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Abstract—In this work we propose a new decimal redundant CORDIC
algorithm to manage transcendental functions, using floating-point rep-
resentation. The algorithms determine the direction of the elementary
rotation using sign estimations. Unlike binary redundant CORDIC, rep-
etition of iterations are not required to ensure convergence since novel
decimal codes have been carefully selected with sufficient redundancy
to prevent any repetition. The algorithms are mapped to a low-cost
unit based on a decimal 3-2 carry-save adder which can also be used
as a floating-point decimal division unit. Compared to current decimal
floating-point units, the implementation of our algorithm involves minor
modifications of the native hardware, while providing a huge set of
elementary functions.

Index Terms—CORDIC algorithm, Decimal arithmetic, carry-save arith-
metic

1 Introduction

The processing of numbers represented in the floating-
point decimal format is driven by two increasingly
important areas-legal issues and standard practices in
financial data processing-as well as by the growing com-
plexity of financial applications (e-commerce, banking,
etc). This has motivated the standardisation of floating-
point decimal numbers in representation and processing
(included in the IEEE 754-2008 floating-point standard
[1]), and increased interest in support (hardware, soft-
ware or a mix of both) for floating-point decimal pro-
cessing on the part of microprocessor companies.

The IEEE 754-2008 standard allows two different stor-
age formats, DPD (Densely Packed Decimal) and BID
(Binary Integer Decimal). The DPD format is in fact a
compressed version of BCD encoding. Current hardware
support in commercial microprocessors uses BCD for the
implementation of decimal floating-point units [2] [3] [4].
Regarding BID, current implementations rely on a highly
optimized Decimal Floating-Point Math Library [5].

In this study we focus on BCD hardware implementa-
tions. A representative state-of-the-art industrial unit [2]
provides support for both Decimal64 and Decimall28§,
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with a 144-bit-wide datapath. Its main components are a
fast decimal adder, a parallel left/right rotator (for shift-
ing operations), x2 and x5 multiple generators and sup-
port registers and multiplexers. This unit directly sup-
ports floating-point addition/subtraction, multiplication
and division. Multiplication and division are performed
iteratively digit-by-digit. In the worst case, floating-point
multiplication requires 89 cycles for the Decimal128 for-
mat. This is very slow compared to a state-of-the-art
binary double precision floating-point implementation
(about 4-8 cycles a singly cycle throughput). The main
reason for such limitations appears to be the high cost (in
area and power) involved in supporting the Decimal128
format. If we look at the layout of the Z10 processor [4]
we observe that the area devoted to the decimal (serial)
floating-point unit is similar to the area of the binary
double precision (parallel) floating-point unit. Therefore,
we may expect significantly greater decimal floating-
point multiplication latencies than in the corresponding
binary operation during the next few years.

In this study we concentrate on the implementation
of floating-point decimal transcendental functions using
redundant arithmetic (carry—save). Our aim is to provide
an alternative implementation to support the floating-
point decimal number system defined by the IEEE 754—
2008 standard for the computation of transcendentals.
Similarly, Intel provided a software implementation for
transcendentals in its Intel Decimal Floating-Point Math
Library [6].

We have already proposed floating-point decimal tran-
scendental functions based on CORDIC in [7] and [8].
Specifically, in [7] we considered the CORDIC algorithm
for the implementation of decimal transcendentals, in-
volving a constant scale factor fixed-point algorithm for
computing trigonometric functions. In [8] we extended
the algorithm to hyperbolic coordinates to increase the
number of functions computed, dealing with floating-
point numbers and mapping the algorithm onto a state-
of-the-art DFPU unit, using a carry propagate adder.
We also developed a preliminary redundant version of
the algorithm (using fast carry—save adders) for one
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of the four possible combination of modes and coor-
dinates: the rotation mode in circular coordinates (four
options are possible: circular rotation, circular vectoring,
hyperbolic rotation and hyperbolic vectoring). The main
contribution of this study is the full extension of the
redundant algorithm to the remaining three cases; this
is not straightforward due to convergence problems. We
also map the redundant algorithm onto a simple unit
based on a 3-2 carry-save adder that may also be used
for operations such as floating-point decimal division,
avoiding use of the floating-point adder/multiplier for
the computation of transcendentals. Moreover, in con-
trast to our previous early implementation [8], the sign
estimation logic necessary to determine the direction of
each elementary rotation is outside the critical path, and
fully overlapped with datapath computations. CORDIC
was used by low-cost processors, such as calculators,
and by microprocessors when multiplication hardware
was slow (serial). This algorithm was no longer im-
plemented in microprocessors when high-performance
parallel multipliers became available, since the elemen-
tary functions are efficiently implemented by means
of table-based polynomial approximation methods. We
consider CORDIC an attractive approach to compute
decimal transcendentals, due to its potential low cost,
and the fact that a fully parallel decimal multiplier is too
costly in terms of area and power. The current stage of
development of decimal floating-point units resembles
the binary units in their early stages of development
with slow floating-point multipliers, and when CORDIC
was considered an attractive approach for transcendental
functions.

The paper is organized as follows: Section 2 briefly
describes the CORDIC algorithm and reviews our pre-
vious work on decimal CORDIC [7] [8]. In Section 3 we
present the redundant version of the algorithm for all
modes of operation, and determine the number of digits
required for the sign estimations, such that convergence
is ensured without any repeated iterations. Section 4 is
devoted to the floating-point extension of the redundant
algorithm. In Section 5 we discuss reducing the latency
of the algorithm by using a linear approximation of the
rotation. Section 6 discusses mapping the algorithm to
a low-cost unit that can be shared with a floating-point
division algorithm. In this section we also evaluate the
number of cycles required for the different functions
computed. Section 7 compares related studies, and the
conclusions are presented in Section 8. In order to make
the work more readable and not distract the reader from
the main flow, some auxiliary proofs have been made
available through the report [15].

