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lterative Algorithm and Architecture for
Exponential, Logarithm, Powering and
Root Extraction

Alvaro Vazquez, Member, IEEE and Javier D. Bruguera, Member, IEEE

Abstract—An algorithm and architecture for powering computation and root extraction, with fixed—point and floating—
point exponents, is presented in this paper. The algorithm is based on an optimized iterative sequence of parallel
and/or overlapped operations: (1) reciprocal, (2) high—radix digit-recurrence logarithm, (3) left—to—right carry—free
multiplication and (4) high—radix on—line exponential. A redundant number system is used to allow for the overlapping
of the different operations of the algorithm. As the logarithm and exponential are part of the sequence of operations,
some minor changes are made to allow for the independent computation of the logarithm and exponential functions.
A sequential implementation of the algorithm is proposed and the execution times and hardware requirements are
estimated for single and double-precision floating-point computations. These estimates are obtained for several
radices, according to an approximate model for the delay and area of the main logic blocks, and help to determine the
radix values which lead to the most efficient implementations.

Index Terms—Elementary functions computation, digit-recurrence algorithms, high—radix algorithms, floating—point
representation
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INTRODUCTION

scientific computation and simulation, seem a

ICROPROCESSOR performance has grown
Mrapidly during the last two decades, en-
abled by transistor speed scaling and microar-
chitecture technology, in such a way that cur-
rent microprocessors have adopted a multicore
architecture. However, if chip architects try to im-
prove performance simply by adding more cores,
the power consumption of chips would be pro-
hibitive [2]. Therefore, multicore processors with
uniform instruction set but heterogeneous imple-
mentations, including fixed-function and multi-
function accelerators, seem to be the most attrac-
tive approach [2], [10]. Then, the design of new
algorithms and architectures for elementary func-
tions of interest in some areas, such as computer
graphics, digit signal processing, communication,
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promising approach for future microprocessors.

Powering (XY), logarithms (log, X, In X,
log,o X, ...), exponentials (2%, X, 10%, ...) and
root extraction (X!/Y) are frequent operations
in computer graphics, digital signal processing
(DSP), communications, physical simulation, and
scientific computing, among others [1], [8], [14],
[23]. Note that the powering and the root extrac-
tion include a number of very frequent operations
in those areas, such as square root (X 1/2) inverse
square root (X~!/2), cubic root (X'/3), inverse
cubic root (X ~1/3), squaring (X?), inverse squar-
ing (X ~2), reciprocal (X '), and some other less
frequent but also important operations.

These functions, together with some other
elementary functions, have been traditionally
computed by software routines, which provide
very accurate results but are often too slow for
numerically intensive or real-time applications.
Therefore, the development of dedicated hard-
ware for the computation of those elementary
functions has been a challenging task for years.



The two main approaches which have been
used for the computation of elementary func-
tions are table-driven and digit-recurrence algo-
rithms [7], [12]. There are a number of archi-
tectures for the computation of the exponential
and logarithm; however, accurately computing
the floating-point powering function and the root
extraction is difficult. The prohibitive hardware
requirements of a table-driven implementation
(note that both are 2—variable functions) and the
high intrinsic complexity of a digit-recurrence
based algorithm have lead only to partial solu-
tions, such as powering or root extraction for a
constant exponent or for very low precision [3],
[16], [20], [11].

Of course, the table-driven polynomial ap-
proximations can be adapted to compute more
than just one exponent or elementary function,
but this needs the replication of the look-up
tables [3], [16], [20]. On the other hand, a digit-
recurrence methodology for the g-th root extrac-
tion, ¢ being an integer, is presented in [11], but
the architecture for the computation of large ¢—th
roots seems difficult to implement because of its
complexity depends on gq.

In any case, the methods above cannot be
considered as general methods for the calculation
of any powering function or g-th root extraction.
Moreover, all the previous implementations deal
with fixed—point exponents.

In this paper we present a detailed descrip-
tion of two variations of an optimized iterative
algorithm for powering calculation and root ex-
traction. First, an algorithm for the calculation of
XY or X'/¥, for a floating—point operand X, y
being an integer operand, with |y| > 2 for root
extraction, is presented. After that, the algorithm
is modified to allow the computation of XY and
XY for a floating—point exponent Y. In this
case, due to implementation and representation
issues, the dynamic range of the exponent is
limited although the algorithm is valid for any
exponent.

Powering and root extraction functions are
computed through a sequence of overlapped op-
erations: high-radix digit-recurrence logarithm,
high-radix left-to-right carry—free multiplication
and on-line high-radix exponential. As the com-
putation of logarithm and exponential are part

of the algorithm some minor changes, which
basically consist of the introduction of additional
input or output path, are made to allow for
the independent computation of logarithm and
exponential.

A preliminary version of our algorithm
for the computation of X'/9, ¢ being an integer,
has been presented in [21], which is based on
a previous architecture for the computation of
the powering function X? with integer exponent
p [15]. In this extended version, we propose an
integrated dataflow for the root extraction and
the powering function and the extension to pow-
ering and root extraction with a floating—point
exponent.

