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Abstract

In this work we analyze the relations between two different concepts of so-
lution of the Neumann problem for a second order parabolic equation: the
usual notions of weak solution and that of transposition solution, which al-
lows well-posedness of problems with measure data. We give a regularity
result for the transposition solution and we prove that, under smoothness
assumptions for the principal part of the operator, the local regularity of the
transposition solution is the same than that of the usual weak solution. As
an interesting particular case, we present a rigorous proof of local continuity
of the solution for a convection-diffusion problem with pointwise source term.

Keywords: Weak solution, Transposition solution, Convection-diffusion,
Measure data, Neumann boundary condition

1. Introduction

1.1. Preliminaries

Let 2 be a bounded domain of R™ with Lipschitz boundary I". For T" > 0,
we denote Qr = Q2 x (0,7), and X7 =T x (0,7).
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We consider the general second order parabolic problem with Neumann
boundary condition:

_'_Ly_f in QT7

@ =g on Xp, (1)
aI/L

ot

y(x,0) = yo in Q,

where

Ly=-3" 243 ayle t)j—y Fale ) + b ) O ol )y

i=1 Oz =1 L i=1 Li
a Z{Z ay(x, 1) 5~ +az(l“ tytvi(z),
YL =1 j=1
for U(z) = (v1(x), ..., v,(x)) the outward unit normal vector to I' in the point

x € I'. We assume the following standard hypotheses on the coefficients of
the operator L:

e a;; € L*(Qr), 1<4,j<n,

e ce€ L*(Qr),

e Ja>0/ ZZaij(x,t)&fj > al¢]?, VEER", ae. (1,t) € Qr.

i=1 j=1

Finally we introduce the associated family of bilinear forms
a(t;.,.): HY(Q) x H(Q) — R

defined by:

ow 0 ~ 0
a(t;w,v) /ZZ% xtawa;)l _|_/Q;a,-(:x,t)w v

=1 j=1
—i—/(z;bi(x?t)g—Zvdx—l—/Qc(x,t)wvdx, (2)
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and the family of operators A(t) € L(H'(Q), [H'(Q)]') defined by:
(At)w,v) = a(t;w,v), Yw,v € H'(Q), ae. te (0,T).

We shall also use the notation a(t; w, v) with the same meaning as in equation
(2) when w € W(Q) and v € W' (Q) with p € (1,00) and S =1L

All along the mathematical literature several concepts of weak solution
for second order parabolic equations have been given (see, for instance, La-
dyzenskaja et al. [19], Dautray-Lions [14] or Showalter [28]). The analysis
of the Dirichlet problem with measure data has been extensively studied for
a long time (with entropy and renormalized solutions being the two main
approaches, as can be seen, among others, in Boccardo et al. [6], Li-Zhao
[21], Blanchard-Porretta [5], Amann-Quittner [2], Chasseigne-Vazquez [11],
Meskine [23], Droniou-Prignet [16], Petitta [25] or Dall’Aglio et al. [12]. Fur-
ther relevant results - concerning transposition/duality solutions, Neumann
problems with non-smooth data, and local regularity - can be found in the
interesting works of Stampacchia [29], Dall’Aglio-Orsina [13], Porzio-Vespri
[26], Andreu et al. [3], Leoni-Pellacci [20], Petitta [24], Boccardo et al. [7],
and the references therein). However, the study of the Neumann problem
has been usually unaddressed. In the present work we analyze two types of
solution for Neumann parabolic problems, allowing measure data: the weak
solution and the transposition solution. The main aim of this work is re-
lated to proving a new regularity result for the transposition solution, and
demonstrating that, under suitable hypotheses, the local regularity of the
transposition solution agrees with that of the weak solution.

We begin our paper (Subsections 1.1 and 1.2) by presenting the more
usual definitions of weak solution, depending on the smoothness of data, and
their main properties and connections. In Section 2 we introduce the more
general concept of transposition solution for the case of a parabolic problem
with measure data, we recall the main existence and uniqueness results for
this kind of solution and prove rigorously that, with the usual definitions of
weak solution, any weak solution is a transposition solution. In Section 3 we
use interpolation to obtain a regularity result for the transposition solution of
(1) when the Neumann boundary condition is homogeneous and the source
term f € LI(Qr), 1 < ¢ < 2. Section 4 contains the main result of this
note: roughly speaking, we prove that, if the principal part of operator L
satisfy a;; € L>(0,T;Wh=(Q)), 1 < i, < n, the local regularity of the
transposition solution is the same that the usual weak solution of a similar



problem with second member in L7(0, T’; L4(2)), with 7 > 2 and ¢ > 2. Then,
we apply this result to a convection-diffusion problem in dimension n = 2
with pointwise source terms and Neumann boundary conditions (motivated
by a previous work of the authors [22]), attaining continuous solutions in
closed sets outside the source points. Finally, in the Appendix, some auxiliary
results are demonstrated.

1.2. Weak solution for “smooth” data

Let us assume that we are dealing with “smooth” data, i.e., yo € L*(Q), f €
L2(0,T; L*(Q)), and g € L*(0,T; H~2(I")). We recall several well-known as-
pects about the solution of problem (1):

Definition 1. We say that y is a usual weak solution of problem (1) if
y € L*(0,T; H' () N C([0, T}; L*(2)),
d

E(y(t)a V)20 +alt; y(t),v) = (f(t),v)r2@ + (9(t), v)r, (3)
Yo e HY(Q), inD(0,T),
y(0) =y  inQ,

where we have used the notation:
() var = {9(0):70) - ) by

or~: HY(Q) — Hz(T) the trace operator.
Jor v P

Remark 1. Previous definition is equivalent to looking for a solution y €
L*(0,T; HY(2)) N C([0,T); L*()) satisfying the partial differential equation
in the sense of distributions in Qr, the initial condition in the sense of L*(2),
and the boundary condition in the sense of H=2(Sr). (See [9]).

