the 

uality of the local sky in artificially lit environments. Both con- 

ributions to the deterioration of the night sky must be addressed 

n parallel; however, the actions to undertake may be different in 

ach case. Whereas the disruptive effects of nearby light sources 

those located up to few hundred meters distance from the ob- 

erver) can be controlled by means of local actions as e.g., effective 

creening, the management of the contributions of the surrounding 

erritory, up to tens or hundreds of kilometers distance, requires an 

dequate territorial planning approach [27–30] . 

Two main reasons suggest that the relevance of nearby light 

ources may be far from negligible. One is the anecdotal evidence 

hat the number of stars visible in the urban night sky may vary 

harply if the observer moves a few tens or hundred meters within 
nder the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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Fig. 1. Source and observer geometry. 
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he city. An increase of one unit in the naked-eye star limiting 

agnitude is not exceptional in this context. The other is that 

he radiance from close light sources reaches the lower segments 

f the observer line of sight with little to no atmospheric atten- 

ation and gets efficiently scattered due to the large density of 

he ground-level atmosphere. Let us recall that, contrary to some 

idespread intuitive belief, the night sky brightness perceived by 

he human eye or any other physical detector does not come exclu- 

ively (and sometimes even not mostly) from "high in the sky". The 

etected brightness is built up from the scattered radiance con- 

ributed by all elementary atmospheric volumes along the line of 

ight, starting from the very first millimeter from the eye cornea or 

he entrance of the detector. The local structure of the radiant field 

s then expected to be a relevant factor when it comes to evaluat- 

ng the visual quality of the night sky. 

For quantifying the propagation of artificial light at close dis- 

ances from the sources we adopted here a single-scattering ana- 

ytical model based on the one developed by Kocifaj in 2007 [4] . 

are shall be exercised in the numerical integrations in order to 

void potential singularities at the origin. These singularities can 

e removed by using an exact expression for the solid angle sub- 

ended by an elementary source at all distances from the observer, 

ncluding the limit for distance tending to zero. The use of a single- 

cattering model is justified in view of the short distances in- 

olved, under the assumption of not extremely large aerosol op- 

ical depths. The basic model is described in Section 2 . Besides the 

igorous formulation developed in this section, some approxima- 

ions are also derived for a simplified canonical case which pro- 

ides useful physical insights about the dependence of the effects 

n the distance to the source. General numerical results deduced 

rom the rigorous model are described in Section 3 . Discussion and 

onclusions are drawn in Sections 4 and 5 , respectively. 

. Methods 

.1. Geometry of observation 

The basic configuration of the source-observer geometry is 

hown in Fig. 1 . A small light source at height h 0 ≥ 0 above ground

s located at an horizontal distance D from an observer who, at a 

eight h d ≥ 0, detects the artificial night sky brightness in any ar- 

itrary direction of observation. This direction is specified by the 

nit vector α( z , ϕ), where z is the zenith angle and ϕ is the az-

muth of the line of sight, both measured in the observer’s refer- 

nce frame. For simplicity we measure ϕ from the direction of the 

ource. The position of any elementary scattering volume (like the 
2 
mall cube in Fig 1 ) along the line of sight, at a distance r 0 from

he source, can be parametrized by its height h above ground. 

No particular assumptions are made at this point about the ge- 

metrical 3-D shape or character of the source; the basic formu- 

ation below can be equally applied to a luminaire whose lamp is 

ocated few meters above ground, to a horizontal patch of road, 

avement, or soil, or to a vertical patch of façade, reflecting the 

ight from ground-level ( h 0 = 0) or from any other arbitrary height. 

iven the short distances and altitudes involved in these calcula- 

ions in comparison with the size of our planet, the Earth radius 

an be taken as infinite for all practical computations. 

.2. Artificial sky radiance 

Let us denote by L ( α0 ; λ) the spectral radiance 

W ·m 

− 2 ·sr −1 ·nm 

−1 ) emitted by the source in the generic di- 

ection α0 , defined by the angles ( z 0 , ϕ0 ), being z 0 the zenith

ngle, ϕ0 the azimuth, and λ the wavelength. In general, z 0 ∈ 

0, π ] and ϕ0 ∈ [0, 2 π ], both measured in the source’s reference 

rame, although for flat horizontal sources at ground level z 0 is 

sually restricted to the interval [0, π /2]. The source is defined 

small’ in the sense that its spectral radiance L ( α0 ; λ) can be con-

idered homogeneous in all its points, and the radiance propagated 

rom these individual points to the scattering volume will undergo 

ubstantially the same amount of atmospheric attenuation. 

The artificial radiance reaching the observer from the direction 

( z , ϕ) is made up from the contributions of the radiances scat- 

ered by all elementary volumes located along the line of sight. 

he spectral irradiance d ̃

 E 0 (W ·m 

− 2 ·nm 

−1 ) produced by the source 

t the input of an elementary volume like the one depicted in 

ig. 1 , on a plane perpendicular to the direction of propagation 

0 and assuming a perfectly transparent atmosphere, would be 

 E ′ 
0 

= L ( α0 ;λ) d �s , where d �s ≡ d �s ( r 0 , α0 ) is the solid angle (in

r) subtended by the small source, viewed from the scattering vol- 

me located at a distance r 0 from the source. However, in a real 

tmosphere this irradiance is lower, due to the attenuation by ab- 

orption and scattering along the ray path from the source (at h 0 ) 

o the volume (at h ), slanted by an angle z 0 . Denoting by t ( h 0 , h ;

 0 ; λ) the atmospheric transmittance at wavelength λ along this 

ath, the actual irradiance at the entrance of the scattering vol- 

me, d E 0 = t( h 0 , h ; z 0 ;λ) d E ′ 
0 

will be 

 E 0 = t ( h 0 , h ; z 0 ;λ) L ( α0 ;λ) d �s ( r 0 , α0 ) (1) 

Specifying the variables in Eq. (1) we implicitly assume an at- 

osphere whose properties may depend on the altitude above 

round, but not on the horizontal coordinates. 

Within the elementary scattering volume, the irradiance in 

q. (1) will be partially removed from the beam, due again to the 

omplementary processes of absorption and scattering, at a rate 

er unit length 

d 

d r 0 
( d E 0 ) = −k ( h ;λ) d E 0 (2) 

here k ( h ; λ) (in m 

− 1 ) is the atmospheric extinction coefficient 

t height h above the ground, and d r 0 is the differential length el- 

ment along the ray. The overall extinction coefficient k ( h ; λ) re- 

ults from the sum of the extinction coefficients k i ( h ; λ), i = 1, …,

 of the different molecular and aerosol constituents of the at- 

osphere. The fraction of the irradiance attenuated by each con- 

tituent that will be scattered, not absorbed, is determined by 

he single-scattering albedos ω i ( λ), i = 1, …, N , that combine into

n overall scattering coefficient k sca ( h ;λ) = 

∑ N 
i =1 ω i (λ) k i ( h ;λ) . The

otal irradiance that will be scattered from the beam in the ele- 

entary atmospheric volume depicted in Fig. 1 after travelling a 

istance d r 0 along the ray will be then 

d 

2 E 0 
)

sca 
= t ( h 0 , h ; z 0 ;λ) L ( α0 ;λ) d �s ( r 0 , α0 ) k sca ( h ;λ) d r 0 (3) 
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The radiant power associated with this irradiance will be scat- 

ered unequally in different directions, according to the wave- 

ength and physical properties of the atmospheric constituents. 

he angular distribution of the light scattered from the elemen- 

ary atmospheric volume is described by the scattering phase 

unction P i ( α0 , α
′ ; λ), whose integral extended to all possible di- 

ections of scattering is equal to 4 π . The equations below are 

xpressed in terms of the angular probability density function 

 i ( α0 , α
′ ; λ) = P i ( α0 , α

′ ; λ)/4 π , which is essentially the density of

robability that a scattered photon will propagate in the direction 

′ , per unit solid angle around α′ , if its direction of incidence was 

0 . It is normalized such that its integral over the 4 π sr domain 

f all possible scattering angles is 1. The units of p i ( α0 , α
′ ; λ) are

r −1 , hence its multiplication by an irradiance has the dimensions 

f a radiance. In the situation here considered the observer is lo- 

ated in the direction α′ = −α as seen from the elementary volume 

with angles z ′ = π − z , ϕ′ = π −ϕ), so that the radiance (d 

2 L ′ ) sca 

cattered from the volume towards the observer is: 

d 

2 L ′ 
)

sca 
= t ( h 0 , h ; z 0 ;λ) L ( α0 ;λ) d �s ( r 0 , α0 ) �( α0 , α;λ; h ) d r 0 

(4) 

here 

( α0 , α;λ; h ) = 

∑ N 

i =1 
ω i ( λ) k i ( h ;λ) p i ( α0 , −α;λ) (5) 