2 ELEMENTARY FUNCTIONS
IEEE 754-2008 STANDARD

The revised version of the IEEE 754 standard for
floating-point (IEEE 754-2008) [9] recommends
the implementation of the correctly rounded
powering function X¥ with three variants:

IN THE

o pown(X, y), XY with y integer and X a
floating—point number.

e powr(X, Y), XY with Y and X > 0 floating—
point numbers.

e pow(X, Y), X¥ with Y and X floating—point
numbers.

The architectures proposed in this paper
only accept arguments X > 0, so that negative
arguments must get special treatment. For exam-
ple, the function pown(X, y) is defined as

XY
(—1)¥ x XV

ifX>0

pown(X,y) = { otherwise
In case of a floating-point exponent Y,
function pow(X,Y’) must signal the invalid op-
eration exception when X < 0 and Y not integer,

|X\Y ifX>0

(DY x XY ifX<0&
pow(X,Y) Y integer

NaN otherwise

Concerning the root computation, the stan-
dard only recommends the implementation of
integral roots, rootn(X, y). However, we extend



the algorithm and architecture for the powering
computation to evaluate also function |X|/Y,
where Y is a floating—point number. Then,

| XYY If X >0

“Dx [ XYY IFX<0&
root(X,Y) ) Y odd int.

NaN otherwise

Moreover, the architecture we propose also
evaluates other floating-point functions recom-
mended by the standard, such as logarithms and
exponentials.

Correct rounding of elementary functions
in hardware is too much expensive because an
approximation of the exact result to a sufficient
(large) precision is required; the problem of de-
termining this precision is known as the Table
Maker’s Dilemma [13]. In this case, providing
accurate results with less restrictive requirements
would be a more feasible hardware solution.

Therefore, instead of correct rounding,
faithful rounding is provided for the functions
implemented in this paper. The computed result
of a function is faithfully rounded if it is one of
the two floating-point numbers that surround the
exact result [17]. Note that if the exact result is
a floating-point number, the system must return
this one.

3 ALGORITHM FOR POWERING AND
RoOT EXTRACTION WITH A FIXED—POINT
EXPONENT

The function to be computed is X Z where X is
a floating-point number, X = (—1)% x M, x 2Fa
M, being the n-bit significand! and E, the ngp, -
bit signed exponent, and Z is a n, + 1-bit fixed—
point exponent of the form

Z:{ le/y

y being a signed integer operand of n, + 1 bits,
with |y| > 2 for root extraction. This algorithm
provides an integrated formulation for the com-
putation of the powering function and root ex-
traction. It is an extension of a recent confer-
ence paper [21], where an algorithm for the ¢g-th

in powering computation
in root extraction

1. The n bits of the significand include the hidden bit; that
means the least-significant bit (LSB) has a weight 2= (n=1),

root extraction has been presented. The algorithm
and implementation in [21] were based on the
algorithm for powering computation presented
in [15], although there are important differences
between both algorithms.

Though we only consider here normal
floating-point values X, denormals can be easily
handled as done in [22] for logarithm computa-
tion. In this case, an extra iteration is required to
normalize the significand.

3.1 Overview

The algorithm is based on the identity

XZ — 9logs(X7) _ 9Zlogy(X) 1)

Considering that X is a floating—point operand,

XZ — 9Zlogy(Myx2"%) _ 9Z(logy Mo+ Ex) @)
defining
S =log, M, + E, ©)]

which is the concatenation of the digits of the
integer value E, and of log, M, € [0,1), we
obtain

X7 =279, 4)

According to Equations (3) and (4), XZ can be
calculated as a sequence of operations: (1) log-
arithm of the significand M, (log, M, € [0,1)),
(2) addition of F, and log, M, (concatenation of
binary strings), (3) multiplication by Z, and (4)
exponential of the result of the multiplication.
For an efficient implementation, the operations
involved must be overlapped. This requires a
left-to-right most-significant digit first (MSDF)
mode of operation and the use of a redundant
representation?.

A problem of the algorithm above is the
range of the exponential function 24*5. Digit—
recurrence exponential algorithms require the ar-
gument to be in the interval (—1,1), while Z x S
is out of the range. To extend the range of con-
vergence and guarantee the convergence of the
algorithm, the integer and fractional parts of Z xS

2. We use a radix—r signed-digit representation with a
maximally redundant digit set {—(r — 1),...,0,...(r —1)}.
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Fig. 1. Sequence of operations of the algorithm with a fixed—point exponent

must be extracted serially and Equation (4) must
be rewritten,

XZ _ 2Z><S — 2int(Z><S) % 2frac(Z><S). (5)

Therefore, according to Equation (5) and
considering F' = X% = M; x 2F7, the significand
M; and the exponent E; of X% are

My = 2fraelZxS) g —int(Z x S).  (6)

The argument of the exponential 2/7a¢(Zx9) jg

now in (—1,1).

Note that the number of integer bits of
Z xS is larger for XV than for X'/¥. In case of root
extraction, the number of integer bits depends
only on E,; but in powering it depends moreover
on y.

In summary, as illustrated in Figure 1 for
single—precision (or binary32 [9]) computation,
radix 7 = 2° = 128 and an 8-bit input operand
y (ny = 7), the algorithm® consists of the follow-
ing steps below, and the precision and latency
required for each step are analyzed in Section 5.