2 Unified Constant Factor Decimal CORDIC

2.1 Fundamentals of the CORDIC algorithm

The CORDIC algorithm performs plane rotations of
vectors preserving a norm for circular or hyperbolic

rotation. We describe the algorithm for circular coordi-
nates as the basis for computing vector rotation, then we
extend it to the vectoring operation that computes the
modulus and angle of a vector. The intended operation
consists in rotating a vector (x;,,, ¥ ) by an angle z;, = 6.
Any rotation angle may be represented as a sequence of
n angles of the form

n
0~ E opre?
Jj=1

where o; indicates the direction of rotation (o; = —1
for a clockwise rotation and +1 for counterclockwise
rotation). Therefore, the rotation by  can be performed
as a sequence of 2D elementary rotations

ctor o) (il oy ")

tan(o; o) 1

All the cosine factors are precomputed as one factor K =
[1j-, cos(oja;). Note that K is a constant independent
of the rotation angle since cos(o;c;) does not depend
on the value of o; € {—1,1}. The multiplication by the
precomputed factor K can be done before or after the
2D elementary rotations. The o; values are computed
by implementing the recurrence

z[j+ 1] = z[j] — 0,0

To have a remainder that converges to zero, o; =
sign(z[j]). The algorithm is extended to the vectoring
mode in a simple way. In this case, the direction of the
rotations is calculated as o; = —sign(y[j]) (assuming
x[j] > 0) to zero out the y coordinate ((x[j],[j]) is the
vector obtained after the j — 1 plane rotation).

The algorithm is easily extended to hyperbolic rota-
tions by using the following elementary step

‘ 1 tanh(o;a;)
cosh(a;) ( tanh (o) 1

To obtain the convergence conditions, for the rotation
mode we consider a finite set of angles «; and that the
value of the angles is rounded to fit the wordlength of
the datapath. Let I; be the angular convergence domain
at iteration j, thatis I; = 7" ;e

For the CORDIC algorithm convergence is achieved if
the sequence of elementary angles verifies [9]:

a; <Ijp1 +oay 1)

This result is valid both for rotation and vectoring (the
same reasoning may be performed using tan~! (y[;]/z[j])
instead of z[j]), taking into account that truncation is
used instead of rounding.

For the z coordinate, the convergence condition results
in:

2l <L+ anm @)

For the conventional CORDIC algorithm, the elemen-
tary angles are taken as a;; = tan~'(277) for circular
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coordinates and «; ;1 = tanh™'(277) for hyperbolic
coordinates. This results in the following well-known
basic CORDIC iteration, where ¢ = 1 for circular co-
ordinates and ¢ = —1 for hyperbolic coordinates and

o; = sign(z[j]) (rotation mode) or o; = —sign(y[j])
(vectoring mode):
e+ = al~ cos 277 L] ©
yi+1 = ylil+ o5 277 2fj] 4)
zZi+1] = z[j] - 05 aje ©)

This ensures that the implementation of the basic
elementary step requires additions and binary shiftings
(since for circular (hyperbolic) coordinates, the tangent
(hyperbolic tangent) of the angle is a power of two).
Moreover, for circular coordinates the condition of con-
vergence (1) is ensured. For hyperbolic coordinates some
elementary angles need to be repeated for convergence

[9].

2.2 Unified Constant Factor Decimal CORDIC

After reviewing the conventional CORDIC algorithm, we
conclude that in order to obtain a simple constant factor
decimal CORDIC algorithm the following constraints
apply:

o To have a constant scale factor, for each elementary
rotation we should have two possible angles of the
same magnitude but with a different sign.

o The tangent (or hyperbolic tangent) of each of the
elementary angles should be a simple multiple of a
power of ten, in order to have simple operations in
the implementation of the elementary step.

Next, we briefly present the unified CORCIC algo-
rithm (circular and hyperbolic) to deal with decimal
BCD numbers [8]. Let us denominate (azazajag) as the
binary weights of the four bits of a BCD number. In-
spired by what is done for the binary CORDIC and
taking into account the above constraints we select
the angles as the arctangent (or hyperbolic arctangent)
of the binary weights of a valid binary coded deci-
mal representation'. For instance, for circular coordi-
nates and the code (azaza1a0)=(8421), we take angles of
the form: tan=1(8 107!), tan=1(4 1071), tan=%(2 1071),
tan=1(1071), tan=!(8 1072), and so on. In this way, the
basic iteration step requires a decimal shifting (which
is an easy operation for BCD operands) and a simple
multiplication by a3, a2, a; or ao.

The unified algorithm for a (asasaiap) code and m
decimal digits is as follows (¢ = 1 for circular coordinates

and ¢ = —1 for hyperbolic coordinates):

Initialization: z[1] = z;,, € [1,10),y[l] = yin €
(—10,10) (Jy[1]] < |z[1]]) and 2[1] = 2z, = 6 (@ €
- c7Dc )/

Iteration: for ¢ = 1 to 4m

1. Usually binary coded decimal representations use four bits for
each decimal digit of weights 8, 4, 2 and 1, but other alternative
representations are possible (different binary weights).

o; = sign(z[i]) (rotation mode) or o; = —sign(y[i])
(vectoring mode)

ali+1] = afi]— co; Cli] 107151 yi] (6)
yli+1] = yli]+ o; Cli] 107151 2[i] %)
zli+1] = z[i]— o0 aie (8)
where «a;; = tan~'(S[i]), a; 1 = tanh™'(S[i]), with

S[i] = C[i] 10~141, and C[i] = R[i mod 4] with R[0] =
ap, R[1] = a3, R[2] = ag,R[3] = a1. The scale factor
K. is constant, since cos(c;a;,1) and cosh(o;a;, 1), with
o; € {—1,1}, are constant. The angular convergence
domain is given by [-D., D.], and depends somewhat
on the (aszasaiap) decimal code selected to generate the
elementary angles. This algorithm may be directly used
for fixed point input arguments within the range of
convergence. The number of iterations, determined by
the parameter m (4m iterations), depends on the desired
accuracy.

The convergence of the algorithm for both circular
and hyperbolic coordinates is proved in [8] for the
(5,2,1,1) code. This code is of interest since x5 and x2 are
easy multiples in decimal, generated without any carry
propagation [10].