The radiance in Eqs. (4 - 5 ) is again attenuated along the path of

ength r from the volume (at h ) to the detector (at h d ), slanted

y an angle z . Denoting by t ( h d , h ; z ; λ) the atmospheric trans-

ittance along this path, the spectral radiance (d 

2 L ) sca = t ( h d , h ;

 ; λ) (d 

2 L ′ ) sca received at the detector from the elementary atmo- 

pheric scattering volume, due to the small source subtending a 

olid angle d �s , is 

d 2 L 
)

sca 
= t ( h 0 , h ; z 0 ;λ) t ( h d , h ; z;λ) L ( α0 ;λ) d �s ( r 0 , α0 ) �( α0 , α;λ; h ) d r 0 

(6) 

For convenience of notation, we can make explicit the variables 

nd parameters on which (d 

2 L ) sca depends: 

d 2 L 
)

sca 
≡ d 2 L sca 

(
D, λ, α0 , α, β, h, d�s 

)
= G sca 

(
D, λ, α0 , α, β, h 

)
d �s d r 0 

(7) 

here α= ( z , ϕ) is the direction of observation, β = { β0 , βd , βatm 

}

s a set of several parameter vectors characterizing the source, 

0 = [ h 0 , L ( α0 ; λ), …], the observer, βd = [ h d ,…], and the state of

he atmosphere βatm 

= [ k i , ω i , p i , …], respectively, and where we

ave defined 

 sca 

(
D, λ, α0 , α, β, h 

)
= t ( h 0 , h ; z 0 ;λ) t ( h d , h ; z;λ) L ( α0 ;λ) �( α0 , α;λ; h ) 

(8) 

hich is the spectral radiance received at the detector from the 

lementary scattering volume, per unit solid angle of the source, 

 �s , and unit propagation length, d r 0 . We keep the explicit depen-

ence on α0 for an easier interpretation of the formulae, although 

0 is determined for every value of h by the remaining geometrical 

arameters of the source-observer configuration. 

Using this short-hand notation, the total radiance at the detec- 

or is obtained after the following four integrations: 

(i) The spectral radiance from the elementary volume in Fig.1 is 

given by the integral of Eq. (7) over the whole solid angle 

subtended by the source, �s ( h , α0 , β), 

(ii) The spectral radiance arriving to the detector from the di- 

rection α will be the integral of (i) along the whole line of 

sight. The integration variable can be changed from r 0 to h 

recalling that cos z = ( h − h )/ r so that d r = d h /cos z . The
0 0 0 0 0 

3 
integral is carried out from h = h d to the limit of the atmo- 

sphere. This limit can be formally taken as ∞ because the 

effective integration domain is limited by the concentration 

of atmospheric scatterers via k sca ( h ; λ). Note that if the ob- 

server is at an altitude smaller than that of the source ( h d <

h 0 ) there are atmospheric volume elements for which cos z 0 
< 0, since z 0 can be larger than π /2. In this case h decreases

along the direction of propagation of the ray (d h < 0 for 

d r 0 > 0). In order to keep d h formally positive along the 

whole integration domain [ h d , ∞ ), cos z 0 may be replaced by 

its modulus, |cos z 0 |, in the pertinent equations. 

Calculating the field-of-view averaged, in-band radiance L ( αd ; 

D , β) reported by a calibrated radiometer with its optical 

axis pointing to the direction αd of the sky requires two ad- 

ditional integrations, namely: 

i) one on the sky directions, α, weighted by the instrument’s 

field-of-view function F ( α, αd ; λ), which accounts for the dif- 

ferent sentitivity of the instument to the radiance arriving 

from different directions around its optical axis. This func- 

tion is normalized such that ∫ �F F 
F ( α, αd ;λ) d 

2 α = 1 where 

d 

2 α= sin z d z d ϕ is the solid angle element in spherical coor-

dinates around the direction α( z , ϕ). In many practical cases 

this function can be considered independent from λ and an- 

gularly shift-invariant, so that F ( α, αd ; λ) = F ( α−αd ). Addition-

ally, if it is rotationally symmetric around the optical axis then 

F ( α−αd ) = F ( ‖ α−αd ‖ ), where "|| || " stands for modulus of the

vector. The integration is formally extended to �F = 4 π sr, the 

whole set of directions in the space, albeit it can usually be re- 

stricted to the front-facing hemisphere (2 π sr) with the polar 

axis oriented in the direction αd . 

ii) and the remaining integration is on wavelengths, λ, across the 

spectral range of the source, weighted by the detector spectral 

sensitivity passband S ( λ). 

The final result for the detected radiance is then: 

 

(
αd ; D, β

)
= 

∫ 
λ

S ( λ) 

∫ 
2 π

F ( α, αd ;λ) 

∫ ∞ 

h = h d 

×
[∫ 

�s 

G sca 

(
D, λ, α0 , α, β, h 

)
d �s ( r 0 , α0 ) 

]
d h 

| cos z 0 | d 

2 α d λ (9) 

The calculation of the radiance given by Eq. (9) requires the use 

f numerical methods, excepting for very simple, conceptually in- 

eresting canonical cases like the one described in Section 2.4 that 

an be analytically described. Some useful geometrical relation- 

hips and particular expressions for an exponential atmosphere are 

ummarized in the Appendix, sections A1 and A2, respectively. 

.3. The solid angle of the source 

A short comment is in place regarding the integration over the 

olid angle subtended by the source. For small-size horizontal pla- 

ar sources of area d A s observed from distances r 0 such that r 2 
0 



 A s the approximation d�s ( r 0 , α0 ) = dA s | cos z 0 | /r 2 0 is valid (the use

f the absolute value of the cosine allows applying this expression 

lso to cases where z 0 > π /2). Note however that the solid angle 

ctually subtended by a given patch of area d A s as the distance r 0 
ends to zero does not increase indefinitely, but tends to saturate at 

 π sr. Some care shall be exercised when applying Eq. (9) for very 

lose distances to the sources in order to compute accurately the 

etected radiance, avoiding formal singularities that could arise at 

 0 = 0 if the approximate solid angle expression is not integrated 

orrectly, especially when using discrete sums for evaluating the 

olid angle integral. In this regard, recall that the solid angle �θ

ubtended by a cone of apex angle 2 θ is �θ = 4 πsin 

2 ( θ /2). For a
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Fig. 2. Solid angle (in units 2 π sr) subtended by a circular region of area A s viewed 

from a point at different distances r 0 perpendicular to its center, measured in units 

A 1 / 2 s . The exact ( �s ) and approximate ( ̂ �s ) expressions are sensibly coincident for 

distances r 0 > A 1 / 2 s . As r 0 → 0 the exact expression quickly tends to 2 π sr whereas 

the approximate one diverges. See text for details. 
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ircular flat source of area A s and diameter l viewed from a dis- 

ance r 0 at the perpendicular to its center ( z 0 = 0), the cone half-

ngle θ is given by 

= tan 

−1 

(
l 

2 r 0 

)
= tan 

−1 

( 

1 

r 0 

√ 

A s 

π

) 

(10) 

When observed under a generic zenith/nadir angle z 0 , the 

ource cross section is reduced to A s |cos z 0 | and the solid angle be-

omes 

s ( r 0 , α0 ) = 4 πsin 

2 

[ 

1 

2 

tan 

−1 

( 

1 

r 0 

√ 

A s | cos z 0 | 
π

) ] 

= 4 πsin 

2 

[ 

1 

2 

tan 

−1 

( 

cos z 0 
h − h 0 

√ 

A s | cos z 0 | 
π

) ] 

(11) 

here we have substituted r 0 = ( h − h 0 )/cos z 0 . For large values of

 0 (in the sense r 2 0 
 A s ) we recover from Eq. (11) the usual ap-

roximation 

ˆ �s ( r 0 , α0 ) = A s | cos z 0 | /r 2 
0 

. When r 0 → 0 Eq. (11) leads

o �s ( r 0 , α0 ) → 2 π , for any nonzero constant value of A s |cos z 0 |.

he approximate ˆ �s and exact �s values of the solid angle sub- 

ended by a circular patch of area A s viewed from different dis- 

ances r 0 (with |cos z 0 | = 1) perpendicular to its center are dis-

layed in Fig. 2 . 

.4. Dependence of the radiance on the distance and height above 

round in a simplified case 

The analysis of a simplified situation is often useful for getting 

ome physical insights about the phenomenon under study. The 

asic knowledge thus achieved may be complemented later with 

etailed and accurate evaluations of more complex cases. Before 

roviding in Section 3 the numerical evaluations of Eq. (9) for sev- 

ral configurations of interest, let us consider here one of these 

ery simplified situations, with particular focus on the behavior of 

he artificial zenith sky radiance detected by an observer at short 

orizontal distances D : a small, flat, horizontal ground-level source 

ith monochromatic Lambertian radiance within a homogeneous, 

nite thickness and isotropically scattering atmosphere. 