As will be shown later in Section 5, the
number of stages of the logarithm and the mul-
tiplication are different for powering and root
extraction; in fact, in this case the calculation of
the powering function needs one more logarithm
and multiplication stage than the root extraction.

3. The algorithm is valid for any precision in X and for
any radix r > 8; to make the explanations more precise we
particularize for r = 128. Later, the influence of the radix on
the cycle time and area will be discussed.

In order to accommodate these two differ-
ent datapaths, with different number of stages
for logarithm and multiplication, and different
number of integer digits, several multiplexers
have been placed in the first stage.

Therefore, the steps of the algorithm are:

1) Evaluation of Z = (—1)% x 1/|y| (only if
root is being extracted, module rec in Figure
1), s, being the sign of y. For practical
cases, a low precision value for |y|, n, <
12, is enough and a lookup table (LUT)
of n, inputs and n. outputs (n, fractional
bits, non-redundant binary representation)
is preferable for the computation of 1/|y|.
For larger precision y, n, > 12, a digit-
recurrence algorithm is required for the
computation of 1/y [21] or the algorithm
for powering and root calculation with a
floating-point exponent, described in Sec-
tion 4, might be used by representing y as
floating—point operand.

2) Evaluation of the logarithm L = log, M, €
[0,1) to a precision of n; bits using a high-
radix digit-recurrence algorithm. The loga-
rithm is in a signed-digit radix—r represen-
tation. Note that, as the logarithm in the
powering function needs one more stage
than in root extraction, the first stage is
skipped in the case of root extraction.

3) Multiplication T' = Zx S. Operand S = E,+
L = Z!Z’f?gwmil)/b]ﬂsi r~% is obtained
by concatenating the digits of E, (integer
digits), recoded to a signed-digit radix—r
representation, and L (fractional digits). The



multiplication is evaluated using an LRCF
(left-to-right carry-free) multiplier [5].

4) Serial extraction of the integer int(7") and
fractional frac(T) parts of T, and on-the-
fly conversion of int(T") to a non-redundant
representation. The number of integer digits
is [(ng, — 1 + ny)/b] for powering and
[(ng, —1)/b] for root extraction.

5) On-line high-radix exponential 2/72<(1) ¢
(0.5,2) with frac(T) € (—1,1), precision of
ne bits, and on-line delay § = 2. The redun-
dant result is normalized and rounded to n
bits using an on-the-fly rounding unit [6].

For the example in Figure 1 (b =7, n, =7,
ng, = 8) the number of digits in the integer part
is 2 in the case of powering and 1 in the case
of root extraction. Since root extraction needs to
compute Z = 1/y, the number of cycles required
to obtain the integer part of both algorithms is
the same. This holds for any radix and precision
combination if n, < b. The case n, > b is not
adequate for this combined architecture in terms
of latency, but it can be avoided by selecting a
larger radix.

Consequently, the total latency for n, < b
is given by

N=([(ng, —1)/b]+ 1)+ @G+ + N (7)

where N, = [n./b] is the latency of the exponen-
tial 2/mac(T),

Table 1 shows a simulation example of the
algorithm for root extraction, S;, T; and F; being
the digits of the logarithm, the LRCF multipli-
cation and the exponential, respectively. As it
can be seen, the obtained result has the accuracy
required for the simple—precision representation.

3.2 Architecture

Figure 2 shows the general block diagram of
the architecture implementing the proposed al-
gorithm. This Figure only shows the main blocks
involved in the computation, without any time
and overlapping considerations among blocks.
Those considerations are illustrated in Figure 1.

Single thick lines represent long-word
operands (around n bits), single thin lines repre-
sent short-word operands (around b or ng, bits),

Eg
Reciprocal j> 0n—the_‘ﬂy K
High-radix conversion

logarithm

int

p/q
On-line M
f
\ high-radix =
LRCF Multiplier C exponential
(Zx59) :> frac
powering or Tj

g—th root selection

Fig. 2. Block diagram of the architecture with fixed—
point exponent

and double lines represent redundant signed
radix—r digits. The high-radix logarithm, LRCF
multiplication, and on-line high-radix exponen-
tial units are similar to those implemented in [15].
A detailed description of an on-the-fly conversion
unit can be found in [6].

To allow faster execution of iterations in
these units we opted for representing all vari-
ables in a redundant borrow-save representation.
This representation allows an easier conversion
of signed radix—r digits than the carry—save rep-
resentation. Moreover, a borrow-save adder can
be implemented as a carry-save adder with some
inverted inputs and outputs

4 ALGORITHM FOR POWERING AND
ROOT CALCULATION WITH A FLOATING—
POINT EXPONENT

In this section the algorithm for powering and
root extraction, described in Section 3, is extended
to deal with a floating—point exponent. This way,
the function to be computed is X¥ or X'/,
X and Y being floating—point numbers, X =
(—1)% x M, x 2P, Y = (=1)% x M, x 2Fv.

Note that depending on the sign of expo-
nent F, the operation being computed can be
powering or root extraction in both cases.

Denormals are easily handled as well (see
[22] for details); in this case no additional itera-
tion is required.