For the unified algorithm the convergence given by
equation (2) becomes:

4m
RA[] < e + Qe )
j=t
where RA[i] is the remaining angle to be rotated from
iteration i, i.e., RA[i] = z[i] for the rotation mode (circu-
lar and hyperbolic), RA[i] = tan~!(y[i]/z[i]) for circular
vectoring and RA[i] = tanh™'(y[i]/x[i]) for hyperbolic
vectoring.

3 ALGORITHM FOR CARRY-SAVE REPRESEN-
TATION

In this section, we discuss the proposed CORDIC algo-
rithm using a redundant decimal carry-save representa-
tion (two full digits for each decimal position coded in
standard BCD) for the operands?.

The unified constant factor decimal CORDIC proposed
in Section 2.2 uses the sign of a control coordinate. In
a redundant representation a full conversion to con-
ventional representation is involved to obtain the sign.
This is a very slow operation which should be avoided.
To do this, we use the sign of an estimation of the
control coordinate to determine the o; values. The sign
of the estimation is obtained by determining the sign
of some leading digits of the carry-save representation
of the control coordinate. Thus, only a few digits have
to be converted from redundant to conventional repre-
sentation. This scheme has already been used for binary
CORDIC with redundant adders (see for instance [12]).

2. Alternatively, decimal signed-digit representations could be used
[11].
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An error due to a wrong sign of the estimation may
lead to convergence problems, which can be solved by
repeating some iterations [13] [14] in the classic binary
CORDIC.

An important issue is the selection of the decimal code
to generate the elementary angles, since this may avoid
repeating iterations (as required in binary CORDIC). In
this section, we prove that for circular coordinates the
representation derived from the decimal code 5221 has
sufficient redundancy such that no repeated iterations
are needed, whereas for the hyperbolic case code 5421
is necessary to ensure sufficient redundancy. Therefore,
we determine the number of bits of the estimation such
that the basic elementary angle set ensures convergence
without any repeated iterations. The number of bits
of the estimation is limited by the cycle time and the
pipelining performed.

The scheme is based on an estimation of the sign by
analyzing a few leading digits of the control coordinate.
To have the digits analyzed in a fixed position, the
control coordinate has to be scaled. A natural choice is
to scale the control coordinate by the amount 10//41. For
the rotation mode, we perform the following change of
variable 7[i] = 1071 z[i] and use the scaled elementary
angles A; . = 100/41 «; . The resulting recurrence for r[i]
is

. o 10(7‘[i] — 0; Ai70) if tmod4=0
rli+ 1] = { rli] —o; Aie if 4mod 4 +#0 (10)
The convergence condition (9) becomes:
Am
i) < 10751 "o+ Admc (11)

Jj=t
The proposed scaling does not affect the = and y coor-
dinates.
For the vectoring mode, we perform the following
scaling w[i] = 10041 y[i]. The resulting iterations are as
follows:

i1~

and

10(w[i] + o3 C[i] x[d])
wli] + oy Cli] xli]

if imod4=0
if imod4#0 (12)

fi+1] = alil— coi O] 1072051 wli] (13

The z coordinate is not affected by this scaling (see (8)).

In the next subsection we determine the number of
digits of the estimation for both circular and hyperbolic
coordinates and both rotation and vectoring modes. To
make it easier to follow the main flow, some auxiliary
proofs have been made available through the report [15],

3.1 Number of digits of the Estimation for Circular
Coordinates

3.1.1 Rotation mode

To perform the computation using redundant represen-
tation, we estimate the sign of r[i] by truncating some
leading digits of the carry-save representation.

Let us denote as 7i] the truncation of r[i] using ¢ frac-
tional digits, and &; the estimation of the sign obtained
by selecting the sign of 7[i] (d; = sign(7[i])). We now
analyze the case of an incorrect estimation of the sign of
r[i] (that is, d; # 0y)). Taking into account that r[i] is a
carry-save number, the relationship between r[i] and its
truncated value using ¢ fractional digits is:

Pli) < ri] < #li] +2 107¢ (14)

Therefore, if we have a positive r[i] value of less than
107" (illustrated in Figure 1), according to equation (14)
the corresponding truncated value #[i] can be —107".
Thus, the sign of the actual coordinate r[i] is positive
and the sign of its truncated value #[i] is negative, which
leads to a microrotation in the wrong direction. In spite
of this erroneous direction, it is possible to maintain
convergence if the number of truncated digits is large
enough due to redundancy.

Our aim is to determine a bound on ¢ such that
this erroneous estimation still allows convergence. In
reference to the situation illustrated in Figure 1, and from
Expression (14), we obtain —10~* < r[i] < 10~*. Two
cases are possible: i) —107" < r[i] < 0 and then o; = —1
(the algorithm converges); and ii) 0 < r[i] < 107" and
then o; = +1 # ¢; (as shown in Figure 1). Therefore,
the convergence depends on the number of digits of the
truncated estimation, as shown in the following.

Let us deal with the case in which 0 < r[i] < 10~
(and ¢; = —1). Thus, to update r[i + 1], an addition
is performed instead of a subtraction. Now we prove
that, despite the erroneously estimated sign, there is
sufficient angle redundancy to ensure the convergence
of the algorithm.