As shown in detail in Appendix A3 , the artificial zenith radi- 

nce measured from an observer located at the very center of the 
4 
ource ( D = 0, h d = h 0 = 0) saturates at a finite level given by Eq.

A3.7). As the observer moves away from the source, the artifi- 

ial zenith radiance decreases first slowly, until reaching the dis- 

ance D ∼
√ 

A s , and then as D 

−1 within a range which typically 

ncludes the first hundreds of meters. For this range of distances, 

hen the source and the observer are both at ground level (and 

nder the remaining conditions stated in Appendix A3 ), we find 

rom Eq. (A3.13) that 

 ( 0 ; D ) ≈ π C 0 A s 

2 D 

(12) 

here C 0 is a parameter independent from D , defined in Eq. (A3.6). 

ence the decimal logarithm of the radiance decreases linearly 

ith log 10 D , with slope −1, which means that the artificial zenith 

ky darkness increases by 2.5 mag/arcsec 2 for every log10 unit of 

istancing from the source. This expected reduction in the artificial 

ky brightness provides some rationale to the observed increase in 

he quality of the night sky when displacing oneself one log10 unit 

f D , for instance from 10 to 100 m away from an isolated street-

ight. 

. Results 

.1. Parameters of the calculation 

A basic street lighting configuration is the one composed of a 

uminaire and several surrounding surfaces, in most cases hori- 

ontal (pavements) or vertical (façades). These surfaces act as sec- 

ndary sources by re-emitting the light after reflections, and/or as 

bstacles blocking the propagation of light. The scattered artificial 

adiance detected at short distances from the source by an eye or a 

hotometric instrument can be described by first-order scattering 

odels. Within this approximation, the detected radiance is made 

p from three main components: (i) the direct light from the lamp 

hat was scattered by the atmosphere; (ii) the light reflected from 

he surfaces that was scattered by the atmosphere; and (iii) the di- 

ect light from the lamp scattered within the eye (intraocular scat- 

ering) or the structures of the measuring instrument (stray light). 

In this section we analyze the contributions (i) and (ii), leaving 

or future work the detailed analysis of the intraocular scattering 

nd instrument stray light. The goal of this section is to provide 

uantitative insights on the behavior of the detected zenith radi- 

nce, especially on its dependence on geometrical parameters like 

he source and observer altitudes, h 0 and h d , and the horizontal 

istance between them, D . Since the detected radiance due to a 

patially extended source (streetlamp or surface area) can be ex- 

ressed as the sum of the detected radiances produced by all small 

atches in which the extended source can be divided, we will fo- 

us for the purposes of this section on a small flat radiant source 

f area A s = 0.01 m 

2 (e.g., a 10 × 10 cm 

2 square) located at h 0 = 0,

hich would correspond to a patch of pavement or to an orna- 

ental ground recessed lamp, or at some altitude over ground, h 0 
 0, which would describe a flat LED luminaire installed parallel to 

he pavement. Since we are interested in short distance effects, we 

ill consider observers located at horizontal distances D = 0 m to 

 = 100 m from the source, and at heights above ground h d = 0 m

o h d = 100 m. The source is assumed Lambertian, with radiance 

ndependent from the angle of emission, within the range of non- 

locked emission directions. 

The results in this section correspond to a stratified atmo- 

phere composed of molecules and aerosols. The molecular ex- 

onential atmosphere has a characteristic scale height H m 

= 8 km, 

nd its optical depth is assumed to follow a Teillet [31] wave- 

ength dependence τ (M) 
0 

(λ) = 0 . 00879 × λ−4 . 09 , with λ expressed 

n μm , with single scattering albedo ω ( M ) ( λ) = 1 for all visible

avelengths. The molecular scattering angular probability density 
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Fig. 3. (a): log 10 [ L ( D , h d )/ L ref ] for different distances D from the source (horizontal axis) and observers located at different heights h d above ground level (vertical axis). 

L ref = L ( D = 0, h d = 0) is the zenith radiance that would measure an observer located precisely onto the source center. (b) log 10 [ L ( D , h d )/ L ref ] as a function of D for several h d . 

(c) log 10 [ L ( D , h d )/ L ref ] as a function of h d for several D . (d) The radiance computed according to the exact expression in Eq. (9) as a function of D for h d = 0, with superimposed 

approximate analytical behaviors L ∼ L (0) and L ∼ 1 /D , expected for D < 

√ 

A s and D > 

√ 

A s , respectively, according to the expressions in Appendix 3 and Section 2.4 . The star 

symbol is located over the curve at D = 

√ 

A s . 
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unction p ( M ) ( θ ) follows a standard Rayleigh law (Appendix 2, 

q. (A2.4) ). The aerosol component is assumed to have a charac- 

eristic scale height H A = 1/0.65 km ≈ 1.54 km , with aerosol optical 

epth τ (A ) 
0 

(λ) = τ (A ) 
0 

( λ0 ) ( λ/λ0 ) 
−a 

with τ (A ) 
0 

( λ0 = 550 nm ) = 0 . 2 , 

˚ ngström exponent a = 1 and albedo ω ( A ) ( λ0 = 550 nm ) = 0.85. The

erosol scattering angular probability density function is repre- 

ented by a Henyey-Greenstein model, Eq. (A2.5) , with asymme- 

ry parameter g ( λ0 = 550 nm ) = 0.80. The results in the subsections

elow correspond to a quasi-monochromatic Lambertian source 

mitting a nominal spectral radiance of 1.00 W ·m 

− 2 ·sr −1 ·nm 

−1 at 

= 550 nm , with bandwidth 1 nm. 

.2. Horizontal source at ground level 

As traditional gas-discharge luminaries are progressively being 

eplaced by LEDs, the weight of the reflections in urban surfaces 

s a source of light pollution increases, relative to the lamp ra- 

iance directly sent towards the sky. Most present-day LED lumi- 

aires send little to no light in directions above the horizontal (ex- 

epting when purposely oriented that way), given the essentially 

lanar design of their printed circuit boards. Analyzing the contri- 

ution of the illuminated horizontal urban surfaces is then a useful 

tarting point to get some insights about the radiance field in the 

icinity of the lamps, when observing in the zenith direction and 

he observer is located outside the direct lamp illumination cone. 
5 
Fig. 3 (a) displays in matrix form the zenith radiance given by 

q. (9) for h 0 = 0 at different distances D from the source (hor-

zontal axis) and observers located at different heights h d above 

round level (vertical axis). The values displayed correspond to 

og 10 [ L ( D , h d )/ L ref ], the decimal logarithm of the zenith radiance

or every ( D , h d ) combination relative to the zenith radiance that 

ould measure an observer located precisely at the source cen- 

er, L ref = L ( D = 0, h d = 0). For the situation with the parameters

escribed above, we have L ref = 7.27 × 10 −7 W ·m 

− 2 ·sr −1 ·nm 

−1 at 

= 550 nm . 

The plots in Fig. 3 (b-c) display the dependence of the zenith 

adiance on D (for several h d ) and on h d (for several D ), respec-

ively. As expected the detected radiance decreases for larger dis- 

ances from the source (larger attenuation) and larger observer’s 

ltitude (less amount of scatterers contributing to the zenith radi- 

nce). The circles in Fig. 3 (d) show the values of the radiance for 

n observer at ground-level, log 10 L ( D , h d = 0), which correspond to

he curve h d = 0 in Fig. 3 (b). We have superimposed in this panel a

orizontal line with the value corresponding D = 0, and the straight 

ine − log 10 ( D ) predicted by the simplified analytical model in Ap- 

endix 3, Eq. (A3.14) . A star symbol located over the curve at the 

istance D ∼
√ 

A s illustrates the change of regime from constant 

adiance to radiance depending on 1/ D as described in the Ap- 

endix and commented in Section 2.4 above. Expressed in astro- 

omical magnitudes, if any other sources of light (including natural 
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Fig. 4. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 100 m above ground for an observer at 

h d = 0, at different horizontal distances D from the source. (b) Cumulative detected radiance produced by the vertical air column from ground to h , for observers at several 

distances D . 

Fig. 5. Altitude h 50 measured from ground-level of the air column responsible for 

50% of the detected zenith radiance, in the conditions analyzed in this section. Dur- 

ing the first one hundred meters, excepting for observers very close to the center 

of the source D < 

√ 

A s , this altitude is practically h 50 ≈ D . See text for details. 
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nes) are absent or their contributions are irrelevant, this amounts 

o a darkening of 2.5 mag/arcsec 2 for every log10 unit of distancing 

rom the source. 