TABLE 1
Simulation of single—precision root extraction for radix » = 128, with X = 0.039632357657 and y = 5

Simulated Results for Intermediate Operations (z = 1/y = 0.200000)

S = E; + logy(My) = —5 + 0.3428226009
S1 Sa Ss3 S4 Sy Ty To
-5 43 113 -24 -114 0 -1

T =2zx S5 =-0.9314354807

F = 2frac(T) = (.5243363641
5 Tuw Ts Tsl|l Fo B By Fs
8 99 46 28|l 67 14 93 -7

[ Simulated SP Rounded Result RN(F) = 0.5243363380, Exact result X /¥ = 0.5243363683. . ., Error < 2-23. |

4.1 Algorithm
Our starting point is Equation (1). Replacing the
exponent by a floating—point exponent Y,

|X|Y _ 2(—1)Sy><My><log2|X\><2Ey' ®)

Similarly,

|X|1/Y — 9(=1)"¥x(1/My) xlog, \X|><2’Ey. 9)
In order to use the same multiplier for both
operations, 1/M, € (0.5,1] is normalized in [1,2),

‘X|1/Y — 9(=1)° x(2/M,)xlog, |X\><2_(Ey+1). (10)

As for the fixed—exponent case, to guaran-
tee the convergence of the algorithm, the integer

and fractional parts are extracted serially,
|X‘Z — Mf > 2Ef — 2f7"ac(T) % 21',nt(T) (11)

with Z =Y or Z = 1/Y. Defining an intermedi-
ate significand and exponent (M., E,) pair as

(M,y, Ey)
(M.,E.) = { (2/M,, —(E, + 1))

for powering
for root

(12)
then, for powering and root extraction,

T = (—1)% x M, x log, | X| x 2=, (13)

The main difference with the fixed—point
exponent case is the additional term 2%+, which is
a left or right shift of log, | X|. The maximum shift
amount depends basically on the position of the
left-most significant (non-zero) digit of log, | X|
(see Section 4.2).

With these considerations, the sequence of
operations for single precision and r = 128 (b =
7) is shown in Figure 3. The precision required
in every step is obtained in Section 5 and the
sequence of operations is summarized in the
steps below*:

4. As these steps are somewhat similar to the steps in
Section 3.1, they are described with fewer details.

1) Evaluation of R = (2/My), only in case
of root extraction, by means of a digit—
recurrence algorithm [21]. The latency is
N, = [n,/b] for n, bits of accuracy.

2) Digit-by—-digit computation of the loga-

rithm L = E, + logy M. A low-latency
radix-10 digit-recurrence algorithm for the
computation of the logarithm has been pro-
posed in [4]; we have extended it to binary
and any radix [22]. When |X]| is close to 1,
log, | X| has a significant number of lead-
ing zeros (if |X| > 1) or ones (if |X| <
1); this number can be estimated and the
corresponding iterations of the logarithm
skipped.
Hence, an initial iteration, range reduction
step in the figure, is introduced to deter-
mine the leading zeros/ones of the frac-
tional part of L, I, and the number of
zero digits of the integer part K, by using
Leading—Zero detectors (LZD) or Leading-
One detectors (LOD), and the number of
skipped iterations K = [(I, — 1)/b]. After
that, the logarithm is computed with n; =
n + ng, + 6 + b precision bits; this requires
N, =[(n+ng, +6)/b] + 1 iterations.

3) Shifting L by 2%:, § = L x 2=, The shift
implementation is described in Section 4.3.

4) Left-to-right carry—free multiplication 7" =
M, x S, starting in cycle 5 with on-line delay
dm = 1. An additional most significant digit
Ty is computed for detecting overflow (Tp #
0 for overflow, see Section 4.2).

5) On-line exponential 2/7%“(T), starting in cy-
cle 7, because the on-line delay of the ex-
ponential is 6 = 2.

The latency of the algorithm is
N=5+~+0,+86+N, (14)

where § = 2, §,, = 1 (for root extraction and the
combined operation), v = [(ng, — 1)/b] and N,
is the latency of the exponential operation.
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numbers, with a radix 128.

4.2 Bounds for £,

Shift 2%+ (see Equation (12) and Equations (8)
and (10)) imposes a limitation to the range of
supported Y values. That is, the shift cannot pro-
duce either a result larger than the maximum or
lower than the minimum representable floating—
point number. The practical values for E, can be
limited as follows:

o Examining the overflow (if 77 > 0) or un-

derflow (if T < 0) conditions it is possible
to determine the maximum value for |E,|.
Overflow and underflow occur if E¢ > Epqn
and if Ey < Ey;p, respectively.
The most restrictive case is the overflow
when |X| € {1 —27=1 14 27~1} with
l; the number of fractional leading zeros or
ones of M,, which leads to the following
condition,

2mee 1,

(15)
Then, taking into account that log,(1 +
27la=1y > 27l==1 ‘and |logy(1 — 27 =~1)| >
27l=1 and M, =1,

int(M, x logy | X| x 2F= mast1) >

Ez maa::nEw‘f'lmSn—FnEz—Z. (16)

Larger values of I, will produce overflow in
the exponent of the result. Obviously, lower
values of E, could also produce an overflow
depending on the value of X.

o The minimum value for E, is determined by
the condition frac(T) > 2~"", n,, being the

precision of frac(T). Therefore,

frac(M, x log, | X| x 2F=) > 27"m,
maz and M, = 2,
17)

Replacing M, =2, E, =

Ez min — _(nEw +nm)

Therefore, from Equations (16) and (17), the
practical range of E, for powering is limited to

—(ng, +nm) < By <n+ng, —2. (18)

For root extraction, the practical range of E, is
limited to

—(n+ng, —1) <E, <ng, +n,+ 1L (19)

Consequently, —69 < E, < 61 (—62 < E, < 70)
and -37 < E, <29 (=30 < E, < 38) for pow-
ering (root extraction) in double—precision and
single—precision floating—point representation, re-
spectively.