The minimum value of t is obtained for the case
of minimum angular redundancy. Taking into account
the recurrence (10) and the change of variable r[i] =
10741 2[i], an estimation of ¢ digits to determine the sign
of r[i] may produce a residual angle bounded by

2li+1] <107 107141 4y 4 (15)

This is the maximum residual angle after erroneously es-
timating the sign, and should be within the convergence
bound, that is®
) 4m
1078107141 0y, < Z 1+ O 1
j=itl

Therefore, for convergence, the resulting condition is

— Q51

)

4m
107107 < Vil = | Y aji+auma
j=it+1
where V] is the overlap between angle i and the addi-
tion of the remaining angles plus the bound of the final

3. We consider an infinite wordlength datapath to find ¢; therefore
the datapath width should have enough guard digits to ensure the
final required bound in the angle.
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N\
I'[l] (worst case)

r[i]

wrong direction of rotation

| 4 |
\ |
~107 0
AN
c.=-1
1

Figure 1. Wrong estimation of the sign of r]i].

error. To obtain the number of digits of the estimation
we need a lower bound of the scaled overlap, that is

107" < min(10'51V[i])

In [15] (Section 1) we prove that the worst case for
convergence (minimum overlap) corresponds to ¢ mod
4 =0; among the possible values of i that verify this
condition, the worst case is ¢ = 4m — 4. In [15] (Section
1) we also prove the following bound:

599
min(10°V[4k]) > 10V [4(m — 1)] > 0.1 + 0 107%™
This condition has to be true to ensure that an erro-
neous estimation in the last iteration is within the bound
of the final error:

599
107t <0.14 == 1072
<014 25

From this expression, and for practical values of m, we
can select ¢ = 1 as a suitable value. Thus, the number
of fractional digits of the estimation of the sign of r[i] is
one.

On the other hand, the number of digits of the integer
part of the estimation can be obtained from the upper
bound of |r[i]|. In [15] (Section 2) we prove that

100 1 100

Since the truncated value satisfies the bound
rli] — 107 < #[i] < 7[d]

The bound of the estimation is (as determined above, we
use t =1)
100 1 <l < 100
9

Therefore, the estimation requires two decimal digits,
one of one bit and one sign bit (we use a sign bit with
weight -20). Thus, a total of 10 bits have to be assimilated
to ensure the convergence of the algorithm in redundant
carry-save arithmetic: one sign bit, five integer bits and
four fractional bits.

107t

3.1.2 Vectoring mode

In the case of having w[i] in the interval [0,107"), it is
possible to have a truncated value of @w[i] = —10~* and
therefore an error occurs in the estimation of the sign of
w(i]. Thus, instead of having w[i + 1] = w[i] + C[i]x[i] we
perform an actual microrotation in the wrong direction:
wli+1] = wli] — C[i]x[i]. Accordingly, in the z coordinate
we have z[i + 1] = z[i] + ;0. The biggest error occurs
when the actual value of wli] is close to 10~¢. Thus, con-
sidering that in vectoring mode the remainder angle is

tan~? (%) and the change of variable w[i] = 101"/41y[i],
an error in the estimation on the sign of w[i| with ¢

fractional digit leads to a residual angle bounded by

tan~! (%D < tan~! (W) + a0

Since for the vectoring mode z[i] > 1, and tan™!(z) < z,
a bound for the residual angle results in

L (10—f 10~ [#/4]
tan— —_—

) + o <107 107141 gy,
ZC[Z] Fl bl

which is the same bound in the residual angle obtained
for the rotation mode (see (15)). Therefore, as for rotation,
an estimation with one fractional digit is sufficient to
ensure convergence for the vectoring mode. As for the
number of integer digits, the maximum value of |w[i +
1]| is obtained when w[i] = 0 and (i + 1) mod 4 = 3,
resulting in |w(i + 1]| < 10 z[i]. A bound for z[i] is given
by (obtained by taking into account that |y;,| < z;, < 10)

1
zfi] < — \/ x2 +y2, 1072Bvin < 17.67...
K,

Therefore, |w[i + 1]| < 176.7..., resulting in three decimal
digits, one of them of one bit, plus the sign bit. Therefore,
for the vectoring mode a total of 14 bits have to be
assimilated: one sign bit, nine integer bits and four
fractional bits.

3.2 Number of digits of the Estimation for Hyper-
bolic Coordinates

We analyze the residual angle produced after a wrong
estimation of the sign for rotation and vectoring mode
and then compare them to determine the worst case.
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Given the same assumptions as in the case of circular
coordinates and rotation mode (Section 3.1.1), the resid-
ual angle produced after a wrong estimation of the sign
for the hyperbolic case is

1070107151 oy 4 (16)

Similar to the circular coordinate case, the estimation
error for the vectoring mode on w (scaled value of y)
may lead to the following residual angle

10-* 10~ 141
tanh ™! (4 + oy

ali]

A lower bound on z[i] is obtained as follows. The z coor-
dinate converges to the hyperbolic modulus (\/z?, — y2,)
scaled by 1/K_;, and this is the minimum value that the
x coordinate may take. On the other hand, the minimum
value of the hyperbolic modulus is obtained for the
highest possible ratio between the initial values of the
y and x coordinates (0.8229.. for a range of convergence
of D_; = 1.166..). Moreover, x;, > 1. Therefore,

a[i] > ;7” /1 — tanh(1.166..)2 > 0.4369...
-1

Since tanh™'(z) < x + (1/2)2°, the residual angle for

vectoring is bounded by

10~¢ i 1 103 i
10 o () 1073
0.4369... T3 <(0.4369...)3> +ai

Comparing this expression to the corresponding ex-
pression of the rotation mode (16), we observe that
the vectoring operation produces the worst case for the
residual angle. Thus, we focus on the vectoring mode.

For hyperbolic coordinates with angles derived from
the 5221 decimal code, we have verified that it is not
possible to ensure the convergence of the algorithm
using an estimation with one decimal digit, as done for
circular coordinates.

One solution is to use one additional fractional digit
for the estimation. We have examined an alternative that
allows the use of sign estimations with just one fractional
digit for both circular and hyperbolic coordinates. This
alternative uses angles derived from the decimal code
5421, which has greater redundancy. Specifically, we
show in [15] (Section 3) that convergence is achieved by
using the following scheme for hyperbolic coordinates
using a one fractional digit sign estimation:

o To use angles derived from the code 5221 for i <
4, that is, to use the following sequence of an-
gles for the leading four iterations: tanh™*(5 10~1),
tanh™*(2 10~1), tanh~'(2 10~') and tanh~'(10~1).

o To use the code 5421 for i > 4, that is angles of
the form tanh™'(S[i]), with S[i] = C[i] 10141, and
Cli] = R[i mod 4] with R[0] = 1,R[1] = 5,R[2] =
4, R[3] = 2.