Fig. 4 shows the contributions to the measured zenith radiance 

f the elementary atmospheric volumes located in the first 100 m 

bove ground for an observer at h d = 0, at different distances from 

he source. These values correspond to the function G sca ( D , λ, α0 , α,

, h ) d �s ( r 0 , α0 ) in Eq. (9) and have dimensions of spectral radiance

roduced per unit length in the vertical air column. The cumulative 

adiance produced by increasingly large spans of the air column, 

p to 10 km altitude, is shown in Fig. 4 (b). The integral in d h in

q. (9) was carried out up to 100 km height, but the relative con- 

ributions of the atmospheric layers above 10 km were negligible 

t these short distances from the source. As a matter of fact, most 

f the artificial zenith radiance at short distances comes from very 

odest altitudes, roughly equal to the distance from the source, D . 

his is quantitatively shown in Fig. 5 , where the indicator h 50 (the 

ltitude above ground of the air column responsible for the 50% 

f the zenith artificial radiance) is plotted versus D . Excepting at 

xtremely short distances from the source center, the h 50 during 

he first hundred meters away from the source is practically equal, 

lthough not exactly identical, to D . 
6 
.3. Horizontal source above ground 

We consider here a source with the same characteristics as 

n subSection 3.2 , excepting that it is located at h 0 = 6 m above

round, and its emissions are restricted to the range 105 ° ≤ z 0 
180 °, that is, a luminaire emitting a cone of constant radiance 

ithin the range of nadir angles [0 °, 75 °]. The air column di- 

ectly illuminated by this source has a decreasing limiting altitude, 

iven by h max ( D ) = h 0 + D /tan [ min ( z 0 )], which in our case leads to

 max = 0 for D = D max = 22.4 m . This means that ground-level ob-

ervers at distances longer than D max will detect no zenith light 

rom the first-scattering of source photons (although, of course, 

hey will still detect the scattered photons from light reflected on 

he ground and other surfaces, higher-order atmospheric scattering 

nd natural sources in the sky). The same will happen to observers 

t D < D max if they are located at heights h d > h max ( D ). Recall that

e are analyzing here the atmospheric scattered light, not the di- 

ect zenith radiance from the source when the observer is located 

ust below it ( D < 

√ 

A s ), which is of course much larger than the

cattered one. 

Fig. 6 displays the results for this case, with the same mean- 

ng as in Fig.3 . The most relevant differences come from the fact 

hat the illuminated volume of the atmosphere is now strongly re- 

tricted by the luminaire emission angles, oriented toward ground. 

his leads to no first-order scattered radiance produced above the 

on-illuminated atmospheric volume, and consequently a differ- 

nt dependence of the detected radiance with ( D , h d ) in compar-

son with Fig.3 . And, as shown in Fig. 6 (d), the radiance L ( D , 0)

or a ground-level observer shows a less marked correspondence 

ith the constant and 1/ D dependences of the radiance deduced 

or a ground-level source with Lambertian emission towards the 

hole upper hemisphere ( Fig.3 (d)). These differences are also no- 

iceable in the distribution of scattered radiance throughout the at- 

ospheric volumes and the associated h 50 indicator, Fig. 7 . 

.4. The effect of obstacles 

Let us finally consider the effect of obstacles. We choose a 

at horizontal source as in subSection 3.3 , located at h 0 = 6 m

ut with full Lambertian emission profile for all angles in its up- 

er and lower hemisphere, such that its radiance is constant in 

he range 0 ° ≤ z 0 ≤ 180 ° Let us additionally asume the exis- 

ence of a non-reflecting obstacle of height h obst = 7 m , located a 

istance D obst = 4 m away from the source. The net effect of this 

bstacle is increasing the actual lower limit of integration in d h 

n Eq. (9) when the observer is located in the shadow of the 
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Fig. 6. Plots for log 10 [ L ( D , h d )/ L ref ] as in Fig.3 (a)-(d), but for a horizontal flat Lambertian source located at h 0 = 6 m above ground, emitting in angles restricted to the range 

105 ° ≤ z 0 ≤ 180 °, that is nadir angles ∈ [0 °, 75 °]. L ref = L ( D = 0, h d = 0) is the scattered zenith radiance that would measure an observer located at ground level beneath the 

source center (only the scattered radiance is included in L ( D , h d ) and L ref , not the direct radiance from the source). The range of displayed distances is restricted to D = 20 m , 

since for D > D max = 22.4 m the luminaire does not directly illuminate any segment of the air column. 

Fig. 7. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 10 m above ground for an observer at 

h d = 0, at different horizontal distances D from the same source as in Fig. 6 , located at h 0 = 6 m . (b) Altitude h 50 measured from ground-level of the air column responsible 

for 50% of the detected zenith radiance. 
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ource, a situation arising when D > D obst and h d < h lower , being

 lower = h 0 + [( h obst − h 0 )/ D obst ] D the lower end of the air column di-

ectly illuminated by the source in the region D > D obst . 

Given the assumed null reflectance of the object, it is expected 

hat the behavior of the zenith radiance L ( D , h d ) for D < D obst will

hare some similarities with the previosly analyzed cases (with dif- 
7 
erences arising from the fact that the present case is not a mere 

inear combination of the previous ones). For D > D obst and h d < 

 lower the similarities are expected to be greater with the case an- 

lyzed in subSection 3.2 (different altitude of the sources aside). 

his can be observed in Figs. (8) - (9) , that show two different

egimes of behavior coarsely delimited by D obst = 4 m . 



S. Bará, C. Bao-Varela and M. Kocifaj Journal of Quantitative Spectroscopy & Radiative Transfer 296 (2023) 108456 

Fig. 8. Plots for log 10 [ L ( D , h d )/ L ref ] as in Figs.(3,6) (a)-(d), but for a horizontal flat Lambertian source located at h 0 = 6 m above ground, emitting in the full range of angles 0 °
≤ z 0 ≤ 180 °, with a non-reflecting obstacle of height h obst = 7 m , located a distance D obst = 4 m away. L ref = L ( D = 0, h d = 0) is the scattered zenith radiance that would measure 

an observer located at ground level beneath the source center (only the scattered radiance is included in L ( D , h d ) and L ref , not the direct radiance from the source). 

Fig. 9. (a): Contributions to the measured zenith radiance of the elementary atmospheric volumes located at altitudes h in the first 100 m above ground for an observer at 

h d = 0, at different horizontal distances D from the same source as in Fig. 8 , located at h 0 = 6 m and with a non-reflecting obstacle of height h obst = 7 m , located a distance 

D obst = 4 m away. (b) Altitude h 50 measured from ground-level of the air column responsible for 50% of the detected zenith radiance. There is actually a sharp discontinuity 

of h 50 at D = 4 m , the softer slope in the figure is due to the discrete sampling of distances. 
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.5. Nearby streetlights versus surrounding city lights 

Assessing the relative contribution of a nearby streetlight to the 

rtificial zenith brightness seen by an observer, in comparison with 

he brightness due to the ensemble of lights of the surrounding 

ity, requires setting the conditions of the problem. We provide in 
8 
his subsection an order-of-magnitude estimate, based on realistic 

onditions and using some additional assumptions. To that end, let 

s consider an observer located in the center of a city of radius 

 km, whose density of light emissions towards the city surfaces 

s E in in units W ·m 

− 2 within the CIE V ( λ) photopic spectral sen-

itivity band [32] , corresponding to a luminous density of emis- 
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Fig. 10. Artificial zenith radiance mag V /arcsec 2 perceived by an observer at hori- 

zontal distance D from a streetlight surrounded by a light-emitting city, in the con- 

ditions described in the text. 
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ions E V , in = 683 E in in lumen per square meter. E in and E V , in are

he city-averaged irradiance and illuminances, respectively, not to 

e confounded with the actual average irradiance/illuminance on 

he streets, the latter being given by E in / ε and E V , in / ε, where ε is

he fraction of the city territory actually illuminated, i.e. exclud- 

ng roofs and other zones where no direct light arrives from the 

treetlamps [28] . Assuming as a first approximation Lambertian re- 

ections at the city surfaces, the average radiance of the city sur- 

ace is L city = ρE in / π , in units W ·m 

− 2 ·sr −1 , where ρ is the average

round reflectance. 

Let us consider an observer, h d = 170 cm tall, at a distance D

rom a streelight whose flat emitting surface of area A s = 0.01 m 

2 

s located at h 0 = 6 m above ground, with constant radiance within 

 nadir emission cone of half-angle γ = 75 °, as in Section 3.3 . This

mission cone corresponds to a solid angle �γ = 4 πsin 

2 ( γ /2) sr, 

nd illuminates an area on the street S = π ( h 0 tan γ ) 2 m 

2 . Assum-

ng this lamp provides to the illuminated area an irradiance E in / ε, 

ts radiant flux is 
= S E in / ε W, and the radiance of its emitting

urface is L lamp = 
/( �γ A s ) in W ·m 

− 2 ·sr −1 . 