The following results are also well known (a detailed proof can be found,
for instance, in the monograph of Casas [9]):

Result 1. The problem (1) has a unique usual weak solution y. Moreover,
the following estimate is verified:

Yl 220,00 20)) + [|¥]leqo,11:22(0)
< C{llwollzz) + Il fllz2 0L + 19l 20, m-1720)) } (4)



Let Figg : (0,7) — [H*(R)]" be the function defined by:

(Firg(t),v) = (f(t),0)1200) + (g(t),v)r, Vv € HY(Q).

Result 2. Function Fyyg € L*(0,T;[H'(Q)]'). Moreover, y is a usual weak
solution of (1) if and only if

y € L*(0,T; HY(Q))
dil—it) +A()y(t) = Fipgt), in L20,T; [H(Q)]) 5
y(0) =yo  in Q.
In particular, y € W(0,T; H (Q), [H (2)]") € C([0,T7]; L*(Q)).

Remark 2. We must recall that:

W0, T; H'(Q), [H(Q)]) = {z € L*(0, T H()) - % € L*(0,T; [H'(Q)])}

with the identification H*(Q) C L*(Q) = [LA(Q)] C [HY(Q)]'.
Result 3. y is a usual weak solution of (1) if and only if

y € L*(0,T; H'(Q)) N C([0,T]; L*(2)), )
on r
— |y dvdt+ [ a(t;y(t),n(t))dt

= /O (Firg) (), n(t)) dt + (yo,1(0)) 2@,
Vne L*(0,7; H' () N H'(0,T; L*(Q))  such that ny_r = 0. )

Remark 3. [t is worthwhile mentioning here that space L*(0,T; H*(2)) N
HY0,T; L*()) = HY(Qr) and, consequently, formulation (6) agrees with
formulation used in Chapter III of Ladyzenskaja et al. [19].

Results 2 and 3 arise, for instance, from [28, Ch. III, Prop. 2.1], where a
more general abstract case is considered.

1.83. “Relazation” of the hypothesis on f

Let us assume, for the sake of simplicity, that yo € L*(Q). Let f €
L™(0,T; L7(QQ)) and g € L™(0,T; L%(I")) where r1,q and 7, go satisfy re-



spectively the following conditions:

1 n n _1+n )
1 291_ 4’
2n
€ |l——,2|, mell,?2 for n > 3,
@ [n—l—Z } 1€ (1,2] (7)

¢ €(1,2], rp€[l,2) forn=2,

4
¢ €[1,2], r € {1,51 for n = 1.

/

1 n—-1 1 n 2(n—1) 4 )

[ = - —’ 6 —72 5 E _’2 f > 27
2 2 4 { " } " {3 ] o

1 1 4

—4+—=1, @ec(l,2], o€ |-,2 for n = 2, L
T2 2(]2 3

(If n = 1, we require g € L3(37)).

Remark 4. We must note that condition (7) is in fact condition (1.6) in-
troduced in Chapter III of Ladyzenskaja et al. [19]. We also recall that
L2(0,T; HY(Q)) N L*(0,T; L*(Q)) € L"(0,T; L4 (). So, term fQT fndxdt
makes sense for any n € L*(0,T; H'(2)) N L>=(0,T; L*(2)).

Remark 5. Our condition (8) is related to condition (II1.5.3°) of [19]. The
correct range of admissible values of ro and g is that of our condition (8).
This range is more restricted that the one that appears in condition (I1I11.5.3’)
of [19]. Determination of the range of admissible values of ro and g requires
the previous determination of the range of values r and q such that the trace
operator vy verifies:

v € LIL*(0, T3 H(€2)) N L¥(0, T L*()); L7(0,T; LU(T))) (9)

(cf. (11.3.11) and (11.3.10) of [19]). This in turn requires the previous deter-
mination of the range of values q for which the inequality

o —Q n n_l
el < Clellin ol o€ H'(@). a=5 "= (0)

holds. (It can be easily seen that this inequality is equivalent to inequality
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(11.2.21) of [19].) It must be pointed out that inequality (10) is valid for
q € [2 2(" 1)] if n =3 and for q € [2,00) if n = 2 and, as we shall see in
next remark it is not valid for ¢ < 2 (contrary to what is said in the English
edition of [19]).)

Let us justify first that inequality (10) holds for such ranges of q. We
consider first the case n > 3. Inequality (10) for ¢ = 2 arises from the last

equation of page 41 of [18] and for q = 2((” D from Sobolev injection (see,

for instance, [1], Th. 5.22). Then, the intermediate case 2 < q < ((" 1)) is

obtained through the interpolation inequality. In the case n = 2, inequality
(10) results from the continuity of the trace operator v : H () — L*(T), the
inequality

[0]

1
sy < Cslloll iy ol e Yo e HA(T), 0<s< 5 (11)

and the Sobolev imbedding H*(I') C LY(T"), where 0 < s < & and % =3 —s.
(See [18], Theorem 1.4.4.1).

Using (10), it is easy to see that the trace operator v satisfies (9) when r
and q are such that:

1 -1 2(n—1

2.n :2’ qe 27L , re€l2,4 forn >3,

T 2q 4 n—2

1 1 1 (12)
Lo =y 4€200) re(2d for n.= 2,

Forn=1,~ € L(L*(0,T; H'(Q))NL>(0,T; L*(Q)); L*(X7)). (Note that the
range of admissible values of r and q is more restricted than that stated in
(I11.3.10) of [19] ). The condition (12) leads to the condition (8) forry and gs.

Remark 6. The inequality (10) does not hold for q < 2 (that is, o« < ) as
the following counterexample shows.