The drawback of the 5421 code is that it is necessary
to generate the x4 decimal multiple. This can be done
by adding an additional x2 module to perform two

consecutive x2 multiples for the iterations that require
the x4 scaling.

4 REDUNDANT FLOATING-POINT CORDIC

ALGORITHM

It is necessary to perform a range reduction and to
adapt the algorithm to deal with very small values while
maintaining the required accuracy (exceptions and other
low-level issues are beyond the scope of our paper) to
extend the algorithm. We consider the computation of
the following transcendental functions: cos(F'), sin(F),
tan~'(F/G), sinh(F), cosh(F), tanh™'(F/@G), ¥, 107,
In(F), log,o(F) and VF where ' = S4 A 104 and
G = Sp B 10F%, with, S, Sp the sign bits, A, B € [1,10)
coded in BCD and E4, Ep the exponents. According
to the IEEE-754 2008 standard, the input operands do
not have to be normalized. However, for transcendental
functions, the preferred exponent is the minimum pos-
sible, so a normalization stage is necessary.

In [8] we presented the extension of the non-redundant
algorithm, described the high-level steps required for
the range reduction for each function and showed the
resulting CORDIC iterations (in [15] (Section 4) the high-
level steps required for range reduction are presnted in
full detail). After range reduction, one of the inputs to the
CORDIC iterations takes the form y;, = My 10~ Evin
or ziy, = M,y 10_E2i", with |Myzn|7 |Mz7,n| € [1, ].0)
and Eyip, E.in, > 0. Therefore, the control variable has
absolute terms P = max{E,;, — 1,0} or Q = max{E.;, —
1,0} fractional leading zeros or nines and a total of
p significant digits. To produce accurate results it is
necessary to modify the fixed point iteration to move
P or () leading zeros or nines from the computation of
the corresponding y or z iteration (or both). We used a
similar approach to [16] (floating-point binary CORDIC).
We scale the y and/or z iterations by 107 or 109, and
start the iterations at the index J (J = 4Q+1 for rotation
and J = 4P + 1 for vectoring [8]), so that the input
argument is within the range of convergence covered
from that iteration. For the carry-save algorithm we have
to take into account that the z (rotation mode) or y
(vectoring mode) iterations are scaled by 10/*/4] to have
the digits analyzed for the estimation in a fixed position.
The resulting equations for the carry-save algorithm are
the following (to simplify the presentation we use the
same variable names for the x, y, r, w and z iterations
as before):

Rotation Mode
Initialization: z[1] = x4, y[1] = yin, and r[1] = 10z;,
Iteration: for i =1 to 4m
o; = sign(7[i])

zli+1] = 2[i] — ¢ o; C[i] 10—&"?4 yli]
yli+1] = yli] + o; Cli] 1071717V z[4]

. o IO(T[Z] — 0 Ai_1+J7c) if tmod4=0
ri+1] = {r[ﬂ — 05 Ai_14ge if imod4+#£0
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The values of T"and U determine the shifts required after
scaling the iterations, and these depend on the function
computed: "= 2 Q) and U = 0 for sin, cos, reduced range
sinh and cosh (with an absolute value of the input range
less then or equal to In(10)/2), and T' = U = Q@ for sinh
and cosh with large ranges.

Vectoring Mode
Initialization: z[1] = x;,,
Iteration: for i = 1 to 4m
o; = sign(wl[i])
= afi] - caz C[i] 10721517 i)

10(w -i—aZ Cli] z[i]) if i mod 4=0
w[ —&-az i] x[i] if imod4+#0

zli+1] = z[i] — o0; A 1+JC10 M4

w[l] = 1Oyin/ and Z[l] = Zin

afi +1]

with T' = 2P for tan~! and tanh~! (and In and log; ), and
T = 0 for square root. Note that although the iteration
index i takes values in the range 1 to 4m, the rotation
angles used start at index J due to the scaling performed.

4.1 Number of Iterations and Datapath Width

For our implementation, we want normalized signifi-
cand results in the interval [1,10) with p decimal dig-
its and an accuracy of one ulp (a maximum error of
+10~®=Y in the significand). We assume a datapath
with one integer digit and B fractional digits. We shall
discuss the computation of the sine. To have most of the
results normalized and to avoid having two guard digits,
we scale the input vector by 10. For the computation of
the sine, we have the following sources of error (we use
errors relative to 107, i.e. the decimal weight to the left
of the most significand digit of the input argument):
Approximation error of the angle: for 4m iterations a
bound for the error in the angle is given by the addition
of the last elementary angle plus the estimation error of
the sign of r (in the last iteration). For the last elementary
angle we use the bound 10™™. For the estimation error
of the sign of r in the last iteration, we take the bound
(1/10) 10~™, since the estimation is performed using
one fractional digit of r. The resulting error bound after
4m iterations is e = £((11/10) 10~™. The corresponding
error in the sine |sin(z;,) — sin(z;, + 1079 ¢)| can be
bounded by e (relative error), since the error (expressed
absolute terms) is very small compared to z;,.
Truncation error in the x/y datapath: we assume
two truncation errors (with a bound of 2 10~% for
each truncation error of a carry-save operand) in each
coordinate per iteration. Therefore, the total truncation
error in each one of the x/y datapaths is bounded by
dmx2x21078 =16 m 1078
Rounding error and guard digits: the result of the
computation is rounded, resulting in an error bounded
by 0.5 10~(»~1. Moreover, the result may need to be
normalized before rounding by one decimal left shift,
and thus the approximation and truncation errors are
multiplied by 10.

The resulting expression for the bound of error should
be less than one ulp. Therefore, adding up all the previ-
ous sources of error results in the following condition:

11
0.5 10~ 110 x (10 107 4 16m 103) <101

which is simplified to 16 m 1077 + (11/10) 107 <
0.5 107P. For B = oo the lower bound of m is m = p+1.
We take m = p+1, resulting in B > p+3.15... Therefore
we need to perform 4m = 4(p + 1) elementary rotations,
with a datapath of p + 5 decimal digits (one integer and
B = p + 4 fractional). Analysis of other functions shows
that these parameters also ensure one ulp accuracy.