The artificial sky brightness perceived by the observer is the 

um of two terms: the radiance produced by the ensemble of all 

ity lights scattered along the air column above the observer, from 

 = h d up to the limits of the atmosphere, and the radiance of the

amp scattered in the segment of the air column from the eye of 

he observer h = h d , up to the upper limit of the lamp emission

one, h = h max ( D ) = h 0 − D /tan γ . The observer is outside this illu-

inated cone when the distance from the base of the streelight is 

uch that h d > h max ( D ). In this case the observer only perceives the

cattered light due to the ensemble of the city surfaces (including 

he one illuminated by the nearby streetlight). 

The radiance of the sky can be expressed in astronomical 

nits magnitudes per square arcsecond, mag V /arcsec 2 , within the 

ohnson-Cousins V band [ 33 , 34 ] by means of the transformation: 

 

[
mag V /arcsec 2 

]
= −2 . 5 log 10 

( 

L 
[
W m 

2 sr −1 
]

L r 

) 

(13) 

here L r is the reference radiance, or radiometric zero point, 

ssociated with the astronomical photometric band, which for 

he Johnson-Cousins V in the Vega + 0.03 scale is L r = 143.168 

 ·m 

− 2 ·sr −1 [ 35 , 36 ]. Note that due to the minus sign in the defi-

ition, brighter skies correspond to lower mag V /arcsec 2 . 

For the calculations made in this example, we adopted an av- 

rage city emissions density of E V , in = 2.0 lm ·m 

− 2 with a city 

actor ε = 0.5. The calculations were made for the wavelength 

= 550 nm , very close to the maxima of both the CIE V ( λ) and

he Johnson-Cousins V. The results of the calculation are shown 

n Fig. 10 , where the full line describes the artificial zenith radi- 

nce, in mag V /arcsec 2 , perceived by the observer at different dis- 

ances from the streetlight, resulting from the combined scattered 

ight from the streetlight itself and the whole of the city lights, 

ssuming the observer is located at the center of a city of radius 

 = 10 km. The individual contributions of the streetlight and the 

ity are also plotted as dotted lines, the latter also including the 

xpected values for cities of smaller size (5 and 1 km, respectively). 

he figure shows that up to a distance D ≈ 2 m from the base of

he lightpole the scattered radiance in the small segment of the air 

olumn above the observer (less than 4 m long) is larger than the 

cattered light produced by the city in the whole air column. The 

otal radiance is still noticeably different from the one produced 

y the city alone until a distance D ≈ 5 m. From this point on, the

ky brightness is dominated by the baseline brightness produced 

y the whole city. The eyes of the observer remain within the il- 

uminated cone of the streetlight up to a distance D ≈ 16 m. For 

ities of smaller sizes with the same emission surface density the 

nfluence of the streetlamp would be noticeable at larger distances, 
9 
nd the resulting total brightness lines would converge towards 

he corresponding horizontal dotted levels shown in the Figure. 

. Discussion 

The examples described in Section 3 are meant to provide some 

asic insights about the expected behavior of the artificial zenith 

adiance in the vicinity of the urban and rural sources. Of course, 

hey are not a comprehensive treatment of all possible situations. 

e have not addressed in this paper the effects of intraocular scat- 

ering and instrumental stray light, which can be highly relevant 

t short distances from the source when the direct source radiance 

nters the eye, especially at small angles with respect to the line of 

ight. Additionally, the luminance adaptation state of the eye deter- 

ines several basic parameters that shape the visual appearance 

f the starry sky, among them the absolute luminance threshold 

nd the luminance contrast threshold for detecting a star over the 

ky background. Given the physiological and perceptual aspects in- 

olved, this will be subject for further work. 

The examples above are also restricted to zenith observation 

ith extremely narrow field of view and quasi-monochromatic ra- 

iation at λ= 550 nm . Given the linear character of Eq. (9) , the ra-

iance for wider fields of view and spectral power distributions 

an be easily calculated by performing the corresponding integrals 

n d 

2 α and d λ. The same applies to observations made in sky di- 

ections different from the zenith one. Furthermore, for the sake 

f brevity we have not included here examples of the effects pro- 

uced by planar vertical active sources (LED displays, windows, 

tc.) or reflections in vertical surfaces (façades, vegetation walls, 

tc.). The treatment of these emitters is not substantially different 

rom the horizontal ones, excepting for the fact that the solid angle 

ubtended by them, Eq. (11) , should include now a factor |sin z 0 |

nstead of |cos z 0 |. 

Eq. (9) provides the basic expression to compute the first-order 

cattered radiance produced for all these configurations by a small 

ource. When multiple sources are at play, surrounded by extended 

eflecting surfaces, the resulting observed radiance can be com- 

uted by adding the individual emitter patch contributions, re- 

orting to the whole conceptual and calculation toolbox provided 

y linear systems theory, as described in detail elsewhere [ 2 , 27- 

9 , 37 ]. The same can be said of the computation of integral indica-

ors like, e.g., the average sky radiance or the horizontal irradiance 

 30 , 38 ]. The use of a single-scattering approach is justified for our
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roblem under most practically interesting atmospheric conditions, 

ince the short source-detector distances here considered translate 

nto a low probability of double scattering events. The errors de- 

ived from ignoring second and higher scattering orders in artificial 

kyglow calculations have been comprehensively studied by Koci- 

aj [5] . As a typical result, the contribution of the second-scattering 

rder for an atmosphere with aerosol optical depth or order 0.2 il- 

uminated by an artificial source at ground level is more than one 

rder of magnitude smaller than the contribution of the first order, 

or distances shorter than 1 km. 

The results obtained in this work strongly suggest that there 

s indeed a rationale supporting the observations that the artifi- 

ial sky brightness may vary noticeably in urban settings (loosely 

valuated by the number of visible stars) if the observing place is 

isplaced by a few tens or hundred meters and the relative ge- 

metry of the sources, surfaces and obstacles does change signifi- 

antly. This result opens the way for designing urban micro-spaces 

here the deleterious effects of light pollution on the observation 

f the night sky be partially attenuated. Of course, local modi- 

cations made in special places do not reduce the baseline sky 

rightness caused by other multiple artificial sources installed in 

he surrounding territory, at distances of tens or hundreds of km 

way from the observer, a problem whose management requires 

n effective territorial planning strategy. But achieving a reduction 

f order 1–2 mag/arcsec 2 of the artificial brightness of the sky by 

dopting local-level measures seems to be still a useful possibility. 

. Conclusions 

A quantitative analytical model for the artificial sky radiance 

n the vicinity of outdoor light sources is developed in this pa- 

er. The model is free from singularities at the origin and is useful 

or designing urban dark sky spaces. The analysis is restricted to 

rst-order scattering, an approximation acceptable for this range of 

istances in non extremely thick atmospheres. We found that the 

rtificial zenith sky brightness produced by a small, ground level, 

orizontal source at short distances (from the typical dimension of 

he source up to several hundred meters) depends on the inverse 

f the distance to the source if observer and source are located at 

bout the same altitude. This is equivalent to a reduction of the 

rtificial sky brightness of 2.5 mag/arcsec 2 for every log 10 unit in- 

rease of the distance. The behavior of the detected scattered ra- 

iance with the altitude of the source, angular emission pattern, 

ltitude of the observer, and screening by obstacles are also ana- 

yzed. 
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ppendix 

.1. Basic geometrical relations 

For evaluating the integrals in Eq. (9) of Section 2.1 , and in par-

icular the integral along the line of sight it is convenient to ex- 

ress the different quantities in terms of the geometrical param- 

ters contained in the vectors α, β, of D and of the height above 

round, h . According to the notation in Fig. 1 : 

os z 0 = 

h − h 0 √ 

D 

2 + [ ( h − h d ) tan z ] 
2 − 2 D ( h − h d ) tan z cos ϕ + ( h − h 0 ) 

2 

os z = 

h − h d 

r 

The scattering angle θ (angle between the unit vectors α0 , −α) 

s 

os θ = 

D 

2 + ( h d − h 0 ) 
2 − r 2 0 − r 2 

2 r 0 r 

here r and r 0 are given by the basic relationships 

os z = 

h − h d 

r 
→ r = 

h − h d 

cos z 

os z 0 = 

h − h 0 

r 0 
→ r 0 = 

h − h 0 

cos z 0 

The scattering angle is generally undetermined for r 0 = 0. For 

 = 0, i.e. for the lower limit of the integral along the line of sight,

 = h d , is value can be calculated as 

os θ [ r = 0 ] = −[ cos z 0 cos z + sin z 0 sin z cos ( π − ϕ ) ] 

For zenith observations, in the general case (cos z = 1 , r = h − h d ,

 0 = 

√ 

D 

2 + ( h − h 0 ) 
2 
) we have cos θ = −cos z 0 , hence θ = π − z 0 . 

.2. Particular expressions for the atmospheric constituents 

The numerical calculations in Section 3 are carried out for a 

implified layered atmosphere, composed of molecular and aerosol 

onstituents with exponential concentration profiles. Each atmo- 

pheric constituent is characterized by its extinction coefficient 

 i ( h ; λ), i = 1, …, N , associated atmospheric optical depth τ (i ) 
0 

(λ) ,

ingle-scattering albedo ω i ( λ), and scattering angular probability 

ensity function p i ( θ ; λ). 