Let Q = Q4 = {x = (2, z,); |2'| < 1,0 <z, <1}, where 2’ = (z1,...,Tp_1)
and 2’| stands for the Euclidean norm of x'. For any 0 < ¢ < 1, let 1. :
[0,1] = R be the unique continuous piecewise linear function which takes the
constant value 1 over [0,¢] and vanishes over [2e,1]. Let u. : Q4+ — R be
defined by u.(x) = n.(z,). Clearly u. € H'(Q,) and it is straightforward to



check that

[uell 2@y = O('?), (13)

||U/€||H1(Q+) — O<8_1/2)' (14>

If the inequality (10) were true with ¢ < 2 (that is, a < 1), it would hold that
el Laoqyy < Cel7272, (15)

hence lim. o ||ue|| aaq,) = 0, which is impossible because
el Taga0, ) = /laz’|<1 luc(2,0)|%dzy...dx,—1 = meas, (2’| <1) >0 . (16)

This counterexample can be extended to any bounded domain Q with C!
boundary by means of partitions of the unity and local charts.

In this case, following Ladyzenskaja et al. [19] we introduce the following
definition, which is clearly an extension of formulation (6):

Definition 2. We say that y is a usual weak solution of problem (1) if
y € L*0,T; H'(Q)) N C([0, T]; L*(2)), )
T
—/ y@daﬁdt +/ a(t;y(t),n(t))dt
o Ot 0

— [ udsdr+ | gndodt + (0O,
Qr X7
Vn e L*(0,T; HY () N H'(0,T; L*(Q))  such that nu—r = 0.

Theorem 1. The problem (1) has a unique usual weak solution y. Moreover,
following estimate s satisfied:

Yl z20,r:m () + 1Y lle o220
< Cllwollz) + 1 fllr oszan @y + 9l r2oizeeop} - (18)
Proof. See Chapter I1I of Ladyzenskaja et al. [19]: existence and uniqueness

is derived from Theorem 5.1, and estimate (18) is obtained by adapting
Theorem 2.1 for Neumann conditions. O

Remark 7. Above result requires a lower time-space smoothness than Re-
sult 1. We will analyze below in detail the extreme cases in the hypothesis
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(7) on f:

(i) For anyn: ry =1, q = 2, that is, it is enough that f € L*(0,T; L*(Q))
in order to obtain existence and uniqueness of solution for problem (17),
weakening the time reqularity of f.

2
(ii) Form > 3: 1 =2, q = —|7—L2 = (2), that is, in this case it is
n
enough that f € L*(0,T; L®)'(Q)), where 2* is the critical exponent
for the Sobolev injection H*(Q)) C L* (), and p’ denotes the conjugate
exponent of p.

2+ 2¢

1+ 3e
this case it is enough that f € L%(O, T; L'(Q)).

(i1i)) Form=2: ¢ =1+¢€ (withanye>0), r = < 2, that is, in

4
(iv) Form =1: ¢ =1, r = 3 that is, in this case it is enough that
f € L3(0,T;LY(Q)).
As we can easily observe, in all of the cases, the required reqularity for f is
always lower than the required for the “smooth” case f € L*(0,T; L*(Q)).
2. A parabolic problem with measure data

Let us deal again with problem (1), but now with “non-smooth” data,
that is, we will keep the assumption on y, € L?(Q2), but we will consider

here f = po, € M(Qr) = [Co(@r)]; and g = px, € M(Zr) = [Co(X1)]"
We recall the definition of weak solution given in Casas [10, Def. 6.1] for a
related problem:

2
Definition 3. Given r, p € [1,2) such that — + n > n+ 1, we say that a
r p

function y is a weak solution of problem (1) if:
y € L'(0,T;WHP(Q)), )
on T
— | ygydedt+ [ a(ty(t), n(t))dt
T ot 0

= / ndug,(x,t) +/ ndus,(x,t) + / yo(z)n(x,0) dx,
QT 7l - Q
vn € CY(Qr) such that n—r = 0.

(19)
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In this case, we also introduce the concept of transposition solution. In
order to do that, we consider the functional spaces:

Y = L*0,T; H' () N C(Qr),
Yr={z€Y : 2(T) =0},
0z

0z
ngo = {Z € YT D=+ L*z S LOO(QT) 8V
L*

5 € L>(Xr)},

where L* is the formal adjoint of operator L given by:

* - 8 - 8 a
LZ__jZIa_%{;%(I,% xtz}—l—zazxt -+ t)z,

and

ayL Sl o+ by, )2 ()

j=1 =1

Definition 4. We say that a function y is a transposition solution of

2
problem (1) if, for some r, p € [1,2) with — + s + 1, it verifies
r . p

y € L7(0,T; W'»(Q)),

n on
__r *
/Ty( at iy )d$dt+/ETyaVL* do dt (20)

:/ nduQT(x,t)—i-/ ndugT(az,t)—i-/Qyo(x)n(x,O) dr, VneYz.
T Y

Arguing as in [10, Th. 6.3] we can demonstrate the following result:
Result 4. The problem (1) has a weak solution y, which is the unique trans-
position solution of (1). In fact, y € L™(0,T; W'P(Q)),Vr,p € [1,2) such

2
that——l—ﬁ>n—|—1.
r p

Remark 8. Uniqueness of the transposition solution is a consequence of the
surjectivity of mapping:

0z 0z
zeYy — (- 5 + L'z 81/L*) € L™(Qr) x L= (Zr),

10



that can be obtained by adapting results from Di Benedetto [15, Th. 4] and
Ladyzenskaja et al. [19, Ch. III, Th. 7.1].

This implies that the zero function of L"(0,T; W1P(Q)) is the only one
satisfying:

/ y(—@—i—L*n)dxdt—i-/ Y il dodt =0, Vne€Yr®,
- ot Y7 Vpx

which shows the uniqueness of y.