4.3 Shifting the logarithm

Figure 4(a) shows the format of L = E,+logy M,.
Due to the addition of E, there is an integer part
of v = [(ng, — 1)/b] radix—r digits, the leading
Kpg, of which are zeros. The fractional part has
K = |(l — 1)/b] radix—r leading zeros followed
by N; digits. The non-zero radix—r digits of
the integer and fractional parts are denoted by
Ii,...,I_kg, and L,,..., Ly, respectively. Note
that the leading zeros of the log, M, are skipped
over during its computation then these digits are



Y digits K+N; digits

[0...0X...X | o[00..... 00 XX . ooeeiinnnn.. XX |
\ I || Il |
/7 - .
K digits N digits
Kgy digits

(v—Kpgy) digits

(a) Format of the logarithm

Il...IY_KEX Ll XX LNl
L1 eee TTTT eee TTT]T eee |
Si‘—‘
shift_int (r-Kgy) +K
N digits

(c) Digit—by—digit shift

Fig. 4. Shifting the logarithm

not computed but are represented in the figure
for a better comprehension of the shifting. The
first non zero digit of the integer and fractional
parts of L are obtained simultaneously in cycle 2
(Figure 4(b)).

The E,-bit left or right shift is imple-
mented as a right shift of L, with L prealigned
Kpg, + 1 (if there is a non-zero integer part) or
v+ K +1 (if the integer part is zero) digits to the
left, the possible maximum left shift. The shift is
split in two parts: (1) a digit-by-digit right shift
of (Kg, +1)— |E,/b] or (K +~+1)— |E,/b]
radix—r digits and (2) a binary left shift of E,%b
bits (E.%0 is always positive).

The digit-by-digit shift is carried out in
a displacement register with N, digits (Figure
4(c)), where N, is roughly equal to N;. All the
integer digits I; enter at the same position of the
register but in consecutive cycles. The same for
the fractional digits L;. On the other hand, digit
Lj enters (y— Kg, )+ K +1 positions to the right
of digit I;. The digits are left shifted out, one digit
every cycle.

The position where the I; digits input the
register is determined in terms of K, and E..
Two different cases are identified:

1) The integer part is not zero, v # Kg,. The
maximum allowed left shift is Kz, . Then,
digits I; input the register in position K, —
|E./b]+1 and the output of the register has

cycle 2 cycle NI+1
o I3 e Iy
Ly Ly Lz e Ly-x,°°° Ln

(b) Timing in the computation of the logarithm digits

L+

I

b-bits register

int(E ;% b)-bits | | |

(d) Binary shift

Register for

right shifter digit-by—digii

shift

Kpg, — |E,/b] leading zeros/ones digits.

2) The integer part is zero, v = Kpg, . The
maximum allowed left shift is v + K. Then,
the L; digits are introduced at position
v+K+1—|E./b]. The output of the register
produces v+ K — | E, /b leading zeros/ones
digits.

The shifted logarithm S has Ny < N; + 1
digits. The most significant digit Sy is for de-
tecting overflow®, the following v radix—r digits
correspond to the integer part of the shifted
logarithm and the remaining K+ N; radix—r digits
correspond to the fractional part.

As shown in Figure 4(d), the E,%b-bit
binary shift is carried out by storing two con-
secutive digits, I; and I;;, or L; and L; i, in
a 2b-bit left shifter, and shifting the 2b bits to the
left and discarding the b least-significant bits. The
maximum binary shift amount is b bits.

5 ERROR ANALYSIS

In this section, the error analysis for the compu-
tation of the powering and root functions with
integer and floating—point exponent and a radix
r > 8 is presented. A direct result obtained from
this error analysis is the precision and minimum
latency required for every intermediate operation
and the global latency.

5. 1f To = So X M, # 0 or E; > E, magz, then the result
overflows.



We denote F = X7 the operation to be
evaluated, Z being a fixed—point or a floating—
point exponent. F' is evaluated with Equations
(5) and (11) and an approximation F is obtained®
with the following contributions to the error,
represented by the different ¢’s:

1) Reciprocal (only in case of root extrac-
tion). The output of the reciprocal unit is
1/y (or 1/My) + €rec.

2) Logarithm L = E, 4+ log, M,. The output is
E =L+ €log-

3) Shift S = L x 2%+ (only in case of floating—
point exponent). The output is given by S =
S+ €log X 2EZ + €sh.