For every individual atmospheric component, the transmittance 

long a slanted path at an angle ζ with the zenith ( ζ = z , z 0 ,…)

etween two atmospheric altitudes h 1 , h 2 is 

 i ( h 1 , h 2 , ζ ;λ) = exp 

[
−M i ( ζ ) 

∫ h 2 

h 1 

k i 
(
h 

′ ;λ
)
d h 

′ 
]

= exp 

[
−M i ( ζ ) τ ( i ) ( h 1 , h 2 ;λ) 

]
(A2.1) 

here M i ( ζ ) is the airmass number, that in a first approximation 

an be considered independent of λ and given by M ( ζ ) = 1/cos ζ . 

f the expression ( A 2.1) is applied to the whole atmosphere ( h 1 = 0,

h 2 = ∞ ), a correction shall be made to this expression of M ( ζ ) in

rder to avoid a strong divergence with the actual values for a 

pherical Earth at angles close to the horizon ( ζ ∈ [ ∼ 75 ◦, 90 ◦] ), 

ee e.g., Kasten and Young [39] . In the equation above τ ( i ) ( h 1 , h 2 ;

) is the optical depth contributed by the i th component along 

he vertical path between h 1 , h 2 , which is defined as 

( i ) ( h 1 , h 2 ;λ) = 

∫ h 2 

h 

k i 
(
h 

′ ;λ
)
d h 

′ (A2.2) 

1 
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The atmospheric optical depth contributed by the i th com- 

onent is given by τ (i ) 
0 

(λ) ≡ τ (i ) ( 0 , ∞;λ) . Since the total extinc- 

ion factor due to N not interacting, independent components 

s k ( h ;λ) = 

∑ N 
i =1 k i ( h ;λ) it immediately follows τ ( h 1 , h 2 ;λ) =

 N 
i =1 τ

(i ) ( h 1 , h 2 ;λ) , and t( h 1 , h 2 , ζ ;λ) = 

∏ N 
i =1 t i ( h 1 , h 2 , ζ ;λ) . If the 

irmass dependence on the zenith angle ζ is the same 

or all atmospheric constituents, M i ( ζ ) = M ( ζ ), then t ( h 1 , h 2 , ζ ;

) = exp [ − M ( ζ ) τ ( h 1 , h 2 ; λ)]. 

The altitude profile of the extinction coefficient for an expo- 

ential atmosphere is k i ( h ; λ) = k 0 i ( λ)exp ( − h / H i ). According to

q. (A2.2) , in this case τ (i ) 
0 

(λ) = H i k 0 i (λ) , and 

( i ) ( h 1 , h 2 ;λ) = k 0 i ( λ) 

∫ h 2 

h 1 

exp ( −h/H i ) d h 
′ = τ ( i ) 

0 ( λ) 
[
e −h 1 /H i − e −h 2 /H i 

]
(A2.3) 

The wavelength dependence of the atmospheric optical depth 

or the molecular constituents τ (M) 
0 

(λ) , can be described using a 

lassical Rayleigh power law like, see e.g. Teillet (1990) τ (M) 
0 

(λ) = 

 . 00879 × λ−4 . 09 , with λ expressed in μm . The molecular single 

cattering albedo ω ( M ) ( λ) can be taken practically equal to 1 for 

ll visible wavelengths. The Rayleigh scattering angular probability 

ensity function (normalized to 1 under integration to all direc- 

ions of scattering) is 

p ( M ) ( α0 , −α;λ) = p ( M ) ( θ ) = 

3 

16 π

(
1 + co s 2 θ

)
(A2.4) 

The wavelength dependence of the aerosol optical depth can be 

escribed, relative to some reference wavelength λ0 , by means of 

he Ångström exponent a , such that τ (A ) 
0 

(λ) = τ (A ) 
0 

( λ0 ) ( λ/λ0 ) 
−a 

. 

or the applications in this work the rigorous aerosol scattering an- 

ular probability density function can be replaced by a normalized 

enyey-Greenstein function with asymmetry parameter g 

p ( A ) ( α0 , −α;λ) = p ( A ) ( θ ;λ) = 

(
1 

4 π

)
1 − g 2 (

1 + g 2 − 2 g cos θ
)3 / 2 

(A2.5) 

The wavelength dependence of the aerosol albedo ω ( M ) ( λ) and 

symmetry parameter g ( λ) can be described by e.g. Eqs.(6–8) of 

cComiskey et al. [40] . 

.3. Dependence of the artificial zenith brightness on the observer’s 

istance and height above ground in a simplified configuration 

Let us here consider the behavior of the artificial zenith bright- 

ess produced by a small flat source of area A s , located horizon- 

ally at ground-level ( h 0 = 0), detected by an observer at height h d 
ocated an horizontal distance D away from the source. 

Isolating the radiance arriving strictly from the zenith direction 

 α= 0) is equivalent to using a point-like field of view function F ( α,

d ; λ) = F (0, 0; λ) δ( α), where δ( α) is the symbol for a Dirac-delta

istribution centered at α= 0. Under these conditions, we have 

os z 0 = 

h √ 

D 

2 + h 

2 
(A3.1) 

s ( h, α0 ) = 4 πsin 

2 

[ 

1 

2 

tan 

−1 

( 

cos z 0 
h 

√ 

A s | cos z 0 | 
π

) ] 

(A3.2) 

Restricting the study to the radiance detected within an 

nfinitesimally narrow spectral interval around an arbitrary 

avelength λ0 is equivalent to choosing a detector passband 

 ( λ) = S ( λ0 ) δ( λ−λ0 ). Denoting S ( λ0 ) F (0,0; λ0 ) ≡ S 0 F 0 and per-

orming the integrations in λ, α, and the source solid angle in 
11 
q.(9) with these assumptions one gets 

 

(
0 ; D, β

)
= S 0 F 0 

∫ ∞ 

h = h d 
�s ( h, α0 ) G sca 

(
D, λ, α0 , 0 , β, h 

)√ 

D 

2 + h 2 

h 
d h 

(A3.3) 

As an additional simplification, let us consider an homogeneous 

tmosphere with constant concentration of molecules and aerosols 

rom h = 0 up to a maximum height h = H . Such an atmosphere

as constant extinction and scattering coefficients k ( h ; λ0 ) = k and

 sca ( h ; λ) = k sca , respectively, for h ≤ H (and zero otherwise). For

his atmosphere and geometrical configuration, the transmittance 

actors are given by: 

 ( h 0 = 0 , h ; z 0 ;λ) = exp 

[ 
−k 

√ 

D 

2 + h 

2 

] 
(A3.4) 

 ( h d , h ; z = 0 ;λ) = exp [ −k ( h − h d ) ] (A3.5) 

Finally, let us assume that the effective angular scattering is 

verally isotropic, that is, that the product of the angular depen- 

ences of the emitted radiance and the scattered light is approxi- 

ately constant for all values of α0 , a condition that could be ful- 

lled, among others, by the combination of a Lambertian source 

 ( α0 ; λ) = L 0 , and an isotropically scattering atmosphere, �( α0 , α;

0 ; h ) = k sca /(4 π ). Equation (A2.3) becomes then 

 ( 0 ; D ) = C 0 

∫ H 

h = h d 
�s ( h, D ) exp 

[ 
−k 

(
h − h d + 

√ 

D 

2 + h 2 
)] √ 

D 

2 + h 2 

h 
d h 

(A3.6) 

here C 0 = S 0 F 0 L 0 k sca /(4 π ). 

Let us analyze the behavior of the radiance (A3.6) across several 

anges of D . For D = 0 (observer located above the center of the

ource), cos z 0 = 1 for all h , and the zenith radiance is 

 ( 0 ; 0 ) = 4 π C 0 

∫ H 

h = h d 
sin 

2 

[ 

1 

2 
tan 

−1 

( 

1 

h 

√ 

A s 

π

) ] 

exp [ −k ( 2 h − h d ) ] d h 

(A3.7) 

hat shall be evaluated numerically, depending on the input pa- 

ameters. The integral does not diverge even if the observer 

s located precisely at the center of the source ( h d = 0), since

 is always larger than h d , and for h = 0 the integrand equals

1/2)exp ( − 2 kh ). 