It is worthwhile mentioning here that, although each transposition solu-
tion is also a weak solution, a weak solution is not necessarily a transposition
solution. For instance, let us consider the case corresponding to the choice
aij(x,t) = (72 =D)ayx;(xi+a3)t +6; fori,j = 1,2, a; = b; = 0 fori = 1,2,
¢ = 0 and the function u(z,t) = x1(2? + 22)~079)/2 with 0 < € < 1 defined
in Q the unit ball of R? (Serrin [27]), that is a weak solution of the problem:

— 4+ Ly=0 in Qr,

at@y ou
g _ T (21)
81/L 31/1: on ET’

y(z,0) = u(z,0) in Q.

However, u is not a transposition solution of this problem, since it is
not smooth. We must take into account that this problem admits a usual
weak solution w, that will be smooth due to the fact that data are regular.
This weak solution w is the unique transposition solution and it is evidently
different from u. (Note that the spatial derivatives of u are in LP(Q2) Vp < 1—2i-e
but not in L?(12)).

We are going to analyze now the different types of solution depending on
the smoothness of data.

Theorem 2. Assume yo € L2(Q), f € L2(0,T; L2(Q)) and g € L2(0,T; H 2 (I)).
If y is the usual weak solution of problem (1), then y is a transposition solu-
tion and, consequently, a weak solution of (1).

0
Proof. For a given n € Y;°, we consider ¢ = _8_7257 + L*'n € L=(Qr) and

11



o) 7 ¢ L*>(X7). Then, n is the unique usual weak solution of

- aVL*
n € L*(0,T; H'(Q)) NC([0, T]; L*(2)), )
0
~S L= nQr,
on 5 (22)
8VL N Of =1
n(x,T) =0  in .

Let A*(t) € L(H*(Q),[H*(Q2)]) be given by:
(A*(H)w,v) = a(t;v,w) = (A{t)v,w), Yw,v€ H(Q), ae tec(0,T).

Then, from Result 2, we have that y, n € W(0,T; H'(Q), [H(Q)]') satisfy
(5) and

_dn®) g

g7 (t)n(t) = Flp.g(t) in L*(0,T;[H*(Q)]). (23)

From this regularity, the following computations can be done:

on on
— 2 L) da dt do dt
/Ty( 5 T L) dz +/2Ty8VL* o

T
:/ y¢da¢dt+/2 ycbdadt:/o (Fly.o(t),y(t)) dt

- [ s oo = [ ) a

- / n(z, T)y(x, T)dz + / (e, 0)yola)dr + / (A(t)y(t), n(t)) dt

= [ oo+ [ o0l

Q

= fnd:cdt+/n(x,0)yo(x)dx+/ gndo dt.
QT Q ET

Thus, y is a transposition solution of (1). O

Theorem 3. Assumeyy € L*(Q), f € L™(0,T; L1(Q)), g € L™(0,T; L=(T"))
with 1, q1 and o, qo satisfying hypothesis (7) and (8). If y is the usual weak

12



solution of problem (1), then y is a transposition solution and, consequently,
a weak solution of (1).

Proof. Since C(Qr) is dense in L™(0,7T; L%(Q)), and C(3r) is dense in
L(0,T; L%(T)), we can consider a sequence {f,}nen C C(Qr) convergent
to f in L™(0,T; L9(2)), and a sequence {g,}nen C C(X7) convergent to
g in L™(0,T; L%2(T")). Let y, be the solution of problem (17) with second
member f,,, boundary condition g, and initial condition yy € L*(€2). Since
fn € C(Qr) C L*0,T; L*)) and g, € C(Xr) C L*(0,T; L*T)), y, is the
solution of (6) and, consequently, the solution of (3) (with f, and g, instead
of f and g). From theorem 2, y,, is the transposition solution, that is:

on on
(== + L*n) dx dt W~ do dt
/Ty(at+ n) dx +/2TyaVL*O-

= fnndxdt—i-/

n(w,O)yo(:r)dw+/ gnndodt, Vn e Yr.
Qr Q

3

From estimate (18), {y,} converges to y in L*(0,T; H'(Q))NC([0, T]; L*()).
So

on / on
—— + L*n)dxdt + do dt
/QT y( ot 77) Z}TyaVL*

= fndﬂfdt+/n<w,0)yo(x)dx+/ gndodt, Vn €Yy,
Qr Q S

i.e. y is the transposition solution of (1). O
Finally, for the case of measure data f = pg, € M(Qr), g = px, €
M(Xr) and yo € L*(Q) (the two following results remain true even for the
more general case yo € M(Q2) = [Co(€2)]"), we have the following relations:
(R1) If y is a weak solution of (1) in the sense of (19), then y is a solu-
tion of the partial differential equation a—i + Ly = f in the sense of
distributions in Q7.
(R2) If y is the unique transposition solution of (1), then y is also a solution

0
of a—g; + Ly = f in the sense of distributions in Q7.

13



It is important to remark here that we cannot take n € D(Qr) as test
function in the definition of the transposition solution, since D(Qr) ¢
Y7°. This is due to the fact that we have only assumed the boundedness

0
of a;; and b;, and this only assures that _8_:5] + L'n € W h(Qr),

9,
but not necessarily _8_:5] + L'n € L*>(Qr). Nevertheless, this relation

(R2) holds true since, as commented above, the unique transposition
solution is a weak solution in the sense of (19), and, consequently, also
a distributional solution of the partial differential equation.

3. The solution operator

Let us assume for simplicity that g = 0. Then we can define the solution
operator:

S o LNQr) x LX(Q) — L0, T; W(Q))
(fs %) — y

where y is the unique transposition solution (and also a weak solution in

the sense of (19)) of problem (1) with ¢ = 0, and r, p € [1,2) such that
n

-+ —-—>n+1

r

p
Since the usual weak solution (that is, the solution of (3) or (17)) is the

transposition solution (and a weak solution in the sense of (19)) of (1), we
have that:

S(L*(Qr) x L*(Q)) € L*(0,T3 H(2)) N C([0,T]; L*(2)),

S(L™(0,T L™ (Q)) x L*(Q)) € L*(0, T3 H () N C([0, T]; L*()),

for any numbers r;, ¢; satisfying condition (7).
It is also obvious that, due to the linearity and the uniqueness of solution,

S(fv yO) = S(f7 0) + S(O7y0)7 Vf € Ll(QT)a Vy[) S LQ(Q)

Thus, we can consider the case yo = 0 and, in order to simplify the notation,

we can rewrite So(f) = S(f,0).