An overflow problem may arise when computing the
arctangent of a quotient for a datapath with only one
integer digit. This is due to the function being computed
in the vectoring mode for circular coordinates. In this
case the  coordinate converges to the scaled value of the
magnitude of the input vector, which may take values
greater than 10. To avoid this problem, the input = and y
coordinates are scaled by 107! (note that there is no loss
of information due to the downscaling since the datapath
has some guard digits). This operation does not modify
the value of the arctangent of the quotient, but avoids
the overflow of the the = coordinate (note that we do
not need to correctly scale the modulus of the vector).

5 IMPROVING LATENCY WITH FAST TERMINA-
TION

An interesting optimization is to use a fast termination
for the CORDIC algorithm [17]. This scheme is based
on the fact that after a certain number of elementary
rotations, the approximations cos(a) = 1 and sin(«o) = «
can be used, where « is the remainder angle to be
rotated (similar approximations can be used for hyper-
bolic coordinates). Termination consists in performing
a multiplication-add for rotation (for the coordinate of
interest; for instance, for the cosine computation, y is
multiplied by z and then added to z) and a division—
add operation for vectoring (in this case y is divided
by z and the resulting quotient added to z). The key
idea is that the multiplication or division operation in-
volved requires fewer iterations than the corresponding
CORDIC iterations. This is because current implemen-
tations of multiplication and division use radix-10 and
therefore perform one iteration per digit (plus some
initial overhead), whereas the CORDIC algorithm needs
four iterations per digit. Thus, the termination should
lead to a reduction in the total number of cycles.

We now calculate the number of CORDIC iterations
required before fast termination as well as the number
of digits involved in the final termination process.

Let us denominate 4m’ as the number of CORDIC
iterations needed before fast termination such that the
desired degree of precision is achieved. Therefore, we
perform the CORDIC iterations from J to (J +4m’ —1).
The error condition used is that the relative error of
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the approximation of the function should be less than
10~@*1 (similar to the error in the approximation of
the angle using all the CORDIC iterations). This means
that the allowable absolute error of the approximation
depends on the function computed:

e When the result is obtained in the z iteration, the
absolute allowable error is 10~ (+1) since this iter-
ation is not scaled.

o When the result is obtained in the y (z) iteration, the
absolute allowable error is 10~ 7~ ®+1) (10=@—(@+1)),
since this iteration is scaled by 107 (109).

We determined m’ (this determines the number of
CORDIC iterations before termination) for the represen-
tative cases of cosine, sine and arctangent:

Cosine: the result is obtained in the z iteration. It is
well-known [9] that the absolute value of the bound of
the remainder angle after iteration j is the last rotated
angle a; = tan~'(10~(/+4m'=1/4) = tan—1(10~(@+m")),
Taking into account that for small o, cos(a) &~ 1—a?/2+...
we may use the linear approximation to the rotation by
the remaining angle when o?/2 is less than the allowable
error of the approximation (i.e. the value of cos(a) is
approximated by 1). On the other hand, we know the
bound tan~!(a) < a. Therefore, the condition for an
accurate rapid termination is:

1 / 1 /
5 (tan ™! (107(@FT)2 < o (107(@Fm)2 < 107D
Thus, the following condition is sufficient:
m' > g -Q+1

This means that in the worst case (Q = 0), about half
of the CORDIC iterations are needed before performing
the linear approximation. This number of iterations de-
creases as () (E.;,) increases. The linear approximation
is performed by multiplication, using the value of =
obtained after the 4m’ CORDIC iterations. Due to the
convergence of the algorithm, the remaining angle after
the CORDIC iterations has p — m’ + 2 significant digits.
Therefore, for the linear approximation we need a deci-
mal fixed-point multiplication by p —m’ + 2 digits (with
one iteration per digit) plus a fixed-point addition.

A similar result is obtained for the cosh and the
exponential functions (base e and base 10).

Sine: the result is obtained in the y iteration. Taking
into account that for small «, sin(a) ~ o — a®/3+ ...
and o®/3 < a?/2, we may use the linear approximation
to the rotation by the remaining angle when o?/2 is less
than the allowable bound of error for the approximation.
Therefore, the resulting condition for this case is

5 (tan ™ (107@Fm))2 < 190w+

Proceeding as before, this results in m’ > g — % +1. As
before, the linear approximation requires a fixed-point
decimal multiplication by p —m’ + 2 digits plus a fixed-

point addition. A similar result is obtained for sinh.

Arctangent: the result is obtained in the z iteration. Af-
ter a certain number of CORDIC iterations the remaining
angle can be approximated by tan™'(¢q) = ¢ — ¢%/3+ ....
The remaining angle is the arctangent of the quotient ¢
between the values of the y and « iterations (note that we
actually implement the scaled iteration w). We may use
the linear approximation to the rotation by the remaining
angle when ¢*/3 is less than the allowable bound for the
error of approximation. After 4m’ CORDIC iterations,
the y coordinate is bounded by (worst case obtained
when y[4m’ — 1] = 0):

y[am'] < 10~ =D/ plam/ 1) = 10~ P+ gam/—1]
Therefore,

x[4m/] x[4m/]

From CORDIC theory, we know that for circular coordi-
nates z[4m’ — 1] < z[4m/] [9]. Moreover, due to scaling
to avoid overflow in the z coordinate, we know that

xz[4m'] > 0.1. Therefore, the resulting condition for this
case is

q:

% « (10—(P+m’)))3 < 10—P—(p+1)
Proceeding as before results in m’ > % — % + 1. This
means that in the worst case about one-third of the
CORDIC iterations are needed before performing the
linear approximation. Due to the convergence of the
CORDIC iterations, the y coordinate has p — m/ + 2
significant digits after 4m’ iterations. Therefore, for the
linear approximation, we need a decimal fixed-point
division to obtain p + m’ — 2 quotient digits, plus an
addition.

A similar result is obtained for hyperbolic arctangents
and logarithms.