4) Multiplication T' = Z x S (fixed—point ex-
ponent) or 7' = M, x S (floating-point
exponent). The result is T' = T'+ ¢, ¢; being
different for fixed—point exponent,

Z X €109 + €mus  for powering

= Z X €log + S x Erec T €log€rec + Emul
for root extraction
(20)
or floating—point exponent,

€log X M, x 2F- + M, X esp, + Emul
for powering

€t = Elog X M, x 28« + M, x egp+
+€’I"EC(S + €log X ZEZ + Z':ash) + Emul
for root extraction.
(1)
5) Separation of the integer and fractional
parts of T'
int(T) = int(T +e)
fract(T) = T+e —int(T +¢e). (22)

6) Exponentiation 2/7%(T), The output of the

-~

exponential is 2/7¢(T) ¢ .

Note that the only difference between the
analysis of the algorithms with fixed—point and
floating—point exponents is the error due to the
shifter in ¢, (see Equations (20) and (21)).

Then, taking into account int(T + &) =

6. The hat is used to denote an approximated value.

int(T') + int(frac(T) + ;) and Equation (22)

F = (2fTaC(Ta) + Eenp) X 9int(Ta)
THee int(T+es
= 2TFe ey, x 2T

F % (2& + Eexp X 2int(frac(T)+5t)ffrac(T))'

Then,

|F — F| = |F x (—1+ 2%
+Eea:p > 2int(frac(T)+st)—f7"ac(T))‘. (23)

Since we want to provide faithful rounding [17],
the rounded result RN(F) must be at a dis-
tance less than 1 ulp of the exact result F' when
(14 (1/4)27"F1) < My < 2 and less than 0.5 ulp
when 1 < My < (1+ (1/4)27"1) [22]. Note that
ulp(F) = 2= (=1 x 2Fs,

_ Assuming rounding to the nearest (even),
|F—RN(F)| < 0.5 ulp(F) and then, the necessary
and sufficient conditions for faithful rounding are

sulp(F) if 142771 < My <2
=L\ () + (7 - 257)
if 1<Mp<1l+2n1
(24)

Since frac(T) € (—1,1) is expressed
in signed-digit representation, then 2/m2¢(T) ¢
(0.5,2) is not normalized. The normalized sig-
nificand and the exponent are given by M; =
2frac(T)+o and E; = int(T) — o, where o = 1 if
frac(T) < 0and o =0 if frac(T) > 0.

Next, we compute an upper bound for
Equation (24). Note that int(frac(T) +¢e5) < 1
for 0 = 0, and int(frac(T) +¢e5) <0 for o = 1.
Therefore, int(frac(T) + &) — frac(T) < 1 —
(frac(T) + o). Moreover, considering ¢; << 1,
the approximation 2t = ()t ~ 1 + In(2)e; +
O(g?) <1 + & holds; therefore,

|F — FI < |F x (e + (2/My) x 2eap)l. (25)

Introducing this bound in (24) and using
My < 2 in the first equation and My > 1 in the
second one, the following worst-case condition
for faithful rounding is obtained,

et + 2 X Eemp| < 27 FD), (26)

The critical parameter to be minimized first
is €¢qp since it is directly related to the latency of



the algorithm. Hence, the minimum upper bound
for ecqp is:

|Eeap| < 270 (27)
then, replacing in Equation (26), we get
le] < 272, (28)

There are different contributions to &; de-
pending on the function being computed and the
exponent type (see Equations (20) and (21)):

o Powering with fixed—point exponent. The
highest value of ¢, is obtained with |Z] =
2™y — 1, then

(2™ = 1) X Elog + Emu| <272 (29)

A good trade-off between error components
is achieved with ¢;,y < 27™ X gy and

consequently
‘Emul| S 27(n+3) (30)
lelog] < 27 (e tE), (31)

Root extraction with fixed—point exponent.
Considering |S| < 2"#=~1, |Z| < 1, we have
the same upper bound ¢ for €, and ey,
and e, < 27221 x 2. Then,

|(3+e27(ME DYy x g| < 27(F2) (3D)
hence,

letg] < 274 (33)

lemu| < 27 (34)

|€Tec‘ < 2—(7’L+TLE,;+3). (35)

Powering with floating—point exponent.
Considering M, < 2, 2F: < 28= mas ¢\ <
g, esn < g, and g5y < 27F= maetl) x ¢ in
Equation (21),

e < 270D (36)
con < 27 (Y (37)
Elog < 27 (F5HE: mao) (38)

Root Extraction with floating—point expo-
nent. The bounds for ¢,,,; and e, are as in
equations (36) and (37). Finally, considering
IS| < 2nEe=L) g, < 27 (B maet2) x ¢ and
Erec < 27 "Eeg,

27(n+6+Ez 'HL(LIL') (39)

(40)

Elog

<
< o (ntddng,)

67"6(/'
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for exponential

' 1 capital letter
v |recoding| ! means a
z ' toSD | ! floating—point
: l 1 value
M |
X ' b xY Xl/y
Ex —* Basic powering

4 L LxY x!Y
i architecture
operation

exponent 1
selection

selection

fx/fppow/fproot

Fig. 5. Block diagram of the top—level architecture

The required precision and minimum la-
tency values for each intermediate operation and
the latency for the complete operation are shown
in Tables 2(a) to 2(d). These values are provided
for single (SP) and double (DP) precision with
r = 128. To estimate the precision and minimum
latency of the logarithm (n;, N;) we use the bound
E. maz < g, + 1, in expressions (38) and (39).