14



Now, thanks to estimate (6.7) of Casas [10], the linear operator:

So = LYQr) — L7(0,T;WHr(Q))
/ — Yy

is continuous and, due to estimates (4) and (18), the linear operator Sj also
verifies:

So € L(L*(Qr), L*(0,T; H'(Q)) N C([0, T]; L*(2))),
So € L(L™(0,T; L™ (Q)), L*(0, T; H'(Q)) nC([0, T}; L*(2))),

for any numbers ry, ¢; satisfying condition (7).
If we assume that r1, ¢; satisfy stronger condition (7.2) of Ladyzenskaja
et al. [19, Ch. III], then we have that:

So € L(L™(0,T5L™(9)),C(Qr)).

This stems from an easy adaptation of theorem 7.1 of [19, Ch. III] to the
case of homogeneous Neumann boundary conditions, combined with [15, Th.
4.

3.1. Global regularity of the solution for a second member f € LI(Qr), 1<
q<?2
We consider again problem (1) with ¢ = 0. We are interested now in
analyzing the regularity of the transposition solution in the “intermediate”
case where f € L1(Qr), for 1 < g < 2. Due to the linearity of the problem, it
is enough to study the case yo = 0. For this case we know that the solution
operator satisfies:

So € L(LN(Qr), L7(0, T; WH(Q))),

2
Vr, p €[1,2) such that — + L > n + 1. Then, taking p = r, we have:
r

p
S0 € L' (@), I'(Q1)), Vre[l, ),
and 0 42
n
a[pi o S() c E(Ll(QT),LT(QT)), Vr € [17 "t 1)

On the other hand, since Sy € L(L*(Qr), L*(0,T; H'(Q))NC([0,T]; L*(2))),
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we also have:
SO € ﬁ(Lz(QT)a Lz(QT))7
and

0 5y € L(LA(Qr), 1(Qn)).

From the Riesz-Thorin Theorem (see, for instance, Bergh-Lofstrom [4]), the
0

oSy € LILYQr), L*(Qr)) for q, s satisfying
x

i

operators Sy,

1 1
-=0+(1-0)=
S0 (-0),
1 1 1
-—=0-4+(1-0)=
s r+( )2’
n+ 2
ith 6 € (0,1), and r € [1, )
wi (0,1), and r € | n+1)2
Considering the case r = n I T~ €, € > 0, and after the elimination of 6,
n
we arrive to:
1 2
s =s(e) = 5 — S(O):M, as € — 0T,
1 2-q np1te qg+n
2+ q 2ntd_oc

n+1

and s(e) < s(0), for e > 0.
("+2)476

0
Consequently, the operators Sy, 9. ° So lie in L(LY(Qr), L« ~°(Qr)),
(x,

Vg € [1,2), and Vo > 0 arbitrarily small.
Thus, we have demonstrated the following global regularity result:

Theorem 4. If f € LY(Qr), with q € [1,2), then the transposition solution
(n+2)q 5 (n+2)q iy

of the problem (1) lies in L atn °(0,T); W' e °(Q)), V6 > 0.

Remark 9. An analogous result for the case of nonlinear equations with
homogeneous Dirichlet conditions has been proved by Boccardo et al. [7, Th.
2.9 and Th. 2.11]. Other related results for the case of Dirichlet boundary
conditions can be found in the works of Dall’Aglio-Orsina [13] (for measure
data), Porzio-Vespri [26] (for Holder regqularity results), and Leoni-Pellacci
[20] (for unbounded domains).
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4. Local regularity for a parabolic equation with non-smooth data

Let us consider now the problem

0

Yiy=f nQn

o,
Y —0 onmp, (24)
aVL

y(z,0) =y  inQ,
with measure data f = ug, € M(Qr), and yo € L*(Q).

In the sequel we shall assume also that
ai; € L=(0, T, Wh>(Q)), 1<1i,j<n.

Let as assume, as supplementary hypothesis, that, for a given open subset
w CC Q, the restriction of f to wr :=w x (0,7T) lies in L7(0,T; LY(w)), with
7 > 2 and ¢ > 2. The goal of this Section is to prove that, for any open
subset W' CC w, the restriction of the transposition solution y of (24) to
w’' x (0,7T) has the same regularity that the usual weak solution of a similar
problem with second member in L7(0,T; L((2)).

We know that, if f € M(Qr) and yo € L*(Q), then (see Casas [10, Th.
6.3] ) there exists a unique y € L™(0,T; W'P(Q)), Vr, p € [1,2) satisfying

2 n
— 4+ — > n + 1, that is the transposition solution of (24). Moreover, ¥y is a
,

D
weak solution of (24) in the sense of (19).
We choose ¢ € C5°(12) satisfying:

(=1in o, }
25
supp(¢) C w, (25)
so that the restriction of (y to w’ agrees with the restriction of y to w'. It is
2
clear that Cy € L"(0,T; WP(J')), Vr, p € [1,2) such that = + D sntl
r . p
We shall first see that (y is the distributional solution of a partial dif-
ferential equation like that appearing in (24) but with an appropriate right

hand side f.
Multiplying now equation (24) by ¢ (which makes sense, since ( € C*(Q)

17



and the equation is understood in D'(Qr)):

oy B
ey = f¢

But we know that:
d(Cy)

Jy
ot CE

and

CLy:_Z@i‘{Zaij(x’t)M_l_al (x,t) Cy}—i—Zb x,t) M

)