6 ARCHITECTURE

In this section we present an example of the architecture
needed to implement the algorithm. Since the frequency
of transcendentals is usually low, we mapped the al-
gorithm onto a low-cost unit that can be shared with
other operations. We avoid using the decimal multiplier
and use the decimal carry propagate adder only at the
end the computation for conversion from carry-save to
standard BCD. We propose a unit based on a single
3-2 decimal carry-save adder, x2, x4 and x5 scalers
(which are very simple for decimal) and the reuse of
the rotator that is required for the initial alignments
for other floating-point operations (which in current
implementations is not used intensively). This unit could
be used to implement the division operation as described
in [3] (based on prescaling with selection by rounding).

Figure 2 shows the resulting architecture. We pipelined
the architecture to schedule the three iterations of the
algorithm using the same datapath. The pipeline consists
of two stages for the rotator, one stage for x5, x4 (per-
formed as x2 x2), x2, x1 scalers and carry-save addition,
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other operations

Look—up table—s

| register—mux |

‘Rotator
(first stage)
| plpe — register
Rotator
(second stage
| pipe — register

other operations

=

x10 | mll z |

\ mux || x5, x4, x2,x1 |
Register 3-2 decimal
File csa (add/sub)

| pipe — register |

ﬁ 14 bits

sign detector

Figure 2. Pipeline for mapping the CORDIC algorithm.

and one stage for the sign detector to obtain the values
of ;. For the pipelining we have taken into account the
reference data provided for the Power 6 implementation
[2], where a rotator requires two cycles and a decimal
carry-propagate addition of 144 bits (36 decimal digits)
also requires two cycles.

Figure 3 shows the pipelining of the algorithm for the
rotation mode. For each of the z and y iterations we
need to perform two shifting operations and two carry-
save additions due to the carry-save representation of
the operands. The r iteration requires only one carry-
save addition since the angles are represented in non-
redundant form; furthermore, these iterations do not re-
quire the use of the rotator. This scheduling requires five
cycles per CORDIC iteration, achieving a full utilization
of the carry-save adder. Sign detection is required every
five cycles, with a maximum latency for the sign detector
of four cycles.

Figure 4 shows the pipelining for the vectoring mode.
In this case shifting is necessary for the z iteration (it
requires two shifts for the carry-save value of w) and
the z iteration (only one shift, since the angle is repre-
sented in non-redundant form). As before, the = and w
iterations require two carry-save additions. Iteration of
z requires only one carry-save addition. Sign detection
is performed every five cycles, but in this case the

Gj

maximum allowable latency is three cycles. Therefore,
the area/power characteristics of the sign detector can
be optimized for a latency of three cycles to meet the
timing requirements of both two modes of operation.
The latency per CORDIC iteration is also of five cycles
for the vectoring mode.

6.1

In this subsection we determine the number of cycles re-
quired for computing the different elementary functions
after range reduction. Each iteration is completed every
five cycles. For 4m elementary rotations, a total of 20m+-2
cycles are needed (two cycles for pipeline filling). For
instance, for p = 34 (Decimal128 format) m = p+1 = 35,
resulting in 702 cycles.

To reduce latency, we may use the linear approxi-
mation scheme (fast termination). In this study, we as-
sume that the multiplication and the division operations
needed for the linear approximation are implemented
using the same unit used for the CORDIC iterations.
For multiplication, the extra hardware required is a
one-digit recoder, using the carry-propagate adder for
odd multiple generation (i.e. x3). As mentioned, the
division algorithm could also be implemented within
the same unit. The multiplication operation can perform

Latency of Computation
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Pipeline Stage
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Figure 3. Pipelining with a redundant adder for the rotation mode (superscript s (c) indicates sum word (carry word)

of the carry-save representation).
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Figure 4. Pipelining with redundant adder for the vectoring mode (superscript s (c) indicates sum word (carry word)

of the carry-save representation).

multiplication of one digit per cycle, plus some initial
overhead. We assume that a fixed-point multiplication
requires 1" + 4 cycles for a multiplier of 7' digits; for
fixed-point division using a carry-save adder we assume
13 + 2T cycles to obtain 7" quotient digits (based on the
implementation suggested in [3]). Moreover, four addi-
tional cycles are required, two for a carry-save addition
to complete the linear approximation and two for the
conversion to BCD.

Some operations are required to set up the input
operands for the CORDIC iterations for some functions
after range reduction. This requires a few cycles (we call

A to the number of overhead cycles).

Therefore, the number of cycles for the functions that
perform a linear approximation in the rotation mode
(cos, sin, cosh, sinh and exponential (base e and 10)) is
(4m is the number of CORDIC rotations before the linear
approximation):

A+2+5x4dm+4+(p—-—m+2)x1+4
For the worst case (Q = 0) m = p/2+ 1, and the number
of cycles results in (21/2)p + 31 + A. The value of A is

zero for sin, cos and exponentials, and 7 cycles for cosh
and sinh (see [15], Section 4).

10
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Table 1
Number of cycles for the different transcendental functions computed(without pre- and post-processing due to range
reduction).
[ Function | sin, cos, e, 10% [ sinh, cosh [ tan=T(a/b) [ tanh™(a/b) [ In, log; | sqrt ]

# cycles* (p=16) 200 205 170 175 170 190

# cycles™ (p=34) 390 395 315 320 315 370
* Rounded values to multiples of five.

Table 2

For the functions that perform the linear approxi-
mation in the vectoring mode (arctangent, hyperbolic
arctangent and the logarithms), the number of cycles is:

A+24+5x4dm+13+ (p—m+2)x2+4

For the worst case (P = 0) m = p/3+ 1, and the number
of cycles results in 8p + 41 + A. The value of A is zero
for arctangent, 7 for hyperbolic arctangent and 3 for
logarithms (see [15], Section 4).

For square root, the result corresponds to the hyper-
bolic modulus of the vector obtained in the vectoring
mode. The modulus converges faster than the angle,
and does not require final linear approximation. There-
fore, for the square root case, the number of cycles is
A+2+5x4m+2, withm=p/2+1and A =4.