6 TOP LEVEL ARCHITECTURE

Figure 5 shows the block diagram of the archi-
tecture for powering and root extraction, together
with some other functions that can be easily eval-
uated with the architecture. The functions that
the proposed architecture can evaluate are power-
ing and root extraction with fixed—point (integer)
exponent or with floating—point exponent, expo-
nential with integer exponent’ (2°), and base-2
logarithm with fixed—point or floating-point ar-
gument.

Additionally, the architecture can be ex-
tended to the computation of logarithms to any
other base [22], that is,

log, X = x logy X.

1
logy a

7. Note that the exponential can be computed as a partic-
ular case of the powering function. However, the use of the
on-line exponential implicit in the architecture allows us to
obtain that function with a lower latency



TABLE 2
Precision and latency for powering computation and root extraction for r = 128, b = loga(r), § = 2,
Om = L. ((nr, Ny), (ny, N1), (N, Nm), (ns, Ns), (ne, Ne): precision and latency for reciprocal,
logarithm, multiplication, shift, and exponential, respectively.)

Precision (bits) Latency (cycles)
Target n; N, Ne N; N, e Npow
(n, ng,, ny) n+ny+3 | n+3 | n+3 | [n/b]l | v+ [nm/b] | [ne/b] || 1+8+~+ [ne/b]
SP (24,8, 7) 34 27 27 5 6 4 9
DP (53, 11, 7) 63 56 56 10 11 8 14
(a) Powering with fixed—point exponent (y = [(ng, — 1+ ny)/b], ny < b)
Precision (bits) Latency (cycles)
Target nr ny N Te N, N; N Ne Nroot
(n, ng,) n+ng, +3 | n+4 | n+4 | n+3 1 [ny/b] | v+ [nm/b] | [ne/b] || 24+ 6+~ + [ne/b]
SP (24, 8) 35 28 28 27 1 4 5 4 9
DP (53, 11) 67 57 57 56 1 9 11 8 14
(b) Root extraction with fixed—point exponent (y = [(ng, —1)/b], ny < b)
Precision (bits) Latency (cycles)
Target n; ns & Nm Ne N, Ns & N, Ne Npow
(n, ng,) n+ng, +5+0b n+5 n+3 [ny/b] | v+ 14+ [nm/b] | [ne/b] 5+~v+06+ Ne
SP (24, 8) 44 29 27 7 7 4 12
DP (53, 11) 76 58 56 11 12 8 17
(c) Powering with floating—point exponent (y = [(ng, — 1)/b])
Precision (bits) Latency (cycles)
Target n; ns & nm Ne N; Ns & Ny, Ne Nroot
(n, ng,) n+ng, +6+b n+5 n+3 || [ny/b] | Y+ 1+ nm/b] | [ne/b] || 5+ +dm +3d+ Ne
SP (24, 8) 45 29 27 7 7 4 13
DP (53, 11) 77 58 56 11 12 8 18

(d) Root extraction with floating—point exponent (y = [(ng, — 1)/b]). The precision and latency required in the
digit-recurrence reciprocal are n, = n +ng, + 4 and N; = [n;/b], which result in 36 and 68 bits of precision
for SP and DP, respectively and 6 and 10 cycles for SP and DP, respectively

A look-up table (LUT) to store constants 1/log, a
and a multiplier (not shown in the Figure)
are required. Moreover, eX function, X being
a floating—point or fixed-point number, can be
calculated as well with a dual pass through the
architecture,

€X — (2X)log2 e

Coming back to Figure 5, note that sev-
eral muxes have been incorporated to select
the exponent type (fx/fypow/fproot), the operation
(pow/root) and the argument type for the loga-
rithm (fplog/fxlog). The output of the basic pow-
ering architecture, which basically corresponds to
the sequence of operations in Figure 3, provides
one of the five operations. Note that in the case
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of root extraction with a floating—point exponent,
the reciprocal calculation is integrated in the basic
architecture and the reciprocal module is not used.

The number of iterations in the logarithm
and the LRCF multiplier can be different for the
computation with fixed—point or floating—point
exponent; therefore, some logic, not shown in
the Figure, must be introduced in basic powering
architecture to accommodate both operations in
the same architecture

For the exponential operation 27, as the
algorithm for the powering computation uses
an on-line exponential, z must be recoded to a
signed—digit representation.



TABLE 3
Area and delay of the combined architecture with 8-bit signed integer exponent

Single—precision Double—precision

Cycle Latency | Exec. time | Total area || Latency | Exec. time | Total area
Radix | (HFO4) (HFO4) (NAND2) (4FO4) (NAND2)
8 31 17 527 14,000 28 868 30,000
16 33 14 462 17,000 22 726 34,000
32 33 12 396 19,000 18 594 45,000
64 34 11 374 24,000 16 544 54,000
128 34 9 306 32,000 14 476 78,000
256 36 9 324 50,000 13 468 121,000
512 36 8 288 75,000 13 468 206,000
1024 37 8 296 135,000 11 407 332,000

TABLE 4

Area and delay of the combined architecture with a floating-point exponent

Single—precision Double—precision

Cycle Latency | Exec. time | Total area || Latency | Exec. time | Total area
Radix | (HFO4) (HFO4) (NAND2) (§FO4) (NAND2)
8 31 20 620 24,000 31 961 50,000
16 33 17 561 29,000 25 825 59,000
32 33 16 528 33,000 21 693 73,000
64 34 15 510 40,000 20 680 89,000
128 34 13 442 52,000 18 614 122,000
256 36 13 468 74,000 17 612 190,000
512 36 12 432 107,000 17 612 300,000
1024 37 12 444 185,000 15 555 460,000

7 EVALUATION AND COMPARISON

In this section we present estimates of the exe-
cution time and hardware cost for the proposed
architectures and a comparison with other repre-
sentative implementations.