+c(z,t) Zamxt +Z(9 (a;j(z, t)y 885
J
3C
—l—Zaw z,t)y +az(x t)ya
~ O( < 0(
; ox; ; Z ox; i 6%
- 9%¢ ¢ g ¢
+ ; ag(z, t)ym + a;(z, t)ya—xi} - Z bi(z, t)y e
Thus,
0
% +L(Cy) = f

in D'(Qr), where
. "L 0C 8{
f:Cf_Z{a_xiZ +Za 8%

—l—ZaU z,t)y C +az(:c t) aC

y a (26)

2

lies in L7(0, T; LP(Q)), Vr, p € [1,2) such that = + © > n+ 1 if 7 > 2 and
r.p

G > 2. Thus, here we find the necessity of the analysis of the regularity

18



of the transposition solution of problem (24) for the “intermediate case”
feLiQr), 1< q< 2, which we have still developed in Subsection 3.1.

Our second aim in this Section consists of proving that (y is in fact the
transposition solution of a similar problem to (24) with second member f. A
first attempt to do this, based on the fact that y is the transposition solution
of problem (24), could begin from taking as test functions {n, with n € Y;°.
But this cannot be done, since n € Y3° does not imply that ¢(n € Y°.

In fact, if we consider, for instance, Ly = —8Ay + b Vy, where b e
(L>®(Qr))" and > 0 is a constant, then

Y2 ={2¢€ L*0,T; H(Q)) NC(Qr) : —% + Lz

0z - 50 0z . 0z = 0o
_—E—V~(bz)—6Az€L (Qr), aTL*—ﬁ%—i—zbweL (X7)}

Hence, if n € Y° we have

_@ + L*(Cn) = —C=~ — V- (bCn) — BA(CY)

0 - -
=~ — BCAY = ByAC — 2BYC -V = ¢V - (bn) = b - V¢

877 * z
= (=g + L) = 26VC- Vi = BnA¢ —nb - V¢
Since, in general, V(- Vn & L>*(Qr), then (n & Y7°.
Thus, in order to demonstrate that that Cy is the transposition solution
of a similar problem to (24) with second member f, we can argue as in Casas
[10, Th. 6.3] and prove the following:

Theorem 5. Let f = ug, € M(Qr) and yo € L*(). Assume that for a
given open subset w CC 2, the restriction of f to wr = w x (0,T) lies in
L7(0,T; Li(w)), with 7 > 2 and ¢ > 2. Let y be the transposition solution
(and also a weak solution in the sense of (19)) of problem (24). Then, Cy is
the transposition solution (and also a weak solution in the sense of (19)) of
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problem:

0 _
Yite=f mon
9
8VL =0 on X,

¢( Z, )—CyO inQ,

where f is given by (26).

(27)

Proof. Let i € M(Qr) be the regular real Borel measure on Q7 whose
restriction to Q7 is f and whose restriction to dQ7r is the zero measure (see
Section 4.2). We consider a sequence { f, }nen C C(Qr) weak™ convergent to
Vn € N. Let y, be the

i in M(@) and satisfying | fullz1(0r) < | fllm@2)s

usual weak solution of approximate problem:

Yn € L2(0,T5 H'()) N C([0, TT; L*(€2)),

Wy Ly,
3yn
vy, B
Yn(@,0) = 4o

in QT7
on ET,

in €.

/

Then, (cf. Casas [10, Th. 6.3] ) {y,} is bounded in L"(0,T; W'?(£2)),

2
Vr, p € [1,2) such that — + LS n + 1.
r p

Thus, we can extract a sub-

sequence, still denoted in the same way {y,}, weakly convergent to y in

L7 (0, T; WP (Q)).

We know that y,, satisfies:

8

/0 alt,yn(t), (1)) dt =
Vn € L*(0,T; H'(Q)) N H'(0,T; L*(2)) such that n,—z = 0.

Qr

fnndxdt—l—/yo(x)n(:c,()) dz,
Q

Due to the properties of ¢, ¢(n € L*(0,T; H(Q)) N H*(0,T; L*(Q)), and

(¢n)je=r = 0; thus, we can use n¢ as a test function:

on T
- ynC_ dx dt + a(ta Yn (t)v Cn(t)) dt =
Or ot 0
Vn € L*(0,T; HY(Q) N H'(0,T; L*(Q)) such that Ne=r = 0.

Qr

20
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(29)



In particular, this equation remains valid V¥ € C*(Qr) such that 9 = 0.
Using the weak™ convergence of the sequence f,, to i in M(Q7), the definition
of i and the facts that supp(¢) C w and ¢f € L7(0,T; L9(w)), we obtain

h_)IIl foCndzdt = 7@0 djp = n d:U’QT (x, t)
e JQr Qr Qr

— | cnduoy ety = [ crndsar 0

Taking this into account and passing to the limit as n — oo in (29), we
deduce:

- [ Gt [Catsoca= [ cnaears [ w0
vn € CY(Qr) such that ny_r =0,

We also know that:

ol Clt) (1) = altsy(0)Gu(0) + [ 55 ol ) 3L .8) 2 )

=1 j=1
/ZZaUxt :z:ta(xtax dx—/Za,xt (x,t) (xt)gqi()d

i=1 j=1 v

"‘/Q;bz(x,t>aa—i(l')n(;p7t)y(m,t) dr.