For increasing values of D the solid angle term of the integral 

A3.6) behaves as shown in Section 2.2 ( Fig. 2 ), first desaturating 

he 2 π value at the origin and then decreasing with a | cos z 0 | /r 2 0 

ependence, according to the expression 

ˆ �s ( r 0 , α0 ) = A s | cos z 0 | /r 2 
0 

, 

alid for r 2 0 > A s . In the geometry here considered, | cos z 0 | /r 2 0 =
/ ( D 

2 + h 2 ) 
3 / 2 

so that for this range of D (A3.6) has the form 

 ( 0 ; D ) = C 0 A s 

∫ H 

h = h d 

exp 

[
−k 

(
h − h d + 

√ 

D 

2 + h 

2 
)]

D 

2 + h 

2 
d h (A3.8) 

Performing the change of variable h = xD , for every D , we get 

 ( 0 ; D ) = C 0 A s 

(
1 

D 

)∫ x H 

x = x d 

exp 

[
−kD 

(
x − x d + 

√ 

1 + x 2 
)]

1 + x 2 
d x 

(A3.9) 

here x d = h d / D and x H = H / D . For D sufficiently small (but still

ompatible with the condition D 

2 + h 2 > A s that makes it possi- 

le the use of ˆ �s instead of �s for all h in the integration interval) 

he exponential in the integrand can be approximated by 1. This 

appens if 

D 

(
x − x d + 

√ 

1 + x 2 
)

� 1 (A3.10) 
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or all x ∈ [ x d , x H ]. The most demanding condition on D in

q. (A3.10) arises for x ∈ x H , which is equivalent to 

 �
√ [ 

1 

k 
− ( H − h d ) 

] 2 
− H 

2 (A3.11) 

hich, for typical values H = 8 km, h d = 0, τ 0 = 0.3, k = τ 0 / H km 

−1 ,

ives D �∼ 17 km. For this range of D , then, Eq. (A3.9) becomes: 

 ( 0 ; D ) = C 0 A s 

(
1 

D 

)∫ x H 

x = x d 

1 

1 + x 2 
d x = C 0 A s 

(
1 

D 

)[
tan −1 

(
H 

D 

)
− tan −1 

(
h d 
D 

)]
(A3.12) 

It is then expected that close to the source, starting approxi- 

ately from the distance for which D 

2 + h 2 
d 

> A s , and up to the

rst few hundred meters away from it ( D ∼ 0 . 1 km, H/D ∼ 80 ,

an 

−1 ( H / D ) ≈ π /2 to within a 1%, h d / D ≤ 0.1, tan 

−1 ( h d / D ) ≈ h d / D

o within a 1%) the artificial zenith brightness will decrease with 

 and h d as: 

 ( 0 ; D ) ≈ C 0 A s 

(
1 

D 

)[
π

2 

− h d 

D 

]
(A3.13) 

hich, in logarithmic scale is equivalent to 

og 10 L ( 0 ; D ) ≈ log 10 ( C 0 A s ) − log 10 ( D ) + log 10 

(
π

2 

− h d 

D 

)
(A3.14) 

hich, for an observer at the same altitude as the source ( h d = 0)

ecomes a simple linear dependence on log 10 ( D ) with slope −1, 

nd for h d > 0 gives 

og 10 L ( 0 ; D ) ≈ log 10 ( C 0 A s ) − log 10 ( D ) + log 10 

(
1 − 2 h d 

πD 

)
+ log 10 

π

2 

(A3.15) 

hich, for a fixed value of D decreases linearly with h d for small 

alues of the ratio h d / D , with slope − 2/[ πD log e (10)]. 

For a more detailed account of the asymptotic behavior of the 

rtificial scattered radiance, including the 1/ D dependence, the 

eader is referred to the comprehensive treatment developed by 

ocifaj et al. [41] . 

eferences 

[1] Aubé M. Physical behaviour of anthropogenic light propagation into the noc- 

turnal environment. Phil Trans R Soc B 2015;370:20140117. doi: 10.1098/rstb. 

2014.0117 . 
[2] Bará S, Lima RC. Photons without borders: quantifying light pollution trans- 

fer between territories. Int J Sustain Light 2018;20(2):51–61. doi: 10.26607/ijsl. 
v20i2.87 . 

[3] Cinzano P, Falchi F. The propagation of light pollution in the atmosphere. 
Mon Notices Royal Astron Soc 2012;427:3337–57. doi: 10.1111/j.1365-2966. 

2012.21884.x . 

[4] Kocifaj M. Light-pollution model for cloudy and cloudless night skies with 
ground-based light sources. Appl Opt 2007;46:3013–22. doi: 10.1364/AO.46. 

003013 . 
[5] Kocifaj M. Multiple scattering contribution to the diffuse light of a night sky: a 

model which embraces all orders of scattering. J Quant Spectrosc Radiat Transf 
2018;206:260–72. doi: 10.1016/j.jqsrt.2017.11.020 . 

[6] Elvidge CD, Baugh K, Zhizhin M, Hsu FC, Ghosh T. VIIRS night-time lights. Int 

J Remote Sens 2017;38(21):5860–79. doi: 10.1080/01431161.2017.1342050 . 
[7] Elvidge CD, Zhizhin M, Ghosh T, Hsu F-C, Taneja J. Annual Time Series of Global

VIIRS Nighttime Lights Derived from Monthly Averages: 2012 to 2019. Remote 
Sens 2021;13(5):922. doi: 10.3390/rs13050922 . 

[8] Jiang W, He G, Long T, Guo H, Yin R, Leng W, Liu H, Wang G. Potentiality of
Using Luojia 1-01 Nighttime Light Imagery to Investigate Artificial Light Pollu- 

tion. Sensors 2018;18:2900. doi: 10.3390/s18092900 . 
[9] Kyba CCM, Garz S, Kuechly H, Sánchez de Miguel A, Zamorano J, Fischer J, 

Hölker F. High-Resolution Imagery of Earth at Night: new Sources, Opportu- 

nities and Challenges. Remote Sens 2015;7:1–23. doi: 10.3390/rs7010 0 0 01 . 
[10] Levin N, Kyba CCM, Zhang Q, Sánchez de Miguel A, Román MO, Li X, Port-

nov BA, Molthan AL, Jechow A, Miller SD, Wang Z, Shrestha RM, Elvidge CD. 
Remote sensing of night lights: a review and an outlook for the future. Re-

mote Sens Environ 2020;237:111443. doi: 10.1016/j.rse.2019.111443 . 
12 
[11] Li X, Elvidge C, Zhou Y, Cao C, Warner T. Remote sensing of night-time light.
Int J Remote Sens 2017;38(21):5855–9. doi: 10.1080/01431161.2017.1351784 . 

12] Román MO, Wang Z, Sun Q, Kalb V, Miller SD, Molthan A, Schultz L, Bell J,
et al. NASA’s Black Marble nighttime lights product suite. Remote Sens Environ 

2018;210:113–43. doi: 10.1016/j.rse.2018.03.017 . 
[13] Rybnikova N, Sánchez de Miguel A, Rybnikov S, Brook A. A New Approach 

to Identify On-Ground Lamp Types from Night-Time ISS Images. Remote Sens 
2021;13(21):4413. doi: 10.3390/rs13214413 . 

[14] Sánchez de Miguel A, Kyba CCM, Aubé M, Zamorano J, Cardiel N, Tapia C, Ben- 

nie J, Gaston KJ. Colour remote sensing of the impact of artificial light at night
(I): the potential of the International Space Station and other DSLR-based plat- 

forms. Remote Sens Environ 2019;224:92–103. doi: 10.1016/j.rse.2019.01.035 . 
[15] Stefanov WL, Evans CA, Runco SK, Wilkinson MJ, Higgins MD, Willis K, 

et al. Astronaut Photography: handheld Camera Imagery from Low Earth Orbit 
Handbook of satellite applications. Pelton JN, et al., editors. Springer Interna- 

tional Publishing Switzerland; 2017. doi: 10.1007/978- 3- 319- 23386- 4 _ 39 . 

[16] Zhu X, Tan X, Liao M, Liu T, Su M, Zhao S, Xu YN, Liu X. Assessment of A
New Fine-Resolution Nighttime Light Imagery from the Yangwang-1 (“Look Up 

1”) Satellite. IEEE Geosci Remote Sens Lett 2022;19:1–5. doi: 10.1109/LGRS.2021. 
3139774 . 

[17] Simoneau A, Aubé M, Leblanc J, Boucher R, Roby J, Lacharité F. Point spread 
functions for mapping artificial night sky luminance over large territories. Mon 

Notices Royal Astron Soc 2021;504(1):951–63. doi: 10.1093/mnras/stab681 . 

[18] Aubé M, Simoneau A, Kolláth Z, Marseille C, Bouchard S. HABLANv2: charac- 
terizing lighting devices from High Altitude Balloon. In: Aubé M, Kocifaj M, 

Pawley M, editors. LPTMM 2022 light pollution: theory, modelling and mea- 
surements international conference. zenodo; 2022. p. 44. doi: 10.5281/zenodo. 

7032698 . 
[19] Bauer S, Kyba CCM, Team Nachtlicher. Nachtlichter: an app for creating large- 

area lighting inventories. In: Aubé M, Kocifaj M, Pawley M, editors. LPTMM 

2022 light pollution: theory, modelling and measurements international con- 
ference. zenodo; 2022. p. 54. doi: 10.5281/zenodo.7032698 . 