Table 1 shows the total number of cycles (without the
operations related to range reduction) required for the
computation of the different functions for p = 16 and
34. For p = 16 the number of cycles ranges from 170 to
205. For p = 34 the range is 315 to 395 cycles.

7 COMPARISON

In this section we compare our proposal to table-driven
polynomial methods to compute transcendental func-
tions. We also compare our study to previous works on
decimal CORDIC, focusing on mapping the algorithms
to a state-of-the-art DFPU.

Table-driven polynomial methods are a popular al-
ternative for transcendental function evaluation. Thus,
it is relevant to obtain an estimate of the latency and
look-up table size required using the same hardware
unit as the proposed CORDIC algorithm. We present the
results for the Decimall128 format (p=34) in Table 2. We
use the approximation error of a Chebyshev polynomial
as a reference (the optimum polynomial is obtained by
the minimax approximation, but the result should be
close), evaluate the polynomial by using Horner’s rule
and consider optimizations based on the significance of
each of the coefficients of the polynomial, which allow
reducing storage space and the number of cycles for
the multiplications. Table 2 shows that for one-argument
functions using two digits to obtain the coefficients of
the polynomial, a 10th-degree polynomial is required,
resulting in about 290 cycles of latency (using the carry-
save adder to perform the multiplications) and storage
of about 103 Kbits per function. An alternative with
far fewer storage requirements (about 15.5 Kbits per

Comparison with table-driven polynomial methods

[ Method [ Cycles [ Memory (Kbits) |
This work 315-390 32
(several functions)
10" degree polinomial 290 103
(one function of one argument)
14*% degree polinomial 450 15.5
(one function of one argument)

function) is obtained by using one digit to obtain the
coefficients of the polynomial (requiring a 14th-degree
polynomial), resulting in a latency of about 450 cycles.
In contrast, our implementation requires 315-390 cycles
with storage of about 32 Kbits for several functions
(some of which have two arguments).

Decimal CORDIC for pocket calculators were pro-
posed in [18] [19] [20]. These implementations used
the values tan='(1077) as rotation angles. To ensure
convergence, each elementary rotation must be repeated
9 times. Therefore, the algorithm requires 9m iterations
for the rotations, a factor of 2.25 more iterations than our
algorithm. In contrast, it does not require the x2 and x5
multiples.

A recent proposal [22] applies the standard base 2
CORDIC algorithm (with elementary rotation angles
tan~!(277)) to operands coded in decimal. They have to
implement the multiplication by x277 for each iteration,
which is very complex for decimal BCD operands.

Another recent proposal for implementing transcen-
dental functions using a decimal digit-by-digit algorithm
was proposed in [21]. The algorithm is an extension
to radix 10 of the binary BKM algorithm, and it is
based on the computation of complex logarithms and
exponentials. The iterations of the algorithm are the
following:

Sii+1" = 107 (SH" + (1 - h)dy +
+  (dfS[i]* — d}S[i]Y) 1077)
Sli+1Y = 10"7"(S[)Y + (1 — h)d! +
+  (d7S[i]Y +dYS[i]") 1077)
T+ 1" = 10"(T[i]* — Log_Const(d?, (d¥)?, (d¥)?))
Tli+1Y = 10"(T[i]Y — Atan_Const(d?,dY))
where d7f,d! take values in {-6,-5,..,0,....5,6},

Log_Const and Atan_Const are stored constants that
depend on the values of df and dY. The values of d¥
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and d! are obtained by rounding the value of S[i]* and
S[i)Y, or T[i]* and TV[i]Y, depending on the mode of
operation. Moreover, h = 1 for the E-mode, and 0 for
the L-mode. The algorithm has a reduced convergence
domain, so some range reduction computations are
needed to have a range of convergence comparable to
our algorithm. They require one iteration per decimal
digit of the input operands, such that m iterations are
required. The main drawbacks of this algorithm are the
following:

o Although this algorithm requires 1/4 of the iter-
ations of our algorithm (in fact about p vs. 2.5p
iterations considering the optimization of fast ter-
mination with radix-10 multiplication and division),
mapping the iteration is more complex. Specifically,
they have two iterations with three additions and
four multiples have to be generated on the fly, which
can take values x0, x1, x2, x3 (requires an addition),
x4 (computed as x2 x2), x5, x6 (x2 x3). Therefore,
in the worst case they require four additions per
iteration for S* and SY. Moreover they have two
iterations to accumulate constant values. Thus, in
the worst case, they require 10 additions for each
digit iteration. Our algorithm requires 12 for a group
of 4 bit-by-bit iterations.

The algorithm presents certain irregularities that
make mapping more difficult: some initial compu-
tations must be performed to reduce the range such
that the selection of digits can be done by rounding.
The main limitation of the algorithm is the large
number of constants that need to be stored. We
estimated that they require about 380 Kbits in BDC
(317 Kbits in DPD) of look-up table (comparable to
the size of a level 1 cache) in comparison to 14 Kbits
in BCD (11.7 in DPD) for our algorithm (a ratio of
27), both for the fixed-point case.

8

We present an efficient alternative to provide support,
in state-of-the-art decimal hardware, for transcendental
functions for the IEEE-754 2008 floating-point decimal
number system in DPD format. We presented a new
decimal floating-point redundant CORDIC algorithm for
the computation of transcendental functions. As with
standard binary CORDIC, the proposed algorithm has
a constant scale factor and the number of iterations cor-
responds to the number of bits of the input operands. We
demonstrate the convergence of the redundant algorithm
for all modes of operations, allowing computation of
a rich set of elementary functions. We map the algo-
rithm to a low-cost unit based on a decimal 3-2 carry-
save adder, which can be shared with a floating-point
decimal division algorithm. We show that our design is
more efficient for mapping onto a state-of-the-art DFPU
than previous designs. A comparison with table-driven
methods shows that our approach allows significant
improvement in latency and/or storage requirements. In

Conclusions

12

addition to the immediate practical use of the algorithm,
the paper also contributes to expand CORDIC algorithm
theory.
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