So,

- [ wGp [ et cvmnwyan= [ cmarars [ w0

N\ 9 9¢ oy 9¢
—l—/Q ZZCLU(Z' t)y 835 . dx dt ZZGU :Etnaxjaxidxdt

T =1 j=1 QTZl]l

- a;(x,t)n / bi(x,t) nydmdt
/QT; QT; 8

= / yo(z)¢(x)n(z, 0) dx + / nfdxdt, ¥neCQr) such that n—r =0,
Q

T
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Thus, (y is a weak solution of (27) in the sense of (19). We can also demon-
strate that (y is an transposition solution of (27), that is, that:

/ yC(——+L* )da:dt+/ yC T dodt

T 3

= fndxdt—i—/yg(x)C(x)n(x,O) dr, VneYr©. (31)
Qr Q

0
To do this, given n € Y;°, we consider ¢ = _a + L*n € L*=(0,T; L*>(Q))

ot
0
81/77 € L*°(X7). Then, n is the unique solution of problem:
L*

and g =

ne L2(0,T; H'(Q)) N C([0, T]; L*(Q)), )

0
=y in Q.

ot
32
an g onvy, (32)

aVL*

n(x,T) =0  in (L.

J

Let Fiy g : (0,7) — [H'(Q)]" be the function defined by:

(Foa®).0) = [ 6(Ouds + g0, o e H(@)

Thus, 7 is solution of:
n € W(0,T; H'(Q), [H'(Q)]'),

le<t> + A% (t)n(t) = Fipg(t)  in L2(0,T;[H'(Q)]'). }

Because of y,¢ € W(0,T; H (), [H'(2)]'), the following computations

(33)
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can be done:

/nc( +Ln)dxdt+/ gaa” do dt
T V=

:/ yn(@bdazdt+/ ynCg do dt
Qr S

= [ Bt e dt = [ 4400, cone)

:/0 <W’W>>dt— /Q n(z, T)¢(x)yn(z, T)dx
e, 0 m(a)ds + [ (ADCon().n(o) e

d(Cyn dyn
(Qilt(t)) _¢ ydt(t), Nz =0, and

+
S~

Since

(A)(Cyn(8))n(1)) = alt; Cyn(t), (1)) = alt; ya(t), Cn(t))
/ZZ@ xtynﬂftg—n(w t>§<< ) du

/ZZ@ (x,t)n(x,t) gij( t)ggf( ) dx

/Z (x, t)n(z, )y, (z t)gc( )dac+/g2izlb'( )%(x)n(m,t)yn(x,t)dx
= (A(t)y /lezla xtynxtgn(xt)aa:fj()dx
/ZZ (1) xtgy"( )g—i( ) dz

n

—/Q;ai(%t)n(xat)yn(x,t)g—;(w) dx+/92b(a: t)gai( (2, )y (x, ) d,

1=1
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we have that:

on . In
/TynC(—EJrL )d:cdt+/ Ca o do dt

T T
= [ e ai+ [ et 0+ [ (Aw0.cowhar
on OC Oy OC
/Q ZZazjxtyna—g%d dt—/Q Zz%xtnaijaxidxdt

T j=1 j=1 T =1 j=1

/Qza@ )ny rdt + Z xta Ny, dxdt

T =1 QT'L]_

fnnCd$dt +/( x)yo(x)n(x,0)dx

Letting now n — oo and using (30) we obtain:

on .,
/TyC(—EvLL )dxdt+/ET

= (f,{n) + / o(z)¢(z)n(x,0) dx—/ aw(:c t)y)%ndxdt

/;azxtnya /

:/Qyo(x)g(x)n(x,()) dr + fnda:dt.

Qr
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Finally, since (34) remains valid for all n € Y°, we have that (y is a trans-
position solution of (27). O

Remark 10. In above computations we have made an implicit use of the
following equality:

For any given | € [HY(Q)], (Cl,v) = (I,¢v), Yv € H(Q).
Thus, it is easy to prove that, if z € W(0,T; H (), [H*(R)]'), then:
¢z € W(0,T; H'(Q), [H'(Q))),

d(¢z)

ith
wi o

dz
_C%

4.1. Local regularity of the solution for a second member f = pg, € M(Qr),
whose restriction to w is in L7(0,T; LI(w)) with 7 > 2 and § > 2.
Finally, we return to the problem (24) in order to obtain a local regularity
result for its transposition solution .
Let us recall that, due to Result 4, the right hand side of equation (27)

~ 2
ferL(0,T;Lr(Q)), VYr, p € [1,2) such that — + - + 1. In particular
r p

_ - n-+ 2
(by taking 7 = p), f € L"(Qr), Vr € [1, + 1)

From Theorems 4 and 5, since (y is the transposition solution of (27), we

n?>+2n+4
h that L0, T W1 (Q)), Vs <5 = ———.
ave that (y € (0,T; (©2)), Vs1 <5 n2 4+ 2n + 2

0
Thus, v, 8_y € L (wy x (0,7)), Vs; < 31, and for all domain w; CC w.
ZT; B _
For the sake of homogeneity of the notation, we note ¢(; = ( and f; = f.
Repeating the process in a subdomain wy CC wy, the corresponding func-
tion (py is the transposition solution of (24) with a second member f, €

5 2
L (Qr) Vs1 < 1, hence Gy € L2(0,T; Wh2(Q)) Vsy < 55 = @
n S1

0
Thus, vy, 9 € L*?(wy x (0,T)), Vsy < 5y, and for all domain wy CC wy.

axi
0
The iteration of this process leads to v, R (wr, x (0,T)), Vsp < 3y

(9xi
Sk_1 (n + 2)

with 5, = — for all domain w, CC wi_1. It is easy to see that
n+ Skg—1

25



1 < 5.1 < 5 < 2 and limg_,o S = 2. Hence, given any open subset
w' CC w, we can choose an integer [ big enough and a finite sequence of
open sets

w CCw CCw1 CC...CCwy CCw CCw

in such a way that the function (;y (with supp((;) C w;) be the transposition
solution of (27) for a right hand side f; which satisfies condition (7). Therefore
we have that (;y is the usual weak solution of this last problem and then the
standard results of Ladyzenskaja et al. [10, Ch. III] about regularity of
solution can be applied.