7.1 Evaluation

The estimates are obtained with an approximate
model for the cost and delay of the main logic
blocks used, based on a simplification of the
logical effort method [19]. The actual delays and
area costs depend on the technology used and on
the actual implementation. However, this model
provides a good first-order approximation and
has been widely used in technology-independent
comparisons. The delays are expressed in FO4
units (delay of an inverter with a fanout of 4
inverters), and the area in numbers of equivalent
minimum size NAND2 gates.

To give a better understanding, the execu-
tion time, cycle time and area of a single-precision
floating—point multiply-add fused (MAF) unit [7],
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obtained using the logical effort model, is pro-
vided. Thus, the execution time and the cycle
time of the MAF unit are 70 and 35 FO4 units,
respectively, assuming a latency of 2 cycles, and
the area is 8780 NAND?2 gates.

Tables 3 and 4 show estimates of area and
latency of the architectures for powering compu-
tation and root extraction for several radices. The
latency of the radix-128 implementations can be
derived almost directly from Figures 1 and 3. The
latencies for the other radices are obtained with
Equations (7) and (14). The delay and area of the
different modules in the architectures have been
obtained in [15].

In both cases, fixed—point and floating-
point exponent, the cycle time corresponds to the
critical path delay of the logarithm unit. The main
contribution to the total area comes from both
the high-radix logarithm and on-line exponential
units. We observe that very little advantage in
execution time and area is obtained from using
very high radix values (over r = 128).



TABLE 5
Comparison for single—precision floating—point
(r=128,ny, =b =717, cycle = 34 FO4)

Architecture Latency | Delay Area
(FO4) | (NAND2)
Fixed—point exponent 9 306 32,000
Floating—point exponent 13 442 52,000
XP with p integer [15] 9 306 29,827
X1/4 with ¢ integer [21] 9 306 28,300

7.2 Comparison

The comparison of our powering and root ex-
traction method with previous alternatives is not
easy. As far as we know, no other previously
proposed algorithm and architecture allows the
computation of the powering and root extraction
for any fixed—point of floating—point exponent
value.

Our powering algorithm is based on the
implementation for an integer (fixed-point) ex-
ponent presented in [15], and its extension to the
g-th root extraction in [21], ¢ being an integer.
The other architectures in the literature, based on
table-driven polynomial approximations [3], [16],
[18], [20] or digit-recurrence algorithms [11], are
derived for a given value of the fixed—point expo-
nent and changing it implies making a different
implementation.

Therefore, in order to evaluate our archi-
tecture, we compare it with the architectures
for the computation of X? [15] and X'/7 [21],
with p and ¢ integers. Table 5 shows the latency,
delay and area estimate of every algorithm and
implementation. We have considered a single-
precision floating—point representation for the
floating—point operands and radix r = 128. The
numbers for our architecture and the architecture
in [15] are quite similar, because these architec-
tures are based on similar optimizations of the
naive implementation.

8 CONCLUSIONS

An architecture for the computation of powering
and root extraction functions, with fixed—point
and floating—point exponents, logarithm and ex-
ponential, based on a high-radix composite algo-
rithm for powering and root extraction, has been
presented.
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The algorithm consists of computing XZ as
27 x(log2MatEa) - 7 being a fixed—point exponent,
integer (Z y) or fractional (Z 1/y), or
a floating-point exponent, through a sequence
of overlapped operations: reciprocal, logarithm,
multiplication, and exponential. The reciprocal,
when needed, is obtained by means of a look-
up table or a digit-recurrence algorithm for a
fixed—-point or floating—point exponent, respec-
tively. The logarithm is computed in a high-radix
digit-recurrence unit with selection by rounding.
A high-radix left-to-right carry—free (LRCF) mul-
tiplier is used to obtain the intermediate mul-
tiplication. Finally, the exponential is computed
by an on-line high-radix unit with selection by
rounding. The integer part of the computation is
used to obtain the result exponent. A sequential
architecture has been proposed

Estimates of the execution times and hard-
ware requirements have been obtained. These
estimates are based on an approximate model
for the delay and the area of the main compo-
nents, for single and double-precision floating-
point representations and several radices, from
r = 8 to r = 1024. The analysis of the trade-
offs between area and speed shows that the most
efficient implementations correspond to a radix
between r = 32 and r = 128; an implementation
with radix r = 128 may be suitable when very
high-speed processing is necessary, at the expense
of greater hardware requirements. Larger radices
require much higher hardware complexity and
the execution time is not reduced so much.

Finally, the proposed architecture has been
modified to allow the independent computation
of logarithm and exponential, with lower laten-
cies than those of powering and root extraction.
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