20] Bouroussis CA, Topalis FV. Assessment of outdoor lighting installations and 
their impact on light pollution using unmanned aircraft systems - The 

concept of the drone-gonio-photometer. J Quant Spectrosc Radiat Transf 
2020;259:107155. doi: 10.1016/j.jqsrt.2020.107155 . 

21] Gagné T, Aubé M, Linares H. Building light sources inventories using ISS im- 

ages. In: Aubé M, Kocifaj M, Pawley M, editors. LPTMM 2022 light pollution: 
theory, modelling and measurements international conference. zenodo; 2022. 

p. 57. doi: 10.5281/zenodo.7032698 . 
22] Gyuk G, Garcia J, Tarr C, Walczak K. Light Pollution Mapping from a Strato- 

spheric High-Altitude Balloon Platform. Int J Sustain Light 2021;23(1):20–32. 
doi: 10.26607/ijsl.v23i1.106 . 

23] Houle JP, Aubé M. Building light fixture inventories with the LANcube v2 open 

source multiangular photometer. In: Aubé M, Kocifaj M, Pawley M, editors. 
LPTMM 2022 light pollution: theory, modelling and measurements interna- 

tional conference. zenodo; 2022. p. 37. doi: 10.5281/zenodo.7032698 . 
24] Kuechly HU, Kyba CCM, Ruhtz T, Lindemann C, Wolter C, Fischer J, Hölker F. 

Aerial survey and spatial analysis of sources of light pollution in. Berlin, Ger- 
many. Remote Sens Environ 2012;126:39–50. doi: 10.1016/j.rse.2012.08.008 . 

25] Kyba C.C.M., Ruhtz T., Lindemann C., Fischer J., Hölker F. Two Camera System 

for Measurement of Urban Uplight. Angular Distribution Radiation Processes in 

the Atmosphere and Ocean (IRS2012) AIP Conf. Proc. 2013;1531:568–71. doi: 

10.1063/1.4 804 833 
26] Kyba CCM, Altınta ̧s YO, Sulzer G, Bauer S, Team Nachtlicher. Numbers and 

types of light sources in urban areas. In: Aubé M, Kocifaj M, Pawley M, edi- 
tors. LPTMM 2022 light pollution: theory, modelling and measurements inter- 

national conference. zenodo; 2022. p. 18. doi: 10.5281/zenodo.7032698 . 
27] Bará S, Falchi F, Lima RC, Pawley M. Keeping light pollution at bay: a red-lines, 

target values, top-down approach. Environmental Challenges 2021:100212. 

doi: 10.1016/j.envc.2021.100212 . 
28] Bará S, Falchi F, Lima RC, Pawley M. Can we illuminate our cities and (still) see 

the stars? Int J Sustain Light IJSL 2021;23(2):58–69. doi: 10.26607/ijsl.v23i2.113 . 
29] Falchi F, Bará S. A linear systems approach to protect the night sky: im- 

plications for current and future regulations. R Soc Open Sci 2020;7:201501. 
doi: 10.1098/rsos.201501 . 

30] Falchi F, Bará S. Computing light pollution indicators for environmental assess- 

ment. Nat Sci 2021:e10019. doi: 10.10 02/ntls.10 019 . 
31] Teillet PM. Rayleigh optical depth comparisons from various sources. Appl Opt 

1990;29:1897–900. doi: 10.1364/AO.29.001897 . 
32] CIE. Commission Internationale de l’Eclairage Proceedings, 1924. Cambridge: 

Cambridge University Press 1926. 
33] passbands Bessell MSUBVRI. Pub Astr Soc Pac 1990;102:1181–99. doi: 10.1086/ 

132749 . 

34] Bessell M, Murphy S. Spectrophotometric Libraries, Revised Photonic Pass- 
bands, and Zero Points for UBVRI, Hipparcos, and Tycho Photometry. Pub Astr 

Soc Pac 2012;124:140–57. doi: 10.1086/664083 . 
35] Masana E, Carrasco JM, Bará S, Ribas SJ. A multi-band map of the natural night 

sky brightness including Gaia and Hipparcos integrated starlight. Mon Notices 
Royal Astron Soc 2021;501:5443–56. doi: 10.1093/mnras/staa4005 . 

36] Masana E, Bará S, Carrasco JM, Ribas SJ. An enhanced version of the Gaia map

of the brightness of the natural sky. Int J Sustain Light 2022;24(1):1–12. doi: 10.
26607/ijsl.v24i1.119 . 

37] Bará S, Falchi F, Furgoni R, Lima RC. Fast Fourier-transform calculation 
of artificial night sky brightness maps. J Quant Spectrosc Radiat Transf 

2020;240:106658. doi: 10.1016/j.jqsrt.2019.106658 . 

https://doi.org/10.1098/rstb.2014.0117
https://doi.org/10.26607/ijsl.v20i2.87
https://doi.org/10.1111/j.1365-2966.2012.21884.x
https://doi.org/10.1364/AO.46.003013
https://doi.org/10.1016/j.jqsrt.2017.11.020
https://doi.org/10.1080/01431161.2017.1342050
https://doi.org/10.3390/rs13050922
https://doi.org/10.3390/s18092900
https://doi.org/10.3390/rs70100001
https://doi.org/10.1016/j.rse.2019.111443
https://doi.org/10.1080/01431161.2017.1351784
https://doi.org/10.1016/j.rse.2018.03.017
https://doi.org/10.3390/rs13214413
https://doi.org/10.1016/j.rse.2019.01.035
https://doi.org/10.1007/978-3-319-23386-4_39
https://doi.org/10.1109/LGRS.2021.3139774
https://doi.org/10.1093/mnras/stab681
https://doi.org/10.5281/zenodo.7032698
https://doi.org/10.5281/zenodo.7032698
https://doi.org/10.1016/j.jqsrt.2020.107155
https://doi.org/10.5281/zenodo.7032698
https://doi.org/10.26607/ijsl.v23i1.106
https://doi.org/10.5281/zenodo.7032698
https://doi.org/10.1016/j.rse.2012.08.008
https://doi.org/10.5281/zenodo.7032698
https://doi.org/10.1016/j.envc.2021.100212
https://doi.org/10.26607/ijsl.v23i2.113
https://doi.org/10.1098/rsos.201501
https://doi.org/10.1002/ntls.10019
https://doi.org/10.1364/AO.29.001897
https://doi.org/10.1086/132749
https://doi.org/10.1086/664083
https://doi.org/10.1093/mnras/staa4005
https://doi.org/10.26607/ijsl.v24i1.119
https://doi.org/10.1016/j.jqsrt.2019.106658


S. Bará, C. Bao-Varela and M. Kocifaj Journal of Quantitative Spectroscopy & Radiative Transfer 296 (2023) 108456 

[

[

[

[

38] Bará S, Pérez-Couto X, Falchi F, Kocifaj M, Masana E. Estimating linear radiance 
indicators from the zenith night sky brightness: on the Posch ratio for natural 

and light polluted skies. Mon Notices Royal Astron Soc 2022;512(2):2125–34. 
doi: 10.1093/mnras/stac410 . 

39] Kasten F, Young AT. Revised optical air mass tables and approximation formula. 
Appl Opt 1989;28(22):4735–8. doi: 10.1364/AO.28.004735 . 
13
40] McComiskey A, Schwartz SE, Schmid B, Guan H, Lewis ER, Ricchiazzi P, 
Ogren JA. Direct aerosol forcing: calculation from observables and sensitivities 

to inputs. J Geophys Res 2008;113:D09202. doi: 10.1029/2007JD009170 . 
41] Kocifaj M, Wallner S, Solano-Lamphar HA. An asymptotic formula for sky- 

glow modelling over a large territory. Mon Notices Royal Astron Soc 
2019;485(2):2214–24. doi: 10.1093/mnras/stz520 . 

https://doi.org/10.1093/mnras/stac410
https://doi.org/10.1364/AO.28.004735
https://doi.org/10.1029/2007JD009170
https://doi.org/10.1093/mnras/stz520

	Modeling the artificial night sky brightness at short distances from streetlights
	1 Introduction
	2 Methods
	2.1 Geometry of observation
	2.2 Artificial sky radiance
	2.3 The solid angle of the source
	2.4 Dependence of the radiance on the distance and height above ground in a simplified case

	3 Results
	3.1 Parameters of the calculation
	3.2 Horizontal source at ground level
	3.3 Horizontal source above ground
	3.4 The effect of obstacles
	3.5 Nearby streetlights versus surrounding city lights

	4 Discussion
	5 Conclusions
	Funding
	Declaration of Competing Interest
	CRediT authorship contribution statement
	Appendix
	A.1 Basic geometrical relations
	A.2 Particular expressions for the atmospheric constituents
	A.3 Dependence of the artificial zenith brightness on the observer's distance and height above ground in a simplified configuration

	References