4.2. Local reqularity for a convection-diffusion problem with pointwise source
term in dimension n = 2

In this Subsection we are particularly interested in the study of the case
with a pointwise source term f = m(t)é(xz — P;), with m € L*°(0,7T), and
P € Q. Our interest is started from a previous work of the authors [22]
where the design and management of a wastewater treatment system is an-
alyzed by controlling a system of the type (24) with pointwise source terms,
representing the pollution concentration in a shallow water area. In that
work a result about the local regularity of the solution far from the point
Py is used, but only a rough proof of it is presented. Here we deal with a
detailed demonstration of this result, that is, that solution y is smooth in
any closed set of €2 with a strictly positive distance from P;.

We obtain, as in above Subsection, that y is an usual weak solution of
(24), with null second member, for all domain Q; CC Q\{P;}. So, the results
of Ladyzenskaja et al. [10, Ch. III] about Holder continuity of solution can
be applied. Consequently, we obtain the following continuity result for y in
the compact subsets of (Q\{P;}) x [0, T7:

Theorem 6. If f = m(t)0(x — P1), with m € L>(0,T) and P, € Q, then
the transposition solution of the problem (24) is continuous in A x [0,T], for
any subdomain A CC Q\{P,}.

Appendix: A result about approximation of measures.

Let Q be an open bounded subset of R". We denote by M((2) (resp.
M(£2)) the set of the real regular Borel measures over €2 (resp. €2). We recall
that M(Q) = [Co(Q)] and M(Q) = [C(Q)]".
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Although the approximation of measures by regular functions seems to be
a well known property that has been sometimes used in the literature (see,
for instance, Temam [31] or Giusti [17]), after an almost exhaustive search
through the mathematical literature, we have not been able to find a proof of
this particular approximation result. Thus, for the sake of completeness, we
address here a rigorous demonstration of the approximation of a compactly
supported measure by a sequence of smooth functions, via the use of the
convolution with a mollifier sequence.

Lemma 1. Let Q be an open bounded subset of R™ and let A € M(Q), A > 0,
such that \ is concentrated in an open set w CC €). Let X be the measure
defined over R™ by )

ME)=MNENuw) (35)

for all Borel set E C R*. (X € M(R") and A > 0). Let {pm}men be a
mollifier sequence, that is,

1
o € GE(RY),  supp(p) € BO, ), >0, / pml)dz =1,

n

and assume further that each p,, is an even function. Let

(80 = [ pulz = 9)dAlw) 30

n

Then, we have:

lpm * dA[[ 1y < MLmageny = AR™) = A(Q) (37)

P * AN € C°(R™), the support supp(pm * dX) C @ + B0, L) (50, pm * dX\ €
C2(Q)) for m big enough, and

Pm ¥ dX — X weakly * in M(R), (38)
(pm * dN)|g — A weakly * in M(Q). (39)

Proof. Inequality (37) arises from [30, Ch. I, Th. 1.3]. We center our efforts
to obtain the convergence (39) from the convergence (38), since the rest of

the assertions are straightforward to check. Let ¢ € C(f2), we must prove
that

m [ (pm * dN) (@) (x)dx = /Qw(x)d)\(x) (40)

m—r0o0 Q
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Since w CC €2, we can choose a compact set K C 2 and an integer my
such that supp(pm * d\) C @+ B(0,+) C K for all integers m > my. Let
g € Cp(€2) such that 0 < g < 1 and g takes the value 1 over K. Then

[ i0)@@ds = [ (o x D)@
= [ om s @t = [ (o i0)) T

n

(x)dx

=~
where g1p € Cy(R™) is the extension of gi) by zero outside of 2. Owing to
convergence (38), this last integral converges to

| 3P @i = [ s@i@aie = [s@ie = [ @i
as required. O

From this lemma we obtain the following result:

Lemma 2. Let § be an open bounded subset of R™ and let p € M(S2). Let fi
be the measure on €2 which restriction to 2 is pu and which restriction to Of)

is the zero measure. Then fi € M(Q) and there is a sequence of functions
{fn}nen C C§(Q) such that

fn— i weakly * in M(Q)

Proof. It is easy to check that fi is in fact a real regular Borel measure
over €. For proving the approximation result, we can assume without loss
of generality that p is positive. (Otherwise we use the decomposition of
into its positive and negative variation.) The first step of the proof involves
the approximation of i by a sequence of measures with compact support
contained in €. Let Q, = {z € Q €;dist(x,00) < L}. Since Q, C Q41 and
U~ ©, = Q, we have

lim () = (€. (41)

n—oo

Let fi, be the measure over Q) defined by fin(E) = u(E(),) for any Borel
set B C (2. We have that fi, € M(f), and 0 < ji,(E) < fi(E) for any
Borel set £ C Q. By construction fi, is concentrated in €2, and, since fi, is
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positive, we have

1| paey = Fin(Q) = () < () (42)

Since fi — fi, is positive, we have
17— il ey = (7 — i) (@) = () — p(2) (43)
This, together with (41), gives
fin, — i strongly in M(Q) (44)

and a fortiori B
fn, — i weakly x in M(Q) (45)

In the second step of the proof we apply Lemma 1 with A = fi,, in order to
approximate each measure fi,, by the sequence of smooth functions p,, * fi,.
We combine the two approximation steps as follows. Since Q is a compact
set of R™, the space C(Q) is separable, hence the closed ball B = {v €
M(Q); [Vl pm@) < 1(€2)} is metrizable for the weak™ topology in M(Q) (see
[8, Th. III.25]). Let d be a distance over B which induces this topology.
Thanks to (42) and (37), fi, € B and p,, * i, € B. So, convergence (45) and
(39) are respectively equivalent to lim,, oo d(fin, 1) = 0 and lim,, o d(pp *
fin, i) = 0. Hence we can choose an appropriate sequence f, = Pm(n) * fn
such that lim,_.d(f,, i) = 0, which concludes the proof. O
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